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The n-player game



The competition setting

n fund managers

• common investment horizon [0, T ]
• common riskless asset (bond)
• asset specialization
• individual stock Si, i = 1, ..., n

dSit
Sit

= µidt+ νidW
i
t + σidBt,

µi > 0, σi ≥ 0, and νi ≥ 0, σi + νi > 0
(W̃n

t )t∈[0,T ] :=
(
Bt,W

1
t , . . . ,W

n
t

)
t∈[0,T ] is an (n+ 1)-dim. BM

• B common noise and W i an indiosyncratic noise



Special case

Single stock

• Coefficients (µi, σi) = (µ, σ), and νi = 0, i = 1, ..., n

• All stocks are identical

• Managers invest in identical markets

• Managers differ only in their risk preferences

and personal competition concerns



Policies and wealth processes

ith fund manager, i = 1, ..., n

• Uses self-financing portfolios πi (other usual admissibility conds)

• Trades in [0, T ]

• Has wealth process Xi

dXi
t = πit(µidt+ νidW

i
t + σidBt)

• W i : indiosyncratic noise

• B : common noise



Utility under competition

• Utility function Ui : R2 → R depends on both her individual wealth
x, and the average wealth of all investors , m,

Ui(x,m) := − exp
(
− 1
δi

(x− θim)
)

• δi > 0 is the personal risk tolerance

• θi ∈ [0, 1] as the personal social comparison parameter

• θi = 0 means no relative concerns

• Both δi, θi are unitless quantities



Expected utility under competition

• Fund managers choose admissible strategies π1
t , . . . , π

n
t , t ∈ [0, T ]

• The payoff for investor i is given by

Ji(π1, . . . , πn) := E
[
− exp

(
− 1
δi

(
Xi
T − θiX̄T

))]

• Average wealth of the managers’ population

X̄T = 1
n

n∑
k=1

Xk
T

• Alternatively,

Ji(π1, . . . , πn) = E
[
− exp

(
− 1
δi

(
(1− θi)Xi

T + θi(Xi
T − X̄T )

))]

• Xi
T : personal, absolute wealth

• Xi
T − X̄T : personal, relative to the population, wealth



Nash equilibrium



Nash equilibrium

• A vector (π1,∗, . . . , πn,∗) of admissible strategies is a Nash equilibrium
if, for all admissible πi ∈ A and i = 1, . . . , n,

Ji(π1,∗, . . . , πi,∗, . . . , πn,∗) ≥ Ji(π1,∗, . . . , πi−1,∗, πi, πi+1,∗, . . . , πn,∗)

• A constant Nash equilibrium is one in which, for each i, πi,∗ is
constant in time, i.e.,

πi,∗t = πi,∗0 , for all t ∈ [0, T ]

• A constant Nash equilibrium is thus a vector

π∗ = (π1,∗, . . . , πn,∗) ∈ Rn



Construction of Nash equilibria



Main result

• δi > 0, θi ∈ [0, 1]
• µi > 0, σi ≥ 0, νi ≥ 0, and σi + νi > 0
• Define the constants

ϕn := 1
n

∑n
i=1 δi

µiσi
σ2
i+ν2

i (1−θi/n) and ψn := 1
n

∑n
i=1 θi

σ2
i

σ2
i+ν2

i (1−θi/n)

Nash equilibria

• If ψn < 1 , there exists a unique constant equilibrium, given by

πi,∗ = δi
µi

σ2
i + ν2

i (1− θi/n)
+ θi

σi
σ2
i + ν2

i (1− θi/n)
ϕn

1− ψn

• If ψn = 1 , there is no constant equilibrium



Main steps in the proof

• Fix i and assume that all other kth agents, k 6= i, follow constant
investment strategies, αk ∈ R
• Competitor’s wealth Xk

t ,

Xk
t = xk0 + αk

(
µkt+ νkW

k
t + σkBt

)
• Competitors’ aggregate wealth

Yt := 1
n

∑
k 6=i

Xk
t

• The ith fund manager solves the optimization problem

sup
π∈A

E

− exp
(
− 1
δi

((
1− θi

n

)
Xi
T − θiYT

))∣∣∣∣X0 = xi0, Y0 = 1
n

∑
k 6=i

xk0


with

dXt = πt(µidt+ νidW
i
t + σidBt),

dYt = µ̂αdt+ ν̂αdW k
t + σ̂αdBt

µ̂α := 1
n

∑
k 6=i

µkαk, ν̂α := 1
n

∑
k 6=i

νkαk and σ̂α := 1
n

∑
k 6=i

σkαk



Connection with indifference valuation

sup
π∈A

E

− exp
(
− 1
δi

((
1− θi

n

)
Xi
T − θiYT

))∣∣∣∣X0 = xi0, Y0 = 1
n

∑
k 6=i

xk0


The ith fund manager → writer of liability G(YT ) := θi

1−θi/nYT ,

Risk aversion γi := 1
δi

(
1− θi

n

)
Thus, the above supremum is equal to v(X0, Y0, 0), with v(x, y, t) solving
the HJB eqn

vt + max
π∈R

(1
2(σ2

i + ν2
i )π2vxx + π (µivx + σiσ̂αvxy)

)
+1

2

(
σ̂α2 + 1

n
(̂να)2

)
vyy + µ̂αvy = 0,

for (x, y, t) ∈ R× R× [0, T ], and (̂να)2 := 1
n

∑
k 6=i ν

2
kα

2
k,

v(x, y, T ) = −e−γi(x−G(y)) = − exp
(
− 1
δi

((
1− θi

n

)
x− θiy

))



Candidate Nash equilibria

• The ith agent’s optimal feedback control

πi,∗(x, y, t) := − µivx(x, y, t)
(σ2
i + ν2

i )vxx(x, y, t)
− σiσ̂αvxy(x, y, t)

(σ2
i + ν2

i )vxx(x, y, t)

• The HJB equation admits separable solutions

v (x, y, t) = −e−γixF (y, t)

• It then turns out that the optimal policy is of the form

πi,∗ = δiµi
(σ2
i + ν2

i )(1− θi/n)
+ θiσi

(σ2
i + ν2

i )(1− θi/n)
σ̂α



Construction of Nash equilibria

• For a candidate portfolio vector (α1, . . . , αn) to be a Nash
equilibrium, we need πi,∗ = αi, i = 1, ..., n

ai = δiµi
(σ2
i + ν2

i )(1− θi/n)
+ θiσi

(σ2
i + ν2

i )(1− θi/n)
σ̂α

• Set
σα := 1

n

n∑
k=1

σkαk = σ̂α+ 1
n
σiαi

• Then, we must have

αi = πi,∗ = δiµi + σiθiσα

(σ2
i + ν2

i )(1− θi/n)
− θiσ

2
i

n(σ2
i + ν2

i )(1− θi/n)
αi,

and
ai = δiµi

σ2
i + ν2

i (1− θi/n)
+ σiθi
σ2
i + ν2

i (1− θi/n)
σα



Construction of Nash equilibria (cont.)

ai = δiµi
σ2
i + ν2

i (1− θi/n)
+ σiθi
σ2
i + ν2

i (1− θi/n)
σα

σα := 1
n

n∑
k=1

σkαk = σ̂α+ 1
n
σiαi

Multiplying both sides by σi and then averaging over i = 1, . . . , n, gives

σα = ϕn + ψnσα

ϕn := 1
n

∑n
i=1 δi

σiµi
σ2
i+ν2

i (1−θi/n) and ψn := 1
n

∑n
i=1 θi

σ2
i

σ2
i+ν2

i (1−θi/n)

• Existence

• Uniqueness



Existence of Nash equilibria

ai = δiµi
σ2
i + ν2

i (1− θi/n)
+ σiθi
σ2
i + ν2

i (1− θi/n)
σα

σα = ϕn + ψnσα

ϕn := 1
n

∑n
i=1 δi

σiµi
σ2
i+ν2

i (1−θi/n) and ψn := 1
n

∑n
i=1 θi

σ2
i

σ2
i+ν2

i (1−θi/n)

• If ψn < 1 , then σα = ϕn/(1− ψn) , and Nash equilibrium exists

• If ψn = 1 and ϕn > 0 , eqn has no solution; no constant equilibria
exist

• If ψn = 1 and ϕn = 0 , eqn has infinitely many solutions, but this
case not feasible



Uniqueness of smooth solutions to the HJB equation

Recall that the candidate Nash equilibria were constructed from the
smooth solutions of the HJB eqn

vt + max
π∈R

(1
2(σ2

i + ν2
i )π2vxx + π (µivx + σiσ̂αvxy)

)

+1
2

(
σ̂α2 + 1

n
(̂να)2

)
vyy + µ̂αvy = 0,

v(x, y, T ) = −e−γi(x−G(y)) = − exp
(
− 1
δi

((
1− θi

n

)
x− θiy

))

This equation has a unique smooth solution that is strictly concave and
strictly increasing in x (Duffie et al. (1996), Musiela and Z. (2002))



Discussion on Nash equilibrium

πi,∗ = δi
µi

σ2
i + ν2

i (1− θi/n)
+ θi

σi
σ2
i + ν2

i (1− θi/n)
ϕn

1− ψn

ϕn := 1
n

∑n
i=1 δi

σiµi
σ2
i+ν2

i (1−θi/n) and ψn := 1
n

∑n
i=1 θi

σ2
i

σ2
i+ν2

i (1−θi/n)

Then, it turns out that

πi,∗ = δi
µi

σ2
i + ν2

i (1− θi/n)
+ θi

σi
σ2
i + ν2

i (1− θi/n)
1
n

n∑
k=1

σkπ
k,∗

Thus, there is a ”myopic” Merton-type component
and an average of weighted by the common-noise volatilities aggregate

Nash allocations



Discussion on Nash equilibrium (cont.)

πi,∗ = δi
µi

σ2
i + ν2

i (1− θi/n)
+ θi

σi
σ2
i + ν2

i (1− θi/n)
1
n

n∑
k=1

σkπ
k,∗

• The myopic portfolio component dominates the no-competition one,
which is δi µi

σ2
i+ν2

i

• Competition always results in higher stock allocation

• No competition, θi = 0 : πi,∗ → δi
µi

σ2
i+ν2

i

• No common noise, σi = 0 : πi,∗ = δ̃i
µi

ν2
i (1−θi/n) , δ̃i := δi

(1−θi/n)

• Nash policy πi,∗ is strictly increasing in δi and θi



Single common stock

• For all i = 1, . . . , n, µi = µ > 0, σi = σ > 0, and νi = 0
• Define the ”representative” risk tolerance and social comparison

parameters

δ := 1
n

n∑
i=1

δi and θ := 1
n

n∑
i=1

θi

• If θ < 1 , there exists a unique constant equilibrium, given by

πi,∗ =
(
δi + θi

δ

1− θ

)
µ

σ2 = δef
µ

σ2

• If θ = 1 , there is no constant equilibrium

All managers use myopic Merton portfolio with effective risk tolerance

δef := δi + θi
δ

1− θ
= δi

1− θ̄
+ θiδ̄ − δiθ̄

1− θ̄



Passing to the limit as n ↑ ∞



The mean field game under CARA risk preferences



Passing to the limit as n ↑ ∞

• each manager has her own type vector ζi := (xi0, δi, θi, µi, νi, σi),
i = 1, ..., n
• these vectors induce an empirical measure: type distribution mn

• type space : Ze := R× (0,∞)× [0, 1]× (0,∞)× [0,∞)× [0,∞)
• type measure

mn(A) = 1
n

n∑
i=1

1A(ζi), for Borel sets A ⊂ Ze

• Recall each agent’s Nash equilibrium strategy πi,∗,

πi,∗ = δi
µi

σi2 + νi2(1− θi/n) + θi
σi

σi2 + νi2(1− θi/n)
ϕn

1− ψn
,

ϕn := 1
n

∑n
i=1 δi

σiµi
σ2
i+ν2

i (1−θi/n) and ψn := 1
n

∑n
i=1 θi

σ2
i

σ2
i+ν2

i (1−θi/n)

• Thus, πi,∗ depends only on ζi and ϕn, ψn, which essentially
”aggregate” over all managers’ type vectors



Defining the mean field game

• Assume that as n ↑ ∞,

the empirical measure mn has a weak limit m

• Let ζ = (ξ, δ, θ, µ, ν, σ) be a random variable with this limiting
distribution m

• Then, the Nash strategy πi,∗ ”should” converge to

lim
n→∞

πi,∗ = δi
µi

σ2
i + ν2

i

+ θi
σi

σ2
i + ν2

i

ϕ

1− ψ

where

ϕ := limn→∞ ϕn = E
[
δ µσ
σ2+ν2

]
and ψ := limn→∞ ψn = E

[
θ σ2

σ2+ν2

]



Formulating the mean field game

Continum of managers ←→ Representative manager

• A game with a continuum of agents with type distribution m

• A single representative agent , randomly selected from the population

• This representative agent’s type is a random variable with law m

• Heuristically, each manager in the continuum trades in a single stock
driven by two Brownian Motions , one of which is unique to
this agent while the other is common to all agents



Formulating the mean field game (cont.)

• The probability space (Ω,F ,P) supports (B,W ) , independent BMs

• It also supports the type vector, a random variable in Ze,

ζ = (ξ, δ, θ, µ, ν, σ)

• Its distribution is the type distribution

• Independence of ζ from (B,W )

• FMF = (FMF
t )t∈[0,T ] smallest filtration such that,

ζ is FMF
0 -mble, and (B,W ) adapted

• FB = (FBt )t∈[0,T ], natural filtration generated by the
common noise B



The investment problem of the representative manager

The representative agent’s wealth process

dXt = πt(µdt+ νdWt + σdBt), X0 = ξ

π ∈ AMF, self-financing, FMF-prog. mble, E
∫ T

0 |πt|2dt <∞

The type vector ζ = (ξ, δ, θ, µ, ν, σ) provides the random variables ξ
(initial wealth), (µ, ν, σ) (market parameters) and (δ, θ) (personal risk
preference and competition parameters)

Special case - a single stock

The vector (µ, ν, σ) is nonrandom , with ν = 0, µ > 0, and σ > 0
The continum of managers trades in the same market environment,
randomness comes only from the distinct personal characteristics (δ, θ)



Defining the MFG

• Recall that in the n-player game, we first solved the investment
problem faced by each single manager i, taking the strategies of the
other agents k 6= i as fixed.

• The ith agent faced a ”liability” YT ↔ 1
n

∑
k 6=iX

k
T , effectively the

only source of agents’ interaction

• We could had kept this average YT as constant instead

• Now take X a given random variable , representing the average
wealth of the continuum of agents

• The representative agent has no influence on X, as but one agent
amid a continuum

• Then, this objective becomes to maximize the expected payoff

sup
π∈AMF

E
[
− exp

(
−1
δ

(
XT − θX

))]



Definition of the MFG

• For any π∗ ∈ AMF , consider the FBT -mble random variable

X := E[X∗T | FBT ],

where (X∗t )t∈[0,T ] is the wealth process corresponding to this
investment strategy π∗

• Then, π∗ is a mean field equilibrium (MFE) if π∗ is optimal for the
optimization problem

sup
π∈AMF

E
[
− exp

(
−1
δ

(
XT − θX

))]

• A constant MFE is a MFE π∗ which is constant in time,
i.e., π∗t = π∗0 for all t ∈ [0, T ]

• Essentially, a constant MFE π∗ is the FMF
0 -mble random variable π∗0



Solving the mean field game

• A MFE is computed as a fixed point
• Start with a generic FBT -mble random variable X, solve

sup
π∈AMF

E
[
− exp

(
−1
δ

(
XT − θX

))]
,

find an optimal π∗, and then compute E[X∗T | FBT ]
• If the consistency condition , E[X∗T | FBT ] = X, holds,

then π∗ is a MFE
• Intuitively, every agent in the continuum faces an independent noise
W , an independent type vector ζ , and the same common noise B

Therefore, conditionally on B, all agents face i.i.d. copies
of the same optimization problem

• Heuristically, the law of large numbers suggests that the average
terminal wealth of the whole population should be E[X∗T | FBT ]
• For example, if σ ≡ 0 a.s., (no common noise term), then X = E[X∗T ]
• Carmona-Delarue-Lacker, Lacker, Cardaliaguet, Sun, etc.



An alternative formulation of the mean field game

• Recall that the sources of randomness are (ζ,B,W ),
with B ←→ common noise
• For a fixed FB-mble rv X,

sup
π∈AMF

E
[
−e−

1
δ (Xπ

T−θX)] = E [u(ζ)] ,

where u(·) is the value function for (deterministic) elements
ζ0 = (x0, δ0, θ0, µ0, ν0, σ0) of the type space Ze,
u(ζ0) := sup

π
E
[
− exp

(
− 1
δ0

(
X̃ζ0,π
T − θ0X

))]
,

with dX̃ζ0,π
t = πt (µ0dt+ ν0dWt + σ0dBt) , X̃ζ0,π

0 = x0

• For a deterministic ζ0, u(ζ0) is the value of an agent of type ζ0
• On the other hand, the original optimization problem (lhs) gives the

optimal expected value faced by an agent before the random
assignment of types at time t = 0



An alternative formulation of the mean field game (cont.)

• Define

vζ0(x0, 0) := u(ζ0) := sup
π

E
[
− exp

(
− 1
δ0

(
X̃ζ0,π
T − θ0X

))]
,

as the time-zero value of the solution {vζ0(x, t) : t ∈ [0, T ], x ∈ R}
of an ”indifference type” HJB eqn ,
with the writer’s wealth process given by

dX̃ζ0,π
t = πt (µ0dt+ ν0dWt + σ0dBt) , X̃ζ0,π

0 = x0

• Then the original problem reduces to

sup
π∈AMF

E
[
− exp

(
−1
δ

(
XT − θX

))]
= E[vζ(ξ, 0)]



Solution of the mean field game

• Assume that, a.s., δ > 0, θ ∈ [0, 1], µ > 0, σ ≥ 0, ν ≥ 0, and
σ + ν > 0
Define the constants

ϕ := E
[
δ

µσ

σ2 + ν2

]
and ψ := E

[
θ

σ2

σ2 + ν2

]

• There are two cases:

If ψ < 1 , there exists a unique constant MFE, given by

π∗ = δ
µ

σ2 + ν2 + θ
σ

σ2 + ν2
ϕ

1− ψ

If ψ = 1 , there is no constant MFE

This MFG solution indeed provides a natural interpretation of
the Nash equilibrium one as the number of agents n→∞



Key steps - formulating a MF indifference-type problem

• Solve the representative agent’s stochastic optimization problem

sup
π∈AMF

E
[
− exp

(
− 1
δ

(XT − θX)
)]

• Enough to consider X of the form X = E[Xα
T |FBT ] , α ∈ AMF,

dXt = α(µdt+ νdWt + σdBt), X0 = ξ

• For constant equilibria, α ∈ FMF
0 -mble rv with E[α2] <∞

• Define, for t ∈ [0, T ], Xt := E[Xα
t |FBT ]; then XT = X

• Find (Xt)t∈[0,T ] and incorporate it into the state process of
”indifference type” problem

• But, because (ξ, µ, σ, ν, α), B, and W are independent , we must
have

Xt = ξ + µαt+ σαBt (M = E[M ])



Key steps - obtaining a random HJB

• For π ∈ AMF, define for t ∈ [0, T ], the ”centered” controlled state
process

Zπt := Xπ
t − θXt

Then, at t = 0, Zπ0 = ξ − θξ = ξ − θE[ξ̄] and

dZπt = (µπt − θµα)dt+ νπtdWt + (σπt − θσα)dBt

• The new problem is now a Merton one,

sup
π∈AMF

E
[
− exp

(
−1
δ
ZπT

)]

• Then, the above supremum equals E[v(ξ, 0)], where v(x, t) solves

vt + max
π

(1
2
(
ν2π2 + (σπ − θσα)2

)
vxx + (µπ − θµα)vx

)
= 0,

with v(x, T ) = −e−x/δ
• This HJB eqn is random , as it depends on the FMF

0 -mble type
parameters (δ, θ, µ, ν, σ)



Key steps - solving the random HJB

• The random HJB simplifies to

vt −
1
2

(µvx − θσσαvxx)2

(σ2 + ν2)vxx
− θµαvx = 0

• Then,
v(x, t) = −e−x/δe−ρ(T−t)

with ρ ∈ FMF
0 given by

ρ := −1
δ
θµα+

(
µ+ 1

δ θσσα
)2

2(σ2 + ν2)

• The optimal feedback π∗(x, t), which is actually FMF
0 -mble , turns

out to be

π∗(x, t) = −µvx (x, t)− θσσαvxx(x, t)
(σ2 + ν2)vxx(x, t) = µ

δ

σ2 + ν2 + θ
σσα

σ2 + ν2



Key steps - solving for the fixed point

• Observe that a strategy α is an MFE if and only if

E[Xα
T |FBT ] = E[Xπ∗

T |FBT ], a.s.

or, equivalently,

ξ + µαT + σαBT = ξ + µπ∗T + σπ∗BT , a.s.

• Taking expectations, α is a constant MFE if and only if
µα = µπ∗ and σα = σπ∗

• Using the form of π∗, σα = σπ∗ if and only if

σα = E
[
δ

µσ

σ2 + ν2

]
+ E

[
θ

σ2

σ2 + ν2

]
σα = ϕ+ ψσα

If ψ < 1 , then a unique solution σα = ϕ/(1− ψ)
If ψ = 1 and ϕ 6= 0 , then no solutions, thus no constant MFE
If ψ = 1 and ϕ = 0 , this cannot happen



The value function of the representative fund manager

• The controlled process (Zπt )t∈[0,T ] starts from Zπ0 = ξ − θξ

• The time-zero value to the representative agent

v(ξ − θξ, 0) = − exp
(1
δ

(ξ − θξ)− ρT
)

• Therefore,

ρ := −1
δ
θµα+

(
µ+ 1

δ θσσα
)2

2(σ2 + ν2) = ...

= 1
2(σ2 + ν2)

(
µ+ σ

θ

δ

ϕ

1− ψ

)2
− θ

δ

(
ψ̃ + ϕ̃

ϕ

1− ψ

)
with

ψ̃ = E
[
δ

µ2

σ2 + ν2

]
and ϕ̃ = E

[
θ

µσ

σ2 + ν2

]



Discussion of the equilibrium

π∗ = δ
µ

σ2 + ν2 + θ
σ

σ2 + ν2
ϕ

1− ψ

• It turns out that

ϕ

1− ψ =
E
[
δ µσ
σ2+ν2

]
1− E

[
θ σ2

σ2+ν2

] = ... = E (σπ∗)

Thus,
π∗ = δ

µ

σ2 + ν2 + θ
σ

σ2 + ν2E (σπ∗)

• Competition always increases stock allocation

• Myopic component δ µ
σ2+ν2

• Portfolio increasing in risk tolerance and competition weight



Single common stock

• The stock parameters (µ, σ) are deterministic , with ν ≡ 0 and
µ, σ > 0

• Define the average representative parameters

δ := E [δ] and θ̄ := E[θ]

• There are two cases:

If θ < 1 , there exists a unique constant MFE, given by the myopic
portfolio

π∗ = δef
µ

σ2 with δef := δ + θ
δ

1− θ

• If θ = 1 , there is no constant MFE



The CRRA case



The n-agent game

• Same setting as in the exponential case

• Individual utilities, Ui : R2
+ → R, of CRRA type depending on the

manager’s individual wealth , x, and the geometric average wealth
of all fund managers, m

Ui(x,m) := U(xm−θi ; δi),

where U(x; δ), x > 0, δ > 0 defined as

U(x; δ) :=


(
1− 1

δ

)−1
x1− 1

δ , for δ 6= 1,

log x, for δ = 1

• The parameters δi > 0, θi ∈ [0, 1] are the personal relative risk
tolerance and social comparison parameters



Modeling competition

• The ith fund manager’s wealth process Xi
t solves

dXi
t = πitX

i
t(µidt+ νidW

i
t + σidBt)

• If the competitors, k = 1, ..., n, k 6= i, use policies
(π1, . . . πi−1, πi+1, ..., πn), his payoff is

Ji(π1, . . . , πn) = E
[
U
(
Xi
T (X̄T )−θi ; δi

)]
• The aggregate wealth XT is given by the geometric mean

XT =
(

n∏
k=1

Xk
T

)1/n

• Alternatively,
Ji(π1, . . . , πn) = E

[
U
(
(Xi

T )1−θi(RiT )θi ; δi
)]
, with RiT := Xi

T /XT

Basak-Makarov, Geng-Z.



Nash equilibrium

• Assume, for all i = 1, . . . , n, that xi0 > 0, δi > 0, θi ∈ [0, 1]
and µi > 0, σi ≥ 0, νi ≥ 0, and σi + νi > 0

• Let
ϕn := 1

n

∑n
i=1 δi

µiσi
σ2
i+ν2

i (1+(δi−1)θi/n)
and

ψn := 1
n

∑n
i=1 θi(δi − 1) σ2

i

σ2
i+ν2

i (1+(δi−1)θi/n)

• There always exists a unique constant equilibrium, given by

πi,∗ = δi
µi

σ2
i+ν2

i (1+(δi−1)θi/n) − θi(δi − 1) σi
σ2
i+ν2

i (1+(δi−1)θi/n)
ϕn

1+ψn

• Competition does not always increase the risky allocation
it depends on whether δi ≶ 1 (nirvana slns, etc.)



Single stock

• Assume that for all i = 1, . . . , n we have µi = µ > 0, σi = σ > 0,
and νi = 0, with µ and σ independent of i.

• Define the constants

δ := 1
n

n∑
i=1

δi and θ(δ − 1) := 1
n

n∑
i=1

θi(δi − 1)

• There exists unique constant equilibrium, given by

πi,∗ = δefi
µ

σ2 with δefi := δi −
θi(δi − 1)δ

1 + θ(δ − 1)



Passing to the limit as n ↑ ∞
The mean field game under CRRA risk preferences



The mean field game

• Recall that the type vector of agent i is ζi := (xi0, δi, θi, µi, νi, σi)
• It induces an empirical measure, which is the probability measure on

Zp := (0,∞)× (0,∞)× [0, 1]× (0,∞)× [0,∞)× [0,∞)
given by

mn(A) = 1
n

∑n
i=1 1A(ζi), for Borel sets A ⊂ Zp

• Assume that mn has a weak limit m
• Let ζ = (ξ, δ, θ, µ, ν, σ) denote a r.v. with this distribution m
• Then, the strategy πi,∗ ”should” converge to

limn→∞ π
i,∗ = δi

µi
σ2
i+ν2

i
+ θi

σi
σ2
i+ν2

i

ϕ
1−ψ ,

where
ϕ := limn↑∞ ϕn = E

[
δ µσ
σ2+ν2

]
and ψ := limn↑∞ ψn = E

[
θ(δ − 1) σ2

σ2+ν2

]



Definition of the mean field game

• The representative agent’s wealth process solves
dXt = πtXt(µdt+ νdWt + σdBt), X0 = ξ

• Let X be an FMF
T -mble rv, representing the geometric mean wealth

among the continuum of agents
• Representative agent aims to maximize the expected payoff

sup
π∈AMF

E
[
U(XTX

−θ; δ)
]

• Recall that in the n -player game, the aggregate wealth is

the geometric mean, XT =
(

n∏
k=1

Xk
T

)1/n

• A ”geometric mean” of a measure m on (0,∞) is defined as

exp
(∫

(0,∞)
log y dm(y)

)

• When m is the empirical measure of n points (y1, . . . , yn), this
reduces to the usual definition (y1y2 · · · yn)1/n



Definition of the mean field game (cont.)

• Let arbitrary strategy π∗ ∈ AMF

• Consider the FBT -mble rv

X := expE[logX∗T | FBT ]

where (X∗t )t∈[0,T ] is the wealth process using π∗

• Then, π∗ is a mean field equilibrium if it is optimal for the
optimization problem

sup
π∈AMF

E
[
U(XTX

−θ; δ)
]

corresponding to this choice of X

• A constant MFE is a MFE π∗ which is constant in time,
i.e., π∗t = π∗0 for all t ∈ [0, T ].

• A constant MFE π∗ is then the FMF
0 -measurable random variable π∗0



Solving the mean field game

• Assume that, a.s., δ > 0, θ ∈ [0, 1], µ > 0, σ ≥ 0, ν ≥ 0, and
σ + ν > 0

• Define the constants

ϕ := E
[
δ

µσ

σ2 + ν2

]
and ψ := E

[
θ(δ − 1) σ2

σ2 + ν2

]

• There always exists a unique constant MFE,

π∗ = δ
µ

σ2 + ν2 − θ(δ − 1) σ

σ2 + ν2
ϕ

1 + ψ

• Competition does not always increase the stock allocation unless
δ < 1



Single stock case

• Suppose (µ, σ) are deterministic, with ν ≡ 0 and µ, σ > 0

• Define the constants

δ := E[δ] and θ(δ − 1) := E[θ(δ − 1)]

• Then, there exists a unique constant MFE, given by

π∗ = δef
µ

σ2 with δef = δ − θ(δ − 1)δ
1 + θ(δ − 1)


