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The n-player game




The competition setting

n fund managers

common investment horizon [0, T']

common riskless asset (bond)

asset specialization

individual stock S%, i =1,....n
dsi
Si

= pidt + v;dW;} + 0;dB;,

“L>0' 0;,>0,and v; >0, 0; +1v;, >0
(th)tE[O,T] = (Bthtlv""th)te[o,T} is an (n+ 1)-dim. BM

B common noise and W* an indiosyncratic noise



Special case

Single stock

Coefficients (p;,0;) = (u,0), and ; =0, 1
All stocks are identical
Managers invest in identical markets

Managers differ only in their risk preferences

and personal competition concerns

1.



Policies and wealth processes
it fund manager, i=1,..,n

Uses self-financing portfolios 7 (other usual admissibility conds)
Trades in [0, 7]

Has wealth process X*

dX; = mj(dt + v dW; + 0;dBy)

W?* . indiosyncratic noise

B : common noise



Utility under competition

e Utility function U; : R? — R depends on both her individual wealth
x, and the average wealth of all investors , m,

d; > 0 is the personal risk tolerance

0; € [0,1] as the personal social comparison parameter

0; = 0 means no relative concerns

Both §;, 6; are unitless quantities



Expected utility under competition

Fund managers choose admissible strategies 7}, ..., 7}, t € [0,T]
The payoff for investor ¢ is given by

Ji(rh,...7") i =E {—GXP (‘51 (%t - (’iXTm

i
Average wealth of the managers' population

_ 12 i
Xr=-> Xf
"=

Alternatively,
1 n 1 % [ \V
Jim,. ") = E | —exp (— = (1 - 0)XF + 0i(Xh — X7)
X%: personal, absolute wealth

X% — Xr: personal, relative to the population, wealth



Nash equilibrium




Nash equilibrium

1,%
.

e A vector (m , ") of admissible strategies is a Nash equilibrium
if, for all admissible 7 € Aandi=1,...,n,

1, 7,% % 1,% i—1x 1 _i41% n,%
G o A L I F1 € e A | S (L L

e A constant Nash equilibrium is one in which, for each i, 7%* is
constant in time, i.e.,

Tt = ﬂé’*, for all te€0,T]

e A constant Nash equilibrium is thus a vector

o = (ab*, ... 7)) e R®



Construction of Nash equilibria




Main result

0; >0,0; € [0, 1]
w; > 0,0, >0,v;, >0, and o; +1v; >0

Define the constants

2
.15y . PiTi .15y . 9;
P = Lim Oigrn g A U= 0 i O

Nash equilibria

If ¢, < 1, there exists a unique constant equilibrium, given by

ik i 0 ¥n

-5 i
g o? (=0 fn) T (= 0i) 1 b

If ¢, = 1, there is no constant equilibrium



Main steps in the proof

Fix 4 and assume that all other k*" agents, k # i, follow constant
investment strategies, a € R
Competitor's wealth Xf,

th = xlé + ag (,ukt + VkWtk + O’kBt)

Competitors’ aggregate wealth

1 ,
Ve Ly xk
T i
The " fund manager solves the optimization problem

1 0; . . 1
sup E | —exp <— ((1 — ) X7r— HZ-YT>) ‘Xo =10, Yy = — Z$’8
TeEA 0; n n k#i
with 4
dX; = ﬂ't(uidt + VithZ + UidBt),
dY; = padt + vadW} + GadB;

_ 1 - 1 - 1
o= - Z,ukak, voi= - Z vpay and oo = - Zakak
k#i k#1 k#i



Connection with indifference valuation

1 0. . ' 1

sup E | —exp (— <(1 — z) Xr— 91‘YT>>‘XO =xy, Yo = *Zx'&’
TEA (51 n n =
The " fund manager — writer of liability G(Y7) := 1_9972/71}/71’

Risk aversion ; := 6%_ (1 _ &)

n

Thus, the above supremum is equal to v(Xp, Yo, 0), with v(z,y,t) solving
the HJB eqn

1 —
v; + max ((01-2 + I/Z-2)7T2vm + 7 (uivg + UiO'Oény)>
TeR \ 2

1/ __ 1 —= _
+5 (0042 + n(ua)Q) Vyy + f1owy = 0,

for (z,y,t) e Rx R x [0,T7], and W = %Ek# viaz,

12 (1 5]



Candidate Nash equilibria

e The i'" agent’s optimal feedback control

Wi’*(.fﬁ, n t) — iUy (SC, Y, t) _ Um/dvxy (117, Y, t)

(0'1'2 + VE)Uxx(mv Y, t) (07,2 + V?)U$I($> Y, t)

e The HJB equation admits separable solutions

v(z,y,t) =—e " F(y,t)

e It then turns out that the optimal policy is of the form

i Oifi n bioi 55
ok o
(07 + 7)1 = 0i/n) (o7 + 1)1 = 6i/n)




Construction of Nash equilibria

e For a candidate portfolio vector (a1, ..., ;) to be a Nash
equilibrium, we need 7* =q;, 1 =1,...,n

i phi 1 bioi 7o
TR ) G TR )

a; =

e Set
1 1
oo = — Z OO = 0+ —0;04
k=1 n
e Then, we must have
i 5i,ui + Uiei@ 9103
Q=TT = e 2 T2 2 i
(07 +vi)(1 =0;/n)  n(o;f +v;)(1—0;/n)
and
i i 0;0; _
a

T T (L Gin) o2 21— 6in) "



Construction of Nash equilibria (cont.)

Oifbi n ot —
g
o2 +vi(1—0;/n) o2 +v(1—0;/n)

a; =

1 < 1
onkak =oa+ EO'Z'O@

3

Multiplying both sides by o; and then averaging over i = 1,...,n, gives
Ta = @, + o0
2

. Oili . 1lywm 9
Pn 1= 1 67‘ 02-‘1-1/2(1 0:/n) and ¢n T op Lei=1 910?—}-1/1.2(1—91/71,)

e Existence

e Uniqueness



Existence of Nash equilibria

v — Oifts n 0ib; 5o
o241 —0;/n) o+ (1 —0;/n)
Ta = ¢ + VoA
1 Oifbi 1 o;
Pn =5 :‘L:l 0; a?—i—l/?(llu—ﬁi/n) and ¢y, 1= n 1 0; a2+u2(1 0;/n)

o If ¢, <1, thenda = p,/(1 —1,), and Nash equilibrium exists

e If ¢, =1 and ¢, > 0, eqn has no solution; no constant equilibria
exist

e If 1, =1 and ¢, = 0, eqn has infinitely many solutions, but this
case not feasible



Uniqueness of smooth solutions to the HJB equation

Recall that the candidate Nash equilibria were constructed from the
smooth solutions of the HJB eqn

1 ~
v + max (2(02-2 + V)20 + 7 (0 + JZ‘UOC’Umy)>

1/ __ 11— __
+§ <0a2 + n(ua)2> Vyy + 10wy, = 0,

This equation has a unique smooth solution that is strictly concave and
strictly increasing in  (Duffie et al. (1996), Musiela and Z. (2002))



Discussion on Nash equilibrium

,% 6@' . QMi +0i . QUZ' Pn
of +v:(1—0;/n) of +vi(1—0;/n)1—1y,

2

il —1lsn g 9
Pn = i1 0; 02+1/2(1 0:/n) and ¢y = n 2ui=1 0; o2 (1—0:/n)

Then, it turns out that

b :51 9
T o1 21— 6i/n) | 0+1/(1—6?/n Z"’“”

Thus, there is a "myopic” Merton-type component
and an average of weighted by the common-noise volatilities aggregate
Nash allocations



Discussion on Nash equilibrium (cont.)

Hi
b¥ =6 0;
4 Ui2+ui2(1—0i/n)+ 02 + v (1—9/n ZUMT

The myopic portfolio component dominates the no-competition one,

which is §; 2+ :

Competition always results in higher stock allocation

No competition, §; = 0 : 7%* — §; 2+V

NO common noise, g; = 0: 7Ti’ Sw, S’L = u_gﬁ

Nash policy 7%* is strictly increasing in §; and 6;
y y



Single common stock
e Foralli=1,....n, uyy=pu>0,0;,=0>0,and v; =0

e Define the "representative” risk tolerance and social comparison
parameters

Z and 0 :=

3\*—‘

e If § < 1, there exists a unique constant equilibrium, given by

O\ e
o (s By) 92

e If @ =1, there is no constant equilibrium

All managers use myopic Merton portfolio with effective risk tolerance

) 0; 0;6 — 60
(Sef225i 01 = = L ! —
* 1-6 1—0+ 1-6




Passing to the limit as n 1 oo




The mean field game under CARA risk preferences




Passing to the limit as n 1 oo

each manager has her own type vector (; := (), 6;, 0;, i, vi, 0i),
1=1,...,n

e these vectors induce an empirical measure: type distribution m,,

e type space : Z¢:=R x (0,00) x [0,1] x (0,00) x [0,00) X [0,00)

e type measure

1 n
mu(A) = - Z 14(¢;), for Borel sets A C Z°
i=1

Recall each agent’s Nash equilibrium strategy 7*,

,n_i,* 124 0; ®n

=0; 0; ;
0i2+yi2(1—9i/n) + 0i2—|—vi2(1—0i/n)1—1/)n

2

ES % ?:15 __ Oifly and ”g/)n = = 1 ezm

toZ+vZ(1—06;/n)

Thus, 7>* depends only on (; and ¢,,, 1, which essentially
"aggregate” over all managers’ type vectors



Defining the mean field game

e Assume that as n 1 oo,
the empirical measure m,, has a weak limit m

o Let ( =(&£,0,0,,v,0) be a random variable with this limiting
distribution m

e Then, the Nash strategy 7** "should" converge to

* i 0 ¥
=9 0;
2+ Z02—|—1/Z-21—1/1

lim 7
n—00 ()' —+ ]/

where

= limy oo pn =B [0475]  and ¢ = limy oot = E [0,



Formulating the mean field game

Continum of managers <— Representative manager

A game with a continuum of agents with type distribution m
A single representative agent , randomly selected from the population
This representative agent's type is a random variable with law m

Heuristically, each manager in the continuum trades in a single stock
driven by two Brownian Motions , one of which is unique to
this agent while the other is common to all agents



Formulating the mean field game (cont.)

The probability space (€2, F,P) supports (B, W), independent BMs

It also supports the type vector, a random variable in Z¢,

¢=1(£0,0,p,v,0)

Its distribution is the type distribution
Independence of ¢ from (B, W)

FMF — (F}AF)tE[O,T] smallest filtration such that,
Cis ]-"(l)vlF—mbIe, and (B,W) adapted

FB = (-FtB)te[O,T}v natural filtration generated by the
common noise B



The investment problem of the representative manager

The representative agent's wealth process

dX; = Wt(udt + vdW; + O'dBt), Xo=¢

7 € Aur, self-financing, FMF_prog. mble, Ef(;‘r |7¢|2dt < o0

The type vector ¢ = (&, 0,0, p,v,0) provides the random variables &
(initial wealth), (u, v, 0) (market parameters) and (0, 6) (personal risk
preference and competition parameters)

Special case - a single stock
The vector (p, v, o) is nonrandom , with v =0, > 0, and o > 0

The continum of managers trades in the same market environment,
randomness comes only from the distinct personal characteristics (4, 0)



Defining the MFG

Recall that in the n-player game, we first solved the investment
problem faced by each single manager i, taking the strategies of the
other agents k # ¢ as fixed.

The ith agent faced a "liability” Y7 < %Zk# Xk | effectively the
only source of agents’ interaction

We could had kept this average Y7 as constant instead

Now take X a given random variable , representing the average
wealth of the continuum of agents

The representative agent has no influence on X, as but one agent
amid a continuum

Then, this objective becomes to maximize the expected payoff

sup E {— exp <—(15 (XT - ex)ﬂ

TEAMF



Definition of the MFG

For any " € Aup , consider the ]—"ﬁ—mble random variable
X :=E[X7 | FF),

where (X{)ic[0,7] is the wealth process corresponding to this
investment strategy 7*

Then, 7* is a mean field equilibrium (MFE) if 7* is optimal for the
optimization problem

sup E {— exp (—(15 (XT - ex)ﬂ

TEAMF

A constant MFE is a MFE 7* which is constant in time,
ie., m; = m forall t € [0,

Essentially, a constant MFE 7* is the 7'¥-mble random variable 7



Solving the mean field game

A MFE is computed as a fixed point

e Start with a generic ff—mble random variable X, solve

sup E { exp <(15 (XT - 0X>>] :

TEAME

find an optimal 7*, and then compute E[X | FF]

If the consistency condition , E[X7 | ]-“75] = X, holds,

then 7* is a MFE

Intuitively, every agent in the continuum faces an independent noise

W, an independent type vector ( , and the same common noise B

Therefore, conditionally on B, all agents face i.i.d. copies

of the same optimization problem

Heuristically, the law of large numbers suggests that the average

terminal wealth of the whole population should be E[X} | FF]

e For example, if 0 =0 a.s., (no common noise term), then X = E[X 7]
e Carmona-Delarue-Lacker, Lacker, Cardaliaguet, Sun, etc.



An alternative formulation of the mean field game

e Recall that the sources of randomness are (¢, B, W),
with B <— common noise
e For a fixed FB-mble rv X,

sup E [—e=s(XT=%)] —Eu(0)],
TEAMF
where u(-) is the value function for (deterministic) elements
CO = ('xOv 507 907 Ho, 1o, UO) of the type space ze,

1 e
o) o oo (o (38 a))]
with dX;°" = m, (podt + vodW; + 09dBy), X§*™ = xq

e For a deterministic {y, u((p) is the value of an agent of type (

e On the other hand, the original optimization problem (lhs) gives the
optimal expected value faced by an agent before the random
assignment of types at time ¢t =0



An alternative formulation of the mean field game (cont.)

e Define

v (20,0) == u((o) == Sl;pE [— exp (_(510 (5(%0’” - 90X>>} ,

as the time-zero value of the solution {v¢,(z,t) :t € [0,T], z € R}

of an "indifference type” HJB eqn ,
with the writer's wealth process given by

dXEOvW =7 (,u,odt + vodWy + O'OdBt) , X’gom = xg

e Then the original problem reduces to

sup E {— exp <_<15 (XT - HX))] = Ev¢(&,0)]

TEAMR



Solution of the mean field game

e Assume that, a.s., § > 0,0 €[0,1], u>0,0 >0, v >0, and
c+v>0
Define the constants

p:=E [6 Ko ] and Yv:=E lGUZ]

o2 + V2 0?2 +v?
e There are two cases:
If v < 1, there exists a unique constant MFE, given by

% 1% g ¥
EY) 0
T a2+1/2+ o2 +1v21—1

If » =1, there is no constant MFE

This MFG solution indeed provides a natural interpretation of
the Nash equilibrium one as the number of agents n — o



Key steps - formulating a MF indifference-type problem

Solve the representative agent's stochastic optimization problem

1

sup IE{ - exp( 5(XT - HY))}

TEAMEP
Enough to consider X of the form X = E[X&|FE] , a € Aur,
dXt = a(,udt + I/th + O'dBt), XQ = 5

For constant equilibria, a € 7)™ -mble rv with E[a?] < oo
Define, for t € [0,T], X;:= E[X{|FZ]; then X7 =X

Find (Yt)te[O,T] and incorporate it into the state process of
"indifference type” problem

But, because (§, u,0,v,a), B, and W are independent , we must
have o B o
X =&+ nat + oaby (M = E[M])



Key steps - obtaining a random HJB

For m € Ay, define for t € [0,T], the "centered” controlled state

process B
Z7 = X[ —0X,

Then, at t =0, ZF =& — 0 = € — OE[¢] and

dZZr = (/J’]Tt — GW)dt + Vﬂtth + (U7Tt — Hﬁ)dBt
The new problem is now a Merton one,
1
sup E {f exp (ffZ%ﬂ

TEAMF 0

Then, the above supremum equals E[v(¢,0)], where v(x,t) solves
1
v + max (5 <V27T2 + (om — 0%)2) Vg + (um — HW)UI) =0,

with v(z, T) = —e~ /0

This HJB eqn is random , as it depends on the F,F-mble type
parameters (9,0, u, v, o)



Key steps - solving the random HJB

e The random HJB simplifies to

1 (pvgy — HJﬁvm)Q
2 (024 1?)ug,

v — — tpav, =0

) Then,
v(z,t) = —e~#/0e=p(T—1)

with p € .7:(1)\4F given by

(M + %Haﬁ) ?

1
5 2(02 + v?)

p = —59/71+

e The optimal feedback 7*(x,t), which is actually 7)'F-mble , turns
out to be

(o, t) = g (2,1) — loTav,,(, t) ) ooa

(02 + 1v2)vge(x, t) R T + 12



Key steps - solving for the fixed point

e Observe that a strategy « is an MFE if and only if
E[X%|FE| = E[XT|FE], as.
or, equivalently,
¢+ pal +caBr = &+ un*T + on*Br, as.

e Taking expectations, « is a constant MFE if and only if

oo = pr* and ca =on*

e Using the form of 7*, 5 = or* if and only if

aa:E{& il }JrIE
+

o2+ 12

0'2 - -

If » < 1, then a unique solution & = /(1 — ¥)
If » =1 and ¢ # 0, then no solutions, thus no constant MFE
If » =1 and ¢ =0, this cannot happen



The value function of the representative fund manager

e The controlled process (Z);c(o,r) starts from Z§ = & — 6

e The time-zero value to the representative agent

o(€ ~ 08,0) = — exp (5(6 — 0€) — o7

e Therefore,

with



Discussion of the equilibrium

L o )
T 02+V2+ o2+ 121 -1

e It turns out that

E [§42,]

o _ *
=% ] [0 2+U2} =..=E (o)

Thus,

s —502+V2 —|—(902+V2E(0‘7T)

e Competition always increases stock allocation

e Myopic component § 545

e Portfolio increasing in risk tolerance and competition weight



Single common stock

The stock parameters (p, o) are deterministic , with v = 0 and
w,o >0

Define the average representative parameters

0 :=E[d] and 0 :=E[0]

There are two cases:

If 9 < 1, there exists a unique constant MFE, given by the myopic
portfolio

, 5
=t with 6 =54+ 0—2
o2 1—06

If 8 =1, there is no constant MFE



The CRRA case




The n-agent game

e Same setting as in the exponential case

e Individual utilities, U; : Ri — R, of CRRA type depending on the
manager’s individual wealth , z, and the geometric average wealth
of all fund managers, m

Ui(w,m) = Ulam=";5,),
where U(x;0),z > 0, § > 0 defined as
-1
(1 - %) 2175, ford £1,
U(z;9) :=
log x, foro =1

e The parameters 0; > 0, 6; € [0, 1] are the personal relative risk
tolerance and social comparison parameters



Modeling competition

The " fund manager's wealth process X solves

dX}| = 7t X} (psdt 4+ vidW} + 0;dBy)

If the competitors, k = 1,...,n, k # i, use policies
(b, .=l e 1), his payoff is

Ji(ml, ..t =E [U (X%(X'T)_ei; 51)}

The aggregate wealth X7 is given by the geometric mean

n 1/n
(i

k=1

Alternatively,
Jiwt, ) = B (U ((X5)0(Rp)%;6:) |, with Ry = X3/ Xp
Basak-Makarov, Geng-Z.



Nash equilibrium

Assume, for all i = 1,...,n, that mé >0,9; >0, 06; €0,1]
and pu; >0,0;,>0,1,>0,and o; +1v; >0

Let
1 n . HiOi
Pn = g 2ui=1 0; o2 4+v2(1+(86;—1)0; /n)

and

o2

. 15w i
77% T n Lui=1 Hi(az' - 1)Uf+v,?(1+(6¢—1)9¢/n)

There always exists a unique constant equilibrium, given by

ﬂ.l,* — 6 Pn

0;(0; —

. Hi _ 1) Ti
LoZ4v2(1+(6;—1)0; /n) o24+v2(1+(6;—1)0; /n) 1+¢n

Competition does not always increase the risky allocation
it depends on whether ¢; < 1 (nirvana slns, etc.)



Single stock

e Assume that for all i =1,...,n we have u; = 4 >0, 0; = 0 > 0,
and v; = 0, with u and o independent of 1.

e Define the constants

ij and ew—1y:%§:@wr—n

S\H

e There exists unique constant equilibrium, given by
0;(6; — 1)6

e sl B with o =g - TR
o 1+6(6—-1)



Passing to the limit as n 1 oo
The mean field game under CRRA risk preferences




The mean field game

Recall that the type vector of agent i is (; := (¥}, &, 0, i, Vi, 0;)
It induces an empirical measure, which is the probability measure on
ZP := (0,00) x (0,00) x [0,1] x (0,00) x [0,00) x [0, 00)
given by
my(A) =237 14((), for Borel sets A C 2P
Assume that m,, has a weak limit m
Let ¢ = (§,6,0, u,v,0) denote a r.v. with this distribution m

Then, the strategy 7>* "should” converge to

i ix 5. Mi i ®
lim,, o0 ™% = 0; P +0; T T

where
@ = limpyro on = E [502“—;2] and ¢ = limpyoe by = E {0(5 - 1)02%2}



Definition of the mean field game

The representative agent's wealth process solves

dXt == WtXt(Mdt + I/th + O'dBt), XO = 6

Let X be an fITViF -mble rv, representing the geometric mean wealth
among the continuum of agents
Representative agent aims to maximize the expected payoff

sup E [U(XTY_H; 5)}

TeEAMmE

Recall that in the n -player game, the aggregate wealth is
L n 1/n
the geometric mean, X1 = ( I1 Xéﬁ)
k=1

A "geometric mean” of a measure m on (0, 00) is defined as

exp (/ log y dm(y))
“ (0,00)

When m is the empirical measure of n points (y1,...,yy), this
reduces to the usual definition (3192 - - - yn)"/™



Definition of the mean field game (cont.)

Let arbitrary strategy 7" € Aur
Consider the FE-mble rv

X :=expE[log X5 | FF]
where (X} )icp0,7] is the wealth process using 7*

Then, 7* is a mean field equilibrium if it is optimal for the
optimization problem

sup E [U(XTY_Q; 5)}
TEAMF

corresponding to this choice of X

A constant MFE is a MFE 7* which is constant in time,
ie., mf = forall t € [0,T).

A constant MFE 7* is then the ) -measurable random variable ;;



Solving the mean field game

Assume that, a.s., § > 0,0 € [0,1], u >0, 0 >0, v >0, and
oc+v>0

Define the constants

o2

p:=E [6“0] and ¢ =FE le((s ~)57—

02 4+ 1?2

There always exists a unique constant MFE,

* H g ¥
=05 —-00-1)——-—"—
i o2+ 12 ( )02+V21+¢)

Competition does not always increase the stock allocation unless
o<1



Single stock case

e Suppose (yu,0) are deterministic, with v =0 and p,0 >0

e Define the constants

6 :=E[J] and (0 —1):=E[0(5 —1)]

e Then, there exists a unique constant MFE, given by

(5 —1)5

ot =0l B with ¢ =5 - 20
o 1+6(6—-1)



