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Legendre Transformation

Converting to a Hamiltonian

@ Consider the functional,

b
L[u]:/ L(uy, Ui, ..., up, upy)dx.
a
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Legendre Transformation Converting to a Hamiltonian

Canonical Variables

@ The Legendre Transformation first introduces canonical

variables,
qi = U,
-—8—L i=1 n
pl_aq;a - )

@ And Hamiltonian,

n
Hp,q)=> pigi— L
i=1
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Legendre Transformation Converting to a Hamiltonian

New System

@ With this choice of variables and Hamiltonian, the
Euler-Lagrange Equations are equivalent to the first-order

system,
,_ OH
pli aql
oH
A
q’_ap,-’ i=1,....n
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Legendre Transformation Converting to a Hamiltonian

New System

@ Not all systems have a Lagrangian depending upon just
first-order derivatives.

@ To deal with these cases we can generalize the Lagendre
Transformation to any number of derivatives.

@ This is the Ostragradskii Transformation.
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New Canonical Variables

@ Consider the more general functional,
b
Llu] = / L(u1,...,u1(N‘),...,uk,...,u,((N"))dx (1)
a
where N; denotes the highest order of derivative for u;

present in L(u).
@ The canonical variables are, fori =1,..., k and

f=1,...,N;
JU-1)
ql] = dX(j_1)uf7
5L (2)
Di = ——.
! 5u,(’)
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Full Generality

° ;ﬁ') denotes the variational derivative with respect to u!):
5L oL d oL K dkoooL
P A ) IR S A=y v
sul au?)  dx gy T
where j+ k = N;.
@ Or,

5L NZ jedt oL
/( prd dxkauH‘k)
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Full Generality

@ Now the Hamiltonian becomes,
k N
H(q.p) =Y pja;— L(q,p). (3)
i=1 j=1
@ Definition[2] : The Lagrangian L(u) is said to be (strongly)

non-singulariffori=1,... kandj=1,...,2N;— 1, the
equations for the canonical variables can be solved as,

u’ = fi(q,p).
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Full Generality

@ Theorem (Ostragradskii [2, 1]) : If the Lagrangian,
L(u), is non-singular, then the first-order-order system,

OH OH

o= fo=

obtained using the Hamiltonian (3) and canonical variables
(2) is equivalent to the Euler-Lagrange equations for (1).
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For the sake of notation, let,

b
L’[u]—/ L(uy, Uy, Ui, o, Ug, Uy )dx.
a

We then have the canonical variables,
! /
Uy, Qo1 = Uz, Q2 = Uy, Qoo = U

qi1 =
oL d oL oL
p11 = au, ~ dxou’ P12—87uq,
oL d oL oL
p22_87ug'

P21 :8711_’2_&87%”
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@ The equations p1o = ,, and poo du,, imply,
/ /! / /! /! /!
P12 = g(us, Uy, Uy, Up, Up, Up) = g(Q11, Q12, Uy, Q21, Gz, Us)
/ /! / Vi /! /!
P22 = r(uq, Uy, Uy, Uz, Uy, Uy) = r(Q11, 12, Uy, 21, Qo2, Us)

@ Then from non-singularity,

uy = G(q11, 12, P12, 21, Go2, P22)
Uy = R(q11, G12, P12, G21, Go2, P22)

@ The key observation is that this is independent of p;1 and
P21.
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@ Then the Hamiltonian can be written as,

H = p11uy + p1auy + pa1Us + poty — L(u, Uu', u")
= P11G12 + P12G + P21Go2 + P22 R — L(G11, Q21, G12, @22, G, R)

@ Then compute partials,

oH 0G OR oL oL 0G oL OR

k. + _ - -
oo T20qn " P2oqn  dgn ol dgn  0uj oG
@ Since, pi2 = g and pze = Fyr,
oH oL
9q11 911
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@ Similar cancelation occurs with respect to g2, p11 and pqo

and,
OH oL OH oL . OH . OH o
0q11 ogq11’ 012 iz ' Opiy 2 Bpyg

are the four partials.
@ Analagous formulae result for go1, Gos, P21, Poo.
@ Now, assume the Euler-Lagrange (E-L) equations hold, in

particular,
oL d oL a? oL

ou, dxou | dEod]
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@ The E-L equations together with the Hamiltonian partials
give the Hamiltonian system.

@ For example, the E-L equation for uy implies,

oL_d (oL _doy_ . oH
duy  dx \ou, dxouy) " Ogy

@ Now need to show the Hamiltonian System implies that the
Euler-Lagrange equations hold.
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@ Differentiating L + H,

0 oL oH
O Ly Hy = 25 9T
911 ( g1 0q11
oo oL oH
® Then since — 2% = pj, = & (59[2 (g(au,,> and g11 = uy,

oL, oL d<aL d@L)_

agn P17 Gu T ax \ou, ~ dxou]

@ Similarily for g»1, and the theorem is proved.
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Consequences of having a Hamiltonian

@ If N; = N Vi, then this converts an k-dimensional 2N-order
system to a 2Nk-dimensional first-order system.

@ Poisson Bracket:

f'(q,p) = {f(q,p), H(q.p)}

@ Conservation of the Hamiltonian:

H'(q,p) = {H(q.p).H(q,p)} =0

@ Possible Casmirs:

C'(q,p) ={C(q,p),H(q.p)} =0
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KP (—4UIL + uuy o Uxxx)x + 302Uyy = O

@ The Lagrangian,
U//2
Lyl = — =1 —
Wl=—%57+"9 —9 9 9 81 9

appears in the study of the stationary KP hierarchy [1].
@ The canonical variables are:
Q11 = U1, Qi2=Uy, Qo1 = Uz, Qop = Uj
oL d oL  2u(uf — up) N 20y uy

upy U wmuf 2upupul  uf 2uuf

PU=u ~axoul T 9 27 9
oL _ 2 4
Pe=Guy =27 "9
oL d oL u] 2u
P21 =J_—2

ou, dxouy 9 9
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@ Substituting in the gj’s, the system for u{’, u{ and u5 is

2g11(q12 = Ga1) | 2uf" Uy

P = 9 27 9
2u{ Qo
Pz = =57 79
Ul 2gx
Po1 = 9 9

@ The last two equations give,

Qoo = —27P12 — 1824
@ Using the E-L equation,
1
2

uy = - (2uruy — 4ugup + uf’)



Full Generality
Proof

Ostragradskii Transformation Benefits
Application

@ Solving,

Uy = —54pyp — 274,
Uy = Q11Q12 — 2G11G21 + 26p11 — 3G11G12

7

uy = 54p11 — 641112

@ Therefore,

H(q, p) = —27p%, — 27p12P21 — 9051 + P11G12

CIi1 _ G192, B 205,11 N 2Q11Q12021

* 81 9 9 9

@ Only depends on 6 variables = 6-dimensional first-order
system.
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