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Goal

Objective

e Portfolio optimization in a time horizon [t, T| where 7:= T —t — 0.

@ We want to choose an investment strategy that will maximize the
expected utility of terminal wealth.

@ We assume a general strictly increasing, concave terminal utility
function of wealth Ur(x).

@ Obtain closed-form approximating formulas as 7 — 0 of the maximal
expected utility and optimal portfolio.
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Goal

Literature review

Some recent work where closed-form formulas are obtained in the
incomplete market case.

@ [LS16] "Portfolio Optimization under Local-Stochastic Volatility:
Coefficient Taylor Series Approximations & Implied Sharpe Ratio” by
Lorig and Sircar in 2016

e [FSZ13] “Portfolio optimization & stochastic volatility asymptotics”
by Fouque, Sircar and Zariphopoulou.
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Rodel Incomplete market - Stochastic volatility model
Utility function

We work under the assumptions on the market model and utility function
in the 2013 paper “An approximation scheme for solution to the optimal

investment problem in incomplete markets” by Zariphopoulou and
Nadtochiy [NZ13].
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podel Incomplete market - Stochastic volatility model

Utility function

Stochastic volatility model for risky asset price

The market consists of one risky asset and one riskless bond. The risky
asset price, S; satisfies

dS: = p(Ye)Sedt + a(Yt)StdW(l)
dY: = b(Y:)dt + a(Yy) de \/7dW

where W) and W® are independent standard brownian motions,

—1 < p < 1. Define \(y) := % where r is the risk-free interest rate.
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Assumptions on stochastic volatility model

market - Stochasti ility model
Utility function

Bounded continuous coefficients, volatilities bounded away from zero and
[a'[,]1a”], 6|, |Al, |\, [\| are bounded.
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Rodel Incomplete market - Stochastic volatility model

Utility function

Let 75 and 72 denote the discounted amount of wealth invested in the
risky asset and risk-free asset at time s. If x denotes the initial wealth at
time t, then the wealth at time s is X}*™ := 7, + 70, which evolves as

dXst’X’Tr = U(Ys)ﬂ's()\( Ys)dS + dWsl)7 th7><»ﬂ' =X,

assuming self-financing strategies (s, 70).
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podel Incomplete market - Stochastic volatility model

Utility function

Optimization problem

We wish to maximize the expected terminal utility at time T where the
terminal utility function is given by Ur. We define the value function
J(t,x) as the optimal expected terminal utility:

J(t,x,Y:) = esssup E[UT(X%X,W)U_}],
TEA

where A is the set of admissible trading strategies.

A = {F;-adapted processes 7 such that E[ftT m202(Ys)ds] < oo,

(XE°™)sefe, 1) is strictly positive and E[ftT(Xst"X’”)”’(l + 72)ds] < oo,
for every p > 0}.
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Model a -
Incomplete market - Stochastic volatility model

Utility function

Utility function

e Assumption 1: The terminal utility function Ur(x) is a strictly
increasing, concave function of wealth, x, and Ut € CS(R).

e Assumption 2: Ur(x) behaves asymptotically as x — 0 and
x — 00 as an affine transformation of some power function x'~7,

where v # 1.
’ 7 (5)
(U — o(1), L) — 01),.. 228 — 0(1), as x = 0,.)
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Rodel Incomplete market - Stochastic volatility model

Utility function

HJB equation

The associated HJB equation for this optimization problem is:
1
Ue + max(50(y)7* s + (o (y) M () Us

1
732(y)Uyy + b(y)U, =0;

+po(y)a(y)Us)) + 3

U(Taxa)/) = UT(X)'
The maximum is achieved at

—A(y)Ux — pa(y) Usy
J()/)UXX

m(t,x,y) =
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Model a -
Incomplete market - Stochastic volatility model

Utility function

marginal HJB equation

If U(t,x,y) is a solution to the HJB equation, then V = U satisfies the
following marginal HJB equation

Ve + H(y,V, Vi, V,, Vi, Vi, V) = 0, (3)

where

% ( NV Pa(y) ) Voo - 2V L2

Vi

3200V~ ROV + (by) — Ay)paly)) Yy
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Approximating the Value function

Key results from [NZ13]

THEOREM (Nadtochiy&Zariphopoulou [NZ13])

The marginal HJB equation has a unique continuous viscosity solution V
in the class D

(Where, informally, D can be described as the class of continuous
functions f(t,x,y) such that 0 < 1x=7 < f(t,x,y) < ex77.)

THEOREM (Nadtochiy&Zariphopoulou [NZ13])

Let V' be the unique viscosity solution of the marginal HJB equation in
previous theorem. Define

(t )d. if 0,1
Uty = { U@l Vitands i€ 0
(00) = [ZV(t,z,y)dz, ify>1.
Then the value function

I+ v N — I+ « 2\
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Approximating the Value function

Approximating V- solution to the marginal HJB

Approximating V:
@ STEP 1: We construct classical sub- and super-solutions to the
marginal HJB equation.
e Plug in the following formal expansion into the marginal HJB
equations:

V(t,x,y) = Vo(x,y) + (T — t)Vi(x,y) + (T — t)*Va(x,y) + - - .

o Comparing coefficients of powers of (T — t), we obtain the following
expressions for Vg and Vi:

Vo(x,y) = u(x) := Ur(x), Vilx,y) = K(x,y);

where K(x,y) := A?(y)R(x) and

R(x) :

1) (x)
= N u(x).

(v'(x))?
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Approximating the Value function

e Define V(t,x,y) = u(x) + (T — t)K(x,y) — Cx~7(T — t)? and
V(t,x,y) = u(x) + (T — t)K(x,y) + Cx~7(T — t)?, which for an
appropriate choice of C > 0 are sub- and super-solutions,
respectively, of the marginal HJB equation, i.e.

oV +HV)>0 and 9,V +H(V)<o.
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Approximating the Value function

e STEP 2: Provethat V <V <V
o Define W(t,z,y) :=log(V<(t,e*,y)) + vz,
W(t,z,y) = Iog(Ve(t e*,y)) +~vz, and
W(t,z,y) = log(V(t, €%, y)) + 7z
e If Vis a solution (or sub- or super-solution) of the marginal HJB
equation, then W is the solution (or sub- or super-solution) of

1(\+apW,)? [ W, 1, )\—l—apWy
Wt+e[ 2w s 1) g W e W

1 1
+ 53+ (hap — b)W, + 5% — )(W,)’] =o.

(4)

o Apply Comparison principle for (4) to get W < W < W.
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Thus V is sandwiched between V and V i.e.

UIT(X) + (T_ t)K(va) - CX_'Y(T - t)2 < V(t,x,y)
< Ur(x) +(T = t)K(x,y) — O (T — t)2

This gives us

IV(t.x,y) = (Ur(x) + (T = )K(x,))| < &(T — t)%,
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Approximating the Value function

Approximating formulas

Approximating formula for the value function is given by

THEOREM

Define u(x) := U%(x),

and K(x,y) := X2(y)R(x).

There exists a constant C > 0 such that
[J(t, %, y) = (Ur(x) + (T = t) [y K(r,y)dr] < C(T —t)>x'=7 ify €/(0,1)
[J(t, x,y) — (Ur(x) = (T — t) fxoo K(r,y)dr| < C(T — t)2x}=7 ify >[1,

asT —t— 0.
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Approximating the optimal investment strategy

Approximating formulas

The approximate closed-from formula for the optimal portfolio as
T —t — 0 is given by

N A Ax pa ny
t - _BEx
7T( 7X’ y) o XX o UXX
where
A U Y:)d if 0 1
U(t7X7y): T(X fO r t ’ I <7<
Ur(x) — t) [°K(r,Ye)dr ify> 1.
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Approximating the optimal investment strategy

Proof

Let

- AU, paU,
7(t,x,y) = —;T—;Uy (6)
where
U(t,x,y) = +f0 (t,r,y)dr ify€(0,1)
- Y)= UT — [ V(t,ry)dr ify > 1,

and let X7 be the discounted wealth process associated with the
portfolio 7.
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Then, by construction, U is a subsolution of the HJB equation:
o U+ LTU >0,

where L7 is the generator of (Xt*® Y with the control #.
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Approximating the optimal investment strategy

Then, by construction, U is a subsolution of the HJB equation:
U+ LTU >0,

where L7 is the generator of (X®*% Y with the control %. Applying
[td's formula to U(s, X5*™, Y5) and taking conditional expectations:

E[U(T, X" Y1) F] —U(t, x, Ye)

E[Ur (X3 )| F]

T
:EV (O.U(s, XI5, Ya) + L7 U(s, X5, ,))ds|
t
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Thus, )
U(t,x, Ye) < E[UT(XFM)|F] < J(t, x, Ye).

=} = =
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Thus, )
U(t,x, Ye) < E[UT(XFM)|F] < J(t, x, Ye).

We know that

[J(t,x,y) = U(t,x,y)] = O((T = ))O(x' 7).

o F
Portfolio optimization in short time horizon
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Approximating the optimal investment strategy

For X2** the wealth process under portfolio 7, there exists a ¢ > 0 such
that

J(t,x,Ys) — E[UT(XEST)F] < o(T — t)>x1™7, as T — t — 0.
| T
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Approximating the optimal investment strategy

For @ and 7 defined in (5) and (6), respectively, we have

O((T —t)>)O(1 +x), as T —t — 0. (7)
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Example and Numerics

Example

We consider the example where the stochastic volatility model is

1
dSs = puSsds + \/VSSSdWS(l)
dY, = (m— Ys)ds + B/ Ye(pdW® + /1= p2dW?),
where 2m > 3% and utility function Ur(x) = Xlt;

Explicit formulas for the value function and optimal portfolio exist in this
case.

In the following graphs we have taken: p = 0.0811, m = 27.9345,
8 =112, p =0.5241, and v = 3. Terminal time T =2 and y is fixed at
27.9345.
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Value function approximation when T — t = .5

-0.5

= Value Function
=== First Order Approximation

= Approximation with Correction

-2.0

0.6 0.8 1.0 1.2 14
Wealth

Figure: t = 1.5, T = 2; The value function is plotted against the first order
approximation Ur(x) and the first order approximation-with-the additional
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Value function approximation when 7T — t = .1

-0.760

-0.765
z
5 0770

0775 = Value Function

=== First Order Approximation
o780 — Approximation with Correction
0.800 0.802 0.804 0.806 0.808 0.810
Wealth

Figure: t = 1.9, T = 2; When the time interval is shortened from a length of
0.5 to a length of 0.1, the approximation with correction is much closer to the
value function.
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Portfolio approxaimtion when T —t = .5

0.608

0.606
© 0604
K
£
5
<

0.602 — Optimal Portfolio

— Approximating Portfolio
0.600
0.800 0.802 0.804 0.806 0.808 0.810
Wealth

Figure: t = 1.5, T = 2; The portfolios generated by the value function and the
approximation with correction are shown in this figure to be close.
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Portfolio approximation when T —t = .1

0610
0.608
°
S
£
5
I
0.606
— Optimal Portfolio
— Approximating Portfolio
0.604
0.800 0.802 0.804 0.806 0.808 0.810

Wealth

Figure: t = 1.9, T = 2; When the time interval is shortened from a length of
0.5 to a length of 0.1, the approximating portfolio is much closer to the value
portfolio.
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Example and Numerics

For @ and 7 defined in (5) and (6), respectively, we have

O((T —t)>)O(1 +x), as T —t — 0. (9)
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For some constant C > 0, we have

= A 7>‘g>< - pagxy _>\0X - anxy

|7 — 7| = = =

oU,, o Usx
o _A(gx OXX - UXQXX) - pa(gxy UXX - nygxx)
a oU, Ue

AT (0x 7 + (T = K7 + —yux 1]  pay
ol(v'(x))2 + 2(T — t)Ket'(x) — v CISE x=v=1u(x) + (T — £)2K2
_ {O((T —t)2)0(1) asx—0

O(T —t))O(x) asx— oo
=O((T — t)?)O(1 + x)
where the second to last equality is by Assumption 2 and the definition of

K(x,y). O
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