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Abstract

The Unified Transform Method and its semi-discrete analogue
for numerically solving IBVPs

Jorge Cisneros Paz

Chair of the Supervisory Committee:
Professor of Applied Mathematics Bernard Deconinck
Department of Applied Mathematics

Finite-difference schemes are a popular and intuitive approach to numerically solve nonlinear
initial-boundary value problems (IBVPs). Often, this leads to the introduction of ghost points, where
the numerical method depends on grid points outside of the working domain. The usual heuristics of
doing this for second-order problems do not generalize to higher order, and incorporating boundary
conditions and addressing ghost points are serious numerical issues.

Our approach proposes to tackle this problem by the implementation of split-step methods to
separately solve the linear and nonlinear subproblems. In this dissertation, we discuss the Unified
Transform Method (UTM), introduced by A. S. Fokas, and its semi-discrete analogue to devise finite-
difference schemes for the linear problem that appropriately incorporate boundary conditions. The
UTM solution representations are then treated to give analytic continuation formulas that can be
applied at ghost points in the split-step method. We present our developments through examples of
several linear problems and their discretizations on the half-line and finite interval, and the nonlinear
Schrodinger equation on the finite interval. We discuss the continuum limit of the solutions and

numerical results.
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Chapter 1
INTRODUCTION

1.1 Motivation

Consider the numerical solution of the M*"-order quasilinear partial differential equation (PDE)

qt:CqMa:+F(Q7qrv"-7Q(M—1)x)7 CEC\{O}7 (111)

on the half-line for x € (0, 00) or on the finite interval for z € (0, L) with L > 0. The problem (1.1.1)
is well-posed if its solution is unique and exists globally or for a finite time ¢, and continuously
depends on the prescribed initial condition ¢(x,0) = ¢(z) and the correct number of boundary
conditions. We additionally impose that initial and boundary data are compatible (at least to
zeroth-order) with sufficient smoothness and decay, so that ¢(x,t) — 0 uniformly as x — oo for
half-line problems.

Arguably the most intuitive approach in solving initial-boundary value problems (IBVPs) is
through the implementation of a finite-difference scheme on a discrete grid with points =, = nAx
and t; = jAt. Directly applying such schemes, especially those with high-order spatial stencils,
introduces the dependence on grid points outside of the domain, known as ghost points, see Figure
1.1.1. This embeds a discrepancy into the numerical methodology, since these points originate from
the choice of spatial stencil and not from the original IBVP itself. Note that with periodic boundary
conditions, the issue of ghost points never arises.

One way to avoid this discrepancy for general boundary conditions is to altogether avoid ghost
points by applying certain spatial stencils as we approach the boundaries [10, 63], see Figure 1.1.2.

These stencils are designed, say, using the method of undetermined coefficients, to depend only on

2 -1 ® 1 2 3 4 5 6 7T

Figure 1.1.1: A stencil that requires information at a ghost point.



Figure 1.1.2: A stencil that uses an off-centered stencil near the boundary to avoid introducing the
dependence of a ghost point while maintaining the same order of accuracy as the interior stencil

seen in Figure 1.1.1.

-2 -1 0 1 2 3 4 5 6 7

Figure 1.1.3: A stencil that assigns a value to the ghost point introduced by the interior stencil near

the boundary.

grid points that lie within the domain and the boundary. The vast freedom in choosing these stencils
lead to discretizations that are unstable or incompatible with the physical interpretations and mod-
eling of the IBVP [22, 35, 60]. Although ghost points are eliminated, these stencils tend to destroy
the normal structure (ATA = AAT) of the coefficient matrix in a method-of-lines formulation, if
there was one to begin with. The stability analysis is even harder now for these problems, where we
may resort to studying the e-pseudospectrum of the coefficient matrix [31, 43, 67].

Another way to address the discrepancy is to assign artificial conditions to the ghost points
according to reflection principles, interpolations, absorbing conditions, and discretizations of the
given boundary conditions [14, 35, 43, 59|, see Figure 1.1.3. This option is commonly applied
whenever a PDE has prescribed derivative boundary conditions, but becomes complicated when
applying higher-order stencils to the PDE that lead to an underdetermined system with too many
unaccounted ghost points, even if we have derivative boundary conditions to discretize. A scenario
like this would require a combination of approaches, like discretizing available data and applying
one-sided stencils near the boundaries to avoid introducing too many unknowns.

The choice of information at ghost points can destabilize numerical methods that are shown to

be stable in the full-line or periodic problem via von Neumann analysis [22, 43]. These heuristic



methodologies do not easily transfer when treating PDEs with higher-order derivatives, and the
general rules for examining stability in the presence of boundary data are not well developed [10, 14,
31, 59, 63]. Incorporating boundary conditions correctly and addressing ghost points is a non-trivial
numerical issue [35, 60, 67].

Our approach to tackle this problem is set up by the ideas of operator splitting and the imple-
mentation of split-step methods. For our IBVPs of interest, we rewrite the evolution PDE (1.1.1)
as

a=L(q)+N(q), (1.1.2)

where L is a constant-coefficient linear differential operator of order M and N is any nonlinear
operator, both operators involving spatial derivatives of ¢(z,t). The idea behind split-step methods

is to separately solve the M*-order linear IBVP with

@ = L(q) = cqua, (1.1.3)

and combine it with the solution of the nonlinear IBVP with

=N =F (¢4 qr-1)2) » (1.1.4)

in an iterative way [47]. One of the greatest difficulties when applying split-step methods is the
implementation of non-periodic boundary conditions [42, 44]. As with many other finite-difference
approaches, the use of high-accuracy spatial discretizations of the linear £ and nonlinear A/ operators
might introduce ghost points and their artificial boundary conditions, likely affecting the overall
numerical stability.

We consider the class of semi-discretized PDEs where the most nonlocal stencil is applied to
the linear term cqps,. Hence, the lower-order problem (1.1.4) of (1.1.1) can be approached using
established split-step techniques, while the linear problem (1.1.3) and the ghost points that arise
require special attention. In this dissertation, we treat ¢; = cqus, using the Unified Transform
Method on the continuous (x,t)-plane and the semi-discrete (n,t)-plane, with an eye towards split-
step methods for (1.1.1).

1.2 Continuous Unified Transform Method

The Unified Transform Method (UTM) or Method of Fokas provides a powerful approach to
solve evolution IBVPs, including all those with linear, constant-coefficient PDEs and some integrable
nonlinear PDEs. The UTM was introduced by A. S. Fokas in 1997 for the purpose of generalizing
the method of inverse scattering to IBVPs on the half-line and on a finite interval [26, 27, 28].

The UTM generates an explicit analytical solution for ¢(z, t), with the solution written in terms of
integrals along paths in the complex plane of a spectral parameter k € C. Through parametrization

of the contours, these explicit solutions can be numerically evaluated [16, 18, 25]. The application of



the UTM is systematic, regardless of the types of boundary data, e.g., nonhomogeneous Dirichlet,
Neumann, Robin, etc. conditions. This is one reason the UTM is more general and effective than
standard methods for evolution IBVPs [15]. Further, the method demonstrates how many and which
types of boundary conditions result in a well-posed IBVP, depending on the order M of the PDE
[28].

For either half-line or finite-interval IBVPs, the UTM is applied algorithmically using the fol-
lowing steps [17]:

1. rewrite the PDE in divergence form, depending on a spectral parameter k, to obtain the local

relation and the dispersion relation W (k),
2. integrate over the (x,T)-domain, for a finite 7' > 0, to obtain the global relation,

3. invert the global relation to obtain a representation of the solution depending on known and

unknown boundary data,
determine symmetries 7;(k) of W (k),
determine where in C the global relations evaluated at 7;(k) are valid,

if necessary, deform integral paths involving boundary terms appropriately,

NS ot

solve for unknown boundary data using the global relations evaluated at 7;(k), and

8. check that integral terms involving ¢(#;,7T") vanish, resulting in a solution representation.

Although the calculations within each step are more intricate for higher-order problems and their
boundary conditions, the UTM ultimately solves an IBVP by solving a set of algebraic equations
involving the dispersion relation and its symmetries.

Due to its systematic implementation for linear PDEs like (1.1.3), we aim to solve the linear
problems in split-step methods with the UTM, regardless of boundary conditions. Undoubtedly, the
computation of these integral representations can be numerically costly [18, 25, 38, 55]. For low-order
problems, the finite-interval UTM solutions can be rewritten into a series representation by deforming
the integral contours down to the singularities on the real line and applying the residue theorem [17].
These series solutions are preferred over the integral representations for numerical computations, but
the rewrite is not always possible, especially for higher-order problems like ¢ = + gz,. Furthermore,
the half-line UTM solutions do not have isolated singularities in their integrands, so they cannot be
represented solely as series. Thus, the efficient computation of these UTM integral representations
is crucial.

The cons of solving an IBVP analytically perhaps outweigh the pros from a numerical standpoint,
so we propose an alternative. Rather than solving the linear split-step IBVP with (1.1.3) using the
UTM for all x and T', we discretize (1.1.3) via finite difference schemes of any arbitrary accuracy and
numerically solve the IBVP. Wherever ghost points develop, we employ the UTM representations

for all T. As straightforward as this alternative seems, the UTM formulations cannot be trivially



extended to x outside of the original IBVP domains. It was not until recent work with Matthew
Farkas that Taylor-series expansions applied to the half-line UTM representations gave rise to valid
analytic extensions [24]. Expanding this methodology to the finite-interval formulations allows us to
implement our approach on the ghost points when numerically solving the linear IBVP in split-step
methods.

A more consistent approach to the finite difference evaluations is to apply the UTM on the
semi-discrete problem instead of on the continuous one. A method-of-lines formulation allows the
UTM to address ghost points directly by providing an analytical solution to the linear semi-discrete
IBVP.

1.3 Semi-Discrete UTM

The UTM has received a lot of attention for continuous IBVPs, but not nearly as much for semi-
discrete ones, i.e., discretized in space x,, = nh for n = 0,1,2, ..., but continuous in time ¢. Biondini
& Hwang [5], Biondini & Wang [6], and Moon & Hwang [51] study semi-discrete problems in the
context of the semi-discrete UTM (SD-UTM), but from the perspective of a purely semi-discrete
problem on closed contours with discretized Lax pairs and no variable mesh spacing h. While [5]
focuses primarily on the linear and nonlinear Schrodinger difference equations, the theory for semi-
discrete problems is presented via examples in [6] for half-line IBVPs and in [51] for finite-interval
IBVPs. Minimal discussion on the continuum limit for the SD-UTM is presented in [51].

Our goal is to further develop the SD-UTM to help solve IBVPs by addressing complications
that arise with ghost points. Within the split-step method, we want to apply the SD-UTM to the
linear problem, whether that includes solving the linear semi-discrete IBVP entirely or only applying
the method at the ghost points generated from the choice of spatial stencil in the finite-difference
scheme. As we will show, the SD-UTM formulas for the semi-discrete g(x,,t) = g (t) are simpler
than those from the continuous UTM, but further approximations are needed in order to efficiently
implement them into a split-step method, see Sections 2.5 and 3.5.

In what follows for half-line problems, we consider an explicit mesh parameter h < 1. More
explicitly for finite-interval problems, we define h = L/(N +1) < 1 for n = 0,1,...,N,N + 1
with NV interior-domain grid points, where n = 0 and n = N + 1 correspond to x = 0 and = = L,
respectively. We use the shift operator Ag, = @n+1 — qn, which effectively replaces the spatial
derivative with a forward difference. For half-line IBVPs with a Dirichlet boundary condition at

x = 0, the Fourier transform pair can be written as

G(k,t) =hY e * g, 1), Im(k) <0, (1.3.1a)
n=1
1 w/h
qn(t) = 2/ ek Gk, t)dk, ke C. (1.3.1b)
T J—x/h



If a Dirichlet boundary condition is not given, i.e., if go(¢) is unknown, then (1.3.1a) starts at n =0
(see Appendix A). For half-line IBVPs, we require ¢, € I*(N), the space of absolutely summable
sequences, ensuring that ¢(k,t) is bounded for all k¥ € C with Im(k) < 0. For finite interval IBVPs

with Dirichlet boundary conditions on both ends, the Fourier transform pair is written as
N
q(k,t) =hY e g, (1), ke C, (1.3.2)
n=1

together with (1.3.1b). If a Dirichlet condition is not given at x = 0, then we start (1.3.2) at n = 0.
Similarly, if there is no Dirichlet data at = L, the sum ends at N+1. We define the time transforms

of spatial nodes at and near the n = 0 boundary, including ghost points:
T
£(W.T) = / M(t)dt, j=...—1,0,1,..., keC, (1.3.3)
0
and, at and near the n = N + 1 boundary, including ghost points:

T
gj(I/V, T) = / GWthJrlJrj(t) dt, 7=...—-1,0,1,..., keC, (134)
0

for an arbitrary finite 7' > 0 and semi-discrete dispersion relation W (k). Note that time 7" is used
to denote a fixed final time of interest in the time transforms (1.3.3) — (1.3.4), while ¢ < T" refers to
the generic time variable.

Throughout the following half-line examples, we compute the SD-UTM solutions within the
window of interest x € (0, 1] if a Dirichlet boundary condition is specified or = € [0, 1] if a Neumann
boundary condition is given. Similarly for finite-interval problems. The solutions are implemented
in MATLAB using built-in functions, such as the vectorized integral(). To reduce computation
time, we analytically evaluate sums, like those defining the forward discrete Fourier transform, and
integrals when possible. In addition, all IBVPs have initial and boundary conditions matching at
(z,t) = (0,0) and, when applicable, (z,t) = (L,0).

Like the continuous UTM, we develop and algorithmically apply the following steps for the
SD-UTM:

1. rewrite the semidiscretized equation into divergence form to obtain the local relation and the
dispersion relation W (k),

2. sum over spatial indices and integrate over the temporal domain to obtain the global relation,

invert to obtain a representation of the solution that depends on unknown boundary data,
determine the symmetries v;(k) of W (k),

determine where the global relations with & — v;(k) are valid in C,

AN ol

if necessary, deform integral paths of the boundary terms appropriately,



7. if necessary, determine additional boundary conditions from the PDE,
8. appropriately discretize boundary conditions,

9. solve for unknowns using global relations with & — v;(k) and time transforms of discretized

boundary conditions, and

10. check integral terms involving §(v;, T') vanish, resulting in the solution representation depend-

ing only on known quantities.

With the SD-UTM, we propose the notion of “natural” discretizations, which reduce the variety
of stencils down to those that are compatible with the IBVP. The (not necessarily unique) natural
discretization is (i) of the same order as the spatial order of the PDE, (ii) not purely one sided (except
for first-order problems), and (iii) one that optimally aligns with the available boundary conditions.
Once the PDE is discretized, it follows that the available discretizations for any derivative boundary
conditions are dictated by the global relation and its validity under the symmetries v;(k), as we will

see with second-order IBVPs containing Neumann data and third-order IBVPs.

1.4 Organization of the Dissertation

The majority of this dissertation presents the SD-UTM through examples of several linear semi-
discretized IBVPs on the half-line and the finite interval following Steps (1) - (10) from Section 1.3.
Chapter 2 focuses on first and second-order half-line problems, Chapter 3 on first and second-order
finite-interval problems, and Chapter 4 on third-order problems on both the half line and finite
interval. For each of these chapters, the first few concrete examples are followed by higher-order
discretizations where ghost points play a significant role. In some cases, specifically with these higher-
order discretizations, the symmetries given from the semi-discrete dispersion relation are insufficient
or cannot be used to eliminate unknowns (see Sections 2.1, 2.2, 3.1, and 3.2), so discretizations
of boundary conditions must be appropriately used. We also show how to rewrite the SD-UTM
solution formulas as series when possible, which are more suitable for numerical computations than
the integral representations.

In Chapter 5, we derive analytic continuation formulas that are valid at ghost points for several
SD-UTM solutions. Lastly, Chapter 6 presents the split-step finite-difference method that uses
analytic continuation formulas from the UTM to solve nonlinear problems, specifically the nonlinear

Schrodinger equation on the finite interval.



Chapter 2

HALF-LINE PROBLEMS

We briefly discuss the difficulties of numerically computing the solution to half-line IBVPs via
finite-difference schemes. Conventionally, we truncate the half-line problem x € [0, 00) to a finite-
interval problem x € |0, I:], where L € R is a large positive constant, so that the artificial numerical
boundary is far from the domain of interest = € [0, L]. At the artificial boundary z = L, we can
apply, say, decaying boundary conditions that are compatible with the given initial condition. Now,
the half-line IBVP is recast as a finite-interval problem and the usual finite-difference tactics can be
applied. This approach heavily relies on L> L, so that contributions from the artificial boundary
do not interfere with the window of interest. For dispersive problems, the effect of a tail slowly
approaches zero, and L might have to be prohibitively large, increasing the computational cost to

produce an accurate solution.

An alternative is to apply “absorbing” conditions at the artificial boundary x = L < L that allow
propagation of energy out of the domain of interest, but not into it. Such conditions can be handled
by introducing sponge or dissipation layers for L < # < L, in which the same equations are solved
but with additional dissipation terms to absorb energy, or by devising special boundary conditions
that allow energy to exit the domain with minimal reflections, like a one-way wave equation specific
to the original IBVP. The first approach is more general than the second, but may still require
a dense grid, while one-way wave conditions can introduce approximation errors in addition to
those from the discretization errors [22, 53, 66]. For these reasons, we do not compare the half-line
semi-discrete UTM solutions with traditional windowing finite-difference methods. Instead, we only
compare with exact solutions. Although not shown, second-order problem solutions are derived
using classical methods, written out in terms of error functions that are computed with built-in

MATLAB routines.

2.1 Advection Equations

To start, we discuss advection equations in some detail, as a way to demonstrate the UTM applied
to semi-discrete problems. At the same time, this will allow us to fix notation and to illustrate the

types of numerical experiments we use throughout the paper.



2.1.1 Forward Discretization of ¢ = cqq

We start with the continuous problem on the half-line for the advection equation ¢; = ¢ ¢, with

wave-speed ¢ > 0:
Qt:CQm7 aj>0-,t>07

q(z,0) = p(z), = >0. (2.1.1)

For well posedness, the IBVP requires only the initial condition and no boundary data. Since infor-
mation travels from right to left, it is well known that the forward discretization of ¢, (x,t) together
with a forward discretization of q;(x,t) is a “natural” discretization, known as the upwind method.
Such a method performs well for this advection equation with periodic boundary conditions or on
the whole real line with lim, 1 g(z,t) = 0. Let us implement this forward spacial discretization.

We consider

t) — t
Gn(t) = c Gnt1ld) = anlt) )h 8) (2.1.2)
followed by using the semi-discrete version of the UTM to ezactly solve this system of ODEs, instead
of a time-stepping method to approzimately (because of the time discretization) solve the system. As
in the continuous UTM, the local relation is determined by writing the problem into its divergence
form. For this semi-discrete problem, we replace 9, with the shift operator AQ,, and (2.1.2) is

rewritten as

8, (e—iknheWtqn) _ %A (e—ikz(n—l)heWtqn) : (2.1.3)

with dispersion relation
1 — eikh

W(k)=c .

(2.1.4)

The symmetries of a dispersion relation are those transformations k& — v(k) that leave W (k) in-
variant, i.e., W(v) = W (k). Using the substitution z = ¢’*, the fundamental theorem of algebra
guarantees the existence of these symmetries. Here, (2.1.4) only has the trivial symmetry vy(k) = k
up to periodic copies due to the complex exponential. From the local relation (2.1.3), we obtain the
global relation by taking a time transform over ¢ € [0, 7] and an infinite sum from n = 0 (because

qo(t) is not known):

i h/OT [(% (efiknhBWtqn> _ %A (efik(nfl)hqn) BWt} dt =0
n=0
= ih [efilmh(iWan(T) _ efiknhqn(o) _ %A (efik(nfl)hfn)} -0

= Tk, T) — G(k,0) + ce™ fo = 0, (2.1.5)
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Im(k)

—T

h

>3

Figure 2.1.1: The shaded regions depict where Re(—W) < 0 and e="7 is bounded with the disper-

sion relation (2.1.4).

valid for Im(k) < 0 due to the discrete Fourier transform terms. Solving for ¢(k,T) and inverting

the inverse transform,

w/h

1 (/b .
= — / e*rhe=WT Gk 0) dk — — ek Dhe=WT g0 k. (2.1.6)
2 —7/h 27 —7/h

qn(T)

The integrand in the first term is defined for Im(k) < 0, while the integrand in the second term
is defined for all £ € C. We refer to the expression above as the “solution,” since fo(W,T) in the
second integral term is unknown. For all n € N, e?*("+tD" decays in the upper half-plane and e="7 is
bounded in the shaded regions, including the boundary, of Figure 2.1.1. The shaded region denotes
where Re(—W) < 0. Figure 2.1.1 also shows the integration path for “solution” (2.1.6) from —m/h
to m/h on the real line. Note that the sign of ¢ is essential in determining the location of the region
of exponential growth of the integrand, i.e., the white region in Figure 2.1.1.

We use two approaches to address the unwanted boundary integral term in “solution” (2.1.6).
The first approach is more straightforward, but is not as general as the second approach. In both,
we substitute the definition of fo(W,T) in order to collect the k dependence:

w/h

c 7T/h ) C . T r
/ ikt Dh—WT gy € oik(+1)h  ~WT [/ Vo (t) dt] dk = / A(n, T — t)qo(t) dt,
—7/h 0 0

% 2 —7T/h

with T — ¢ > 0 and

A _ ¢ m/h ik(n+1)h —WT
(n,T) = Py M e e dk.
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(i) The first approach uses the transformation z = e**":

A(n,T) = %Cz,h %21 2 exp [— <1 - z) (T — t)] dz = 0,

by analyticity of the integrand for all n. Hence,

w/h
c ezk:(nJrl)hefWTfO dk = 0.

% —7/h

(ii) The second approach deforms the integration path of A(n,T") away from the real line. Consider
R > 0. We define the line segment

D:{k‘EC‘_hnge(k:)gz and Im(k):R}

with left-to-right orientation. Thus, D is a horizontal straight-line path above the real line,
from k = —w/h + iR to k = m/h + iR. Next, we introduce a closed contour that consists of
four straight segments: the original real-line path, the new path D, and two vertical segments
that connect the endpoints of the real-line path with those of D, as illustrated in Figure 2.1.1.
The contribution to the integral from these vertical paths cancel due to periodicity. Hence,

A(an):;/ pik(n+1)h ,—W (T 1) dk,
T™JD

by Cauchy’s Theorem. Taking R — oo implies taking Im(k) — oo in the integrand. Because

of the exponential decay above the real line, A(n,T) = 0 and

w/h
c ezk(nJrl)hefWTfO dk = 0.

% —7/h

It follows that the solution to the half-line IBVP with the forward discretization (2.1.2) depends

only on the initial condition:

1 w/h
an(T) = 5 / /hezk"he*WT G(k,0) dk. (2.1.7)

For reference, we solve the IBVP (2.1.1) using the continuous UTM, following the Steps (1) —
(8) from Section 1.2. Briefly, we find the dispersion relation W (k) = —cik, with only the trivial
symmetry (k) = k, and the global relation

G(k,0) — eV T4k, T) + cFy =0, Im(k) <0,

where

k)= [ *q(at)da, (k) <o,
0
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and

]
(W, T) /th:m dt, kecC.

After inverting the transform and showing there is no dependence on FO(W, T), the solution repre-

sentation is

o(2,T) = ;ﬂ / " ek WT g 0) . (2.1.8)

Taking the limit as h — 0 of (2.1.7), we recover (2.1.8) from the continuous problem, where the
limits of integration approach +oo at rate 1/h. Also, limy,_o W (k) = —cik = W (k).

As an explicit example, we compute the numerical solution to the IBVP

4t = qa, z>0,t>0,

(2.1.9)
q(z,0) = ¢(z) = L [e7* (sin(dmx) +1)], 2> 0.

The exact (continuous) solution is given by q(z,T) = ¢(x + T'), while the semi-discrete solution is
obtained from the representation (2.1.7) with the standard forward discretization stencil. Figure
2.1.2 shows the semi-discrete solution g, (7T") (left panel) and a log-log error plot (right panel) of the
oo-norm of g,(0.5) — g(zy,0.5), as a function of h.

From the stencil (2.1.2), we know (2.1.7) is a first-order accurate approximation to the solution
q(z,T) of the IBVP (2.1.1). We can reveal more information about the behavior and structure of
this approximate solution by determining its modified equation [43, 71]. Suppose g, (t) exactly solves
a PDE with dependent variable p(z,t), such that ¢,(t) = p(x,,t). Substituting this assumption

into the forward stencil (2.1.2) and Taylor-series expanding terms gives

() = 3 [gn+1(8) = 4u ()]
= pulan.t) = [plan +h,1) = plan, 1)
:% p(xn,t)+pz(:cn,t)h+p”(;”’t)h +pm<$”’ )h3+0(h4) p(xn,t)
pr = cpg + p”h+6pgmh2+o(h3).

Keeping up to the O(h) term, we find that (2.1.7) is a second-order accurate solution approximation

to the advection-diffusion PDE "
c

2

so we expect solution profiles of (2.1.7) to travel at the correct speed ¢, while dissipating in time.

Since ¢ > 0, the diffusion coefficient c¢h/2 is positive. If we allow ¢ < 0 or if we apply the same
forward stencil to the PDE ¢; = —a ¢, with a > 0, we obtain a similar convection-diffusion modified

PDE like above, except with a negative diffusion coefficient that presents an ill-posed problem with
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Figure 2.1.2: (a) The semi-discrete solution (2.1.7) evaluated at various 7" with A = 0.01. (b) Error
plot of the semi-discrete solution (2.1.7) relative to the exact solution as h — 0 with 7' = 0.5.

exponentially growing solutions. The solution plot 2.1.2a displays the expected shift to the left as
time progresses. For this advection equation, the solution approaches zero as t — oo, because ¢(x, 0)
decays as x — oo. Since the dissipation term is O(h), refining the mesh easily reduces this artificial

dissipation. The error plot displays O(h) convergence as h — 0.

Remark 2.1.1. All forward discretizations produce f;(W,T) terms with a coefficient C; "% for
some C; € C and v; € N. Coupled with polynomial dispersion relations W (z), we can remove all
integral terms containing any f;(W,T') from “solutions” using the steps above. Thus, if we solve
the IBVP (2.1.1) without boundary conditions using a purely forward higher-order stencil, we find
(2.1.7) as the solution, except with a different dispersion relation W (k).

2.1.2 Backward Discretization of ¢ = —cqy

Next, we consider
Gt = —CQqy, z>0,t>0,
q(z,0) = ¢(x), = >0, (2.1.11)
q(0,t) = u(t), t>0,
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with ¢ > 0. For well posedness, the IBVP requires a Dirichlet boundary condition at x = 0. Since a
forward discretization (2.1.2) for ¢ = ¢, was appropriate, we now apply a backward discretization
to the spacial derivative g,, resulting in

inlt) = —c (2O =020 _  rl = nll) (21.12)

Following similar steps as before, the local relation is

o, (efiknheWtqn) _ %CA (efiknhGWtqn_1> ’ (2.1.13)
with dispersion relation
1— efikh
W(k)=c———. (2.1.14)

As before, we only have the trivial symmetry vy(k) = k, up to periodic copies. This time, the IBVP
(2.1.11) contains a Dirichlet boundary condition, providing information at n = 0, so we define the

forward transform as

q(k,t) =h_ e H g, (1),
n=1
starting at n = 1. To obtain the global relation, we proceed as before:
00 T ) c '
Z h/ [at (e—zknhBWtqn> + EA (e—zknheWtqn_lﬂ dt =0
n=1 0
= TGk, T) — G(k,0) — ce *h fy = 0, (2.1.15)

valid for Im(k) < 0. Solving for ¢(k,T") and inverting, we obtain

1 w/h c w/h
an(T) = — / eknhe=WTa(k 0) dk + — / ek n=Dhe=WT f0 dk. (2.1.16)
2m —7/h 2m —7/h
Since e="T grows in the upper-half plane, see Figure 2.1.3, we cannot remove the dependence on

fo(W,T) and, hence, (2.1.16) is the actual solution to the backward-discretized IBVP (2.1.11) with
a given Dirichlet boundary condition.
Similar to the IBVP (2.1.1), we solve (2.1.11) using the continuous UTM. We find the dispersion
relation W (k) = cik, with the trivial symmetry (k) = k, and
1 [, i c [, 7
q(z,T) = — / e*e WTG5(k,0)dk + — ekt WT Ry dk. (2.1.17)
—0

27 2 J_

It is clear that (2.1.16) converges to the continuous solution (2.1.17), where

T T 3
lim f;(W, T) = lim / Wg(ih,t) dt = / Wg(0, ) dt = Fo(W, T),
h—0 h—0 0 0

for any fixed j, limy, o W (k) = W(k), and limy,_,o e*("=Dh = ¢tk with lim,_,onh = .
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Figure 2.1.3: The shaded regions depict where Re(—W) < 0 and e="7 is bounded with the disper-
sion relation (2.1.14).

As an example, we examine the IBVP

a4t = —qx, z>0,1>0,
q(z,0) = ¢(x) = e “sin (47x), x>0, (2.1.18)
q(0,t) = u(t) = —sin (47t) , t>0,

where the continuous solution is given by

u(t—x), 0<z<t,
oz —1t), x>t

Applying the semi-discrete solution (2.1.16) gives Figure 2.1.4, similar to Figure 2.1.2 for this IBVP,
illustrating the qualitative behavior of the advection equation and the expected O(h) error as h — 0.
Since we are using a purely-one sided stencil, the standard backward stencil, we expect the solution
to be better approximated near x = 0 and less so for larger z. From the stencil (2.1.12), we
find the convection-diffusion PDE p; = —cp, + (ch/2)pa, as its modified PDE. Like (2.1.10), this
modified equation is approximately solved by the semi-discrete solution with second-order accuracy.
The presence of the dissipative term implies (2.1.16) advects the initial and boundary data at the
appropriate speed, but with O(h) damping as time progresses. Indeed, Figure 2.1.5 displays the
dissipation present in the stencil, manifested in its modified PDE, away from the boundary with a

series of plots for various 7" and A = 0.004.
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Figure 2.1.4: (a) The semi-discrete solution (2.1.16) evaluated at various 7" with h = 0.01. (b) Error

plot of the semi-discrete solution (2.1.16) relative to the exact solution as h — 0 with 7' = 0.5.

2.1.83 Centered Discretization of ¢ = —cqy

We consider the same problem as in Section 2.1.2, but using the standard centered discretization:

in(t) = —c <q"+1(t)2_hq“‘1(t)> : (2.1.19)

With slightly more work, the local relation is

o, (6—il~mh€Wtqn> _ ;—;A (e—ilthWtqn_l 1 e—ik(n—l)hel/thn) ’ (2.1.20)
with dispersion relation
et —e=ikh ¢ sin(kh)
Wi(k) = = . 2.1.21
h) == ih (2:1.21)
In this case, the dispersion relation has the trivial symmetry 1y = k and one nontrivial symmetry
™
k)= —-k— —
(k) X

up to periodic copies. Since we have information at ¢(0,t) = qo(t), we take an infinite sum starting

at n = 1 and a time transform to obtain the global relation as

e *hfo + f1

TG T) - 00) - ¢ |

] =0, Im(k) <0. (2.1.22)
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Figure 2.1.5: Several time slices for the solution to IBVP (2.1.18) with A = 0.004.

Taking the inverse transform, we obtain the “solution”
an(T) = € /W/h eknhe=WTa(k 0) dk + < o eiknhe=WT [e_llmﬁﬁ_fl] dk. (2.1.23)
2 J_, /h 27 —7/h 2
“Solution” (2.1.23) contains the unknown f1(W,T'), but as seen in Figure 2.1.6, we cannot deform off
the real line to remove this dependence as we did with one-sided discretization stencils. Nonetheless,
the global relation (2.1.22) with k — v (k) is valid for Im (1) <0, i.e., Im(k) > 0, and can be used
to remove the unknown without the need to deform. Replacing & — v; in the global relation

(2.1.22) and substituting
iy 2 . .
for=—e"Mf 4 " (T4 (1, T) — 4(11,0)], Im(k) >0,

in the “solution” (2.1.23), we find
1 w/h iknh ,—W'T 1 w/h iknh ,—WT
an(T) = / e q(k,0) dk + / e e e cos (kh) fo — ¢ (v1,0)] dk
2m —x/h 2m —7/h

g (2.1.24)

o_ eiknhqA (Vla T) dk,
2m —n/h

after simplification.

Removing one unknown from the “solution,” we have introduced another, ¢ (v1,T), a transform

of the solution at time 7'. It is crucial to point out that this last integral term does not have the

exponential factor e”"W7. We can eliminate § (1, T) from our “solution” as in the continuous UTM,

or determine its contribution if it is nonzero. To do so, we substitute the definition of the transform
into the integral term:

1 [m/h 1 /7

. /b o
ezknhqA (Vl, T) dk o ezknh [h Z e*lmmhqm (T)
m=1

=5 o dk = Z(—l)mC(n+m)qm(T),

m=1

% —7/h
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Figure 2.1.6: The shaded regions depict where Re(—W) < 0 and e="7 is bounded with the disper-

sion relation (2.1.21).

where

w/h
C(n) = 2};/ M ekl k.

Applying the first approach from Subsection 2.1.1 implies that for n > 0, C(n) = 0 via periodicity,

1 w/h ]
— e G (v, T) dk = 0.
27 —7/h
Therefore, the solution to the centered-discretized advection equation ¢z = —cgq, on the half-line

with a Dirichlet boundary condition is

an(T) = x /ﬂ/h etknhe=WT5(k 0) dk + L o eknhe=WT ¢ cos (kh) fo — G (v1,0)] dk. (2.1.25)
21 ) 21 J—w/n

From the stencil (2.1.19), we find the modified PDE p; = —cp, — (ch?/6)pees, preserving the
correct advection speed, but including a dispersive term. Hence, the solution profiles disperse as
time progresses. Since the dispersion coefficient is O (hQ), these effects are minimal for practical
h < 1.

The continuum limit of this semi-discrete solution is less straightforward than the continuum
limit of the backward-discretized solution (2.1.16). The dispersion relation converges to the con-
tinuous one: limy_,o W (k) = W(k). It is clear that the first integral term in the semi-discrete

solution (2.1.25) converges to the first integral term in the continuous solution (2.1.17). Since
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limy,_,o cos(kh) = 1, the boundary component in the discrete solution also converges to its continu-
ous counterpart.
The solution to the continuous problem requires no additional symmetries, so we expect the

integral term containing ¢ (v1,0) to vanish. Note that

Cj(Vht) —h Z e—il/1mhqm(t) —h Z(*l)meikmhqm(t) _ 7h262ikuhq2u(t) + hz e(2v—0—1)ikhq2v+1(t)7
m=1 u=1

m=1 v=0

after separating the even and odd indexed terms. Similar to x,, = nh, we introduce dummy variables
w,, = uh and y, = vh, so that

o0

00
}LE}I%)QA (V17 t) - }L;Héh eQikuhq2u(t) + }Lli)r%)h Z e?ikvheikhq2v+1(t)
u=1 v=0

= —/ 2 F (2w, t) dw+/ e*Mq(2y,t) dy = 0.
0 0

Thus,

—1 /b
im — ethnhe=WTg (11,0) dk =0,
h—0 27 —n/h

and we recover the continuous solution (2.1.17).

2.1.4 Higher-Order One-Sided Discretization of ¢ = —cqy

There exist higher-order discretizations that appropriately incorporate the nontrivial symmetries
to remove unknowns, where the steps in the semi-discrete UTM become more intricate and tedious,
yet remain systematic. In some cases, however, the nontrivial symmetries are unusable, but a

solution can still be obtained. Consider the second-order discretized advection equation

qn(t) - —¢ <Qn—2<t) B 4qg;Ll (t> + 3Q’n(t)> ) (2.1.26)

Following the usual steps, the global relation is

4e—ikhf0 _ 6—2ikhf0 _ e—ikhf_l

YTk, T) — G(k,0) — ¢ ( ) =0, Im(k) <0, (2.1.27)

with dispersion relation

(2.1.28)

and nontrivial symmetry
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Im(k)
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h h
Figure 2.1.7: The blue shaded region denotes where the global relation (2.1.27) is valid with & —
v1(k) and the orange shaded regions depict where Re(—W) < 0 and e~"7 is bounded with the
dispersion relation (2.1.28).

Solving for §(k,T') and taking the inverse transform, we obtain

1 w/h _—
qn(T) / etknhe=WTa(k 0) dk

2 (2.1.29)
+ & m/h giknh ~W'T <4€_ikhf0 — e 2ikh o — ffikhf—l) dk.
27T 77T/h 2

With the given Dirichlet boundary condition, we encounter the ghost point f_i(W,T'), which
is unknown. The global relation (2.1.27) is valid in the blue shaded region of Figure 2.1.7 with
k — v1(k), but since the path on the real line cannot be deformed to this region, the nontrivial
symmetry cannot be used to eliminate the unknown f_; (W, T'). Instead, we return to the continuous
problem (2.1.11), where the PDE itself gives the Neumann boundary condition from the Dirichlet

condition:

200 = a0 =" Lo = =0 - 20y ), (2.1.30)

To maintain the same order of accuracy as (2.1.26), we discretize the Neumann condition using

the standard centered stencil:

() —q-1(t)  —v(t)

2h c
_ . T
N h—fa_ -V VW, T) = / Mo(t) dt. (2.1.31)
2h c 0
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Doing so, we have introduced data fi(W,T') at another unknown point, so we require an additional

equation. Again from the PDE and (2.1.30), we know the second spacial derivative at x = 0:

Keeping the same order of accuracy as (2.1.26) and (2.1.31), the centered approximation to gy, (0,t)

gives

q1(t) —2qo(t) +q-1(t)  o(t)

h2 c?
_9 - % - r
N # - % V(W,T) :/ e (t) dt. (2.1.32)
0

Using (2.1.31) and (2.1.32) to remove f_1(W,T) and f1(W,T) from (2.1.29) gives the second-order

accurate solution

1 w/h w/h 3e—tkh _ o—2ikh
qn(T) ezknhe—WTqA(k,’O) dk‘—i—i ezlmhe—I/VT |:< € e >f0:| dk

2T J=nh " en/h 2 (2.1.33)
1 [ ho R? - -

- — ekn=Dhe=WT [ 2y 4 —_ V) dk.
27T —7r/h 2 4

As before, as h — 0, the semi-discrete solution (2.1.33) converges to (2.1.17). The semi-discrete
solution correctly loses dependence on the Neumann and second derivative boundary conditions in

the continuum limit, with O(h) and O(h?) leading coefficients, respectively.

Remark 2.1.2. Let us reconsider the backward discretization (2.1.12) with dispersion relation
(2.1.14) and no nontrivial symmetries. With the forward transform ¢(k,t) starting at n = 0 instead

of n =1, we derive the global relation

VT 4(k, T) — q(k,0) — cf-1 =0, Im(k) <0, (2.1.34)
with “solution”
1 m/h iknh —WT 4 c [™h iknh —WT
an(T) = — e"e G(k,0)dk + — e f-1dk, (2.1.35)
2 —7/h 2m —7/h

depending on ¢_1(t), which is not directly provided by the IBVP (2.1.11). As above, the advection
equation itself gives the Neumann boundary condition (2.1.30) from the given Dirichlet condition
and allows us to remove the dependence on f_1(W,T') in 2.1.35. Substituting (2.1.31), the solution
is
Lot iknh ,—~WT c [T iknh ,—~WT
a(T) = / e q(k,0) dk + / e fo dk
27 —7/h 27 —7/h
Ll (2.1.36)

+ — eFrhe=WTy qp;
27 —7/h ‘
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In the continuum limit, the last integral term vanishes and we recover (2.1.17). Both (2.1.16) and
(2.1.36) are solutions to the backward-discretized advection equation (2.1.12) with ¢o(¢) data, but the
transforms ¢(k,t) are defined differently by a shift in the starting index. Using the global relations
(2.1.15) and (2.1.34), one can show that the solutions (2.1.16) and (2.1.36) are equal.

2.2 The Heat Equation

2.2.1 Centered Discretization of q@ = quo with Dirichlet boundary condition

Consider the problem
4t = 4z, z>0,t>0,
q(z,0) = ¢(z), x>0, (2.2.1)
q(0,t) =u(t), t>0,

with one Dirichlet boundary condition. We write the centered-discretized heat equation as

_ Gn+1(t) — 2qn(t) + gn-1(t)

Gn (1) 12 . (2.2.2)
Carrying out similar steps as before, the local relation is
—ikn 1 —ik(n— —ikn
d, (6 k heWtqn> _ ﬁA <e k( 1)h€Wtqn _ ik hBWtqnil) 7 (2.2.3)
where 92— eikh _ e—ikh 2
W(k) = e =73 [1 — cos(kh)], (2.2.4)
with the nontrivial symmetry v1(k) = —k up to periodic copies. We find the global relation by
summing from n = 1 and integrating in time:
—ikh £ _
VT, T) — (I, 0) — [ef,ffl} —0, Im(k) <0. (2.25)
Inverting, we obtain the “solution” formula
1 w/h 1 w/h —ikh £
gu(T) = — / ekmhe=WT 4k 0)dk + — / gihnhg-w [ € = Sl g (2.2.6)
2w 77T/h 2w 77r/h h
which depends on the unknown fi(W,T). Using v1(k) in the global relation (2.2.5) gives
fi=e*fo—n[e"T4(~k,T) - 4(—k,0)], Im(k) > 0. (2.2.7)
We substitute (2.2.7) into (2.2.6), so that
1 w/h 1 w/h 2 si
an(T) = — / e WGk, 0)dk — —— [ eFrheWT [(j(k:,o) 4 Zisinkh) o 1 g
27 —7/h 27 —7/h h
(2.2.8)

1 w/h _—
+ o kb (k. T dF.
™ J—x/h
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Removing the boundary term fi(W,T), we have introduced the transform of the solution at

t =T in the third integral of (2.2.8). Using the definition of the transform,
h
E /W/ eik(n—i—m)h dk| .
27 —n/h

1/ iknh gk T) dk 1 / /R knh L — ikmh ()
€ g\ —~k, = & E € dm
21 —7/h 27 —x/h m—1

dk =Y qu(T)
m=1

For n > 0, the integral vanishes due to periodicity, so that
1 w/h

o ek hG(—k, T) dk = 0,
™ J—n/h

and the solution to (2.2.2) with the Dirichlet boundary condition is written as
7/h

Lo | , 2 sin(kh
gn(T) = — / etkrhe=WT gk 0) dk — — giknhe=WT [(j(—k,o)ern()fo dk.  (2.2.9)
27 —7r/h 27 —7r/h h

Solving the IBVP (3.2.1) via the continuous UTM gives the dispersion relation W (k) = k2 with

nontrivial symmetry o4 (k) = —k [17]. The solution is
1 [ e 1 1 [ e i
a(@,T) = o / e e=WTG5(k, 0) dk — ” / e*eWT [G(—k,0) + 2ik Fy) dk. (2.2.10)
™ J 0o T J—c0

Taking the continuum limit, (2.2.9) converges to (2.2.10), since limy,_,o W (k) = k? = W (k).
As an example, the solution to the IBVP

qt = Qzz; z>0,¢t>0,
q(z,0) = ¢p(x) =3ze™ ™, x>0, (2.2.11)
q(0,t) = u(t) = sin (47t), ¢ >0,

is written in terms of error functions. Deriving the modified PDE from the centered stencil (2.2.2), we

find that solution (2.2.9) is a fourth-order accurate approximation to the solution of the dissipative

PDE
h?

12

The presence of the higher-order dissipation term py4, causes high-frequency oscillations to be damped

Pt = Pgz + P4zx- (2212)

for any ¢ > 0. The original heat equation is also dissipative, but solution (2.2.9) might overdamp
in scenarios where the initial data contains high-frequency oscillations or the boundary condition
oscillates in time with large amplitude. Although the dissipation coefficient of py, is O (hQ), the
overdamping nature can be troublesome for a practical h < 1 as t increases, but this can be
counteracted by decreasing h. With the SD-UTM solution (2.2.9), the left plot of Figure 2.2.1
shows the gradual decay away from the x = 0 and ¢ = 0 boundaries as time increases and the right

plot shows the expected O (h2) error as h — 0.
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Figure 2.2.1: (a) The semi-discrete solution (2.2.9) evaluated at various 7" with A = 0.01. (b) Error
plot of the semi-discrete solution (2.2.9) relative to the exact solution as h — 0 with 7' = 1.625.

2.2.2 Centered Discretization of q = quo with Neumann boundary condition

We consider the continuous half-line problem:

qt = qzx, x>0,t>0,
q(x,0) = ¢(t), x>0, (2.2.13)
q:(0,t) =v(t), t>0,

with a Neumann boundary condition. How do we discretize this condition so that we may employ
it with the centered-discretized equation (2.2.2)? This choice often leads to instabilities in finite-
difference schemes, especially when dealing with higher-order problems [10, 43, 67]. We show that
the SD-UTM determines which discretizations we can choose.

We proceed with the centered discretization (2.2.2) for the heat equation. This implies we retain
the local relation (2.2.3) and dispersion relation (2.2.4) with nontrivial symmetry v (k) = —k. We
cannot use the global relation (2.2.5), because we assumed Dirichlet boundary data to obtain it.

Now, we do not have information at n = 0, so we define our forward transform to start at n = 0:

G(kt) =h>_ e g, (1),
n=0
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directly affecting the global relation. From the local relation (2.2.3),

wT fo1 =™ fo
T4k, T) — G(k,0) — [h] =0, Im(k)<0. (2.2.14)
Solving for ¢(k,T') and inverting, we obtain
1 w/h 1 w/h L glkh
gu(T) = — / ekrhe=WT 4k 0)dk + — / giknhe—WT [M] dk.  (2.2.15)
2w 771./]74 2w 77r/h h

The global relation (2.2.14) and “solution” (2.2.15) depend on go(t), as in the previous section,
but also on ¢_1(t) instead of g;(¢). For this Neumann IBVP, neither ¢g_;(¢) nor go(t) are known, so
both f_1(W,T) and fo(W,T') are unknowns. Since we only have one nontrivial symmetry to remove
one unknown, we must provide another equation involving f_1 (W, T) or fo(W,T) in such a way as to
not introduce any new unknowns. If we discretize the Neumann boundary condition ¢,(0,t) = v(t),

the only approach is to use the standard backward stencil:

qo(t) —hQ1(t) — ().
Of course, this discretization is O (h), while the centered discretization (2.2.2) for ¢z, is O (h?).
This suggests that the final semi-discrete solution will lose accuracy compared to the case with a
Dirichlet boundary condition, but nonetheless converge to the continuous solution. Upon taking a

time transform,

JoW,T) — f1(W, T)
h

T
=V(W,T), V(W,T) :/ eho(t) dt. (2.2.16)
0

The relation (2.2.16) becomes the second equation to remove the second unknown. Solving the

system
_ —ikh

TGk T) — i-k0) - |0 o,

Jo—Jf=1

Jo— i1 _y

h )
for f_1(W,T) and fo(W,T) results in
_ ikh 4 , 4
S R ] - Jo _ givng(—1,0) - (14 ™) v = ek, T), Tm(k) 2 0.

Since (2.2.15) has integration paths on the real line, direct substitution gives

1 w/h 1 w/h ) )
qn(T) - ezknhe—WTq(k’O) dk T elk‘nhe—WT [ezkhd(_k’o) _ (1 + elkh) V:| dk
2 —7/h T™J—x/h
T (2.2.17)

- tk(n+1)h 5 —k.T) dk.
ol Q(=k,T)
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As before, we introduced an unwanted term that depends on the transform of the solution. We

show the contribution from this term is zero by substituting the definition for ¢(—k,T):

= /W/h ik(n+1)h 5 A ik(n+1)h = ikmh
Rt DG (kT dk = ekt |\ N gtkmhe (7Y dk
2w —7/h ) 2m —7/h mz:() )
> | m/h .
— § h‘/ ezkz(n-‘rl)hezkmh dk Qm(T)
m=0 27 —7/h
p— ()7

where the integral vanishes by periodicity. The final solution to this IBVP with a Neumann boundary

condition v(t), discretized as above, is

1 w/h 1 w/h ) ]
0alT) = 5 / ente=WT gk, 0) dk + giknh o= WT [elkh(j(—k,o) - (1 + e““h> V] dk. (2.2.18)
T J_n/h ™ J—x/h
Similarly as shown in [17], the solution representation for IBVP (3.2.16) using the continuous

UTM is

1 [ee] . - 1 oo . ~
q(z,T) = / e*e WTG(k,0) dk + / e e W G(~k,0) — 2] dk. (2.2.19)
27 J_ 21 J_ s
Referencing (2.2.18), the continuum limits of the coefficients of §(—k,0) and V(W,T) converge,
where
T T ~
lim V(W,T) = lim | eVio(t)dt = / V() dt = FL (W, T).
h—0 h—0 Jo 0

As a concrete example, we examine the solution of the IBVP

9t = Qzx, z>0,t>0,
q(z,0) = ¢p(x) = e “cos(3mzx), x>0, (2.2.20)
42(0,t) = v(t) = T2 sin (4nt), t>0.

Again, the continuous solution is given in terms of error functions, while the semi-discrete solution
is given by (2.2.18). The given Neumann data is discretized using the standard first-order accurate
backward stencil, which reduces the overall accuracy of the solution from O(h?) to O(h). Since the
centered stencil (2.2.2) is used, solution (2.2.18) is a fourth-order accurate approximation to the
dissipative PDE (2.2.12). However, in general this is not the case, because of the discretization of
the Neumann boundary condition. The modified equation for this backward discretization at z =0
is ¢z(0,t) = v(t) — (h/2)g22(0,t). Unless the next several higher-order derivatives of the solution at
the boundary are zero, the standard backward discretization we employed on v(t) is O(h), and so is
solution (2.2.18). This modified PDE at the boundary implies the loss of accuracy is visible in the
solution profiles of Figure 2.2.3 in the form of dissipation near the boundary. With A = 0.01, this

drop in accuracy is illustrated in the error plot of Figure 2.2.2.
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Figure 2.2.2: (a) The semi-discrete solution (2.2.18) evaluated at various 7" with h = 0.01. (b) Error
plot of the semi-discrete solution (2.2.18) relative to the exact solution as h — 0 with 7' = 0.01.

Remark 2.2.1. We may consider different spacial discretizations of the heat equation in the IBVPs

(3.2.1) or (3.2.16). For example, the standard forward one-sided discretization of the heat equation,

in(t) = qnt2(t) — 261;;1(25) + Qn(t)7 (2.2.21)

gives rise to the dispersion relation

W (k) = , (2.2.22)

qn(T) = 1/7r/h ez‘kznhe—WTq(k’O) dk + 1/7r/h etk(n+1)h —WT [(2 - eikh) fo— fl] dk, (2.2.23)
27 J_, /h T J—z/h h

using a forward discrete Fourier transform that starts at n = 0. Regardless of the starting index and

available boundary conditions from the continuous problem, the second integral in the “solution”

has zero contribution, i.e., the solution does not depend on any boundary information at all. This

can be done by deforming off the real line as in Section 2.1.1, since the dispersion relation (2.2.22)

with z = € has all nonnegative degrees and e~"7 is bounded in the upper half-plane. Thus,

(2.2.21) gives rise to an ill-conditioned semi-discrete problem, relative to its continuous counterpart.
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Figure 2.2.3: Several time slices for the solution to IBVP (2.2.20) with h = 0.01.

A similar issue arises when we consider a backward one-sided discretization for ¢.,, except here

the dispersion relation
zefik:h _ e*Zikh -1
W(k) = 2 , (2.2.24)

does not permit the removal of either unknown from

1 w/h 1 w/h o — (2 — e tkh) £

gn(T) = — / ethnhe=WT (k. 0)dk + — gt g-wr | -2~ ESY P (2.2.25)
2 J_, /h 27 —m/h h

Although the discretization is first-order accurate, it has a second-order stencil with a dispersion

relation, which has a nontrivial symmetry. Even so, it is not feasible to deform to the region where

the global relation with this symmetry is valid, see Figure 2.2.4. Thus, this one-sided discretization
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Figure 2.2.4: The shaded region depicts where the global relation of the backward one-sided dis-

cretization of ¢, is valid, with k& — v (k) from (2.2.24).

is also problematic, requiring too much information from boundary nodes.

2.2.8 Higher-Order Discretization of g = quy with Dirichlet boundary condition

As in Section 2.1.4, we can apply higher-order discretizations to the heat equation where the

nontrivial symmetries are not enough to eliminate unknowns. Consider the heat equation in (3.2.1)

with the standard centered fourth-order discretization:

_ _Qn—2(t) + 16qn—1(t) - SOQn(t) + 16Qn+1(t) - Qn+2(t)
B 12h? ‘

Gn(t)
After several tedious steps, the global relation is
WT » ~ _

where

—G_ikhf,1 + 16e—ikhf0 _ e—Qikth _ 16f1 + 6ik:hf1 + f2

F(k,T) = on

with dispersion relation

e—2ikh o 166—ikh 1430 — 16eikh 4 eQikh
12h?2 '

Solving for ¢(k,T") and taking the inverse transform, we obtain

W (k) =

1 w/h 1 w/h
0(T) = o / /he’k”he’WT(j(k,O) ah+ o /heZk”he’WTF(kz,T)dk.

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)
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Figure 2.2.5: (a) The shaded regions depict where Re(—W) < 0 and e"7 is bounded with the
dispersion relation (2.2.28). (b) The shaded regions depict where the global relation with k — v;(k)

is valid from (2.

2.28).

Since we are given the Dirichlet boundary condition, f_;(W,T), fi(W,T), and fo(W,T) are unknown

and must be removed from (2.2.29). The dispersion relation gives the nontrivial symmetries

va (k)

V3(k)

e~ tkh

:21n<
:;Lln<

[166ikh _ Q2ikh _q 4 \/(_16ez‘kh + e2ikh 4 1)2 _ 462ikzh]> 7

e~ tkh

2

|:16eikh _p2ikh _q _ \/(—166ikh + e2ikh 4 1)? 462ikh]> 7

where the branch cut for the square-root function is chosen to be on the positive real line (see
Remark 2.2.2). Figure 2.2.5b depicts where in the complex k-plane the global relation (2.2.27) with

k — v; is valid,

while Figure 2.2.5a shows the shaded regions as decay due to e="7T. Both figures

imply that the integration path on the real line need not be deformed to use all three nontrivial

symmetries. Even so, Figure 2.2.5b tells us that both v 3(k) may only be used to remove one

unknown, since there is no region where both symmetries are simultaneously valid. Hence, the

three symmetries can only remove two unknowns and we must introduce a fourth equation. With

the given Dirichlet data u(t), the heat equation itself gives all even-derivative boundary conditions,

particularly ¢..(0,t) = u/(t) = v(t) and q4,(0,t) = u”(¢t) = ©(t). Discretizing the second-derivative
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condition with the standard centered fourth-order stencil gives

—q-2(t) + 16g-1(t) — 30go(t) + 16q1(t) — ga(?)
1212

= (1) (2.2.30)

This stencil introduces the additional unknown g_s(t), further requiring one more equation. Gener-
ally, we can find additional equations that relate nodes to derivatives using the method of undeter-
mined coefficients. Since we have g4, (0,t), we derive an equation that does not introduce any more

unknowns, maintains the same order of accuracy as (2.2.26), and is linearly independent to (2.2.30):

q—2(t) +2g-1(t) —E?Zg(t) +2q1(t) + g2(t) _ o(t) + }fﬁ(t)' (2.2.31)
Taking the time transforms of (2.2.30) and (2.2.31), we have the closed system of equations for all
unknowns:

0=e"T4(—k,T) - G(—k,0) — F (=k,T), Im(k) > 0,

0=e""g (v2,T) — ¢ (v2,0) — F (12, T), Im(v2) <0,

0=e""g (v3,T) — ¢ (v3,0) — F (v3,T), Im(v3) <0,

1202V = —f_9 + 16f_1 — 30fo + 16f1 — fo, keC,

3nt
6h*V + - V= f2+2f1—-6fo+2f1+ f2, keC,

where V (W, T) is the time transform of v(t) and V(W, T) is the time transform of #(t). Solving for

the unknowns, we find

1 TI'/h‘ 1 ﬂ—/h. ~
4n(T) / e 6k 0) — d(—k, 0)] d + / W (e, T) o di

o —/h 2m —m/h
. . . . (2.2.32)
1 w/h e W e—zkh (e2zkh _ 1) h e—zkzh (622k’h _ 1) h3 B
— e e V+ V| dk,
21 J_w/n 12 144
after deforming away the integral with ¢(—k,T'), where
—2ikh ikh 3ikh | 4ikh
- e 14e™" — 14e +e —1
Ay = ),
12h
Note that F(k,T) has no dependence on v53. In the continuum limit, limp_,0 F = —2ik and

the last integral, with derivative boundary conditions, vanishes. Particularly, expanding in Taylor
series the common exponential factor between the derivative boundary conditions in (2.2.32), we
have e~ (e2iF" — 1) = 2ikh+ O(h?), such that the coefficients of V (W, T') and V(W, T) vanish like
O(h?) and O(h*), respectively, as h — 0. Thus, the semi-discrete solution correctly loses dependence

on the derivative boundary conditions in the continuum limit and converges to (2.2.10).

Remark 2.2.2. Since the symmetries are convolved with exponentials and square roots, the regions

of validity are numerically pinned down with the help of symbolic software, like Mathematica, but
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2

=112 -2

Figure 2.2.6: (a) Contour plot of default |/z]. (b) Contour plot of redefined |y/z|.

a few comments are in order. In general, to obtain any semi-discrete symmetry, an equation with
exponentials must be solved via inverse functions, most notably the natural log function In(z), and

1/2 Both of these are multi-valued functions,

in this case, along with the square root function z
so branch cuts must be chosen. Many software packages like Mathematica, Maple, and MATLAB
automatically place the branch cuts for both In(z) and z!/2 on the negative real line, evident for
the latter in Figure 2.2.6a as the discontinuity in the flow of colors by letting z = re? with r > 0
and 0 € (—m, w|. Following this standard convention, we find that symmetries of many higher-order
dispersion relation discretizations are numerically ill-defined as h — 0. Instead, the branch cut for

1/2

21/2 must be placed on the positive real line, i.e., letting z = re’? with now 6 € (0,27]. We redefine

< 2,0)1/2 \/Fewﬂ, O<0§7T,
re =
—\/Few/Z, —m < 0<0,

where /- is the default principal-value square root. Visually, our redefined square root function is
displayed in Figure 2.2.6b, where the pasting of the default 4++/z and —/z at the negative real line
is noticeable as a blank section across a continuous flow of colors. The branch cut for In(z) does not
impact the continuum limit to exist numerically — at least on the upper-half k-plane for half-line

problems.

Remark 2.2.3. Like in Section 2.2.2, solving the fourth-order discretization (2.2.26) with a Neu-
mann boundary condition at x = 0 leads to a solution that is one less order of accuracy than that
of the PDE stencil. After inverting the global relation for this IBVP, the “solution” depends on

four unknowns: f;(W,T) for i = —2,...,1. The three nontrivial symmetries in the global relation
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formulas only remove two f;(W,T) terms. In order to not introduce more unknowns, two linearly

independent discretizations to eliminate the remaining two unknowns are:

Ji—[fa h? - foo—6f_1+3fo+2f1
57 =V + 5 VvV  and o

=V,

after taking time transforms of v(t) = ¢,(0,t) and 0(t) = v'(t) = @ua2(0,t). The first stencil’s
accuracy is O(h%), while the second’s is O(h?), where the O(h3) terms depend on g4, (0,t). Replacing
this last discretization with a wider, more accurate stencil introduces more unknowns that no linearly
independent discretizations can eliminate. Hence, the SD-UTM solution with these discretizations

is third-order accurate.

2.3 The Linear Schrédinger Equation

We consider the linear Schrédinger (LS) equation
]

S 9vx- (2.3.1)

) 1
1q + =Qzz =0 or qt:2

2

In contrast to the dissipative heat equation, this problem is dispersive.

2.8.1 Centered Discretization of ¢ = %qm with Dirichlet boundary condition
We begin with the half-line IBVP
Qt:%qgcxy z>0,t>0,

q(z,0) = ¢(x), x>0, (2.3.2)
q(0,t) =u(t), t>0,

using a centered discretization for g,

i Qa1 (1) — 2gn (1) + g1 (t
2 h
The local and dispersion relations are, respectively,
o, (efiknheWtqn> _ #A <67ik(n71)heWtqn _ efiknh€Wtqn_1) 7 (2.3.4)
i 9 _ eikh _ e*ikh i
W(k) = 3 < 2 ) =12 [1 — cos(kh)]. (2.3.5)

With the Dirichlet boundary condition, our transforms begin at n = 1 instead of at n = 0, resulting

in the global relation

VTR T) — 4k, 0) — L {khﬁ)‘fl

h

5 ] =0, Im(k)<0. (2.3.6)
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To obtain our “solution” formula, we take the inverse transform,

1 w/h 1 w/h ; iknh —WT [ _,—ikh ¢ __
o (T) = — etknhe=WT gk 0) dk + — A [e Jo fl] dk.  (2.3.7)
2w —7/h 2 —7/h 2 h
The dispersion relation (2.3.5) admits the nontrivial symmetry v1(k) = —k up to periodic copies.

Hence, the global relation (2.3.6) with v (k) is valid in the upper-half plane, including the real line,
so that there is no need to deform in order to eliminate the unknown fi(W,T") in (2.3.7). We find

fi =™ fo — 2ih [§(—k,0) — "V G(~k, T)] |

so that
1 w/h 1 w/h - (,—ikh __ _ikh
0n(T) =5 / Tk 0y a4 L [ amnemwr L) 0 o) ak
T —7r/h 27T —7r/h 2h,

2.3.8
T (238)

o e*krhG(—k, T) dk.
™ J—x/h

As before, one shows that the last term does not contribute. Therefore, the solution to this half-line
IBVP is

L b 1 in(kh
gn(T) = — / etknhe=WT (L 0)dk — — giknh o =WT [d(—k,o) _ sin(kh) fo} dk. (2.3.9)
27 —7/h ™ —7/h h

Since a centered stencil was used to obtain (2.3.9), the modified PDE which this semi-discrete
solution better approximates solutions of is similar to (2.2.12) derived for the heat equation. Instead
of being dissipative, we have the dispersive PDE p; = (i/2)pys + (ih?/24)py,. Solution (2.3.9) solves
this modified PDE to fourth-order, where the dispersive behavior of the second term on the right-
hand side is evident for large ¢ and fixed h. Because this term is O (h2), we can diminish the excess
dispersion by decreasing h.

The continuous UTM solution [17] to (3.3.1) is

1 [, i 1 [, i
q(z,T) = — / ke WTG(k, 0)dk — — / ek WT [G(~k,0) — kFy) dk, (2.3.10)
27 J_ 2 J_»
with dispersion relation W (k) = ik?/2 and nontrivial symmetry i, = —k. The semi-discrete solution

(2.3.9) converges to its continuous counterpart solution (2.3.10) in the continuum limit.

We examine the numerical solution to

Qt:%Qxxa xz>0,t>0,
q(z,0) = ¢(x) = e “cos (2mx), x>0, (2.3.11)
q(0,t) = u(t) = cos (5mt), t>0,

Like the heat equation, the continuous solution to this problem can be written in terms of error
functions of imaginary argument. The semi-discrete solution for the second-order finite-difference
approximation (2.3.3) is given by (2.3.9). Figure 2.3.1 shows the dispersive nature of the real and

imaginary components of the solution, along with the square of the modulus.
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Hq(xna T) - (Zn(T) Hoo

Figure 2.3.1: (a) - (c) Real and imaginary parts and modulus squared of the semi-discrete solution
profiles (2.3.9) at various 7' for IBVP (2.3.11) with 2 = 0.01. (d) Error plot of the semi-discrete
solution (2.3.9) relative to the exact solution as h — 0 with 7" = 0.1.
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2.3.2 Centered Discretization of q; = %qm with Neumann boundary condition

We consider the same centered-discretized LS equation as above with a Neumann boundary

condition: '
qt:%qCEva x>0,1>0,

q(z,0) = ¢(z), x>0, (2.3.12)
qz(0,t) = v(t), t>0.
Here, qo(t) is unknown, and we choose the discrete Fourier transform to start from n = 0 instead of

from n = 1. The local and dispersion relations, (2.3.4) and (2.3.5) respectively, remain unchanged.

The global relation is

Mk, T) - q(k,0) — - [f‘l_ekhf“

5 p } =0, Im(k)<0. (2.3.13)

Using the inverse transform,
w/h jgiknh,~WT

1 [T/ 1 - _ ikh
qn(T)—%/ /he“mhe*WTQ(k,o)kor% o 5 [fl he fo} dk. (2.3.14)

Like the heat equation with a Neumann boundary condition at * = 0, we apply the standard

backward discretization to ¢, (0,t) so as not to introduce new unknowns,

qo(t) —g-1(t) _
% = v(t).

As discussed in Section 2.2.2, this discretization drops the accuracy to O(h), visible in solution
profiles as dissipation near the boundary. The global relation (2.3.13) and the time transform of the

discretized boundary condition give the system

eWTqA(_k7 T) - Cj(_kv 0) -
Jo—fa
h
for the two unknowns f_1(W,T') and fo(W,T), where

i [foa—e ™ f]
3 [h] -0

= V),

T
V(W,T) = / eho(t) dt.
0
Solving the system and substituting into (2.3.14), we have

1 (™ e —wr
i) =5 [ Tk, 0) di
™ J—x/h (2 3 15)
1 [/ (e 41 - a
L ezk:nhe—WT [Z(e)v(t) _ eZkh(j(—]{,O) dk,
27 —7/h 2
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after applying similar techniques as before to remove the integral term depending on §(—k,T"). This

limits to the solution [17] of the continuous problem

1 oo X ~ 1 o0 i -
q(z,T) = 2/ e*e=WTG(k,0) dk — / ekee=WT [iFy — G(—k,0)] dk. (2.3.16)
T J oo 27 J_ o
Lastly, consider
qt:%q:pxa xz>0,t>0,
q(x,0) = ¢(x) = e ¥sin (27z), x>0, (2.3.17)

q:(0,t) = v(t) = 2w cos (wt) , t>0,
with the Neumann condition discretized using the standard backward stencil, giving rise to the O(h)

accurate solution (3.3.13), displayed in Figure 2.3.2.

2.4 The Convection-Diffusion Equation

2.4.1 Centered Discretization of ¢ = ¢ qy + que with Dirichlet boundary condition

Suppose the convection-diffusion IBVP is given with a Dirichlet boundary condition:

Qt:CQm+QIxa l'>0,t>0,
q(z,0) = ¢(z), x>0, (2.4.1)
q(0,t) =wu(t), t>0,

and consider centered discretizations for both spacial derivatives:

— ) _
qn:c<Qn+1 In 1) 4 Ontt = 20+ o (2.4.2)

2h h? ’
where ¢ € R is the advection speed. Although we saw in Section 2.1 that the natural discretizations
for ¢, in the advection equations were purely one-sided, this IBVP is second-order, so we proceed with
a stencil that is also second-order to preserve the O (hQ) accuracy from the centered-discretization

of quz.

The local relation is

. . b
d, <e—zknheWtqn) — A (Ze—zk(n—l)heWtqn _ he—zknh6Wtqnl> : (2.4.3)
with
1 n c b 1 c
a = — —_ = - — —
h 2 h 27
and

(2.4.4)
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Re(Qn)
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Figure 2.3.2: (a) - (c) Real and imaginary parts and modulus squared of the semi-discrete solution
profiles (3.3.13) at various T for IBVP (2.3.17) with A = 0.01. (d) Error plot of the semi-discrete

solution (3.3.13) relative to the exact solution as h — 0 with 7' = 1.
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The global relation is then

T4k, T) = q(k,0) = [be™" fo —afi| =0, Im(k) <0, (2.4.5)

so that the “solution” is
w/h

1 w/h 1
i) =5 [ T 0) dk 4 5

iknh —WT [} —ikh
= b — dk. 2.4.6
27 | o 27 | e [ e fo afl] (2.4.6)

Returning to (2.4.4), the symmetries are found to be vy(k) = k and

v (k) = —k:h—7r+zln<ch+2>.

h h ch —2
Note that regardless of the sign of (ch + 2)/(ch — 2),

1
Im (v1) = —Im(k) + 7 In

ch+2
ch —2

1
’SO = Im(l{:)zﬁln

ch+2
ch —2

is the condition for the global relation (2.4.5) with v4(k) to be valid, namely

VT 4(v1, T) — 411, 0) — {be’i’“h fo—a fl] = 0. (2.4.7)
For convenience, we define
b 1 " ch +2
Y h ch —2

and the region H = {k‘ eC ’ Im(k) > kl,}, with

OH = {kec‘_h” < Re(k) < and Im(k) :k,,},

S

since we are only interested in the 27 /h interval centered at the origin.

We now consider three different cases for c:

(i) c#+%
(a) ¢>0
(b) ¢<0

where we also address ¢ — +o00.

(i) (a) If ¢ > 0 and ignoring ¢ = 2/h for now, we see that k, > 0, such that (2.4.7) is not valid on
our integration path along the real line. Since W (k) — W (%) would introduce an essential

singularity, the transformation z = ¢**" will not help remove a boundary term. Therefore,
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Im(k)

=

-
h

Figure 2.4.1: The shaded region denotes where the global relation (2.4.7) is valid with & — vy (k)

and the closed contour C'.

S |mmmmmmm e

we must deform our integration path off from the real line, so that we can use (2.4.7).
Consider the counterclockwise contour C' in Figure 2.4.1. The first integral in (2.4.6) is
fine how it is, so we must only deform the second integral from [—n/h,7/h] to OH like

we have done before. From periodicity and Cauchy’s Theorem, (2.4.6) is deformed to

1 [m/h 1 ) .
gn(T) = — / ekrhe= WLk 0)dk + — [ e*nheWT [be"kh fo—a fl] dk, (2.4.8)
27 —7/h 27 OH

where now we can make use of (2.4.7). Solving for fi(W,T) and plugging into (2.4.8)

gives
L™ e —wr 1 iknh
i) =5 [ e T 0ydk 4 o [ g, T) d
1*”/’1 ot (2.4.9)
— o . oiknh ,~WT [Q(Vh()) ta <6ikh _ emh) fo} dk,
since b (e_ikh — e_i”lh) =—a (eikh - ei"lh). For the integral term containing ¢(v1,7T), we
see that
1/ eik"hcj(ul T)dk = K3 i am (T) / glhnhe—iimh i1 — s i am(T)I(n, m)
27 Jom ’ 27 oH 27 ’
m=1 m=1
with

I(n,m) = / gtknhg—ivimh g,
oOH
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Since

. 2\ ™
exp (—ivymh) = e khtmm <Ch+> ,

ch —2

we have

I(n m) _ / eiknhei(kthﬂ')m ch+2 dk = ch+2 eiﬂm/ eik(ner)h dk = 0.
’ OH ch —2 ch —2 OH

Hence, the final solution to our convection-diffusion problem with ¢ > 0 is

1 (/b
i) =5 [ e T (0,0 dk

27 1—ﬂ/h (2.4.10)
_ / piknh ,—WT [d(vl,o) +a (eikh _ emh) fo} dk.
21 OH
Lastly, note that as ¢ — oo (advection becomes more dominant than diffusion),
1 ch
k, = —-In|—| =0
YR en| T

for a fixed h, so that

OH — {kec}_h” < Re(k) g% and Im(k:):()},
implying no deformation is necessary. This is similar to studying the singular perturbation
problem

Gt = qz + € qaa,
for € — 0.
Unlike ¢ > 0, if ¢ < 0 and ignoring ¢ = —2/h for now, we see that k, < 0, such that (2.4.7)
is valid on our integration path along the real line and there is no need to deform. Solving
for f1(W,T) like above, (2.4.6) becomes (2.4.10) except back on the interval [—7/h, 7 /h]:

1 ﬂ/h iknh T
qn(T) / ekrhe=WT Gk, 0) dk

= g .
: /i/h (2.4.11)
- / iknh ,—WT [ﬁ(vl,o) Ta (eikh _ emh) fo} dk.
—7m/h

Of course, for consistency, we could deform to 0H like for ¢ > 0. Of course, if ¢ = 0, we

are solving the discretized heat equation (2.2.2). As ¢ — —o0,

1
k, — —1In %

R =9

for a fixed h, so that

8H—>{k€(C’_h7T§Re(k:)§ and Im(k):o},

T
h

implying again no deformation is necessary.
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(ii) If we set ¢ =2/h, then a = 2/h and b = 0, so that the stencil becomes purely forward one-sided
and the dispersion relation (2.4.4) now only produces the trivial symmetry. However, (2.4.6)

becomes

1 Tr/h knh a 7T/h iknh
qn(T) = %/ ” eknhe=WT Gk 0) dk — ) eFrhe=WT r dk, (2.4.12)

losing dependence on fo(W,T). The problem is now ill-posed, because it does not incorporate
the necessary Dirichlet boundary condition. Furthermore, we can argue away the last integral,
because for this case the dispersion relation is written as a polynomial in z with all positive
degrees: W(z) = (2/h?) (1 — z). Deforming to an interval that goes off to +ioco, the solution
when ¢ = 2/h depends only on the initial condition:

qn(T) = % / 7;//]; etknhe=WT'5(k 0) dk. (2.4.13)
(iii) Lastly, if c = —2/h, we have a = 0 and b = 2/h, so that now the stencil becomes purely back-
ward one-sided and the dispersion relation (2.4.4) again only produces vy(k) = k. Therefore,

the “solution” (2.4.6) is the final solution, except with a = 0:
an(T) = 1 /ﬂ/h etknhe=WTa(k 0) dk + b /ﬂ/h ek n=Dhe=WT ¢ k. (2.4.14)

27 J_, /h 2m —7/h

where we cannot argue away the last integral, since W(z) with z = ¢ would introduce
an essential singularity. Note that this resembles the backward discretization problem for

qr = —Cqy if we let ¢ = |c| = 2/h.

We next apply the continuous UTM to the IBVP (2.4.1). With dispersion relation W (k) =
k? — ikc, the global relation is

G(k,0) — eVT4(k, T) — [Fy + (c +ik) Fo) = 0, Tm(k) < 0.

Inverting the transform, we obtain our first “solution:”

1 [ . % 1
q(z,T) = / ekee=WT (K, 0) dk — Py
™

o / ¢*re~WT By + (c + ik) Fy] dk. (2.4.15)

—00 —0o0

Plugging in the nontrivial symmetry 71 (k) = ic — k into the global relation,

G(01,0) — eVT4(i, T) — [Fy — ikFp) = 0,Im(k) < c,
implies we have to lift the integration path off the real line, up to Im(k) = ¢ when ¢ > 0, but no
deformation is necessary if ¢ < 0. With the Dirichlet boundary condition, the solution for ¢ > 0 is
written as
1

oo, T) = o [ e Tk 0)a

=
|
|
3
!
I
S

4(i1,0) + (c + 2ik) Fy) dk,  (2.4.16)
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where we introduce
6Q:{k€C‘ — 00 < Re(k) < oo and Im(k):c},
and

1 i
— 41, T) dk = 0.
5 | et Ty dk =0

Similarly, if ¢ < 0, the solution is (2.4.16) except back on the real line:

1

q(z,T) = 5 /Oo e*e=WTG(k,0) dk —

1 o[>
” / e* e WT (4(i1,0) + (c + 2ik) Fo) dk.  (2.4.17)

Taking the continuum limit of the dispersion relation (2.4.4) and the nontrivial symmetry v (k)
gives us limy,_,o W (k) = k% — ikc and limj,_,ov1(k) = ic — k, converging to their continuous coun-
terparts. Therefore, taking the continuum limit of (2.4.10) recovers the continuous solution (2.4.16)
with

1

lim k£, = lim — In
h—0 h—0 h

for any ¢ and hence limy,_,g O0H = 0f). Since the discrete solution (2.4.11) and continuous solution
(2.4.17) with ¢ < 0 are identical to the solutions with ¢ > 0, it is clear that taking the continuum
limit of (2.4.11) produces (2.4.17).

Remark 2.4.1. The discrete solutions (2.4.13) and (2.4.14) for ¢ = £2/h exist only in the discrete
realm and are ill-posed as we take h — 0. Neither of the dispersion relations converge to the

continuous one for these cases of ¢, not to mention the 1/h in the second term of (2.4.14).

2.5 Small-Time Increments

For nonlinear IBVPs, neither the semi-discrete nor the continuous UTM is applicable in general.
Although the UTM can be used to solve IBVPs for integrable PDEs, our goal is broader: we are
interested in numerically solving IBVPs for quasilinear PDEs (1.1.1), where the most nonlocal stencil
is applied to the linear problem. To do so accurately, we can employ split-step methods following
the ideas from operator splitting.

A split-step method requires the repeated computation of the solution to the linear problem
(1.1.3) with t < 1, but the integral representations from semi-discrete UTM can be expensive to
compute. In what follows, we evaluate the semi-discrete UTM solutions using a ¢t < 1 approximation
to derive an approximate semi-discrete UTM solution with predetermined accuracy in ¢. Here, we
demonstrate this procedure for the advection equation ¢; = —c¢q, on the half line with the standard
backward stencil (2.1.12) applied to g, while more details and further investigations will be presented

in a future paper. Since a split-step approach solves an updated IBVP starting from tg, we generalize
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the original IBVP (2.1.11) to

gt = —Cqx, x>0,t>t
q(x,to) = p(x), x>0, (2.5.1)
q(ovt) - 'U,(t)7 t > to,

where ¢(x) is the output from the previous step.

Starting from tg, the time transforms from the semi-discrete UTM are redefined as

T
fi(Wite, T) = | e"g;(t)dt, keC,

to

which, for the IBVP (2.5.1), gives the global relation

o0 T
Z h/ |:at (e—zknheWtqn) + %A (G_anhQWtqnfl)} dt =0
n=1 to
= TGk, T) — eWog (k,to) — ce ™ fo =0, (2.5.2)
valid for Im(k) < 0. Solving for ¢(k,T") and inverting, we obtain

1 [~/h ¢ [T/h
an (T t0) = — / ethnhe=W({T=t0) g (k. to) dk + — eRn=Dho=WT ¢ k. (2.5.3)
21 ) _xm 27 Jn/n
Following similar arguments as before, (2.5.3) is the solution to the backward-discretized IBVP
(2.5.1) with a given Dirichlet boundary condition at # = 0 and an initial condition at ¢ = t5. In
what follows, we expand (2.5.3) in 7 = T — tg < 1, around 7 = 0, so as to obtain a convenient
approximation to be used in a split-step method.

The first integral of (2.5.3) has time dependence only through e="7. Expanding this exponential
gives a series of integrals that, in general, lead to more computations than necessary and introduce
an approximation error when the series is truncated. Hence, this first integral is kept as is. The
second integral of (2.5.3) has time dependence in both e~ and fo (W, to,T). We consider these
together:

T T - B B
e WTfy=e VT eWtqo(t) dt = e_WT/ Vo (t + to) dt.
to 0
Since the limits of integration approach zero as 7 — 0, we expand eWqu (f + to) about £ = 0 up
to arbitrary O (7") (r = 3 for demonstration), so that the integrals have polynomial dependence on

time:

qo (to) — Waqo (to) 2. qf (to) — W (to) + Wqo (to) 3
2 6

e fo = qo (to) T+ +0 ().
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The second integral of (2.5.3) reduces to

m/h 2 pm/h
< ik(n—1)h ,~WT _cq(to)T er? / DR [t (1
27 )i e e fodk 5 O1n + e e [qo (to) — Wqo (to)] dk
cr? m/h ik(n—1)h [ 1 / 2 4
Tom M e [qo (to) — W (to) + Woqo (to)} dk + 0O (7— ) ’

where ¢;; is the Kronecker delta. Therefore, after defining ¢(x) = ¢ (x,t9) and u(t) = ¢(0,t), the

solution (2.5.3) is expanded as

1 [m/h R
an (1) = P eFheWTA(kYdk + Ki(n)T + Kao(n)m? + Ki(n)r® + (’)(74), (2.5.4)
—7/h
with

cu (t

Ki(n) = ]E 0)51m
c [T/ ik(n—1)h [, 1

Ky(n) = i M et [u/ (to) — Wu (to)] dk,
¢ m/h ik(n—1)h [, 1 / 2

Ks(n) = 75— / eRn=DI Ty (tg) — W (to) + W2u (to)] dk.

—7/h

A similar process can be repeated for other IBVPs.

As a numerical example, consider the IBVP

qt = —(Qx, x> 0,t> 1,
e~ 2 (sin (47z) + 1
q(z,tg) = p(x) = ( (2 m2) ), x>0, (2.5.5)
1
q(0,t) = u(t) = 5 + (1 —27m)te™, t > to,

with tg = 0. Figure 2.5.1a depicts the errors, relative to the exact solution, as h — 0 for the semi-
discrete UTM solution (2.1.16) and small-time approzimated semi-discrete UTM solution (2.5.4) up
to terms of order 2. Despite only including terms up to second order, the errors in the plot are
indistinguishable, implying we need not include higher-order terms to obtain a suitable small-time
approximate solution (2.5.4). Figure 2.5.1b depicts the errors for the small-time solution (2.5.4) as
7 — 0 for a fixed h, relative to (2.1.16). This plot shows that relatively large values of 7 lead to an

accurate approximation to (2.1.16).
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Figure 2.5.1: (a) The error (green) between the SD-UTM solution (2.1.16) and the exact solution and
the error (maroon) between the exact solution and the small-time approximated SD-UTM solution
(2.5.4) with 7 = 2 and 7 = 1075 as h — 0. (b) The error between the SD-UTM solution (2.1.16) and
the small-time approximated SD-UTM solution (2.5.4) (denoted as ¢,(7) here) for varying order r
of terms kept in the approximated solution as 7 — 0 with A = 0.01.
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Chapter 3
FINITE INTERVAL PROBLEMS

Again, we begin by discussing advection equations in some detail to show how the UTM is
applied to semi-discrete problems on the finite interval. The procedure is fairly similar to the
previous chapter, but introducing an additional boundary at * = L can lead to pole singularities
within the SD-UTM integral representations. We will show how to tackle these and other features
that commonly arise in finite-interval problems.

To compare with standard numerical approaches for finite-interval problems, finite-difference
solutions are obtained using a method-of-lines approach with the same spatial discretization as the
semi-discrete UTM approach, so that we set up the full discretization of the PDE into a large, but
sparse, system of ordinary differential equations (ODEs). For example, the centered-discretized heat
equation with Dirichlet boundary conditions is formulated as

:qn+1<t>—2qg2<t>+qn—1<f> = Q(t) = AQ(t) + g(t) + p(1),

where Q(t) € R¥ is a column vector composed of all ¢, (t), A € RV*V is a sparse tridiagonal matrix,

(2, 1) = qua(,t) = 4n(t)

and both g(t) € RY and p(t) € RV are sparse column vectors that include boundary conditions from
the left and right, respectively. The system of ODEs above is discretized in time and solved via the
forward Euler (FE), Runge-Kutta fourth-order (RK4), backward Euler (BE), and trapezoidal (TR)
methods. In summary, we compare the exact solution of an IBVP to these four classical numerical
solutions and the SD-UTM explicit solution, which exactly solves the spatially discretized problem,
i.e., requires no time-stepping. These finite-difference methods are for comparisons and not the main
focus, so we discuss implementation and other details only when necessary. Of course in practice,
more sophisticated explicit methods would be used, but we proceed with the standard methods for
demonstration purposes. The exact solutions to the example second-order IBVPs are derived using

classical methods, like Fourier sine/cosine series.
3.1 Advection Equations

3.1.1 Forward Discretization of ¢z = cqx

We start with the continuous problem for the advection equation ¢; = ¢ g, with wave-speed ¢ > 0:
Gt = €4z, O<z<L,t>0,
q(z,0) = ¢(x), 0<z<L, (3.1.1)
q(L,t) =vO(), t>o.
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For well posedness, the IBVP requires the initial condition and a Dirichlet boundary condition at
x = L. Since information travels from right to left, a forward discretization of ¢,(z,t) is natural,

and we reconsider (2.1.2):

in(h) = ¢ Qn+1(t)h— Qn(t).

Like in Section 2.1.1, (2.1.2) is rewritten as the one-parameter family of problems (2.1.3) with
dispersion relation (2.1.4), which only has the trivial symmetry vg(k) = k, up to periodic copies.
From the local relation (2.1.3), we obtain the global relation by taking a time transform over ¢ € [0, 7]

and a finite sum from n = 0 (because go(t) is not known) to n = N (because gn+1(t) is known):

i%h/oT [at (e*iknheWtqn) ! %A (e*ik(nfl)hqn> eWt} di =0
= eVT4(k,T) — 4(k,0) — c [_ez’khfo i e—ik(L—h)gO] _0, keC. (512

Solving for §(k,T") and inverting using the inverse transform (1.3.1b),
1 [~/h c [/ . 4
an(T) = / efrhe=WT Gk, 0) dk + / glhnhe=WT {—elkhfo + e_lk(L_h)go} dk. (3.1.3)
27 J_, /h 27 —7/h
Since the Fourier transform ¢(k,0) consists of a finite sum, both integrands of (3.1.3) are defined for
all k € C. We refer to the expression above as the “solution,” since fo(W,T) in the second integral
term is not known, unlike go(W,T). For n =0,...,N, e®*(»*Dh decays in the upper-half plane and
e~"T is bounded in the shaded regions, including on the boundary, of Figure 2.1.1.

Following the approach discussed for half-line semi-discrete problems, we show that (3.1.3) does
not depend on fo(W,T), i.e., no Dirichlet boundary data at z = 0 is required by substituting
the definition of fo(W,T) and deforming to the new path DT (see Section 2.1.1). Because of the
exponential decay above the real line,

c [™/h
— elk(”Jrl)he*WTfo dk = 0.
21 ) x/n
It follows that the solution to the finite interval IBVP with the forward discretization (2.1.2) depends
only on the initial condition and Dirichlet data at x = L:

1 w/h c w/h
an(T) / e’k”he_WTd(k, 0)dk + — / eRh=L+h) o =WT o . (3.1.4)
w/h

“3 ) .
Note that e™"W7T grows in the lower-half plane, and we cannot deform and remove the integral
contribution from go(W,T') for the same n. Thus, (3.1.4) is the final representation of the solution.
For reference, we solve the IBVP (3.1.1) using the continuous UTM, following Steps (1) — (8)
from Section 1.2. In short, we find the dispersion relation W (k) = —ick, with only the trivial
symmetry (k) = k, and the global relation

d(k,0) — TGk, T) + <—F0 + e’ikLGo) —0, keC,
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where
L
G(k,t) = / e gz, t)dx, keC,
0

and the time transform at the right boundary is similarly defined as the transform on the left:

. .
_/ e 074q
= e e

0 dx] =L

After inverting the Fourier transform and showing there is no dependence on FO(W, T), the solution

dt, keC.

is represented as

L[ otk ~WT < > ik(z—L) ,—WT
q(z,T) = 27r/ e G(k,0)dk + 5, /Oo e e Godk. (3.1.5)
Taking the limit as h — 0 of (3.1.4), we recover (3.1.5), where the limits of integration approach
+oo at rate 1/h, limy_,o W(k) = —cik = W, and limy,_,o eR(th=L+h) — oik(z=L) with nh = 2, —
and

T
lim g;(W,T) = lim eVtq(L + jh,t)dt = / Wt q(L,t)dt = Go(W,T),
h—0 h—0 0

for any fixed j.
After substituting the definitions of ¢(k,0) and Gy in (3.1.5), we recover the classical, traveling

wave solution:

¢ +cT), 0<z<L-—cT,
q(z,T) = ©) (2L (3.1.6)
v (IT—FT), L—cT'<x<0L.

Series Representation

To facilitate numerical computation, we simplify the solution (3.1.4) by substituting the defini-
tions of §(k,0) and go(W,T'). For the initial-condition integral term with ¢(z,) = ¢y,

1 w/h N h w/h
- zknh —WT (ki 0) dk = Z / ezk(n—m)he—WT dk| dum.

27 —7/h m—0 2 —7/h

The integral can be evaluated with z = ¢’** and W (z) = ¢(1 — 2)/h:

£ w/h 6ik(nfm)h€7WT dk — G_CT./h% anmfle%z dz = 67cT/h Res {anlecl?z} — e_CT/h <CT’
2m —n/h 2ms |z|=1 z=0 (

Since m > n, the initial condition integral gives

I Giknh,~WT g S e T e\ ch/hN S ¢>n+m
2 o= 25 ()0 (%) %

3
Il
=)
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The boundary integral from (3.1.4) is treated similarly by substituting the definition for go(W,T)

in terms of v (¢):

7/h T 7 /h
C/ / eik(nh—L—‘rh)e—WTgO dk — C/ 1/ / eik(n—N)he—W(T—t) dk ’U(O) (t) dt,
27 —x/h 0 27 —7/h

after substituting L = (N + 1)h. Again with z = e?*",

7/h —c(T—t)/h o(T—
1 / pik(n=N)h =W (T~t) g1 _ eI/ 7{ Zn_N_1€$z dz
2 —7r/h 27TZh ‘Z| 1

—c(T—t)/h o(T—t)
— QT R_eg {Zaneh z}

e—c(T—t)/h C(T _ t) N-—n 1
B h < h ) (N —n)!l’

4 N—-n
C/ " Ek(nh—Lth) (~WT ot C/T p—cr—y/n (I —1) Mdt.
27 i h h (N —n)!

Hence,

Thus, (3.1.4) is rewritten as

qn(T)ze—CT/hZ <ChT) ¢’%m h/ o(T=t)/h <<Th—ﬂ)N_n(]”V(oi(%dt (3.1.7)

m=0

Unlike for the classical continuous solution (3.1.6), the initial and boundary conditions in the
semi-discrete solution (3.1.7) are inseparable and both contribute at every mesh point. For compu-
tational purposes, the factorials become too large to store in finite precision as we refine h, and one

last rewrite is in order. For the sum in (3.1.7),

(2) sr-eolem(5) e sn]

—cT'/h

so that combining with e gives

o—<T/h Z (CT> ¢”+m = Nz:nexp [m In (f) —In[['(m+1)] - C]?] Prtm-

m=0

After a similar rewrite for the integral term, (3.1.7) becomes

T):Nfexp [mln <CZ> [T (m+1)] - Cﬂ Srrom

m=0

i (3.1.8)
te /0 exp [(N —n)In <C(Th_ t)) [T (N — 1)) — C(Th_ b_ ln(h)] O (1) dt.
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Using MATLAB, we can make use of the built-in integral () and gammaln() functions.

From the stencil (2.1.2), we know that (3.1.4), and hence (3.1.8), is a first-order accurate approxi-
mation to the solution ¢(z,T") of the IBVP (3.1.1). However, deriving the modified equation (2.1.10)
implies that (3.1.4) is a second-order accurate solution approximation to the advection-diffusion
PDE, so we expect solution profiles of (3.1.4) to travel at the correct speed ¢, while dissipating in
time.

As an explicit example, we compute the numerical solution of

qt = Qx, O<x<1,t>0,
q(z,0) = ¢(x) = sech [200(z — 0.925)] + sech [40(z — 0.425)], 0<z <1, (3.1.9)
a(1,1) =00 (1) = 6(1 +1), 10,

with ¢ = 1 and L = 1, so that the boundary condition acts as the continuation of the initial condition
from outside the interval for ¢ > 0. The initial condition consists of two peaks of equal heights, except
the leading peak is wider than the trailing peak. We solve (3.1.9) with the aforementioned finite-
difference numerical methods and the SD-UTM solution (3.1.8) via a first-order spatial forward
discretization. Figure 3.1.1 shows the semi-discrete solution ¢, (t) (left panel) and a log-log error
plot (right panel) of the co-norm of ¢,(0.25) — g(x,,0.25), as a function of h, where the finite-
difference schemes use a fixed time step At = 2.5 x 1073, The (z,,t)-plot in Figure 3.1.2a shows
that both peaks decrease in amplitude and widen as time increases, predicted by the modified PDE
(2.1.10), with the narrow peak quickly dissipating compared to the wider peak. The error plot in
Figure 3.1.2b shows that SD-UTM works well compared to the traditional numerical methods. Of
course, the finite difference methods will only converge when h, At — 0 together, but we choose to
keep At constant as h — 0 to directly show that the SD-UTM solutions do not require any intricate
stability conditions. We similarly keep At fixed for most numerical examples in this thesis (see
Section 3.4 for the exception). The explicit methods become unstable after their CFL conditions
are violated [43] and the implicit methods’ errors are asymptotic to the temporal truncation errors
as h — 0 for a fixed time step At. Figure 3.1.2b demonstrates there is no CFL condition for the
SD-UTM to succeed, while, for example, FE only works well for large h values where At/h < 1. The
implicit methods do not have such restrictions, but have truncation error O (h) + O (At?), where
p = 1 for BE and p = 2 for TR. For a fixed At, only the spatial error decreases as h — 0, while
O (AtP) remains and eventually dominates. The asymptotic limits of BE and TR in Figure 3.1.2b
as h — 0 reveal this temporal truncation error. Figure 3.1.2b implies that the SD-UTM solution
(3.1.8) has a slow convergence rate to the continuous solution for this IBVP, likely due to the sharp
peak, reaching the expected O (h) for h < 1075.

Figure 3.1.2 compares the exact solution with the numerical solution profiles for all methods,
except FE and RK4 due to their instabilities, with A = 10~%. For the SD-UTM, we simply compute
the solution (3.1.8) at 7" = 0.25 once, while the finite-difference solutions time-step to 7' = 0.25
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Figure 3.1.1: (a) The semi-discrete solution (3.1.8) evaluated at various T' with A = 0.005. (b) Error
plot of the semi-discrete solution (3.1.8) and finite-difference schemes relative to the exact solution
as h — 0 with T'= 0.25 and At = 2.5 x 1073,

with step size At = 2.5 x 1073, From the solution plot, it appears that every method is dissipative,
including FE and RK4 (not shown), and TR is also dispersive. With the SD-UTM, both peaks
drop in amplitude and diffuse, while the dispersive nature of TR is apparent near the sharper peak.
Despite the lack of a dispersive tail like the other implicit method, it appears that BE is more
dissipative than all the other tested methods. In summary, the SD-UTM performs better than the

finite-difference methods presented. Even though dissipation is evident, dispersion is not.

3.1.2 Higher-Order One-Sided Discretization of ¢z = cqy

All forward discretizations produce f;(W,T) terms with a coefficient C; e?i*" for some C; € C
and v; € N in the global relation. Coupled with a polynomial dispersion relation W (z), we can
remove all integral terms containing any f;(W,T) from “solutions” using the steps above. On
the opposite side of the interval, more terms with g;(W,T) are introduced, but with the help of
symmetries or additional boundary conditions given by the PDE, we can remove the unknown
9;(W,T) terms. The steps in the semi-discrete UTM become more intricate and tedious, yet remain

systematic.
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Figure 3.1.2: (a) The numerical solutions to IBVP (3.1.9) at T = 0.25 with h = 107 for all the
methods and At = 2.5 x 1073 for the finite-difference methods. (b) The difference between the exact

solution and the numerical solutions under the same conditions as (a).

We consider a second-order stencil for a forward discretization of g, (x,t):

—3qn (t) + 4Qn+1(t) — Gn4-2 (t)
2h '

n(t) = c (3.1.10)

We find the local relation

d, <e—iknheWtqn) _ %A <4e—ik(n—1)heWtqn _ e—ik(n—l)heWtqn+1 _ e—ik(n—2)h€Wtqn> . (3.1.11)

with dispersion relation
3 _ 4eikh | g2ikh

= 1.12

Wk) = e (3.1.12)
Taking a time transform and a finite sum from n = 0 to n = IV, the global relation is

TGk, T) = 4(k,0) = 5 (F(kT) + ¢ gk, T)) =0, ke, (3.1.13)

where
f(k,T) = ™" fo — 4™ fo 4 e 1,
g(k, T) = 4e* gy — e** gy — e'*lig, .
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Figure 3.1.3: (a) The shaded regions depict where Re(—W) < 0 and e~"7 is bounded, for the
dispersion relation (3.1.12). (b) The shaded regions depict where the global relation with & — v (k)

is valid, i.e., Im(v1) < 0.

Solving for §(k,T') and using the inverse transform,

1 w/h w/h kT —ikL (L. T
_ / ehnhe=WT 41, () a4+ & giknh ,~WT {f( , T) + e " g(k, )] dk.
27 —7/h T J—n/h 2

qn(T)
(3.1.14)

We can deform and remove f(k,T") from “solution” (3.1.14), so that

1 [T w/h A4 — oikhY g
an(T) = 5= / etkrhe=WT gk 0) dl + — / pik(nh—L-h) ,—WT (4—e"™)go— o ke
27T —7r/h T 7T/h 2

(3.1.15)

Figure 3.1.3a illustrates this, since e="7 is bounded in the whole upper-half plane. Thus, the second
integral term of (3.1.15) depends only on the transformed Dirichlet data and data at the unknown
ghost point gn2(T) = q(L + h,T) through ¢, (W, T).
The dispersion relation (3.1.12) has the nontrivial symmetry
In (4 — e
iy =)
up to periodic copies. The global relation (3.1.13) with & — vy (k) is valid for all £ € C, except for

a bounded region in the lower-half plane shown in Figure 3.1.3b. We solve this global relation for
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the unknown g1 (W, T) to find

. , N N+1 N\ N+1
g1 = ekhgy — eikh <4 _ ezkh> fo+ <4 _ ezkh) i+

where el = (4— eikh)NH with L = (N +1)h. Substituting into (3.1.15) does not only reintroduce
dependence on fo(W,T') and f1(W,T) that can no longer be deformed away, but it also introduces

2 (4 — etkh) N

a0, 0) =" a(m, )],

a nonzero contribution from ¢(v1,T), the transform of the solution itself.
In Section 2.1.4, we presented an alternative route to obtain a valid solution representation. Re-
turning to the continuous problem (3.1.1), the PDE itself gives first and second-derivative boundary

conditions from the Dirichlet condition:

o(t) . d
o(Lyt) = =2, ot 0O (¢ 3.1.16
(Lt =0 o) = S0 ) (3.1.162)
o) . d
Gra(Lot) = =57, (1) = @M )(t). (3.1.16b)
We discretize the derivative conditions using centered second-order accurate stencils and apply time
transforms: )
g—9-1 V Wi
—_ = — T) 1.1
L=t v, / (3.1.17a)
g1 —290+g91 _V Wt
Solving (3.1.17a) and (3.1.17b) for g1 (W, T) and g_1(W,T') gives

m/h m/h 3 _ ¢ikh
gn(T) = 1/ ¢ihnhe=WT 4k ) dk + & ik(nh—L4h) ,~WT [( € )90] dk:

27 J_ . 27 J_ . 2
& /h (3.1.18)
c ™" ik(nh—L+h h h?
— etkinh=L+ )e_WT{ v+ 2V] dk.
27'(' —7r/h 4

The additional steps of including (3.1.17a) and (3.1.17b) allow (3.1.18) to maintain O(h?) accuracy.
The modified PDE corresponding to the second-order discretization (3.1.10) is the dispersive PDE
pr = cpy — (ch?/3)pyss, and (3.1.18) is its third-order approximation (the omitted higher-order
term in the modified PDE is O(h?®)). The stencils (3.1.17a) and (3.1.17b) are both fourth-order
approximations to their respective modified PDEs with nonzero O(h?) coefficients. As before, the
semi-discrete solution (3.1.18) converges to (3.1.5) as h — 0 and correctly loses dependence on the

Neumann boundary condition in the continuum limit.

Series Representation

We rewrite solution (3.1.18) by substituting the definitions of G(k,0), go(W,T), and Vo(W,T).

For the initial-condition integral term,

1 [m/h e W 3T/(2h)N nm/2 4m 2%( )k o7\ M2k
RN — A __ ,—9oC
- m=0 k:O
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For the boundary integrals from (3.1.18),

w/h 3_ ikh) h . h2 .
c ik(nh—L+h) ,—WT ( € _ v ol ak
27 J _n/n ¢ c 2 90 20V 4c? v

h h?
=3By (na T, U(O)) - B (na T, U(O)) - EBO(n7 T, U) - @BO(T% T, U)?

with

w/h )
Bj(n, T, U) _ < / e'Lk(nhfL+h+Jh)efWTVv(‘/V7 T) dk

4r —7/h
(N—=j—n)/2 N_j_n—2k k T N—j—n—2k
S ") | e DN e, (3.1.20)
2h = (N—j—n—2k)k ) 2h ’

and

V(W,T) = /0 ' et (t) dt,

after substituting definitions and expanding. Combining the initial-condition term (3.1.19) and the
boundary-condition term (3.1.20) allows for a different representation of (3.1.18), and we can use
optimized built-in functions in MATLAB and other languages. As for (3.1.7), the initial and boundary

conditions contribute at every interior mesh point.

Remark 3.1.1. The choice of equations to remove additional unknowns is not necessarily unique.
The main challenge is finding equations that are linearly independent and give the desired order
of accuracy. For example, instead of the centered discretization (3.1.17a) for ¢,(L,t), we apply the

second-order forward stencil:

_ t) + 4 t) — t) ot — 491 — .
3qn41(t) +4gnv2(t) — ans(t) _ 0(t) N 390+ 491 — 92 _ K (3.1.21)
2h c 2h ¢

This choice requires a second equation, different from (3.1.17b), that does not introduce any new
unknowns. We discretize g, (L,t) using the first-order forward stencil:
an+1(t) — 2qn42(t) + av+3(t) _ () g—201+g2 _V

Interestingly, both pairs of discretizations, (3.1.17a) — (3.1.17b) and (3.1.21) — (3.1.22), give the
same expression for the unknown g¢; (W, T') and the same second-order accurate solution (3.1.18). It
is noteworthy that g; (W, T) in (3.1.17a) and (3.1.21) arises as g1 /h. Similarly rewriting the g, (W, T")
term in (3.1.17b) and (3.1.22), we have

91— 290 + 91 Vv

— 291 + g2 1%
— h— B3 90 — 491 T 92
L o),

_ 2
, = h + O(I),
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respectively, so that g1 (W, T) is solved (at least) to O(h?) as in (3.1.17a) and (3.1.21). To remove
g1 (W, T) from (3.1.15) without introducing new unknowns, we can discretize the Neumann condition
(3.1.16a) using the standard forward stencil to find

1 [~/ w/h 3— )
an(T) / ekrhe=WT (k. 0) dk + c/ eih(nh=Lth) o =WT ggo - ﬁV dk. (3.1.23)

:% /b o1 x/h 2 2c

Because of the discretization of the Neumann condition, the accuracy of (3.1.23) is O(h) in-
stead of the expected O(h?). In fact, from this discretization, the modified PDE p,(L,t) =
0(t) + (h/2)pze(L,t) implies local dissipation near the z = L boundary. Even so, solution (3.1.23)
converges to (3.1.5) and loses dependence on the Neumann boundary condition as h — 0. Note that
an integral term with h2V /(4¢?) is the only difference between (3.1.18) and (3.1.23).

Remark 3.1.2. Unlike for the half-line problem, on a finite interval, the semidiscretized IBVPs for
the advection equation ¢; = —c g, (¢ > 0) are similar to those for ¢ = +cq,, except we now apply

backward stencils to ¢, (x,t) instead of forward ones.

Remark 3.1.3. For the half-line problem in Section 2.1.3, the centered discretization also yields a

suitable SD-UTM solution that maintains O(h?) accuracy through use of the nontrivial symmetry

vi(k) = —k — 7 /h from the dispersion relation (2.1.21). In the finite interval problem, however, this

is not the case. For the IBVP (2.1.11) with ¢ > 0 and a centered discretization, the global relation

is

e=hh fo 4 fy — kL (e—ikhgo + 91)
2

Tk, T) — G(k,0) — ¢ =0, keC, (3.1.24)
so that the “solution” contains three unknowns: fi(W,T) and both g;(W,T) terms. Figure 2.1.6
implies we cannot argue away dependence on all g;(W, T') terms, since we have regions of exponential
growth in both the upper and lower halves of the complex k-plane. Deforming the integration paths
onto the boundaries of the shaded regions in Figure 2.1.6 (see [17, 26, 27, 28] and future sections on
higher-order discretizations), the global relation (3.1.24) with k and k — v; provides two equations to
remove one f;(W,T) and one g; (W, T) terms, say f1(W,T) and g1 (W, T). We require a third equation
that relates go(W,T') to at least one of the other f;(W,T) or gi(W,T') terms. Unless we have periodic
boundary conditions, there is no such relation that does not introduce more unknowns. Hence, the
SD-UTM shows that a solution to the centered-discretized IBVP (2.1.11) does not exist. As in the
higher-order discretization in Section 3.1.2, we could derive and discretize the Neumann and second-
derivative boundary conditions, ¢, (0,t) = —u(t)/c and q.,(0,t) = ii(t)/c* respectively, given by the
PDE from the available Dirichlet condition u(®)(¢), with @(t) = du'®(t)/dt and ii(t) = d?u(® (t)/dt>.
However, this approach only serves to remove fi(W,T) from the “solution,” impairing the global

relation equations with k and & — v1 to remove the remaining go(W,T) and g1(W,T). We reach
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a similar conclusion for the centered-discretized IBVP (3.1.1) with a Dirichlet condition at z = L.
Lastly, the excess unknown terms occur near the interval’s boundary where there is no prescribed
condition, so this result does not change whether or not we take into consideration the known

boundary points (the starting and ending index) in the Fourier transform §(k,t) definition (1.3.1a).

3.2 The Heat Equation

3.2.1 Centered Discretization of q@ = qu. with Dirichlet boundary conditions
Consider the problem
qt = Qza, O<x>L,t>0,
q(z,0) =¢(z), O<z<L,
q(0,t) = uO(t), t>0,
q(L,t) =vO(t), t>0,

(3.2.1)

with Dirichlet boundary conditions on both sides of the interval. Writing the centered-discretized
heat equation as in (2.2.2) again gives the local relation (2.2.3) and dispersion relation (2.2.4). The

global relation is obtained by summing the local relation from n = 1 to n = N and integrating in

time:
—ikh —ikL (_ikh
— + — q_
TGk, T) — 4(k, 0) — [e fo—fite ; (e*hgy — g 1)] _0, keC. (3.2.2)

Inverting, we obtain the “solution” formula

1 [~/ 1 [m/h —ikh g _

D) =g [ e W0 an o [7 e (S g
27 —7/h 2w —7/h h (323)
n 1 m/h oik(nh—L) ,~WT gy — g1 k.
2T 77r/h h

which depends on the unknowns f; (W, T") and g_1 (W, T). With both trivial vy(k) = k and nontrivial

vi(k) = —k symmetries, we have two equations to solve for two unknowns:

e—z‘khfo o fl + e—ikL (—9—1 + ez‘khgo)
0=e"T4(k,T) — G(k,0) —
e’ q(k,T) - q(k,0) [ - ,

(3.2.4)

ikh g _ ikl (__ —ikh

0= eVTG(—k,T) — G(—k,0) — [6 fomfite h( g e go)] ,
both valid for k£ € C.

To remove both unknowns with (3.2.4), we first need to deform the integration path of the

second integral with the f;(W,T') terms away from the integration path of the g;(W,T') terms. Let
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Figure 3.2.1: (a) The shaded regions depict where Re(—W) < 0 and e~ is bounded, for the dis-
persion relation (2.2.4). The integration paths that constitute P are also shown. (b) The integration
paths OV*,

us deform the f;(W,T') terms to the upper-half plane in order to abide with well-posedness as h — 0.

We introduce

vE = {ke@i‘Re(—W) go}.

With hindsight, we define the integration path P = P, + P, + Ps3, shown in Figure 3.2.1a, where the
two horizontal paths P; 3 are at height Im(k) = R > 0 above the real line and P, is on the boundary
of V* up to Im(k) = R. Using periodicity, we deform the second integral of “solution” (3.2.3) to P,
so that

1 n/h giknh o —WT <elkhfo_f1> dk = 1/ giknh ,—WT <€Zkhf0—fl) dk.
2m —7/h h 2 P h

Since P 3 are in regions of exponential decay, we let R — 00, so that the integrals on P; 3 vanish, the
endpoints of P, are extended to +ico approaching the vertical asymptotes Re(k) = +7/(2h), and
limp_y0o Py = OV (the entire boundary of V* in the upper-half plane). Figure 3.2.1b shows oV*,

where OV~ is obtained in a similar fashion for the third integral of “solution” (3.2.3) containing the
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g;(W,T) terms. Hence,

1 [/ 1 , —ikh p
gn(T) = . eFnhe=WT (1 0) dk + — piknh ,~WT <€J;ZOﬁ) e
i T 3.2.5
1 ik(nh—L) —WT eikhgo—gq (3:2:5)
~ o e e ——7— ) dk.
21 Jav- h

Note the path directions, which have introduced a minus sign on the third integral. Now that the
fi(W,T) and ¢;(W,T) terms are on different integration paths, we solve the two global relation
equations (3.2.4) for fi(W,T) and g_1(W,T), obtaining

e ™ fo — fi _h[d(=k,0) — e2*E4(k, 0) + VT g(k, T) — " q(—k, T)] + 2isin(kh) (fo — €™ g0)

h h (€2 — 1) ’
e (=gt +e™go) b [q(k,0) — G(—,0) + eV Tq(—k, T) — " T(k, T)] — 2isin(kh) (fo — e*go)
h - I (e2RE 1) '

(3.2.6)
Both left-hand sides are analytic in k, thus the roots of the denominator, ky = 7w¢/L, ¢ € Z, are
removable singularities, including at the ends of the interval [—7/h,7/h| and at the origin ko = 0.
Since we are only interested in this interval, we can restrict £ to —(N + 1) < ¢ < N + 1, using
L = (N + 1)h. For any finite h, the number of singularities is finite and increasing as h — 0. Our
integration paths are off the real line except at the origin. To avoid passing through the removable
singularity ko, it is convenient to deform dVE to OV*, which is entirely off the real line as depicted
in Figure 3.2.2a. Of course, 9V* now crosses into the unshaded regions where e="7 grows, but this

growth is bounded on this segment. On dV*, “solution” (3.2.5) becomes

1 [T 1 , —ikh ¢ _
Qn(T) — / 6zknh6—WTqA(k’O) dk i ezknhe—WT (ef(]fl> dk
21 /n 21 Joir+ h (3.2.7)
ikh, 2.
_ L[ kmhen) wr (6909—1) k.
21 Jov- h
Using (3.2.6),
— i m/h itknh ,—WT »
a(T) = e G(k,0) dk
27 —x/h
. ettnite T @(—k,0)2;L62ikLg(k,()) + 2isin(kh) (fo — g0 dk (3.2.8)
27 Joir+ e2ikl — 1 h (e2ikl — 1)
1 iknn_—wr | Q(k,0) = G(=k,0)  2isin(kh) (fo — ™ go)
~ 5 4 - : dk
o Jor- O € S2ikL _ ] I (2L — 1) + S(n),
where

1 , 2kLa(k,T) — G(—k, T 1 , 1(=k,T) — G(k,T
S(n) — / ctknh € Q(k;ki Q( k, ) dk — / etknh q( k, ) Q(kv ) dk.
27 Jovr+ ekl — 1 27 Jov- ekl — 1
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Figure 3.2.2: (a) The integration paths OV* deformed away from the origin. (b) Deforming OV *
to DT in the upper-half plane. Without decay from e the shaded region depicts where e*n"

decays.

“WT is not present,

We wish to determine the contributions from S(n). Since the exponential e
our aim is to close the contours using a path at infinity. First, we truncate the infinite paths OV+

and close the curves by introducing

= -7 T
= — << < — =
D {k c cc‘ 57 < Re(k) < 2 and Im(k) iR},

with R > 0, so that D¥ is a horizontal interval above /below OV¥ in the complex k-plane, as shown
in Figure 3.2.2b for DT, and limp_,oo DF = £V *.
Now,

: 1 wnn | €2704(k, T) — G(=k., T) 1 / e | A=K, T) = 4k, T)
= — e . dk + — e - dk ) .
st = o (57 f, [ T )y =1

Notice the sign change for D~. For the first integral on DT, G(k,T) grows exponentially as R — oo.
However, we rewrite the first term as
N

1 eik(nh+2L) ) 1 eik(nh-f—QL) s
27r/[7+ «M—lq(k’T)dk:%/Hsz_l hy e g (T) | dk

D m=1

N ik(n—m+2N+2)h
:gzqm(T) / ¢ dk:],
i
m=1

Pt 62ikL -1
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after using L = (N + 1)h. For all n and m, n — m + 2N + 2 > 0. Letting R — oo on Dt implies
etk(n—m+2N+2h _y () and 2L 5 (. In this limit, the integrand approaches zero and we recover the

original integration paths, so that

1 oik(nh+2L)
2 Jyo e =g Ak T dk =0,

for all n. The second term with ¢(—k,T) on D similarly goes to zero as R — oo. The third term

1 ciknh n X cik(n+m)h
— —q(—k,T)dk = — m (T ——dk| .
o /f) oZikL _ 1‘]( ,T) o mZ::lq (T) /[) oZikL _ |

On D—, ek(ntmh and kL grow as R — oo for all n and m, but
etk(ntm)h

1s rewritten as

ik(n+m)h
L€ ( ) — oik(ntm—2N-2)h
e2ikL _ 1 e2ikL :

Sincen < N+1land m < N+1,n+m—2N —2 < 0, and the integrand approaches zero, as R — co.
Thus,

1 eiknh .
o /af/ WQ(_I%T) dk =0,

for all n. Similarly, the fourth term is zero. Hence, S(n) = 0 and the final representation for
the solution to the finite-interval problem for the heat equation (2.2.2) with Dirichlet boundary

conditions is

1 w/h
an(T) = — etknhe=WTa(k 0) dk
2 —7/h
1 e wr | G(—k,0) — €2k, 0)  2isin(kh) (fo — " go)
il ikn : A dk
T on PO SR _ | + Jo (eBFE 1) (3.2.9)
1 giknh o~ W'T q(k,0) — §(—k,0)  2isin(kh) (fo — e*Ego) ik
21 Jov- e2tkL _ 1 h (e2ikL —1) )

For the IBVP (3.2.1), using the continuous UTM [17], we find the dispersion relation W (k) = k2

and define
0 = {k eC* ‘ Re(—k?) < o} :
to use the integration paths d0F as illustrated in Figure 3.2.3. As in the semi-discrete case, there
is a (removable) singularity at the origin, so dQF is deformed to dQ*F. The solution is
1 oo . ~
q(z,T) = / e*e=WT (K, 0) dk
—o0

2
1 / ik VT [c](—k, 0) — e2*LG(k,0) + 2ik (Fy — e™*LGy)
e e
o0+

ton CZFL dk (3.2.10)

dk.

1/ gike ,~WT G(k,0) — G(—k,0) — 2ik (Fy — ¢*LGp)
21 Joa- o2kl _
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Im(k)

o0+

Figure 3.2.3: The shaded regions depict where Re(—W) < 0 and VT is bounded, with the bound-
aries 90T approaching d0F asymptotically as |k| — oc.

Taking the continuum limit, it is clear that lim,_,o W (k) = W(k) and thus lim,_, OVE = 9QF,
as well. In addition, the coefficient of the boundary terms from either V* integral converge to
2ik/(e**FL — 1) with limy_, (f() — eikLgo) = Fy — ¢*L Gy, so that the SD-UTM solution (3.2.9)
converges to the continuous UTM solution (3.2.10).

Unlike for the heat equation on the half-line and the previous advection IBVPs, the integration
paths of the last two integral terms in (3.2.9) are off the real line, avoiding the integrands’ simple
poles. To numerically evaluate the integrals, we design any contour path that is within the shaded
regions of Figure 3.2.2a and off the real line, with endpoints that have real part +7/h. For com-
putational purposes, having paths off of the boundaries OV* is preferred in order to have some
exponential decay. Since we are taking h < 1 in practical settings, we must orient our contours so
that in the continuum limit, the semi-discrete solution converges to the continuous one. There are
several approaches to tackle this task for the UTM integrals of continuous IBVPs [18, 25, 27, 38, 55]
that can be adapted for SD-UTM integrals.

Series Representation

To bypass complex integration paths, we derive a series representation equivalent to (3.2.9), as
before. For any n, we deform the first integral term to V', since 4(k,0) is valid for all k£ € C and

the bounds on the integral with respect to k£ are finite. Combining with the other initial condition
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Figure 3.2.4: The semi-circle integration paths 8I7€i around singularities on the real line.

terms on AV, solution (3.2.9) becomes

</8V+ /av) nTk;dk:+</@w /8V> (n, T, k) dk, (3.2.11)

. il — 4(— . in(kh sz
A(n,T, k) — ezknhe—WT |:Q(k7 0) (]( k7 0):| and B(n,T, k‘) _ ezknhe—WT [Sln( ) (fO )

with

eZikL -1 eszL -1

Next, we deform the paths back to the real line, excluding the 2(IN+1)+1 singularities on [—m/h, 7/ h]
using half-circles with radius € smaller than half the distance between singularities, see Figure 3.2.4.
The horizontal line segments for both OV are on the real line, but are drawn above and below for

illustrative purposes. We obtain

_;(/BVE++/[M_) nTk:dk:+</aV+ /W> (n, T, k) dk. (3.2.12)

Taking the limit of (3.2.12) as € — 0, the integrals give rise to residue contributions and principal

value integrals. For instance, the first term above becomes

. N
i — i
3 g Al TR Ak = [k Res, A(n,T.k) + Res A(n,T, k:)] 5 " ResAm.7.h)
1 w/h
T A, T, k) dk.
2m —7/h
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We have two contributions of the quarter-circle contours from the singularities on the edges of
the integration path plus contributions from the half-circle contours from the inner singularities.

Similarly, for the second term in (3.2.12),

. . N
-1 1 1
o | A(n,T,k)dk = 1 [k_R_e7rs/ A(n, T, k) + kRe? A(n,T, k)] 3 Z ]Eieksl A(n, T, k)
ov. (=N
1 w/h
+ — A(n, T, k) dk.
27 —7/h

Combining the two rewrites above cancels the integrals, so that

</av+ /8V> (n, T, k) dk =i

Similarly, the B(n,T, k) integrals in (3.2.12) are rewritten using residue contributions, so that sub-

2 k=—n/h

N
1 1
— Res A(n,T,k) Zzg ]iekse A(n, T, k) + 5 kf:{;a?hA(n, T, k)

stituting into (3.2.12) gives an expression with residue contributions only:

N
a(T) =i %k Res/ An,T, k) + Reks A(n, T, k) + 5 Re? A(n, T, k)
=—T N 0 k=m
. (3.2.13)
1
+ o kEe:/ B(n,T, k) +2 Z ]i%iB(n,T, k) + kli(??hB(n,T, k)

Next, we determine these residues, starting with the A(n, T, k) residues for { = —N—1,... N+1,
where the lone residues at k = £7/h or £ = (N + 1) follow trivially. Since we only have simple

poles at k = ky,

Res A(n, T, k) = ethenhe=W (k)T q (¢, 0)
k=,

- (j (_k£7 O)
2t L '

Using the definitions of ¢(£k,0),

N N
fmh 2h fmh
G (ke,0) — G (—ke,0) = —2ihmz_:1sin <7T Zl ) ¢m = —iLby, by = T Z sin <7T o > Om.-

m=1

Note that by = by (n41) =0, by = —bg, k_y = —kg, and W (ke) = W (—ky). Using these observations,

N
Z ResA (n,T,k)=— Z ikenh =W (ke) Ty, —'Ze Wk)T gin (W?h) be.
{=—N /=1

Similarly,

B%SB(TL’ T, k) = eFenhe=WeT gin (”M> HW,,T)
=ke

L 2L
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where we have introduced Wy, = W (ky) for brevity, with

H(We, T) = fo(We, T) + (—1)Fgo (W, T).

As with the residues of A(n,T,k), one can show there are no contributions from the poles at the

endpoints and at the origin. After rearranging,

N
7lh mfnh
—W,T .
EE_N l?:ke n, T, k) E s1n< )s ( T >H(VW,T).

Returning to (3.2.13), we recover the classical series solution:

N
W i (T o, 2 i (T w1 3.2.14
;e sm( 7 )[g—i—thm I (W, T)| . (3.2.14)

From a numerical point of view, this solution representation is favored over the integral representa-
tion (3.2.9).
As an example, the exact solution to the IBVP

qt = qzx, O<z<l1,t>0,

q(x,0) = ¢(x) = 2x +sin(dmz), 0<z <1,

(2,0) = 6(x) (572) .
q(0,8) = u®(t) = 0, t>0,

a(1,t) = vO(1) =2, >0,

is q(z,t) = 2z + sin(57rx)e*25“2t. We have chosen time-independent boundary conditions for sim-
plicity only. We solve the IBVP (3.2.15) with the centered finite-difference methods and the series
SD-UTM solution (3.2.14). Deriving the modified PDE from the centered stencil (2.2.2), we find
that (3.2.9), and hence (3.2.14), is a fourth-order accurate approximation to the solution of the
dissipative PDE (2.2.12). With the SD-UTM solution (3.2.9), the left plot of Figure 3.2.5 shows the
exponential decay as time increases and the right plot shows the expected O(h?) error as h — 0.
The SD-UTM solution outperforms the traditional numerical methods in the continuum limit, where
the explicit methods become unstable and the implicit methods are asymptotic to their respective
temporal truncation error as h — 0. The finite-difference solutions have stability conditions that
must be satisfied, but Figure 3.2.5b shows that there is no such restriction for the SD-UTM to
succeed. The dips in this error plot are due to mesh points being placed near stationary points in
the solution. With these boundary conditions, we know that lim; ,o q(z,t) = 2. Hence, mesh

points on the initial condition that are near ¢ = 2x tend to stay there as ¢ increases.
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Figure 3.2.5: (a) The semi-discrete solution (3.2.14) evaluated at various ¢ with A = 0.01. (b) Error
plot of the semi-discrete solution (3.2.14) and finite-difference schemes relative to the exact solution
as h — 0 with T'= 0.01 and At = 6.25 x 1074

3.2.2  Centered Discretization of ¢ = g with Neumann boundary conditions

We consider the same centered-discretized heat equation (2.2.2), now with Neumann boundary

conditions at both ends of the interval:

qt = Qaz, O<ax<L,t>0,
q(z,0) = ¢(t), O<zxz<lL,
4(0,t) =uM @), t>0,

a(L,t) = oM @), t>0.

(3.2.16)

We can discretize the Neumann data with many different stencils, but we show that the SD-UTM

restricts which of these are available to be paired with (2.2.2).

With the centered discretization (2.2.2), we retain the local relation (2.2.3) and dispersion relation
(2.2.4) with nontrivial symmetry v1(k) = —k. We cannot use the global relation (3.2.2), because

we assumed Dirichlet boundary data to obtain it. Without information at n =0or n =N + 1, we
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define the forward transform to start and end at these points like in Section 2.2.2:

N+1

G(kt) =h>_ e ™, (),
n=0

directly affecting the global relation. From the local relation (2.2.3),

_ ikh —ikL _ —ikh
Solving for §(k,T') and inverting, we obtain
Lo iknh ,—~WT
Qn(T) = 27[_/ eite” (j(k,()) dk
—7/h
, , . (3.2.18)

L™ e —wr | f1— € fo+ e (g1 — e7*go)

o ere dk,

27 —7/h h

with unknowns f_1(W,T), fo(W,T), go(W,T), and ¢1(W,T). In order to use the global relation
(3.2.17) with k and £ — —Fk, we separate and deform the integration paths of the f;(W,T’) terms
from the g;(W,T) terms. As in (3.2.7) with Dirichlet boundary conditions, we deform the boundary
terms in “solution” (3.2.18) off the real line to OV *:

Lo 1 . L _ otkh
qn(T) = B €anh6_WT¢j(k% 0) dk + o etknh —WT [flh@f()] dk
™) gy
" _ikiw (3.2.19)
I {91—690] ik,
21 Jov- h

Through the time transforms, the global relation (3.2.17) contains boundary nodal information
n = —1,0 at the interval’s left boundary and n = N +1, N + 2 at the right, leading us to backward-
discretize ¢, (0,t) and forward-discretize g, (L,t) with O(h) stencils to obtain

qo(t) —q-1(t) qn+2(t) —an41(t)
—— M () and + - T — oM. (3.2.20)

Second-order discretizations, both in stencil width and accuracy, introduce additional unknowns, de-
spite having information of all odd derivatives at either boundary. Without even derivatives, one can
show these discretizations are linearly dependent through the method of undetermined coefficients
and the Casoratian [75], the discrete analogue of the Wronskian. Taking the time integrals of the

O(h) discretizations above, we have four equations to remove four unknowns f_1 (W, T), fo(W,T),
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go(W,T), and g1 (W, T):

;

_ ikh —ikL _ _—ikh
VT 4k, T) — G(k, 0) — [fl e fo+e . (g1 —e go)] _o,
—ikh ikL ikh
WT . o e ok e (g = eMgo) |
fO — f—l (1)
——=U
h )
91— 90 _ (1)
= =V
h )
with
T T
UMW, T) = / eVtuM(t) dt, and  VOW,T) = / eWto( (1) dt.
0 0
Solving (3.2.21),
f—l - eikth 1 i ~ i o i R
- — T e2 k(L+h)€WTq(k,T) _ 2 k(L+h)q(k’ 0) +e kh(iWTq(—k,T)
—ehhg(—k, 0) + (1 i ez‘kh) U _ (eik(L-i-h) i eik(L+2h)> V(l)],
. , 3.2.22)
e—sz g1 — e—zkhgo 1 ) . _— A A (
( h ) - e2ik(L+h) _ 1 |: o emheWTQ(_ka T) + €ZkhQ(_k7 0) - €WTQ(k7 T) + Q(ka 0)

_ (1 + 6z‘kh> U 4 (ez’k(L+h) i ez‘k(L+2h)) V(l):|’

with (removable) singularities at ky = wf/(L + h) for —(N + 2) < ¢ < N + 2. Since the boundary
integrals of (3.2.19) are off the real line, substituting (3.2.22) into (3.2.19) gives

1 [/ iknh _—WT
an(T) / e G(k,0) dk

:% —7/h
1 kb WT 62ik(L+h)(j(k,O) + eikhqA(—k', O) (1 + eikh) (U(l) . eik(L+h)v(1)) "
T on 8‘7‘1 € c2ik(L+h) _ | - o20k(L+h) _ 1
L[ [ECR0) Hal0) (1) (U0 — ey )]
o Joir o2ik(L+h) _ | o2ik(L+h) _ | .
(3.2.23)

after checking that the integrals with ¢(k,T") and ¢(—k,T") vanish by deforming the paths to D*
and taking R — oo.
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The solution representation for IBVP (3.2.16) using the continuous UTM [17] is

1 w/h -
oo, T) = o- / et e=WT Gk 0) di
T

w/h
1 e _vrr | €FEG(R,0) + G(—k,0) 2 (F —e*EGy) "
27 Joar © e e2ikL — 1 T e2kL _ g (3.2.24)
1 i vy | 4(=k,0) +d(k,0)  2(F1—e*Gy)
BRI ; - : dk,
21 Joir- e2tkL 1 o2kl _ |

where QF is illustrated in Figure 3.2.3. Referencing (3.2.23), the continuum limits of the coefficients

of §(£k,0), UM and vV converge to their continuous counterparts, where

lim UM = lim eV t)dt = / Wiy, = F1,
h—0 h—0 0

lim VY = lim et (1 t)dt = / wt,, = G;.
h—0 h—0

Series Representation

Following similar steps to those in Section 3.2.1, we deform dVE to af/ei, so that the integral

representation of (3.2.24) is rewritten in terms of residue contributions:

N+1 N+1
gn(T) = ( > ResA(n T.k)— > ResB(n T, k)) (3.2.25)
f=—N— f=—N—
with _ G(—k.0) (+.0)
_ iknh —wT | € +q
A(n, T, k) =€e"""e [ TR — ] )
and

(14 k) (UMW) — k(LR (1)
e2ik(L+h) _ 1

B(n, T, k) = eifnhe=WT

There are no contributions from the residues at the endpoints k. (ny2) = £7/h as in Section 3.2.1,

but we find a nonzero contribution at kg = 0. Specifically,

( N+1 Na1 .

L bo —WT 7wl (n+§)h
Res {A(n, T, k —_ + e Wilp,cos | "2/ 7 |
421312{ ( )= i(L+h) Z ( L+h
N+1 N1 .
2 H(Wo) —WT wlh 94 (n + §) h
B T = £ - 27 |\ H
6221;1&‘52{ (n,T,k)} WL +h) 5 + ;:; e cos | 3 T+ cos T h W) ,

where W, = W(kg),

N+1 1
=) h
_ 2 Z cos <7T 21:}5) ) bm,  HW,, T)=UDW,,T)+ (-1) 'V (W,,T).
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Returning to (3.2.25), we find

N+1 1
L _w,T ml(n+3)h 2 wlh
qn(T)—L+h;e COS(L—I—h by 7 Cos SL+h) H(Wy)
N Lby  H(Wo)
2(L+h) L+h

(3.2.26)

Using the series representation (3.2.26) and the finite-difference schemes, we examine the solution
of the IBVP

dt = Qzz; O<z<l,t>0,
1
q(z,0) = ¢(z) = 122 — 102 + = sin(20mz?), 0 <z <1,
(=.0) (=) 2 ( ) (3.2.27)
:(0,1) = uO(t) = 12, t>0,
4(1,t) = vO(t) = 30m — 8, t>0.
The exact solution to (3.2.27) is given by
e 2
q(z,t) = (156 — 10) 2* + 122 + (307 — 20) ¢ + ag + Z ane” " cos (nmz)
n=1
with
1T 3 11w 3
20 20
ayg = / |:Sll’l(27T.CC) — 1572 dx, and an = 2/ {Sm(;m) — 15722 | cos (nmz) dr.
0 0

The given Neumann data is discretized using the first-order accurate stencils (3.2.20), which reduce
the overall accuracy of the solution from the expected O(h?) to O(h). With the centered stencil
(2.2.2), solutions (3.2.23) and (3.2.26) are fourth-order accurate approximations to the dissipative

PDE (2.2.12). However, the modified equations from the Neumann boundary conditions are

h

42(0,1) = uM(t) — <2> 422(0,1), and gz(L,t) = v D (#) + (g) Gua(L,1),

implying the loss of accuracy is through the form of dissipation near the boundaries. Even so, the
solution profiles from Figure 3.2.6a depict the general diffusive behavior of the heat equation, quickly
damping the high-frequency oscillations. Evaluating a¢ and a, numerically, we obtain the error plot
in Figure 3.2.6b. For consistency, the finite-difference schemes there also incorporate the Neumann

boundary conditions using the first-order stencils (3.2.20).

3.2.8 Higher-Order Discretization of q@ = Q. with Dirichlet boundary conditions

As in Section 3.1.2, we can apply higher-order centered discretizations to the heat equation.

As before, we need extra equations in addition to the global relation formulas with £ — v;(k)
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lg(@n, T) = gu(T) o

1071

Figure 3.2.6: (a) The semi-discrete solution (3.2.26) evaluated at various 7" with h = 0.01. (b) Error
plot of the semi-discrete solution (3.2.26) and finite-difference schemes relative to the exact solution
as h — 0 with 7' = 0.005 and At = 6.25 x 107

to eliminate unknowns. As an example, consider the Dirichlet problem (3.2.1) with the standard

centered fourth-order discretization (2.2.26). After some tedious steps, the global relation is

f(k,T) + e *g(k,T)
12h

T4k, T) — (k,0) — —0, keC, (3.2.28)

where
F,T) = —e *Mfy 1667 fo — e72H0 fo 4+ ™0 f — 16f1 + fo,
g(k,T) — e—ikhg_l + 16eikhgo _ e2ikhgo _ eikhgl _|_ g_2 _ 169_1,

with dispersion relation (2.2.28). Solving for §(k,T) and taking the inverse transform, we obtain

w/h w/h —ikL
(]n(T) — %/‘ /h elk‘nhe—WT(j(k,O) dk + iﬂ-/ /h elk’nhe—WT |:f(k7T) +162h g(k7T) dk, (3229)

which depends on the six unknowns f_1(W,T), fi(W,T), fa(W,T), g—o(W,T), g_1(W.,T), and
g1 (W, T). The dispersion relation has the trivial symmetry vy(k) = k and three nontrivial symme-
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Figure 3.2.7: The shaded regions depict where Re(—W) < 0 and e="7 is bounded, for the dispersion
relation (2.2.28). The integration paths for OVE, deformed away from the singularities on the real

line, are also shown.

tries:

- —ikh . .
va(k) = %m (e 5 [16#’“’1 L \/(—meikh + eZikh 1 1)% — 4e2ith ,

: —ikh , ]
v3(k) = %m (e 5 |:16€Zkh —e2kh 1 \/(—16eikh + e2ikh 4 1) — 4e2ikh]> ,

where the branch cut for the square-root function is chosen to be on the positive real line. We
separate f(k,T) from g(k,T) in the last integral of (3.2.29) and, anticipating singularities, deform
that integration path to OV, as shown in Figure 3.2.7:

L 1 : k, T
an(T) = o~ / e WGk, 0)dk + — [ ke T {f()] ik
21 /i 21 Joir+ 12h 520)
1 4
= Jikh—1)—wr [T
21 Jov - 12h

In contrast to the half-line problem [11], the global relations with k — v 3(k) are valid for all
k € C. Using all symmetries, including vy(k), the global relations give four equations to remove four
unknowns, specifically two f;(W,T) and two g;(W,T) contributions. To remove the remaining pair

of f;(W,T) and ¢;(W,T) terms, we must introduce (at least) one more equation for each unknown.
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Using the given Dirichlet data, the heat equation itself gives all even-derivative boundary conditions,
particularly ¢, (0,¢) = 4(t) and q4,(0,t) = i(t) on the left, and ¢, (L,t) = 0(t) and qaz (L, t) = 0(t)
on the right, where @ = du(®(t)/dt, ii = d*uO(t)/dt?, © = dv®(t)/dt, and © = d*v(O(t)/dt>.

Discretizing the second-derivative conditions with the standard centered fourth-order stencils gives

—q—2(t) +16q_1(t) — 30qo(t) + 1641 (t) — ga(t)

12h2
—qn-1(t) + 16gn(t) — 30gN+1(t) + 16gn+2(t) — gn+3(t)
12h2

These stencils introduce an additional unknown, each requiring two more equations. We can find
additional equations that relate nodal points with derivatives using the method of undetermined
coefficients. Since we know q4,(0,¢) and g4, (L,t), we derive the last pair of equations that does
not introduce any more unknowns, maintains the same order of accuracy as (2.2.26), and is linearly
independent of (3.2.31) — (3.2.32):

g—2(t) +2q-1(t) = 6q0(t) + 21 (t) + @2(t) _ h?

6h2 =u(t) + Zu(t)’ (3.2.33)
qN1@y+%N@y_®N5§)+Zm+xw+QN%@)=o@y+Z%@y (3.2.34)

Taking the time transforms of (3.2.31) — (3.2.34), we have a closed system of eight equations for all

unknowns:

) —ikL
e [FT) 4 gk, T) o161 —30f0+ 16f— S
0= Mg ) ~ a0 — | BT , - -,
_ wra L C[f(=RT) + e*lg(—k,T) —g-2 + 1691 — 30g0 + 1691 — g2 -
0= VT T) ~ d(-.0) - | - , . -V,
 wra . B f(va, T) + e "2l g(us, T) fo2+2f 1 —6fo+2H+f - h72
O=ce q(VQ)T) q(V270) |: 12h ) 6h2 = U+ 1 Uv
T —iv3L T - 291 — 6 2 . h2 ..
O = BWTQ(VQ),T) - (j(l/?no) - |:f(]/37 ) +f2h g(yg’ ):| ) -2 + 91 6h290 + Il * 92 - V + ZV’

where U (W, T) is the time transform of @(t), U(W, T) is the time transform of ii(t), etc. Solving the
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system, we substitute our findings into (3.2.30):

1 w/h
:/ zknh —-WT - (k‘ 0) dk

2m —7r/h
iknh—wr [ 4(=K,0) — **L4(k, 0) 1 iknh —wr [ 4(=F,0) — 4(k, 0)
e [ T dk + — 8‘7_6 e ] dk

1
2m Jov+

1 . ~2ikh _ {gp—ikh 4 14ikh _ G2ikh _ oikL
+— (/ +/ )d’f"he—WT (e e 1™ = ) (fo 0| g (3.2.35)
21 \Jov+ Jov-

12h (2L — 1)

. —ikh ( 2ikh _ | 3
_1 (/ +/ >ezknh6—WT € (;kL ) <hU + n U)
T \Jov+ Jov- 12 (e*kL — 1)
/ / l nh+L) —wr | € ok (62ikh — 1) hV + h73 V
ov+ Jov- 12 (e — 1) 12

after showing integral terms with §(4k,T") vanish. Note that (3.2.35) has no dependence on v 3(k)

dk

dk,

and the integration paths OV+ are above/below the singularities given by k;, = w¢/h, exactly as for
the heat equation discretized to second order (2.2.2). To the best of our knowledge, (3.2.35) is the
first explicit solution expression to this fourth-order discretized IBVP.

In the continuum limit,

e—2ikh _ go—ikh | 1gpikh _ 2ikh
li — 2ik.
e 12h !

Expanding the common factor between the derivative boundary conditions in (3.2.35),

eikh (2ikh _ 1) ik
12 (2L 1)~ 6 (e2kL — 1)

h+ O(h?),

so that the coefficients of U and V are O(h?), while the coefficients for U and V are O(h%). Hence,
the SD-UTM solution loses dependence on the second and fourth-derivative boundary conditions
in the continuum limit and the semi-discrete solution (3.2.35) converges to (3.2.10). Although the

expressions are tedious to derive, a series representation can be written down as before.

Remark 3.2.1. To avoid the need for the additional equations (3.2.33) — (3.2.34), we can discretize

the second-derivative boundary conditions with O(h?) centered stencils:

g-1(t) —2qo(t) + qu(t) _ . gn(t) — 2qn+1(t) + gn2(t) .
32 = u(t), 3 = ().
Together with the four global relation formulas, we solve for the original six unknowns in (3.2.30),
which gives rise to a second-order accurate SD-UTM solution. As a consequence, there is a drop in
accuracy from the intended O(h*). This solution is exactly (3.2.35), but without the inclusion of
h3U /12 and h*V /12.
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Remark 3.2.2. As in Section 3.2.2, solving the fourth-order discretization (2.2.26) with Neumann
boundary conditions leads to a solution that is one order of accuracy less than that of the PDE
stencil. After inverting the global relation for this IBVP, the “solution” depends on eight unknowns:
(W, T) for i = =2,...,1 and g;(W,T) for j = —1,...,2. The four symmetries result in four
global relation formulas to remove two f;(W,T) and two g;(W,T) terms after deforming off the real
line to OVE, as illustrated in Figure 3.2.7. In order to not introduce more unknowns, four linearly
independent discretizations to eliminate the remaining four unknowns are:
n? g =9-1 _ o P

h=—r-1_
2h =v +6U 2h +6V

and
fo2—6f_1+3fo+2f1
6h

after taking time transforms. Here,

UW,T) = /OT Vatydt, VW, T) = /OT elo(t) dt

where 4(t) = duM(t)/dt and 0(t) = dvM(t)/dt. The first pair of discretizations is O(h*), but the
second is O(h3), where the O(h3) terms depend on g4, (0,t) and qu:(L,t), respectively. Replacing

g—2 —6g_1+ 390 + 291
6h

— U(l), — V(l),

this last pair of discretizations with a wider, more accurate stencil introduces more unknowns that
no linearly independent discretizations can eliminate. Hence, the SD-UTM solution with these

discretizations is third-order accurate.

3.3 The Linear Schrodinger Equation

3.8.1 Centered Discretization of g = (1/2)qqe with Dirichlet boundary conditions

The finite-interval IBVP with Dirichlet boundary conditions at both ends is

Qt:%(hmy O<z<L,t>0,

q(x,0) = , O<z<lL,

( ( (3.3.1)
q(0,6) = u® (1), >0,

g(L,t) = >t>, £>0.

Using the second-order centered discretization (2.3.3), the local and dispersion relations are (2.3.4)
and (2.3.5), respectively. Starting the forward transform at n = 1 and ending at n = N gives the
global relation

i e—ikhfo _ fl 4 e—ikL (eikhgo _ 9—1)

"Ta(k, T) = 4(k,0) - - —0, keC. (3.3.2)
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Figure 3.3.1: (a) The shaded regions depict where Re(—W) < 0 and e~ is bounded, for the dis-
persion relation (2.3.5). The integration paths that constitute P are also shown. (b) The integration
paths OV* and Pﬁi.

We obtain our “solution” formula by solving for §(k,T") and taking the inverse transform:

1 b 1 [7/h jgiknh,—WT [ —ikh g _
Mﬂ:/‘em%ww%m%+ e e gy,
277' 77T/h 27'(' 77r/h 2 h
. . (3.3.3)
N i w/h ,L-ezk(nh—L)e—WT ezkhgo — g1 "
2 —7/h 2 h '

The dispersion relation (2.3.5) has the symmetries vg(k) = k and v1(k) = —k up to periodic
copies, which can be used to remove the unknowns fi(W,T) and g_;(W,T) from (3.3.3). First,
we separate the integral with the f;(W,T') terms from the integral with ¢;(W,T’), and deform both
integration paths off the real line (where we have singularities after solving for the unknowns). For
the integral with the left boundary terms, consider the integration contour P = P; + ... + Px,
depicted in Figure 3.3.1a. Note that not all paths are straight lines. We define the integration
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paths’ start and end points as

P from — % to 0, P5 : from ic to %i,

s . s .
P, : from 0 to 7 Py : from 7 to —E—i-w,
Ps: from%to%—kié, Py from—%—kiéto—%,

Py : from % + 16 to ic,

where J, c € RT are nonzero constants. The point that connects P, to P5 can be conveniently chosen,
fixed or varying with respect to h, but the choice must keep the area underneath P; small, since this
path is in the region of exponential growth. It is vital, however, for the curve P4 to asymptotically
approach the real line from above as h — 0, so § < 1 but never zero for a finite h. The path Py
is chosen as a straight line also for convenience, but any curved path suffices. From periodicity,
Py = —P7, so that

1/7r/h jeiknho—WT <e—ikhf0_f1> g — i </ +/ +/ >Z‘eik‘nh€—WT (e—ikhfo_f1> gk
27T 77r/h 2 h 27T —Py —Ps —Ps 2 h

1 - iknh —~WT / —ikh _
ie""""e (6 fo f1> dk.

:% v+ 2 h

after defining OVt = —Py— Ps and 9V = V* + Py with Py = —Ps. Following similar arguments

to deform the integral containing the right boundary information, (3.3.3) becomes

1 /b 1 iknh ,~WT / —ikh g _
gn(T) = / ke Wk 0ydk + o~ |t (e f fl) dk
21 J o/ 21 Joir+ 2 h (334
1 jeik(nh—L) ,~WT eikhgo — g1 " e
27 Jou- 2 < h ) 7

where OV~ = 9V~ + Py, as shown in Figure 3.3.1b. Now off the real line, solving the system

i [eikhfo_f1+eikL( zkhgo_g 1)] 0

WT(}(]{%T) - Cj(k70) Y

2 h
. [ ikh ikL (,—ikh
R . i [ fo— fi+em (e g0 —g-1

WTq(_va) - Q(_k’ 0) Y ( ) = Oa

2 h
for fL(W,T) and g_1 (W, T) gives
q (T) — 1/7r/h iknh 7WT (k 0) dk
" 2m —7/h
_1 piknh ~WT e**Lq(k,0) — 4(=k,0) I sin(kh) (fo — ™ go) dk (3.3.5)
or 9+ eszL —1 h (eszL _ 1) <

o e2ikL _ | h (e2iFL —1)

1 / tnng-wr [A06,0) = d(—k,0) | sin(kh) (o= o) |
V-
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Figure 3.3.2: The shaded regions depict where Re(—W) <0 and eWT is bounded. The integration
paths 9QF are also shown.

after removing the integral terms with G(£k,T). The simple poles at ky = nf/L, the same as in
(3.2.9) to the second-order discretized heat equation, do not interfere with the integration paths
OVE. When numerically evaluating the integrals above, the paths P, in V* are parameterized as
exponentially-decaying curves toward the real line as Re(k) — oo.

With the integration paths QF illustrated in Figure 3.3.2 and the dispersion relation W (k) =
ik?/2, the continuous UTM solution [17] to (3.3.1) is

1 [ . <
q(z,T) = o /_OO ek e=WT (L 0) dk
1 e vt | €2%E4(K,0) — G(—k,0) + k (Fy — e*LGy)
T2 Joor O C 2kl _ dk (3.3.6)
a0+ e
; < | G(k,0) —4(—k,0) + k (Fy — e*L @
_1/ oikz ,~WT q(k,0) — 4( ,')—|- ( 0—¢€ 0) "
21 Joq- o2kl _ |

Taking the continuum limit, we find limy,_,o W (k) = W (k) and limj,_, 0V = QF where OVE =
ovE + PGi. For P;" in the upper-half plane, we have

) 2ikL 5 Y in(kh _ ikl
giknh o~ W'T [8 q(k,0) — 4(—k,0)  sin(kh) (fo —e""go) ik

eQik:L -1 h (eZikL _ 1)
B S L e?*LG(k,0) — G(—k,0) + k (Fy — e*LGy) dk. (33.7)
o' —ootis e2tkL _ 1 : e
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With R > 1,
L [t I [ GO
2w J_Ryis el —1
1 /L |:/iR e T <621'kLeiky _eiky) ]
= — e e~ . dk| q(y,0) dy.
2w Jo J-R+is ekl —1 (©.0)

Because the integration path is in the shaded region of Figure 3.3.2, taking R — oo implies the

- ik(2L—y) iky
o e’ —e
ezkze wT ! 0’

integrand
e2tkL _ 1

since every exponent is positive and decays in the integration region. Similarly for (3.3.7). Hence,

1 [ioe ke T [62ikL(j(k, 0) — G(—k,0) + k (FO _ eikLGO)

— A dk =0
21T Cootis e?sz —1 ’

and in the continuum limit,

.1 I G(—k,0) — e**LG(k,0)  sin(kh) (e*Fgo — fo)
1 . iknh wT Y i Y i dk — .
a5 /P+ e e QZRL ] + B (2R _ 1) 0

We reach a similar conclusion for the Py integral. Therefore, the SD-UTM solution (3.3.5) converges
to its continuous counterpart (3.3.6).
Series Representation

Although this is a dispersive problem, the series representation of (3.3.5) is obtained following
almost exactly the same steps as those in Section 3.2.1 for the heat equation with Dirichlet boundary
conditions. Deforming the integration paths V= to the singularities on the real line and determining

the residue contributions gives

N rlnh ; xlh

where W (k) = Wy and

op N rlmh
be:LZSm< L >¢m7 H(We,T) = fo(We, T) + (=1)* g0 (We, T).

m=0

Using (3.3.8), we examine the numerical solution to

QtZ%qxx, O<z<1,t>0,

q(z,0) = ¢(x) = 2(6 4 5i)z — 10(1 + i)z + %sin (4r2®), 0<z <1, (33.9)
4(0,t) =u(1) = 0, £>0, N
q(1,t) =v0t) =2, t>0.
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For this IBVP, the continuous solution is traditionally determined using Fourier series. The modified
PDE is p; = (i/2)pue + (ih?/24)p4., which is dispersive. Figure 3.3.3 shows the dispersive nature of
the real and imaginary components of the SD-UTM solution, along with the square of the modulus.
Once more, the SD-UTM outperforms the standard finite-difference methods, where BE’s dissipative
behavior practically dampens all oscillations. From the error plot in Figure 3.3.3d, TR attempts to

capture these oscillations, but not as accurately as the SD-UTM.

3.3.2  Centered Discretization of g = (i/2)qzx with Neumann boundary conditions
Lastly, we consider the second-order discretization (2.3.3), but with Neumann boundary condi-
tions at both ends of the interval:
%Z%qm, O<z<L,t>0,
q(x,0) = ¢(x), 0<zxz<L,
42(0,1) = ut) (1)
z(L,t) = v (1)

(3.3.10)
t>0,

. t>0.
The local and dispersion relations, (2.3.4) and (2.3.5) respectively, transfer over from the previous
section and half-line problems. Now without Dirichlet data, go(t) and gn41(t) are unknown, and

the global relation is

, _ikh kL (., _ _—ikh
Tk T) — q(k,0) — 3 [fl ot U 90)] —0, keC.  (3311)
Solving for ¢(k,T') and using the inverse transform, we obtain
1 [~/ 1 [*/h jeiknh~WT [ ¢  _ ikh
qn(T) - eanhe_WT(j(k,O) dk + / e € f 1 € fO dk
21 J_ ) 2 h
o n/ (3.3.12)
1 [0 jeik(nh=L) =WT [ g _ p=ikhg, e
+ = dk.
2 —Tr/h 2 h

The global relations (3.3.11) with k£ and & — —k remove two of the four unknowns. To not introduce
new unknowns, we apply the first-order backward discretization to ¢, (0,¢) and the first-order forward

discretization to g, (L,t). Upon taking time transforms, we solve the system

z [f—l _ eikhfo + e kL (91 _ ez’khgo)]

eWT(j(ka T) - (j(ka 0) - — Y

2 h

. . i | fo1— e o+ eRE (g1 — e*hgg
eWTQ(_ka T) - q(—k:,()) - 5 [ h ( ) = 07
Jo—Jf-1 (1)

h =U
91 — 90 _ V(l),

\ h
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to remove all four unknowns from “solution” (3.3.12), where
T T
UDw,T) = / "t (1) dt, and  VOW,T) = / Wty
0 0

Doing so and substituting into (3.3.12) after deforming to OVE, depicted in Figure 3.3.1b, gives the

first-order accurate solution

1 7/h
qn(T)_/ zknh —WT (k 0) dk
2T /h

1 ik —wr | €PNk, 0) + e*hg(—k,0) i (1+ k) (UMW) — gtk(L+h) (1) dk
~ 5 8V+€ e e2ik(L+h) _ 1 92 (62ik(L+h) _ 1)
1 iknh —WT (k. 0) 4 etkhg ( k 0) Z(l + eikh) (U(l) _ eik(L+h)v(1)) ”
— % /3\/6 € e2ik(L+h) _ 1 92 (eQik(L—i—h) — 1) )
(3.3.13)

after applying similar techniques as before to remove the integral terms depending on §(+k,T'). In

the continuum limit, (3.3.13) converges to the continuous UTM solution [17]:

1 w/h -
q(z,T) = / ek e=WTG(k, 0) dk

271' —7/h
1 o [e2REG(k, 0) + G(—k,0) — i (F) — LGy
5 [ et 10 (2'kL) ( ) dk (3.3.14)
21 Joq+ esthb —1
1 ) 5 1(—k,0 1(k,0) — i (F} — kL
L oikz  —WT q( ) +4( ‘) Z( 1—¢€ 1) dk.
21 Jaq- e2ikL _q

where limj,_,o UM = Fy and limj,_,o V® = G1.

Series Representation

Proceeding as in the previous sections, the series representation for (3.3.13) is

N+1 1 .
B L —W,T 194 (n+§)h B i 7lh
an(T) = T+h ;1 e cos <L i by cos CYIAAY L+ ) H(W,,T)

Lby — iH (W, T)
2(L + h)

where

N+1 1
=) h
_ 2 Z cos <7T 21:}5) ) bm,  HW,, T)=UDW,,T)+ (-1) 'V (W,,T).
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For a numerical example, consider the IBVP (3.3.9), but with Neumann boundary conditions:

G = L4z, 0<z<l1,t>0,
1
q(z,0) = p(z) = 122 — 102> + = sin (4723), 0<z <1,
(#,0) = ¢(z) 2 (4mz) (3.3.16)
42(0,1) = uM () = 12, t>0,
| 42(1,1) = oD(t) = 67 - 8, t>0.

The dispersive nature of the LS equation is captured by the SD-UTM solution (3.3.15) in the three
(p, t)-plots of Figure 3.3.4, while its first-order accuracy is presented in Figure 3.3.4d.

3.4 Computational Comparisons

For each of the previous numerical examples, we compared the performance of the SD-UTM
solutions to standard finite-difference schemes as h — 0 for a fixed time step. In this section, we
compare all numerical methods in terms of wall-clock time needed to achieve a target accuracy. We
use the IBVP (3.3.9) as an example, which poses the challenge of accurately capturing dispersive
behavior as T increases. Note that the initial and boundary conditions here are not first-order
compatible, i.e., ¢"(0) # 0 # ¢'(1).

For all methods, we impose a mild target accuracy ||q(wy, T) — gn(T) |00 ~ E with E = 1072 for
1072 < T < 10'. First, we determine the number of spatial grid points IV, needed for the SD-UTM
solution to reach the target accuracy. Using this spatial grid, we determine the number of time
steps Ny needed for each finite-difference solution to reach a similar accuracy. We use the SD-UTM
series representation (3.3.8) with fo(Wy, T) = 0 and go(We,T) = 2(1 — e~ "V¢T) /W,, while the finite
difference solutions are set up in a standard method-of-lines approach with sparse tridiagonal linear
systems that are efficiently solved. For every T, Figure 3.4.1 presents N, and N; together (left
panel) and the methods’ wall-clock computation times T¢ (right panel) when solving the IBVP
to the target accuracy FE. The simulations were conducted in MATLAB R2021b on an Intel Core
i7-8705G processor with 12GB of RAM.

Starting from T = 1072, we stop computing the finite-difference solutions if T > 103 seconds
for the most recent 7. This threshold roughly translates to 91 million time steps for FE, 4 million
time steps for RK4, 11 million time steps for BE, and 2 million time steps for TR, which we deem
impractical, and terminate the computations to avoid excessive wall-clock times in trying to reach
the final 7" = 10. All methods achieved an accuracy of E + 107 for all successful 7. Although
the SD-UTM solution itself does not rely on a time-stepping procedure, we must refine the spatial
mesh as T increases to remove higher-order dispersive effects (see Section 3.3.1 for the modified
PDE). Note that at the finest mesh of 3810 grid points, the computation time is still less than

1 second. In addition, the finite-difference time steps shown in Figure 3.4.1a are abnormal under
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practical circumstances. We could re-run these simulations allowing an upper-bound target accuracy
of E 41073 or even E + 1072 to reduce the number of time steps.

3.5 Small-Time Increments

For half-line problems in Section 2.5, we showed how to derive small-time approximate solutions
with predetermined accuracy for SD-UTM integral representations. A similar approach is applied
for finite-interval SD-UTM integral representations. For the forward-discretized advection equation

(2.1.2), we show how to briefly derive these approximate solutions.

To include an arbitrary initial time ¢y, we generalize the original IBVP (2.1.1) to

gy = CQgz, O<zxz<L,t>t,
q(z,to) = p(z), O0<z<L, (3.5.1)
q(L,t) =vO(), t>t,

where ¢(x) is the output from the previous split-step. Following the procedure in Section 3.1.1, the
solution to (3.5.1) is

1 7I'/h B 7'r/h ] B B
qn(T) = 27r/ M etknhe=W7 4k, to)dk—l—% /he’k("h LR e=WT g0 dk, (3.5.2)

where

gj (W, r) = / eW(t+t0)qN+1+j(t +to)dt, keC,
0

after making the substitution 7 = T—ty < 1. We expand (3.5.2) around 7 = 0 to obtain a convenient
approximation for a split-step method. We do not expand the initial-condition integral term, since

~W7_ For this term, we simply follow the steps in Section

the only time dependence is through e
3.1.1 to rewrite the integral as a series. The boundary-condition term of (3.5.2) has a more intricate
dependence on time. Rewriting this integral into a series and then expanding the time-dependent
terms leads to representations unique to the IBVP that generally cannot be addressed (see Remark
3.5.1). First, we expand the integrand and then rewrite each of the resulting expansion terms as

finite series. Doing so up to third-order terms, we have

N—-n
an(T e—ct/h < ) ¢n+m + Ki(n)T + Ka(n )7. + Ks(n )7— + O(r ) (3.5.3)

m=

o
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where L = (N + 1)h and

w/h O)(¢
Ky(n) = % / ., =Ny 0) () gl th(o)(;Nm

w/h
& ; .
Ka(n) = / B ekn=N)h [v(o)(to) — WoO(to)| dk,

7 /h
c e(n— . .
Ks(n) = m/ . cik(n=N)h [U(O) (to) — woO (to) + W20 (to)} dk.

The only dependence on k within the integrands of Ky(n) for £ = 1,2, ..., are through e**(»=N" and

powers of W (k,7), and we want to rewrite

w/h
In(n) :/ ekn=Nhyym gk m=0,1,...,
—7/h

as a series in terms of

dﬂv( )()
ngI‘ 15 Cav

With z = ¢ the dispersion relation for this IBVP gives

ovm _)m (=N s e\m m!

Note that I,,(n) is nonzero only for m +n > N. Substituting into K;(n) yields the small-time

t=to

approximation (3.5.3), free of integral computations, where

an

—1— eNt—i div©
Kz(n): et ]>) (E)ZJL )

/-1
—n'ﬁ‘] £—1—j—N+n dti

t=to

A similar process can be repeated for other IBVPs.

Remark 3.5.1. Although the process of rewriting an SD-UTM integral representation into a series
is straightforward, the resulting formulas are specific to the IBVPs and their dispersion relations.
To obtain these small-time approximation solutions in general, we must start from the integral

representations — not the series.



86

lg(@n, T) = ¢u(T) |

1073 1072 1074

Figure 3.3.3: (a) - (c) Real and imaginary parts and modulus squared of the semi-discrete solution
(3.3.8) evaluated at various T' for IBVP (3.3.9) with h = 0.01. (d) Error plot of the semi-discrete
solution (3.3.8) and finite-difference schemes relative to the exact solution as h — 0 with 7" = 0.1

and At = 3.90625 x 10~%.
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Im(gy,)

OO T

lg(2n, T) — 4n(T) |

Figure 3.3.4: (a) - (c¢) Real and imaginary parts and modulus squared of the semi-discrete solution
(3.3.15) evaluated at various T for IBVP (3.3.9) with ~ = 0.01. (d) Error plot of the semi-discrete
solution (3.3.15) and finite-difference schemes relative to the exact solution as h — 0 with 7= 0.2
and At = 1.5625 x 1073
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Figure 3.4.1: (a) The blue curve denotes the number of spatial grid points N, required for the SD-

UTM solution to approximately reach the accuracy E = 10~2 when solving the IBVP (3.3.9). Using

this information, every finite-difference method uses the same spatial grid for each T' to determine

how many time-steps N; are required to reach a similar accuracy as the SD-UTM solution. (b)

The wall-clock computation time (averaged over 10 runs to rule out any effects due to background
processes) required for each method to solve the IBVP (3.3.9) with the selected N, and N; that

approximately give an accuracy

E.

10!
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Chapter 4
THIRD-ORDER PROBLEMS

The Korteweg—de Vries (KdV) equation is commonly given as

qt + GQQJC + Qrzz = 07

such that linearizing around the trivial solution, we obtain the linear KdV equation: ¢; + gz = 0.

For the following sections, we will be discretizing

Gt = *Quza (401)

in various stencils, depending on the sign of the right-hand side. For the “positive” linear KdV
equation ¢ = ¢uze, the half-line problem requires two boundary conditions at z = 0, while the
“negative” equation ¢; = —¢, requires only one.

This type of third-order problem was first solved using the UTM and its systematic implemen-
tation [17], so we next show how the SD-UTM performs for this class of third-order problems on
both the half-line and finite interval.

4.1 Half-Line IBVPs

4.1.1  Off-Centered Backward Discretization of ¢ = roz

Consider the half-line IBVP for the “positive” linear KdV equation:

qt = Qzzx, z>0,t>0,
q(x,0) = ¢(1), x>0,
(2,0) = 6(¢) )
q(0,t) =u®(t), >0,
3:(0,t) = uD(t), t>0,
and a first-order accurate, off-centered discretization that leans backward:
. 1
qn = ﬁ (_Qn—2 + 3Qn—1 - 3Qn + Q’n—l-l) . (412)
The local relation is found to be
. 1 . . 4
o, (eﬂlmheWtqn> _ ﬁA(eﬂknheWtqn_g _ geiknh Wty L omik(n=Dh W,
(4.1.3)

i efik(n+1)h€Wtqn_1>
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with dispersion relation

1 —i i —2i
W(k) = - (3—3e Bho_ gikh 4 o “h), (4.1.4)
and its symmetries
vo(k) =k, (4.1.5a)
r. . . . 1/2\ 7
i o—ikh (3€zkh 14 [(1 _ 3ezkh)2 _ 4631kh] / )
=1 4.1.5b
v1(k) ;o 5 ) ( )
- . . NS
i o—ikh <3ezkh 1 [(1 3ezkh)2 _ 4631kh] )
va(k) = 7 In 5 (4.1.5¢)

Since the half-line problem (4.1.1) has a Dirichlet boundary condition u(% (), we know the informa-
tion at ¢(0,t) = qo(t) for all . From (4.1.3), we determine the global relation by using a summation

starting from n = 1:

= "4k, T) - §(k,0) — % [~y e (3T foy— fi] =0, Tm(k) 0. (4.1.6)

It follows that the “solution” is written as

1 w/h _—
qn(T) / eknhe=WTa(k, 0) dk

B % —7/h
, A A (4.1.7)
1 w/h b W —6_Zkhf,1 + e—zkh (3 o e—zkh) fO o fl
+ % / e e h2 dk.
—7/h

Based on the f;(W,T) functions above, we can apply the standard backward, center, or forward
discretizations for the Neumann boundary condition ¢,(0,t) = u(Y)(t) so as to not introduce any
further unknown f;(W,T). Since the main stencil (4.1.2) leans backward, we choose the standard
first-order backward discretization:

() —q-1(t) _ WD) = JoW.T) — f (W, T)

=uWw, T
h h ( b )7

after taking time transforms, where
T
UMW, T) = / eWtu M (t) dt.
0

Now, only f1(W,T) remains unknown, which can be removed with the given nontrivial symme-
tries (4.1.5b) - (4.1.5¢). First let us determine where the global relation (4.1.6) with the substituted
symmetries is valid in the complex k-plane. By defining the branch cut for z'/2 on the positive

real line (see Remark 2.2.2), Figure 4.1.1a depicts shaded regions where the global relation (4.1.6)
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Im(k) Im(k)
OIm(rr (k) <0 i i
Tm(va(k)) < 0
il . Re(k) L 1 Re(k)
T 5 T 5
(a) (b)

Figure 4.1.1: (a) Valid regions of the global relation (4.1.6) with k& — v;(k). (b) The shaded regions
depict where Re(W) < 0 and e~ is bounded with the dispersion relation (4.1.4).

is valid with each of the nontrivial symmetries. Figure 4.1.1a implies that the global relation with
either symmetry is not valid across the entire half-plane, such that both symmetries must be used
simultaneously to remove one unknown. We see that the global relation with (k) is valid for all
Im(k) > 0 with —7/h < Re(k) < 0 and the global relation with (k) is valid for all Im(k) > 0 with
0 < Re(k) < m/h. Hence, we must split up the integration path of the second term in (4.1.7). With
some hindsight, we want these new paths to align with the exponential decay of e="7', depicted as
the shaded regions in Figure 4.1.1b.

We introduce contour paths in Figure 4.1.2a as P = (P, + P) + (P3s + Py + P5) + (Ps + Pr),
where P34 5 outline the middle wedge and the straight-line paths P 47 are all at a fixed height
R > 0 above the real line. By Cauchy’s Theorem, it is clear that

dk =0,

h2

i eiknhefWT —€_ikhf,1 + e—ik:h (3 _ e—ik‘h) fO _ fl
2m OP3 45

so that (4.1.7) becomes

1 m/h iknh —WT »
an(T) = 271'/ /he e 4(k,0) dk

+

—ikh —ikh —ikh
; - 1+ 3
1/€zknh6—WT N f-1t+e ( e )fo fi dk,
27T P h2
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Im(k) . Im(k)

-
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P3 P5 8V1 8‘/2

3
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S R R R R R R R e A S S SES S s= =i

3
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N B R R e R A R R S S BB BB BES

>
>

(a) (b)

Figure 4.1.2: (a) Integration path P and (b) modified integration paths 0V; and 0V; for (4.1.2).

after deforming the path on the negative real line k € [—7/h,0] to P; + P, and the other path on
the positive real line k € [0,7/h] to Ps + P;. The vertical integration paths on the boundary of the
domain cancel each other by periodicity, but only at the boundary where Re (1) = —Re (12) and
Im (1) = Im (r2). Since paths Pj 47 are in regions of exponential decay, we deform them to ioco,
such that R — oo, effectively extending the adjacent vertical paths off to 0o as well. We now define
the integration paths OV = limp_oo (P2 + P3) and 0V = limp_o (P5 + Fs), as depicted in Figure
4.1.2b, where V = {k: eCt ) Re(—W) < 0} and 8V = 9V, U dVy. Thus,

1 W/h iknh T
qn(T) / eknhe=WT Gk, 0) dk

- % —7/h
1 b T _e—ikhf_l 4 e—ikh (3 o e—ikh) f() - fl
. TR dk
+ 27 Jov, e e 2 (4.1.8)
1 ' _e—ikh g —ikh (3 _ o—ikh .
L piknh W | Z€ f-1+e (3—e M) fo— fi i
27'(' Vs h2

Note that the integral path 0V; in (4.1.8) lies in the second quadrant of the complex k plane, while
0V3 lies in the first quadrant. Deforming the path allows us to eliminate the unknown f1(W,T) by
use of both nontrivial symmetries. Employing v; (k) into the global relation (4.1.6), we find

2€iV1h -1 eiulh

1)
12 fO + h U )

fl — h2€—2i1/1h €2il/1hqA (1/1,0) . €2i1/1heWTq (Vl,T) +
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valid in the blue region of Figure 4.1.1a. Employing v»(k), we correspondingly find

Qeizzzh _ 1f N eilxzh
Rz 0T T

fl _ h2€—2iygh |:€2iy2h(j (V2, 0) o eQiughel/VTqA (1/2, T) + U(l):| ’

now valid in the orange region of Figure 4.1.1a. Respectively substituting into (4.1.8),

1 m/h iknh wT
an(T) = / e"Mem M1 q(k,0) dk
2 —7/h

1 o [2e D _ o=2ikh _po=ivih | o=2iih e=ikh _g=iih
- C Tl W g, 0)| dk
1 , 9p—ikh _ o—2ikh _ 9o —ivah | ,~2ivsh —ikh _ —ivsh
. 2/ giknh —WT [ € € ; € e fo+ & —C Ty Q(VQ,O)] dk
s Vs h h
+ S(n),
with

1 , 1 ,
S(n) = / "G (11, T) dk + / e*h (vy, T) dk.
27'(' BA% 271' Vs
Lastly, we want to show that S(n) vanishes for all n and 7. We deform 0V} o to D 2, respectively,

where

3 —_
Dy = {]ge(C‘ 4}:7 < Re(k) < 4—2 and Im(k):R},

and 5
s s
= < < =
Do {k‘ € C’ S Re(k) < 1 and Im(k) R} ,

with positive R — oo as denoted in Figure 4.1.3, where we recall the definition of cumulative path
P from Figure 4.1.2a. Note that the orientation of paths D; o are reversed with a minus sign and
the integrands on paths V) 2 are identical up to which symmetry is being used. Hence, the vertical

integration paths cancel each other, so that

1 . 1 )
S =5z [ M0n 1) dit o [ (,T) dk,
D1 2 Do

" 2r 7r
with R — co. From the global relation (4.1.2) and Figure 4.1.3, we know that as R — oo, ¢ (v1,T)
will exponentially decay for k € Dy and § (v2,T') will exponentially decay for k € Dy. Therefore,
S(n) = 0 and the final solution to this IBVP is

1 [/ iknh _—WT
an(T) / e G(k,0) dk

B 27 —7m/h
1 kb —w | 207 — e72ikh _ ge—inih 4 o=2inh e—tkh _ o—ivih (1 _ A
2 UM — G (1n,0)| dk
2m /avle ’ h? fot h 7(.0)
1 iknh —WT 26_ikh — e_Qikh _ 2€—iV2h + e—QiVQh e—z’kh _ e—iVQh O A
2 UM — G (1,0)| dk.
" 27 /8V2€ ¢ h? Jo+ h 4 (12,0)

(4.1.9)
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Im(k)
—D; —Dy
W oIm(vi(k)) <0
Im(v2(k)) <0
A% oVa
Re(k)

“h h
Figure 4.1.3: Deforming 0V; 2 to D; 2 with R — oo.

With anticipation, we constructed 0V 2 so that in the continuum limit, these integration paths
approach those from the continuous problem [17, 28]. The integration paths from the continuous
problem must contain paths on the real line, which then requires the integration of highly-oscillatory
integrals, since these real-line paths involve no decay from either e*** nor e="7. This differs from
the semi-discrete problem, where in Figures 4.1.1 — 4.1.2, we deformed all integration paths off
the real line, which became P; 2 and P57 for the negative line and positive line paths, respectively.
Unlike the continuous problem, we have decay on the real line due to e="7'. For numerical purposes,
it is beneficial to leave the real-line paths on the real line, especially since the boundary between
the unshaded and shaded region becomes vertical and extends to +ioo, effectively trading a finite

integration path for an infinite one.

Figure 4.1.4 depicts possible computation paths 0C; 2 for the integration paths dV; 2, where
the dots are the waypoints implemented into MATLAB’s integral() function when numerically
evaluating the solution above. Note that the top wedge paths are off the boundary of decay/growth

WT placed closer to the positive imaginary axis. In addition, the paths no longer pass

due to e~
directly through the origin, now slightly curved above it. This modification is legitimate analytically,
but if the curve is placed far into the unshaded regions of exponential growth, the integrand may
grow uncontrollably and not converge when implemented numerically. The general structures of

0C1 2 persist as h — 0.
Applying the continuous UTM to (4.1.1) gives the global relation

i(k,0) — VT §(k, T) — (—k*Fy + ikF) + Fy) =0, Tm(k) <0, (4.1.10)
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Im(k)

801 802

Re(k)

™

h h
Figure 4.1.4: Computation paths 0C 2.

Bl o o o e e o e e o e e e e e e e e e e e e e e )

and dispersion relation
W (k) = ik3, (4.1.11)
with symmetries (k) = k, i1 (k) = ak, and D5(k) = o?k. Figure 4.1.5 depicts the regions where

the global relation (4.1.10) with the two nontrivial symmetries is valid. Introducing
Q={reC|Re(-W) >0},

we define the path 99 = 01 + 92y as depicted in Figure 4.1.6. Like in the semi-discrete case,
Figure 4.1.5 implies we can employ only 7;(k) on 0€; and only D»(k) on 022 to remove the same,
single unknown F5(W, T') function. Then, the solution to the linear “positive” KdV half-line problem
(4.1.1) is

1 [
q(x,T) = o /_OO e*re=WTa(k, 0) dk
1 "
- — e*reWT 12 (0?2 — 1) Fy — ik(a — 1)Fy + ¢(ak,0)] dk 4.1.12
0 — ik( )JF1 + (k. 0) ( )
27 o0
1 . ~
— / e WT k2 (a0 — 1) Fy — ik(a® — 1) Fy + (a?k,0)] dk.
271' 00s

When numerically evaluating the solution above, the paths of 9€); o that are on the real line will be
the most troublesome to deal with, since the integrand contains no decay from e** nor eWT . The
top wedge paths, however, can be further deformed toward the imaginary line to exploit the decay
from both exponential terms.

We want to show that the semi-discrete solution (4.1.9) converges to the continuous solution
(4.1.12) as h — 0. It is straightforward to show that limj_o W (k) = ik3. For the nontrivial
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Im(k)
A Tm (71 (k) < 0
Tm(72(k)) < 0
Re(k)

Figure 4.1.5: Regions where the global relation (4.1.10) is valid with & — 7;(k).

symmetries, we take Taylor series expansions about h = 0, so that

2
vi(k) = EZ(HI) +7h+0(h2) ug(k):;i(i—\/g)k—;/gh+0(h2),

where k € C with Im(k) > 0 implies 2'/2 = \/z. Thus, taking the continuum limit,

- o)
}lll_r)%uj(k:) ok,

which further implies that
lim § (v,0) = G (a/k,0) .
lim g (v,0) = g (a’k,0)
Graphically, these limits appear in Figure 4.1.7, depicting Im (v;) < 0 for comparison with Figure

4.1.5.
Similarly, the coefficient for fo(W,T) on the integration path 0V gives

k3 (V3 — 3i)
6

26—ikh . G—Qikh . 26—1'1/1/1 + e—Qiulh
h2

:%k2<3+z’\/§)— h+0 (h?).

Hence,
9e—tkh _ o=2ikh _ 9o—inh | —2ivih

e h? =—(e?-1),

the coefficient of Fo(W,T') on 092, where — (a2 — 1) = (3 + z\/g) /2 and limy, g fo(W,T) = Fo(W,T).
In the same fashion, we can show that the coefficient for UM (W, T) on 0V} converges to the co-
efficient of F1(W,T) on 0. We follow similar steps to show that the second integral of (4.1.9)

converges to the second integral of (4.1.12).
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Im(k)

082

0ty Re(k)

Figure 4.1.6: The shaded regions depict where Re(W) < 0 and e~"T is bounded with the dispersion
relation (4.1.11).

Remark 4.1.1. Note that if k¥ € C with Im(k) < 0, then our branch cut implies

k2
2V/3

k‘2
2V3

This is also seen in Figure 4.1.7. However, for the half-line problem and eventually the finite-interval

im v (k) = lim [11' (i-v3) k-

2 _ 2
lim . h—l—O(h)]—ak:,

. 1.
lim (k) = lim [Zz (z+\/§) k + h+(’)(h2)] = ak.

problem, this discrepancy is not an issue.

Remark 4.1.2. What if we had chosen a discretization other than the backward-leaning stencil
(4.1.2)? Another option that would give us the same number of total symmetries is the off-centered

discretization that leans forward:

. 1
dn = ﬁ (_qTL—l +3qn — 3qn41 + Qn+2) s

the same one we will use for the “negative” linear KdV equation ¢ = —¢uzs (see Section 4.1.2).
Briefly, the dispersion relation is W (k) = (e~ " — 3 4 3¢?*h — %) /B3 where Figure 4.1.8 depicts
the shaded regions of decay due to e™"7. Note that the real line is unshaded and a path here cannot
be deformed without containing a path in a region of exponential growth, i.e., whatever solution we
obtain will contain integrands that grow uncontrollably for large £ € R and any given h — just like
the time-reversed heat equation (see Appendix B), even though limj_,o W (k) = ik3. Therefore, we

will refer to the leaning-backward discretization (4.1.2) as the natural discretization for this IBVP.
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Im(k) Im(k)
Re(k) Re(k)
Lol ksl
— (a) ™ —7 (b) s
Im(k) Im(k)
Re(k) Re(k)

(c) (d)

Figure 4.1.7: Im (v;) < 0 for symmetries (4.1.5b) and (4.1.5¢) in the continuum limit (see Figures
4.1.1a and 4.1.5).

4.1.2  Off-Centered Forward Discretization of ¢ = —Quzx

We next study the “negative” linear KdV equation on the half-line:

4t = —ldzzx, z>0,t>0,
q(z,0) = ¢(t), x>0, (4.1.13)
q(0,t) =u9(t), t>0.
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Figure 4.1.8: The shaded regions depict where Re(W) < 0 and e~ is bounded with the dispersion

relation from the forward-leaning discretization for ¢ = qzzz-

Applying a first-order accurate, off-centered discretization to ¢ = —qu., that leans forward gives
) -1
n = W3 (_Qn—l +3¢n — 3qn+1 + Qn+2) . (4'1‘14)

The local relation is found to be

. -1 4 4 .
o, (efzknh€Wtqn> _ ﬁA<eﬂknheWtqn_l _ 3eik(n—Dh Wt efzk(nfl)heWtqn_H
(4.1.15)
i efik(n72)heWtqn>’
with dispersion relation
-1 , : .
W(k) = 5 (—3 + e~ Rh 4 3eikh _ ezlkh> . (4.1.16)
From (4.1.15), we determine the global relation as
1 . .
TGk, T) = 4k, 0) + o5 [~ fo+ (3= ™) i = f2] =0, Im(k) <0, (4.1.17)

Note that the sum began at n = 1 instead of n = 0, because we have the known Dirichlet boundary

condition at x = 0, i.e., at n = 0. It follows that

1 [/ iknh —WT A
an(T) = 5 M e e G(k,0)dk

| | (4.1.18)
w/h _ —ikh 3 ikh o
1 piknh ~WT [ e Mfo+ (3™ fi f2] .

- % —7/h h?
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Im (k) Im (k)
o Im (v (K)) < 0
Im(va(k)) < 0 i i
> > Re(k) E > > E Re(k)
g ) i g o) i

Figure 4.1.9: (a) Valid regions of the global relation (4.1.17) with k¥ — v;(k). (b) The shaded regions
depict where Re(W) < 0 and e~ is bounded with the dispersion relation (4.1.16).

Since we only have the Dirichlet boundary condition u(o)(t), we need to eliminate dependence from

[i(W,T) and fo(W,T). To determine the symmetries, we solve W (v) = W (k) for v(k) and find

v (k) = k, (4.1.19a)
. 3eikh _ p2ikh _ (pikh _ 1\ (p2ikh _ 4pikh 1/2

vi(k) = %m [ S (e . ) (e T (4.1.19b)
. ikh _ 2ikh ikh _ 1) (e2ikh _ ggikh 1/2

va(k) = ~In [36 e+ (e 5 ) (e GONE (4.1.19¢)

Like with the symmetries of the discretization (4.1.2) for ¢ = +quzs, we relocate the branch

1/2 onto the positive real line. We introduce Figure 4.1.9a, depicting shaded regions where

cut of z
Im (v;) < 0 holds for j = 1,2. In order to remove two unknowns, we require the use of both
symmetries, such that the second integral term of (4.1.18) must be deformed off the real line.
With some hindsight when taking the continuum limit, we want these new paths to align with the
exponential decay of e™"7 depicted as the shaded regions in Figure 4.1.9b. Similar to the stencil
(4.1.2) for the “positive” linear KAV IBVP (4.1.1), we define integration paths P = P; + Py + P4,
shown in Figure 4.1.10, where the horizontal paths P; 3 are at some fixed height R > 0 above the

real line. Through periodicity, we deform the second integral of (4.1.18) to P, so that



101

Im(k)

P1 P3

P

S R EEESESSE RS SSSS S e

™

h
Figure 4.1.10: Integration path P for

—
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—
—
S

S~—

1
o

w/h
qn(T) / ezknh67WT(j(k7 0) dk

—7/h

y Z. (4.1.20)
1 / giknh ,~WT [—e Mfo+ (3—e™) fi — fo ik
P

S or h2

Since P 3 are in regions of exponential decay, we can take R — oo, so that P 3 vanish and the
endpoints of P, are extended to +ioco, with dV = limg_,o P», as outlined in Figure 4.1.11, where
V= {k: eCt ’ Re(—W) < 0}. Hence, “solution” (4.1.20) becomes

1 w/h
i) =5 [ T q(0,0) di
27 —7/h

§ i (4.1.21)
1 piknh ,—WT [6 " fo + (3 — €M) flfz] k.

C2m Sy h2

Of course, taking R — oo effectively traded three finite paths Pj 23 for one infinite path OV'.

With both symmetries valid on the integration path 9V, we use the global relation (4.1.17) with
k — v1(k) and k — va(k):

e"1q(v1,T) — ¢ (v1,0) + % [—e_mhfo + (3 - eil“h) f1— f2] =0,

"G (19, T) — G (v2,0) + % {—e_mhfo + (3 - €i”2h) fi— f?] =0,

(4.1.22)
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Im(k) Im(k)
Alm(v (k) <0
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| / L Re(k) Re(k)
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Figure 4.1.11: Integration path oV.

to solve for the two unknowns f_1(W,T) and fi(W,T). After some algebra, (4.1.21) becomes

L —WT
g (T) = by ) e e G(k,0) dk
—n/h
1 ionn —wr | (€7 =€) G(11,0) + (e — ™) (12, 0) dk
o Jo O € civih — givah (4.1.23)
1 ) 3 67ikh*i(l/1+l/2)h eikh _ eilllh eikh _ e’illzh
% ezknhe wT [ ( h2 )( )fO dk — S(n)7
v
with ' ' ' ‘
Gy — L[ g [ =€) 4, T) + (* — e7) G0, T) |
(n) - % oV ¢ eil/lh _ eillzh ?
or substituting in v (k) and va(k),
I iknh —WT »
an(T) = %/ y e™"e™ " q(k,0) dk
—7/h
1 o —wr | (Ve =44 3¢k1/2) (11, 0) + (VeFh — 4 — 3¢F1/2) (v, 0)
_ etknhg : dk (4.1.24)
27 Jov 2V/etkh — 4
1 ' —ikh _ 3¢ikh 4 9o2ikh
+ ﬂ/ iknh ,—WT {6 eh2 e fo] dk + S(n),
av
with
<3eikh/2 1 el 4) i1, T) — (Seikh/Q _ \/m) (va, T)
dk.

1 .
S — iknh
(n) o /ave PN
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Note that we have already made the correct branch cut choice in “solution” (4.1.24).

From (4.1.23), it would appear that the second integral and S(n) terms have poles at

dra @) _ —47fB —iln(4)

k&l) _ = i) ¢ L AL —4ry — 2w k(4) _ —47md — 27 — i1n(4)

k’(Yg) - h ’ 0 h

for a, B,7,d € Z. In fact, all of these singularities are removable. We could show this by taking limits
of the integrands in question, but due to their intricacies, it is beneficial to instead determine their
Taylor-series expansions about these singularities after making substitutions of ¢ (v4,0), ¢ (v2,0),
G (v1,T), and § (v2,T). Since we only care about the plane (Re(k),Im(k)) = [—n/h,m/h] X (—o0, 00),
the singularities of interest are /-c((]l) = 0 and k‘(()z) = —iln(4)/h. After substituting definitions of

G (v4,0), the integrand in the second integral term expanded about k = kél) becomes

(eikh o eiugh) e—iulmh 4 (eiz/lh _ eikh) e—iyzmh

=1—ikmh+ O (k).

eilllh _ eiugh

It is clear that the limit exists for this integrand as k — k‘(()l), such that k‘(()l) is a removable singularity.

Similarly for k:((]Q), the same integrand expands to

(eikh _ eir/gh) e—iulmh 4 (eiulh _ eikh) e—iugmh

eiul h _ eiUQh

= (=2)™(149m) + ih(=1)"2" " m[9m(3m + 2) + 7] (k n “12(4)) Lo

(oo )]
(2)

Taking the limit as k — k™, we see that k(()Q) is also a removable singularity. Likewise, one can show
that the singularities are removable for the S(n) integrands.

From (4.1.24), it would also appear that the second integral and S(n) terms have poles at

b — 27b — i1n(4)
b h
for b € Z or setting b = 0, at
—iln(4
ko = —— 2( ) 4.

Following the same procedure as above, the integrand in the second integral term expanded about

k = ko has the same expansion from (4.1.23) about k = k:(()Q):

(MJF 3eikh/2) q(v1,0) + (m_ 3eikzh/2) i(v2,0)
oV 4

= (=2)™(1 +9m) + ih(=1)"2" " 'm [9m(3m + 2) + 7] <k n “D(4)> Lo

h

(1 20

Thus, both (4.1.23) and (4.1.24) have removable singularities in their integrands. For simplicity, we
proceed solely with (4.1.24), although the next steps could be repeated with (4.1.23).
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Figure 4.1.12: Deforming 0V to D with R — oo.

To determine the contribution from S(n), we again substitute the definition of the transforms

for (11, T) and q(v2,T), so that we have
h o0
=55 2 )
m=1
with

(3eikh/2 + \/m) e—ivimh _ <3eikh/2 _ \/eikh—_4> o—ivamh

I(n,m) = etknh , dk.
nm) = | e

To remove the unwanted integral terms, we deform 0V to D, where
- k:e(C’j<R (k) < = and Im(k) = R
- on, = OV = gp 8 e

with positive R — oo as denoted in Figure 4.1.12. The orientation of path D is reversed with a
minus sign. Of course, the global relations (4.1.22) are still valid on D. Hence, due to analyticity

and with R — oo, we can write

(3eikh/2 1 JeFh — 4) e—ivimh _ <3€ikh/2 _ etk _ 4) o—ivamh
I(n,m) :/ eiknh :
D 2Vetkh — 4

dk.
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For all nonzero n and m, we take R — oo, so that

giknh <3€ikh/2 + m) |:36ikh _ 2ikh _ (eikh — 1) \/W]m
I(n,m) = -

(n,m) /D 2m 2V etkh — 4
(3€z‘kh/2 _ m) [3eikh _ o2ikh (eikh _ 1) \/m}m

— dk
2 /eikh —4

— ] dk

iknh (36“’“}‘/2 + Qi) |:3€Zkh — e2ikh 4 2i6%} (SGZkh/Q — 21’) [Semh — g2ikh _ 27;6%
- /D gm 4 4

~ 0’
since all the exponentials decay. Therefore, S(n) =0 for all n =1,2,3,... and (4.1.24) becomes
1 w/h
qn(T) / eknhe=WTa(k 0) dk
,ﬂ-/

<m+ 3eikzh/2) G(v1,0) + (m_ 3eikh/2) i(v2,0)

1 iknh —W'T
- — e e - dk
2 ov 2 /ezkh —4
+ i / piknh ,—WT [e_ikh — 3ei’;h + 2¢2%ikh fo] k.
271' ov h
(4.1.25)

Note that numerically evaluating these integrals might be troublesome as h — 0, because as
shown in the left plot of Figure 4.1.11, 9V is along the region satisfying Re(—W) = 0, such that
there is no exponential decay due to e”"W7. Integrating along this path, for large |k|, could be
problematic as any machine error introduced could place the integration path into the unshaded
regions of exponential growth, allowing the integrand to grow uncontrollably in magnitude. Thus,
we must modify the analytical integration path OV to a computation path 9C, depicted in Figure
4.1.13. These paths are numerically better suited when evaluating the second integral term of
(4.1.25), where 0C' continues to be within both regions of validity for the global relations with v (k)
and v,(k). Note that the visible points in Figure 4.1.13 are the complex waypoints implemented
into MATLAB’s integral() function. The general structure of OC' persists as h — 0.

Applying the continuous UTM to IBVP (4.1.13) gives the dispersion relation W (k) = —ik® and
solution

1

q(z,T) = o /Oo eikme_WT(j(k,O) dk

1
27 o0

~ (4.1.26)
etz e=WT [3k2F0 — ag(ak,0) — a?G(a’k, 0)] dk,



106

Im(k)

1= SRS S S

Figure 4.1.13: Computation path 0C.

WhereQ:{kEC‘Re<—W) >O}.

Re(k)

Im(k)

S

We now show that the continuum limit of the SD-UTM solution (4.1.25) converges to (4.1.26).

Following similar steps from the previous section, we Taylor expand the nontrivial symmetries with

the appropriate choice of branch cut for z}/2 on the positive real line and take the continuum limit:

2

v (k) = i <i+\/§>k—2\/§

N |

h+0(h?),

.<i—\/§)k:+2k3h+(9(h2),

so that limy_,ov;(k) = afk, which further implies limj, o ¢(vj,0) = §(a’k,0). From the second

integral of the semi-discrete solution, we have

(\/W—F 3eikh/2) i(1,0) + (m_ 3eikh/2) (12, 0)

lim

h—0 2/eikh _ 4

and from the third integral,

e—ikh _ 3gikh 4 oo2ikh

lim
h—0

Therefore, we recover exactly the continuous solution (4.1.26) with limy_, fo = Fp.

h2

:_% (i+\/§)(j(ak70)—%(i—\/g)(j(azk,o)

—aq (ak,0) — a?g (a2k, 0) ,
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4.2 Finite Interval IBVP

4.2.1  Off-Centered Backward Discretization of ¢ = uoz

We return to the first-order accurate, off-centered discretization (4.1.2) from Section 4.1.1, except

now for the finite interval problem

/

qt = Gz, O<z<L,t>0,
q(x,0) = ¢(x), 0<z<L,
q(0,t) =u®(t), >0, (4.2.1)

4(0,t) = uM(t), t>0,
q(L,t) =v(@), t>o0.

The local relation (4.1.3) and dispersion relation (4.1.4) give rise to the global relation

1 .
" q(k, T) = 4(k,0) = 35 (f + e_ZkLg) =0, keC, (4.2.2)
where ‘ ' '
fo,T) = —e ™ f_y ek <3 - G_Zkh) Jo— /1,
g(k,T)=g-2+ (e_ikh - 3) g-1+ eikhgo,
so that
1 w/h 1 w/h f+ 6—ik’Lg
n(T) = 5 iknhe=WT4(k,0) dk / thnhe=WT (L ——___2) dk. 4.2.3
0 =g [ e a0kt o [ ke 5 (423)

Based on the f;(W,T) above, we can use standard backward, center, or forward discretizations for
¢:(0,t) = uM(t) as to not introduce any further unknown f;(W, T) functions. We choose the third

option for now, such that

o) —awl) _ hi=fo_
; =u'(t) = =U\",

h
after taking time transforms, where
T
UD(w,T) :/ eVt (t) dt.
0

Thus, we have the four equations

,

~ ~ 1 — i
OZGWTq(Z/O’T)—q(Vo,O)—ﬁ[f—|—€ OLg]v

~ ~ 1 —iv
OZBWTq(VlaT)iq(Vl)O)iﬁ|:f+e 1ng|a

~ ~ 1 —iV;
0=e""q(vs,T) = G (v3,0) = o5 [f + 7],
fi—fo

h=fo_yu
\ h v
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to remove the four unknowns f_(W,T), fi(W,T), g—2(W,T), and g_1(W,T'), where fo(W,T) and
go(W,T) are known from the Dirichlet boundary conditions u(?) (t) and v(9) (t). In order to substitute
our findings from simultaneously solving the equations above, we must first deform f(W,T) from
g(W, T) within (4.2.3). For the sake of taking the continuum limit later, let us deform g(W,T) off
the real line. Figure 4.1.1b depicts where e~V decays as shaded regions.

Let us focus first on the f(W,T') terms. Like in the half-line case, we introduce contour paths in
Figure 4.1.2a as P = (P, + P) + (P3 + Py + P5) + (Ps + P7), where P3 4 5 outline the middle wedge
and the straight-line paths Pj 47 are all at a fixed height R > 0 above the real line. By Cauchy’s

integral theorem, it is clear that

1 .
o ezknhe—WT < f2> dk — 0
2 OP3 45 h
so that "
i " zknh -wT f _ i 1k:nh -wT f
o o h2 dk = o e h2 dk,

after deforming the path on the negative-real line k € [—7r /h,0] to P; + P and the other path on
the positive-real line k € [0,7/h] to Ps + P;. The vertical integration paths on the boundary of the
domain cancel each other by periodicity, but only there at the boundary where Re (1) = —Re (1)
and Im (v1) = Im (v2). In addition, since paths P; 47 are in regions of exponential decay, we deform
them to 700, such that R — oo, effectively extending the adjacent vertical paths off to ico as well,

so that now we define the integration paths
oVt = lim (P2 + P3) and oV, = lim (P5+ Pg).
R—oo R—o0

We similarly deform g(W,T):

1 [7/h " -1 .
4 ik(nh—L) ,—WT _ 4 ik(nh—L) —WT (9
o /,T/he ¢ <h2> k= |, ¢ © (h2> d,

below the real line. See Figure 4.2.1a. Hence, we deform (4.2.3):

I hg-WT knh ,—WT /
gn(T) = — ¢iknhg— (k()dk+— / / giknh e <2>dk
21 ) n/n vy Jovy h (4.2.4)

1 ik(nh—L) ~WT
or Jo- © ¢ (h2> dk.

With some hindsight, we further deform the paths off the origin, as depicted in Figure 4.2.1b, so

that now

Lo 1 |
an(T) = — / eFnh W TGk 0 dk 4+ — / + / giknh g ~WT (é) m
S o \Jowit - Jowt " (4.2.5)

1 ik(nh—L) ~WT
2T 8‘7* € € (h2> dk
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Figure 4.2.1: (a) Integration paths 8V1+2 and 0V ~. (b) Modified integration paths 8‘712 and OV .

With (4.2.5) off the origin, let us return to solving the four equations for the four unknowns
fo1(W, T, (W, T), g_o(W,T), and g_1(W,T). Substituting, we find

I _ 1 kL (emh _ eiy1h> d(k,0) + i1 (h+L)—ikh (eikh _ emh) g (11,0)

hZ k) ’ ’

e L) ik (it R G (15, 0) — 1 (K)o + ma (W)U + n3<k:>go}
eV ikL ( ivih AW vy (h-+L)—ikh [ ivah ikh
er e <e —e )q(kz,T)Jre (e —e )q(ul,T)

4 giva(h+L)=ikh (eikh _ eimh) G (2, T) },

and
— B (it R G (15, 0) + 1 (K) fo — ma(R)U') - ns<’<>90}
— e E L (kI il g (1, T) }

where

)\(l{f) — eiulh-f—ik:L _ eik:h-l—iVlL o eiVQh-f—ik;L + eik:h-l—iVQL + eil/gh-l—illlL o eiulh—i—iugL7
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Figure 4.2.2: Numerically determined roots of A(k) with h = 1/6 (left) with zoomed in view of the

poles on the positive imaginary axis (right).

and

1 Coig s w . ] . ] . . ) . . )
nl(k) — — e 2ik—ivih—ivoh (elkh _ ewlh) (elkh _ elVQh) (elkh+QO(h+L)+w1h _ ezkh+u/2h+w1(h+L)

ivoh+ivi L ivih+ive L
+ g2 1L i 2):|7

l:eflkih (eilllL _ eiVQL) (elk)h _ eilllh) (elkh _ e’il’zh)] ;

S| =

n2(k) =

n3(k) = % {2iei(”1+”2)h [sin (h(k—vy)) —sin (h(k—v2)) +sin (h (1 —12))] } .

The roots of A\(k) must be determined numerically, but note that the origin is a root, since A\(0) =
eim(O)h _ eiul(O)L _ eiuz(O)h + eiVQ(O)L + eng(O)h+iV1(O)L _ eiul([))h—i—ng(O)L =0, where

v1(0) = %m B <3 1+ [(1 — 3)2 4]1/2>] —0,

13(0) = %m B <3— 1- [(1—3)2 —4]1/2>] =0

Figure 4.2.2 depicts the numerical roots of A(k) for L =1 and N = 5, i.e., h = 1/6, with the
shaded regions of exponential decay due to e”"W7. It turns out that with the choice of forward
discretization for the Neumann boundary condition, we have a total of 3N 4 1 roots within the
domain of interest (Re(k),Im(k)) € [—m/h,m/h] X (—o00,00). Figure 4.2.2 depicts three curves of
roots: the two “wings” in the bottom half-plane and the vertical structure on the positive imaginary
line. Excluding the root at the origin, each curve contains N roots — the wings appear to be evenly

spaced away from the origin, while the roots on the imaginary line tend to clump near the uppermost
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root. Varying L only has the effect of scaling the locations of the roots. It is important to note that
all of the roots are placed in the shaded regions and do not interfere in any way with the integration

paths 81715 and OV ~. So, in view of this observation, we make the substitutions into (4.2.5):

1 (/b 1 .
an(T) = — ekrhe=WT Gk, 0) dk + — ( / o+ / ~ ) etknhe=WT A(k, T) dk
2m —7/h 27 8V1+ 8V2+ (426)
1 .
— ekhe=WTB(k, T)dk + S(n),
21 Jov-
where
Ak, T) = 1 kL (ewh _ eiulh) G(k,0) + i1 (h+L)—ikh <eikh _ wh) § (11,0)
) )\(k) ) )
+ eiug(h+L)—ikh (eiVlh zkh) I/2, )fO + nQ(k)U(l) + 773(]{7)90}»
1 . . . . . .
_ ivgL [ jivih _ _ikh iv1 L - wgh wl (h+L)—ikh ( jikh _ _ivah\ 4
B(k,T) )\(k:){ [e (e e ) +e (e )} G(k,0) — (e e )q(vl,O)
_ piva(htL)—ikh <€’il/1h zkh) G (v2,0) + m1(k) fo — ng(k)U(l) _ ng(k)go},
and

) iknh ( ‘ , ‘ i ' '
S(n) _ % (/~+ +/~+> e)\(k) {esz <ezu1h i ewgh) Cj(k7T) + e“’l(h‘f*L)*’Lk)h (e’tl/2h —_ elkh> (j(l/lvT)
v, oV,
| giva(h+L)=ikh (eikh _ w1h) G (ve,T) } dk
1 iknh A . . ; i ' ' . A A
B 2/ { |:€W2L (ezkh i ewlh) + ew1L (ezugh _ ezkh):| (j(k;’T) — elVl(h+L)_Zkh (ewzh _ elkh> c}(l/l,T)
T Jov

7 A(k)
_ giva(htL)—ikh <eikh _ eiu1h> G (v2, T) } dk.

At this point, we apply the same tactics as before to remove S(n) and all of its unwanted terms.
Although the algebra involved may be messy, the process is clear and is easily completed with the
help of symbolic software. From (4.2.6), the final solution to this off-centered discretization of the
IBVP for ¢ = quoq is

1 7/h
qn(T) - ’Lk‘nh —WTA(]C 0 dk—i— - / / ’Lk:nh —WTA(k, T) dk
27 J_x/n avt  Jovyt (4.2.7)
1 ,
— eknhe=WT B (K, T) dk.
2m Jov-

It is important to note that the standard backward stencil,

qo(t) —q-1(t) _
% =uD (1),
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is better aligned with the main off-centered backward discretization (4.1.2) of the PDE. Furthermore,
this discretization of the boundary condition will be feasible when comparing with finite-difference
methods, assuming we want to apply the stencil (4.1.2) to all of the interior mesh points. Employing

the same integration paths and following a similar approach as above, we find the alternative solution:

1 w/h
qn(T) anh —WT (k O dk+ - / / ’Lknh —WTA(k T) dk
vt v,

2 o’ (4.2.8)

1

— e*he=WIB(k, T) dk,
21 Jov-

_ 1 , A A , )
A(k‘,T) _ {elk(L-‘rh) (ezugh o ewlh) (j(/f,()) + ewl(h-i-L) (ezkh o zugh) Cj(Vl, O)

D) (k= ) G (15, 0) + 7 (k) fo + (k) U ) — ﬁ3<k>go},

B(k,T) 1 { [ gikhtivi(Lth) _ gikhtiva(Lth) _ giva(Lt+h)+ivah | 6iuz(L+h)+iV1h} q(k,0)
_ gin(htL) (ez‘kh _ emh) i (n,0) — ev2(h+D) (emh _ eikh) i (,0)

(k) fo — (T + ﬁ3<k>go},

(k‘) — eik(L—l—h)—H‘ulh _ eikh+iu1(L+h) _ eik(L+h)+iV2h + eik:h—l-il/g(h—l—L) + 61'1/1(L+h)+i1/2h _ 62'1/2(L+h)+i1/1h

_ 1 { o—2ik—ivih—ivah ( oikh _ emh) < oikh _ eiugh) ( pikhtivihtival _ o ikhtiva(h+L)+ivih _ ikh-+ivzh+ivi L

)

1 geikhtivahtivi(htL) _ givi(htL)tivah | eiug(h+L)+iV1h):|

L s | o o
772(]6) = E [e_lkh (ell/lL _ eleL) (ezkh - ezmh) (ezkh . 6“/2h>] ’

(k) = % |:(eiu1h B emh) <6ikh _ eiu1h> (eikh B eiugh)} '

The roots of :\(k:) exhibit a comparable structure to those of A\(k), as seen below in Figure 4.2.3,
except now the three curves of roots each contain N + 1 roots instead of N. Hence, with the root
at the origin, A(k) contains 3N + 4 total roots within the domain of interest. As we will see, (4.2.8)

tends to produce a smaller co-norm error than (4.2.7).
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Figure 4.2.3: Numerically determined roots of (k) with h = 1/6 (left) with zoomed in view of the

poles on the positive imaginary axis (right).

For this third-order problem, there does not exist a purely series representation solution like for
the previous first-order problems (advection equations) and second-order (heat and LS equations).
We must directly evaluate the integral representation for arbitrary initial and boundary conditions.
From our derivations, we saw that the main constraint of deformation originates from the growth

of e WT

, so we are permitted to deform anywhere in the shaded regions of Figure 4.1.1b, relative
Im (k) from the e”*™" term. We chose the deformation paths 8‘71+2 and OV~ for analytic convenience,
but note that we have decay on the real line due to e="'7'. For numerical purposes, it is beneficial to
leave the real-line paths that were deformed to 8171T2 on the real line, especially since the boundary
between the unshaded and shaded region becomes vertical and extends to +ico, effectively trading
a finite integration path for an infinite one. A similar argument can be made for 9V, in the sense

WT we can stop the deformations before

that in order to benefit from exponential decay due to e~
reaching the boundary of no decay, such that the new integration path sits between this boundary
and the distribution of poles in the bottom half-plane.

We introduce Figure 4.2.4 with the computation integration paths 8Cff 5 and 0C™, where the
dots represent the waypoints implemented into MATLAB’s integral() function. Relative to 8‘715,
the top wedges of 8Cff 5 are truncated from stretching to 4+ioo and are shifted closer to the imaginary

~WT_ The general structure persists as h — 0, but for

line, making use of exponential decay from e
h very small, it is beneficial to additionally truncate the ends of 0C~ and the paths on the real line
of 80{ 5 in order to not only avoid NaN outputs due to underflow, but to also spare computation
power on machine-error integration contributions. Other truncation analyses can be done for these

integrands [25, 38].
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Figure 4.2.4: Computation paths 8Cff2 and 0C™.

Applying the continuous UTM to the IBVP (4.2.1) gives the dispersion relation W (k) = ik? and

solution

1 [ . . 1 : . .
g(z.T) = — / e*ee=WT (k. 0) dk + — / o+ / ) ethreWT gt (W,T) dk
2m J oo 2m \ Joot  Joas

1 . . .
;= etk o=WT = (W,T) dk,
21 Joa-

(4.2.9)

where a = ¢27/3,

H+ (W, T) - 1{ — ae* LGk, 0) + (o + 1)e*Lg(ak,0) — e L g(ak, 0)
— k2 (a? = 1) [(a? + 1) € FE — (o + et Ry

+ik (0 — 1) (eiO‘QkL — eio‘kL> F +ak*(a —1)?*(a + 1)Go}7

H~ (W’T) = 1{ _ {(OL + 1)6iakL _ eiasz} (j(k,O) + (a + 1)€iakL(j(Ozk,0) _ eiO‘QkL(j(Ozzk,O)
_ k.2 (Oé2 _ 1) I:(OZQ + 1) e@'QQkL _ (Oé + 1)6iakL:| FO
— ik (a® — 1) (eka - emsz) Fi 4 ak*(a —1)*(a+ 1)G0},

and
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Figure 4.2.5: Modified integration paths 8(2{2 and 9.

Figure 4.2.5 depicts the integration paths aﬁiz and 99, where the black dots denote the poles of
A(k) and
Ot = {k eC ‘ Re [—W(k:)} > 0 and Im (k) = 0}.

Recall that we derived two solutions from the backward off-centered discretization to the linear
KdV equation in IBVP (4.2.1): solution (4.2.7) by discretizing the Neumann data via the standard
forward stencil and solution (4.2.8) by discretizing the Neumann data via the standard backward
stencil. Since the latter better aligns with the PDE discretization, we show its continuum limit to
solution (4.2.9), but the continuum limit of (4.2.7) is similarly obtained.

Because limy, o W (k) = ik3, limj,_,q 81715 = 8@?2, respectively, and lim;_,o OV~ = Q. We
make use of symbolic mathematical software to calculate Taylor series expansions around h = 0
and to show symmetries and coefficients of solutions converge to their continuous counterpart. For

example, we first find

k(k2)'?
2V/3

Since k € C, we must consider k¥ in the upper-half plane C* and k in the lower-half plane C—,

k)= ik + V3 (k)"?] -

2
5 h+ 0O (h?).

implying we must consider the 8‘71'5 and AV~ integral terms separately, respectively.
Let us first look at k& € CT. Here, our choice of branch cut for the square-root function tells us
21/2 = 4,/Z, such that
2

. e k 2)| _
}lllg%)ul(k)—}lllg(l)[Q(l+\/§)k—2\/§h+0(h) = ak.
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Similarly,
k (kQ) 1/2

2
e h+ 0O (h?),

va(k) = % [zk V3 (k?)”ﬂ n

so that

i k?
i i | (i 2| _ 2k
hli%m(k) hli%[z(l \/§)k+2\/§h+(’)(h) a’k

Turning to the solutions (4.2.8) and (4.2.9), let us look at the coefficient of the ¢(k,0) term in the

8171T2 and 8(2{2 integrals. From the semi-discrete solution, denote this coefficient as

ik(L+h) (eil/gh _ ewlh)

1= 6ik2(L+h)+il/1h _ eikh"riljl (L-l-h) _ eik‘(L-‘rh)-i-iVQh + eikh-‘rillz (h+L) + eil/l(L-i-h)-l-iVQh _ 6721/2(L-‘rh)-‘rilqh7

and from the continuous solution,
etk

Cr= ei0?kL | qetkl — (o + 1)eickL’

Taylor-series expanding ¢; about h = 0, we find
172 .
213 (k)2 o [V3(2)! 3k L

3ik {eﬁ(kz)l/% — 1} + \/§(k2)1/2 |:e\/§(k2)1/2L _ 26%(\/??(142)1/2+3ik>1: 41

+ O(h).

Ccl =

Since Im(k) > 0, the leading-order term as h — 0 becomes

2/3 (2) /2 3[R ]

3ik e\/ﬁ(kQ)l/QL B 1} n \/g(kQ)l/z [e\/g(kz)l/QL B 26%(\/§(k2)1/2+3z’k>L n 1}

9v/3kez (V3k+3ik) L

- 3ik (e\/gkL — 1) +/3k (e\/ﬁkL _ 93 (VBE+3ik)L 1)
9v/3ez (V3+3i)kL

ey <e\/§kL _ 1) 13 (eﬁkL _ 9eh(VEHSIKL | 1)
9v/3e2 (V3+3i)kL

- 3ieV3kL — 3i + \/3eV3kL _ 2\/§€$(x/§+3i)kL V3

9v/3ez (V3+3i)kL
(V3 + 3i) eV3kL — 9/3ez (V3H3IKL _ 3, 4 /3

_aesz

;gj;%%l(ﬁ+3i)% [(\/g 1 3d) VL _ 2y/3e (VERRL 3 ¢ \/3] '
(4.2.10)

Taking a closer look at the denominator and applying

a:%<i+\/§>7 and a2:.<i—\/§>:—(a—l—1),

i
2
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we have
}Ljye%(ﬁw)“ [ (\/§ + 3@) eV3RL _ 9 /33 (VBHBIRL _ g x/ﬂ
= =2 (1 + \/§2> kLT (VB+3I)RL VKL | o ikL 2 (\/gz _ 1) otk L o5t (V3+3i)kL
— o (—a?) o3 (—i+VE)kL 4 el 4 a(a)e%(flﬂ/ﬁ)m
2

—a

— ol kL + aesz _ (a + 1)ezo¢kL.

—Q

ikL QeTkL

L+ae

The leading order term of ¢; simplifies:

23 ()2 ALY 3]s

3ik [e‘/g(kQ)mL — 1} + \/?:(k2)1/2 |:€\/§(k2)1/2L _ 26%(\/5(k2)1/2+3ik>L 1

_aeikL

i@kl 4 peikL _ (o + 1)eiokL

= (1,

such that limp_,gc; = C].

Next, denote the coefficients of § (v1,0) and G (ak,0), respectively, as

e’il/1(h+L) (eikh _ e’il/zh)

C2 = eik(L+h)+iV1h _ 6ikh+iu1(L+h) _ eik(L+h)+iV2h + 6’ikh+’il/2(h+L) + eilll(L-i-h)-i-’il/Qh _ 6iV2(L+h)+’il/1h’

and A
(Oé + 1)67,04kL

ei0®kL | ekl — (o + 1)eiokL’

Co =
In a similar fashion as before, we expand ¢y about A = 0 to find
3ik — /3 (k2)"°
3ik |eV3E)'PL _ 1| 4 /3 (k2)/? |:e\/§(k’2)1/2[/ 9t (V) Pasik)L | 1}

+O(h).

Cy =

Since k € CT, we know that limy, oG (v1,0) = ¢ (ak,0), so that we expect limy,_,oco = Co. The
leading order term of the expansion for co simplifies to
3ik — /3 (k2)'/°
3ik |:e\/§(k2)1/2L _ 1i| + \/3(]{52)1/2 |:e\/§(k2)1/2L o 26%(\/5(k2)1/2+3ik:)L + 1:|
B 3ik — /3k
ik (V3 — 1) + Y3k [eVIhE — 9e3 (VARHRIL 4 4]
3i—/3
(V3 +3i) eV3rL — 233 (VBH3I)RL _ 35 1 /3




118

Since the denominator is equivalent to the denominator of the line above (4.2.10), showing that

jakL kL kL kL
(@ +De'*™  —ae™ —i(Besijhe or (a+1)e*™  ae™ —i(vgisikL _ 0.

3i— /3 2v/3 ’ 3i— /3 2v/3

is equivalent to proving limy_,gcy = Cs. Indeed, note that the exponentials from the second term

7 — é — §z kL| = exp [—gkL} — ikl
2 2 1
Then, we see that

[(04+1> 4L }eka 2(a + 1)VB +a (3i - v3) piokL

3i—V3  2V3 6iv/3 — 6

—20°V3+a (31 = V3) |

 6(iVB-1) ‘

[ 2) (= v3) VB+(§) (i +v3) (3i — V3) giakL

_ 63 1)

[(1+iv3) V3 + (5 + 57 (3i - v3)
6 (iv3—1)

[vB+3i-vE-31] s

| 6(iv3-1) ’

simplify to

oikL o5 (V3+3i)kL _ exp

1T

ewsz

=0.

Thus, limy,_.g co = Cs.
The coefficients of § (v2,0) and ¢ (a2k, 0) are, respectively,

eiuz(h+L) (eill1h _ eikh)

3 etk(L+h)+ivih _ gikh+ivi(L+h) _ gik(L+h)+ivah + etkh+iva(h+L) + et (L+h)+iveh _ giva(L+h)+ivih

and
_eia2 kL

ei0?kL | ekl — (o + 1)eiohL”

Cs =

For our chosen square-root function branch cut, we know that limy_,¢ ¢ (12,0) = ¢ (04216, O) fork e C*
and expect limy,_.g cg3 = C3. The leading order term of the series expansion for cg simplifies to

— [3ik + V3 (1) /7] £V301)
3ik [eV3(R)/PL _ 1} + /3 (k2)Y? [e\/ﬁ(k%l/% _ 93 (VB2 43ik)L 1}
_ — (3ik + v/3k) eVHL
3ik (e\/ﬁkL _ 1) +\/3k [e\/ﬁkL _ 93 (VBR+3ik)L n 1}
_ <3Z + \/g) e\/gkL
(V3 -+ 34) eV3kL _ 2\/36%(\/§+3i)kL it \/§'
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Like before, showing limy,_.g c3 = Cj3 is equivalent to showing

iakL ikL
e ae -1 ’
ez (VBH3I)KL _

+
(3i +V3) eV3kL 23

. —1 . .
We know that the exponentials from the second term can be rewritten as e’*~ ¢z (V3H3)RL _ giakL ,

so looking at the exponentials from the first term,

eio”kLo=V3kL _ exp Kiaz — \/§> kL} = exp [_21 <Z + \/§) kL] = ¢lokL,

Then,
[ 1 _, @ :|€iakL_ 2v3+a (3i+V3) giokL
3i+v3 23 | 6+6iv3
2B +VB) B VD)]
i 6 (1+iv/3)
25+ (5 + ) G vI)]
- 6 (1+iV3) ‘
— _2\/§_Q\f_ %+% ik L
B 6 (1+1iv/3) ’

Thus, limy,_,o c3 = C5. Sparing the details, we could show that the coefficients of fo(W,T), U(W,T),
and go(W,T) from the 8‘715 integrals likewise converge to their continuous counterparts from the
8@{2 integrals, where we always limy_,q fo = Fo, limp_,o U = Fi, and limy_,g go = Gy for all k € C.

Lastly, we consider the continuum limit of the OV~ integral to the Q~ integral. Since the

integration path @V~ is in the lower-half plane, our choice of branch cut for k € C~ implies

. . 1/, k> 2 2
lim (k) = | i(+¢@k—k2h+ow%-—k
fmg (k) = i |5 (i V3 -ak

Let us look at the coefficient

eikh+iu1 (L+h) _ eikh+iu2(L+h) _ eill1(L+h)+i1/2h + eng(L+h)+iV1h

4= eik(L+h)+ilI1h _ eikh+iu1 (L+h) _ eik(L-‘rh)—i-iI/Qh + eikh+iu2(h+L) + eil’l (L+h)+il/2h _ eillg(L—l—h)—‘y—il/lh

of ¢(k,0) from the semi-discrete solution and the coefficient

(a + 1)eiakL _ eianL

Ca= ei0?kL | etk — (g + 1)eiohL’
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of ¢(k,0) from the continuous solution. Following similar steps from above, we expand ¢4 to find
that the leading-order term becomes

3 (k2)1/2 {e\@(wy/n n 1} _ 3ik [e\/g(k2)1/2L B 1}
3ik [e\@kz)”% - 1} +V3(k2)'? [eﬁ(kz)l/n _ 9e3 (VB2 43ik)L 1]
V3k (e—\/gkL n 1) — 3k (e—\/ﬁkL _ 1)
3ik (e*\/@cL _ 1) — 3k {efﬁkL _ 9p3(—VBk+3iR)L | 1}
V3 (e*x/EkL n 1) Y (eﬂ/ﬁm _ 1)
3i (e—\/ﬁkL _ 1) 3 [e—\/ﬁkL _ 9e3(—VB4BiR)L | 1}
V3 4 3i+ (V3 — 3i) e V3L
(32' — \/g) e—V3BkL 4 2\/36%(—\/@31‘)1@ 33
V3 +3i+ (V3 — 3i) e V3HE VAL
(3i — V/3) e~ V3L 4 9v/3et(—VERIRL _g; /3 eVEhL
_ (V3 +3i) eV /3 — 3
3i — /3 + 2y/3e2 (V3T3I)RL _ (3i + /3) eV3kL
— (V3 +3i) eV — /34 3i
(3i + v/3) eV3kL — o /Bet (VEHBIRL _3; 1 /3

Showing limy_,qg ¢y = Cy is the same as showing

. i .
(a 4 l)ezakL — el kL aesz %1(\/5+3i)kL 0
=Y

+ e
—(V3+3i)eV3hL — /343 2V3

since we obtain the same denominator as before. After some manipulations like in previous steps,

we indeed satisfy the equality above, such that lim;_.gcq = Cy.

Next, denote the coefficient of ¢ (v1,0) as

_eiul(h+L) (eikh _ eiugh)
- etk(L+h)+ivih _ gikh+tivi(L+h) _ pik(L+h)+ivah + etkh+iva(h+L) + ew1(L+h)+ivah _ giva(L+h)+ivih’

Cs

Since AV~ is in the lower-half plane where limy,_,q vi(k) = a®k, we expect limy_,oc5 = Cs, the

coeflicient of ¢ (a2k, 0):
eia’kL
ei0?kL 4 ikl — (o + 1)eiokL

Cs =

Expanding c¢5 in a Taylor series about h = 0 and applying our choice of branch cut for k € C~, we
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find the O(1) term as

V3 (k2)"? = 3ik
Bik [ V30 2L — 1] 4+ /3 (k2)V/2 [V 2L — b (VAU HI)L 4]

_ —V/3k — 3ik
3ik (e—\/gkL — 1) — 3k [6—\/§kL — 2@%(—\/§k+3ik)L n 1}
_ —V/3 — 3i
31 (e—\/EkL _ 1) -3 [e—ﬁkL _ 95 (~V3k+3ik)L + 1}
_ —/3 — 3i
(3i — V/3) e~ V3KL 4 9/3e3 (~VAHRL _3; /3
_\/g — 3 e\/gkL

(3i — v/3) e~ V3L 4 2933 (CVBTBEL _3; /3 eVBhL
— (V3 + 3i) eV3HE
3i — /3 + 2v/3e3 (VBH3)EL _ (3 4 \/3) eVBkL
(V3 + 3i) eV3rE
(Si + \/§> eV3kL _ 2\/§eé(\/§+3¢)kL P \/3'

Without going through the algebraic steps, we find
. 2 .
el kL aelkLe_Tl(\/g-i-?)i)k’L 0

_|_
(V3 +3i)eV3kL 23

so that limy,_,g c5 = C5 as expected.

The remaining coefficient of ¢ (v2,0) in the OV~ integral must converge to the coefficient of
G (a,0) in the O~ integral. In the same manner, we expand the semi-discrete coefficient about

h = 0, so that after simplifications from the branch cut and manipulations, we derive the condition

—(a + 1)etokL aeikLe%l(\/ng?)i)kL

_l’_
V3 —3i 23

which can be shown to be true, implying the continuum limit holds. The reader is encouraged

to continue confirming that every coefficient in the semi-discrete solution converges to their corre-
sponding coefficient in the continuous solution via the steps outlined above — although tedious, it
can be done. Therefore, we conclude that the continuum limit is achieved. On a final note, Figure
4.2.6 depicts how the poles of the semi-discrete problem approach the poles of the continuous one

as h — 0.
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Figure 4.2.6: Roots of A(k) (black) and A(k) (green) as h — 0.
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Chapter 5
ANALYTIC CONTINUATION

Together with Deconinck & Farkas, in [24] we produce solution formulas that are valid for = (and
its discretized version x,) outside of the original domain of definition for several linear IBVPs. As
we have seen, the UTM and SD-UTM are applied systematically to linear PDEs, so we use these
methods as a starting point to derive analytic continuation formulas. With them, we determine
information at ghost points when solving linear problems with high-order finite-difference schemes
or simply when Neumann data is given (see Chapter 6).

In the following sections, we present the derivations of those semi-discrete formulas for a handful
of half-line problems. Although omitted, we could apply these steps to higher-order problems like
those discussed in Chapter 4.

5.1 Advection Equations

5.1.1 Backward Discretization of ¢t = —cqq

We return to the advection problem (2.1.11) on the half-line with wave-speed ¢ > 0 in Section
2.1.2. Discretizing the spacial derivative ¢, using the standard backward stencil (2.1.12) gives
solution (2.1.16):

1 m/h iknh _—WT c (™" ik(n—1)h —WT
i) = [ VTR0 dk + - [ MO g,
27 —7/h 2m —7/h

with dispersion relation (2.1.14). According to Figure 2.1.3, setting n — —n for n € Z* allows us
to deform both integrals arbitrarily below the real line, such that ¢_,(7") = 0. Note that in the
continuum limit, (2.1.16) converges to (2.1.17), where one can also show ¢(—z,7) = 0 for x > 0.

Let us look at the first integral term of solution (2.1.16). Substituting the definition of §(k,0)
gives us

1 w/h iknh —WT - h w/h ik h —WT
o ” e""Me™ " Gq(k,0) dk = Z 27T/ M e*=mhe=WT gi: | 4,.(0).
—T m=1 —T

Making the substitution z = e**” into the integral produces

w/h . 1 1— -1
h‘/ ezk(n—m)he—WT dk = 7{ Ln—m—1 exp |:—C < Z ) T:| dz
27 —7/h 271 |z|=1 h
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Expanding the exponential, we see that
cT 1 X e\ 2t & [T\ el
Zn—m—l e = ) = Zn—m—l = el = i —
Xp(hz> Z(h) 17 Z(h) 17
=0 =0
The 2z~ ! term occurs when ¢ = n — m, so that the residue reads as

ho[T/h ik(n—m)h ,~WT g3 _ ~cT/h (CT>n_m 1
Tt

2 —n/h h n—m)!

Hence,
L™ h W —erih = (TN gm(0)
e""e™ 1 g(k,0)dk = e > - ]

m=1

o —n/h n—m)!’

We follow a similar procedure for the second integral term of solution (2.1.16), except here we
substitute the definition of fo(W,T):

7/h T 7/h
o [ ik (n-Dh-WT ¢ dk:c/ 1/ / =D e=WT=1) g | 1) .
27 —n/h 0 27 —n/h

With z = €*”, the inner integral becomes

w/h
1 oik(n—Dh W (T—t) g _ 1‘ % -2, -W(T—1) g,
27 —7/h 2mih |z|=1
—e(T—t)/h _
_ € n—2 C(T t) 1
= 5 {Z P ( h oz
e =0/ for —p)\"t 1
B h ( h ) (n—1)1
and then,
c [h . c T (T —t)\"*
LY — / ee(T=0)/h u(t) d.
21 J_x/n h(n—1)!' Jo h
Therefore, solution (2.1.16) is rewritten as
- > """ gm(0)
o(T) = e=<T/h “ A f(n, T
@) =TS () Gl ) (5.1

where

c T T —t)\"*
J(n,:r):m /0 e~ e(T=/h ((Tht>> u(t) dt.

Here, q_,(T) = 0 still, so a closer look at the formulation is required. The first term is rewritten

using 1/(n —m)! = 1/T'(n — m + 1), which may be evaluated for n < 0. Since 1/T'(a) has simple
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zeros at nonpositive integers «, the first term does not contribute for n < 0. We focus on the second
term. With the substitution s = ¢(T" — t)/h, we obtain

S g “O) (1) (h)g /0”“ oL g
. T) = F(1n) i uw® (Tg)!(l)Z (,Z)efy <n o CZ) |

ey A L () 2w (1) (=1)¢ (R v (n+6,<L
ity =t 35 ()7 a0 SO (Ot d) g,

(=0 ¢

for n > 1. Note that the representation above is only valid for £ > 1 — n and nonzero for n > 1 due
to the ratio v (n +¢,¢T'/h) /I'(n). To evaluate the above expression at any n € Z, we must rewrite

this ratio. Recursively applying I'(k + 1) = kI'(k), we find

(1) T(b+ 1) T(=b)

Fla=b)=(a-b-1)(a=b=2)-...- (=b) (D) = L(b—a+1)

(5.1.3)

In addition, we derive a power series expression for v(a,y) by expanding the exponential in the

definition:

Yoas1 - o (DF 1Y e o (—D)F gtk
v(a,y) A c g; k! A Z;k! atk

5 VR Ta k),

MT(a+k+1) (5.1.4)
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Combining (5.1.3) and (5.1.4) with y = ¢IT'/h, we have

y(intty 1 i(—l)’“y"”*’“l“(wr“k)
I'(n) _F(n)k: KT(n+£¢+k+1)

= (=DFynRE e T4 k4on)
_E_:kr(n+£+k+1) I'(n)

B 0 (_1)k yn+€+k (_1)l~c+£ F(l _ n) F(n)
_E:mrm+e+k+n'ra_n_k—@rm)

yn+€+k P(l o n)
CHT( 4+ k+ O —n—k—0)

(_1)£ yn+£ n— éF(l _ n)

k=0

(—n —0)! ’
y(n+ty)  (~1)TA-n)
I'n)  T(A-n-0!"

This representation is now valid for n > 0 and nonzero for £ < —n. Hence, treating the evaluation

as a limiting process for any n € Z,

- amm S u (1) (-1)¢ (W v (e + 6, F)
. T —cT/h cr 4m (0) u” (1) (-1)° (h\" 7 ' h
N () B S O

(=
¢ T\ gm(0 2 uw® (T (=1)¢ /h\"¢ a+, <L
= @) =e T/hn;<h> (le_(m))! + Zg)v()<0> OIZI—%IY(F(Q)}L)’ (5.1.5)

=0
where ( T)
y(n+4, 5
>1— >
() , £>1—-—n and n>1,
(oz+ﬁ, ) ’
lim =< (=1)T(1-n)
a—n < < —
— I'(«) T —n—0) n<0 and ¢< -—n,
L0, otherwise.
Then,
=G _1)¢ CCYr( — U () t _
Zu (T) (1) ﬁ ( 1)1 n):zu (T) ﬁ I'(l—n) ’ n<0
P ¢! c 'l—n-1) P 0! c) TQl—n—-1¥)
I(n,T) = o © ¢ Y, o0 Y, £ T
Z u(T) (=1)° (h\" (n~l—£ L) Zu (=1 (h v(n—i-E,T)’ 1.
A c c ['(n)
{=max(1—n,0) /=0

Now, we have the solution ¢,(7T") for n > 1 as written in (5.1.2) and the solution g_, (7" for n > 0

as

" 0 C P(4n
D) <i> I}%1+—) (5.1.6)

qn(T)ZI(_”’T):Z; /! (1+n—10)
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Since (5.1.2) originates from (2.1.16), we combine both solutions (2.1.16) and (5.1.6) to create a

formulation valid for all n € Z as

1 w/h ¢ w/h
qn(T) / €Zth€_WTLj(k’, O) dk + — ezk(n—l)he—WTfO dk

C2m 210 )z /n
-n ¢ Y4 (517)
— ! c) TA—n-20)’
where the integral terms only contribute for n > 1 and the sum only contributes for n < 0.
Note that qo(T) = u(T'), and, like the true continuous solution
¢(—z,T)=u(T+2Z), x>0 (5.1.8)

to this advection equation, the negative half-line solution (5.1.6) depends on only the boundary
condition. Let us show that we recover (5.1.8) by taking h — 0 of (5.1.6). By recursively applying
I'(z+1) = 2I'(2), we have

o1 1, {=0,
I'l+n) -
f,) = g = [T p) = {8
F(l1+n-—2) pl;[o Zapan, (>1,
p=0

such that f(n,£) is a polynomial in n of degree ¢ with leading coefficient a,_; = 1. Hence,

n 0 ¢
o) = g (2) st

_ i u® (T) (g)g (ne tap a4 )

R () e (2)

such that taking h — 0 gives
() o) ()]
—_— +ap—o | — —_— 4+ ...
— c c c
2 u®(T) (a:

= q(—a?,T):Z 7 —)EZu(T—F%).

c
=0
Figure 5.1.1 depicts the semi-discrete UTM solutions for n € Z with formulas (2.1.16) and (5.1.6)
on the left and formula (5.1.7) on the right with A = 0.008 for the IBVP

a9 (T)
u

lim g, (T") = li

Aty 4t = i 2

qt = — qx, z>0,t>0,

sin(4rx) + 1 o
q(x,0) = <(2)) e x>0, (5.1.9)

+ (1 —2m)te™, t > 0.

1
t = —
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1 T =0.375 L T = 0.375
0.5 0.5 /\ j
\/ d
0 0
—
&~
05} B o5t
=y}
1tk 1
— X ACT
156 —e—SD-UTM (n) | | 5k — XACH |
’ —e—SD-UTM (—n) ’ SD-UTM (full)
-1 0.5 0 0.5 1 -1 -0.5 0 0.5 1
Ln Ly

Figure 5.1.1: Extensions of half-line solution (2.1.16).

5.1.2 Centered Discretization of ¢ = —cqy

Next we study discretizing ¢, using the standard centered stencil from Section 2.1.3 with disper-
sion relation (2.1.21) and nontrivial symmetry v4(k) = —k — w/h. The SD-UTM solution (2.1.25)

is

1 w/h w/h
qn(T) = — / eknhe=WT [4(k, 0) — G (v1,0)] dk + £ e e=WT cos (kh) fo dk.
2m —7/h 2 —7/h

With this representation, one can show that q_,,(T) = (=1)"T1q,(T) for n € Z*.

Like in the previous section, we substitute the definitions for ¢(k,0) and ¢ (v1,0) into the first
integral term of (2.1.25) to obtain

1 7/h . " ~ -
ezknhefWT [q(k, 0) —§ (Vla 0)] dk = Z I(n, T, m)Qm(0)7

% —n/h m=1
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where

[(n’ T m) _ ; /‘ﬂ'/h eiknhe_WT (6—ikmh _ e—iylmh) dk
T J—x/h

w/h —_1\ym m/h
h ezk(nfm)hefWTdk_( 1) h/ ezk(n+m)h67WTdk

B % —7/h 2 —7/h

1 —cT 1 —Hm —cT 1
2mi J1z=1 2h z 2mi Jp=1 2h z
T T
= (=)™ "J <m —n, Ch> —(=1)™J <m +n, Ch> ,

after making the substitution z = ¢”*" to use the Bessel function of the first kind:

1 a 1 1 - (—1)¢ a26+n

with the two vital properties J(—n,a) = J(n,—a) = (—=1)"J(n,a) for n € Z and (2n/a)J(n,a) =
J(n—1,a)+ J(n+1,a). Hence,

% _z//}; e W [4(k,0) — G (v1,0)] dk = i(—l)m [(—1)”J <m - n, ChT> —J <m +n, chTﬂ Gm (0)-

m=1
The second integral term of (2.1.25) is similarly rewritten as

w/h T p n/h ikh —ikh
c eiknh = WT (oo (1) fo de = C/ / giknh W (T~t) <e +e > 0
271' 77T/h h 0 27T 77T/h 2

(0170 4 (=)

_c [

2k ),
T c(T—t)) u(t)
() 7

u(t) dt

Therefore, solution (2.1.25) is written as

() =3 (-1)" [(1)7&] (m o, ‘f) iy (m +n, Cg)] gn(0) + M(n,T),  (5.1.10)

with

M(n,T)=n /O "y (n C(Th_ t>> T“(_t)t dt.

Note that setting n — —n for n € ZT gives

¢n(T) = i(—nm {(-1)%} <m +n, ChT> i (m —n, Cg)] 4 (0) — n/OT J <—n, C(Th_ t)) ul) g

m=1 T—t
- —<—1>”g<—1>m [(—w (m—n, hT) —J <m+n, m (0 - (1" [ ' <n 0 t>> 0,
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One can show that further breaking apart the first term of (5.1.10) via the expansions of J (m — n, ¢I'/h)
and J (m + n, cT'/h) does not provide a helpful representation when n — —n for n € Z*. Let us take
a closer look at the second term of (5.1.10) instead. Making use of s = ¢(T" — t)/h and expanding,

we have

M(n,T) = n/OCT/h J(n,s), <T _ hs> ds

[T L) S D (1Y,
0

p! c

_ ni uP(T)(1) (h)p/ocm J (n,s) P~ ds

p=0
_ ﬁ i U’(p) (T)(_l)p ﬁ i i (_1)6 /CT/h 82€+n+p—1 ds
AL p! c) = AT+ n+1)22 ),

(L) SO

where

2 (=1)¢ feT\* 1
L(n,T,p) = — .
(n,T.p) ; 0 \2n) TU+n+1)20+n+p)
Suppose n € Z and assume ¢ # 0 # p for now. Then, L(n,T,p) = 0for ¢ < —n—1and ¢ # (—n—p)/2.
When ¢ = (—n—p)/2, 1/T({4+n+1) = 20+n+p = 0, so a careful consideration is in order. Applying
relation (5.1.3), we find

1 1 1
_ T (20 -
TlintD@itntp) TlrnsD TP maorinspy
(_1)(Z+p+1 F(—n—ﬁ)

TTA-2-n—pT(1+20+n+p)

which is only valid for £ < —n — 1. In fact, the left hand-side is nonzero only for n = —2¢ — p or
p = —2¢ — n. Therefore, we can split the sum as
—n—1 20
—1)¢ (eT —1)HPHI D (—n — ¢
vt =3 S (5) et e
— o \2h rl—20—n—-p) (1 +20+n+p)
N i (_1)£ g 2¢ 1
/! 2h IF'(l+n+1)(20+n+p)
{=max(—n,0)
—n—1 20
I'(—n— T
EEDY (=n—10) (C)
= MPA=20—n—p)T(1+20+n+p) \2h

> (—1) T\
Y 0T +n+1)(20+n+p) <2h> ‘

{=max(—n,0)
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Now L(n,T,p) is valid for all n € Z. Returning to M (n,T), we have

TN & W) () 77 —n—1 I(—n —0) T\ %
M(n,T)——n<2h> pZ::Op; Ez; 01 —=20—n—p)T(1+20+n+p) (%)
(Y STy S Cf A
o 2 D tmingy AT 0+ 120+ +p) \ 20

The first coupled sums reduce to

(T Zu(p) il I'(—n—0) r\*
2h £ IT(1—20—n—p)T(I+20+n+p) \2h

p=0

n —n—1 o 20 oo (p) )
() g D=0 (1Y s u® (1) T
2h —~ 14 2h = p!T(1—20—n—p)T(1+ 20+ n+ p)

T\" & I'(—n—0) 2 (=20~ n) )T72£7n
) 2 ) e
(=0
—n/2
(" (~2t=n)( e\ ( n—ﬂ—l)
"<2h> — “ <2h) (=20 —n)”
so that
—n/2

)= )" 30 ()

T\ S u®(T) (=T & (=)f I\
+”<2h> ZT Z ATl +n+1)(20+n+Dp) <2h> '

p=0 ¢=max(—n,0)

Therefore, solution (5.1.10) becomes

1 7/h

i) = 5 [ T (g(h,0) ~ 4 (,0)] d
T J—x/h

—n/2

-n (i)n Z u(_%_”)(T) (i)% W (5'1.11)

RN u(p)(T)(fT)p oo (71)f cT 20
+n(2h) ZT Z ATl +n+1)(20+n+p) (2h) 7

p=0 {=max(—n,0)

where we replaced the initial condition sum from (5.1.10) by the integral in (2.1.25). If n € Z", then
the representation (5.1.11) reduces to (5.1.10), and hence, the original solution (2.1.25), since the
first sum of (5.1.11) vanishes and max(—n,0) = 0. In addition, the representation (5.1.11) allows

us to recover the boundary condition at n = 0. Here, the first two terms vanish. Let us expand the
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third sum, where we choose to start the f-indexed sum at £ = 0, but we could similarly repeat the

following with ¢ = —n as the starting index. We have
(<T\" iu@ (T)(=T)P i (-1)* T\
2h p! ~ ATl +n+1)(20+n+p) \ 2h

p=0
- (i) T (¢ i(?ﬁf(); +n) (i)ﬂ

=,y (-1 T\
+Z Zelr (l+n+1)(20+n+p) <2h>

w(T) > w(T) (1) T\
T(n+1)n + £ UT((+n+1)(20 +n) ()

2
+iu ZélI‘E—i-n—f-_ll))(;E—i-n—i-p) (;z;)%
e () ) sz?:;z;w (&)’

: )

O

p=1

(Y
a 2h

Replacing the above into the representation (5.1.11) and setting n = 0 indeed gives qo(T") = u(T).
Let us treat the representation (5.1.11) with n and —n separately for n € Z*. With this

restriction, we have

1 w/h B X X
(1) = 5 [ e q(h0) — 0, 0) d

o o 5.1.12
N T nzu(p)(T)(_T)pZ (_1)£ g 2( ( )
"\on par Pl 2T +n+ 1)@ +n+p) \2h)
and
1 (™ e —wr .
anl) =5 [ eI q0,0) - 4 (0, 0)) d
™ J—m/h
¢ \-n L2 (n—20) 1y (© 2 (pn—£—1)!
+”<ﬁ> ;%“ ()(%) 1 (n = 20)!

TN 2 u(p)(T)(—T)p 00 (_1)6 T\ %
“n 2h> > o ezzne!r(é—n—l—l)(%—n-i-p) <2h> '
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Note that, with the re-indexing ¢ — ¢ — n, the last term becomes

(& ”iu@ =iy (1) 2N
2h = = nﬁ'F —n—l—l)(%—n—l—p) 2h
cT niu(p i (—1)t+n T\ 2+
= —Nn —_— —_—
2h = p! = €—|—n'F€—|—1)(2€+n—|—p) 2h
= oy (L) 5T T)pi (-1)* o\
B 2h pard p! HF£+n+1 0204+ n+p) \ 2h

Thus, using (5.1.12),

(_1>n+1 m/h iknh —WT [~ q
q_nm:zw/ L Ce ath,0) = (1, 0)] dk
on\" L2 (=20 () (n— L= D)
o (%) e ()" Gaam
" o u(p)(T)(—T)p oo (_1)f cT 2/
+ (~1) n<2h> pZ:O P! ;I‘(ﬁ—i—n—l—l)ﬂ(%—l—n—Fp) (2h>
1 n/h R A
_ (_1>n+1 [2/ ezknhe—WT [q(k,()) —q (Vlao)] dk
T J—n/h
6T\ S ) > (=1)° T\ *
+n<2h> ; ol Z;rg+n+1 )£ (20 +n +p) <2h>

n /2 o,
() S ()" i

n n/2 oy
g-n(T) = (-1)""q,(T) + ( ) Z (n=20)(p (Qh) EW (5.1.13)

Due to the entirely dispersive nature of the centered discretization (see Section 2.1.3), if the
boundary function u(t) and the initial condition ¢(x) are not compatible (i.e. u(t) # ¢(—ct) ), this
solution exhibits “dispersive shock” behavior for x, < 0. Because of the “dispersive” shock, the
continuum limit for (5.1.13) will have a limit as n — oo if and only if the initial and boundary
conditions are compatible. The “dispersive shock” travels upwind at a speed of ¢. To illustrate this
behavior, consider the IBVP (5.1.9) from the previous section. Figure 5.1.2 depicts the semi-discrete
UTM solution with formulas (2.1.25) and (5.1.13) for n > 0 and n < 0, respectively, with h = 0.04
on the left and h = 0.008 on the right. Note that the oscillations do not diminish as h — 0, implying
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q.(x"’. T)
ql(xm T)

— CXACH
—e— SD-UTM (n)
—e— SD-UTM (—n)

— X ACH
51 —e—SD-UTM (n)
—o— SD-UTM (—n)

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Tn L,

Figure 5.1.2: Extensions of half-line solution (2.1.25) for IBVP (5.1.9) with h = 0.04 (left) and
h =0.008 (right).

the growing error to the left of the x = 0 boundary is due to the choice in discretization — evidence

this centered stencil is not the natural discretization for this PDE.

For ¢ < 0, (2.1.11) does not specify a boundary condition, but the solution (2.1.25) still requires
one, so we choose the compatible boundary condition u(t) = ¢(—ct). Hence, for analytic ¢(z), we
will not see the “dispersive shock” behavior. However, if we start with a discontinuous (or non-
analytic) ug(z) we see the “dispersive shock” for z > 0 (n > 0), demonstrating that this behavior
is not a feature in the continuation formula (5.1.13), but a characterization of the inappropriate
discretization (2.1.19) [43].

It is interesting to note that one can “average” out the “dispersive shock” wave to get the

extension formula

(5.1.14)

which is second-order accurate, but does not solve the discretized equation (2.1.19).
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5.1.83 Higher-Order One-Sided Discretization of g = —cqq

Applying the backward second-order discretization (2.1.26) to the IBVP (2.1.11) gives global
relation (2.1.27), dispersion relation (2.1.28), and solution (2.1.33):

1 n/h w/h 3 —tkh _ _,—2ikh
Qn(T) / ezknhefWTq(k’O) dk + 2;/ / ezknh67WT |:< € e > f0:| dk
—7/h

"2 ) 2
7/h 2
— 1/ / eth(n=Dhe—WT <h V+ s ‘7) dk,
27w/ 2 4

where V(W,T) and V(W,T) are the time transforms of v(t) = «/(t) and o(t) = u”(t), respectively.
From Figure 2.1.7, one can show that (2.1.33) gives ¢_,(T") = 0 for n € Z*, similarly how (2.1.17)
gives q(—z,T) = 0 for z € RT. If we introduce

1 w/h T
Bn(n,T,g) = / /helk("*mWWTGdk, G(W,T) = /O eWly(t) dt, (5.1.15)

for the boundary terms, then the semi-discrete solution is rewritten as

1 w/h
an(T) / etknhe=WT'h (k. 0) dk + 3¢By(n, T, u) — ¢Ba(n, T, u)

27 )z /n , (5.1.16)

h
- hBl(TL, T,U) — 27B1(77/7T,’l‘7)
C

Leaving the initial-condition as is, we focus on B,,(n,T,g). We have

1

n/h T T
Bun(n,T,9) = - / /he’“"‘m)h‘WT [ /0 e%(t)dt} dk = /0 Ln(n, T, t)g(t) dt,

with

w/h
I(n,T,t) = 1/ / etk(n—m)h=W(T—t) g1 _ 1% yn—m =W (T—t) ﬁ
|z]=1

AT )z 4 thz
—3c¢(T—1t)
_¢c n—m—1 _ 2 -1 C(T — t)
TR {Z P [( R
e Z (—1)* 2(T — )\ ™"
- 2h Pt 22kl (n —m — 2k)! h '

A tedious calculation shows that there is no contribution if n — m is odd. Using the substitution
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s =3c¢(T —t)/(2h) and expanding about h = 0, we have

T —3c(T—t) 5™ B R
e (-1) 2¢(T — t)
Bm(n, T, 9) = t) dt
. T,9) /0 2h kzo 22k (n — m — 2k)! ( h 9(t)
1 i <_1)k 4 n—m=—k SzchT s ek 2h
" 3¢ Z 226kl (n —m — 2k)! (3) / € s 9<T—3CS> ds
k=0 0
1 'n_2m (_1)k 4 n—m—~k o0 g(p)(T)( ) 2h 73 . n_m_k+
:§ZQ2kk!(n—m—2k)! (3) Z!<3c> / e °s Pds
1 % (_1)k 4 n—m—k o0 g 9% 30T
= — _ . _ k: 1 ot .
3ck§022kk!(n—m—2k)! <3> Z (30) 7<n m—k+p+1, 2h>

Applying relations (5.1.3) and the power series of the lower incomplete gamma function (5.1.4), we

have

7(n—m—k+p—|—1,3§{)
'n—m-2k+1)

(—=1)F*PT(m + 2k — n)
'm+k—p—n)

PZk‘—n‘FmJﬁSnEma

o Y@= m—kp+1 5

5.1.17
a—n Na—m—2k+1) ( )

, k>Mnem oy <m4k—n-—1,

0, otherwise.

Collecting the summands in S(n,T, k,p) and relaxing the upper bound on the summation over k

(again by adding zero terms), we write

Bp(n,T,g) = Z Z S(n,T,k,p)

k=0 p=0
n—m
2 00 m4-k—n—1 00
ol POREEEDY o+ Y STk
k=0 k:max( 1+T§7m ,0> p=0 p=max(k—n+m,0)
n—m
2 0 o] m+k—m—1
= > S(n, T, k,p) + > ST S, T, k,p)
k=0 p=max(k—n+m,0) k:max(1+n m,O) p=0

where the other terms are shown to vanish. For n > 0, the second of the double sums above vanishes,

and the first can be rewritten in the integral form from (2.1.33). For n < 0, the first pair vanishes.
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We let n — —n for n > 0 from here on. Relaxing the bounds (re-introducing zero contributions),

_ L i i (=D* (5 Tremk gl (1) (—1)p (2h>p (—1)%*+PT(m + 2k + n)

30k:0pz02 k! p: 3c I'm+k—p+n)
_1 n+m§:9(p)(T) 2h pi L (3\" T(m+2k+n)

3c \ 4 =0 p! c — 22k \ 4 F(m—Fk‘—p—i—n)

1 /3\"tm X g(p)(T) 25\ P m+n m+n+1 \

where oF(a,b;c; z) = oF1(a,b;c;2)/T(c) is the regularized hypergeometric function [19]. In sum-
mary, the solution for n > 0 is given by (2.1.33), while the analytic continuation for negative values

is

2
q—n(T) =3¢Bi(—n,T,u) — cBa(—n,T,u) — hB1(—n,T,v) — Z—Bl(fn,T, 0), (5.1.19)
c

since the initial-condition integral vanishes.

Lastly, let us show that (5.1.19) converges to ¢(—z,T) = u(T + %) in the continuum limit. For

the boundary terms with the given Dirichlet boundary condition u(t), we have

3¢Bi(—n,T,u) — cBa(—n, T, u)
3 T u(p)(T) 2h\” [ (14+n n42 3
= <4) > <3C) FA+n)ok (5% 51+ n—pig)

I
p=0 P

| —

n+200u D B
) > ( >F(2+n)zF1(2J§"73§”;2+n—p;i)

>~ w

3 =
o0
uP h\P [ 3nti=p 5 1in nd2 3 F2+n) = o4n 3¢ 3
=>. <C) {22n+2 p[ (Ln)oby (5% 2555 14 n—pig) — =2 (2"72n¥2+”—1’¥4)}
p=0
o
uP h\?
=3 (2) son
p=0
where
3ntl=p - . L'(2+n) -
f(n>P):W[F(1+n)2F1(1J§”,éﬂ;1+n—p;i)—(4)2F1(22”,32n;2—|—n—p52)]

p
-
£=0
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with ¢y = 1. Hence,

> u@ (T P
3¢Bi(—n, T,u) — cBo(—n, T u) = Z uP(T) <}CL) (np +enP 4. )

S )
= p! c c c
4, (T) nh\? cih (nh p-1
: B T o) — Bm. T Y U nn i
= hlg%[ (—n, T, u) 5(—n, 7“)] Zo ! (c)+c(0) *

For the Neumann boundary term,

O @Oy /RN\PTLT gnep
. u n
hBy(—n, T, i) = > p‘() <C> [22n+2_pr(1 +n)oFy (M2, H 1 4 — p; i)}
p:0 ’

- Z O o,

where
3nr Bo(1in 2 3 1 ¢
f(n p) 922n+2— pF(1+n)2F1( 2n’ 2”,1+n—p,1):§z énp )

with ¢y = 1. Thus,

> ) (T p+l
hBi(—n,T,4) = Z ur AT <ZL> (n? + Pt 4. )

= 2p!
L wetD) (Y [ (RN (nh\P  _ (h\? [nh\P!

= 7' — — +Cl — — + ... y
o 2p! c c c c

and limy,_,g hB1(—n,T,u) = 0. We reach a similar conclusion for the second-order derivative term:
limy,_,0 h?/(2¢)B1(—n, T, i) = 0. Therefore,

h2
lgm%q n(T) = hrn [SCBl( n,T,u) — cBa(—n,T,u) — hB1(—n,T, 1) — Q—Bl(—n,T, u)]
— c
=u (T—i— —) =q(—=x,T).
c
5.2 The Heat Equation

5.2.1 C(entered Discretization of q@ = gy, with Dirichlet condition

Next, we consider the heat equation on the half-line (3.2.1) with the standard centered stencil
(2.2.2) that gives dispersion relation (2.2.4) and global relation (2.2.5). The SD-UTM gives solution



139

qn(T) = * / o eknhe=WT [4(k,0) — ¢(—Fk,0)] dk — o etknhe=WT sin(kh) fo dk.
27 —n/h mh —7/h
From this formulation, one could show that ¢_,(T) = —¢,(T) for n € Z* and qo(T) = 0. In the
continuum limit, solution (2.2.9) converges to (2.2.10), where one can also show ¢(—xz,T) = —q(x,T)
for x > 0.
Let us look at the first term of (2.2.9) to introduce notation. Substituting the definitions of
G(£k,0), we have

i m/h eik’nhe—WT [d(k 0) _ q(—k 0)} dk = i m/h eik’nhe—WT h i (e—ik‘mh _ eikmh) q (0) dk
2m —7/h ’ 7 2m —7/h m—1 "
=) I(n,T,m)qm(0),
m=1
where

ho[T/h . 4
I(n,T,m) = / ethnh (eﬂkmh — e”kmh> e W dk = Li(n,T,m) — Li(n,T,—m),

27 —7/h
with
h w/h
Li(n,T,m) = / etkn=mhe=WT g
27 —7/h
for brevity. The transformation z = e**" allows

h nem 2—z—271 dz
Il(n,T7m):2ﬂ_7|{_lz exp [— (I’LQ) T} e

e 2T/n? - 1 /2T 1
= n—m-— - (= )l d
w0 o) ()]

2T
— e 2T/Mp <m —n, ) , (5.2.1)

h2

where

1 a 1\] 1 = 1 a)2tn
B(?’L,&)—Qm}{e){p 9 Z+; ﬁd'zzzm(§> ’
|z|=1 =0

is the modified Bessel function of the first kind with the two vital properties: B(—n,a) = B(n,a)
for n € Z and B(n,a) =2(n+1)B(n+ 1,a)/a+ B(n + 2,a). Returning to I(n,T,m),

2T 2T
I(TL,T,’I’TL) :6_2T/h2 |:B (m—n,h2> —B <m—|—n,h2>} 5
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so that the first term of solution (2.2.9) is

1 7"'/h . 2 e 2T 2T
L piknh ,—WT [G(k,0) — G(—k,0)] dk = e 2T/h Z [B <m—n, h2) - B (m+n 32 >] gm (0).

2 —7r/h el

Let us now look at the second term of solution (2.2.9) in a similar fashion:

: w/h 7 w/h T
- eHhe=WT sin(kh) fo dk = — eFrhe=WT sin(kh) / eWlu(t)dt| dk
mh —7/h mh —7/h 0
i T
=— [ J(n,T —tu(t)dt,

with

w/h
J(n,T —t) = / kb e =W(T=) gin(kh) dk
—7/h

n/h ikh _ _—ikh
:/ ezknhe—W(T—t) (e ‘e > dk
—n/h 21

7/h 7/h
1 Gkt DR =W (T=t) g _ L / Gik(n—1)h —W(T—1) g1

2i J_pn 2i J_pn
= thl(n T—t,—1)— —L(nT—t1)
:””“M L) o)
{ )
I T —t) —nhwe /th n72 )

Hence, the second term simplifies to

. x/h T _—2(T—t)/h? AUT — ¢
! etknhe=WT sin(kh) fo dk = —n/ ¢ B (n, AT 1)

% —7/h 0 T—t

Solution (2.2.9) is now rewritten as

YER S 2T 2T
gn(T) = e~ 21/" Z [B <m —n, h2> - B <m+n, h2>] am(0) + K(n,T), (5.2.2)
m=1
where Tty
e ATt 2(T —t)
K(n,T):n/O T3 B<n7 % )u(t)dt.
Like solution (2.2.9), it is clear that this formulation continues to give q_,(T) = —gn(T) and

q(T) = 0.
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Following a similar technique from the advection equation, we take a closer look at the second

integral term of (5.2.2). With the transformation s = 2(T — t)/h?, we have

2T /h? > (p) 2

_n/ B(n,s)zu (T)|( ) (h ) sPds

0 § =0 p

o) (p) (T)(—l)p <h2 )p /ZT/h2

U

=n — e *B(n,s) s’ tds

> () (0.5)
oy DD (1Y /W )y m—e ] PR
- P! 2 ) Jo OT(+n+1) \2
—n i u®) (T)(=1)? hj P i 1 /2T/h2 o8 g2Hn+p=1 gg

= p! 2) = 0T(l+n+1) 22t+n Jo ’

n = uP(T)(=1)? (h*\? 1 2T
K T)=gd —— (z)%amunﬂ)zw(?“”ﬂ*hz>'

i &SR U (RIS 1 (24 atp )
5 ()

a—n a—n 20 =0 p! ? — 022¢ F(g + o+ 1)
. u®(T)(=1)P (R2\P X 1 2 + o+ p, 2L

K1) = L e (0 i 2 P3z)
2n = p! 2 — 0226 a—n T+ a+1)

where the relations (5.1.3) and (5.1.4) with y = 2T/h? tell us

( l)k y2£+n+p+k

v(@2l+n+py) 1
-T(2¢ k
T(l+n+1) T(+n+tl) Zk'l“ (1ol iniprh) [GFntpth)
B F(l—n—f—l - ( 1)ky2£+n+p+k ( 1)2€+p+kF(1_n)F(n)
(=D)L —n)D(n) < k1T ( (1+20+n+p+k) T(A—-20—n—p—k)

y2lAntpth

— _1€+p+1r _
(=1) (—n Zk'F1+2€+n+p+k) N1—20—n—p—k)

2{+n+p—20—n—p

= ()P0 =) g

T2+ n+py ()T (=n -0
Fl+n+1)  T(A-20—n—p)
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so that
v (20+n+p, 2%)

F(l+n+1) °
2T
T o 03 D RS
a=sn T'(l+a+1) )
I'l1—n—20-0p)

20+p>1—n and {£> —n,

{<-n—-1 and 2/0+p<—n,

0, otherwise.

Hence, let us split the ¢ and p-indexed sums. For brevity, define

(p) 1) 2\ P 20 , 2L

p! 2 ) 02asn THU+a+1) 7
so that
n oo oo n o0 o0
Kn.T)= 2> > S0, T lp)= 5> > S0, T.L,p)
p=0 (=0 =0 p=0
n —n—1 00 —n—2¢ 00
S SO DI I D ST S F O )
£=0 ¢{=max(—n,0) p=0 p=max(—n—2¢+1,0)
n —n—1-—n—2¢ n [e%S) —n—2¢
K(nT)= o > ST lp)+5, Y, D, SmT.Lp)
(=0 p=0 {=max(—n,0) p=0
n —n—1 00 n 00 00
o > ST, 6p) + 50 D, > S(n,T.L,p).
=0 p=max(—n—2¢+1,0) ¢{=max(—n,0) p=max(—n—2¢+1,0)
Consider n < 0, so that the /-indexed sum from the second pair of sums begins at £ = —n, which

then gives the upper bound of the p-indexed sum as —n — 2¢ = n < 0. Since the starting index
is p = 0, this pair of sums does not contribute for n < 0. Now consider n > 0, so that £ = 0 is
the starting index for the first sum, which gives —n — 2¢ = —n < 0 for the upper bound of the
p-indexed sum. Thus, this pair of sums does not contribute for any n € Z. The third pair of sums
likewise vanishes for all n € Z, since S(n,T,¢,p) = 0 for these ranges of ¢ and p, regardless of
limg—n v (20 + o+ p, 25) /T({ + o+ 1). We then have

—n 82 (—1)f 22, (T) [ R2\P I'(—n—¢
IR = S (4

o 022t = p! 2 1—n—20—p)
n i": 1 i ulP(T)(=1)? (h2\"~y (20 +n+p,55)
on 01220 p! 2 T(l+n+1)

¢{=max(—n,0) p=max(—n—2(+1,0)
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In the first coupled sum, we relax the upper bound of the p-indexed sum allowing us to interchange
the sums themselves:

n —n—1 (_1)5 —n—2¢

uP(T) (R2\?  T(-n—0) —n &= (
on 01220 2 <> (1

|
- = p! 2

B h? ['(—n—1¢)
—n—20—p) Z"Z; 6'2252 ( > N

1—n—20—1p)

—n u() Pt [(—n—20)
27;;:0 ( ) Z 224

~ I'l—n-—20-p)
oo

_ ;j}pg_%u@m (%) zonp

1 S (=) D(-n—¢
p! — 0226 T(1—n—20—p)
with the Gegenbauer polynomial

where

(1)t W) (1)
p!sin(mn) (1 —p) ’

Cm)(1) = I'(2m+n)

r@2m)fin+1)
By grouping terms, we can employ relation (5.1.3) to give

L(1+n+p)= ()" T -pTp) _ (=HTPTA

—n)I'(n)
I'(—p—n) I'(—p—n)
—1)ptn —-n n
- oy - CUT )
Thus,

on+p(_ 1y teg
Lin,p) = 2D

: oP oyt
I'(p+1) sin(mn) noP I'l—p)
_P(-)™PT(A —n)T(n)  T(2p—n-—p) I'(p)
Fp+1) I2p)r(1—=n—-p) (=P T(1—-n)l(n)
_2""PT(p—n)  T(p)
Il—n-p) Tp+1)T(2p)
_2"PT(p—n) 2

Il—-n—p) I@2p+1)
on+p+1 I'(p—n)

rl—n—p)T'2p+1)

Returning to the first pair of sums in K (

—n—

—_n—p
Z h2 ['(—n— i h2 2mHPHL (p — )
2” — 6' 225 r( —n—2€ p) —~ F(l—n—p)F(2p+ 1)

T)h?PT
Z (p—n)

1—n p)T(2p+1)

n,t), we find
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where the infinite sum can be truncated to start from p = 0 and end at p = —n. Hence, K(n,T)

becomes

- u®)(T) R T (p —n)
K(n,T) = *2”222 F(l1—n—-p)T(2p+1)

p=0
L i 1 i ul®)(T)(~1)P <h2>”fy(2£+n+p,?§)
n 1920 ! ’
2 {=max(—n,0) (2 p=max(—n—2(+1,0) P 2 F(€ tnt 1)
so that the solution representation (5.2.2) is now
1 [/ — uP)(T)h*T(p—n)
" T) = — iknh —WT [ 4 k o~ _k
(@) =5 [T q(0,0) = G-k 0) b — Y 1_n ey
" =0 (5.2.3)
N 1 . ul?(T)(=1) y(20+n+p i)
T 2 0122 2 p! 2 rl+n+1)
¢{=max(—n,0) p=max(—n—2¢+1,0)

where we have replaced the initial conditions terms from (5.2.2) by those from the original repre-
sentation (2.2.9).

If we now consider n > 0 only, the second term above vanishes and we have

1 w/h 3 X A
gn(T) = o / e (g(k, 0) — G(—k, 0)] dk
™ —7r/h

h2\? v (20 +n+p, 3%)
2”2612252 <2> Frl+n+1)

(5.2.4)

which can, of course, reduce back to the original representation (2.2.9). If we consider n < 0 or



145

n — —n for n > 0, then, with a re-index ¢ — ¢ — n, we have

w/h () (T P n
=L D) R T(p + )

1 o—iknh —WT
= ikn k,0) — G(—k,0)] dk + 2
o7 )i 4k, 0) = a(=k.0)] dk + nzr 1+n—p)T(2p+1)

Sy y oy hj Py —n+pi7)
27 £ (122 ! 2 Tl —n+1)

p=max(n—2¢+1,0)

L e - ®)(T) K2 T(p + n)
_%/_ﬂ/hek heWT [k, 0) — G(—F, 0)] dk + QnZ Ftn o Tt T

Sy 1 3 M h2\" 5 (20+n+p, %)
27 £ ({4 )l 220+2n 2 r+1)

|
p=max(—n—20+1,0) P

—1 (™" n —wr u®(T)h?PT(p + n)
= 4/he e VT [4(k,0) — G(—k,0)] dk + 2nz 0 tn @t D

3 ﬁi 1 iu —1)P }L2 p'y(%—i—n-l-p,ﬁ)
o~ 6!2%}):0 p! 2 Fl+n+1)

1 w/h

et he=WT [4(k, 0) — G(—k,0)] dk

TYR?PT(p +n)
_Q"Z 1+n— )Tp+1) [

+£i 1 iu(p)(T)(—l)P B2\ v (20 +n+p,35)
on £ ¢l 22¢ = p! 2 F'l+n+1) ’

2p n
—QnZ 1+n—h FF((pr++)) — gu(T). (5.2.5)

To recover the boundary condition at n = 0, first extract the first term of the sum:

2p n
gn(T) = n[ +Z DrTptn) | )

1+n— )T(2p+1)

“ uP)(T) T (p+n)

U p+n
= - § — qn(T),
2n 1—|—n p)T'(2p+1) (T)

so that ¢o(T") = 2u(T) — qo(T) = w(T).

The analytic continuation of the continuous solution [24] is

u(p)

—q(z,T). (5.2.6)

—z,T) —QZ
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We can recover (5.2.6) from the continuum limit of (5.2.5) by noting that

Fp+n) ' " P
nl'(p+n
n,p)=—r—""—"5= n—L0)(n+4f)=¢ZL

/=1

such that f(n,p) is a polynomial in n of degree 2p with leading coefficient a, = 1. Hence,

" ou@(T

u _
gn(T) = e <>. [(nh)* + ap_1h?(nh)* =2 + .. ] — gu(T)
p=0 P
" ou® (T)
. . u _
> Jimgn(T) = Jim 12 (2p)! [(nA)*F + apah*(nh)72 + ] = u(T)

> u@) (T)

U
=2 Z z?® — q(z,T).
= (@p)!
As an example, solving the IBVP

qt = Qzx x>0,t>0,
q(xz,0) =3ze™*, x>0, (5.2.7)

q(0,t) = sin(4nt), t >0,

gives Figure 5.2.1 on two different spatial grids.

5.2.2  Centered Discretization of qx = qze with Neumann Condition

For the Neumann half-line problem (3.2.16), the same centered stencil from the previous section
gives the SD-UTM solution (2.2.18):

4n(T) = — / eV [q(k, 0) + e™g(~k, 0)| dk — — / e WT (14 ™) U dk.
2m —x/h 27 —7/h
From here, one could show that ¢_,,(T) = ¢,—1(T) for n € Z*, while the continuous UTM solution
(2.2.19) gives ¢(—z,T) = q(z,T) for x > 0.
Following the usual tactics from this chapter, the first term of (2.2.18) is rewritten as
1w T CoTh? 2T 2T
i ik k] a5 [ ) 8 1)

21 —7T/h 1
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) —~
&~ &~
s 2f g -2
& 8
SN— SN—
j=} (=)
-3 3
-4+ — X ACH T -4t — X ACH
—e— SD-UTM (n) —eo—SD-UTM (n)
—=e— SD-UTM (—n) ——SD-UTM (—n)
-5 . . 5 | |
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Tp L,

Figure 5.2.1: Extensions of half-line solution (2.2.9) for IBVP (5.2.7) with h = 0.2 (left) and h = 0.05
(right).

Next, we substitute the definition of U (W, T') into the second term of (2.2.18) to obtain
L (™" e —wr ikh I
— eihnhe (1++¥ )Udk—‘/ I(n, T, tyu(t) dt,
27 —7/h h 0

with

. m/h .
I(n,T,t)= 2h/ gthnhe=W(T=t) (1 + e’kh> dk
T J—n/h

w/h /h
= i / eiknhe—W(T—t) dk + h/ / eik(n—l—l)he—W(T_t) dke
2 —71'/]1 2 —TI'/h
AT —t AT — ¢t
_ 2Tt/ [B <n (h?)> B <n+ . <h2)>] |
where I1(n,T —t,m) is defined in (5.2.1) when solving the heat equation with a Dirichlet boundary
condition. Then,

1 ™ ek —wT ikh 1T e 2(T —t) 2(T —t)

Hence, solution (2.2.18) is rewritten as

o0

gn(T) = e 21/M 3 {B <m —n, if) +B <m o+, g)} m(0) — P(n,T), (5.2.8)

m=1
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where .
1 2(T —t 20T -t
P(n,T) = h/o e~ 2T/ [B <n, (h2)> +B <n +1, (h2))] u(t) dt.

Even with this representation, setting n — —n for n € Z*1 gives ¢_n(T) = ¢n—1(T).
Let us take a closer look at the second term of (5.2.8). With the substitution s = 2(T — t)/h?,

we have
1 9 B2 _p2
P(n,T):/ e [B(n,s)+B(n+1,s)}u(T_) () ds
h 2T'/h? 2 2
h 2T /h? 12
:2/ e ?[B(n,s)+B(n+1,s)u <T—2> ds
h 2T/h2 %) (p) 1y h2 p
2 - p! 2
h B2 2T /h?
*Z - < ) / e *[B(n,s)+ B(n+1,s)] s ds.
2 = p! 2 0
Note that
1 2€+n o 1 20+n+1
B B 1, - I
(n,s)+ B(n+1,s) AT (C+n+1) (2) AT+ n+2) (2)
g2t+n S2€+n+1
_25'22”” [ F'l+n+1) + 2I‘(€+n+2)]
so that

[o.9]

> u® 1) /R2\P 2T/W? 24n 2+n+1
P(n,T) = h Z w h / — Z 1 S + S sP ds
2 0 = ! 2264 [ Tl+n+1) 2T +n+2)

2T /h? o= g2l+n+p e~ 5 g2ttn+p+l
/0 [ I'l+n+1) 2F(€+n+2)}

F'l+n+1) * 2T(l+n+2)

h S u®(TY (1P (h2\P & v(24n+p+ 1,2 4 (204 n+p+2, D)
= 251225
=0

h2>pi 1 v(20+n+p+1,2%)
£

n+1 ! D) 20
2 L p 2) =2 T(l+n+1)
N h o= u®)(T)(=1)P hj P i 1 Y(20+n+p+2, g)
2n+2 p! 2 0122t rt+n+2)

— P(n,T) + P(n+1,7),
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where we have introduced

s y(20+n+p+1,25)
P(n,T) h
(n, 2n+1 Z ( ) Zg|22£ T(l+n+1) ’

for brevity. Applying relations (5.1.3) and (5.1.4) with y = 27'/h?, we find

Y(2lt+nt+p+ly) 1 (—1)k y2lHntpthtl
-T'(2¢ k+1
L(t+n+1) L(l+n+1) Zk'F2€+n+p+k+2) 20+n+p+k+1)

o F(]. —n—¥— 1) i 1)k y2£+n+P+k+1 (_1)2€+P+k+1 F(]. . n) F(n)

y 2tk

= (=) (=n—¢ Zk'r(2€+n+p+k+2) [(=20—n—p—k)
(—1)*PT(—n —0)
r(—20—n-p) ’

so that
v(@20+n+p+1,3%)
20 > — d ¢>—
Tl+nt1) & o rp=7n and £=z-m,
T@2+a+p+1,3F) ¢
li ) L (=1)PT(—n— 4
asn Frl+a+1) (I‘()—%—(n—p))’ {<—-n—-—1 and 20+p<—-1-—n,
0, otherwise.

\

To be concise, denote

_ @ (2N 1 (et p+ 1)
- 2 ) 025 T(l+a+l)
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so that splitting the sum similar to those in Section 5.2.1, we obtain

PnT 2n+IZZSnT€p 2n+IZZSnT€p

p=0 ¢=0 (=0 p=0
h —n—1 00 —n—20—1 00
= gn+l Z + Z Z + Z S(n.T,¢,p)
=0 ¢{=max(—n,0) p=0 p=max(—n—2¢,0)
—n—1 —n—20—1 h —n—20—1
2n+12 Z S, T 6p) + 5oy Z Z S(n, T, 4, p)
p= {=max(—n,0)
—n—1 h o] o0
2n+1 Z Z S(’I’L,T,K,p) + W Z Z S(TL,T,E,p)
(=0 p=max(—n—2¢,0) ¢{=max(—n,0) p=max(—n—2¢,0)
Z Zf 1 p>< (17 (WP 1 (CDPT(n 1)
2’“”rl - 2 022t T(=20—n—p)
h = > (T (=1)P /[h2\P 1 2W+n+p+1,
n Z Z uP (T)(=1)P (h*\" 7 ( p 7z)
VASE p! 2 022t I'l+n+1)

{=max(—n,0) p=max(—n—2¢,0)

_ ‘il (-1)" ‘”‘Zﬂ‘lu@)m B\?  T(-n-0)
- ontl L 02 = p! 2 ) T(=20—n—p)

o0 [e.9]

h 1 uP)(T)(=1)P [ h? 20+n+p+1,2
n y L 3 ()()() 7 ( p h)_

F'l+n+1)

g+ 0122 ol 2
{=max(—n,0) p=max(—n—2¢,0)

For the first pair of sums, we relax the upper bound on the p-indexed sum, so that we can now

interchange the sums and tighten the upper bound on the /-indexed sum:

—n— 1 g —n—20—1 (p)(T) B2\ P ( E —n— 1
u n—
2n+1 Z /! 22@ Z ! (2> (=20 —n —p) 2n+1 Z 51226 Z

p=0

where
—n—p—1

1 & (1) T(-n-¢  2"PHD(1+4+p—n)

after similar procedures from the previous section. Hence,

0220 T(=20 —n—p) T(-n—p)T(2p+2)

S (2 Kt S
2”+1 0122t p! 2 (- 2€—n D) 2p+ —

i (5)

R ;u@m (2> Ln.p),

9

(=n—10)

20 —n—p)
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so that
- h = 1 > u®(T)(=1)? (h2\P v (20 +n+p+1,2L)
P(n,T) = Z o7 Z - 7 () h
’ n+1 1920 I
2 {=max(—n,0) 2 p=max(—n—2¢,0) P 2 (E TR+ 1)
L i u®P (T)h? T(1+p—n) |
= @2p+1)! T(=n-p)
and
h 00 1 o0 u®(T) (=1 (R2\P 7 (20 +7n+p+2,25)
P(n+1,T) = Y 3 uPT)(=1)° <> 3
) n+2 1920 |
2 ¢=max(—n—1,0) (2 p=max(—n—2¢—1,0) P 2 F(ﬁ TRt 2)
o~ uP ()R T(p—n)
‘ — "
= 2p+1)! I'(—n—p—1)
Returning to P(n,T), we find
s 1 s ®)(T)(=1)? [ h? 20+n+p+1,
P(n,T) = Qn}:-l Z 1920 Z % <h2) ( (En—i— np—l— 1) h2)
f=max(—n,0) p=max(—n—2¢,0) P
L b i 1 i u®)(T)(-1)P (h2> v(20+n+p+2,3%)
n+2 192¢ | Y
2 Z—max(—n 1,0) 62 p=max(—n—2¢—1,0) P 2 (f TRt 2)
i T)h?? T(1+p—n) hi uP(T)h?  T(p—n)
— (2p +1 I'(—n—p) = 2p+1)! T(—n—p—1)
The last two finite sums simplify:
i T)h?» P(l +p n) Z h27’ F(p—n)
— 2p +1)! — —n—p-—1)

> u( )( )h2P [T(1+p —n) I'(p—n)
h?%(mwﬁw heemer==m]
uP(T)R* [(p—n)T(p—n)  (=n—p— 1)F(p—n)]
¢ 2p+ 1! | T(=n-p) I'(=n—p)
u® (TYh? [ T(p —n)
2p+ 1) [T'(-p—n

I
L

]
I

h

WE

(p-n-n—p-1)]

I
=)

p

—nl
T)R T(p—n)
—(2n+1)h
(2n+ Z; 2p+1'F( —n)’
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so that
h 3 1 > O(T)(~1)P (h2\? v (20+n+p+1,%%
PoT) =55 D ggm D e (2) ! r(£n+ np+ 1) =
f=max(—n,0) p=max(—n—2¢,0) P
. h i 1 i u® (T)(=1)P (;ﬂ)p v(20+n+p+2,3%)
n+2 192¢ |
2 {=max(—n—1, 0) 2 p=max(—n—2¢—1,0) P 2 F(E Tt 2)
—n—1
h?p r(p—n)
(2n+1)h .
! pzo 2p + 1! T(=p—n)

Therefore, combining the solution representations (2.2.18) and (5.2.8), we obtain a lengthy repre-

sentation valid for all n € Z:

1 m/h iknh —WT | » zkh
()= [ e [q(h,0) + e Mg(-k,0)] ak

—7/h
h i 1 i u®)(T)(=1)P <h2> v(20+n+p+1,3%)
 ont1 1920 ! 92
2 Z:max(—n,(])g' 2 p=max(—n—2¢,0) P 2 (6 TR+ 1)
h i 1 i uP)(T)(—1)P <h2>p v(20+n+p+2,3%) (5-2.9)
T ont2 1920 ] 9
2 {=max(—n—1, 0)€ 2 p=max(—n—2¢—1,0) P 2 F(e tnt 2)
—n—1 2p T
+ (2n+1)h Z u(T)h (p—n) .
= (2p+1 [(=p —n)
If we are interested in the negative half-line only, letting n — —n for n > 1, we have
®)(T)R? T(p + n)
u
(1-2n)h + qn (T 5.2.10
—n(T) n) ;)(2p+1 Tn—p) T ¢ 1(T). ( )
We can also recover the Neumann boundary condition «(7") from (5.2.10). Note that
"i uP(T)h2P T (p+n B z‘: T)h2» r( n)
- (2p+1' I'(n — 2p+1 I'(n—p)’
so that )
Sl (T T(p+ )
U p+n
_(T) =1 =2n)hu(T 1—2n)h n—1(T).
doa(T) = (U= 200T) + (=200 3 S s+ D)
Since ¢,(0,t) was discretized via the standard backward stencil, we have
T)—q_1(T T)+ hu(T) — qo(T
()~ 41(T) _ ao(T) +hu(D) (D) _ o
h h
From [24], the analytic continuation to the continuous problem is
(p p2ptl
q(—2,T) = q(z,T) Z “ (5.2.11)

g 2p+1
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We now show the semi-discrete continuation (5.2.10) converges to (5.2.11) in the continuum
limit. Let

with ag = 1. Then, we have

Q—n<T) = Qn—l(T) + (h - 2nh) =~ (2]? T 1)| f(n,p)
=l e (T R2p
u _
=gn—1(T) + (h — 2nh) Z (Qp(—l-)l)' (n* +ayn® 1+ ..)
p=0
= U(p)(T) 2 2p—1
p=0 '
I T) = li D)t he2n) S 22Dk 4o ()t
= lim g (T) = lim 1 g,—1(T) +( —Qn)pzow[(n) +ayh(nh)? = .. ]
n_l (P)(T)
_ — _ B G
q(—z,T) = q(z,T) 2xpz:;) T xP.
Solving the IBVP
4t = Qzz, x>0,t>0,
q(z,0) = e “cos(3mz), x>0, (5.2.12)
qm((),t) _ —5127(r47rt)’ t> 07

gives Figure 5.2.2 for two different h values.

5.2.8 Higher-Order Discretization of q@ = quy with Dirichlet Condition

For our last example, we return to Section 2.2.3 with the fourth-order centered discretization
(2.2.26) to the heat equation with a Dirichlet boundary condition. After several steps, the dispersion
relation (2.2.28) and global relation (2.2.27) give solution (2.2.32):

1 7T/h ) 1 7r/h . .
4u(T) W 6k, 0) — G(—k,0)] dk + / ¢ W Bk, T) dk,

N % —n/h 27 —x/h
with
B e—Qik’h (14eikh o 14e3ikh + e4ik:h o 1) he—ikh (eQikh o 1) h3€—ikh (€2ikh o 1) 5
F(k,T) = 12h o+ 12 v+ 144 v

where V(W,T) is the time transform of v(t) = «/(t) and V(W, T) of 4(t) = v (¢).
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0.25 T 0.25 T
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Figure 5.2.2: Extensions of half-line solution (2.2.18) for IBVP (5.2.12) with ~ = 0.02 (left) and
h = 0.004 (right).

Like (2.2.9), one can show that (2.2.32) gives ¢_(T) = —¢,(T) for n € Z*. Following similar
steps from the previous sections, albeit more laborious, we can obtain the valid analytic extension

for the negative half-line solution. We introduce

1 w/h T
BulnT.9) = 5 | TGk, G T) = /0 Wig(t) dt,

for the boundary terms, so that (2.2.32) is rewritten as

1 w/h
0(T)= o / /he”mhe*WT (G(k, 0) — G(—k, 0)] dk + 14B_1(n, T, u) — 14By(n, T, u) + Ba(n, T, )

Rt ht
- B—Q(na T7 U) + hQBl(n7 T7 U) - th—l(na T? U) + EBI (n7 T7 T)) - EB—I(TL’ Ta 17)

(5.2.13)

Breaking down By, (n, T, g) by replacing the definition for G(W,T'), we have

T 7/h
By (n, T,g)—/ [ ! // ekntmh=W(T'=t) gy,
0

T
— gt)dt—/ Im(n, T, t)g(t) dt,
siei | (dt = [ gt T.0(0
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where

1 w/h
T Tot) = 5 / ) kA mh-W(T—t) g

_5(T—t)
e 2n? T—1
_ +m—1 —2 -1 2
= o7 ];{:eg{z” "L exp {(—z +1627" 4 162 — 2%) 12h2]}'

After determining the residues, we find

5T

- i [T 2h?

Bun(n,T.9) = 55 > (-1 e Li(s/15) L m—2j(165/15)g (T = ===s | ds.
. 0

j=—00

At this stage, we take Taylor series expansions about h = 0, rewrite ratios of Gamma functions,
and determine which summation terms contribute for negative n. These tedious steps are left to the

reader.
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Chapter 6

SPLIT-STEP FINITE-DIFFERENCE METHOD

6.1 Background

Our goal is to solve nonlinear IBVPs with finite difference schemes, while addressing ghost points
and the complications they present. We propose a split-step method that separately solves the linear
subproblem (1.1.3) and the nonlinear subproblem (1.1.4).

A split-step method owes part of its success to the fact that it avoids solving a nonlinear al-
gebraic system at each time step. Instead, it decomposes the original problem (1.1.2) into simpler
subproblems, building an approximate solution of the original problem by using exact or approx-
imate solutions of subproblems in a given sequential order [54]. How that sequential order takes
place determines the order of accuracy of the split-step method [34, 49].

Many approaches have been developed over the years to efficiently solve the linear subproblem
(1.1.3) with numerical methods, but two main ones stand out. The first approach relies on Fourier
methods, using the (discrete) Fourier transform and computing approximate solutions with fast
Fourier techniques [33, 48, 65]. However, this requires periodic boundary conditions on the interval,
often in contrast to actual physical problems with outflow and inflow boundary data. The second
approach uses finite-difference methods that provide an approximate solution by discretizing the
spatial derivative and applying a time-stepping method (see Section 1.1 and Chapter 3) [32, 36, 70].
This approach is more general and is better equipped to handle non-periodic boundary conditions
than the Fourier methods, but wide discretization stencils lead to ghost points, which in turn lead
to numerical instabilities [68]. Other popular approaches, like Chebyshev spectral methods, do not
introduce ghost points, but often introduce stability conditions that are restrictive and challenging
to analyze when applied to boundary problems [66]. Most numerical studies center on full-line
problems with sufficiently decaying boundary conditions to treat them as homogeneous or finite
interval problems with periodic boundary conditions [20, 58, 72]. Others develop unique tactics to
address the difficulties with non-periodic IBVPs, but struggle to be generalizable to higher-order
problems [2, 39, 40, 69, 73, 74]. Additionally, when full-line or half-line problems are truncated to
a finite domain, the common argument is that these artificial boundaries are merely placed “far
enough” apart in order to not interfere with dispersive effects within the window of interest (see the
introduction to Chapter 2). In general, non-periodic finite-interval IBVPs for nonlinear evolution
equations, most notably dispersive PDEs, have received little attention [56, 57].

In order to tackle the vast class of PDEs (1.1.1) and their given boundary conditions, we treat the
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linear subproblem (1.1.3) in split-step methods with finite-difference schemes. Hence, we refer to this
as a split-step finite-difference (SSFD) method. Since the PDEs are quasi-linear, the spatial stencil of
accuracy O(h") applied to (1.1.3) is at least as nonlocal as stencils of O(h") applied to the nonlinear
subproblem (1.1.4), when no exact solution can be provided for the latter. In practice, (1.1.3) is
most affected by boundary conditions and ghost points. As discussed in Section 1.2, the UTM can be
applied to solve (1.1.3) with general boundary conditions, but the evaluation of the resulting integral
representations are numerically costly, especially when computing the solution several hundreds or
thousands of times within a split-step implementation, and series representations cannot be obtained
for all orders M of (1.1.1). Unfortunately, similar arguments can be made against the SD-UTM
solutions and their representations.

Thus, we apply the UTM or SD-UTM at only the ghost points of a spatial discretization of
(1.1.3). Although Chapters 2 — 4 lay out the framework for SD-UTM, with Chapter 5 presenting
the semi-discrete analytic-continuation formulas, we first tackle our goal with UTM and the analytic

continuation formulas produced by Farkas et al. [24].

6.2 The Nonlinear Schridinger Equation

We consider the nonlinear Schrédinger (NLS) equation on the finite interval with, say, Dirichlet

boundary conditions:

G = i0qes +iMql?q, 0< 2 <L, t>0,

A(2,0) = 6(x),  O<a<lI, oo
q(0,1) = uV(1), t>0,
q(L,t) = vO(1), t>0,

where o, A € R. The NLS equation is one of the most widely applicable equations in the physi-
cal sciences used to characterize nonlinear dispersive phenomena, like waves in plasmas, nonlinear
optics, water, and molecular dynamics [52]. In many real-world applications, like propagation of
a laser beam in an optical fiber, the domain is finite, so physical boundaries and the numerical

implementations of the boundary conditions are vital [1, 9, 33].

A split-step method applied to the NLS equation consists of iteratively combining the separate

solutions to the linear, dispersive subproblem

qt = 10qga, 0<z<L,t>0,
q(z,0) = ¢(x), 0<z<L,
q(0,t) = u(t), >0,

q(L,t) =w(t), >0,

(6.2.2)
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and the nonlinear subproblem,

a = i)\|q|%q, O<x<L,t>0,

q(z,0) = ¢(z), 0<az<L. (6.2.3)

Note that (6.2.3) is an ODE in time that has an exact solution and has no dependence on the
given boundary conditions, while (6.2.2) incorporates the boundary data appropriately derived from
the full problem (6.2.1) [42, 44]. Many works have studied various orders of accuracy for split-step
methods that solve the NLS equation [3, 4, 7, 23, 37, 45, 46, 50, 54, 61]. For simplicity, we implement
second-order Strang splitting to solve (6.2.1), where (6.2.2) is solved once and (6.2.3) is solved twice
per time-step [36]. We denote the split-step time step between iterations as 7 = T'/N; g5 for N; g5
total time steps. Details of the split-step implementation itself are discussed where necessary.

To solve (6.2.2) with a finite-difference scheme, suppose we apply a fourth-order spatial dis-

cretization, so that the linear Schrédinger equation from (6.2.2) becomes

(6.2.4)

: — o —Gn—2 + 16¢n—1 — 30g, + 16¢n4+1 — Gn42
n 1242 '

Since we have Dirichlet data at n = 0 and n = N, + 1, (6.2.4) is used at n = 1,..., N, with
h=L/(Ny+1). Precisely, at n =1, (6.2.4) introduced the dependence on a ghost point at n = —1,
while at n = N, we have a ghost point at n = N, + 2:

S e + 16u(t) — 30g1 + 16¢2 — g3
« 1212 ’

(6.2.5)
i = o <_QNE—2 + 16gn,—1 — 30gn, + 16v(t) — qu.+2>

12h2

The sections that follow address the standard and alternative approaches when dealing with ghost
points when solving (6.2.2). They are also applicable to not only other discretizations of the NLS
equation, but to other PDEs as well.

6.2.1 Standard Approach

The standard approach is to altogether avoid these ghost points by applying certain spatial sten-
cils near the boundaries, i.e., at n = 1 and n = N,. The method of undetermined coefficients derives
approximations to derivatives up to a desired order of accuracy and is perhaps the most straight-
forward approach that generalizes to other cases, like higher-order accurate methods, nonuniform
grids, and higher-order derivative boundary conditions [43, 73]. Instead of applying the centered

stencil (6.2.4), we solve systems of equations to obtain one-sided stencils of accuracy O(h?*). When
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respectively applied at n = 1 and n = N,, they do not introduce ghost points:
.. (10u(t) — 15q1 — 4q2 + 14q3 — 694 + g5
q1 =10 )
12h2
L <QNw—4 —6gn,—3 + 149N, —2 — 4qn,—1 — 15gnN, + 1071(75))
gN, = 10 .

(6.2.6)

12h2

Writing the main stencil (6.2.4) for n = 2,..., N; — 1 and the boundary stencils (6.2.6) into a
method-of-lines formulation gives

Q) = AQ(t) + Lu(t) + Ru(t), (6.2.7)

where Q(t), L, R € RV+>*1 and A € RV=*Ne Note that A, L, and R are sparse and contain stencil
coefficients. Here, we apply our choice of ODE solver to obtain an approximate solution in space
and time to (6.2.2). Usually, this formulation allows for von Neumann stability analysis of finite-
difference schemes via eigenvalues of A if A is normal (ATA = AAT) (at least in the full-line or
periodic problem, but if either of these is unstable, then it is likely that the finite interval problem
will also be unstable [43]). However, many times with this standard approach of deriving new stencils
near the boundaries, A can be highly nonnormal, such that the familiar eigenvalue stability analysis
for the linear problem is misleading and unhelpful, having to resort to studying the e-pseudospectrum
[31, 43, 67]. This is the case for the coefficient matrix A in the system (6.2.7).

6.2.2  Analytic Continuation

Alternative to the standard approach above, we propose to keep whatever ghost points develop
and determine their data according to the analytic continuation formulas for that linear IBVP. The
UTM solution to the second-order IBVP (6.2.2) is

L[ i
q(x,T) = — / ek =17k T gk 0) dk

2 J_ s

1 baion2r | A(—F,0) — €2*L4(k,0) — 2k (Fy — e™*Gy) i

21 Joa+ ¢ o2kl _ (6.2.8)
1 Jiko—iok?T q(k,0) — e**L4(—k,0) + 2ko (Fy — e Go) "

21 96— e2ikL _ )

where QF = {k € C*|Re (—iakQ) > 0} and O0F is along the boundary of QF while avoiding the
singularities along the real line in the complex k-plane [17]. After substituting definitions into (6.2.8)

and applying Taylor series expansions [24], the following relations are valid outside of the original
interval [0, L], but near it:
o l‘%

o) u(T) — q(z,T), (6.2.9a)
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i~ 20

= oO(T) — (L - &, T), (6.2.9b)

q(L+z,T) =2 BT

£=0
where u(¥(T) and v (T) denote the /** derivatives of the respective boundary conditions at T' = t.

The information for ghost points that develop in (6.2.5) are given as

2§:j SO0 - (@),

=0

. (6.2.10)
=2 (T
E:O
so that (6.2.5) is written as
- 16u(T) — 291 + 16¢2 — g3 20 ~=  h* ©
= — T
n=1 ( 1252 1217 £~ (20)1(io)" " (T),
N . (6.2.11)
o [ ZVe—2 + 164N, 1 — 29qn, + 160(T)\ 2o h% oO(7)
N = 1272 1212 £ (20)\(i0)" '
With these relations, the method-of-lines formulation becomes
Q(t) = AQ(t) + Lu(t) + Ru(t) + Lac(t) + Rac(t). (6.2.12)

which differs from (6.2.7) with the addition of time-dependent terms Lac(t), Rac(t) € RN=x1,
Because the main fourth-order stencil (6.2.4) was applied at all points and no special stencils were
introduced near the boundaries, it can be shown that the coefficient matrix A exhibits a normal
structure. However, the main complication with this alternative approach is that the analytic
continuation terms Lac(t), Rac(t) are time-dependent and consist of infinite sums. However, we
can choose how many terms to include in the sums based on how quickly the sum converges. In
(6.2.11), note that specifically the ratio h*/(2¢)! — 0 as £ — oo and as h — 0. In fact, the numerical

examples that follow show that these sums rarely require more than 2 terms.

6.2.3 Numerical Examples

Let us clarify the notation used to solve the overall original problem (6.2.1) with the SSFD
method. We denote the number of time steps in the split-step method as N; gg with time step
T = T/N¢ g5, where T' > 0 is the time over which we are solving the original problem. For the
finite-difference method to solve the linear subproblem (6.2.2), we denote the number of interior
spatial grid points as N, with uniform spacing h = L/(N, + 1), and the number of time steps as
N; pp with time step k = 7;/Ny pp ,where 7; is the it time interval we are solving (6.2.2) across in

a given split-step iteration.
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For the following examples, the linear subproblem (6.2.2) is always solved with the fourth-order
spatial stencil (6.2.4) and time-stepped with the trapezoidal method (TR). The Strang splitting for
the overall problem implies the numerical solutions are fourth-order accurate in space and second-
order accurate in time. What varies is the approach we use to address ghost points: either the
standard approach (SA) of introducing new stencils near the boundaries to avoid ghost points or

the analytic continuation (AC) formulas to determine information at the ghost points.

Soliton Solution

The easiest readily available solution to the NLS equation is the soliton solution, based on the
full-line problem. For a given explicit solution, we can impose an initial condition and boundary

conditions to generate a well-posed finite interval IBVP. The first numerical example we consider is

a truncated soliton solution from [64] with ¢ = —1 and A = —2:
2776*1'[2905*4(52*772)t+¢0+ﬂ'/2]
G(x, 1) = 6.2.13
ate,1) cosh (2nz — 8nét — xp) ( )
where n, &, g, and x( are parameters. From here, we want to now solve
Gt = —igee — 2ilqfq,  0<z<1,t>0,
q(x,0) = ¢(x) = q(x,0), 0<x<1,
(2,0) = 6(z) = d(x,0) 6214
q(Oat) = U(t) = q~(07t)7 t >0,
q(1,t) =v(t) =q(1,t), t>0.

The exact solution (6.2.13) allows us to easily compare numerical solutions.

With N, = 27 — 1, Ny pp = 2%, and N g5 = 2°, we solve (6.2.14) up to T = 0.1 with the SA
and AC formulations. The real part of the solutions is depicted as green curves in Figure 6.2.1. At
least graphically on the same grid and time-stepping parameters, we see that the AC formulation
leads to a better approximation with less numerical oscillations than the SA formulation. The blue
dashed lines in Figure 6.2.1 show the differences between the exact and SSFD solutions. The TR
method is dispersive itself, so if the finite-difference solution to the linear subproblem is not well
resolved, numerical dispersion is introduced into the solution. Although not shown, the imaginary
component and the modulus squared of the SSFD solutions show similar behavior as in Figure 6.2.1.
For Figure 6.2.1b, the AC formulation used ¢ = 4 summation terms at each of the ghost points
(6.2.11). In fact, Figure 6.2.2 shows that 2 terms would have sufficed, reaching an co-norm error
between ¢, (0.1) — g(z,,0.1) of order 107°. Note that ¢ = 0 reduces (6.2.10) to a reflection principle
with error around 0.4, while simply including one term drastically reduces the error by a factor of
100, down to nearly 0.003 in the co-norm. After just 2 terms, the error plateaus and other errors

from the numerical method dominate, such as from the finite-difference time stepping.
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Figure 6.2.1: The real part of the SSFD solutions to IBVP (6.2.14) with (a) the SA formulation and
(b) the AC formulation for the linear subproblem.

Figure 6.2.3 shows the convergence of the split-step method as we refine the spatial grid with
small split-step time-steps 7 and vary the finite-difference time-step k in the TR method. Both plots
in Figure 6.2.3 exhibit the expected O(h*) convergence rate, but the AC formulation appears to be
more consistent and produces slightly more accurate results on a coarse grid compared to the SA
formulation. As h — 0, the temporal truncation errors begin to dominate, causing the curves to
plateau for smaller h. Of course, the smaller the time-steps in the Strang splitting and TR methods,
the more accurate the SSFD solution on a fixed spatial grid. To confirm this, we include Figure 6.2.3
for this example, depicting the O(72) convergence rate from the second-order splitting as 7 — 0
for both SA and AC formulations. Once again, both formulations perform similarly, with the AC

approach slightly outperforming SA in generating smaller errors.

Incompatible Corner

Our final example attempts to capture the dispersive nature of the NLS equation by tackling an
IBVP that has a discontinuity at (x,¢) = (1,0), i.e., the initial condition is incompatible with the
right boundary condition at ¢ = 0. For ¢ > 0, a dispersive wave train develops at the right boundary,

quickly spreading toward the left boundary. Hence, we focus on small T for this IBVP where we
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N, = 127, Ny pp = 128, Ny g5 = 2048, T = 0.1

10°

Figure 6.2.2: The oco-norm error of the AC-formulated SSEFD solution to IBVP (6.2.14) with ¢ terms.

alm to capture these oscillations specifically near = 1. Consider the IBVP

Gt = iqza + ilq|q, 0<z<1,t>0,

q(x,0) = ¢(z) =1, 0<z <1,

(z.0) = () (6.2.15)
q(0,t) = u(t

y=¢e", t>0,
t) = cos(2nt)/2, t> 0.

Of course, there is no exact solution to (6.2.15). Instead, we must solve the IBVP on a very fine grid
with small split-step and finite-difference time-steps in order to guarantee an accurate solution to
this highly dispersive problem. We take the SSFD solution with an SA formulation and N, = 2'°,
Niyrp = 27 and Niss = 2% to be the “exact” solution to (6.2.15). We solve the problem across the
entire unit interval, but the following figures depict results for the narrowed window z € [0.9, 1].
Figure 6.2.5 shows the real part of the solutions to (6.2.15) with SA and AC formulations at
T = 107° when N, = 22, Ny pp = 2°, and N;gg = 24, Again, the AC formulation used ¢ = 4
summation terms at each of the ghost points (6.2.11). Although both formulations are treated with
the same finite-difference and splitting methods, it is clear that the AC formulation outperforms
the SA formulation (see the blue dashed lines in Figure 6.2.5). Both approaches capture the large
oscillations near the boundary and both eventually fail as x,, — 07, but when the SA formulation is
implemented, the numerical dispersion introduced by the TR method significantly overpowers the
true dispersive nature of the NLS equation. For larger T ~ 107!, the wave train reaches the left

boundary and induces further oscillations where even the most tailored methods struggle to solve
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Figure 6.2.3: Error plot as h — 0 of the SSFD solutions to IBVP (6.2.14) with (a) the SA formulation
and (b) the AC formulation for the linear subproblem. We vary the number of finite-difference time

steps Ny rp in each plot.

the NLS equation.

Figure 6.2.6 shows a faster convergence than Figure 6.2.2 from the previous section, with the
error plateauing after £ = 1. Since the error is less than 1072, we could save computational power
in computing the SSFD-AC solutions by solely considering u(t) and its first derivative. In this case,
the ¢ derivative of the right boundary condition has a closed form, but this is not the case in more
complicated examples, like with IBVP (6.2.14). In general for sufficiently smooth derivatives, one
could symbolically determine the /" derivative, but this adds to the overall computational costs.

Lastly, Figure 6.2.7 shows the O(h*) convergence rate, but only for sufficiently small A where the
SSFD solutions are refined enough to capture both the magnitude and phase of the oscillations within
the narrow window z € [0.9,1]. Once the solutions satisfy this “threshold,” the SA formulations lead
to an uptick in the co-norm errors for relatively large finite-difference time-steps. The SSFD-AC
formulations follow a more expected plateauing behavior as h — 0, where the temporal truncation

errors begin to dominate for small enough h.
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Figure 6.2.4: Error plot as 7 — 0 of the SSFD solutions to IBVP (6.2.14) with (a) the SA formulation
and (b) the AC formulation for the linear subproblem.
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Figure 6.2.5: The real part of the SSFD solutions to IBVP (6.2.15) with (a) the SA formulation and
(b) the AC formulation for the linear subproblem.
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Figure 6.2.6: The oo-norm error of the AC-formulated SSFD solution to IBVP (6.2.15) with ¢ terms.
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Figure 6.2.7: Error plot as h — 0 of the SSFD solutions to IBVP (6.2.15) with (a) the SA formulation

and (b) the AC formulation for the linear subproblem. We vary the number of finite-difference time

steps Ny pp in each plot.
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Chapter 7
CONCLUSION AND FUTURE WORK

Finite difference methods continue to be one of the most intuitive and direct ways to solve IBVPs.
Setting out to solve quasi-linear IBVPs, the application of wide spatial stencils leads to troublesome
ghost points that are commonly tackled in limited approaches that do not easily generalize to higher-
order problems.

Chapters 2 — 4 discuss the semi-discrete UTM and its continuum limit when applied to half-
line and finite interval IBVPs of various orders and discretizations. With minor differences in the
calculations, the procedure for the semi-discrete UTM is almost identical to that from the continuous
UTM, with Steps (7) and (8) added. The steps themselves become more tedious for higher-order
problems, but like the continuous UTM, the SD-UTM reduces the burden of solving a semi-discrete
IBVP to solving for the roots of polynomials and dealing with a set of algebraic equations.

For a given discretization of a PDE, the global relation and its regions of validity under the
symmetries vj(k) impose which stencils can be selected for derivative boundary conditions, as we
saw with the higher-order discretizations and the Neumann problems. Similar to how the continuous
UTM determines which types of boundary conditions result in a well-posed problem [28], “natural”
discretizations reduce the variety of stencils to those that are compatible with the IBVP. We re-
iterate that a natural discretization for a PDE is (i) of the same order as the spatial order of the
PDE, (ii) not purely one sided (except for first-order problems), and (iii) the one that optimally
aligns with the available boundary conditions.

Lastly, the extended semi-discrete solutions presented in Chapter 5 and in [24] provide informa-
tion at ghost points, i.e., outside of the original domain of definition. Chapter 6 capitalizes on these
analytic continuation formulas to develop split-step finite-difference methods for quasi-linear IBVPs,
like the NLS equation. These methods are comparable to existing approaches that solve this class
of problems, but most notably preserve the normal structure of the coefficient matrix in a method-
of-lines formulation where the usual eigenvalue analysis can be done. The systematic derivation for
these methods will open doors to novel numerical techniques that efficiently solve dispersive IBVPs.

Specifically, some of the directions for future research include:

(i) Derive and implement small-time approximations to the UTM formulas. Like we
did in Sections 2.5 and 3.5 for SD-UTM integral representations, one could repeat the steps
for the continuous UTM. Choosing the same order of temporal accuracy as the splitting and

finite-difference method to solve the linear subproblem, these small-time approximations could
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(iii)

lead to more efficient SSFD-AC methods with analytic continuation formulas that are easier

to implement.

Apply the SD-UTM extension formulas within SSFD methods. Chapter 6 exhibits
SSEFD methods with AC formulations that derive from the continuous UTM that could be
replaced with the SD-UTM extension formulas following the ideas from Chapter 5. Throughout
the bulk of this dissertation, we have seen that the SD-UTM representations tend to be simpler
to work with than the continuous UTM representations, so perhaps the SSFD-AC formulas
could increase efficiency while retaining the same level of spatial accuracy. The small-time

approximations from Section 3.5 could similarly be tested.

Explore alternative approaches when solving the full quasi-linear IBVP. There
exist quasi-linear PDEs where the nonlinear subproblem does not have an exact solution. Now,
both linear and nonlinear subproblems require finite-difference schemes, potentially introducing
ghost points at each subproblem if all spatial derivatives have stencils applied to them of the
same order of accuracy. For these types of IBVPs, it might be beneficial to solve the original
problem entirely without any splitting [65, 68]. Two approaches are worth exploring in this
context. The first is to apply the linear analytic continuation formulas at the ghost points
directly, such that information there is known. However, this requires the evaluation of the
linear solution at ghost points for general, high-order IBVPs, perhaps creating too much of a
discrepancy between ghost and the (nonlinearly-related) interior points. Solving this nonlinear
system with additional time-dependencies might be time consuming and problematic near
boundaries. The second approach is to apply the linear analytic continuation formulas to
relate the ghost points back into the domain and solve them with the rest of the interior
points (closely related to Section 6.2.2). We expect this approach to be more efficient than
the first, without the need to compute the linear solution itself. Although the relations are
linear at the ghost points, the grid points for the full nonlinear problem are all solved together

simultaneously. Note that both approaches are equivalent for linear, monomial PDEs.

Set up a black-box solver. Ideally, we want to culminate all of these findings into a black-
box solver that could potentially be applied to a variety of IBVPs. There is an emphasis to focus
on dispersive problems, like NLS-type and KdV-type equations. With an expansive numerical

solver, we could additionally treat dissipative problems, like nonlinear heat equations.



169

Appendix A
STARTING INDEX ON SEMI-DISCRETE TRANSFORM PAIR

Let us define the discrete transform pair for the half-line problems as:

g(k,t)=hY e g (t), acZ (A.la)
1 w/h
an(t) = — / ek Gk, t)ydk, n=a,a+1,a+2,..., (A.1b)
2m —7/h

where we will call (A.1a) the forward transform and (A.1b) the inverse transform. Of course, we
usually set a = 0, but let us proceed in a general manner. For comparison, recall the continuous

Fourier transform pair for half-line problems:
oo .
G(k,t) :/ e *q(x,t) da,
0

1 [~ .
q(z,t) = / e*2 Gk, t) dk.
27

—00

In the continuous pair, we assume that g(x,t) = 0 for x < 0. This is not necessary in the discrete
pair: we do not have to assume that ¢,(t) = 0 for all n < a — 1. If we do so, then there will be
contradictions when ghost points develop in the global relation. Instead, we ignore g, (t) for all
n < a—1 and treat them as unknowns; they may be zero or nonzero, but will not matter until they
come into play.

The transform pair (A.la) and (A.1b) still hold for any a, regardless of g, (t) for n < a — 1.
In a way, we are defining (A.la) and (A.1b) as the half-line transform pair ourselves, instead of

originating from the full-line (bi-lateral) transform pair

q(k,t) =h > e *hq,(t)

L™
qn(t):2/ e q(k,t)dk, n=...,—1,0,1,...
™ J—x/h

and assuming ¢,(t) =0 for all n < a — 1 to obtain (A.la) and (A.1b).

So, using the definitions (A.la) and (A.1b), let us show these are still inverses of each other,
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regardless of a and ¢, (t) for n < a — 1. Plugging the inverse transform into the forward transform:

(t) = ! / o ek hG(k,t) dk
dn o _W/h
e 27T ’L]C’I’Lh [h Z elkmhqm(t>] dk
h ik
=5 Z Gm (1) / dk]
_ h . 1 n—m-—1 _ _ikh
_%qu(t) z'h7|{z|:12 dz], z=¢e

h [ 27
= % Z Qm(t) _hdnm:|

Note that the range of n nor m was not important. All we cared about was whenever n = m.
Instead of plugging the forward transform into the inverse transform, let us write out what the

forward transform is:

o0
z,t :hszn — ¢ikh
n=a
1 Qa(t) | Gay1(t)  Gaya(?) an(t)
F At = T+ T T e T
2 da(t)  gar1(t)  Gata(t) qn(t)
h q(z, t) = Za+1—n Za—i—?—n Za+3—n +.F 2 t+..

It follows that

1 n—1
= % 27TZ ]j_eg |:Z qA(Z,t):|
! j{ 2" (2, ) dz
2mih |z|=1 ’
1 w/h
= — / k(n=Dh gk, t) ihe™™ dk
2mih —n/h
1 w/h
gn(t) = 5= e*nh Gk, t) dk.
2m —7/h

Again, the starting index of n was not important, as long as it was finite. Only the g, (t) for

n=a,a+1,a+ 2,... showed up.
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So, if we treat ¢, (t) for n < a—1 as unknowns instead of setting them to zero, the transform pair
(A.1a) and (A.1Db) still hold for any a. That way, when the Unified Transform Method introduces
ghost points, they are treated as legit unknowns and there is no clashing of previously setting them
to zero.

A similar approach can be shown for the finite-interval transform pair:

A
G(k,t) =h) e * g (t), a,A€Zwitha<A (A.2a)
1 w/h
an(t) = / kG ) dk, n—a,atl..., A (A.2D)
2T —7/h
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Appendix B
THE “TIME-REVERSED” HEAT EQUATION

It is well known that the “time-reversed” (TR) heat equation

dt = —Qzx (Bl)

leads an ill-posed problem, but not to be confused with the “backward” discretization for the heat
equation ¢; = gy;. For this continuous problem, UTM fails when taking the inverse transform of
the global relation, since W (k) = —k? does not allow the integral representation to be valid for any
nonzero x € R. We show next that the SD-UTM integral representation is well-posed for a finite h,
but becomes ill-posed in the continuum limit.

Suppose we study the standard centered discretization. The TR equation is written as

_ —qn41 T+ 2qn — gn—1

in = i~ dn), (B2)
such that the local relation is the same as (2.2.3), except the right-hand side has a minus:
A 1 . A
0t (e—zk‘nh€Wtqn> _ _ﬁA (e—zk(n—l)heWtqn o e—zk’nh€Wtqn_1) (B3)
with
cikh | o=ikh _ o
W(k) = % . (B.4)
The global relation
—ikh g _
"k, T) - q(k, 0) + [e fl" ! 1} = 0.
gives rise to the “solution”
1 [m/h 1 [m/h —ikh £ _
gn(T) = — / ekmhe=WT Gk 0) dk — — Rl e (el 1Y I (B.5)
2T —7/h 27 —7/h h

such that (B.5) is composed of proper integrals, so it is valid for all k£ € C, unlike in the continuous
case, where we have to verify that the “solution” is valid at least on the real line. With the same
nontrivial symmetry v (k) = —k, suppose we have a Dirichlet boundary condition, so that we solve
for f1(W,T) and substitute into (B.5):

1 w/h _—
gn(T) / ekrhe=WT Gk, 0) dk

iknh —WT | » s Jo
- — —k,0) — ———| dk
5 ﬂ/he e {q( ,0) %
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after removing the integral term with ¢(—k,7"). Taking the continuum limit, is clear that (B.6)

converges to

1 [, 1 [,
o(2,T) = L / ek e=WT 3k 0) dls — / ¢k e=WT (60} 0) — 2ikFy] dk,
2 J_ 27 J_
where the integrals are not defined with limj,_,o W (k) = —k2. Therefore, we see that the semi-

discrete problem is well-posed for a relatively large h, but ill-posed as h — 0. In fact, the integrals
in (B.6) exponentially grow, such that any attempt at numerically evaluating it for a practical h is
futile.
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