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Abstract
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Natalie Elizabeth Sheils
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Professor Bernard Deconinck
Department of Applied Mathematics

Interface problems for partial differential equations are initial boundary value problems for
which the solution of an equation in one domain prescribes boundary conditions for the
equations in adjacent domains. These types of problems occur widely in applications includ-
ing heat transfer, quantum mechanics, and mathematical biology. These problems, though
linear, are often not solvable analytically using classical approaches. In this dissertation
I present an extension of the Fokas Method appropriate for solving these types of prob-
lems. I consider problems with both dissipative and dispersive behavior and consider general
boundary and interface conditions. An analog for the Dirichlet to Neumann map for interface

problems is also constructed.
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NOTATION AND ABBREVIATIONS

Linxn : m X n matrix with every entry equal to 1.
BVP : boundary-value problem

C : The complex plane

C* : The upper half plane: {z € C: Im(z) > 0}

C- : The lower half plane: {z € C: Im(z) < 0}

D+ : {keC:ke DnNC*}

D~ : {keC:keDnNnC}

DF : {k e D* : |k| > R}

oD : the boundary of the region D traversed in the clockwise direction
erf(-) : the error function, erf(z) = 2= [ exp(—y?) dy
Lyxn : m X n identity matrix

IVP : initial-value problem

KdV : Korteweg-de Vries equation

Lo oDV Nk k| <O}

Y . {keDV: |k =C}

£Y) . LppuLld

LS : linear Schrodinger equation

N : the set of natural numbers, {1,2,...}

NLS : nonlinear Schrodinger equation

PDE : partial differential equation

R* : the set of positive real numbers: {z € R: 2z > 0}
a(k,t) : ffj_j_l e~ *y(x,t)dz for r;_y <z < zjand t >0
to(k) : [ em*kry(x,0) dx for ;1 < x < x;

Tj—1
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Chapter 1

Introduction

1.1 Interface problems

Interface problems for partial differential equations (PDEs) are initial boundary value prob-
lems for which the solution of an equation in one domain prescribes boundary conditions for
the equations in adjacent domains. In applications, precise interface conditions often follow
from conservations laws [38]. Interface problems occur widely in applications. Examples in-
clude heat flowing through a composite rod [10, [33], the time-dependent linear Schrodinger
equation with a piecewise constant potential [19] [41] 48], and shock waves as a method of
healing fractured bones [18]. Finding solutions to equations modeling water waves can also
be considered an interface problem where the interface is between air and water [43, [66].
To derive the “boundary conditions” that must be imposed at the interface we consider
differential equations that are valid on either side of the interface. The integral form of the
equation or important integral relations are often the best ways to infer the necessary condi-
tions on the unknowns at the interface. As an example, we derive the boundary conditions
relating to heat conduction used in Chapter [2l We follow closely what is outlined in [38].
Consider a thin rod of some heat-conducting material with density p(z) and unit cross-
sectional area. Assume that the surface of the rod is perfectly insulated so no heat is lost or
gained through this surface. This problem is one-dimensional in the sense that all material
properties depend only on the distance x along the rod. If we consider an infinitesimal

section of length dx we know that d(), the heat content in the section, is proportional to



2 CHAPTER 1

the mass and temperature 6(z,t). That is
dQ = c(z)p(x)0(x,1) dz,
where c(x) is the specific heat. Thus, the total heat content in the interval x; < x < xs is
2
Q) = [ (.0 ds
x1
Fourier’s Law for heat conduction [30] states that the rate of heat flowing into a body is
proportional to the area of that element and to the outward normal derivative of the tem-

perature at that location. The constant of proportionality is k(x), the thermal conductivity.

In our example, the net inflow of heat through the boundaries x; and x5 is
R(t) = k(2)0:(z2,t) — k()0 (21,1).

Conservation of heat implies that Q;(t) = R(t). That is,

d [
o c(x)p(x)f(z,t)de = k(x2)0,(x2,t) — k(21)0(21,1). (1.1)
z1
This is a typical conservation law. Define k*(z) = k(z)/(c(z)p(x)) as the thermal dif-
fusivity. Assume there are two rods of different materials which are put in perfect thermal

contact at = 0 such that
P1 (x)a r < Oa

plr) =
p2(x), x>0,
oW (x,t)  x<0,
O(x) =
0@ (z,t), x>0,
]{?1, z <0,
k(x) = ,
ko, x>0,
K2, 1 <0,
R(r) =4 |
k3, x> 0.

“Perfect thermal contact” means that the temperatures of the two surfaces are equal [10].

Thus, we have our first interface condition, #(07) = 0(07). Since x3, k3, ki, and ky are
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constants, then for z < 0, we have c(x)p;(z) = ¢py, a constant, and for x > 0, c(x)p2(z) =

cp2, a constant. Evaluating (1.1)) across the boundary x = 0 we have

€

d 0
— ' (1) i (2) -1 (2) — koW (—
pm <c,01 ll_r:%/_e@ (z,1) dx+cp211_r)% 09 (z,1) d:v) 11_%(162990 (6,t) — k16, (—€,t)). (1.2)

The left-hand-side of ([1.2)) is zero since temperature is continuous across the boundary. This

implies k165 (0, 1) = k265 (0, ). Thus heat flux is continuous across the interface.

Maxwell’s equations are another typical example of conservation laws that are used to
define boundary conditions for problems related to electromagnetism [I9]. In general, this
procedure can be used to construct interface conditions for any situation where differential

equations are satisfied on either side of a sharp boundary where some property changes.

In this thesis we study PDEs with piecewise-constant coefficients by posing them as
interface problems. Although not undertaken here, this could be a path toward the study of
PDEs with continuous coefficients by letting the number of interfaces tend toward infinity.
We consider interface problems where there are different PDEs on either side of the interface
in Appendix [A] In Appendix [A] we consider only the most simple case of the transport and
heat equations. Although the results presented here are preliminary, interface problems with

different equations is an area of current interest and active research [13].

1.2 The Fokas Method

The Fokas Method, alternatively called the Unified Transform Method (UTM), is a relatively
new method for solving initial-boundary-value problems for linear and integrable PDEs with
constant coefficients [I5] 25 27]. This method allows for the explicit solution of some prob-
lems for which no classical approach exists. For problems where classical solutions do exist,
they are found as special cases of the Fokas Method. The chapters that follow rely heavily

on the use of the Fokas Method. Thus we begin with a simple example.
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Consider the heat equation defined on the positive half line:

Up = Ugy, x>0, t>0, (1.3a)
u(z,0) = up(x), x>0, (1.3b)
lim u(x,t) = 0. (1.3¢)

T—r00

We will assume Dirichlet boundary data is given. That is u(0,¢) is known. Of course, this
problem is easily solved using classical methods (e.g., the method of images [38]). How-
ever, to the point of understanding the Fokas Method for a “simple” problem, we begin by
rewriting as a one-parameter family of PDEs in divergence form:

(e—z‘km+w(k)tu)t _ (e—ikx—f—w(k)t (ug + iku)),, (1.4)

where the dispersion relation is given by w(k) = k% This is the local relation. Applying
Green’s Theorem [1] in the strip (0,00) x (0,¢) in the right-half plane (see Figure one
finds

0 0.

Figure 1.1: Domain for the application of Green’s Theorem in the case of one semi-infinite
rod.



1.2. THE FOKAS METHOD )

t 00
/ / (e otk sy) — (e (4, +iku)), dzds = 0
0 Jo

00 o ¢
. / e—ik:cuo(x) do — / e_ikx+k2tu(:ﬁ, t)da — / @kgs(ux(o, s) +iku(0,s))ds = 0. (1.5)
0 0 0

Re(k)

Figure 1.2: The domains D and D~ for the heat equation.

Let C denote the complex numbers and C* = {z € C : Im(z) > 0}. Similarly, let
C~ ={z € C:Im(z) < 0}. Since = can become arbitrarily large, we require the imaginary

part of k to be negative, k € C™, in order to guarantee that the integrals above are defined.

Let D = {k € C: Re(k?) < 0} = D* UD~. The region D is shown in Figure[1.2] For k € C
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define the following:

ao (lf) — / —zkx z,
0

u(k,t) = / ey (z, t) da,
0

golw,t) = /

g1(w,t) = / e“*u, (0, s) ds.
0
Using these definitions, the global relation (|1.5) is
(k) — e %a(k,t) — gi(w, t) — ikgo(w, t) = 0. (1.6)

Since the dispersion relation is invariant under the reflection k¥ — —k, so are go(w, t) and

g1(w, t). Thus one can supplement ([1.6) with its evaluation at —k, namely

do(—k) — e Ma(—k,t) — gi(w, t) + ikgo(w, t) = 0. (1.7)

Equation (1.7) is valid for & € C*. Inverting the Fourier transforms in ((1.6)) we have
1 [~ 1 [~
w(z,t) = - / (k) k= = [ gy .0) + (1) Ak (L8)
2 J_ 2m
for x > 0 and t > 0. Everything about the first 1ntegral in (1.8) is known. The integrand of
the second integral is entire and decays as k — oo for k € CT\D*. Thus, the integral can

be deformed up to dD™, the boundary of DT, to obtain

1 1 - |
u(x,t):%/ (k) k= o [ g .0) + ik ) k. (19

Equation ([1.9) depends on unprescribed boundary data, namely g;(w,t). To resolve this we
solve (|1.7)) for g1 (w,t). Substituting this into (1.9) we have

& 2 1 : 2
u(z,t) =— / et a0 (k) dk — = / ek go(w, t) dk
oD+

1 k2
+o— [ eMa(=kt)dk— = [ ™ ag(—k) dk.

2m oD+ 27 oD+

(1.10)
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Im(k)

A

~Re(k)

Figure 1.3: The contour £~ is shown as green dashed line. An application of Cauchy’s Inte-
gral Theorem [I] using this contour allows elimination of the contribution of terms involving
the Fourier transform of the solution.

This expression contains the solution we seek in the third integral on the right-hand
side. However, e**4(—k,t) is an analytic function that decays in the upper-half plane.
Thus, by Jordan’s Lemma [I], the integral of exp(ikz)u(—k,t) along a closed, bounded curve

in C* must vanish. In particular we consider the closed curve £t = Lp+ U L} where

Lp+ =0D " N{k: k| <C}and L ={k e D" :|k| = C}, see Figure

Since the integral along £ vanishes for large C, the third integral on the right-hand side
of (1.10) must vanish since the contour £p+ becomes 0D* as C' — oo. The uniform decay of
u(—k,t) for large k is exactly the condition required for the integral to vanish, using Jordan’s

Lemma. Our solution in terms of only initial and boundary conditions is now
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1 [~ . 1 .
u(, t) =5 / el (k) dk — = /6 . e ik go (w, t) dk
- i eik:xfk%ﬁo(_k,) dk,
21 Jop+

where go(w, t) is the time transform of the given Dirichlet data as defined earlier. The Fokas

Method is applicable to the general constant-coefficient linear evolution PDE
w +w(—i0y)g=0, x>0, 0<t<T, (1.11)

where w(k) is a polynomial of degree n. Equation (1.11)) admits a one-parameter family of

solutions etk*—w(k)t

Re(w(k)) > 0 for real k. Let

. To ensure the solutions are not exponentially growing in time, we require

w(k) = Z k.
=0

In the limit as |k| — oo, the condition Re(w(k)) > 0, k € R, implies that if n is odd then
o, = +i and if n is even Re(a,) > 0 [25].

Define the regions D = {k : Re(w(k)) < 0}, D™ = DNC*, and D~ = DNC~. The local
relation is given by [15] 25]

n—1
at(efilmc+u.z(lc)tu(Jj,7 t)) — 9, <€ikx+w(k)t Z nggu(x7 t)) =0,

5=0
where )
n— . k’ .
¢; (k)P u(z, t) =i (M) u(z, ),
j=0 —-m m=—10,
and the global relation is
n—1
Tk, TY = ag(k) =Y ¢j(k)g;(w(k), T),
§=0

with Im(k) < 0 and
T
gj(w,T) :/ e“*d1u(0, s) ds.
0
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Applying the inverse Fourier transform to the global relation we have the integral expres-

sion

n—1
1 > —thkr—w ~ 1 —tkr+w
u(z,t) = %/ e~tke—wk)t g (k) dk_% - (e ket (k)thj(k)gj(w(k),t)> dk. (1.12)

—0 =0

In order to eliminate any unknown boundary conditions from we use the mappings
between roots of the w(k) (k — v(k)) to find new versions of the global relation. These global
relations allow us to solve for the unknown boundary data but introduce terms that depend
on u(v(k),t). However, the transform a(v(k),t) is analytic and bounded in the region D¥.
We use the Cauchy Integral Theorem to eliminate that contribution. In the finite interval
case, the classical series solutions (when they exist) can be found by deforming the integral
0D to circles around any isolated roots of the integrand. The general method for finite-
interval problems and more examples can be found in the book on this method by Fokas [25]

and in a review paper by Deconinck, Trogdon, and Vasan [15].

1.3 Overview

As the title suggests this dissertation is an overview of methods for solving interface problems
of the type described in Section using the Fokas Method. The Fokas Method for linear
constant-coefficient problem has many advantages over the standard methods. For instance,
in addition to producing an explicit formula for the solution, the method allows one to
determine, in a straightforward way, how many and which boundary conditions result in
a well-posed problem. The method, which produces solution formulas for many problems
which classical methods cannot, is not a collection of situation specific approaches tailored to
given equations and boundary conditions. Instead, it is a unified method and the differences
for different equations and boundary conditions appear only computationally. It is our goal
to generalize this method to the case of interface problems.

Standard results from complex analysis are used heavily throughout. For proofs, theorem

statements, and more information see [, [67]. We also rely heavily on the use of the Fokas
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Method which was introduced by A.S. Fokas [21], 22, 23, 25, 27] and has continued to be
expanded on by himself and collaborators in recent years. A review paper on the use of
the method for linear PDEs [15] is a good place to begin to better understand this method.
The repository [59] which is regularly updated with books and papers on the subject is also
useful and contains further applications of the Fokas Method.

In Chapter [2] the problem of heat conduction in one-dimensional piecewise homogeneous
composite materials is examined by providing an explicit solution of the heat equation in each
domain. The location of the interfaces is known, but neither temperature nor heat flux are
prescribed there. Instead, the physical assumptions of their continuity at the interfaces are
the only conditions imposed. We examine finite and infinite domains and allow the possibility
of periodic boundary conditions. We also include the solution to Burgers’ equation through
the Cole-Hopf transformation.

We extend the results of the previous chapter to examine heat conduction on networks
of multiply connected rods in Chapter [3] Again, we provide an explicit solution of the one-
dimensional heat equation in each domain. The size and connectivity of the rods is given,
but neither temperature nor heat flux are prescribed at the interface.

In Chapter |4 we study an interface problem for the linear Schrodinger equation in one-
dimensional piecewise homogeneous domains. The location of the interfaces is known and
the continuity of the wave function and a jump in the derivative at the interface are the only
conditions imposed. The methods we use here are similar to those used in Chapter [2] but
the dispersive nature of the problem presents additional difficulties that we address.

Chapter [5| generalizes the work in Chapter |4| to include a piecewise-constant potential.
This problem is well studied in textbooks [19] 4], 48]. It is one of only a few solvable models in
quantum mechanics and shares many qualitative features with physically important models.
In examples such as “particle in a box” and tunneling, attention is restricted to the time-
independent Schrodinger equation. In this chapter we present fully explicit solutions for the
time-dependent problem for a general piecewise-constant potential.

The interface problem for the linear Korteweg-de Vries (KdV) equation in one-dimensional
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piecewise homogeneous domains is examined in Chapter [6] by constructing an explicit solu-
tion in each domain. The location of the interface is known and a number of compatibility
conditions at the boundary are imposed. We provide an explicit characterization of neces-
sary interface conditions for the construction of a solution. This work is the first known
exploration into interface problems with higher than second-order derivatives. One of the
great strengths of the Fokas Method is that the method for solving equations of any order
is essentially the same. In Chapter [6] we show this extends to interface problems and find a
surprising result on the number of interface conditions necessary for a well-posed problem.

Chapter [7| provides an analog to the well known Dirichlet to Neumann map for interface
problems. We develop a map from the initial conditions to the value of the function at the
interface. This map provides an alternative approach to solving the problem in each domain
simultaneously as suggested in Chapters[2§6] With the initial to interface map one could use
the initial conditions to solve for the necessary interface values. At that point, the problem
could be solved as a regular boundary-value problem (BVP) using the Fokas Method or any
other appropriate solution method.

In Chapter |8| we generalize the interface problems considered to include those that have
a phase boundary that moves with time. We study the classical Stefan problem which
describes the temperature distribution in a homogenous medium undergoing a phase change,
for example, ice passing to water. The discussion in Chapter |8|is mostly restricted to the one-
phase case, that is the heat equation is prescribed only in one domain while the temperature
in the second domain is assumed to remain constant. The results presented in this chapter
are not new but the methods used are suggestive of a more general method that could be
used for the two-phase problem (the heat equation imposed on both domains). The work in

this chapter is ongoing.



Chapter 2

Non-steady state heat conduction

In this chapter, the problem of heat conduction in one-dimensional piecewise homoge-
neous composite materials is examined by providing an explicit solution of the one-dimensional
heat equation in each domain. The location of the interfaces is known, but neither tempera-
ture nor heat flux are prescribed there. Instead, the physical assumptions of continuity at the
interfaces is the only condition imposed. The problem of two semi-infinite domains and that
of two finite-sized domains are examined in detail. We indicate how to extend the solution
method to the setting of one finite-sized domain surrounded on both sides by semi-infinite
domains, and on that of three finite-sized domains. In the final section we examine the case

of periodic boundary conditions. Parts of this chapter were first published in [14, [55].

The problem of heat conduction in a composite wall is a classical problem in design and
construction. It is usual to restrict attention to the case of walls whose constitutive parts
are in perfect thermal contact. We also assume the walls have physical properties that are
constant throughout the material and are considered to be of infinite extent in the directions
parallel to the wall. Further, we assume that temperature and heat flux do not vary in these

directions. In that case, the mathematical model for heat conduction in each wall layer is
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given by [33, Chapter 10]:

a9 — iyl ri <z <, 2.)

ul)(x,0) = uéj)(x), i <<y,

where uY)(z,t) denotes the temperature in the wall layer indexed by 7, kj > 0 is the heat-
conduction coefficient of the j-th layer (the inverse of its thermal diffusivity), z = z;_; is
the left extent of the layer, and = = z; is its right extent. The subscripts  and ¢ denote
derivatives with respect to the one-dimensional spatial variable x and the temporal variable

t. The function u(()j )(x) is the prescribed initial condition of the system. The continuity of

the temperature ©\9)(z,t) and of its associated heat flux /ﬁjugj )(a:, t) are imposed across the
interface between layers. In what follows it is convenient to use the quantity o, defined as
the positive square root of k;: 0; = VE;-

If the layer is either at the far left or far right of the wall, Dirichlet, Neumann, Robin, or
periodic boundary conditions can be imposed on its far left or right boundary respectively,
corresponding to prescribing the “outside” temperature, heat flux, or a combination of these.
A derivation of the interface conditions is found in [33, Chapter 1] and repeated in Section[L.1]

In what follows, we use the Fokas Method to provide explicit solution formulae for differ-
ent heat transport interface problems of the type described above. We investigate problems
in both finite and infinite domains and we compare our method with classical solution ap-
proaches that can be found in the literature. Throughout, our emphasis is on non-steady
state solutions. Even for the simplest of the problems we consider (Section , two finite
walls in thermal contact), the classical approach using separation of variables [33] can pro-
vide an answer only implicitly. Indeed, the solution obtained in [33] depends on certain
eigenvalues defined through a transcendental equation that can be solved only numerically.
In contrast, the Fokas Method produces an explicit solution formula involving only known
quantities. For other problems we consider, no solution has been derived using classical

methods to our knowledge.

The representation formulae for the solution can be evaluated numerically, hence the prob-
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lem can be solved in practice using hybrid analytical-numerical approaches [20]. Asymptotic
approximations for the solutions may be obtained using standard techniques [25]. The result
of such a numerical calculation is shown at the end of Section 2.1l

The problem of heat conduction through composite walls is discussed in many excellent
texts, see for instance [10, [33]. References to the treatment of specific problems are given in

the sections below where these problems are investigated.

2.1 Two semi-infinite domains

In this section, we consider the problem of heat flow through two walls of semi-infinite width,

or of two semi-infinite rods as shown in Figure We seek two functions

u) = o2 u? = o2u)

Figure 2.1: The heat equation for two semi-infinite domains.

uM(z,t), =<0, t>0,

and

satisfying the equations

u (@, 1) =otul) (z, 1), £ <0, t>0, (2.2a)
u? (2, t) =o3ul (2, 1), x>0, t>0, (2.2b)

the initial conditions

uM(z,0) :u(()l)(x), x <0, (2.3a)

u? (z,0) :ug2) (x), x>0, (2.3b)
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the asymptotic conditions

lim oM (x,t) =4V,

T—r—00

lim u®(z,t) =72,

T—00

and the continuity interface conditions

uM(0,1) =u®(0,1),

ouM(0,1) =a2u@(0,1),

t >0,

t> 0.

15

(2.4a)

(2.4D)

(2.5a)
(2.5b)

The sub- and super-indices 1 and 2 denote the left and right rod, respectively. A special

case of this problem is discussed in Chapter 10 of [33], but only for a specific initial con-

dition. Further, for the problem treated there both lim, . u® (x,t) and lim,_, . v (z, 1)

are assumed to be zero. This assumption is made for mathematical convenience and no

physical reason exists to impose it. If constant (in time) limit values are assumed, a simple

translation allows one of the limit values to be equated to zero, but not both. Since no

great advantage is obtained by assuming a zero limit using our approach, we make the more

general assumption ((2.4)).

We define v (z,t) = uM (2, 1) — 4" and v (z,t) = u? (2, 1)

v®(z,t) satisfy

o (2,1) =otul}) (2, 1), r <0

o (2,1) =030l (2, 1), T>0

lim @ (x,t) =0, t>0,
Tr—r—00

lim v® (z,t) =0 t>0,
Xr—r 00

®(0,1) + 4P =0®(0,1) +~?, t>0,

o20(V(0,t) =0202(0, 1), t>0.

t>0,

—~@). Then v (z,t) and

(2.6a)
(2.6Db)
(2.6¢)

(2.6d)

(2.6e)
(2.6f)
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At this point, we start by following the standard steps in the application of the Fokas
Method. We begin with the so-called “local relations”:

(7 tety Dz, 1), =(ode MO0 (3,1) + koD (2, 1)) e,

(e—ikx+w2tv(2) (LB, t))t :(O_gefikaer(k)t(vg(EQ) (.1} t) —+ ’ikv(Z) (:L’, t)))x;

where w;(k) = (0jk)®. These relations form a one-parameter family obtained by rewriting
and (2.6D)).

Integrating around the domain and applying Green’s Theorem in the strip (—oc, 0) x (0, ¢)
in the left-half plane (see Figure we find

0 0
0 :/ e_ik%él)(x) dx — / e~ thetwity (1) (z,t)dx
> > (2.7)

t
—l—/ o2 (vi(0, s) + ikv™(0, 5)) ds.
0

Figure 2.2: Domains for the application of Green’s Theorem in the case of two semi-infinite

rods.

Since |z| can become arbitrarily large, we require k£ € C* in (2.7) in order to guarantee
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that the first two integrals are well defined. Let D = {k € C : Re(w;(k)) < 0} = DT U D~.
The region D is shown in Figure [1.2]

For k € C we define the following transforms:

t t
go(w, 1) :/ e*vM(0,5)ds = / es(v?(0,5) + 4@ — M) ds
0 0

@) _ A (ewt — | ¢
:(7 v )(6 ) +/ ewsv(Q)<O7 8) dS,
w 0
t 2 t
g1(w, 1) :/ e“sui(0,5)ds = —2/ e“sv12(0, 5) ds,
0 91 Jo

Using these definitions, the global relation (2.7) is rewritten as
f)(()l)(k:) — e W (k1) + iko?go(wi, t) + 02g1(wi, 1) =0, ke CH. (2.8)

Since the dispersion relation wy (k) = (o1k)? is invariant under k& — —k, so are go(w;, )

and ¢;(wq,t). Thus we can supplement (2.8]) with its evaluation at —k, namely

00 (k) = 250 (~k, 1) — ikodgo(wr, 1) + o301 (wr, 1) = 0. (2.9)

This relation is valid for k € C~. Using Green’s Formula on (0,00) x (0,¢) (see Figure 2.2)),

the global relation for v (z,t) is

N wat : i s
0= v((f)(k) — 252 (k, t) — iko2go(ws, t) + E(’y(l) — /(2 — 1) — o2gi(wa,t), (2.10)
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valid for k € C~. As above, using the invariance of wy(k) = (02k)?, go(wa,t), and gy (wo, t)
under k — —k, we supplement ([2.10) with

0 =0 (=k) — €29 (—k, t) + iko2go(wa, ) — %@(1) — @) (2t — 1) — 62g; (wa, 1), (2.11)

for k e CT.

Inverting the Fourier transforms in (2.8]) we have

1 oo 2 oo
v (z,t) = %/ e’kw_wlt@él)(k‘) dk + g—;r/ ekT=ert (ikgo(wy, t) 4+ g1 (wi, 1)) dk,  (2.12)

for < 0 and t > 0. The integrand of the second integral in (2.12)) is entire and decays
as k — oo for k € C~\ D~. Using the analyticity of the integrand and applying Jordan’s

Lemma we can replace the contour of integration of the second integral by — |, ap-"

2
ki / Rt (ikgo(wi, t) + g1 (wi, t)) dk.  (2.13)
0D~

1 o
(1) _ ikr—wit (1) o
v (x,t) P /Ooe Uy (k) dk o

Proceeding similarly on the right, starting from (2.10f), we have

M) _ ) e
(2) " :ry Y 1 — erf Z / ikz—wat ~(2) k) dk
v (z,t) — ( er N +_27r _ooe 0y (k)

1o
— 5 | TN (ikodgo(ws, t) + otgr (s, 1)) dE,
T J -0
" o (2.14)
1 2 00
T z 1 ikr—wat ~(2)
=—(1—erf — 2 k) dk
2 ( . (2 0§t>> "o /_ooe %7 (k)
1

o et (ikos go(wa, t) + 0191 (wo, 1)) dE.
T JoD+

for z > 0 and ¢ > 0. Here erf(-) denotes the error function: erf(z) = \% Jy exp(—y?) dy. To
obtain the second equality above we integrated the terms that are explicit.

The expressions (2.13) and (2.14) for v (x,t) and v®(z,t) depend on the unknown

functions gy and gy, evaluated at different arguments. These functions need to be expressed



2.1. TWO SEMI-INFINITE DOMAINS 19

in terms of known quantities. To obtain a system of two equations for the two unknown
functions we use (2.9)) and (2.10)) for go(w1,t), and g;(w1,t). This requires the transformation
k — —o1k/os in (2.10). The — sign is required to ensure that both equations are valid on

C~, allowing for their simultaneous solution. We find

—oy <6w1t<@(1)(_kx’ t) + 0@ (k%,t)) — @él)(—k) — 6(()2) <k§—;>)

o1+ 02 (2.15a)
i — @) (1 - )
k(oy + 02) ’

Z'I{ZO'%Q()((,Ul, t) =

_|_

et (00 (—k, 1) = 19 (2, 1) ) + 0ol (k2) = 000 (=)

o1+ 02 (2.15b)

orgi(wi, t) =

i — /®)(1 - )
k(o) + o3)

_|_

Y

valid for k € C™. These expressions are substituted into (2.13]). This results in an expression
for v (x,t) that appears to depend on v(!)(z,t) and v®(x,t) themselves. We examine
the contribution of the terms involving 9™ (-,¢) and ¢ (-,¢). We obtain for v (x,t) the

following expression:

(2) — A1)
o1+ 02 2 O’lt

1 > tkrx—w1t
+ o _Ooe’“ 50 (k) dk
02 — 01 ikx—wit (1)
+ — 0 (—k)dk
L et 0 -

= / L _gikemtp®) (kﬂ) dk
op- (o1 + 02) o9

+ / LT ckep (g t) dk
0

p- 2m(0y + 09)

+ / _ 0L ikepd) (k:ﬂ,t> dk,
ap- T(01 + 02) Ty

for x < 0, t > 0. The first four terms depend only on known functions. In the second-to-

last term, notice that the integrand is analytic for all & € C~ and that o()(—k,t) decays
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for k — oo for k € C~. Thus, by Jordan’s Lemma, the integral of exp(ikz)o™)(—k,t)
along a closed, bounded curve in C~ vanishes. In particular we consider the closed curve
L~ = Lp-UL; where Lp- = 0D N{k: |k]| < C} and L, = {k € D™ : |k| = C}, see
Figure [I.3]

Since the integral along £ vanishes for large C, the fourth integral on the right-hand side
of must vanish since the contour £p- becomes 0D~ as C' — oo. The uniform decay
of @(1)(—k,t) for large k is exactly the condition required for the integral to vanish, using
Jordan’s Lemma. For the final integral in Equation (2.16)) we use the fact that 17(2)(11‘;—;, t)
is analytic and bounded for £ € C~. Using the same argument as above, the fifth integral
in (2.16) vanishes and we have an explicit representation for v™(x,t) in terms of initial

conditions:

2) _ ~@)
U(l)(gc7 t) :W—M 1+ erf r :
o1+ 02 2\/oit

1
too [ et (k) dk
T o (2.17)

+ / 2T O pikaenty(_p) dk
0

p- 2m(0y + 09)

- / L ghementy(?) (kﬂ) dk.
op- T(01 + 032) P

To find an explicit expression for v®(x,t) we need to evaluate gy and g, at different

arguments, ensuring that the expressions are valid for k¥ € C* \ D*. From (2.15a)) and

(2.15bf), we find
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72 (e”t(@m(kg—f, t)+ 0@ (k. ) — 05 (k2) — @((]2)(—k)>

ikosgo(wa, t) =

01+ 02
iop (v =) (1 — &)
]{Z(O'l -+ 0'2) ’
2 et (a0 (k22, 1) = 0100 (—k, 1)) + 018l (—k) — 00 (k22)
oig1(wa,t) = o1+ oy

iy =) (1 - e
]{?(0'1 +0'2) ’

Substituting these into equation ([2.14)), we obtain

(1) — 4@ Lo
0@,y =20 V) (g [ +— / ekr=2t5 ) (k) dk
o1+ 0y 2./ o5t 21 J oo

02 — 01 ikz—wat ~(2)
+ — =~ e 22507 (—=k) dk
/3D+ 27(01 + 09) o (=h)

+ / T2 gkematlV) (k;@,t) dk (2.18)
op+ (01 + 02) o1

01 =02 ikan(2)
+ —= "YW (—k,t)dk
/aD+ 27(0y + 039) ( )

_/ __ 92 ikeg() (k@,t> dk.
op+ T(01 + 02) o1

for x > 0, t > 0. As before, everything about the first three integrals is known. To compute

the fourth and fifth integral we proceed as we did for v(!)(z,¢) and eliminate integrals that

decay in the regions over which they are integrated. The final solution is

(1) — 4@ 1o
T el Gt Ao PPN (. e / ebe=eaty® (k) dk
o1+ 09 2./0o3t 21 J oo

02 — 01 ikz—wat, (2) 2]_9)
+ e 2t (—k) dke (
/é?D“' 27T(O'1+0'2)6 UO ( )

+/ 2 eikm_w?tv(gl) (k‘@> dk.
op+ m(01 + 02) o1
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Returning to the original variables we have the following proposition which determines
u®(z,t) and uV(z,t) fully explicitly in terms of the given initial conditions and the pre-

scribed asymptotic conditions as |z| — oo.

Proposition 2.1. The solution of the heat transfer problem — 15 given by

2) _ ~M) 1 [ .
u(l)(:L‘,t) :7(1) + M <1 —erf < z )) + _/ ezkx—wlt{}(()l)(k) dk

o1+ 09 2T

02 — 01 tkz—wit (1) —k)dk (2203)
+/8D— 271_(0_1_’_0_2)6 UO ( )

- / L ket () k:—l) dk,
op- (o1 + 02) o

M) _ 4@ e
W, 1) =@ 4 20 =27 (1 —erf( — )) + o / e enty® (k) dk
(

+/ oy — 01 ikt () 4y (2.20b)
op+ 2m(01 + 02)
02 ikz—wat, (1) 7,92
4 / T2 gikomuaty (U (.92 g
op+ T(01 + 02) ot 0'1)

Remarks:

e The use of the discrete symmetries of the dispersion relation is an important aspect
of the Fokas Method. When solving the heat equation in a single medium, the only
discrete symmetry required is £ — —k, which was used here as well to obtain and
(2.11). Due to the two media, there are two dispersion relations in the present prob-
lem: w;(k) = (01k)? and wy(k) = (02k)?. The collection of both dispersion relations
{w1(k),ws(k)} retains the discrete symmetry k — —k, but admits two additional ones,
namely: k& — (22)k and k — (2!)k, which transform the two dispersion relations to
each other. All nontrivial discrete symmetries of {w;(k),ws(k)} are needed to derive

the final solution representation, and indeed they are used e.g. to obtain the relations

(2.15a) and (2.15b)).
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e With 0y = 0, and v = ~® = 0, the solution formulae (2.20) in their proper a-

domains of definition reduce to the solution of the whole line problem as given in [25].

e (Classical approaches to the problem presented in this section can be found in the
literature, for the case ¥() = 0 = v, For instance, for one special pair of initial
conditions, a solution is presented in [33]. No explicit solution formulae using classical
methods with general initial conditions exist to our knowledge. At best, one is left
with having to find the solution of an equation involving inverse Laplace transforms,

where the unknowns are embedded within these inverse transforms.

e The steady-state solution to ([2.2)) with initial conditions which decay sufficiently fast
to the boundary values at £o0o0 is easily obtained by letting ¢ — oo in .
This gives limy_oo u®(z,t) = limy_,oo uM (2, 1) = (WMo, + 7P ay) /(01 + 02). This is
the weighted average of the boundary conditions at infinity with weights given by o,
and oy. This is consistent with the steady state limit (y") 4 ~())/2 for the whole-line
problem with initial conditions that limit to different values (') and v? as 2 — +o0.
This result is easily obtained from the solution of the heat equation defined on the
whole line using the Fokas Method, but it can also be observed by employing piecewise-
constant initial data in the classical Green’s function solution, as described in Theorem
4-1 on page 171 (and comments thereafter) of [32]. It should be emphasized that the
steady state problem for — (or even for the heat equation defined on the whole
line with different boundary conditions at +o0c and —o0) is ill posed in the sense that

the steady solution cannot satisfy the boundary conditions.

Using a slight variation on the method presented in [20] one can compute the solutions
(2.20) numerically with specified initial conditions. We plot solutions for the case of vanishing

boundary conditions (v = v® = 0) with
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where ¢; = 25 and ¢y = 30 in Figure [2.3] The Fourier transforms of these initial conditions
may be computed explicitly. We choose o1 = .02 and o, = .06. The initial conditions are
chosen so as to satisfy the interface boundary conditions (2.5 at ¢ = 0. The results clearly

illustrate the discontinuity in the first derivative of the temperature at the interface x = 0.

2.2 Two finite domains

Next, we consider the problem of heat conduction through two walls of finite width (or of

two finite rods) with Robin boundary conditions. We seek two functions:
u(l)(m,t), —xg <z <uw, t>0,

and

u(Q)(m,t), T <x<x9, t>0,

satisfying the equations

up (2, 1) =otull) (2, t), —zg <z <, t>0, (2.21a)
uf? (2,1) =o3ul) (. 1), 2 <z <1y t>0, (2.21D)

the initial conditions

uM (z,0) :u(()l)(:v), —1p < T < X1, (2.22a)

u?(z,0) :uég)(m), T < T < g, (2.22Db)
the boundary conditions

fl(t) :ﬁlu(l)(—xo, t) + ﬁgug)(—l‘m t), t> O, (223&)

fo(t) =B5u® (w2, ) + Byul (22, ), t>0, (2.23b)
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u(x,t)A

SE-7

-0.01 0 001 X

Figure 2.3: Results for the solution (2.17) and (2.19) with u("(z) = 22®** P (z) =

2200 and gy = .02, 0y = .06, Y = 4@ =0, t € [0,0.02] using the hybrid analytical-

numerical method of [20].
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and the continuity conditions

u (21, 1) =u? (21, 1), t >0, (2.24a)

otulM (z1,t) =o2u® (21,1), t>0, (2.24b)

xT

as illustrated in Figure [2.4] where xy and x5 are positive, z; = 0, and §;, 1 < 1 < 4 are
constants. If 8; = 3 = 0 then Neumann boundary conditions are prescribed, whereas if

B2 = B4 = 0 then Dirichlet conditions are given.

uf? = o2uld) u = o2l

— I F—

_:L-O a’jl = 0 ZL‘Q

Figure 2.4: The heat equation for two finite domains.

As before we have the local relations

(e—z’kx+w1tu(1)(x7 t))t _ (O'%e_ikw+wlt(uxl)(l‘, t) + iku(l)(x, t)))xa

(e’ikH“’Qtu@) (z,1)); = (o5e ketwat(y 2) (x,t) + iku® (,6))) e,

xT

where w; = (0;k)?. We define the time transforms of the initial and boundary data and the
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spatial transforms of u for & € C as follows:

0 0
ﬁél)(k) —/ e’mu(l)(a:) dz, M (k, t) :/ e~y (2, 1) d,
) R i
fté )(k) —/ e~k )(x) dz, a4 (k,t) :/ e~ *ey @ (2, 1) d,
i ~ i
fi(w,t) :/ e”? fi(s) ds, fa(w, t) :/ e”? fo(s) ds,
0 0
¢ t
hgl)(w,t) :/ e“sul) (—z¢, 5) ds, hél)(w,t) —/ e“suV (=g, ) ds,
0 0
¢ ¢
W (w,t) = / e u® (23, 5) ds, he (w,t) = / e u® (23, 5) ds,
N o2 [t "
g1(w, t) :/ e uN(0,s)ds = =2 [ e ul?(0,s)ds,
0 91 Jo
¢ ¢
go(w, 1) —/ e“suM(0, ) ds —/ e“su®(0, ) ds.
0 0

Using Green’s Theorem on the domains [—xg, 0] x [0, ] and [0, z3] % [0, t] respectively (see

Figure 2.5 we have the global relations

Y 561:0 T2

Figure 2.5: Domains for the application of Green’s Theorem in the case of two finite rods.
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e 0 (k) =0k (g1(wi, t) + ikgo(wi, 1)) — e*™0g? <hgl)(wl> 1) +ikhg” (wr, >) (2.26a)
26a

+ay (k),

et 4D (k,t) =e~ 252 (h?)(wg, )+ 1k:h ) (ws, )) — 0191 (wa, ) — iko3go(ws, t)
(2.26b)

+a? (k).
Both equations are valid for all £ € C, in contrast to (2.8) and (2.10)). Using the invariance

of wi(k) = (01k)? and wy(k) = (02k)? under k — —k we obtain

e (—k, 8) =03 (g1 (w1,1) = ikgo(wn, 1)) — € 0% (A (wy, 1) — ik (w1, 1))

+ aél)(_k)a

(2.27a)

et 4@ (k1) —eibez g2 (hgz)(w%t) _ z’kh(()z)(w%t)) — 0791 (wa, t) + ikosgo(wa, t) (2.27D)

+al) (—k).
As in Section we need to use all the symmetries of the set of dispersion relations.

Using the symmetries k — kg—; and k — kg—f we have

ety (k@,t) — _ Ml (afhgl)(w% )+zk0102h (WQ, ))

(2.28a)

+ 0791 (wa, t) + iko1oago(wa, t) + u(()l) (ka ) :

1

ertq (k— t) —ihaa gy <a§h§2>(w1, t) + ikooah (wr, ))
02 (2.28D)

— o3gi(wi, ) — ikoroago(wn, 1) + 0 (k),

ety (—k@,t) — ¢ thnod ( h (wg, t) — ik:alagh(()l)(wg,t)>

71 (2.28¢)

. N g
+ U%Ql(‘%at) — itko10ago(wa, t) + u(()l) (—k0—2> ,
1
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ewltﬁ@) (-kﬁ, t) :eika% (O’%h?) (wl, t) — ik;alagh((f) ((JJl, t))

02

(2.28d)

o
— o7g1(wi, t) + ikoroago(wr, t) + u(2) ( kg_l) _
2

Inverting the Fourier transform in (2.26al) we have,

1 oo
u (e, ) =5 / et gy (wn, £) + ikgo(wr, 1)) A

1 <
-5 oik(@o+a)— “’”o—f(hgl)(wb )—i—zkh (wlv t)) dk
T

b L [T gy ar
27

The integrand of the first integral is entire and decays as k — oo for k € C~\ D~. The
second integral has an integrand that is entire and decays as k — oo for k € CT\ D*. Tt is
convenient to deform both contours away from k = 0 to avoid singularities in the integrands
that become apparent in what follows. Initially, these singularities are removable, since the
integrands are entire. Writing integrals of sums as sums of integrals, the singularities may
cease to be removable. With the deformations away from k = 0, the apparent singularities
are no cause for concern. In other words, we deform D* to D}, and D~ to Dy as show in
Figure [2.6) where

D = {k € D* : |k| > R},

and R > 0 is an arbitrary constant. An appropriate (sufficiently large) value of this constant

may be chosen for any individual problem. Thus

—1
U(l)({lf,t) :—/ ka ‘”ltaf(gl(wl, )+Zk:go(w1,t))dk:
oDy,

2m
1
L ezk(a:g-i—x) w1t02(h(1)(w1, )—{—Zkh (wl’ ))dk‘ (2.29)
27 BD;
1 - thr—wit 5 (1
+% ek tu(())(k) dk.

To obtain the solution on the right we apply the inverse Fourier transform to ([2.26b)):



30

Im(k)

Figure 2.6: Deformation of the contours in Figure for |k| > R.

CHAPTER 2
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I
u (a1) = / et 2 (n ) () 1) 4 ikhP (ws, 1)) d

1 oo

— 5 N

1 R
4 % ezkmfwzt,aém (k) dk.

eiszwzt(iko-ggo (wQ, t) + afg1 <W27 t)) dk

The integrand of the first integral is entire and decays as k — oo for Kk € C~\ D~. The
second integral has an integrand that is entire and decays as k — oo for k € CT\ D*. We

deform the contours as above to obtain

-1 )
U@ (z,t) =— / ee—w2)=2t g2 (n (1) 4 ikh (wo, ) dk
oDy,

2T
1 ) )

~ 5 e’kz_mt(zka;go(wg, t) + a%gl (wo,t)) dk (2.30)
T JoD};
1 > ikx—wat (2

+ 5 mek 248 (k) dk.

Taking the time transform of the boundary conditions and evaluating at the appropriate

arguments results in

Filwi, t) = Bih{ (wi, 1) + BohiD (wr, 1),

and

Falwa, t) = Bshl (wa, t) + Buh (wa, t).

These two equations together with , and may be solved for the neces-
sary unknowns A (wy, £), b (wa, 1), b (wi, 1), B (wa, 1), go(wi, 1), g1(wi, 1), go(wa, t), and
g1(wa, t). The resulting expressions are substituted in and (2.30).

Although we could solve this problem in its full generality, we restrict ourselves to the
case of Dirichlet boundary conditions (5y = 4 = 0, f; = 3 = 1), to simplify the already

cumbersome formulae below. The system is not solvable if Aj(k) =0 or Ay(k) = 0, where
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A (k) =27 <0.1<€2ikx0 1) (62%@% B 1) + a0 _ 1) < 2ike2ZL 1))

= % (62“””0 + 1) (e%k“% + 1) <01 tan (xzkﬂ) + o9 tan(kxo)) )
02

and

01

Ao(k) =A, (k@) .

It is easily seen that all values of k satisfying either of these equations (including & = 0) are
on the real line. Thus, on the contours we consider, the equations are solved without problem,
resulting in the expressions below. As before, the right-hand sides of these expressions involve
@M (-,t) and @ (-,t). All terms with such dependence are written out explicitly below.
Terms that depend on known quantities only are contained in ™ and K£®?), the expressions

for which are given later.

ikx ik(e+2w2 2L)
(1) — e (o1 +02) +e 2/ (09 — 01)
u(@, ) = KX+ / k,t) dk
o) oD Ay (k) Wik, 1)
/ zk x+2xo O’ + 0_2) + ezk(m+210+212—)<0_1 o 0_2) ( . t) ”
oDy A1<k‘)
zk(x+2xo+2x2—)
+ / 2 @ (kﬂ,t) dk
oDy (k) 02
/ 016 k(z+42x0) ﬂ(2) (—k‘ﬂ,t) dk
oDy 09
(2.31)
N /‘ zk a:+2a:0 0_2 . 0_1) + ezk(x+2xg+2x2 )(0_1 + 0_2) (k t) ”
oD Al(k)
+/ eMrt2m0) — (0y + 01) + le(ﬁhowmi)(gl - 02) (—k: t)dk
oD Al(k}) ?
z x+2x0+2x2 )
+ / a® (kﬂ, t) dk
oD ) 02

/ 20 ezk(x+2x0) A(Q) (_kﬁ’t) dk’
oD 02



2.2. TWO FINITE DOMAINS 33

and

2 ikx
u® (z,t) =K@ +/ 2026 () <k2t) dk

opj, Da(k) o
ik(z+2x022
_/ 209 (z+ Oal)a(l) <_k2’t> "
oD}, Az (k) 01
ikx+-2x ik(z+2x 0 22
B Bl ) B N G t92) 401 1) i
oD} A (k) 7
ikx ik(x+220 22
L[ Mo o) =M 0”1)(01+‘72)a(2)(—k ) dk
oD}, Az (k) ’ (2.32)
+ / 2027 4 (k@ t) dk |
oDy As(k) o1’

o

0_26ik(a:+2x0£) 0 oy
Y O (R AR N
/8DR As(k) < g1 )

ik ik(z42x022
+/ %) (gy 4 0p) 4 ¥ 001)(01_02)a(2)(l€,t)dk
oD% As(k)
ik ik(x422022)
— — o1 + R
+ /6D_ e (03 — 01) Ai(k) (o1 ‘72)u(2>(_k,t) dk.

The integrands written explicitly in (2.31]) and (2.32)) decay in the regions around whose
boundaries they are integrated. Thus, using Jordan’s Lemma and Cauchy’s Theorem, these

integrals are shown to vanish. Thus the final solution is given by K" and K.



34 CHAPTER 2

Proposition 2.2. The solution of the heat transfer problem (2.21))-(2.24)) is given by

WD (ayt) =K = [ e ai

—00

+/ 1 folwy, t)dk
» - (w1,
+ / Qiko2etkletzo)—wit (5 4 5,) — ika%eik(ﬁxﬁm%H“t(al ) fiws, t)dk
1 1
» A
+/ _eikx—wlt(al + 02) + eik(ac-l—Zmé)—mt(al . 02)@(1)(1{:) "
oD, A (k) O
+/ eik(x+2x0)_w1t(0'1 toy) + 6ik(w+2xo+2x2%)*mt(g2 — o) A(l)( b di
ol
oD;, A (k) O
N _QUleik(z+2mo+212%)—wlta@) <kﬁ> dk
Al(k) 02

o eik(erZxo)font (

(k2 qk
Ay (k) o ( k@)

+

Q;\%\

>
=

o

‘ : _ . ik(a+wo+2e2 7L ) —wit
22k0%€zk(z+x0) wlt(al + 02) . de%@z (z+zo+2m2 71)—wn (01 _ 02) -

n / fi(wy,t)dk
BD; A1(]{‘1)
—4ikodope PRGN gy
t)dk
L &) et
_eik(ﬂf+2r0)—“1t(02 —01) — eik(z+2z0+2w2%)_Mt(

o1+ 02)@81)(@ dk

+
g
3

Ay (k)

R
@0l gg) 4 HTRORRRG)Al , gy

. ) (~k) dk

oD}, Ak
. / s AU (kﬂ) dk

oD, A (k) ’ 02
. / 20, M <_k2> A

8D;§ Al(l{?) 02 ’

(2.33)
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for —xqg < x <0, and, for 0 < x < x4

W (z,t) =K@ = / ethe—wntg (k) dk

i 2y
ezk(az+:c0 01) wat

Alh) fi(wy, t)dk

. ; _ . ik(z4zo+210 22 ) —wot
2ikoleF@tr) =Wt (5 o) — ikoZe (eteatzo ) —wal

A2<k‘) f2 (LUQ, t) dk

20.2€ikxfoJ2t (1) o
_— k— | dk
Az(k) UO 01

ik(z+2x0 22 ) —wat
g9€ ( 0“1) 2

~(1) 02
U —k— | dk
Ag(k,’) 0 ( 0'1)

; 2
dikoi05

_l_

S~

Dr

)
ol

o o

)
ol

_|_
Q\
>

Y

_eik(az+2x2)—w2t< ik(w+212+2xo%)7wm€(

o1 —03) —e o1+ 02) . (2)

n / ug (k) dk
» i ()
eikxfwgt(o.l o 0_2) + eik(tﬁ-}—?xo%)—wgt(o_l + 0_2> @
n uy (—k)dk
. 20, (k)
. a9
dikoyo2eF g Tt
n / Filws, t) dk
aD; A2<k) ( )
2@.]{;0_26ik(x+12)—w2t(0_1_0_2)_I_iko_%eik(r—i-m—kh"o%)—w2t<0_1+O—2) ~
_ f2(w2; t>dk
oD, Aa(k)
_QUgeikmfwzt () ( 0-2)
TR .k — N A T
/apg Ay(k) " 71
20_261;]€(x+2370%)_w2t /\(1) 0'2
+ Uy’ | —k— ) dk
BDE AQ(k) 71
—eikx_th(O'l n 0_2) n 6ik(m+210%)*w2t(02 . 0_1) @
. il (k) dk
oD} Az(k)
eikx—wzt(al _ 0_2) + eik(x+2xo%)—w2t(al + 0_2) @
. al (—k) dk
8D1§ A?(k>
(2.34)

Remarks:
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e The solution of the problem posed in (2.21))-(2.24]) may be obtained using the classical

method of separation of variables and superposition, see [33]. The solutions u(x,t)
and u?(z,t) are given by series of eigenfunctions with eigenvalues that satisfy a tran-
scendental equation, closely related to the equation A;(k) = 0. This series solution
may be obtained from Proposition by deforming the contours along D5 and D},
to the real line, including small semi-circles around each root of either A; (k) or Ay (k),
depending on whether v (x,t) or u®(xz,t) is being calculated. Indeed, this is allowed
since all integrands decay in the wedges between these contours and the real line, and
the zeros of Ay(k) and As(k) occur only on the real line, as stated above. Careful
calculation of all different contributions, following the examples in [I5 25], shows that
the contributions along the real line cancel, leaving only residue contributions from the
small circles. Each residue contribution corresponds to a term in the classical series
solution. It is not necessarily beneficial to leave the form of the solution in Propo-
sition for the series representation, as the latter depends on the roots of A;(k)
and As(k), which are not known explicitly. In contrast, the representation of Propo-
sition depends on known quantities only and may be readily computed, using a

parameterization of the contours 9Dy and dD}.

Similarly, the familiar piecewise linear steady-state solution of — with Dirich-
let boundary conditions [33] can be observed from and by choosing initial
conditions that decay appropriately and constant boundary conditions f;(¢) = v and
f2(t) = ~?). It is convenient to choose zero initial conditions, since the initial condi-
tions do not affect the steady state. As above, the contours are deformed so that they
are along the real line with semi-circular paths around the zeros of A;(k) and Ay (k),
including k£ = 0. Since one of these deformations arises from D, while the other comes
from Dy, the contributions along the real line cancel each other, while the semi-circles
add to give full residue contributions from the poles associated with the zeros of Ay (k).

All such residues vanish as t — oo, except at £ = 0. It follows that the steady state
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behavior is determined by the residue at the origin. This results in

2(~(2) _ A1) (1) 52 (2) 52

u (2, 1) = 02(72 g 2)x+m 7+ 20y Toy. Cm <z <0,
To07] + Xo05 To07] + Xo05
2(~(2) _ A1) (1) 52 (2) 52

u® (2 4) = 01(72 gl 2)$+xw o1 + 89y Doy 0 <<
To07 4 To035 To0] + To05

which is piecewise linear and continuous.

e A more direct way to recover only the steady-state solution to with limy o, f1(t) =
f1 and lim,_,, f>(t) = fo constant is to write the solution as the superposition of two
parts: uM(z,t) = aV(z) + @V (z,t) and u®(z,t) = a®(x) + a?(x,t). The first
parts @ and 4 satisfy the boundary conditions as t — co and the stationary heat

equation. In other words

—o?a)(z), —xy <z <0,
o2u?(z), 0 <<y,
=1 (=) + Bt (—ap),
=Bt () + Satil?) ().

A piecewise linear ansatz with the imposition of the interface conditions results in
linear algebra for the unknown coefficients, see [33]. With the steady state solution
in hand, the second (time-dependent) parts @*) and @(? satisfy the initial conditions
modified by the steady state solution and the boundary conditions minus their value

as t — oo:
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- ﬂ@) (:E)u

fo(t) — fo =Bat'® (22, 1) + By (2o, 1),

ro < x <0,
0 <z <29,
—x9 < x <0,

0<x <9,

CHAPT

t>0,

t>0,

t>0,

t>0,

ER 2

where, as usual, we impose continuity of temperature and heat flux at the interface

x = 0. The dynamics of the solution is described by @") and %, both of which decay

to zero as t — o0o. Their explicit form is easily found using the method described in

this section.

2.3 An infinite domain with three layers

In this section we consider the heat equation defined on two semi-infinite rods enclosing a

single rod of length 2x4. That is, we seek three functions

u(z,1),
u®(z,1),

u® (1),
satisfying the equations

ugl) (ZL‘, t) :U%ugclac) (ZE, t)’

ul? (z, 1) =o2u® (x, 1),

ul? (x,1) =o2ul®) (2, 1),

r < —Xo,
—Tg <x < Zg,

xr > X,

r < —Xo,
—To <x < Zg,

T > X,

t >0,
t>0,

t >0,

(2.35a)
(2.35b)

(2.35¢)



2.3. AN INFINITE DOMAIN WITH THREE LAYERS 39

the initial conditions

the asymptotic conditions

lim uﬁl)(x, t) =0,

T—r—00

lim /¥ (x, t) =0,

T—00

and the continuity conditions

o2ulM (—xo,t) = o2ul? (—z0,1),

ou? (zo, ) = o2ul (z0, 1),

as in Figure 2.7]

u = o2l u? = o2l

—vee- |

—00 —X

r < —x, (2.36a)

—zp <T < Ty, (2.36b)
x> T, (2.36¢)

t >0, (2.37a)
t>0, (2.37b)
t>0, (2.38a)

t>0, (2.38b)

t>0, (2.38¢)

>0, (2.38d)

W Z 52,0

Figure 2.7: The heat equation for an infinite domain with three layers.
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After defining the transforms

x0 zo
—zo —Zo
a® (k) = / ety (z) da, ik, t) = [ e u (2, t) da,
xo o

t
plwt) = [ e, )ds =% [ euld ) s,
0 03 Jo

we proceed as outlined in the preceding sections. The solution formulae are given in the

following proposition:

Proposition 2.3. The solution of the heat transfer problem ([2.35))-(2.38]) is

o0

1 ikx—wit ~ (1
uM (z,t) =5 /_Oo e’k tu(() )(k) dk

ik(z+ro+3wo ZL)—wit
e 72 (2) /f01>
—oq(oe +0 U dk
1 3>/@DR A (k) ’ <a2

6ik(az+2xo)—w1t ik OL .
— / —_— ((0'1 + 0'2)(0’2 - 0'3) + 64 k 0"; (0’1 — 0'2)(0'2 + 0'3)) u(()l)(—k) dk
0Dy

2 (k)

ik(z4+zo+xoZL)—wit
€ 72 . (2) —koy
+o01(03 — 02)/ U ( ) dk
D> Ay(k) ep

ik(z+zo+z0 %JerO %)fwlt

e ~(3) ko
— 2010 / al (—) dk,
o oDy A (k) ’ 03

120k % (0 + o) (02 + 03)),

for —oco < x < —xo with Aqy(k) = ((01 —0y)(09 —03) + e
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1 oo
(2) t zkx—wgtA(Q) L
waet) =5 [ et

ik(z+zo+x0 Z—Z)—wzt _k
_ 0'2(0‘2 — 0'3)/ ¢ i ﬁ(()l) (;‘-2) dk
8D,

Ay (k) o
+ (01 — 03)(09 — 03) / ekt g3 (k) dk
2 opy  Ai(k%)

z k(z+zo— ro—)—wgt W ]{70'2
4+ o9(09 + 0 U dk
2( 2 3) /8D§ AS(kZ_i) 0 <0_1>

ik(x+3z0+10 22 ) —wat

e 73 k

— 02(01 + 02)/ ’&63) (ﬂ> dk
oDy

A (kﬂ) o3
(o1 + 02)(02 — 03) / eik(at2ro)—wat (2)( k)
- = dk
2 oD} Ak
N (09 — 01)(09 + 03) / e"k(”””“)f“’?tﬂ[(f)(k) m
2 op}, As(k22)
(09 — 01)(09 — 03) eik(z+4zo)7w2tﬁ82)(—/{:)
+ = dk
2 8D+ A3<k0—3)
ik(x+3z0—10 22 ) —wat
_ ¢ @) (ko
+ 09(09 Ol)/azﬁ AR g ( p ) dk,

for —xg < x < xg with As(k) = ((01 + 09)(02 + 03) + 64im°k%(01 —09)(0y — 03)>. Lastly,
the expression for u®(z,t), valid for x > o, is identical to that for uV(z,t) with the

replacements o <> —xo, (1) <> (2), and Dy +» —0D}.

2.4 A finite domain with three layers

In this section we consider the heat conduction problem in three rods of finite length. That

is, we seek three functions
uM(z,t), —zg<z<0, t>0,

uP(z,t), 0<x<mzy >0,
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u®(z,t), zy <z < s,

the boundary conditions

fi(t) =B1u) (—z, 1) + Boul (=20, 1),

f3(t) =B3u® (23, 1) + BaulP) (w3, 1),

and the continuity conditions

utD(0, 1) =ul(0,1),
u? (29, 1) =u® (24, 1),
o2ull(0,t) =o2u?(0,1),
o2 (3, ) =02 (1,1,

as in Figure [2.8|

t>0,

—zro<x<0,t>0,
O<ax<z9, t>0,

To<x<x3, >0,

—xp < x <0,
0<ax <z,

Ty <X < T3,

t >0,

t>0,

CHAPTER 2

(2.39a)
(2.39b)
(2.39¢)

(2.40a)
(2.40D)
(2.40¢)

(2.41a)
(2.41D)

(2.41c)

The solution process is as before, following the steps outlined in Section 2.3} For sim-

plicity we assume Neumann boundary data (8; = 3 = 0) and zero boundary conditions

(f1(t) = f3(t) = 0). We define
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uf = o2 0 = o3 u® = o2

o | | e

0 T2 T3

Figure 2.8: The heat equation for three finite domains.
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The solution is given by the following proposition.

Proposition 2.4. The solution to the heat transfer problem ([2.39))-(2.42)) with 51 = 3 =0
and fu(t) = f(t) = 0 is
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o /_ ) ekr=wrtg(D (k) dk

ezkx—o.qt

+ / < <€2ix2k%(01 — O'Q)(O’Q — 03) + €2ik01(£+£)(01 + 0'2)(0'2 — 0'3)
op= 201(k)
R

2izak L Ly 1

+ e 73 (0'1 — O'Q)(O'Q + 0'3) + €Qix2kal(£+6)(01 + 0'2)(0'2 + 0'3)> fb(()l)Ui') dk

ek($+2xo)—wlt ik oL I
" / C2A (k) (62 HE (o) — 93) (09 — 03) + 5 G (04 + 03) (03 — o)
oD, 1

gk Ol
21:1?3]60

. 1 1
+e 3 (0y — 02) (09 + 03) + ekaal(@JrE) (01 + 09)(02 + 03)) ﬂél)(—k) dk

eik <z+2xo+x2 %) —wit

|
§
=l

bl (ezmk%(@ —03) + 62ix3k%(02 + 03)> %2) <k2> dk

A1<k') 02
/ 6ik<x+2xo+x2%)*w1tal < 2ix3kﬂ( )+ 2ix2k"—1( 1 )> ~(2) kO'l dk

- A1<k‘) € 02 03 (& 09 03) | Uy o
+/ 20102 6ik<x+2xo+2x3%+x2%+mg%>7w1taé3) (kﬂ) dk

oDy Al(k) 09
+/ 20109 eik<x+2mo+m2%+m%)—wlta(()S) (—k:ﬂ> Ak

oDy Al(k) 09

ik(z+2x0)—wit . = z . o
+ / < 2lkgl<£+£)(01 — 03)(02 — 03) + 621%21&%(01 + 09)(02 — 03)
+ 2A1(k5)
oDy

2ix2k‘o’1(%+ 1

72 (01 — 02) (0 + 03) + €275 (0 + 09) (00 + ag)) alY (k) dk

ik(z+2x0)—wit o

€ 2ixok L

e —— 7301 — 0O 09 —03)+ €
oy 20(h) ( e

izl L
21x3ka

; 1 1
H(o1 = 02)(02 4 09) + ) (01 1 03) (0 + 03) ) ) (<) b

eik (x—i—?xo +x2 %) —w1

+ e

2ik01<%+%) (014 02)(02 — 03)

_.I_
o

+ e

t
k! (emmk%(@ —o3) + em?’ké(ag + 03)) ﬁ((f) (k’ﬂ) dk

|
g
=+

Al(k') g9
ik(ac—i—Qaco-l—a:z %)—wlt . " . .
- / ¢ bl (em?’k%(@ —03) + ekaé(ag + 03)> al?) (—kzﬂ> dk
oD} Al(k) 09
1 20-10-2 eik($+2x0+25’73%+x20’1(%4‘%))_“1175,&83) (kﬂ) dk
oD% Al(k) 09

R

2 k| x+2x0+x201 | —+—=—) ) —wit ~
+/ 2 (e sean (335 )) et ) <_kﬂ> dk,
oD%, 1(k) 02

g



2.4. A FINITE DOMAIN WITH THREE LAYERS

for —xg < x < 0 with

A(k)= = (62ix2k5;(01 — 09)(0s — a3) + €2ik<x3%+x2%+xo)<
+€2ikal(%+%>(01 +ou)(00 — 03) + 622']{(12%+10>
+e2iw3k‘%(0_1 _ 0_2)(0_2 + 0_3) + 627;]‘5(1’0"‘1’2?-"-:625—1

+62i$2k<%+%> (O—l + 02)(0_2 + 03) _ €2ik<x3%+$0)(
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oy — 01)(02 — 03)

(01 + 02)(03 — 02)
5258 (0 — 01) (02 + )

o1+ 02) (05 + 03)> |
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2.4. A FINITE DOMAIN WITH THREE LAYERS

for 0 < x < x9, with

and

No(k)= = (eik(moifﬂﬁ%ii) (01 — 09)(02 — 03) + e2x2ik%(02 —01)(09 — 03)
+621k02<%+%> (01 + 09)(02 — 03) + eQik(mS%ﬂ?) (01 + 02(03 — 02)

23k (o9 — 1) (00 + 03)

_e2iz2k<%+1> (0_1 + 02)(0_2 + 03) + e%k@(%-i_%) (0‘1 + (72)(0'2 + 0'3)) )

+62ik(ﬂco%+x2%+m) (0'1 — 02)(0'2 + 03) + 62
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for xo < x < 3 with

Asz(k) =7 (e%”k(al —03)(09 — 03) + eZik<x0%+x2%+m3> (09 — 01)(02 — 03)

2ik (12%+1‘3> ( 2ik <x0%+12> (

+e 01+ 09)(02 —03) + € 01+ 09)(03 — 02)

2ik <% +xo+x2 ?

+62iz3k(0'1—0'2)<0'2—|—0'3)+6 2)(02—01)(02+03>

. o . o1
21x2k<1+ 3 21k(x0£+:03> (

+e %) (01 + 09)(02 + 03) — € o1+ 03) (09 + 03)) :

2.5 Periodic boundary conditions

We consider the problem of heat conduction in a ring consisting of two different materials

as in Figure 2.9 We seek two functions:
u(x,t), zo <z <z, t>0,

u?(z,t), @ <z <x9, >0,

satisfying the equations, initial, boundary, interface continuity conditions:

uV = ol uM(z,0) = u[()l)(:c), ro <x < x1, >0, (2.43a)
u? = olul?), u?(z,0) = u((f)(x), Ty <x < Ty, >0, (2.43Db)
uM (29, 1) = u® (9, 1), uD (z1,t) = u® (24,1, t>0, (2.43c)
o2uM(zo,t) = o2ulP (xq,1), o2ull (z1,t) = o3uP (24,1), t>0. (2.43d)

As in previous sections we have the local relations

(e‘ikarwltu(l))t = (Ufe_ik“r“lt(ug) + iku(l)))x, To < T < X1,

<€fikx+w2tu(2)>t _ (O_gefik:ﬁwzt(ug:?) + iku@)))x, T < x < Xg,
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u = ol o — o2l

To = T2 T1 T2 = X

Figure 2.9: The heat equation with an interface posed on a ring.

where w; = (0;k)?. We define the time transforms of the initial and boundary data and the

spatial transforms of u for k£ € C as follows:

(k)= [ e *oulY (@) da,
o
1
ﬂ(l)(k,t) :/ _mu(l)(x,t) dz,
o

t 2t
hy(w,t) :/ e“sulM (z0, s) ds = U—g e“u? (x4, 5) ds.
0 o1 Jo

Using Green’s Theorem on the domains [xg, 1] X [0,t], and [z1, 23] X [0, t] respectively,
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we have the global relations

el (k,t) =ate™ ™ (gy(wi, t) + ikgo(wi, 1))
. . 0 (2.45a)
—oje (hi(wr,t) +ikho(wi,t)) + 1y (k),

e 0D (k1) =e ™2 (62hy (wo, t) + iko2ho(ws, t
) = (o1h(wa, t) 2ho(ws, t)) (2.45b)

— e 1 (03 g1 (wa, t) + ko go(wa, 1)) + ﬂ(()2)(k).

Both equations are valid for k£ € C as is to be expected for the Fokas Method in bounded
domains. Using the invariance of w; (k) = (01k)? and wy(k) = (02k)? under k — —k as well

as the transformation k — 2tk and k — 22k which transform wi (k) ¢ wa(k) we obtain

et (—k, t) =a1e™™ (g (wi, t) — ikgo(ws, t))

(2.468)
— 02e™0 (g (wi, t) — ikho(wi, 1)) + 4 (—k),
ew2ty) (k’ t) zk:zz o2h (W2, t) — ikJUzho(WQ, t)
‘( 1 2 ) ) (2.46D)
— &1 (02 (wa, ) — iko2ge(ws, ) + 0P (—k),
ew2ty (1) (ﬁk,o —e 3 (a%gl(cug,t) + ik010290(w2,t))
01 (246C)
_ koo (o7h1 (w2, t) + ikoyosho(wa, t)) + il <k@> ;
01
et (2) ( k:,t) _ o kw2 gy (o7hi(wr,t) + ikoyoshg(wi, t))

—IRXT1 — ) 1
—e = (‘7%91(0‘11,15) iko102g0(wr, )) uéQ) (kal) '
+ 2

Inverting the Fourier transforms in (2.45al)

1 > IRT—W ~
uM (z,t) = 27?/ ek 1tu(()1)(k:) dk

2

+ 627_1/ eik(w—wl)—wlt(g (wi,t) +ikgo(ws,t)) dk
T J -

2
91

o / etkle=z0)=wit(p (wy 1) + ikho(ws, t)) dk.
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The integrand of the second integral is entire and decays as k — oo for k € C~ \ D~. The
third integral has an integrand that is entire and decays as k — oo for k € C*\ DT. Tt is
convenient to deform both contours away from k£ = 0 to avoid singularities in the integrands

below as shown in Figure [2.6, Thus

1 00 ikx—wit (1
ulV (1) =5 e kot gD (k) dk
O-% tk(z—x1)—wit .
= € (g1(wr,t) + ikgo(wi, 1)) dk (2.47)

T Jopy,
O-% ik(z—x0)—wit ;
- € (hl(wl, t) + Zkho(wl, t)) dk.
2 oD,

To obtain the solution uy(z,t) for 1 < x < x5 we apply the inverse Fourier transform

to (2.45b)) and again deform where appropriate to find

1 [~ .
(2) 1) =— tkz—wat ~(2) k) dk
W) =5 [ e
1

1
21 Jopy,

eik(xf:m)*wﬁ(o—%gl (wz, t) + ikaggo(w% t)) dk

eik(xfIQ)*WQt(o-%hl (wh t) + ZkO'ghO <w27 t)) dk.

All the global relations, using the symmetries of the set of dispersion relations, that is
Equations and , are used to solve for the unknown functions at the interface.
Substituting these expressions into we have equations for u(x,t) and u® (x,t) which
involve 4V (k,t) and 4® (k,t) evaluated at a variety of arguments but without the factor
e“it, Such integrands decay in the regions around whose boundaries they are integrated.
Making extensive use of Jordan’s Lemma and Cauchy’s Theorem, these integrals are shown

to vanish. Thus the final solution is given by
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o0

1 .
- ezkxfwlt&él)(k) dk

W(p t) =

—

—00
ikx—wlt

op- 281(k)
. ikoq —x R
—(o1 — 0’2)26”“(”0_’“”?(I2 )) u(()l)(k) dk

. iko
+ <(01 + 02)26%(%_“”721(“_”) — 40109

\

(0% - U§>eik(x—xo—x1)—w1t < m($1_$2) ikoy (52— Il)> (1)
e o2 —e o2 uy’ (—k)dk
i /aD,; 20, () o (=)
zk::c w1t . iko

+/ 01 (01 "‘0'2 (6 . e—zkzo—&-i—zlxz) a(()Z) (@) dk

oDy 02

oDy 02
—l—/ e ((U — gy)2e )t ot (ee—a) + 4010

o 281(k) b s

. iko
—(o1 + Uz)Qe’k("’co_xl)*T;(“_xl)) fbél)(k’) dk

+/ = 02)2:(250 — (o7 nmm) — T o) o) (g
oD}, 1

—I—/ 0'1(0'1 + O'Q)eikm_wlt <e—ikx1+%m1 _ e—zkmo—i- 1172) ﬁ(2) (@) dk
oD} Aq(k) ’ 02

ikr—wit i ;
01 (02 - 0.1)62 e —ikﬂjo—lkvl T2 —ikzl—mml /\(2) ko-l
+ e 2 —e 72 uy’ | —— | dk,
oD}, Ay (k) P

for xg < x < x1 where

ik 7L —ikZL —i —i k2L koL . i
Al(kj) =T <01 <€ Wy Tl —e 1 02$2> (6 ikxo +e zkm) + oy <6 Wy Tl +e i U2$2> (6 tkxo —e ’LkJCC1)> %

k— —ikZL " _ ikl k2L . .
(O_l <€ i x1+e i 02302) (6 ikro zk:r:l) + 09 ( —ik o 1 —e 2 0211?2) (6 zka:o_i_e zkm)) )

For 71 < x < ¥, the solution u?(x,t) is found by switching the indices (1) and (2) on o,
oy, uM(-) and u®(-), replacing A; (k) with Ay(k) = —A; (koy/oy), and interchanging the
integration paths [ Dt and — [ pz-

Note that Ay(k) = 0 whenever k& = 0, cot (M) tan <M> = —2 or

209 o1’

cot (forlzizea) ) pay (KMzo—m)) — _ 2 gre satisfied. Observe that A;(k) = 0 only for real
202 2 o1 J
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values of k for j = 1,2. Thus, through the deformation to D}, and Dy we have avoided any

singularities and, on the contours, the quantities needed are evaluated without problem.

Remarks:

e To solve using separation of variables results in a solution defined implicitly in
terms of the eigenvalues which solve A (o1k) = 0. Thus, the Fokas Method provides an
alternative to this important classical problem. It is interesting to note that although
the solution is periodic, it is not useful to assume a solution of the form Z;‘;foo a;(t)e’”

because the equation defined on the whole domain u; = 0%(z)u,, with o(x) piecewise

constant is no longer diagonal in Fourier space since o(z) has an infinite-term Fourier

series.

e [t is straightforward to generalize this work to the problem of n domains with pe-
riodic boundary conditions by combining what was done in [14] and [4], 47] for the
heat equation with multiple domains with what we present here for periodic boundary

conditions.

2.6 Burgers’ Equation

Burgers’ equation is a nonlinear PDE which models gas dynamics and traffic flow [38]. For
a velocity q(z,t) and viscosity coefficient o2 a general form of the viscous Burgers’ equation

in one spatial dimension is [5, [8, 9]
G = 0 Qs + Q4o (2.48)

This equation can be linearized via the Cole-Hopf transformation

u(z,t)
Uz (x, 1)

Q(x, t) = —20°
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The Burgers’ equation is then reduced to the linear heat equation u; = 02u,, [38, Section

1.7] which can be easily solved.

If o is piecewise constant then we can pose ([2.48)) as an interface problem as in Section .

Using the Cole-Hopf transformation

)
) _ pus (2,1)
D = 20 G )

for j = 1,2 we find that ¢(z,t) satisfies

¢V(z,t), x<0,t>0,
q(z,t) =
¢ (z,t), x>0,t>0,
which solve the Burgers’ equations,

(1)

¢ = otasy) — VeV, x <0, t>0,
g = 0302 — ¢, x>0, t>0,
the initial conditions
M0
q(l)(ZE,O) :q(()l)(ZE) — _205%7 r <0,
up ()
@, 0
q(Q)(ZL‘,O) :CZ(()Q)(ZE) — _203%7 x>0,
uy ()
the asymptotic conditions
lim ¢ (z,t) =0, t>0,
T—r—00
lim ¢ (z,t) =0, t>0,
T—>r00
and the continuity interface conditions
¢'V(0,1) = ¢®(0,1), t>0,
g:7(0,) + 207l (0,1) = 7 (0,1) + 205u() (0, 1), t>0.

(2.49a)

(2.49D)

(2.50a)

(2.50b)

(2.51a)

(2.51D)

(2.52a)
(2.52D)

We are not aware of any physically relevant problems which can be modeled by the

Burgers’ equation as presented in (2.49)-(2.52). However, the Cole-Hopf transformation

and the methods presented in Section [2.1] give an analytical, closed-form solution for this

nonlinear PDE with an interface.



Chapter 3

The heat equation on a graph

In Chapter [2] we applied the Fokas Method to a subclass of the problems described in
this chapter in which each vertex has at most two edges: a configuration of metal rods with
different diffusivities joined end-to-end along a line. The principal contribution of the work
in this chapter is to show that the Fokas Method may also be applied to the more general
configurations of connected rods described below. Examples of such configurations are shown

in Figure [3.1] This work was done in collaboration with D.A. Smith [58].

The examples presented in this chapter and the paper [58] were selected because they
can be formulated as linear systems which are relatively easy to solve by hand. It should be
noted that this is not always the case. In general, for a graph with my finite edges and m;
infinite edges, it is always possible to express the generalized spectral map as a linear system

of dimension 4m + 2m; but it may not be practical to solve this system by hand.

Suppose V is a set of vertices and F is a set of directed edges between those vertices so
that (V, F) is a finite connected directed graph. Associated with each edge r € E'is the length
L, € (0,00]. Suppose additionally if L, = oo, then the vertex at which r terminates has no
other edges. For each edge r € E, we define the open interval Q. = (0, L,). We consider the
graph to represent a configuration of narrow rods joined at the vertices in perfect thermal

contact.
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(a) FEagle Catching Fish, sculpted by (b) wirtual woman, sculpted by Toby
Amy Goodman Short

Figure 3.1: Examples of connected rods in art.

3.1 Interface conditions for graphs

In order to derive the proper interface conditions we generalize what is outlined in [38] and
repeated in Section for problems with multiple rods. Assume each edge r € E is a rod
made of some heat-conducting material with density p,(z) and unit cross-sectional area. We
assume the surface of the rod is perfectly insulated so no heat is lost or gained through this
surface. If we consider an infinitesimal section of length dx for = € ., then dC), the heat

content in the section, is proportional to the mass and the temperature, ¢ (x,t). That is

AU (t) = er(2)p ()" (2, 1) da,
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where ¢, (x) is the specific heat on r and = € ,. Thus, the total heat content in the interval
11 < x < 19 Where x1, 19 € Q. is

€2

o) = [ er@p @)z 1) da.
1
Fourier’s Law for heat conduction [30] states that the rate of heat flowing into a body

is proportional to the area of that element and to the outward normal derivative of the
temperature at that location. The constant of proportionality is the thermal conductivity,

k.(x). In our example, the net inflow of heat through the boundaries x; and x5 is
R(t) = kp(22)q\" (w2, t) — ko (21)q (21, 1), (3.1)

where z1, 75 € . Conservation of heat implies --C")(t) = R(t) along each rod. That is,

d [=

gy e (@) pr(2) g (2, 1) dz = Ep(29) ¢ (29, 1) — Ep(21) g\ (21, 1), (3.2)

for every r. This is a typical conservation law. On each rod we assume constant material
properties. That is ¢,.(x) = ¢, p.(z) = pr, and k.(x) = k, for z € , and ¢t > 0. Expressing
R(t) as the integral of a derivative and rewriting (3.2)), we have

x2 . ) §
/ (crprq§ )(x, t)dx — g (qu; )(x,t))) dz =0,

for x1, x5 € .. Since this is true for any x; and x5 in this range, it follows that the integrand
must vanish. That is,

r kr

CT’T‘

X
CrpPr

Next, we scale x such that z = for x € ). Note that such a scaling also affects L,
and €2, and in what follows we assume all quantities are properly scaled. Dropping the > and

defining 02 = k,c,p, as the (scaled) thermal diffusivity in rod r we have

qgr) = quym), x &€ QT, t >0, rek, (33&)

¢ (2,0) = ¢ (x), v €, reE, (3.3b)
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where q0 €S (QT) is given initial data for each r € F with S (ﬁ) a Schwartz space of
smooth, rapidly decaying functions restricted to the closure of the interval 2.

We also assume that the rods at each vertex v are in perfect thermal contact [10]. The
temperature at 2 = 0 of the rods emanating from v, ¢*(0, t), is the same as the temperature

at x = L, of the rods terminating at v, ¢")(L,,t). That is,
¢*(0,t) = ¢"(Ly,t),  t20, (3.4)

where ¢(*)(x, t) emanates from the same vertex where ¢\ (z,t) terminates. The relation
is true for all r,s € E that meet at a given vertex. If vertex v has p edges then gives
p — 1 conditions.

In order to find a condition on the set of spatial derivatives of ¢(") (x,t) we require an
appropriately scaled Condition valid for on a region centered at the vertex v. Consider
a ball centered at a vertex v, with radius € > 0 sufficiently small so that all rods are straight
lines within the ball and no other rods intersect the ball. Then, similar to Equation we

have

Rit)y= Y o (et) = D or(Ly—e)al (L, — ).

seE: rek:
s emanates r terminates
from v at v

By conservation of energy,

d Lr
! cp? hm/ (x,t)dx + E c2p? hr% ¢ (z,t) dx
sEE rek: TS L —e
s ef{%%lzg;es r ter;iu'{]lates (35)
— 1 E 2 (s) _ 1 E _
_ 11_1}6 ~ 054y (€7t> 11_138 : U Q:z: (L € t)
s egleanétes r te?rerliEﬂates
from v at v

The left-hand-side of (3.5)) is zero by (3.4]). This implies

Yoot~ Y elq (L t) =0. (3.6)
seE: rek:

s emanates r terminates
from v at v

Thus the appropriate sum of the heat flux is continuous across the interface.
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For each finite endpoint vertex v € V' which has only one finite-length edge r, € E (and

no infinite-length edges) we prescribe a general Robin boundary condition
BEq" (X, 1) + Br0.q" (X, 1) = £,(b), t>0, (3.7)

where f, is known boundary datum and 3§, 5{ € R where X = 0 if r, emanates from v,
and X = L, if r, terminates at v. If the graph has m; finite edges and m; infinite edges,
then , , and together prescribe a total of 2m; + m; boundary and interface
conditions.

We insist that the initial data and interface conditions are compatible. That is, we require

for each interface vertex v,

S g0 - Y 020 (L,) =0,

sER: rck:
s emanates r terminates
from v at v

57(0) = (L),

for ¢*)(x,t) emanating from v and ¢\")(z,¢) terminating at v. We also require the initial and
boundary conditions are compatible in the sense that for each finite endpoint vertex v with

edge r,,
Boao" (X) + B70:q5"(X) = f.(0).

3.2 Implicit integral representation of the solution

There is one global relation for each domain €2,. Each global relation links the boundary and
interface values with the initial value for a particular » € E. In contrast with Chapter [2| but
following the innovation of [4l, 47], we scale k in a way that will simplify later calculations.

For x € Q,, t > 0, and k € C, we have the local relations

(ehlm g (@ ) = (e (0,ikg @, t) + 2D (@,) ) L (38)

t x
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which are a one parameter family rewrite of (3.3al). We define

Ly
Ly '
) (k1) = / e~k () (1) da, >0, kecC,
0
t
g(()?")(w7t) — / ewsq('f‘)(o S) dS t> O,
0
t
9 (w,t) = / e*q{"(0, 5) ds, t>0,
0
t
B (. 1) = /0 g (L, 5) ds, >0,
t
W (w,t) = / ¢ (L,, ) ds, t>0
0

Applying Green’s Theorem to [0, L,] x [0,¢] (where L, < co) yields the global relation

r k 24 k . ' r
Q’ (_) — Rl (‘;t) = ayikgl (k. 1) + ool (K2, 1)

0
Or (3.9a)

T

— e (kb (2, 0) + o2h{) (K2, 1))
for k€ C,t >0, and each r € E. If L, = oo the global relation is

k 2 k T T
s (‘) — R (;t) = 0,ikg) (K2, 1) + 029\ (K1), (3.9b)

for ke C~,t >0, and each r € E.

Inverting the Fourier transform in (3.9a)) and (3.9b|) respectively we have
]. o ; 21.2
(r) t) = tkz—o2k?t ~(7) k) dk

1 < r r
Rk (kg (K2, 8) + 0,0 (2,1)) b (3.10a)

— 5 -

1 o 3 T e
+ o gik/or(@—Lr)=k?t (z’kh(() )(kQ, t) + Urhg )(kQ, t)) dk,
m —00

and

1 [, \
Ao t) = [ G b

1 o 3 T T
— oo [ (kg (6, 8) + 0,91 (R, 1) )
a —0o0

(3.10b)
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Define
D={keC:Re(k*) <0}, D*={keC:DnNC*},

as shown in Figure The integrand of the second integral in both (3.10al) and (3.10b)) is

entire and decays as k — oo for k € CT \ DT. Hence, by Jordan’s Lemma we can replace
the contour of integration of the second integral by | ap+- 1t is convenient to deform both
contours away from k£ = 0 to avoid singularities in the integrands that become apparent
in what follows. Initially, these singularities are removable, since the integrands are entire.
Writing integrals of sums as sums of integrals, the singularities may cease to be removable.

In other words we deform 0D* to apﬁ, where
Di = {k € D* : |k| > R},

and R > 0 is an arbitrary constant. An appropriate (sufficiently large) value of this constant
may be chosen for any individual problem as in Figure 2.6l A similar deformation can be

done for the third integral in (3.104) from [°_-dk to — [,,- - dk.
R
Then, for each r € E such that L, < oo,

r 1 > ikx—o2k2t A(r
Aot) =5 [ oG )

=5 -
1 . . r r
- piok/or—kt <zkg(() (K2, 1) + 0,98 )(kQ,t)) dk (3.11a)
T JoD},
1 .
S ¢i@=Lr)k/or—k2t <il€h(()r)(k2a t) + Urhgr)<k2> t)> dk.
27 Dy

Similarly, for each r € E such that L, = oo,

1 (> . ,
e t) = [ MG ab

=5/
(3.11b)

1 ; r "
— o [ e (gD (2, 6) + oD (K2, 1)) .
21 Jopt

3.3 m semi-infinite rods

In this section, we consider the case of m € N semi-infinite rods of differing thermal diffusivity,

joined at a single vertex. The graph is as shown in Figure [3.2] Of the m + 1 vertices, m are
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each the terminus of a single edge, and all m edges emanate from the other vertex. Identify

the set of edges F with the set {1,2,...,m}. The single interface vertex is denoted as v.

Figure 3.2: m semi-infinite rods.

Since gj(»r)(k2, t) is invariant under the transformation k& — —k we supplement the global

relation (3.9b)) with its evaluation at —k. Namely,

oy ,

r r ~(r _k ~ _k;
—arz’kg(() )(kZ,t) + afgg )(kQ,t) = qé ) < ) — Mg <J—,t> : (3.12)

for all £ € C*. Notice that this transformation is essential because our “solution” (|3.11b)
requires equations for gy)(kg, t) valid for k € D, whereas the original global relation (3.9b))
is valid only for £ € C~. Equations (3.12) represent a system of m linear equations in the

2m unknowns.

Appropriately transforming the interface conditions (3.4) and (3.6)) for this problem we
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find
t 2
go(k%, 1) = g\ (K2, 1) = / g0, 7)dr, 1< s<m, (3.13a)
0
> a2g (k1) =0, (3.13h)
s=1

for all k € C. Equation (3.13a)) reduces the number of unknown functions from 2m to m+ 1.
Equations (3.12), (3.13b)) provide m + 1 linear equations in these unknown functions. We

represent this system as a matrix:

AX =Y,
with
X = k2 2,1 (g2 2 o(m) (12 T
- gO( 7t)70-1g1 ( 7t)7"'70mgl ( 7t) )
—k 2 —k my [ —k 2 —k \\'
Y = (07 qA(()l) <_) - ek th(l) <_7t) ) 7@[() ) (_) - ek th(m) <_7t)) )
o1 o1 01 Om
0 11 -1
—tkoy 1 0 --- O
A=| —ikoy, 0 1 --- 0
—tko,, 0 0 --- 1
For notational convenience, the entries of Y are denoted Y,., where r is enumerated O, ..., m.

Similarly, the rows of the other matrices are counted from 0 to m.

Clearly, Y depends not only upon the initial data, but also upon the Fourier transforms
of the solutions at time ¢ which are not given data of the problem. Nevertheless, we proceed
to solve the system as if Y is composed purely of known data and show afterwards that
terms involving ¢ (-, ¢) make no contribution to the solution representation.

Subtracting the sum of rows 1,...,m from row 0 in matrix A it is immediate that

m

det(A) =ik Y o,

r=1
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Let A; be the matrix formed by replacing column j of A with the column vector Y. By

Cramer’s rule [12],

det(Ap) (r) det(\A,)
2 4\ _ 2 )= — T <r<m.
g0<k 7t) det(A) ) 91 (k 7t) U?det<A>7 1 =Tr=m
Trivially,
det(Ao) = — Zy-p
p=1

To find det(A,) we subtract the j*® row for j =1,...,r — 1,7 +1,...,m from the first row.

Then, for each j =7, j=r—1,...,j = 2, we switch the j® and (j — 1) rows and switch

the j™ and (j — 1)** columns. The resulting matrix is

kY o, =3 Y, 0 -+ 0
p=1 p=1
p#T p#ET
B, — —iko, Y, 0O --- 0 7
—ik’O’w YT/ 1 --- 0
—7;]{0’74// }/T// 0 e 1
where the sequence (17, ...,7") of length m — 1 is the sequence (1,2,...,m) with the term r

excluded. Clearly, det(B,) = det(A,). Hence

det(A,) =ik Yricrp—arti ,

p=1 p=1
p#r p#r
and it follows that
U %
k2, 1) = — 2= 17,
ik, Op
Y, 5" o,—0,Y Y,
ggr)(kQ’t) _ Zp12 p - prl p, 1 S r S m.
O-r Zp:l Up

(3.14)

(3.15)

Substituting Equations (3.14]) and (3.15]) into Equation (3.11Db)), we obtain expressions for

each ¢ in terms of the Fourier transforms of every initial datum é((f)(k;Q, t) and of every
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solution ¢ (-, t):

r 1 > izk—o2k?t A(T
Aot)=y [ G ) ak

2 J_
ik g2y Zm ~p) =k A(r) [ =k Zm _ Zm ~(p) [ =k
€ or p:l qO op qO or pil O-p 0"” pil qo Jp
—|—/ — — — dk
op+ 2T Zp:l Op Or Zp:1 Tp
2 (S (£,8) a0 (20 Spe-a S dl ()
—/ — — — dk.
oD+ 2T > pe1 Op Or Y ey Op
(3.16)

Note that the integrand of the third integral in (3.16)) is analytic for all k¥ € C* and decays
for k — oo for k € C*. Thus, by Jordan’s Lemma, the final integral of Equation (3.16]) is 0.

Hence, we obtain an explicit integral representation of the solution,

1 Sl
q(r)(l'7t) — %/ elzk—o%k%qgf‘)(kj) dk
[ e (IR K@), O
+ m _ 7
oD+ 2 Zp:l Op Or

in terms of only the initial data.

Notice that in this example we were able to set & = 0. This will not generally occur even
for the semi-infinite rods when the network also contains finite rods (see, for example, [14]
Proposition 3]). Indeed, R = 0 is possible here because det(.4) is monomial which occurs for

no configurations of rods except the one considered in this section.

3.4 m parallel finite rods

In this section we consider the case of m € N parallel finite rods of differing thermal diffusivity
extending between a pair of vertices. Note that we have chosen the rods to all be oriented in
one direction. This is purely for notational convenience, the parameterization of the rod from

0 to L, or from L, to 0 is not important. The graph is as shown in Figure [3.3] One of the
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two vertices is the terminus of every edge, and every edge emanates from the other vertex.

Again, it is notationally convenient to identify the set of edges F with the set {1,2,...,m}.

1
i = ot

Figure 3.3: m parallel finite rods.

The continuity interface conditions allow us to define

go(k?,1) == g (K, 1), 1<r<m,
ho(k2,t) == h{" (K2, 1), 1<r<m

Similarly, the continuity of flux interface conditions imply

> o2gl (k1) =0,
r=1

> " a?h{ (k2 1) = 0.

r=1

Using the notation ({3.18)) the global relation ([3.9a)) reduces to

k k
a5’ (—) — g (—,t) —0,ikgo(k2,t) + o2g\" (K, 1)

s s

_ o ikLr/or <arik:ho(k2,t) + afhgr)(kQ,t)) .

(3.18a)
(3.18)

(3.19a)

(3.19b)
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Applying the transformation k& — —k which leaves the functions g(-r)(k‘Q,t) and hg-r)(kQ,t)

invariant we obtain

—k —k
@’ ( ) — g ( ,t) = — ovikgo(k*, ) + org” (K1)

s s

_ pikLr/or (—arikho(k‘g,t) + afhﬁr)(k2,t)> :

This provides a system of 2m equations valid for £ € C in 2m+2 unknowns. System ((3.19))
provides two further equations in a subset of the same unknowns. We express this linear
system as

AX =,

where

.
X = (g2, 0), hoh2,0), 03V (2, ), ., o2, g™ (2, 0), 03 (2, 0), . o2 ATV (D))

(3.20a)
Y = (0,Y1(k), ..., Yo(k), Yi(=k), ..., Y (=E) ", (3.20D)
n [k 2, . k
v =) (£) -0 (£r). (3.200)
o, -
and
0 0 1 1 1 0 0 0
0 0 0 0 0 1 1 1
—ikLq —ikLy
ikO’l —ikale 71 1 0 0 —e @1 0 0
—ikLo —ikLo
1koy —ikoge o2 01 0 0 —e 2 0
A - ) . —ikLm —ikLm
iko,, —ikoj,e om0 0 --- 1 0 0 cee —¢ om
ikLq ikLy
—?:k'O'l ikale 71 10 -+ 0 —e=n 0 cee 0
ikLo ikLg
—ikoy tkoge o2 01 --- 0 0 —e o2 e 0
ikLm kL

—ikoy,  ikope om 00 --- 1 0 0 cee o —e om
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Solving the system via Cramer’s rule, we obtain

AC — BD BC — AD
2 _ 2 _
go(k™, ) = k(A% — B?)’ ho(k*,t) = WA D)
B A C
—det A B D
o 1( ;o C“’Z(/)c) Yr(k)eiklf;/jr—Yr(—klz)e/*i“r/vr
r "S-k T S.(k etkLy/or _g—ikLy/or
B A D
det A B C
) (k) Y, (k)= Yy (—k)
(r) /7.2 Or Srl(k) Or=5. (k)  eFbr/or—e—KLr]or
h’l (k 7t> = 0'2(A2 _ B2) )
where
i 1 LY, (k) = Y (—k)
A=>» o : C = _P S ,
pz; Psp<k,) ; eikLp/op _ o—ikLyp/op
" Cy(k) " Y, (k)etklo/ov — Y (—k)e~ikLo/ow
B = ag. p s D — p - p - ,
; Psp(k) pz:; eikLp/op _ o—ikLp/op
and
Sp(k) = sin(kLy,/0p), Cp(k) = cos(kLy/0p).

Equation for the t-transformed boundary and interface values depends on the
Fourier transform of the solution ¢ (-,¢) through Expression for Y,. In order for
Equation to represent an effective integral representation for each solution ¢ (z,t)
we must remove this dependence.

The product of a meromorphic function with a holomorphic function must include as

zeros every zero of the meromorphic function. As

<ﬁ Sp(k)> (A% — B?) (3.22)

is an exponential polynomial (indeed an exponential sum), it is possible to obtain bounds on

its zeros. By [42, Theorem 3], the zeros of (3.22)) are confined within a finite-width horizontal
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strip. Hence, for sufficiently large R > 0, there are no zeros of A2 — B? within D_E U D_;z.

Indeed, a simple calculation reveals

(m —1)log2 + log(8 + m(m — 1))
ﬂminlgrgm{g_:}

R =

is sufficient. A standard asymptotic analysis as in Chapter [2| shows that the terms involving
d(p)(-,t) decay as k — oo from within the appropriate domains Djj;;, and Jordan’s Lemma
establishes that these terms make no contribution to the integral representation.

We have established the effective integral representation for the solution given by equa-
tion with go(k2, 1), ho(k2, 1), ¢\”(k2, 1), and A" (k2,t) given by equations where
Y, (k) in (3.20d)) is replaced by

3.5 m finite rods connected at a single point

In this section we consider the case of m € N finite rods of differing thermal diffusivity joined
at a single vertex. The graph is as shown in Figure Of the m + 1 vertices m are the
terminus of a single edge and all m edges emanate from the other vertex. As before we
identify the set of edges E with the set {1,2,...,m}. We enumerate the vertices so that
each edge r emanates from vertex 0 and terminates at vertex r.

We use the condition of continuity across the interface to establish

t
Go(K 1) = g (k2 1) = / g0, 7) dr (3.23)
0

for 1 < s <m, k € C. Taking the time transform of the Robin boundary condition (3.7)) we

have

Folk,t) == / t s f.(s)ds = BR (K2, 6) + AR (k2 1), (3.24)
0

In order to reduce the size of the linear system that will eventually have to be solved,

it is helpful to use the Robin condition to express either the 0" order or the 1 order
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Figure 3.4: m finite rods joined at a single vertex.

boundary value at L, in terms of the other. Suppose that precisely 1 < my < m of
the boundary conditions are in fact Neumann conditions (that is the corresponding ﬁér) =
0). Moreover suppose, without loss of generality, that these Neumann conditions are the
boundary conditions at vertices 1,2,...,my, that 6@ = 1 for each 1 < r < my, and

that /BST) = 1 for each my +1 < r < m. We use the boundary conditions (3.24]) and
Equation (3.23)) to rewrite the global relation ([3.9a)) as

k k i
(j(()r) (_) B ek%(j(r) (—,t) _ O'Tikgo(k}Q,t) + Ufgy)(k?Q,t) . e_ZkLT/O—T/[:kO-Th(()r)(k27t>

Ir r (3.25a)
- e_ikLr/o—ro-z.f’r‘(kv t)7
for 1 <r <my, k€ C and
o[k 2, . k . r
Qs <—> S <—,t) = ovikgo(K*, 1) + 079" (. 1)
Ir Ir (3.25b)

_eikLeforg ((U _ z’kﬁi’“)) W (K2, 1) + ik f (k, t)) :

for my +1 <r <mand k € C. As before, another set of m global relations is obtained by
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evaluating (3.25)) for & = —k. Together with a ¢-transform of the interface condition ((3.6)

the 2m global relations form a system of linear equations in the 2m + 1 functions

go(K*, 1), t>0,
g (K21, 1<r<m, t>0,
R (k2 1), 1 <r <my, t>0,
hY)(k;Q,t), my+1<r<m, t>0.

The system can be expressed as

AX =Y, (3.26a)
where

m m m m)\ |

X = (g0, 029\, .. 02 g™ oh$) g B 02 Y a2 pY
(3.26b)
Y = (0,Y1(k), ..., Yo (k), Yi(=k), ..., Y (—E) ", (3.26¢)

cj((f) (Uﬁ) — ektg(r) (f,t) + e affr(k,t), 1<r<my,
Y. (k,t) = " " _ (3.26d)
) (k) _ ks (ko4 e et g2
\CIO or € q o) +ke o O-rfTU{;at)a my+1<r<m,

0 Lixm  Oixm
A= Ao(k)  Lnxm Al(k)), (3.26e)
Ao(=k) Lnxm  Ax(F)

Ao(k) = (ikoy, ... ikoy) ', (3.261)
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and
Ai(k) =
ikLq
tke o1 ... 0 0 0
ikLm
0 oo ke TmN 0 0
ety S - (3268)
0 0 _<Z1__|_1>eomN+1 0
Ompn+1
0 .- 0 0 —(%H)JW,

where 1,,x, is an m X n matrix with every entry equal to 1 and I,,,«, is an m x n identity ma-
trix. The arguments of each of the functions in X are (k?,¢). The boundary conditions
give the remaining spectral functions in terms of those appearing in the vector X.

Solving this system and substituting the solution into provides an integral repre-
sentation of the solution in terms of the initial and boundary data, and the Fourier transform
of the solution ¢ (-, ). It remains to show that it is possible to remove the dependence on
the Fourier transform of the solution.

When the system is solved using Cramer’s rule, each entry X; of X is expressed
as the ratio of two determinants, each of which is an analytic function of k. The denomi-
nator is an exponential polynomial in which every exponent is purely imaginary. Hence the
zeros of the denominator lie asymptotically within a horizontal logarithmic strip [42, Theo-
rem 6]. Moreover, X is holomorphic except at the zeros of the denominator, so choosing R
sufficiently large ensures that X is holomorphic on D_E U D_}_%.

As the growing entries of A lie in the same rows as the growing entries of Y involving
¢ (-,t), but each such entry in Y grows like O(k~!) multiplied by the corresponding entry
in A, each integrand involving (-, ) decays as k — oo from within the relevant sector
D_}f. Hence, by Jordan’s Lemma, the terms involving (-, #) make no contribution to the

solution representation.



Chapter 4

Interface problems for dispersive

equations

In Chapter [2] the Fokas Method was used to solve the classical problem of the heat
equation with interfaces. The same is done here for the linear Schrodinger (LS) equation
with an interface. We restrict ourselves to the case of a continuous wave function with a jump
in the derivative across the interface. Although the problem considered here is similar to the
one presented in Chapter [2] the dispersive nature of the problem makes it more difficult to
solve both classically and using the Fokas Method.

The LS equation is arguably the simplest dispersive equation, having the dispersion
relation w(k) = —ik?. It arises in its own right in quantum mechanics [54], and as the
linearization of various nonlinear equations, most notably the nonlinear Schrodinger (NLS)
equations iq(z,t) = —que(x,t) £+ |q(z,t)|?q(z,t). As such, it arises in a large variety of
application areas, whenever the modulation of nonlinear wave trains is considered. Indeed,
it has been derived in such diverse fields as waves in deep water [68], plasma physics [69],
nonlinear fiber optics [34], 35], magneto-static spin waves [71], and many other settings.

The LS equation describes the behavior of solutions of the NLS equation in the small
amplitude limit and understanding the linear dynamics is fundamental in understanding the

dynamics of the more complicated nonlinear problem.
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Recently, Cascaval and Hunter [I1] have considered the time-dependent LS on simple
networks. Their solution formulas are not explicit, as they contain implicit integral equations
for the interface conditions. Their analysis is easily extended to more than two domains and
also considers the NLS equation.

The LS equation in two semi-infinite domains with an interface is considered in Sec-
tion 4.1l The method is adapted to the problem of two finite domains in Section [4.2] As
before, the solution formulae given are easily computed numerically using techniques pre-
sented in [44, 62]. Throughout, our emphasis is on non-steady state solutions. The solutions
presented here using the Fokas Method are explicit and depend only on known quantities.
Although we present solution formulas only for the case of two domains (both finite or both

infinite) it is straightforward to generalize this method to n domains.

4.1 Two semi-infinite domains

We seek two functions

and

satisfying the equations

ingl)(xa t) =o1q}) (x, 1), x<0,t>0, (4.1a)

rx

iq? (x,t) =002 (x,1), ©>0,t>0, (4.1b)
the initial conditions

¢V (x,0) =q4” (), T <0, (4.2a)

q?(z,0) :q(()2) (x), x>0, (4.2b)
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the asymptotic conditions

lim ¢ (z,t) =y, t>0, (4.3a)
T——00

lim ¢@(z,t) =7?, t >0, (4.3b)

T—00

and the continuity interface conditions

¢(0,1) =¢?(0,1), t>0, (4.4a)
p1as?(0,1) =paq?(0,1), >0, (4.4b)

as shown in Figure 4.1 where v, ~®) &, 05, p1 and p, are t-independent nonzero constants.
The sub- and super-indices 1 and 2 denote the left and right domain, respectively. In

what follows we assume that o; and oy are both positive for convenience. First, we shift

. . (2 2
qul) = Ulqg’r:) | qu ) = 02Qa(z:x) "

o0 0 00

Figure 4.1: The LS equation for two semi-infinite domains.

the problem so that the asymptotic conditions are identically zero. We define v (z,t) =

¢V (z,t) — W and v®(x,t) = ¢?(x,t) — v? as the functions that satisfy

i (@, 1) =010l (w, 1), z <0 t>0, (4.52)

i (2,t) =030 (x,1), z>0 t>0, (4.5D)

lim v (x,t) =0, t>0, (4.5¢)
T——00

lim v (z,t) =0, t>0, (4.5d)
T—r00

v (z,0) :vél)(x), x <0, (4.5¢)

v®(z,0) =vi”(2), x>0, (4.50)

(0, 8) + 41 =v@(0,) + 4%, t>0, (4.58)

prog? (0, 1) =pav?(0,1), t>0. (4.5h)
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We begin with the local relations

(et rty D (@ 1)) = (ore * 1 (koD (z, 1) — iv (2, 1)), r <0,

(e rreety@ (2, 1)), = (oe "2 (ko) (2, 1) — i) (1)), v > 0.

T

These are one-parameter relations obtained by rewriting (4.5a)) and (4.5bf). This also gives
wi(k) = —io1k* and wy(k) = —iook®. The use of these functions instead of the dispersion
relations proper is common when using the Fokas Method and we continue this use. Applying

Green'’s Theorem in the strip (—o00,0) x (0,¢) (see Figure [2.5)), we find the global relations

0 0
0 —/ e’ikzv(()l)(a:) dx —/ e’ik”‘”ltv(l)(:v,t) dx
I e (4.6a)

t
+/ o1e”t? (kv(l)((), s) — ivM(0, s)) ds,
0

0:/ e_ikxv((f)(x) dx—/ e~ thatwaty, () (2 1) dz
0 0

t (4.6b)
—/ T9e”?® (k‘v(Z)(O, s) — ivf)(07s)) ds.
0

The Fourier integrals in (4.6 require k € C* in (4.6a) and k € C™ in (4.6b). For k € C,

we define the following transforms:
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t t
go(w, 1) Z/ e v1(0,5) ds = / e (v?(0,5) + 4@ — M) ds
0 0

(2) _ A1) wt 1 t
(7 Y )(e )+/ ws (2)(0 S)d
0

/ vV ds = 22 e v{?(0, 5) ds,
0 0

0

77,’{{17 ) dl’,

/ fzkz dJI,
/ —ikx (2) ) de?,
0

ﬁ((f)( _/ —ikx (2)<.’L') dz.
0

Using these definitions, the global relations (4.6) are rewritten as

|| ||
88 °8

0 =0\ (k) — e*10W (k. t) + ko1go(wi, t) — io1g1 (w1, t), (4.7a)
0 =07 (k) — e2'0®) (k, t) — koago(ws, t)
(42 _ D) ~ (4.7b)
O 1) 4 g ),
2

where k € C* for (4.7a) and £k € C~ for (4.7b). Since the functions wy(k) and wy (k) are

invariant under k — —k we can supplement (4.7)) with their evaluation at —k, namely

0 =0 (=k) — e (—k, 1) — koygo(wr, t) — io1g1(wr, 1), (4.8)
(~(2) _ ~/(1)
0 U(()Q)( k}) . €w2t@(2)(—k,t) + kUQQO(WQ,t) o Z(Py - Y )(ew2t o 1) .
10201 (4.8)
qn (w27 t)v
P2

where k € C~ for (4.8a) and k£ € C* for (4.8b)).

Inverting the Fourier transform in (4.7al) we have

27T

1o ,
—i—% em Yoy (kgo(wi, t) —igi (w1, t)) dk,

v (2, 1) = ! / ekt 1y dk
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Im(k)

D®@

Re(k)

Figure 4.2: The domains D® and D™ for the LS equation.
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forz < 0and t > 0. Let D = {k € C : Re(—ik?) < 0} = D@ U D®. The region D is

shown in Figure The integrand of the second integral is entire and decays as kK — oo for

keC \ D®. Using the analyticity of the integrand and applying Jordan’s Lemma we can

replace the contour of integration of the second integral by — |, D@

v<1><x,t)=1 / ekt () dk

27 o
1

L eik:c—wlto-l(kgo(wl, t) — Zg1 (wh t)) dk.
21 oD #4)

Similarly, inverting the Fourier transform in (4.7b]) we have

(2) _ ~(1) 1 [ .
o0 0) =S g0+ o [ el an
2 27 J_o
1 [ . 1
+ % elkx*“ﬁ@ <—k:g0(w2, t) + %91@12, t>> dk},

—0o0

for x > 0,t >0, and

0, t=0,

—sgn(z) + ﬁei”/‘* [Few /Ut dy ¢ > 0.

(o, x,t) =
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The integrand of the third integral is entire and decays as k — oo for k € C*\ D). Using
the analyticity of the integrand and applying Jordan’s Lemma we can replace the contour of
integration ffooo -dk by faD(2> -dk:

2)

(2) _ A1) 1 [
v, ) =T d(on,a,t) + / ety (1) dk
: 4 , (4.10)
, 7
+ — €ka_w2t0'2 (—]{Zg()((,UQ, t) + ﬂgl(wg,t)) dk.
2m P2
The Expressions (4.9) and ) for v ) and v®(x,t) depend on the unknown

functions go(+,t) and g;(-, ), evaluated at different arguments. These functions need to be
expressed in terms of known quantities. To obtain a system of two equations for the two
unknown functions we use the four global relations. We use ) and - to solve for
go(w1,t), and g;(wy,t). This requires use of all the symmetries of the set of {w;(k),wa(k)}.
Namely, the transformation k — Mk in . Substituting these into (4.9) we have

2 _ @) 1 [ .

(1) ng’l(’Y Y ) / ikz—wit (1)

v\ (x,t o1,x,t) + — e vy (k) dk
(z,8) = pP201 + p14/0109 oo ) 27 J_ o (F)

=TT
27 (p2o1 + p14/0102) Jop@

P201 / ikz—wit ~(2) ( 01)
— e 0 k. — | dk 4.11
m(02p1 + p2+/0102) Jopw 0 02 ( )

P01 — P1/0102 / otk 1)( k t) dk
2W(P2U1+P1\/01Cf2) oD

P201 ikz 5 (2) ( /01 )
e v ki —,t) dk,
T(o2p1 + p21/0102) /aD(4> op

for x < 0, t > 0. The first four terms depend only on known functions. The integrand of

[e.9]

the second-to-last term is analytic for all k € C~. Further, 9(Y(—k,t) decays for k — oo
when k& € C~. Thus, by Jordan’s Lemma, the integral of exp(ikz)o™ (—k,t) along a closed,
bounded curve in C~ vanishes. In particular we consider the closed curve £L#) = £ pa U Egl )
where L@ = 0DW N {k: |k| < C} and EC ={k € DW : |k| = O}, see Figure .

Since the integral along £ vanishes as C' — oo, the fourth integral on the right-hand side

of (4.11)) must vanish since the contour £ becomes 9D as R — oo. The uniform decay
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Figure 4.3: The contour £®* is shown in green as a dashed line. An application of Cauchy’s
Integral Theorem using this contour allows elimination of the contribution of ¢()(—k, ¢) from
the integral . Similarly, the contour £ is shown in red and application of Cauchy’s
Integral Theorem using this contour allows elimination of the contribution of 9 (—k,t)

from (4.12).

of 9(V(—k,t) for large k is exactly the condition required for the integral to vanish using
Jordan’s Lemma. For the final integral in (4.11)) we use that 9 (ky/01/09,t) is analytic and
bounded for £k € C~. Using the same argument as above, the fifth integral in (4.11]) vanishes

and we have an explicit representation for v(*)(x,¢) in terms of initial conditions:

2 _ ~M) 1 [ .

) p201 (7Y v / ikz—wit (1)

v (x,t) = o1,2,t) + — e vy (k) dk
(z,) P201 + p14/0102 oo ) 2 J_ o (F)

P201 — P14/ 0102 / eikaz—UJﬂ,[}(()l)(_k) dk
27T(p201 + p1\/0102> oD@

P201 ikp—wit 5 (2) ( 01)
— e 0 k/— | dk,
T(09p1 + p2y/T102) /3D<4> 0 o2

To find an explicit expression for v?(z,t) we need to find expressions for go(ws,t) and

[e.9]
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g1(ws, t) valid for k € C*\ D®. To this end we solve ({.7a) with k — k\/0/01 and (4.8b)
for go(we,t) and g1 (wa,t). Substituting into equation (4.10)), we obtain

@ _ ) 1o
o, ) LVOTOT ) oy / ebrentol) (k) dk
P201 + P14/0201 27

+ P102 / eikz—wzt,&(()l) (k’ @) dk
7 (201 + pry/o201) Jop@ V o1

PO PIVOLT / ehemstog?) (< k) dk (4.12)
2m (0201 + p1\/0201) D2

- £102 / et (k, /21&) dk
7 (p201 + p1/0201) Jop@ o1

_ PO T VO / e* o (—k, t) dk,
2 (p201 + p1y/0201) Jop@

for x > 0, t > 0. As before, the first four integrals are known. To compute the fifth and

—0o0

sixth integrals we proceed as we did for v (x,t) and eliminate integrals that decay in the

regions over which they are integrated. The final solution is

r152(7®) — A e
o, ) =PV 2 Ly L / ety () dk
P201 + P14/0201 21 J_ o

+ o / eihent(l) (k;, / @) dk
7 (p201 + p13/7201) Jop@ a1

g1 — g10 .
P201 — P14/0102 / e”“’_“’?tﬁ(()?)(—k) dk.
27 (P201 + P1\/0201) D2

Returning to the original variables we have the following proposition which determines

q?(z,t) and ¢ (z,t) fully explicitly in terms of the given initial conditions and the pre-

scribed boundary conditions as |z| — oo.

Proposition 4.1. The solution of the linear Schridinger problem (4.1)-(4.4) is given by

(2) _ ~(D 1 [

(1) _ (D P201(7 i ) / ikz—wit (1)

g (x,t) = + ooy, z,t) + — e vy (k) dk
(@.) =y P201 + p1+y/0102 ( ! ) 2m J_ o 0 ( )

+ P201 — P14/0102 / eikx—mt@(()l)(_k,) dk (4‘13)
27 (p2o1 + p14/0102) Jop@

P201 / ikr—wit~(2) ( 01)
— e v k./— | dk,
T(p102 + parn/7102) Jopw 0 oy
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for x <0 and for x > 0,

+ -
P201 + P14/0201 2

+ o2 / gike—eat ol (k, /@) dk (4.14)
s (/7201 +P1\/0201) oD 01

P01 — pl\/m / eika:—w2t@(()2)<—k‘) dk.
27 (p201 + p1y/0207) Jope

(2) _ A1) 1 [ .
e A I OL

Remarks:

e The use of the discrete symmetries of the functions wi(k) and we(k) is an important
aspect of the Fokas Method. When solving the LS equation in a single medium, the
only discrete symmetry required is k — —k, which was used here to obtain . Due
to the two media, there are two dispersion relations in the present problem: w;(k) =
—io1k? and wy(k) = —iook®. The collection of both functions {w;(k),ws(k)} retains
the discrete symmetry & — —k, but admits an additional one, namely: k£ — k:\/m
which transforms the two functions to each other. All nontrivial discrete symmetries

of {wi(k),wq(k)} are needed to derive the final solution representation.

e In Equations and it is possible to deform the integration paths back to
the real line. This deformation hints that a classical solution in terms of Fourier-like
integral transforms should be possible. However, a priori it is not clear how to obtain
the appropriate transforms for general initial conditions and boundary conditions. In
effect, as in [25], the Fokas Method can be seen as a method to construct the appropriate

transform to solve the problem.

(2) = 0, the solution

e It is interesting to note that when oy = 09, p1 = ps and ¥V = 5
formulae in their proper z-domain of definition reduce to the solution of the whole line
problem. Also, if ) = 0 = 4, Cascaval and Hunter [II] find a solution to the LS

equation with an interface by imposing the solution for the LS problem on the half-line
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given in [25] and viewing the interface problem as a forced problem on the real line
where the forcing is occurring at the interface. This leads to a solution of the interface

problem which requires the numerical solution of an integral equation.

e The leading-order behavior in time for (4.1)) with initial conditions which decay suffi-
ciently fast to the boundary values (4.3 at +o0 is easily obtained by using integration

by parts and the method of stationary phase [6]. In the limit as ¢ — oo for 2/t constant,

'Lz2

(O, 1) ~ PIOVT D | e (pgal(v@)—v“))x
’ P24/01 + P14/02 4(71 P201 + P14/0102

~(1 T
() oot ()

i 4.15
VT (p201 + p14/0102)\/T (4.15)
~(2 x
N Pzawé) <_—2t\/m>
(p102 + pary/0102)/T
for x < 0 and, for = > 0,
¢ (z, 1) ~ py @ /o1 + pryY Tty (pn/am (v? = M)z
’ P2+/0 +p1\/02 \/402 P201 + p1:/0201
€ (55) | oot ()
202t 2t\/o20
+ 2/ 4 - (4.16)

Vi (ot mfoson) v
+<,02<71 - Pl\/0102)vé ) (2021&)
(,0201 + p1\/0201) ﬁ

The constant factor in and is the weighted average of the boundary condi-
tions at infinity with weights given by ps,/071 and p;,/02. The oscillations are contained
in the terms exp(—ixz?/(4ot)) and exp(—iz?/(409t)). In Figure 4.4 the envelope of the
real (imaginary) part of the solution is plotted in gray (black) as a dot-dashed line.
The real part of the solution (plotted as a solid line in blue) is centered around the

weighted average (plotted in black as a dotted line) and the imaginary part of the
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G e

Figure 4.4: The leading order behavior of ¢(z,t) as given in (4.15) and (4.16) with ¢ =

10,7 = —20,7® = —10,p1 = 2,p» = 1,04 = 2, and 0, = 1 and initial conditions
1 (e9) (2) (2) _~(1) 2 (eY] (2) (2) _~(1)
i) (@) = T 2 tanb (o) and oY (@) = 2T 4 p 2T tanh (o),

solution (plotted as a dashed line in red) is centered around zero. In using the method
of stationary phase one must look in directions of constant x/¢t. Using integration by
parts there is no such restriction. When z is large the term from integration by parts

is dominant and so in Figure there is no need to fix x/t.

¢ In quantum mechanics one considers only the finite energy case, that is, Y1) = 0 = ).
In this case, asymptotics requires the use of the method of stationary phase only. Thus,
in Figure we consider solutions for z/t = £1. The real and imaginary parts of the
solution are centered around 0. In Figure the real part of the solution is plotted as
a solid line in blue and the imaginary part of the solution is plotted as a dashed line in
red. The envelope of the real (imaginary) part of the solution is plotted in gray (black)

as a dot-dashed line.
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_oolL ¥
Figure 4.5: The leading order behavior of ¢!V (—t,t) and ¢'® (¢, ) as given in (4.15)) and (4.16)
respectively with v = 0,v® = 0,p, = 4,p, = 1,01 = 3, and 0, = 1 with q(()l)(x) =
(1+ pez)e " and ¢ (z) = (14 pra)e .
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4.2 Two finite domains

We wish to find two functions:

q(l)(ﬂf»t), — Ty < T <2y,

and

q(2)(x,t), 1 < < To,

satisfying the equations

g (1) =014 (w, 1)

iq\”) (z,t) =992 (2, 1),

the initial conditions

gV (z,0) =¢{"(z),

4@ (z,0) =¢1" (2),

the Robin boundary conditions

BrgM (=20, 1) + Bag) (=0, t) =f1 (1),

B3qP (w9, t) + Bug? (wa,t) =falt),

and the continuity interface conditions

qM(0,t) =¢®(0,1),

plqg) (07 t) :p2q;2) (07 t)’

t >0,

t >0,

—ro<zT <21, t>0,

T <x < x9,t>0,

—To < T <X,

1 < x < Iy,

t >0,

t >0,

t>0,

t>0,

87

(4.17a)

(4.17b)

(4.18a)
(4.18b)

(4.19a)
(4.19b)

(4.20a)

(4.20b)

as illustrated in Figure where 7 and z, are positive, z; = 0, and o1, 09, p1, p2 and S;,

1 < j < 4 are nonzero constants. As before we assume o, and oy are positive for convenience.

If 51 = B3 = 0 then Neumann boundary conditions are prescribed, whereas if [,

then Dirichlet conditions are given.

Bs =0
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iq(l) = Olqg(g? iqt@) = azqg(ﬁc)

t | i

—Tp ;=10 1)

Figure 4.6: The LS equation for two finite domains.

As before we begin with the local relations

(et (a, 1)), = (ore ™ (kg (@, 1) — gl (2,1))),

(eerentq W (a, 1)), = (oo ™2 (kg (2, 1) — ig{?) (2,1))), -

For k € C we define the following transforms:

t t
filwt) = [ e ns)ds fawt) = [ e ps) ds,
0 0
t t
hgl)(w,t) :/ ewsqg(cl)(—xo,s) ds, hél)(w,t) :/ e“’sq(l)(—xo,s) ds,
0 0
t t
h?) (w, ) :/ ewsqg(f)(mg, s)ds, hég)(w t) :/ e q( )(xg,s) ds,
Oo 0o 4
k0= [ et 0= [ et @
0D (k1) = / ~ike () (3 4) da, i@ () = / 24 (1) du,
0 0

P1 Jo
Applying Green’s Theorem in the domains [—xg, 0] x [0,¢] and [0, x5] X [0, t] respectively,

we find the global relations

ewltq(l)(l{?, t) :qA(()I)(]{Z> -+ ]{50'190((,4)1, t) — iUlgl (wl, t)

' (4.21a)
— 1™ (kh{ (wy, ) — ihSY (w1, 1)),
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R N 10
e“th(2)(k, t) :q(()2)(l<;) — koggo(wa, t) + 21 g1(wa, 1)
P2 (4.21b)

—|—o’267ik12(kh(()2)(w2’ )—Zh (Wz, t),

which are valid for all k& € C in contrast to (4.6). Using the invariance of w; (k) and wq(k)
under k — —k we supplement (4.21)) with their evaluation at —k, namely
e g (—k, 1) =GV (—k) — kovgo(wr, t) — io1gy (wi, t)

(4.22a)
— 01€ 7”{10( kh (wl, )—Zh (wl, )),

e ( k,t) = A(Q)( k) + koago(ws, t) + wwlgl(wz,t)
P2 (4.22D)

+ ogetkr2(— kh(Q)(w t)—@h( (wa, t)).

Inverting the Fourier transform in (4.21al) we have

2
1 e ikr—wit .
+% & 1 O'l(kg()(wl,t) —Zgl(wl,t))dk

+ 5o / aret@reo =t (pp () 1) — ih{" (wi, 1)) dk,

1 o
V(o) =5 [ el

for —z9 < z < 0 and t > 0. The integrand of the second integral is entire and decays as
k — oo for k € C~\ D®W. The last integral is entire and decays as k — oo for k € C*\
D® . 1t is convenient to deform both contours away from the real axis to avoid singularities
in the integrands that become apparent in what follows. Initially these singularities are
removable since the integrands are entire. Writing integrals of sums as sums of integrals,
these singularities may cease to be removable. With the deformation away from the real
axis the singularities are no cause for concern. In other words, we deform D® to D(()Q)

and D@ to D((]4) as show in Figure where the deformed contours approach the real axis
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asymptotically. Thus,

1 > ikx—wit (1
¢ (1) 9 /_ooe kamert gl (k) dk

1 r—w ,

— 2— €ka 1t01(kgo(w1,t) — zgl(wl,t)) dk
T aD(()‘l)

1 .

— opeReteo) =t (ept g 1y — b (wy, 1)) dk.

21 Jap®

Im(k)

D3

’ pWw

0

\

Figure 4.7: Deformation of the contours in Figure away from the real axis.

Similarly, inverting the Fourier transform in (4.21b) we have

1 R
(Pt =5 [ el

21 J_

1 > ikx—wot Zpl
—k t) + = t) | dk
5 700@ (0P Go(wa, t) + ” g1(wa,t)
1 R
g [ ey (kR (wn, t) — B (wa, 1)) d,

for 0 < x < x9 and t > 0. The integrand of the second integral is entire and decays as

k — oo for k € CT\ D®. The integrand of the third integral is entire and decays as k — 0o
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for k € C~\ D®W. We deform as above to find

1 E
q(Z)(x,t) :%/ eZkz_”t(jéQ)(k) dk

! | .
L ezkx—wztO-Q (_kng(WQ, t) + ﬂgl(WZa t)) dk
21 Jap® P2
1 .
L elk(x_$2)_w2t0'2(k?h(()2) (W27 t) _ th) (wQ’ t)) dk.
21 Jap®

Taking the time transform of the boundary conditions results in

Bib (w, ) + BahiP(w, ) = fi(w, 1), (4.23a)
and
BshP (w, 1) + Bah? (w,t) = folw,t). (4.23b)

To obtain a system of six equations for the six unknown functions go(w,t), ¢1(w,t),
h(gl) (w, ), hgl)(w, t), hé2) (w,t), and h§2) (w, t) we use the global relations evaluated at &, ([{£.21)),
and —k, , and the time transform of the boundary conditions .

Although we could solve this problem in its full generality, we restrict to the case of
Dirichlet boundary conditions (82 = 4 = 0, f; = 3 = 1) to simplify the already cumber-
some formulae below. The system is not solvable for hgl) (w,t) and th) (w,t) if Ay(k) =0,

where

Ay (k) :4i7rageik(xo+w2\/g> <p1 cos(zok) sin (xglﬁ /ﬂ)

02
+p2 L sin(zok) cos (mzlﬁ / ﬂ)) .
09 02

It is easily seen that all values of k satisfying this relation (including & = 0) are on the

(4.24)

real line. Thus on the contours, the equations are solved without problem, resulting in the
expressions below. Asin the previous section, the right-hand sides of these expressions involve

G (-, ) and §? (-, t), evaluated at a variety of arguments. All terms with such dependence
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are written out explicitly below. Terms that depend on known quantities only are contained

in KW (z,t) and K? (x,t), the expressions for which are given in Proposition

0o t) KO ayt) [P Eg0 (1 [7 1)
ap® A1(k) 72
530_26ik:p 2izgk\/FT o1 2iwgk /o7 R
1) = [L v 1) ) ¢V (k, t) dk
op 20 (k) AU e \© T T R

ik(2xo+x) 2iwok, /6T 2izgk /o1
O9€ 2 01 A
n v 1) — a vz o+ 1 W (—k, t)dk
/an;‘) 204 (k) <p1 (6 ) P2 o (6 i >)q ( )
91
2
91
2

_/ pzo.lezk(2xo+x A < )
ap{Y A1( \/
zk(2zo+x) 2izgk /o7 T 2izgk/oT . (k. 1) dk
_ 2= Vo2 [ Vo 5
/8D<2> 21 (k) (Pl( >+P2 /92 <€ + ))q (k,t)
etk( 2w0+£) 213?2 2imgk /o1
/ o —1 p2 e v 1)) ¢V (=k,t)dk
oDs? Ay
/ 102016 2z0+2x2\/7+x 2) (k\/7 t>
8D(2 Al(k?> 0'27

(4.25)



4.2. TWO FINITE DOMAINS 93

for —xg <z <0,t>0and

ikx
@) (z,4) =K (z,¢ +/ Pro2€ <k @,t) dk
¢ (1) (1) oo (R

oo eik(on %+x) .
192 7D~k 2 t) dk
q )
o Dal) ( Vo
ik(2zo+x) 2izgk. /Ty 2izgk /02
o€ 0 02 ~(2)
_ v —1 [ 2= VoL 1 k,t)dk
BD((JQ) 2A2(k) (p2 (6 ) + p2 o1 <€ + )) q ( ) )
ikx 2ixgk./o 2ixgk,/T
o€ 0kyTg 02 072 ~(2)
NCri— | —= VoL 1 —k,t)dk
o 204(k) <p2 <e ) e (e i )> R
ikx
P102€ (1) < 09 )
—q ky/—,t| dk
ap®  Da(k) g1
P102€ik(2mo /ot A(1) 92
q —ky/—,t| dk
ap§ As (k) 71
ik 2izgk,/T 2izgk,/T
o€ 0kv72 09 0kv72 R
91€ i 1) = [ 2 1)) ¢®(k,t)dk
ap( 209(k) (p2 <e ) P o1 (e " )) )

NG
ikx 2iwgk /T 2izgk/55
o€ 0%V72 (o) 02v92 A
Va1 — 1 —= Vo1 1 (2) —k,t)dk
ap® 20 (k) (p2 <e )+pl o (e " ))q (=h8)dk,
0

I
S—

_l’_
S—

S—

S—

_l’_
S—

_l’_
S—

+

S—

for 0 < x < 9, t > 0, where

Ao(k) = 22N, <k; @) .

01 01

The integrands written explicitly in (4.25)) and (4.26) decay in the regions around whose

boundaries they are integrated. Thus, using Jordan’s Lemma and Cauchy’s Theorem these

integrals are shown to vanish. The final solution is given by K (z,t) and K& (x,1).



94 CHAPTER 4

Proposition 4.2. The solution of the linear Schridinger interface problem (4.17))-(4.20)) is

1 oo o1 etk (2zotz)twit o
(1) _ (1) _ L ika+wrt 5(1) p201 PON RS R TA
) kO = o [ riluans [ PRS0 (

02

O.Qeika:—i-wlt 2izgk /5T o1 2ixgk /5T X
o S (T 1) e () )l
0

ik(2zo+a)+wit 2ixok, /o] 2ixok,/o]
o2€ g1 ~(1)
1) = /D (e v 1 —k)dk
ap(®  2841(k) (pl (6 > P\ o, (e - >> B (=)

ik(2z0+2z2 Z—1+x)+w1t
paoie Vo2 .(2) (k 01)

S—

- dk
/8Dé4) Ay (k) o 09

ko.ngeik(xo+x)+w1t 2iwok /o] o1 2iwok,/oT _

_/8D(4) Al(k) prle v —1)—p2 ;2 e V2 +1 fl(wl,t)dk;
0
ik(2zo+xo, /I +x)+w

2hipyor iV 1tf (wa, 1) dk

- w
D(()4) Al(k) 2\W2,

ik(2zo+x)+wit 2ixok, /o] 2ixok,/o]
o2€ g1 ~(1)
Y S (e k) dk
N <p1 (e 2 1> + p2 p (e : + 1>> do ' (k)d

ik(2zo+x)+wit 2izok, /0T 2izok, /6T
o9€ 01 ~(1)
vz — 1) — _= Vo2 1 —k)dk
241 (k) <p1 <e : ) pg\/ o2 (e C >> B (=F)
ik(2xo+2x A 4 x) 4wt
p201€ (2zot 2\/Z+ e ~(2) L o1 dk
A1 (k) %o o2

ik(2zo+x)+wit
p201€ SON BRI RETA
Ak ( \ oz)
tk(zo+a)+wit 2izgk/GT 2izgk /GT _
ko102 (Pl (6 voz — 1> — P2 z (6 voz o+ 1>) Ji(wr, t)dk
ap( Aq(k) \ o2

ik(2xo+x L) +wit
2kp201\/01026 b ke fowa, t) dk
oD Ay (k) o

_|_

+
m\%\m\

>}
o
&

+

|
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1 S goetkTtwat o
&) K@ = ikztwat 5(2) _ p1o2e T (1) 2
¢ (x,t) =K 27r/ e do (k) dk /BD(()Q) Ah) do <k ) dk

pio 6 1/ +a: +wat >
102 A(1) 2
+ k > dk
/aDgw Aa(F) b ( Vo
ik(2zo+1)+wat 2izgk/og 2izgk /oy
oie =20y 02 (2)
— ver o — 1 — Ve 1 k)dk
/8D(<)2) 220 (k) (PQ (e T ) + P p (e (S )) qo (k)
ikaert 2ixgk,/0o 2ixgk,/0g
o1€e 02 ~(2)
(-3 _ 1 _= (-3 1 —
+/ & 285(F) (Pz <€ VoL >+Pu/01 <€ VI + >)QO (k) dk
0D,

,/ + )+wat
n 2kp10’2 010'26 wree
ap{?

N fi (wo,t)dk
k ik(z2+x)twat 2izgk. /55 2izgk/og 5
g T () B (1)
aD? 2(k)
ikx+wot
p102€ (1) 02
+ —_— k > dk
/apg4> A2<k> 0 <\/a1
ik(2x T)+twat
_/ p1o2€ 0\/7+ e dl <—/€ UQ) dk
oDV Az(k) 0 V o1
ikx+wat 2izgk,/Gg 2izgk,/Gg
oi€e 02 ~(2)
— —_ ver o — 1) — 1 k)dk
sy (e (77 1) o2 (5 ) s

Vo1
o1 ethrtwat 2izgk,/G3 ) 2izgk,/G3 @)
— - Vi —1 = v +1) ) g (—k) dk
/BD((;‘) 205 (k) </32 <e )4—01 o (e + >) Qo (—k)

2]?/)102 (71026 \/7+$ +wat R n
"~ Jop@ Ao (k) fi(wa,t)
k,gla2eik(as+:c2)+w2t 2izgk /T3 s 2wk, /55 _
v =1 — T+ 1 t)dk
+/apg4> Ay (k) AN toy oo le L)) falws t)dk,

for —xg < x <0 and 0 < x < x5 respectively.

Remarks:

e The solution of the problem posed in (4.17))-(4.20)) may be obtained using the classical

method of separation of variables and superposition as was done for the heat equation

n [33]. The solutions ¢Y(z,t) and ¢'®(z,t) are given by a series of eigenfunctions
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with eigenvalues that satisfy a transcendental equation. The classical series solution
may be obtained from the solution in Proposition by deforming the contours along
8D(()4) and 8D(()2) to the real line, including small semi-circles around each root of either
A1 (k) or Ag(k), depending on whether ¢V (z, t) or ¢ (z,t) is being calculated. Indeed,
careful calculation of all different contributions, following the examples in [15] 25|, 64],
is allowed since all integrands decay in the wedges between these contours and the real
line, and the zeros of Aj(k) and Ay(k) occur only on the real line as stated above.
It is not necessarily beneficial to leave the form of the solution in Proposition 4.2
for the series representation, as the latter depends on the roots of A;(k) and Ay (k),
which are not known explicitly. In contrast, the representation of Proposition
depends on known quantities only and may be readily computed using one’s favorite

parameterization of the contours 8D64) and (9D(()2).

In the case of the heat equation on the finite interval with an interface there are also
an infinite number of poles on the real-k axis. The major difference here is that the
boundary of D coincides with the real-k axis whereas in the heat equation the only

intersection between the real axis and D is at k = 0.

As stated earlier, this method applies to general boundary conditions although we
chose to present the details only for the Dirichlet case. When genuine Robin boundary
conditions are used (the case in which all of the coefficients 3, 52, B3, and f,; are
nonzero) the analogous denominator to (4.24)) may have zeros on the interior of D(()Q)
and D(()4) depending on the relative signs of the coefficients. Thus, special care is needed

to eliminate unknown boundary values in these cases. This can be worked out in a

straightforward way, as is done for problems without interfaces in [15].

Similar to Section [4.1], long time asymptotics are easily computed using the method of
stationary phase [6]. The asymptotic behavior is centered around zero for x/t constant

and the shape of the envelope is determined by the integrands of the solution given in
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Proposition 4.2 as in (4.15) and (4.16)).
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Chapter 5

The time-dependent Schrodinger
equation with piecewise constant

potentials

The N-particle time-dependent (linear) Schrodinger equation is given by

N
m%—f - (— Py +V(x1,...,xN,t)> ¥, (5.1)

Here i is the Planck constant, z; denotes the 3-dimensional coordinate vector of the j*™
particle with mass mj;, p; denotes the momentum operator iV, for the 4" particle, and
V(z1,...,xyN,t) is the N-particle potential. One can argue that is the most important
PDE in all of mathematical physics. Standard textbooks such as [19, 4], 48] rightfully
emphasize the solution of in simplified settings, so as to build up the intuition using
exact solutions and their properties. Favorite textbook scenarios consider the one-particle
case N =1 in one (1) spatial dimension with time-independent potential V' (z). The linear

Schrodinger (LS) equation reduces to

oY h?
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where m is the particle mass. Since V(x) is time independent, separation of variables

W(x,t) = ¢(x)T(t) leads to

T() = Toe P, vy = Eo. (5:3)
where the energy E is a (real) separation constant. The second equation above is the one-
dimensional one-particle time-independent Schrodinger equation. Even at this point, the
problem is solvable in closed form in few cases, such as the free particle (V' = 0) and the
harmonic oscillator (V' = kxz?/2, k constant) [19] 41, 48].

The study of Schrodinger equations with piecewise constant potentials is important for
a number of reasons. First, to some extent (see below), analytical solutions are available,
allowing the development of more physical intuition using scenarios such as the particle in
a box, and the piecewise constant potential barrier [48]. Piecewise constant potentials also
provide the simplest example of a periodic potential, using the Kronig-Penney model [48].
Second, multiple-scale perturbation theory [0, 37, B9] shows that the approximation of a
complicated potential using a few constant levels results in accurate leading-order behavior,
provided the levels are adequately chosen. This is also evident from the Rayleigh-Ritz char-
acterization of the eigenvalues of [41], 48], which depends only on weighted averages of
the potential. As such, the understanding of with piecewise constant potential is of
central importance to the study of quantum mechanics. From a physical point of view, the
qualitative features of a potential can often be approximated well using a potential which is
pieced together from a number of constant parts [31], 48]. For instance, although the forces
acting between a proton and a neutron are not accurately known on theoretical grounds, it
is known that they are short-range forces, i.e., they extend a short distance, then drop to
zero quickly. These forces are well modeled using a piecewise constant potential [48].

Nonetheless, the solutions that are found in the piecewise constant setting are often
restricted to single-mode solutions of , explaining the phenomena of tunneling and
trapping [19, 41}, [48]. Solutions of the initial-value problem for are not readily available.

The presence of both discrete and continuous spectrum exacerbates the use of straightforward
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linear superposition. Extensive discussions of this are found in [45], [46], but even there the
required superposition result is not immediately found. The goal of this chapter is to solve
the initial-value problem (IVP) for using the Fokas Method, combined with more recent
ideas generalizing the Fokas Method to allow for the explicit solution of interface problems
as in earlier chapters. In what follows we present explicit, closed-form solutions of the IVP
for (5.2]) with square integrable initial data.

We apply the same techniques as in previous chapters to the IVP consisting of with
¥(x,0) = o(x) € La(R). We regard this problem as an interface problem with interfaces
located at the discontinuities of the potential V(z). The wave function ¢(x,t) and its
derivative v, (z,t) are assumed to be continuous across the interfaces. The first condition
is a requirement following from the probabilistic interpretation of the wave function, while
the second condition follows from integrating the equation across an interface and allowing
the length of the integration interval to limit to zero [48]. For simplicity, the independent
variables occurring in are rescaled so that, in effect, we may equate m = 1, A = 1. Thus

in what follows, we consider

i = e + V()0 (5.4)

where V' (x) is a piecewise constant potential.

5.1 A step potential

We wish to solve the classical IVP

iy = =g + a(x), —00 < x < 00, (5.5a)
P(z,0) = Yo(x), —00 < ¥ < 00, (5.5b)
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where

Qaq, r <0,
alz) = (5.6)
o, x>0,

and lim, ,4 ., ¥(x,t) = 0. We treat this as an interface problem solved by

oW (z,t), @ <0,
PO (z,t), x>0,
where 1) (z,t) and ¥®(z,t) solve

M = — ) 4 ayp®) z <0, (5.8a)
i = — @ 4 agp?, x>0, (5.8b)

with initial conditions

YW (z,0) =y (2), z <0, (5.9a)
V@ (2,0) =P (2), x>0, (5.9)

and the interface continuity conditions

$(0,t) =(0,1), t>0, (5.10a)
$i0(0,8) =y{7(0,1), t>0, (5.10b)

as in Figure [5.1]
We follow the standard steps in the application of the Fokas Method and begin with the

local relations:

(e—z‘kx+w1t¢(1))t — (e~ hetent(; ¢ — kU )) x <0, (5.11a)
(efikarwgtw(Z))t :(ef'ilmH»wzt(Z'wéQ) _ k¢(2)))x7 x>0, (5.11b)
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(€51

%)

V(. 1) , Y@ (z,t) .

Ty — —OO '.Z'l - 0 Z2 :’OO

Jp——-

Figure 5.1: A cartoon of the potential a(z) in the case of one interface.

where w;(k) = i(a; + k%) for j = 1,2. Note that, as is common in the Fokas Method, the
w; differ from the standard convention for dispersion relations by a factor of ¢. Thus for
dispersive problems w; is purely imaginary. Integrating over the strips (—oo,0) x (0,¢) and
(0,00) x (0,¢) respectively (see Figure 2.2)), and applying Green’s Theorem, we have the

global relations

0 0
/ e~tketeity, (D (5 ¢) da :/ ’mz/zo dx—i—/ @18 (jap (0, 5) — k™M (0,5)) ds, (5.12a)

—00 —00 0

/0 Ooe_ik’”+w2t¢(2)(x,t)dx :/O e e () /0 2% (iah? — k30, 5))ds. (5.12b)

We define the following transforms:

0
YW (K, t) = / e~y (2, 1) d, z<0, t>0, Im(k)>0,
0
¢él)(k) = / e ke él)(x) dz, x <0, Im(k) > 0,
DO (k1) = / e~k (1 4) da, $>0, >0, Im(k) <0,
0
O (k) = / e e (2 da, x>0, Im(k) < 0,
0
t t
go(w,t) = / e“shM(0, 5) ds = / e“*1p@(0, 5) ds, t>0,weC,
0 0

¢ ¢
g1(w,t) = / e“sp(D(0, 5) ds = / e“s1p(0, 5) ds, t>0,weC,
0 0
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where in the last two definitions we used the continuity conditions (5.10). With these defi-

nitions the global relations become

e tp D (k, 1) =0 (k) + igy(wi, ) — kgo(wr, t), keCt, (5.13a)
e )@ (ke £) =P (k) — g1 (wa, t) + kgo(ws, 1), keC . (5.13b)

We wish to transform the global relations so that go(+,¢) and g, (-, ¢) depend on a common

argument, —ik? as in [4, 47]. To this end, let

VO (k) = ik(1 4 a; /K2
In this chapter we define 2'/2 as follows. Given z € C, let z = 7¢ where § = 0, + 27n

for n € Z and —7 < 0, < 7. Then, 212 = \/re?»/2¢"™ Thus, for a given value of z, z/2

takes two possible values corresponding to even or odd n. These two values are denoted

vz =re?®/? and —\/z = —\/re?%/2. Thus, we have

VO (k) = iky 1+ ﬁ, VI (—k) = =9 (k),

which make up a two-sheeted expression with branch points at +i,/a; leading to branch
cuts in the complex k plane along [—i\/a7,i\/a7] and [—i\/ag,iy/az]. These cuts are on

the real or imaginary axis, depending on the signs of a; and as. Using the transformations

k — vV (£k), j = 1,2, we have the transformed global relations
e~ MM (VD (k) 1) =P8 (VO (k) + igi(—ik? 1) — (k)go< ik?, 1), (5.14a)
e (W (k) 1) =08 (VD (—k)) +igi(—ik? t) — vD(—k)go(—ik? 1),  (5.14b)
SO (VD (k), 1) =98 (VD (K)) —igi(—ik?, 1) + VP (k) go(—ik2, 1), (5.14c)
SR (VD (k) t) =08 (VD (<)) — igi(—ik?,t) + VD (k) go(—ik® 1), (5.14d)

where Re(k) > 0 in (5.14a)) and (5.14d)) and Re(k) < 0 in (5.14b)) and (5.14c). To de-

termine the regions of validity of (5.14), one should note that sgn(Re(—iv)(+k))) =
sgn(Im(vVY)(£k))) = +sgn(Re(k)).
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Inverting the Fourier transform in (5.13)) we have the solution formulae

1 R A 1 >

v (z,t) =5 / ekt (D (k) dk+ o / et (o (wy, 1) — kgo(wy, 1)) dk, (5.15a)
1 R A 1 <

v (z,t) =5 / ethr—wat ) (1 dk — o et (G (wo, 1) — kgo(ws, t)) dk, (5.15b)

for v < 0 and = > 0 respectively. Examining the integrands in the formulae above we see we

can deform farther into the complex plane as follows:

1 [~ A 1 .
YW (z,t) =— / ekt b (k) dk — — ekt (g (wy, ) — kgo(wy,t)) dk, (5.16a)
2 J_ 2m oD

1 [~ . 1 |
v (z,t) =5 / et h Oy dk — — [ e (g (wa, t) — kgo(wa, t)) dk, (5.16D)

(1)
[e9) 27 0Dp

DY = {ke DY |k > R}, (5.17)

with DU) the j* quadrant of the complex plane. The regions Dg) for j = 1,2,3,4 are as
shown in Figure where A = max;{|oy|} and R > v/2A is a sufficiently large constant.
The reason for integrating around Dg) rather than DY) in is to avoid singularities in
what follows.

Next we let k = v/)(k) when integrating around DY’ and k = v)(—x) when integrating
around Dg’) so that go(-,t) and g1(-,t) have a common argument and all integrals with

unknown terms are integrated around Dg‘). That is, ((5.16)) becomes

1 oo «
w0t =5 [ e ak

2m
1 ix (5.18a)
- — W (—g)ptin2t (. 9 2
2m oD € <V(1)(I{>91( ik, t) + Kgo(—ik ,t)) dk,
1 [ . .
1/1(2)(1’,t) :%/ ezkr—wzt ((]2)(k') dk
1700 K (5.18b)
— i (r)z-+in’t o2y 2
+ 2 8DE{’1) € (V(z)(/{/)gl( IR ,t) K’QO( 1K 7t)) dk.
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Im(k)

Re(k)

Figure 5.2: The regions D(]) j=1,2,34.

Using the transformed global relations ([5.14a)) and (5.14d) valid in D™ one solves for

go(—ik2,t) and g;(—ix2,t). Noticing that 1) (—x) = —vU) (k) we denote v (k) by v\, In

the remainder of this section the argument of all v

is k. Substituting these into ([5.18) one
finds

1 [~ k(M — @)
(1) t — zkx wit dk —
() =5 N Uy (k) /61:)};” 2 (D 1 @)

_iy(1>$+iﬁj2t 7(2) _ (2)
D(4)7T +y(2))6 @Z}o ( 14 )d/{

e—iy(l)x—&-mQt,J}(()l) (V(l)) dk

@\

+

(V(l) — 1/(2)) (2) W)\ =iz (1) (. (1)
/69D<4 27w(1)(,/(1) +u(2)) (V -V )6 (0 (V ,t) drk

(1
_ MW W i@) (L@ 4 g
/apgy e my v ) de

(5.19)
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for < 0. Similarly,

K

1 > . . o
(2) — Zkl’—u}gt (2) . e (2) IZ/(Q)(E—‘,-l/{Qt (1) (1)
P\ (2, t) =5 /_006 vy (k) dk /8D§§) P V(Q))I/ e g (]/ ) dk

k(D — p2) D atint 2(2) o
+/6D§§) 27TV(2)<V(1) +V(2))€ Yo (—V ) dr

R @) (L, 4 g
+/3Dg) 7r(1/(1)—|—y(2))€ v (1) dr

(R C)
_/ Rg) oF 2 e (<1, 1) ds
oD 27V (v + ()

(5.20)
for > 0. The first three terms in the Expressions and depend only on known
functions. The last two terms in (5.19)) and are analytic for Re(k) > 0. Note that
e (v,t) and @ (—v®,t) decay exponentially fast for || — oo when Re(x) > 0. Thus,
by Jordan’s Lemma, the integrals of exp(—ivMa)¢)®) (v),t) and exp(—ivMz)h@ (—v®,1)
along a closed, bounded curve in the right-half of the complex x plane vanish for x < 0. In
particular we consider the closed curve L&) = £ ) Uﬁgl) where Lpu) = aDg)ﬂ{/{ k| < C}
and £(4 {rk € D . |k| = C}, see Figure .

Since the integral along Lo vanishes for large C, the fourth and fifth integrals on the
right-hand side of must vanish since the contour L4 becomes ODW as C — 0.
For the final two integrals in Equation ([5.20) we use the fact that for z > 0 the integrals
of exp(iv@z)yp™® (v),t) and exp(iv@ )@ (—v@,t) along a closed, bounded curve in
the right-half of the complex x plane vanish. Thus, we have an explicit representation for

YW (z,t) in terms of only initial conditions:

1
w(l)(l’,t) :%/ ezkx 1twél)(k) dk

k(W) — @) Oarin?e 1) (- (1)
—_ —iv TTIR d
/aDg) 2 (p (1) + ,/(2))6 bo ( ) K (5.21)

Wi () g
s )
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m(k)
A
[
< - et
Lpw ,l
|
|
/
Y :/
//

Figure 5.3: The contour L4 is shown as a green solid line and the contour L is shown as a
green dashed line. An application of Cauchy’s Integral Theorem using this contour shows that
the contribution of ¥ (™, ¢) and ) (=2, t) vanishes from the integral expressions ([5.19)

and (5.20).

for x < 0, and

1 [, g
v (2, 1) :%/ ethr—ent 53 (1)
_/ L(Q)eil/(z)l”ri”thﬁ(l) (I/(l)) dk 5.22
ap® T(vW +v@) ' o
s —v@) e @) )
WA TR — d
" /aD;;s 2O (0 4 )" )

for x > 0. Note that the denominators in (5.21]) and (5.22)) are zero at the branch points
k = %i,/a;. However, these points are avoided by integrating over the boundary of Dg).

The expressions ((5.21)) and ([5.22)) provide fully explicit solutions for the IVP (5.5). They
are written in a form containing more familiar exponents by letting k£ = iky/1 + oy /k? in
the second and third integrals of (5.21)) and k = —iky/1 + ag/k? in the second and third
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integrals of (5.22). Then
1 . N
W00 = [ et e ak

T or

1— /14222 R
- / C et (k) dk
oDy o

(1 v 14 alk;f?) (5.23a)
1 . R _
P =
DR’ T (1 +4/14+ %)
for x < 0, and
V1) = / " et ()
’ 21 ) 0
1 - - —
+/ ) elkm_wgwém <k\/ 1-= k2 Oé2> dk
oD 1 (1 /1 al,;w) (5.23b)

ety (—k) dk,

+/1
ap\}) 2ﬂ<1+ 1_(1116;2012>

for > 0. It appears that our solution depends on an extra parameter R. However,
_ (3) (3) : :

observe that faDg) -dk = faD}? -dk + ¢, where 0D}, oD’ and R are as in Figure H
Since the integrands in (5.23al) are analytic in Dg’) (and therefore R), j;R -dk = 0. Hence,
i) oDp " dk = [, oD, dk for any R > A, and our solution is independent of the value of R chosen.
The same argument is true for ((5.23b)).

It is useful to deform the contours in ([5.23)) back to the real line in order to do asymptotic
analysis. We examine the branch cut introduced in (5.23)) of the form /1 + 5. In (5.23)

a = ay — aq but it may be different in later sections. If @ > 0 the branch points are at +i+/a.
We fix the branch cut to be on the finite imaginary axis running from —iy/a to —iy/a by

defining the local polar coordinates

i
k —iva = re’,

N T
k4 iva = e,
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° > Re(k)

Figure 5.4: The contours 8Dg’) and ODE? and the region R.
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Figure 5.5: Branch cuts for M and the local parameterizations around the branch
points. In (a), @ > 0 and the local parameterization around the branch points +iy/a with
—m/2 < 61,05 < 37w/2. In (b), a > 0 and the local parameterization around the branch
points +iy/a with —37/2 < 65,0, < w/2 . In (¢) a < 0 and the local parameterization
around the branch points ++/—a with —7 < 05,05 < 7.

where —7/2 < 61,6, < 37/2 as in Figure [5.5a] or —37/2 < 63,6, < 7/2 as in Figure 5.5H
Similarly, if a < 0, 4/—a are the branch points. We fix the branch cut to be on the finite

real axis running from —y/—a to —y/—a by defining the local polar coordinates

i0

k++—a=rse”,
. if

k—+—a=rue"",

where —7 < 05,04 = 6 < 7 as in Figure [5.5¢

If the branch cut is on the imaginary axis then deforming 8Dg) to the real axis and using
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the local parameterization —m/2 < 6y,60, < 37/2 as in Figure [5.5a] one finds

/ f(k)dk :foo f(k) dk+z’/ﬁf(re?’“/2+z'\/5) dr
ap\}) —o0 0

3r/2 ' ) Vva A
— lim ie/ f(ee 4 iv/a)e® df — Z/ f(re ™2 +iy/a)dr
0

e—0 771_/2

(5.24)

as in the dashed red line in Figure where ffooo -dk is a Cauchy Principal Value integral.
Deforming (9D1($) to the real axis when the branch cut is on the imaginary axis requires the

local parameterization with —37/2 < 63,6, < /2 as in [5.5b] Then

f Ydk +i frem/2 iva)dr
6D(3>

(5.25)
—hmze/g , f( i zﬁde / f 37rz/2 \/_)d

e—0

as in the solid green line in Figure [5.6] If the branch cut is on the real axis then deforming

8Dg) and 8Dg) to the real axis one finds

/@ o Tk = ][_ Z (k) dk, (5.26)

/8 o TR = —][_ RICEE (5.27)
as in Figure [5.7]

In what follows we consider ap > ;. Then, aDg) in ([5.23a]) can be deformed as in ([5.27))
and 8Dg) in (5.23b)) can be deformed as in (|5.24]).

and

1 oo . 1 o] ]
WO () =5 / e’kxwltwél)(k)dk—i—%][ a) (k)e*e =1t (5.28)

for x < 0, where

1 — R . _
(k) = ((1 — 1 T (k) 2 (k\/l o “)) ,
144 /1 4 G
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o)
<
5

———)—

I > Re(k)

o) —iy/a

Figure 5.6: The deformations of 8Dg) (as a red dashed line) and 8D1(§’) (as a green solid

line) to the real line when the branch cut is on the imaginary axis.

Figure 5.7: The deformations of 8Dg) (as a red dashed line) and 8D1(§’) (as a solid green

line) to the real line for the case when the branch cut is on the real axis.
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and

.17 t __/ 1k:x thwO dk—l- _][ zkw—wgt dk

(e}

' ‘ 5.29
+ z/ (2) ™2 fiv/ag — o) — a@ (re ™ 1 in/ag — a1)> (5.29)
0

% e(r—x/az—a1):I:+it(r2—o¢1—27"\/a2—a1) dr
)

for x > 0, where

a® (k) = 1 ((1 — 1= B () 4 29 (k - _20‘2>) .
e e k \ 2

At this point the large-time leading-order behavior of ([5.5)) with initial conditions which

decay sufficiently fast at 400 is easily obtained using the Method of Stationary Phase [6].
Notice that the third integral of is decaying for x large and positive. Thus, it does
not contribute using the Method of Stationary Phase. We choose z/t = v < 0 for z < 0
and x/t = v > 0 for z > 0. We obtain

2
i L—qy |t—ix . d(ar—a2) \ (1) [ =y 7(2) 4(a1—az) 062)
) W(%)Jl L fezed) 0g? (5) 42007 (31 2o
|y (=
2

¢(1)N
24/t 1+ 1_’_4(a1;0é2)
71
and
i(ﬁ—az)t—ﬂ Hor—a2) ) () [~ '@ (2 (a1 —on)
) () (T 0 () i (3
¢(2) ~ ¢é2) <ﬁ>_‘_ 3 3
24/t 2

1+ 1_4(a17a2)

73

The oscillations that are expected as a consequence of dispersion are contained in
exp(it(vi/4 — a;)). In Figures and the envelopes of the solutions are plotted in
black as a dot-dashed line. The real part of the solution (plotted as a solid line in blue) and
the imaginary part of the solution (plotted as a dashed line in red) are centered around the

t-axis. Using the Method of Stationary Phase one must look in directions of constant z/t.
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Figure 5.8: The real (red dashed) and imaginary (blue solid) parts of the leading order

behavior as t — oo of (1) along rays of /t = —4 with 1o(z) = e, ay = 1, and ap = 2.

In Figure we consider solutions for z/t = —4 and in Figure we have solutions with
z/t = 2. In both figures ay = 1, a5 = 2 and Yg(z) = e .

The Method of Stationary Phase is not useful for considering the nature of solutions near
the barrier at x = 0, since requiring ¢ to be large implies that x is large if z/t is to be
constant. In order to evaluate the solution formulae numerically near the interface one could
use techniques presented in [44] [62, 63]. It may also be possible to use asymptotic techniques

similar to those in [7].

Notice that when a; = ap = 0 the problem reduces to the IVP for the linear Schrodinger
equation on the whole line. It is easily seen that the solutions (5.21]) and ([5.22)) reduce to the

solution of the problem found using Fourier transforms split into the appropriate domains

for the free particle problem.
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Figure 5.9: The real (red dashed) and imaginary (blue solid) parts of the leading order

behavior as t — oo of ¥(?

5.2 n potential jumps

We wish to solve the classical problem

iwt - _¢xx + Oé(x)%

¢($7 0) = ¢0(l’>,
with
.
ai,
Qg,
a(z) =
Oy,
L Oén+1,

along rays of z/t = 2 with ¢y (z)

—00 < 7 < 00, (5.30a)
—00 < < 00, (5.30Db)
r < T,
T < T < T

Tpo1 < T < Ty,

T > Ty,
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and limy o ¥(x,t) = 0. We repeat the same steps as in the previous section, but now for an
arbitrary number n of constant levels of the potential «(z). As a consequence, the formulae
obtained are significantly more involved, but no less explicit. The experience gained from the
previous section provides the insight necessary to proceed with the general case presented
here.

We treat the problem ([5.30)) as an interface problem solved by

v (z, 1), T < X1,

V@ (z,1), T < 1< Ty,
Yz, t) =4 (5.31)

V™ (2, 1), Tpo1 < T < Ty,

\ P+ (2, 1), T > Ty,

which solve the n + 1 IVPs

it = =) + ayV, (5.32a)
Y (2,0) = ¢é”<x>, (5.32b)
for ;1 < z < x;, with 9 = —o0 and x,41 = 00, j = 1,...,n + 1. The solutions of the

IVPs (5.32) are coupled by the interface conditions

D (@, t) =T (x5, 1), t>0,
w:(cj)(xj’ t) :wg(cj—i_l)(xj? t)v t>0,

for 1 < j <n as in Figure [5.10]

We begin with the n local relations

(e- ety D), = (et (i) — kypV)),, x50 <z <y, (5.33)
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Figure 5.10: A cartoon of the potential a(x) in the case of n interfaces.

where w;(k) = i(a; + k%) for 1 < j < n+1 and g = —o0 and x,,; = co. Applying
Green’s Theorem and integrating over the (possibly unbounded) strips (z;-1,z;) x (0,t) for

1 <j <n+1, we have the n global relations

x5 ] ) Zj . ) ¢ . . .
/ e_Zkz+“ft¢(J)(x, t)dx :/ B_Zkzl/)éj)(ﬂf) dx +/ e_’kwﬁwfs(iwg(f)(xj, s) — k¢(])(xj, s))ds
Ti_q x 0

J Jj—1

t
_/e““jl*“’js(wg(;j)(xj178) — k0 (2j-1,5)) ds.
0

As before, we define the following transforms, for j =1,...,n + 1:
~ Zj ) .
VI (k,t) = / e~ ke (2, 1) da, rji <x<xz; t>0,
Tj—1
0y = [ ek @ () g , ,
Vg (k) = e g () d, Tj1 < ¥ <,
g(gj)(w,t) = / e“sw(”(xj, s)ds = / e“sw(JJrl)(xj, s) ds, t>0
0 0
N t . t .
ggj)(w,t) = / e (xj,5)ds = / e YUt (z;, 5) ds, t > 0.
0 0

For convenience we assume the z; are shifted such that 2y = 0 and x; > 0 for all 7 > 2. All

but four of these integrals are proper integrals, and they are defined for £ € C. The only
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ones that are not valid in all of C are ¢/ (k,t), S )(k) (valid for Im(k) > 0) and ¥ *+D (k. 1),
b5 (k) (valid for Im(k) < 0).
With these definitions the global relations become

eh M (k1) =SV (k) + i\ (wr, t) — kg8 (wr, 1), Im(k) >0, (5.34a)
P (k) = (k) + e (igt (wy, 1) — ks (w), 1))
_ e—ik‘aij—l(ig%j_l)(wj,t) _ kgoj_l)(wj7t))7 ke C, (5.34b)

et D () = (k) — e (161" (w1, £) — kgl (waya, 1)), Tm(k) <0, (5.34c)

where 2 < j < n. As in the previous section we transform the global relations so that

g[()j )( ,t) and gij )(~, t) depend on a common argument. Let

V(j)(k)zz'/{,/1+%, j=1,...,n+1

Using the transformations k = +v)(k), we have the transformed global relations

e W (D (k) 1) w“ (D (k) +igl") — D (k)" (5.352)
e*inzt,lﬂ(l) —V(l) K ’t (1) K +Zg + y(l) K g( )7 535b
1 0
—ik?t, 7 (j j —ipU (k) j j j
e (W) (k) 1) = (V9 (k) + e 92 (199 — 10 () i) 5350
. C
— e W1 (160D ) () g ),

e D (o), 1) = (v () + 7O (ig)? 4+ 0D ()gf) 5,350
= O (it 4 0 () g ),
—ik2t 7(n n T(n n —iv( D) (K - (R n n
e (D (), ) =g (D () — 7O (i) —p D (m)gf), (5.35e)

eI (<D (), 1) =g (=D () = €O (gl 4+ () g6, (5.351)
where 2 < j < n and géj = géj)( iK%, 1), gy) = g§j)(—m2,t), for 1 < j < n. In order

for (5.35)) to be well defined Re(x) > 0 for (5.35al) and (5.35f]). Similarly, Re(x) < 0in (5.35b)
and (5.35¢). Equations (5.35¢) and (5.35d)) are valid for all x € C.
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Inverting the Fourier transform in (5.34)) we have the solution formulae

o0 o0

1 . s 1 , ,
WO (1) =5 / et bRy + o et (igl (wn, ) — kgl (1)) dk,

—00 27T —00

j 1 = —w;t, 7 (J 1 Ooi z—xj)—w;t (- (J ]
WO (@, 1) = / et (k) dk + — [ et (99w, 1) — kgl (w1 ) ) dk

T J oo 2m J_

1>~ - .

1 elk‘(x—xjfl)_wjt (Zggj 1) (w]’t) — k‘géj 1)(CU])t)> dk?
2 J_

1 oo (n

w(n"_l)(.’lj’,t) :_/ elka:—wnﬂtw(() +1)(]f) dk

2 J_
1o, n ¥

B 2_ ezk(x—ﬂﬁn)_“’n+1t (Z‘gg )<wn+l7t) — kg(() )(Wn—i-lat)) dk?
T J 00

for 2 <j <n,and z;,_1 <z < x;. As usual in the Fokas Method we deform these integrals

into the complex plane. Using Cauchy’s Theorem and Jordan’s Lemma we have

1 [ . N 1 .
w00 =5 [ e oo [ e (g0t - kol (D) dh
2 J_ o 2m oD
‘ 1 [ o 1 . . ‘
W (1) == / Mt (k) dk — - / e mment (i) (wy, 1) — kgl (w5,1) ) dk
2 J_ o 2m oD\
1 | 5 g
_ 2_/ 1 etk(@—j—1)—w;t (ig%ﬂ U(wj,t) _ kgéj 1)(wj,t)> dk,
s aD%)
1 [~ . -
Pz, t) = / ket (1) di
1 .
o ) gi(o=an)—wnst <@'9§n) (Wnrist) — kgd™ (W, t)) dk,
s aDg%)

where Dg) is as in and Figure . Again, we wish to transform the integrals involving
géj )(-, t) and ggj )(-, t) in each of the solution formulae above so these terms depend on —ik?.
As before, we deform to Dg) (with A = max; |o;|, R > v/2A). Choosing k = vV)(k) on
GDE%I) and k = —vY) (k) on 8D§’) we have

1 [ ot
T B AL

1 Ci Wizt (W (@) (1)
o w R)TTIK d

(5.36a)
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1 [~ . ~(
W t) = [ et ak

1 i) () oy in?e [ ()

_ w R)(x—X (2 d
37 Joe € IR +rgd ) dr (5.36h)
1 i) (k) (w—a; 1 )+int K (j-1) (4-1)
- w) (k) (z—xzj—1)+ik _ d

+ o’r ap™® € V(])( )gl K9q K,

1 o ~
o) =g [t ak

1 (D) (1) (2 — 2 ) +iR2E ik (n) (n)
= [ K)(x—xpn)+ik o _ d
i oDy ‘ pr ()t T "

(5.36¢)

where g(j) g(()j)(—mz,t) and g§ = ggj)( ik2,t).

Using the 2n transformed global relations valid in D (]5 35al), (5.35¢), (5.35d), and
(5.351)) one solves for g0 ) and glj ) This amounts to solving the 2n x 2n matrix problem

A(R)X (—ix? t) = Y (k) + Y(k, 1)
where

-
. 1 n) . (1) . (2 . (n
X(—ix?t) = (g(() ),g(() ),...,g(() ),zgg ),zgg ),...,lg§ )> , (5.37a)

~ N ~ ~ T
V(k) = (00, B ), 00 (@), () (5.37b)

n ~ ~ ~ T
V) = (SO@, ), D 0,1, 6O (0@, 8), G () (537)
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and
Alr) =
_V(l)e—Zl/(l)xl i —iv(M gy
|
V(Z)e—iu(2)x1 _V(Q)e—iu(2>:c2 } _e_i,/@)g;l e_il,(2)gﬁ2
|
i
|
l/(n)e—iz/(")xn,l _I/(n)e—iu(")mn } —iv(Mg, —iv(Myg
g
I/(2) i@y l/(2) i@y } i@z i@y
[
[
|
[
[
_V(n)eil/(”)xn_l V(n) (Mg } (™, (Mg
|
V(nJrl) it g, i ity
(5.37d)

where all vU) are evaluated at x. The matrix A(x) is made up of four n x n blocks as
indicated by the dashed lines. The two blocks in the upper half of A(k) are empty except
for entries on the main and —1 diagonals. The lower two blocks of A(k) are zero except on

the main and +1 diagonals.

Every term in the linear equation A(k)X(—ik? t) = Y (k) is known. By substituting
the solutions of this equation into (5.36]), we have solved the LS equation with a piecewise
constant potential in terms of only known functions. It remains to show that the contribution
to the solution from the linear equation A(k)X(—ix?t) = Y(k,t) is 0 when substituted
into ([5.36)).

To this end consider A(k)X(—ik?,t) = Y(k,t). We solve this system using Cramer’s
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Rule [12]. We factor A(x) = AL (k) AM (k) where

671'1/(1)11 ‘

Ab(g) = | -~ 7

eiu(")xn

Let A;(k,t) be the matrix A(x) with the j® column replaced by Y(k,t). Similar to A(k),
this matrix can be factored as A;(k,t) = A"(k)A} (r,1)Af(k,t) where Af(k,t) is the
2n x 2n identity matrix with the (j,7) entry replaced by e *t. Hence, det(A;(k,t)) =
et det (AM (k, 1)).

The terms we are trying to eliminate contribute to the solution in the form

/ =i (@—a;)+in?t (%99 )+ /fg(()j)) drk, (5.38a)
apy v
and
/ eiy(j)(xij71)+m2t (%991) — ,ngéjl)> dK,, (538b)
oD\ v

for 1 <j <n,2<j<n+1, respectively with 2,1 < x < x;. Using Cramer’s Rule these

become
oy [ et (5 8)  det(AY (k)
/aD;;f (V“) Jet( A () | det(AN Gy ) M (539
and
il/(j)(:z:—xj_l) idet(AjA{1+n(/§7t)) i det(“éle{l(H?t))
Ju (vm ATy e ) )

respectively. Here we have used the factorizations of det(A(x)) and det(A;(k,t)). As is usual
in the Fokas Method we use the large s asymptotics to show the terms ([5.39) are 0.
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Observe the elements of AM (k) are either 0, O(k) or decaying exponentially fast for

(4)

k € Dp’. Hence,

det(AM (k) = c(rk) = O(K"),

for large k in Dg). Expanding the determinant of A}’ (k, ) along the 4™ column we see that

)det(Aj'\/[("ia t)) 1)) Kdet<"4§'\4(’%a t))

—ivU) (z—z; (x—=;)

det(AM(r))  © (k)
_ i ;) Zce(/i) (emy(m&(@) (I/(E),Zf) 4 efig;el,@)zzj(ml) (_V(£+1),t)> ’
=1
where (k) = O(k™') and 2,1 < z < ;. The terms etee (0 (v9,t) and

e*m”“)@[}(”l) (—V(“l),t) decay exponentially for k£ € Dg). The integrands in ([5.3Y) are
analytic for Re(x) > 0. Similar to the argument on page since the integral along L'(CA‘)
vanishes for large C', the integrals must vanish since the contour £ becomes 9D®
as ' — 0o. The uniform decay of the ratios of the determinants for large x is exactly the

condition required for the integral to vanish using Jordan’s Lemma. Hence, the solution

to (5.30) is (5.36) where ¢ (—ix2,t) and ¢\ (—ik?,t) for 1 < j < n+1 are found by solving

A(R) X (—ir? t) = Y (), (5.40)

where A(k), X (—ik?,t), and Y (k) are given in Equations ((5.37d)), (5.37al), and (5.37b)) respec-
tively. As in the previous section, deforming to the real line is possible using ({5.24))-(5.27)).

However, one must be careful to also avoid any poles present in ({5.36)).

5.3 Potential well and barrier

As an example of the general method given in Section[5.2] in this section we solve the classical

problem of the finite potential well or barrier:

Wy = —ue + a(z)9, (5.41)
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for —oco < z < o0 and

0, T < T,
O{(Jf) = a, 1< T <y,
0, T > XIo,

with the initial condition ¢ (z,0) = 1o(x) and lim ¥(x,t) = 0.

The problem of a finite potential well or barrier is a standard textbook problem in quan-
tum mechanics. In such texts this problem is usually solved using separation of variables,
i.e., assuming ¥(z,t) = X (x)T(t). The z problem, X" + (£2 — a(x))X = 0 is solved in the
three different regions. Separation of variables is only allowed if the initial wave function
¥(x,0) can be expanded in terms of solutions of the time-independent Schrédinger equa-
tion [48]. Solving the time-independent Schrédinger equation is equivalent to studying the
forward scattering problem with the specified potential. The “scattering matrix” (see [2]

Equation 1.3.3] or [17, p. 104]) is

The zeros of a(§) are the discrete eigenvalues for the problem. With some work we find

. i€ —a)
a(§) = e %2 [ cosh(zgy/ar — €2) + —————Z sinh(zov/av — €2) | .

This problem is examined in many excellent texts including [2], 3] [16, [17].

The potential well or barrier problem is the standard example to introduce students to
the concept of quantum tunneling which is a phenomenon where a particle “tunnels” over
a barrier that it cannot overcome in the classical mechanics setting [53]. The closed form
solutions we present at the end of this section all depend on the initial conditions from each of
the three regions and quantum tunneling is clearly present. Finding the closed form solutions
is as easy as letting n = 2, a; = a3 = 0 and oy = « in as in Figure . Again we
denote i) = g (=ir2,1), ¢ = gV (—ir2 1), for j = 1,2 and v) = 1) (k). Solving
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Figure 5.11: A cartoon of the potential a(x) for a potential well or barrier.
in the case of n = 2 we have solutions for g(() ), g§ )7 982)7 9 ) valid in D Y. Let
A(/‘i) = (ZH(l + eixzy(2>) + l/(2)(1 o eixzy(2))> (Zl{(l . zacgl/ ) + V( )(1 + eix2y(2))>
=dime' s (o + 257 sin(zov®) + 2k0@ cos(xzz/(2)))
The solutions (5.36) with the appropriate values of g(()j ) and gy ) are
1 [, 5 i1 — e2iwar®) NPT
(1) 1) =— ikz—wit (1) k) dk / katir2t 7(1) /- d
o0 =g [ i w s | e i i as
. s (2
N / 2ik(k — v )>6~x+m?t%2)(_y(2)) e
oD A(x) (5.42)

+

2il€(l§ + Zy(2)) eﬁ(w+2i$2V(2))+i”2tq7/Aj(2) (V(Q)) dk
apy A(k) ’

4k
. k(z+zo)+izar @ +irk2t 7 (3) ;
fo S R

for x < 0,
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1 [~ ; 2ik(k +iv?) . e 2t 0
(2) — ikz—wat ] (2) ) (22 —z)+ir?t, 7 (1)

Y (z,t) = / e vy (k) dk+/ap(4) Alr) e Wy (ik) dr
R

K(H + iV(2))2 - (2)(2 5 )+- 24 A(Q) (2)
o i To—x)+ik - d
oo w57 )
ak w® 2y —a)+irt 1(2) (1 (2)) q
+ /8D§§)—V(2)A(’f)e by (V) dr

: (2
ap$Y A(#)

(5.43)
2ik(k —iv?) . PN

_/ Z’K“'(F& w )ew@)x-l—m%w(()l)(iﬁ) dKD

oD A(k)

L i@ zint 7(2) . (2)
+ /aDg) V(Z)A(K/)e wO ( v )d/ﬁ:

(/§+2V(2))2 i@ (2my+x)+ik2t 7(2) 1 (2)
* /aD<4) TVOAGR) e
R

22./4’(/{’ + ZV(Q)) i@ (zo4a)+rratir?t ] (3) ;
+ /aD(4) Te Yo (—ik) dk,

for 0 < z < 9, and

1 o 4k A PPN
(3) zkx wat i E($2—$)+Z$2V(2)+Zﬁ2t 1) /-
vz, 1) = / P [ S Ui i)
R

D

il — i@ - (5.44)
/8D<4) Zl{ K w )en(a:z7z)+7,221/(2)+21£2t1/}(()2)(V(Z)(FL)) dr

’LO_/ 211/(2)962>
" /<9D<4> Ay (im) dw

when = > x,.

Using the change of variables xk = ¢k in , k = —ik in , k= tk/1+ % in
the second, third, fourth, and fifth integrals of (5.43)), and xk = —ik,/1 + 1z in the last four
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integrals of (5.43)) we find

1 % km—nt
w(l)(x,t) :%/ ezk:r 1t¢(()1)(k> dk-

1KT—W1 _ dk
+ /6D<3) Aik) € vy (—k)

[ B (e o

282 (1 — 1—,;%) ik (202 [T ) ~ent, () -
+/3D§§> A(ik ‘ L (_k - _) *

) W
_ / 4k? V 1 %eik(wxzfmz 1*%)*%'51[}(3)(]{) dk
— 0 )
ap®  A(ik)

for x <0,

L [ et
w(2) ($, t) :%/ ezkx Qtw(()Z)(k) dk
B /8,3( )

2k2<1 Y/ 1+ k2) zk(x72x2)7w2t,&(1) ( k /1 _ _) dk
R3 ('lk\ / 1 + k2) 0 k2

(a+ 2k = 2k%\/1+ %) gik(z=22)=watyh () 1y g,
op®  A(iky/T+ 3)

ik(z—2x2)—wat 7 (2) —k)Ydk
+/8D<3>A(ik‘/1+,j“—2)e Yo (=)

_/ 2K (1+ /T4 %) ghE=Tate /T 5) —uat [ (3) (k\/:> dk (5.46)
ap® A (iky/1+ %) ’ ¥ |

2k2(1+ /1+ %) - /
+/ k 1k:):fWQtw(()1) <k 1 _ _2) dk
BD(D A( Zk\/1+k2) k
(o + 262 = 2k°\ /T4 &) ) osamn)—amt 1(2)
+ - = € 1/10 (k?) dk
op A (—ik/T+3)

eikz—wgtqﬁ(()?) (_ k) dk

+

(6%
a /(9Dg> A (—ik T+ 3)

" 2k2(1 RV I+ k2) zk(x+$2—x2\/1+,%)—w2t1[](3) —kil1— g dk
0 A (—ik/T+ 5) ' )
oD K2
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for 0 < x < xo, and

WO ) =5 [P d

+/ k \/1 k2 zk(z J:g-l—l‘z,/l—kﬁ)—w:gt ( )dk
oD CA(—ik)

22 (14 /1 - 33) o]
" / 2 zlc (z—z2 +Z£L“2 k2 WBtwo 1— g dk 5 47
oD A(—ik) k2
- / 2k*(1 — .1 - ;%)eik(x—zz)ﬂ'rz =g ity ( ko1 — %) dk
oD A(—ik) k

Oé(l o €2ik‘x2, /1—%)
/80“) A(—ik)

eik(m—2x2)—w3tqjj((]3) (-k’) dl{?7

when = > x,.

Remarks:

e If one lets @ = 0 in (5.45)-(5.47) then the Fourier transform solution to the free

Schrodinger equation on the whole line is recovered.

e In order to numerically or asymptotically evaluate these expressions one could use tech-
niques presented in [7), 44] 62, [63]. The detailed asymptotic and numerical evaluation

is currently under investigation.

e Asstated at the beginning of this section, is solved in standard quantum mechan-
ics texts using separation of variables and the study of the forward scattering problem
with the specified potential. The zeros of a(§), the (1,1) component of the scattering
matrix, are the discrete eigenvalues for the problem. The zeros of a(§) cannot be found

explicitly but it is clear that the zeros of a(§) for £ purely imaginary correspond to the
zeros of the denominators of (5.45)-(5.47) with i€? = w; (k).



Chapter 6

Linear Korteweg-de Vries equation

with an interface

All previous chapters in this dissertation have dealt exclusively with problems that are
second order in the spatial variable. This chapter is the first investigation into higher-order
problems. The process presented in this chapter makes clear how to resolve new issues that
arise when moving to a higher-order problem.

The nondimensionalized Korteweg-de Vries (KdV) equation

is one of the most studied nonlinear PDEs [36], 49, 50, [70]. It arises in the study of long
waves in shallow water, ion-acoustic waves in plasmas, and in general, describes the slow
evolution of long waves in dispersive media [2]. In what follows we study the linearized KdV

equation (LKdV) in a composite medium,
qt = U(-T>qxx:t> — 00 < x <0oQ, (61)

where o(x), a real-valued function, is piecewise constant. This equation describes the be-
havior of solutions of the KdV equation in the small-amplitude limit and understanding its
dynamics is fundamental in understanding the dynamics of the more complicated nonlinear

problem.
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In what follows an explicit solution method is given resulting in closed-form expressions.
We provide a sufficient criterion on the interface conditions for such solutions to be obtainable
via the Fokas Method. Although we do not prove uniqueness of the solution, we note some
examples of interface conditions that do yield uniqueness. The numerical evaluation of the
solution is not considered but should be possible via the methods presented in [7] [44], (62} 63].
As we do not have a physical application on hand, this paper addresses the mathematical
question of the number and type of interface conditions required to ensure that is well
posed.

6.1 Background

Determining the number of boundary conditions necessary for a well-posed problem is a
nontrivial issue, especially for BVPs with higher than second-order derivatives. Consider

LKdV posed on the half line
@ =0, x>0, t>0, (6.2)

where the form of the coefficient o2 is chosen for convenience. If ¢ < 0 then one boundary
condition is needed, whereas if o > 0, two boundary conditions must be prescribed in order
for the problem to be well posed [15, 25]. This difference in seemingly very similar BVPs
is understood at an intuitive level by considering the phase velocity c(k) = —iw(k)/k where
w(k) = —io®k3 [38]. Thus, the phase velocity is c¢(k) = —o®k%. If 0 < 0 the phase velocity
is negative and information travels toward the boundary as in Figure [6.1al If o > 0, the
phase velocity is positive and information travels away from the boundary as in Figure [6.1b]
Therefore, it seems reasonable that one must prescribe more boundary information. Note
that if we were solving for < 0 these results would be switched. This will become

relevant in what follows for the interface problem on the whole line.
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t t
c(k) <0 c(k) >0
8 //
q(z,0) z q(z,0) z

(a) (b)

Figure 6.1: (a) When o < 0 information from the initial condition propagates toward the
boundary # = 0 and one boundary condition needs to be prescribed. (b) When ¢ > 0
information from the initial condition propagates away from the boundary and two boundary

conditions need to be prescribed.
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Remark: Note that the argument above is heuristic and one which we understand with
hindsight. The problem we are concerned does not have propagation but rather, dispersion.
Thus, although Figure may hint at the Method of Characteristics, our argument should

not be given the same credence.

One of the strengths of the Fokas Method for solving linear PDEs is the straightforward
way it determines how many and what type of boundary conditions result in a well-posed
problem [15, 25], 27]. Previous papers by us and others [4] 14, 147, [55] 56, [57) 58], as well as
the previous chapters in this thesis, have shown that the Fokas Method is useful for finding
explicit general solutions to interface problems. In the cases currently in the literature, only
second-order problems are considered and the number of conditions required at each interface
is clearly two. The example of LKAV on the half-line suggests that the number of interface
conditions needed in the case of LKAV with an interface depends on the sign of ¢. This is the
case indeed. In Propositions we describe exactly the number and type of conditions

necessary.

6.2 Notation and set-up

We investigate (6.1) where o(x) is the piecewise constant real-valued function
o(z) = (6.3)

with the initial condition ¢(z,0) = go(z), and appropriate conditions at the interface z = 0.
The choice of the power 3 in the definition of o(x) is purely for convenience. We assume
throughout this work that the solution decays rapidly to zero as |r| — oo. If nonzero
conditions at |z| = oo are desired this can be treated easily in a manner similar to that for
the heat equation in [I4] and for the linear Schrodinger equation in [56]. We pose as

the following interface problem:
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qt(l) — g%q(l) T < 0, 0<t S T, (64&)

Trx?

¢” = o3q®? x>0, 0<t<T, (6.4D)

TxxT?

subject to the initial conditions

¢ (x,0) = ¢ (x), r <0, (6.52)

¢ (,0) = g5 (), z>0, (6.5b)

with ¢M(-,t) € S(—00,0) and ¢?(-,t) € S(0,00) where S(X) is the Schwartz space of
restrictions to X of rapidly decaying functions. Likewise, we assume rapid decay of the
initial conditions, qél)(‘) € S(—00,0) and qéQ)(~) € 5(0, 00).

Some number of interface conditions at z = 0 needs to be prescribed. The number
and type of such conditions are given in Propositions We make a distinction in this
manuscript between “boundary problems” and “interface problems.” Boundary problems are
those in which the conditions given at the interface (z = 0) allow one to solve either
or as a half-line BVP without knowing the solution on the other domain. For example,
if one can solve a BVP for q(l)(x, t) then one can use that solution to provide any necessary
conditions at 2 = 0 to solve the second BVP for ¢®(z,t). Conditions for a well-posed BVP
are given in [25 [65]. Since these cases have been examined, we restrict to those interface
conditions which do not decouple such that either or can be solved as a BVP.

It is of note that by making use of the PDE, interface conditions can always be written
in terms of a (possibly) non-homogenous linear function of

mn

oz

g (z,t)

and
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for n =0,1,2 and all . For example, one might require qéi)m(o, t) = qg(fz)x((), t) as an interface

condition. This can be imposed by applying the equation and integrating in ¢ to give

1 1 1 1
O_i))q ( ) ) O_S,q ( ) ) 0_;13 QO ( ) 0_;23 qO ( )7 ( )

for all ¢, which is clearly of the form we require with f(t) = 01—3q(()1)(0) - %qéz)(()). Using
1 2

a similar process for any conditions on derivatives greater than second order as well as

elementary linear algebra one can always express the interface conditions in the reduced

forms given in Propositions |6.1H6.3| after possibly letting x — —x.

Remark: If an interface condition specifies a linear combination of 97¢™(0,t) (n=0,1,2)
only or 0"¢®(0,t) (n=0,1,2) only, then we say it is a boundary condition. Note that the

interface conditions
¢V (0,t) =0, and q1(0,t) — ¢?(0,t) =0,
are equivalent to the interface conditions
q(l)(O,t) =0, and q(2)(0,t) =0,

so it is only meaningful to discuss the maximum number of boundary conditions for any
equivalent expression of a given system of interface conditions. Henceforth any mention
of a number of boundary conditions should be interpreted as such a maximum number of
boundary conditions.

A problem with one boundary condition may or may not decouple into a pair of BVP.
Even if such a decoupling is possible, it may or may not be possible to solve the BVPs
sequentially. For example, the problem with oy, 0y > 0, boundary condition ¢ (0,t) = 0,
and interface conditions qg(cl)(O, t) = qg(f)(O, t) and qg(ci;)((), t) = qg(c?((), t) decouples into a solvable
BVP for ¢ and a subsequent solvable BVP for ¢». However, the problem with oy, 05 < 0,

and the same boundary and interface conditions does not decouple.
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6.3 Application of the Fokas Method

We follow the standard steps in the application of the Fokas Method. Assuming existence

of a solution, we begin with the local relations:
(6—ikx+wjtq(j))t — (6 ikr+w;t 3( x) + qux kQQ(j)))x,

with w; = w;(k) = iaj-’k?’ for 5 = 1,2. Applying Green’s Theorem and integrating over the
strips (—o0,0) x (0,¢) and (0,00) x (0,t) respectively (see Figure we have the global

relations

dx

—0o0

0
e
oo
t

+

0
| et = [ et
/ Wi 53 (qg(m)(() s) —I—qu( )(O s) — k2 (O 3)) ds,
/ e—ik‘a?—l—wgtq(Q) (CC', t) dr = / e—ikxq(()Q) (l’) dz
0 0
- 3 (452

t
/ w2sgd (920, 5) + ikg{?(0, 5) — k*qP(0,5)) ds.
0

We define the following:

0
g (k,t) = / e~ *rqW (2, 1) da, Im(k) > 0, 0<t<T,
) o W
@Ok = / ~ikeg (1) da, Im(k) > 0,
G® (k,t) = / e "¢ (x,t) da, Im(k) <0, 0<t<T,
0
i) = / g (2) da, Im(k) < 0,
0 . 8n
gn(w,t) = / e’ (0, 5) ds, n=0,1,2, 0<t<T,
0 333”

t n
hn(w,t) = / ewsaa nq(z)(O,s) ds, n=20,1,2, 0<t<T,
0 T
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The global relations become

G0 (k1) =ds) (k) + 0f (g2(wi, ) + ikgi(wn, 1) — Kgo(wi, 1)), Tm(k) >0,  (6.7a)
(2)(k: t) =G5 (k) — 03 (ha(wa, ) + ik (wa, ) — K>ho(wn, 1)), Tm(k) <0.  (6.7h)

We wish to transform the global relations so that g,(-,t) and h,(-,t) for n = 0,1, 2 depend
on a common argument, ik% as in [4, [47]. Noting ik® is invariant under the transformations

2im/3

k — ak and k — ok where a = ¢ and evaluating at ¢ = 1" we have the following six

global relations:

(6.8a)

: J J :
T g (a—k,T> :cj(gQ) (a_k‘ — (03ha(ik®, T) + ic koyha (ik*, T) — o kK*o2ho(ik*, T))

(6.8b)
for j =0,1,2.
Inverting the Fourier transform in (6.7)) we have the solution formulas
1 [ it
0V ) =5 [ e ) ak
g3 [0 (6.9a)
+ i / gihr—wit (gg(wl, t) + ikgi (w1, t) — kgo(wr, t)) dk,
(2) 1 > ikz—wat ~(2)
g (z,t) =5 e 4o (k) dk
. 6.9b
a3 (6.9b)

5 / zk:v—w2t (hZ(w27 t) + Zk'hl (Q)Q, t) — ]{;Qho(w% t)) dka
T

for 0 <t <T and x < 0 and x > 0 respectively. Next, we transform the second integral in
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each of the previous equations so that g, (-,t) and h,(-,t) depend on ik® for n = 0, 1, 2.

1 [ .
(ot =5 [ el di

2
. (6.10a)
+5- e (a2gy(ikP 1) 4 ikogr (ik°, 1) — k2 go(ik, ) dk,

—00

—00

1

0w t) = [ e b ak

1 Lk

L (6.10Db)
72" (02hy (i3, 1) + ikoshy (iK2, 1) — K2ho(ik®, 1)) dE,

2m J_o

Let D = {k € C: Re(ik*) < 0} = DD UD® U DO as in Figure[6.2} The parenthetical
numbers in the superscript of D represent an enumeration of the sectors of the complex
plane, in contrast to the parenthetical numbers in the superscript of ¢ (and I', below), which
represent the two half-line domains (—o0,0) and (0,00). Let Dp ={k€ C: ke DN k| >
R} = Dg) + Dg) + DS) where R > 0 is a positive constant as shown in Figure m Let T')
be the contour that is the boundary of the region {k € D : (—1)’c; Im(k) > 0}, oriented
so that Dg) and Dg’) lie to the left, and Dg’) lies to the right of any ') to which they are
adjacent. Note that whether I'¥) is the boundary of Dg) U Dg) or Dg’) depends not only on
J but also upon the sign of o;. The integrand of the second integral in (6.10a)) is analytic
and decays as k — oo from within the set bounded between R and I'™| and the integrand of
the second integral in is analytic and decays as k — oo from within the set bounded
between R and I'®. Hence, by Jordan’s Lemma and Cauchy’s Theorem, the contours of

integration can be deformed from R to I').

1 >
(e, 1) = /emWWWM

27 L (6.11a)
— [T (0dga(ikP, 1) + ikorgi (iKP, ) — K2go(ik® 1)) dk,
27T r@
[~ .
q(2) (JI, t) :%/ ezkm—wﬁqéQ)(k) dk
1_00 (6.11b)

¢ 7" (02 (ik?, 1) + kool (iK, £) — K2ho(ik%, 1)) dk.

27 Jre
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Figure 6.2: The evenly distributed regions D, D®) D®) where Re(ik?) < 0.

Figure 6.3: The regions Dg), Dg’), Dg) where Re(ik?®) < 0 and |k| > R.
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We replace t by T" in the arguments of g; and h; by noting that this is equivalent to replacing
the integral fot eik3£:—nnq(j)(0, s)ds with fOT eikggr—nnq(j)(o, s)ds — LT eik3%q(j)(0, s)ds. Using

analyticity properties of the integrand and Jordan’s Lemma, the contribution from the second

integral is zero and thus we replace g;(ik®, t) and h;(ik®,t) with g;(ik*, T) and h;(ik?, T):

1 [~ .

L[ e (6.12a)

* 2 €Y e (U%‘%(ik?” T) + ikorgn (ikgv T)— kQQo(ikga T)) dk,
ra

q(2) (z,1) :% /Oo eikx—wth(g?)(k) dk
1700 ik k3t 9, .13 . 3 97 .13 (6.12D)
“ 5 e o2 (03ho(ik?, T) + ikosh (ik®, T) — k*ho(ik®,T)) dk.
Since and are equivalent we will switch between them whenever convenient in
what follows.

In Section[6.4], we show how it is possible to obtain expressions for all six spectral functions
gj, hj in the relevant domains by solving a linear system. Indeed, for any r € {1,2,3},if k €
D_(I;:) (the closure of Dg) ), then a certain number, say m, of the global relation equations (6.7)
are valid for k. We must supplement these equations with 6 —m interface conditions to obtain
a solvable system. Given the coefficients of g;, h; in , it is clear that the determinant of
the linear system must be a polynomial in k. The criteria of Propositions identify the
cases in which this determinant is not identically 0, that is the system is full rank. For such
a full rank system, it is always possible to choose R > 0 sufficiently large that Dy contains

no zeros of the determinant, which is essential in the proof of Proposition We denote

this linear system by

AX =Y + Y, (6.13)

where

X = (90(7;]{;37 T)v 91 (ik37 T)7 92(“{;37 T)v hO(ikgv T)7 hl (ik37 T), h? (ik37 T))T : (614)
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The right-hand side of (6.13]) is split into the sum of Y, which includes expressions that
are known explicitly (i.e., q(()j)(-), j = 1,2 and non-homogenous terms from the interface

conditions) and ) which includes unknown expressions (i.e., ¢¥)(-,t), j = 1,2).

6.4 Results

We show below in Proposition that is a solution of problem . It remains to
show that this solution is unique in order to establish well posedness. In an attempt to show
uniqueness, we assume there exist two solutions to . Let u(z, t) be their difference. Then
u(x,t) satisfies with homogenous initial and interface conditions. A standard energy

argument shows

d [/ o 2 . o an+2 6n+1 2
dt. _Oo(axnu(x,t)) dx —El_1>183 o1 <annU(e,t)Wu(e, t) — (Wu(e,t)> )

an n-+2 n—+1 2
_ 61_1}1’(I)1+ 09 annU(E, t) a$n+QU(E, t) — (WU(G, t))
for any nonnegative integer n. If the interface conditions given are such that the right-hand

side of (§6.15)) is always negative then, because u(z,0) = 0 and the left-hand side of (6.15)) is

(6.15)

always non-negative, we have u(z,t) = 0. Thus, one suitable choice of interface conditions
is those that satisfy this relationship. For various signs of oy, 09, which we consider here, it
is not clear how to establish that the solution is unique in general.

In each of the following propositions, we assume that the interface conditions are not such
that the problem reduces to a pair of BVP. It is a matter of trivial linear algebra to determine
whether any particular problem has this property, and its well-posedness and solution are
then known [25] [65].

In the case oy > 0 and o5 < 0, the phase velocity for x < 0 is positive and the phase
velocity for x > 0 is negative. Thus, information from the initial conditions propagates
toward the interface as in Figure[6.4] In this case we expect the minimal number of interface

conditions to be necessary for a well-posed problem.
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oy >0 o9 <0

AN

¢ (x,0) ¢?(x,0) !

Figure 6.4: Information from the initial conditions ¢(*)(z, 0) and ¢ (z, 0) propagates toward

the interface.

Proposition 6.1. Assume o, > 0 and oy < 0. Equation (6.13)) is solvable for X if and only

if two interface conditions are given. These conditions must be of the form

511(](1)(0, t) + 5126]9(;1)(0: t) + 513%&?(0, t) + 51461(2)(0, t) + 515%(;2)(0: t) + 616(];(1330)(0’ t) = fi(t),

(6.16a)

Barg™M (0, ) + Ba2q{(0, 1) + Bazq D (0, 1) + Basg@(0,) + Basq'? (0, 1) + Basq'2(0,1) = folt).
(6.16D)

The solution to (6.13|) is full rank, that is, solvable for X, whenever at least one of the
following holds

1. Brafar # Pr1Poa,
2. 01(Bi5P21 — P11P2s) # 02(B12P24 — BraPoz,
3. 03(B16Ba — Bi1P2s) + 0102(B15Pa2 — Bi2P2s) + 03 (B1aB2a — Pi3faa) # 0,

4 01(516522 - 512526) # 02(513525 - 515523);
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5. ﬁ16ﬁ23 7& 513526-

Proof of Proposition[6.1 In the case o1 > 0 and o3 < 0, the second integrals of both ((6.10al)
and (6.10b)) can be deformed from ffoo -dk to _faDg’) -dk. We rewrite the global rela-
tions (6.7)) as

01

. i 2
et g(» (O‘—, T) — G (i—l) = 039, (ik®, T) +icako?q, (ik3, T) — (ak)2o1g0 (iK%, T), (6.172)

(2 <a_k | T) g (a_"") — — Bho(ik, T) — iakohn (ik*, T)

72 72 (6.17b)
+ (Ojkf)ngho(ik3, T),
ik3t ~(1) a’k ~(1) o’k 3 (1.3 c 9y 9 .3
e G| — T ) =4y | — | =079200k°,T) + iakoigi(ik°, T)
71 71 (6.17¢)
— (0?k)?o190(ik>,T),
k3t ~(2) o’k ~(2) o’k 31 (513 22 927 (.73
G NN — T ) =45 | — | == o5he(ik°, T) — ika“oshy (ik”, T')
o3 3 (6.17d)

+ (OéZk)QUgho(iks, T),

which are all valid for & € D®). Evaluating (6.16) for ¢ = s, multiplying by e*’*, and

integrating from 0 to ¢ one obtains

2
h]’(ik3, T) + Z ﬂj+1,€+1g€<ik37 T) = fj+1 (ikgv T)7 j € {07 17 2}7
(=0

where

T
fi(w,T) :/0 e’ fi(s)ds, je€{0,1,2},

which is valid for k € D) (the closure of D).
In order to solve the full 6 x 6 system it is clear we must impose two “interface conditions,”

since the global relations (6.17) provide exactly four of the necessary six equations. If there
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is one boundary condition relating ¢(* and ¢® and their spatial derivatives then one can
solve the problem on the left (right) and use the solution and remaining interface conditions
to solve the problem on the right (left). The half-line problem is well posed [25] [65] and its
solution will not be considered here. Hence, “interface conditions” of the type are all
we need to consider.

The above argument only fails if det(A) = 0 since all singularities are outside Dg’).
Examining det(.4) = 0 one obtains a polynomial in k. Since we need this to hold for all

k, we consider the coefficients of each power of k. Requiring at least one coefficient to be

nonzero gives the conditions stated in (6.1)). ]

In the case o; > 0 and o5 > 0, the phase velocity for z < 0 and = > 0 is positive.
Thus, information from qél)(x) propagates toward the interface but information from q(()Z) (x)
propagates away from the interface as in Figure [6.5. Hence, we expect that more interface
conditions are necessary for a well-posed problem than in the case when o1 > 0 and g9 < 0
as in Proposition [6.1} Notice that the case of 01 < 0 and o2 < 0 could be considered in this

case by letting x — —x. Hence, we consider only the case where o; > 0 and o9 > 0.

t

oy, >0 o9 >0

) //
¢ (z,0) v

Figure 6.5: Information from the initial condition ¢V (z, 0) propagates toward the interface

g (z,0)

while information from ¢'?(z,0) propagates away from the interface.
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Proposition 6.2. Assume o1 > 0 and o3 > 0. The square matriz A in (6.13)) is solvable

for X if and only if three interface conditions of the following form are given.

Brg™(0,1) + B12g{(0, 1) + Bi3g (0, 1) + ¢2(0,1) = fi (1), (6.18a)
Ba1q™M(0,) + BaagiM (0, 1) + Basali) (0,8) + ¢{2(0, 1) = falt), (6.18b)

The solution to 18 solvable for X whenever one or more of the following is satisfied:
1. Ba1 #0,
2. 01021 + 0232 # 0,
3. 01 fi1 + 010269 + 03333 # 0,
4. 01B12 + 0223 # 0,

9. Pg # 0.

Remark: It may be possible to rewrite the interface conditions so that one is a boundary
condition for ¢ and still have an interface problem. However, a single boundary condition
for ¢ or a pair of boundary conditions for ¢ implies that the problem separates into a

pair of BVPs.

Proof of Proposition[6.9 In the case o1 > 0 and o5 > 0, the second integrals of (6.10a)) can

be deformed from [~ -dk to — faD§§> -dk. The second integral of ((6.10b)) can be deformed

from [*_-dk to Jopw -dk+ [, @ - dk. We rewrite the global relations for each r € {1,3,5}
R R

as

: o’k o'k
eZkBtC](l) ( o ,T) — (j(()l) ( o ) :O'ig’gg(ik?),T) —i—ika’“a%gl(ik?’,T)

(6.19a)
— (kof)zalgo(ikg, T),
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) 7“+2k, r+2k.
eZkStd(l) (a ,T) B (j(()l) (O‘_> :03392(%3’71) —|—z'k:of+2afgl(ik3,T)

o1 o1 (6.19D)
— (k™20 go(ik*, T),
) 7’+1k r+1k
et g2 (a ,T> — q}(f) (a ) = — 05hy(ik?, T) — ika" M oshy (ik*, T)
o2 2 (6.19¢)

+ (k’OéT—H)QO'QhO (ik’37 T),

which are all valid for & € D). Evaluating (6.18) for ¢ = s, multiplying by e**’*, and

integrating from 0 to ¢ one obtains

2
hj(ik:S? T) + Z 5j+1,€+1g€<ik37 T) = fjJrl (ik?)a T)7 J € {07 17 2}7

=0

where

T
[i(w,T) :/o e’ fi(s)ds, je{0,1,2},

which is valid for k € D).

In order to solve the full 6 x 6 system it is clear we must impose three “interface con-
ditions”, since (6.19)) provides just three equations. We must now examine the cases where
one or more of these conditions decouples into a boundary condition on either ¢/ or ¢®. If
there is one boundary condition relating ¢ and its spatial derivatives, then one can solve
the problem on the left and use the solution and remaining interface conditions to solve
the problem on the right. Solving the half-line problem is well posed [25, [65] and is not
considered here. Hence, “interface conditions” of the type are all we need to consider.

Examining det(A) = 0 in this case, one obtains a polynomial in k. Since we need this to
hold for all k, we consider the coefficients of each power of k. Since we want conditions on
det(A) # 0 we need at least one of the coefficients to be nonzero. This gives the conditions

stated in ([6.2)).
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In the case o1 < 0 and o5 > 0, the phase velocity for x < 0 is negative and the phase
velocity for x > 0 is positive. Thus, information from the initial conditions propagates away
from the interface as in Figure [6.6, Hence, we expect that more interface conditions are
necessary for a well-posed problem than in the previous case when three interface conditions

were necessary as in Proposition [6.2]

t
o1 <0 o9 >0
¢ (z,0) ¢ (z,0)

Figure 6.6: Information from the initial conditions ¢/ (x,0) and ¢®(z,0) propagates away

from the interface.

Proposition 6.3. Assume o1 < 0 and oy > 0. Equation (6.13)) is full rank if and only if

four interface conditions are given. These conditions must be of the form

g0, 1) + Brag®(0, 1) + Bisq{P (0, 1) + Brsg(D (0, ) = fu(t), (6.20a)
aM(0,1) + 21 (0, ) + Ba5a{? (0, 1) + Basa 2 (0, 8) = fa(t), (6.20b)
g$2(0,1) + B4g' (0, 1) + Ba5q™ (0, 1) + Baeq 2 (0,) = fa(1), (6.20c)

B14g® (0, 1) + Busa(?(0,1) + Basd ) (0,1) = fa(t). (6.20d)

The solution to (6.13)) is full rank whenever one or more of the following is satisfied:

1. B35B44 7£ 534545;
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2. 01(534546 - ﬁ36544) 75 02(524545 - 525544);
3. 01(B35816 — B36015) + 0102(B26P4a — B24816) + 05814815 — Pi5fua) # 0,
4. 01(526545 - ﬁ25ﬁ46) 7"é 02(516544 - 514546);

5. Bi6Sus # BisPas-

Remark: As four interface conditions are required, it must be possible to write (at
least) two as boundary conditions. If there are two boundary conditions for either ¢ or
¢?, then the problem separates into a pair of BVP, so we only consider the case where there
is precisely one boundary condition for each of ¢ and ¢®. However, for the purposes of

stating the result, it is more convenient to write the conditions in the form (6.20)).

Proof of Proposition[6.5. In the case o1 < 0 and o9 > 0, the second integrals of both ((6.10a)
and (6.10b)) can be deformed from f_oo -dk to faDg) 'dk+faD§§) -dk. The appropriate global

relations can be rewritten for r € {1,3} as

) T+1k r+1k
elk:3th(1) (Q—,T> _qA((]l) (O[ ) _ 0_19,92(21{:3717) +ikar+10%gl(ik37T)

o1 1 (6.21a)
— (ka"™H2a1g0(ik3, T),
) r+1k 7"+1k
ezk3th(2) (Oé—’ T> _6182) (Oé ) _ —aghg(ikS,T) B ikar+1aghl<ik3, T)
o2 72 (6.21D)

+ (k()éT+1>202h0(’ik3, T),

which are all valid for k& € D). Evaluating (6.20) for ¢ = s, multiplying by €™’ and
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integrating from 0 to ¢ one obtains

90(ik*, T) + Bishy (ik?, T) + Brsha(ik*, T) = fu( )
91(ik*, T) + Boshy (ik®, T') + 626h2(zk3, T) = fof )
G2(ik*, T) + Basha (ik*, T) + Bagha(ik®, T) = f3(ik*, T),
(ik%, T) + Basha (ik*, T) (ik*,T) = fu )

ho(ik®, T + Bagho

where
T
fj(w,T):/ ¢ f(s)ds, j € {1,2,3,4},
0

which is valid for k € D)

In order to solve the full 6 x 6 system ((6.13]) we must impose four “interface conditions,”
since gives only two equations. We need to examine the cases where one or more of
these conditions decouples into a boundary condition on either ¢* or ¢®. Using elementary
linear algebra it is clear that at least one of these conditions must be a boundary condition. If
there are two boundary conditions relating ¢V, ¢'® and their spatial derivatives then one can
solve the problem on the left (right) and use the solution and remaining interface conditions
to solve the problem on the right (left). Solving the half-line problem is well posed [25, [65]
and will not be considered here. Hence, “interface conditions” of the type are all we
need to consider.

Examining det(.A) = 0 one obtains a polynomial in k. We need this condition to hold
for all £ and we consider the coefficients of each power of k. Since we want conditions on

det(A) # 0 we need at least one of the coefficients to be nonzero. This gives the conditions

stated in (6.3)). ]

Proposition 6.4. Assume A in (6.13|) is full rank. A solution to (6.1) is given by (6.12)
where g;(ik*, T) and h;(ik®,T) for j = 0,1,2 are the solution to the linear system AX =Y

where A, X, and 'Y are given in (6.14)) and the surrounding paragraph.

Proof of Proposition[6.4. Consider A;, which is the matrix A with the j* column replaced
by Y. This matrix can be factored as A; = AFA}M where AJ is the six by six identity
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matrix with the (j, ) element replaced by ¢*°T. Hence, det(A;) = ¢*°T det(.AM). We solve
AX = Y using Cramer’s Rule [12]. If we show that the contribution to the solution from )
is zero, then we have proved the proposition. The terms we are concerned with from ({6.12])

are

1 1 x—1 . . . .
o R (0792(ik*, T) + iko1g1(ik*, T') — k*go(ik®, T)) dk.
T Jrw

and

1 g
5 €727 (02hy(ik®, T) + ikoohy (ik®, T) — k2ho(ik®, T)) dk.
T Jr©2)

Using Cramer’s Rule and our factorization these become

M M M
1 etk (T—) [ o det(Ag) L iko det(AR) _ pdet(Ap) dk (6.22a)
o1 Jro L det(A) " det(A) det(A) ' '

M M M
1 oo ik (1) JQdet( ©) 4+ Uzdet( G)) _deet( ) dk (6.22Db)
27 Jr@ 2 det(A) det(A) det(A) ' '

We would like to show these integrand terms are analytic and decay for large £ inside the

domains around which they are integrated. Note that det(.A) # 0 since (6.13)) is full rank.

Case 1. 0, < 0,09 > 0: For 0y < 0 and 05 > 0, T T = (9Dg) + GDS). Using the form
of ) in this case each piece of the integrand in (6.22a)) is of the form

L[ ippsaogdet(A7) 1 / ik o [k o (07
R o _— o k ( ) T k (2) T
27 [‘(l)e 1 det(A) 2w F(l)e v alk)g o +ea(k)q )

1 )
1 ihe B 0 _iar-Hk
= el FE (/ alk)e 7 qW(y, T) dy) "
2T @ — 00

1 ko B o0 _iaTJrlk
I R (/ ca(k)e 7 P (y,T) dy) dk,
21 Jro) 0

where c; (k) and cy(k) involve the constants 3;,, are O(k~!) as k — oo from within T(V)

). For k — oo with k& € D™ the expression inside the

and are analytic for all k € Dg
parenthesis is decaying exponentially fast. Thus, by Jordan’s Lemma, these integrals
along a closed, bounded curve in the complex k£ plane vanish for x < 0. In particular

we consider the closed curves L) = Lpa) U Loay and LB = L6) U Lo where

Lpy = 8Dg) N{k: k| < C} and Loy = {k € Dg) . |k| = C}, see Figure .
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Since the integrals along L£-a) and L) vanish for large C, the integrals must vanish
since the contour L) becomes apg) as C' — oo. The same argument holds for
L3 and 8D§%3). The uniform decay of the expressions in parentheses for large k is

exactly the condition required for the integral to vanish using Jordan’s Lemma. Hence

Equation (6.22a]) is zero. A similar argument holds for ((6.22b)).

Case 2. 0, > 0,05 > 0: For oy > 0 and o5 > 0, TV = 9DY) and T® = 9DY) + oD .
Using the form of ) in this case each piece of the integrand in (6.22al) is of the form

L[ iy det(A)) 1 / ) @’k (1) Ok
o1 — I dk=— €= i T a0 DY qe
2m F(lc; det(A) 2 F(lc; Cl( )q o4 ) +C2( )q o1 )

1 kT i3 (T . k
+ e oy Tk (T t)c;;(k)q@) (—,T> dk

21 Jro 02

1 ik k3 (T—1) O et
1 (k) / Gy, T) dy ) dk

o ()

1 ik2 i3 (T—t) O jeky
+ — e 1 CQ(k)/ e gW(y, T)dy | dk
21 Jro

—00

1 ikz 1, _ o _iky
T (c3<k> | e 03q<2><y,T>dy> k.
27 r@ 0

where ¢, (k), co(k), and c3(k) are O(k™1), analytic in D, and involve the constants
Bje. For k — oo with k& € D) the full expression inside the parentheses is decaying
exponentially fast. Thus, we can apply Jordan’s Lemma and Cauchy’s Theorem as in
Case 1, using curves shown in Figure [6.7] Hence, Equation is zero. Again, a
similar argument holds for ([6.22b)).

Case 3. 01 > 0,05 < 0: For 6y >0 and 05 < 0, D T® = (‘3Dg). Using the form of ) in
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this case each piece of the integrand in ([6.22al) is of the form

L[ itsawsry et (A7) L[ ik s [ ok o[k
2wl Jea) F=on) e )i =, T) +ea (k) =, T) ) dk
27 1"(16) 1 det(.A) o F(lc; ' c1(k)q o +ca(k)g .

1 ko _ k k
L[ s (03(k)é( (O‘ T) + ea(k)g® (— T)) ak
27 e ()]

1 - aky
1 ek +ik3(T—t) (Cl(k)/ o —ieky e (y ,T)dy) dk
r@

27
1 i _joky

+ — o HR(T=) ( e °2yq(2)(y,T) dy) dk
2T @
1 z g & k
Dy oy HiRH (T =) ( e cuyq(l)(y T) dy) dk
™ Jr@

2

1 R ik (T—t) —z‘QQ’W (2)
+ — <1)e ca(k) [ e ¢ (y, T)dy ) dk,
r 0

where ¢;(k), c2(k), c3(k) and ¢4(k) are O(k~1), involve the constants f3;,, and are ana-
Iytic for k € D). For k — oo with k € D®) the expressions inside the parentheses are
decaying exponentially fast. As before we apply Jordan’s Lemma to the appropriate

curves in Figure and use Cauchy’s Theorem. Thus, Equation (6.22a)) is zero. A
similar argument holds for (|6.22h)).

Taking derivatives in = and t it is clear that the expression ((6.11]) satisfies the PDE. When

t = 0 the second integrals in (6.11al) and (6.11b)) evaluate to zero and the expressions clearly

give the initial condition ¢(z,0) = go(z). O

Remark: We have not shown that (6.11]) satisfies the interface conditions directly. Show-
ing this is more involved than showing it satisfies the initial conditions. The process requires
solving AX =Y for X and evaluating the explicit expression at the interface (x = 0) and

using the properties of Fourier transforms.
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6.5 Examples

In this section we give solutions to (6.1]) for different signs of o7 and o9 with “canonical
interface conditions.” That is, we prescribe that the function and its first N spatial derivatives

are continuous across the interface where 1 < N < 3 depends on the signs of o; and os.

Example 1. 0; < 0,09 > 0: This example requires four interface conditions. We impose
that the function, as well as its first, second, and third derivatives are continuous

across the boundary.

¢M(0,1) = ¢(0,1),
¢ (0,) = ¢2(0,1),
¢$2(0,t) = ¢{2(0,1),
q$2,(0,1) = ¢2),(0,1),

The first three conditions can be imposed directly. The condition on the third spatial
derivative can be imposed by applying the equation and integrating in t to give .
Applying the t transform we have

1 1. et —1 /1 1
Lol ) — T, 1) = S (L0 - L),
2

1

Using elementary row operations, we have, in the notation of Proposition [6.3] f1(T) =

1.3
ezk T—l

AT) = f5(T) = 0, i(T) = <57 (4a" (0) = 44 (0)), Bas = Bss = 1, and the
remaining /3;, = 0. Using these interface conditions and solving (6.13)), Equation (6.11])

becomes
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i/oo ikx— w1t k)) dk

2r J_o
a’oy — 03 ike _;k3y o’k
. dk
* /3D<1> 27?04201 (o1 — 02)6 QO ( o )
il —1) sy s )
T =Ter 0) dk
i /az)m 2ralko0g(0) — 02)(6 Jer1 gy (0)

+

2 2 - itkx
/ 01(24 1) ikt cj(()Z o’k 2} "
8D<1 271'0[20'2 (0‘1 — 0'2) o

/ 'Lo-l o — 1) (e—ik3t B 1)615711q(()2) (O) dk
4]

DY 2ra2koy (o) — 03)

Q01 — 09 iﬂ_ikSt ok
+ el dk
/8D<3> 2rkaoy (o1 — 09) qo (01 )

i(@®—=1) |, s s ()
s e T ler 0) dk
/3D<s ) 21k (0% — 03) (e Jerr gy (0)

01 a—1) —ik3t A ak
dk
- /ap<3 ) 2raos (o) — 02) 6 qo <02 )

—1 ) ik
/ ioi(a® — 1) (e—szt —1)e he q(() ) (0) d.

D(3) 27(_0_20[]{,’ o1 — 0—2)

+
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1 0
(2) ZL’ t _/ zka: wgt k,) dk

2m J_o
+/ o3(a? — 1) a3y 1) [k 2k Ak
ez
oD 2ra?o? (o) — 09) G o1
il —=1)(02 — a0y + aoy) s ke (1)
T —1)ev 0) dk
+/3D<1) 2ra2kod (o —02) (e Jer a(0)

+

a? 02 — 0 3 a'k 2k
5 e q0 dk
oD 2ratoy (o1 — 09) o

Z(CM — 1)(060'1 — X0y — 0'2) k3t ikx (2)
- P —1e- 0) dk
/E)D(l) 2ra?kod (o) — 02) (e Jer a0 (0)

2a—1 — k
+/ S (a > *
op® 2maci(on — 03) o1

. / i(a - 1)(02 + aal) <€—ik3t . 1)6%q(1) (0) dk
op® 2macik(or — 02) 0

oD% 2raos (o — 02) oy
(o —1 . iks
— / Z(Oé )3(02 _'_ 060'1) (e—zkst _ ].)6 :2 Q(()2) (0) dk
op® 2makoy(o1 — 02)

Example 2. 0; > 0,09 > 0: This example requires three interface conditions. We impose
that the function, as well as its first and second derivative are continuous across the

boundary. That is,

¢ (0,t) = ¢(0,1), (6.23)

In the notation of Proposition fi(T) = fo(T) = f5(T) =0, B11 = Pog = P33 = —
and the remaining f;, = 0. Using the interface conditions (6.23]) and solving (6.13]),
Equation (6.11)) becomes
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1 > ik 1t
—— [ et (k) di
27?/ (%)

L / (01 — 02)(01 + oy + aoy) 6%41&@(1) ak dk
op® 2maoi (01 — aos)(01 + 02 + aoy) o\ oy ’
— ikx Qk
+/ 09 — 01 oo zk3tq(() ) (R dk,
oD 2rao (0] 4+ 09 + o) o
/ i st g (L) gy
ap® 2m0a(01 — ao2)(01 + 09 + a0) O \ oy ’
(2) ¢ _i > zkm wgt k dk
/ o2(0f + 0109 — 03) eﬁ“—;—ik%(j(l) ﬁ Ak
op(h 2107 (07 + a(l + a)oros — 03) O \o
+/ o2(0a(01 + 09) + 07 + 03)) e%fik?)td(l) ak dk
oD 27ra01 0%+ a(l + a)oyog — 03) O o
/ (14 @)oo — aos ef—;—ik?’tq@) ﬁ Ak
oD 27?0402 al + a(l + a)oyoy — 02) O\ oy
oD 2mo] 0401(1 + ) + o9(oy + 02)) 0 1

o
/ os(aoi(oe — 01) + 02(01 + 03)) e%,iksté(l) (a%) 4
ap® 2maci(aoci(l + a) + os(01 + 032))

_/ (1+Oé)0'%+010'2+040'§ ef—;—ikStA@) (Oé_k) dk
ap® 2maos(aot (1 + a) + oz(01 + 02)) % '
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Example 3. 0; > 0,09 < 0: This example requires two interface conditions. We impose

that the function and its first derivative are continuous across the boundary. That is,

q(l)(oa t) = q(2)(07 t)’

(6.24)

¢ (0,t) = ¢ (0,1).

In the notation of Proposition[6.1] fi(T") = fo(T) = 0, B15 = a5 = —1, and the remain-
ing ;0 = 0. Using the interface conditions ([6.24)) and solving (/6.13)), Equation (6.11])

becomes
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Figure 6.7: The contours Lpu) and L) are shown as red solid lines and the contours
Loy and L) are shown as red dashed lines. The contour L) is shown as a green solid
line and the contour L) is shown as a green dashed line. An application of Cauchy’s
Integral Theorem [I] using these contours allows elimination of the contribution of ¢™"(-, )

and ¢ (-, t) from the integral expressions ([6.22)).
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Initial to Interface Maps

The construction of a Dirichlet to Neumann map, that is, determining the boundary
values that are not prescribed as boundary conditions in terms of the initial and boundary
conditions, is important in the study of PDEs and particularly inverse problems [24, [61].
In what follows we construct a similar map between the initial values of the PDE and the
function (and some number of spatial derivatives) evaluated at the interface. This map allows
for an alternative to the approach of finding simultaneous solutions to interface problems as
presented in earlier chapters. Given the initial conditions one could find the value of the
function and its derivatives at the interface(s). This changes the problem at hand from an
interface problem to a BVP. At this point, the BVP could be solved using any number of

methods appropriate for a particular problem.

7.1 Heat equation on an infinite domain with n inter-

faces

Consider

U = 0(2) Uy, (7.1)
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together with the initial condition ug(z) = wu(z,0) and the asymptotic conditions

lim |y 00 u(x, ) = 0, where —oo < 2 < 00, 0 <t < T, and

2

0-17 X < $1,
2

03, T < T < Tg,
2

(o Tp—1 < T < Ty,

o? T >T
n+1» n:

\

We can rewrite (|7.1)) as the set of equations

ugj) :a?uxjx), v <x<uz;, 0<t<T, (7.2)
for 1 < j < n+1 where xyp = —o0 and x,.1 = co. We impose the continuity interface
conditions

uD (x5, 1) =uYt (1), t>0,
U?u;j) (xﬁt) = J2'+1u§j+1)($j7t)a > 07

for 1 < j < n. Since u)(x,t) is defined on the open interval rj.1 < x < xj, when

we write u)(x;,t) we mean lim__ - u")(x,t). Similarly, we denote lim,__+ uU*V(x,t) by
J J

ul*V (x5, ). Without loss of generality we shift the problem so that z; = 0. Using the usual

steps of the Fokas method we have the local relations

(e_ik”“’jtu(j) (x,t)) :(U?e_ikﬁ“’j(k)t(ug)(x, t) + iku(j)(x, 1))z, (7.3)
where w;(k) = (o;k)?. These relations are a one-parameter family obtained by rewrit-

ing .

Integrating over the appropriate cells of the domain (see Figure and applying Green’s
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|
Y
|
|

—_ > — —

—00 T = 0 ) v Tp—1 Ty, oo

Figure 7.1: Domains for the application of Green’s Theorem in the case of an infinite domain

with n interfaces.

Theorem we find the global relations:
0 :/ e_““u(()j) (x)dx — / e_ikx+“’j(k)Tu(j)(x, T)dx
Tj—1 Tj—1

T
+/ O_?e—ikzj-&-wj(k)s(uc(oj)(xj,S)_i_iku(j)(xj,s))ds (7.4)
0

T
. / sze—ikxj_l-ij(k)S(u(j) (xj—h S) + lk,’u(J) ((L’j_l, S)) dS,
0

x

for 1 < j <mn+1. Define D = {k € C: Re(wj(k)) <0}, Dp ={k € D : |k| < R} and
D}, = {k € Dg : Im(k) > 0} as in Figure [2.6| where R > 0 is an arbitrary finite constant.
When j =1 ([7.4) is valid for k € C*\ D. Similarly, for j = n+1, is valid for k € C™\ D.
For2 < j <n, is valid for k € C\ D. The dispersion relation w;(k) = (0;k)? is invariant
under the symmetry k& — —k. We supplement the n 4+ 1 global relations above with their
evaluation at —k, namely,
0— /zj e+ () dz — /mj ket Ty 6) (3 T) da
21 T

T
n Ujgeikxj+wj(k)s(uij) (z;,5) — iku?(z;,5)) ds (7.5)

/OT
g

ore®r i W (D (4 s) — ikul (251, 5)) ds,
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for 1 <j<mn+1. When j =1, (7.5) is valid for £k € C~ \ D. Similarly, for j = n + 1, (7.5)
is valid for k € C* \ D. For 2 < j < n, (7.5) is valid for all £k € C\ D. Without loss of

generality we choose to work with the equations valid in the upper half plane. Define

gé”)(w,t) :/ e“’su(J)(xj,s) ds :/ ewsu(J-&-l)(xj’S) ds,
0 0

, t ' 2t '
ggj)(w,t) —/ e“’sug)(:vj, s)ds = U—% e“’sug(j*l)(xj, s) ds,
0 01 Jo

for 1 < j < n. Using the change of variables k = x/o; on the j™ equation, the global

relations valid in the upper-half plane are

GKQT,&(l) (£7T) _ ﬁ(()l) (i) — e—iﬁxl/Ul (ﬁg(()l)(HQ,T) +g§l)(/€2,T)) 7 (76&)

01

) . —ir:zj . . .
T ) (ﬁjT) _ g9 (£> . (Egéa)(ﬁ27T) +g§”(n2,T))
gj gj aj

,imzj71 Z/ﬁ; i 0-2 1 . (7’6b)
- (Ea e+ ),
) _ . _ inx]- . . .
enzTa(j) (—H,T) B ﬂéj) (_’Q) —e <ﬂg((]])(/i2,T) +g§3)(,€27T))
O'j O'j O'j (7 60)
i e U Y R 0-2,_ . ’
pe (S ) - ),

— — IKTn, ) 2
s T (1) (—HT) —agty (—K) = e+l ( TG (52, T) — g (k2T )) :

On41 On+1 On+1 Opn+1
(7.6d)

for 2 < j < n. Equation (7.6 can be written as a linear system for the interface values:
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A(R)X (5, T) =Y (k) + V(5. T),

where

.
X(K3,T) = (gél),g((f),---,gé R )) ,
w (K w((E\ (=K win (=5 )\
V)= — (oW (), am (L)o@ (ZE) . g
(+) (uo (01>’ o (0n>’u0 (02)7 o Oni1 ’
.
V(k,T) = 5T (am (i,T) G (i,T> 4@ (_—“T) G ( - T)) ,
o1 On 09 On+1

and
A(k) =
ir iE1 | kT
e o1 e o1
o1 |
LRI KT | 2 KT KT
_ i—L i—= —0] —i—=+ —=
g2 g2 | 2
|
|
|
. | .
. KTp—1 . - KTy _g2 KTp—1 KT
— —1 —g = O 7 —g =
ik o on i oy, | n 1 on e Von
e %2 __ In _______ . I .
LRI | 2 - KT - KTQ
ik 121 ik T | —oy i—— i—=
€ 72 e 92 —€ 92 e 2
|
o2 o2 92
|
|
|
. KTp—1 . KZp ‘ _ g2 L RTp—1 - KTy
7 — i In—1 1 i—
1K e on lK)e o } 7; 1 e on e on
On—1 On | On
. 7 KTn | _0_2 s KTn
1K Ontl | 5 n e In+1
On+1 ! Tn+1

The matrix A(k) consists of four n x n blocks as indicated by the dashed lines. The two
blocks in the upper half of A(k) are zero except for entries on the main and —1 diagonals.
The lower two blocks of A(k) only have nonzero entries on the main and +1 diagonals.
The matrix A(k) is singular for isolated values of . Asymptotically, for large |x|, the zeros
of det(A(k)) are on the real line [42]. Since asymptotically there are no zeros in D}, a

sufficiently large R may be chosen such that A(k) is nonsingular for every x € D} and

det(A(x)) 0.
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Remark. We have been unable to construct physical examples where the zeros of
det(A(k)) are in D' and are different from 0. However, if nonphysical values of the pa-

rameters are chosen (e.g., o; imaginary), then det(A(x)) has zeros in D.

Using Cramer’s Rule to solve this system, we have

det(A;(x,T))

g(()j)(/.#’T) =Rt A (7.7a)
g9V (K2, T) :detc(lij(j((:)’; ), (7.7b)

where 1 < j < n and A;(k,T) is the matrix A(x) with the j® column replaced by Y + ).
This does not give an effective initial-to-interface map because depends on the solutions
a9 (-, T ). To eliminate this dependence we multiply by ke "t and integrate around
Dy, as is typical in the construction of Dirichlet-to-Neumann maps [25]. Switching the order

of integration we have

T
: (k, T
/ U(])(I'j7 8)/ Kenz(s—t) dr ds :/ e—fth’%det(“AJ(K'? )) dxk, (78&)
0 FYors Yoy det(A(r))
r det(A;1n(r, T
/ ug)(l'j,s)/ ke 57 dke ds :/ i (Ajin(s, T)) ds. (7.8b)
0 oDy, oDy, det(A(x))

Using the change of variables i¢ = x? and the classical Fourier transform formula for the

delta function we have

e 1 _2pkdet(Aj(k,T))
) (2,1 = - et (A(R) dr, (7.9a)
1 _opkdet(Ajpn(k,T))
ZE'J, _7'(' b det(A( )) dk. (79b)
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To examine the right-hand-side of (7.9)) we factor the matrix A(x) as A (k)AM (k) where

—1 2
e ‘91

% T
e “n+l n

is a diagonal matrix. The elements of AM (k) are either 0, O(x), or decaying exponentially
fast for k € D};. Hence,
det(AM (k) = c(rk) = O(K™),

for large x in D}. Now, det(A(k)) = (k) det(AX(k)) as k — oo for k € D} Similarly, factor
A;j(r, T) = A (k) A} (k, T) Af(k, T) where Af(r,T) is the 2n x 2n identity matrix with the
(j,7) component replaced by e®”. Then det(A;(s,T)) = =T det(A*(k)) det(A} (k,T)).
Thus, the integrand we are considering in is

K.

/ ot h det(A;(k,T)) e — / 2T det(AY (5, T))
oD+ det(A) oD+ c(k)

The elements of AY (k,T) are the same as those in AM(k) except in the j™ column.

Expanding the determinant of A} (s, T) along the 5™ column we see that

oF2(TD) mdet(A _ Z (Ce < bR (T=8) 0 (0) <£,T) e il <£))
Oy Oy

—ikzy _ —K 2 iRy —K
+ Cean(r) (e e <—T) —e <_))> |
Ou+1 Or+1

where ¢, = O(k°) and ¢4, = O(k) for 1 < £ < n. The terms involving 4 (-, T'), the solutions

(7.10)

of our equation, are decaying exponentially for x € D3. Thus, by Jordan’s Lemma [I], the
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integral of this term along a closed, bounded curve in C* vanishes. In particular we consider
the closed curve £+ = L+ U LS where L = 0D N {k : |k] < C} and L = {k € D, :
|k| = C'}, see Figure . Since the integral along £, vanishes for large C, (7.10) must vanish

since the contour £ D becomes 8D;g as C — 0.

Since the terms involving the elements of Y(k,T) evaluate to zero in the solution expres-

sion we have the solution

; 1 2, kdet(A;(k))
() . I e A S A
ut(z;,t) - /aDEe det(A(n)) dr, (7.11a)
, 1 2 kdet(Ajn(k))
(4) . _— Kt J+
u (z4,t) p /ange et (A()) dr, (7.11b)

where A;(k) is the matrix A(x) with the j™ column replaced by Y (k). Equation is
an effective map between the values of the function at the interface and the given initial

conditions.

Remark. Note that since the problem is linear, one could have assumed the initial

condition was zero for x outside the region x,_; < z < xy. Then, the map would be in terms

of just u((f)(-). Summing over 1 < ¢ < n+1 would give the complete map for a general initial

condition.

As an example of a specific initial-to-interface map we consider the equation ([7.1) with

n = 1. Using (7.11]) we have

2,1 (0. ¢) = 10109 / —K2t SO (AY L@ [ TR d
01Uy ( ) ) 7T(O'1+0'2) 8D1+__t Ke 01Uy o1 02Uy o9 Ry

1 _
u(l)(O,t) :—/ et afﬁ(()l) r + U%ﬂéz) - dk.
(o1 + 09) oD+ oa 09

In this case we can deform Dy, back to the real line easily. For general n this is not the case.
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Switching the order of integration and evaluating the s integral we have

0 0
2. (1) _ 0102 —y?/(4to?), (1) —y2/(4tc2), (2)
oruy’(0,1) 24372 /(01 + o) (/_Ooye Py’ (y) dy+/0 ye Yug (y) dy),

(7.12a)
1 0 00
I P / ~42/(at07) 1) 2 [ v?/ai03) @)
u’(0,t) = o e U ydy+a/e u ydy),
0) = (ot [ Py ot )
(7.12b)

which is an explicit map from the initial data to the value of the temperature and its associ-
ated flux at the interface, x = 0. If one allows 07 = o5 the problem is simply that of the heat
equation on the whole line. Equation (|7.12)) with o1 = 05 is exactly the Green’s Function

solution of the whole line problem evaluated at z = 0 [38].

7.2 Heat equation on a finite domain with n interfaces
Consider (7.1]) on a finite domain, xy < x < z,41, with the boundary conditions

BruM (o, ) + Boul (2o, t) = f1(2), t>0, (7.13a)

Bt (2,11, 1) + Byl (201, 1) =Fo(2), t>0. (7.13b)
As before, we rewrite ([7.1)) as the set of equations
l’j,1<l’<£[}j,o<t<T,

for 1 < 7 < n+ 1 subject to the continuity interface conditions

u(]) ('rjat) :u(j+l)($j7t)7 t> 07
U?U;j)(l'j,t) = 32’+1u§:j+1) (J:j7t)7 t> 07

for 1 < 7 < n. Without loss of generality shift the problem so zy = 0.
The following steps are very similar to those presented in the previous section. In what

follows we give a brief outline of the changes needed to solve on a finite domain.
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xr
Tn41

T =0 I 1) Tp—1 Tn

Figure 7.2: Domains for the application of Green’s Theorem in the case of a finite domain

with n interfaces.

Integrating the local relations ([7.3]) around the appropriate domain (see Figure and
applying Green’s Theorem we find the global relations (7.4]) and their evaluation at —k ((7.5)).
In contrast to Section these 2n + 2 global relations are all valid for k € C\ D.

Without loss of generality we choose to work with the equations valid in the upper-half

plane. In addition to the definitions in Section [7.1] we define

W0 = [ e (g, 5) ds,
0
g((]n-f—l) ((,U’ t) _ /t ewsu(n-l-l) (l,n+1’ S) dS,
0
0w = el (34, 5) ds,
0
e = | D (41 8) ds,
0

fn(w, 1) :/0 e”® fin(s) ds,

for m = 1,2. Using the change of variables k = x/0;, the global relations valid in the
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upper-half plane are

ef-c?ta(j) (in) _ a(()]) (
0j

ﬂvmj,lj N > (7.14a)
- (S + ) ).
J 7;
. —K . —K w2 —ik
e (?’T) _ u(()J) (U_) — e 7 (Tg(()])(/<;2,T) —i—gij)(/@'z,T))
j j j
. (7.14b)
1RT —1 O'
pe (S - L)),
J J

for 1 < j < n+ 1 where we define oy = o for convenience. These equations, together with

the boundary values (7.13]), can be written as a linear system for the interface values

where

.
XF</€27T) = (géO)7g(()1)7 ctt 79(() +1)7g§0)7g§1)7 A 795 +1)) Y

-
YF(e T) = — [ —F (ix2. 7). oW K gt LN ON T GRY —K AT
) ( i), 8 o) o) oy )™ Ont1) L T) )

.
VE(k,T) = 5T <0,a<1> <“,T> L amrD <”,T> 4 <_”,T> L amD ( —n ,T> ,0> :
01 On o1 On+1

and
F
A7 (k) =
|
p1 | B2
_ —i—4 —i—L o = g—L
7/56 o1 “{6 o1 | _786 o1 e o1
o1 o1 | oy
|
|
|
_ i KTn _ETn41 } 2 KIn L KTn41
—UR o Copta o opt1 | “Ine ontl e Ontl
2
On+1 On+1 | O-n;tl
Y D s I e = ey kxy 007"
in 10 ik [ —of =0 i=L
e 1 e “1 I —e 71 e 1
o1 o1 | o7
|
|
|
KTy 41 ) KTy 41 } 9 i RTp KTy 41
1K e Ont1 —IK e T4l | _QJn e On+1 e Ont1
On+1 On+1 | (=]
|
|
63 \ 54
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The matrix A% (k) is made up of four (n + 2) x (n + 2) blocks as indicated by the dashed

lines. The two blocks in the upper half of A (k) are zero except for entries on the main
and —1 diagonals. The lower two blocks of A (k) only have entries on the main and +1
diagonals.

As before we use Cramer’s Rule to solve this system. After multiplying the solutions by
ke rt, integrating around D7, and simplifying as in the previous section we follow a similar
process to show the terms from V¥ (k,T) do not contribute to our solution formula using
Jordan’s Lemma and Cauchy’s Theorem. One can show that Af (k,T) can be replaced by
AF(k,t) by writing fOT -ds as fg -ds + ftT -ds and noticing where the function in analytic
and decaying. If the boundary conditions are time-independent then so is AJF .

In general, the initial-to-interface map for the heat equation on a finite domain with n

interfaces is given by

2, kdet(Af (k, 1))

D(r. ) =

uV (x5, 1) /8[%6 i det (AP () K, (7.16a)
. o, kdet(AL, (k,t))
(@) ) _ —K t’i JH+n\""

uy (x,1) /e)D;ge i det (AP () (7.16Db)

where Af(k,t) is the matrix A" (x,t) with the j** column replaced by Y (k,t).



Chapter 8

The Stefan problem for the heat

equation

A Stefan problem is a BVP for a PDE with a phase boundary that can move with
time. In what follows, we consider the temperature distribution in a homogeneous medium
undergoing a phase change, i.e., ice melting into water. We solve the heat equation on the
time-dependent domain and impose an initial temperature distribution as well as the “Stefan
condition.” This condition expresses the local velocity of a moving boundary as a function
of quantities evaluated at both sides of the boundary. This is derived as usual by imposing
conservation of energy. These problems take their name from Jozef Stefan [60] but were first
considered by Lamé and Clapeyron [40]. In the case when the dependence of the boundary
on time is known, this problem has been studied using the Fokas method in [26] 28], 29, [52].
This work is part of an ongoing collaboration with B. Deconinck, J. Lenells, B. Pelloni, and

V. Vasan.
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1(0)
Figure 8.1: The domain under consideration in (8.1]) including the moving boundary ().

8.1 The one-phase Stefan problem on a semi-infinite

domain

We consider the heat equation in one time-dependent domain as shown in Figure [8.1]

Gt — Qzz = 07

0<z<l(t), t>0, (8.1)

with [(¢) a monotonic unknown function. The given initial, boundary, and interface condi-

tions are

0<x<It), (8.2a)
0<t<T, (8.2b)
0<t<T, (8.2¢)

)

0<t<T,. (8.2d
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8.1.1 A similarity solution

Consider (8.1) and (8.2) and choose ¢ = x/v/t. We look for a similarity solution q(z,t) =
Q(¢). The heat equation in the semi-infinite region [(0) < x < [(t) for ¢ > 0 becomes the

ordinary differential equation

2Q"(¢) +¢Q'(¢) =0, (8.3)

where " denotes a derivative with respect to ¢. Solving for Q({) we have
_ ¢
Q(C) —Cl+02ﬁerf 5 R

where ¢; and ¢, are constants of integration and erf(y) = 2/y/7 [ e=5*ds. To find ¢y we
impose ¢(0,t) = f(t). This gives ¢, = v/f(t). However, ¢, must be constant with respect to
tso f(t) = % where c3 is constant. To solve for ¢; we use the condition of continuity at the

interface, q(I(t),t) = 0. Then

61 = —cy/Tert (é(_%) |

Again, ¢; must be a constant (independent of ) so I(t) = ¢4/t where ¢, is a constant. Hence,

our similarity solution is

Q) = v (et (5 ) ~ert (). 5.9
Imposing ¢, (1(t),t) = —I'(t) we find

i+ 2c3e” 7 =0, (8.5)

which can be solved numerically for c.
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8.1.2 A generalized Dirichlet to Neumann map using the Fokas
method

Consider (8.1) with the initial and boundary conditions (8.2). We begin with the local
relation, a one-parameter family rewrite of (8.1)):

(e—ikx—l-w(k)tq(x, t))t _ (e—ikz—l-w(k)t(qx (IE, t) + ik:q(x, t)))x; (86)

where w(k) = k2. Integrating around the domain (0,1(¢)) x (0,¢) (see Figure [8.2), assuming

continuity, and applying Green’s Theorem we have the global relation

1(0) ' t
0 :/ e_“””qo(x) dr — / e—zkl(s)+w(k)sl/(s) ds
0 0 (8.7)

w !
[ i - [
0 0

1{0)

Figure 8.2: Domain for the application of Green’s Theorem for the one-phase Stefan problem.

Let D = {k € C: Re(w(k)) < 0} = D* U D~. The region D is shown in Figure 8.3
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Figure 8.3: The domains DT and D~ for the Stefan problem.

Since the dispersion relation w(k) is invariant under kK — —k we supplement with

0oy b
0 :/ ezkwqo(l,) dr — / ezkl(s)—l—w(k)sl/(s) ds
0 0

. t (8.8)
. / ezkm-i—w(k)tq(x, t) dr — / ew(k)s(f(s) — ikq(o, 3)) ds.
0 0

To eliminate the integral containing the unknown ¢(0, s) we add and (8.8)) to find

i(t) . : !
_/ €w(k)tq($, t)(e—zkx + ezkz) dr — 2/ ew(k)Sf(S) ds
0 0 (8.9)

t . _ 1(0) , ,
+/ ew(k)sl/(s) (e—zkl(s) + ezkl(s)) ds — / qo(x)(e—zkw + ezkx) dr.
0 0

() —w(k)t

In analog to inverting the Fourier transform we multiply by ket and inte-
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grate over 0D™:

It
/ kq zk(l(t)—x) + eik(l(t)-‘rx)) dx dk
D+ JO

t

—9 ke w(k)(s—t)+ikl(t f( )dek

m\m\

o

+

+/ / ke¥ (k)(s— t)l )( ik(1(t)—1(s)) +ezk(( )+i(s)) )dek
oD+ Jo

_/ / kqo(x)efw(k)t(eik(l(t)fx) + 6ik(l(t)+x)) dx dk.
oD+

175

(8.10)

We simplify the terms in (8.10) one by one. In the term on the left-hand-side of (8.10]), the

integral | ap+ can be closed in the upper-half plane. In order for this to be valid we must

assume [(t) > 0 for all £. Thus, [,,. becomes — fBg where Bj is the dashed blue path at

infinity in Figure 8.3, Then, integrating by parts twice we find

ZL‘ zk —z) ezk T
/BD+/0 oo 0 " ") dwdk

) 2ikl(t) . 2 e
_/B3( (e R 41) - f()e MO L Ok~ )> dk.

Consider the last term of (8.11)). We note that

dk A
2 A ), Reo 7Y
Similarly
3n/4 .
% = lim S S, V- 0,

Bs kn R—o00 /4 R(”—l)ew(”—l)

for n > 2. Thus, we eliminate the O(k™?) terms. Equation (8.11)) becomes

[ (F e = Zrwe) an

- , 2 .
_ Tl’(t) 4 ( ! (t)eml(t) B _f(t)ezkl(t)> dk
Bs k k

(8.11)

(8.12)
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where the last equality can be seen by noting the exponential decay in the integral and using

Jordan’s Lemma. Thus, (8.10]) becomes

__l/ / / /{36 (s— t+1kl(t)f( )dsdk‘
oD+
_'_/ / kew(k)(s—t)l/(s) (eik(l(t)—l(s)) + eik(l(t)-‘rl(s))) ds dk (813)
oD+

1(0)
/ / kego(z)e W (eRUO=2) 4 gikOF2)) qg .
oD+

Considering the decay and analyticity properties of the first term on the right-hand side
of (8.13), we deform [, to [T + [, 5, T [, where By and B, are the dashed blue paths at
infinity in Figure 8.3}

/ /ke (k)(s— t)—Hkl(t)f dsdk 2/ /k‘e (k)(s—t)+ikl( )f( )dsdk;
oD+

+ 2/ / kew(k)(s—t)-l—ikl(t)f(s) dsdk.
Bi1+B2 JO

Switching the order of integration and integrating the first term in (8.14]) and integrating by

(8.14)

parts twice for the integral over By + Bs, the right-hand-side of (8.14]) is

ety | (

The second integral evaluates to zero using integration by parts and Jordan’s Lemma.

Hence, (8.13]) becomes

T s [T

0
t
n / / e B0 (5) (IO | Gk UOHED) g (8.15)
oD+

/ / kego(z)e™ Wt (hU=2) 4 k(lOF2)) qy dE.
oD+ Jo

Next, we consider the second term on the right-hand side of (8.15)). Similar to above we
deform |, ap-+ 1O ffooo + [ B T / 5, Then, switching the order of integration in the first integral
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and integrating by parts we find

t 00
/ / kew(k)(sft)l/(s)(eik(l(t)fl(s)) + ezk(l )+1(s)) )dk‘ ds
/ / k:e (s— t )( ik(1(t)—1(s)) +ezk(l(t )+(s )del{Z
B1+B>
/T (s _ ()+1(s))? _ =i’
S [ ; T + 1) + TS0 - U(s)) ) ds

1
+/ { é)(l_{_emkl ) — llgf)e—w(k)t(eik(l(t)—l(()))+eik(l(t)+l(0)))
B1+B2

t
_/ e IEt) (]! (5) (IO _ kA=) 4 1(5) (eRUOHE) 4 (L)L) ds] dk.
0

Assuming [(t) is monotone and noticing that continuing to do integration by parts leads to

terms with decaying exponentials, the expression above becomes

M/ 3/ ( U () 1) + e ) —l(s>>) ds + /B v T
z\/_ I'(s)
I

Hence, (8.15)) is

03

(1D +1(s))2 BUORIOS s
3/2( a9 (I(t) +1(s)) + e 4@ (l(t)—l(s))> ds+5l/(t).

te_% s
inl!(£) —ir/FI(E) / @(_—Q;)‘];%)ds

0

+/0 % (e W(Z(t)+l(s))+e—W(5(w—z(s))> ds (8.16)

1(0)
_/ / kqo(l,)efw(k)t<eik(l(t)fx) + eik(l(t)+x))dx dk.
oD+

Finally, we consider the last term on the right-hand side of (8.16]). As before, we deform
f8D+ to ffooo + [ B T / B,» SWitch the order of integration for the first integral and in the

second integral we integrate by parts and recognize that every term in the integral over B
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and By have decaying exponentials.
/ / kego(z)e W (=) 4 ghUOF2)) qg A

_/ / k?QO(a?)e—w(k)t(eik(l(t)—x) +6ik(l(t)+z))dk de
BI+BQ
! _wia)? _w-=)?
N /o 2t3\//—2%( )( () + @)+ e (1) —x)) da.
Finally (8.16)) becomes
e 4(t s)f
\/_/ (t—s) 3/2
t)+1(s))? D —1(a))2
_Qﬁ/ - 5)3/2 <6_W(Z(t)+l(s))+e‘w(l(t)_l(s))) 4s (8.17)
o (t—
1 1(0) a2 -
* 2ﬁ/0 qu(/:g) <€‘W(l<t) +a) e (I(t) —x)) dz.

(()+x)?

Defining the kernel K (x,r;1(t)) = m <6_T(Z(t> +a)+em (I(t) — m)), Equa-
tion (8.17)) is

t t 1(0)
—/ K(0,t—s;1(t))f(s) ds—/ U(s)K(I(s), t—s;1(t)) ds+/ qo(x) K (z,t;1(t)) dz.
0 0 0
(8.18)
An analogous result for Dirichlet boundary conditions is presented in Section 12-5 of [32].

Their result is obtained using “potential theoretic methods” rather than the Fokas method.

8.1.3 The Fokas Method for interface problems

In this section we find () using another method. Once again consider subject to
the initial and boundary conditions . We begin with the global relation (8.7) and its
evaluation at —k, Equation . Our goal is to solve for ¢(x,t) using the Fokas method
and then use the Stefan condition (g, (I(t),t) = —I'(t)) to get an equation for I'(t).
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Inverting the z-transform in (8.7) we have

t z (z—y)—w d dk — — ik(z—1(s))+w(k)(s—t) l dsdk
ol 1) =5 / [ w5 [ [ (5)ds
/ / tkx+w(k)(s—t) ( )dS dk — _/ / ke tkz+w(k)(s—t) (0 S) ds dk’

for 0 < x < I(t) and ¢ > 0. The integrand of the fourth k-integral is entire and decays
as k — oo for k € CT\ D*. Using the analyticity of the integrand and applying Jordan’s

Lemma we can replace the contour of integration of the fourth integral by [,

t 1k(x y)—w(k)t du dk
q(@,t) =5 / / qo(y) dy
/ / k(z—I(s))+w( )(Stl()dsdk}
- / / eikx-l-w(k)(s—t)f(s) dsdk
TJ_xJo

- ¢
L / / ket te®)s=0 (0, 5) ds dk.
21 Jap+ Jo

Equation (8.19)) for ¢(z,t) depends on the unknown function ¢(0,s). We use ({8.8) to
solve for ¢(0, s) and substitute this into (8.19):

(8.19)

1 %) 1(0)
q(x,t) :2_/ / e—w(k)tqo(y ( ik(z—y) _|_ezk :E-HJ) dy dk
T J-xJo
00 t
_ i/ / ew(k)(s—t)l/(s) (eik(m—l(s)) + eik(l‘-‘rl(s))) ds dk (820)

__/ / tkz+w(k st ( dsdk__/aD+/ etk x+y) )dydk

where we have interchanged faD . and ffooo whenever convenient by employing Cauchy’s
Theorem and Jordan’s Lemma. The final term in the expression above depends on ¢(y,t)
which is unknown. However, the integrand is analytic for all k¥ € C* and fol(t) ey, t) dy
decays for k — oo for k € C*. Thus, by Jordan’s Lemma, the integral of fol(t) e*EtY) gy, 1) dy

along a closed, bounded curve in C* vanishes. In particular we consider the closed curve
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LT = Lp+ UL where Lp+ = DT N{k : |k] < C} and LL = {k € DT : |k| = C}, see
Figure

Since the integral along £/, vanishes for large C, the fourth integral on the right-hand
side of must vanish since the contour £p+ becomes DT as C — oo. The uniform
decay of fol ® ek @) g (y, t) dy for large k is exactly the condition required for the integral to
vanish, using Jordan’s Lemma. Now, we have an explicit representation for ¢(x,t) in terms

of initial conditions, boundary conditions, and the moving boundary [(¢):

1 00 1(0) ' '
Q(.T,t) :%\/ /O efw(k)tqo(y) (ezk(xfy) + ezk(ery)) dy dk

00 t
— 2i/ / 6cu(k)(sft)l/(s> (eik(:pfl(s)) +eik(m+l(s))) ds dk (821)
T J-xJo

1 0 t )
= / / ezkx+w(k)(s—t)f<s) ds dk.
T J-xJo

Switching the order of integration and evaluating the k integrals we have

1 {0) q(y) (2= (2+y)>
r,t) =—— e” a +4e 4 d
e == [ 28 ( ) a

L[t U(s) ~Gatey? N ~ G 4
— e —s e —s S
.:C2

1 [Te 39 f(s)
ﬁ 0 Vit—s
In order to find [(t) we take an = derivative of (8.22)) and evaluate at (z,t) = (I(t),t). Since

ds.

we are evaluating the inverse Fourier transform at the edge of the domain (z = [(t)) where
there is a discontinuity we are actually reconstructing the average across the discontinuity
which is ¢, (I(t),t)/2. Thus, we take the derivative of (8.22)) and evaluate at (z,t) = (I(¢),t)

and multiply by 2 to find

1 [0y (w2 _a-p?
v =5z [ (a0 ) )
0

(LD +1(s))2

L[t (s _aw-is)? ~
-5z | (0 - )+ )+ 100)) a5 s

) [ )
Vilo s
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This is the same expression as (8.17)) in the previous section.

Remarks:

e If [(t) is constant then [(0) = oo, I'(s) = 0, and (8.21)) becomes the solution to the heat

equation on the half line with Neumann boundary conditions.

c3

e Plugging ¢.(0,t) = f(t) = <, and I(t) = c4\/t where ¢, is determined implicitly by
plugging (8.5)) into (8.22)) and doing a change of variables one can easily see that the

=z

equation is dependent only on terms of the form ¢ = N This is consistent with the

similarity solution given by (8.4)).

e Taking derivatives of ¢, (I(t),t) = —I'(t) with respect to t and evaluating at ¢t = 0 gives

relationships between ¢o(1(0)) and its derivates and [(0) and its derivatives. Namely

g0 (L(0)I'(0) + g5’ (1(0)) = = 1(0),
60 (1(0)1"(0) + gq' (1(0))V'(0)* + 2¢™(1(0))V'(0) + ¢"" (I(0)) = — I"(0),

for as many derivatives as one would care to take. Similarly, if we begin with ¢({(¢),t) =

0 and take derivatives with respect to ¢ we have

90(1(0)) =0,
40 (1(0)) + o (1(0))I'(0) =0,
g0 (1(0)) + 5" (1(0)(I'(0) + 1) + g (1(0))V'(0) + g5 (1(0))I"(0) =0,

(8.25)

where again we can take as many derivatives as we would like.

If I(t) is analytic, then it has a Taylor expansion [I]. Assuming I(t) = 37 /;t/ and

observing that the exponential decay in K (x,t;1(t)) as t — 0 we know [; = 0 for all
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j > 1. An easy calculation shows that [(¢) is a spectrally small (beyond all orders)
function of ¢. That is, any derivative of I(t) evaluated at t = 0 is 0. Using this in (|8.24])
and (8.25) we find that ¢o(/(0)) and all its derivatives must be exactly 0. This is

obviously not a physically relevant problem. It follows that [(¢) is not analytic.

It is not clear that we could analytically find {(¢). A numerical fixed point method for
solving is suggested in [32]. We implemented this in Mathematica by numerically
approximating all functions by third order polynomials and considered the method
converged at each step when the values were within 107% of the previous iteration. For
the results plotted in [8.4] we assumed [(0) = 1, go(z) = x — 1, and f(t) = cos(t). We

used a step size of .0001 in time.

I(t)
1.030

1.025
1.020
1.015
1.010
1.005

1.000

t
0.001 0.002 0.003 0.004 0.005

Figure 8.4: A numerical solution for I().
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8.2 The two-phase Stefan problem on an infinite do-
main
We consider the heat equation in two time-dependent domains, ice and water:
q — onql =0, < I(t), t>0, (8.26a)

qf — o3ql, =0, x> 1(t), t>0, (8.26b)

with [(t) a monotonic unknown function. The given initial, boundary, and interface condi-

tions are

" (,0) =gy’ (x) (8.27a)

q'(x,0) =q;(z) (8.27h)

im g% (z, ) =y, (8.27¢)

lim ¢'(z,t) =, (8.27d)

¢ (1), 1) = " (1), ) =D, (5.270)
a1q,(1(t),t) — oipq, (I(t), 1) ='(t), (8.27f)

where 77 < 0 and 4y > 0. The domain is as pictured in Figure [8.5]

8.2.1 A similarity solution

Consider (8.26) subject to the conditions (8.27) and choose ¢ = x/v/t. We look for a
similarity solution ¢" (z,t) = Q" (¢) and ¢’ (x,t) = Q7(¢). Our equation becomes the set of

ordinary differential equations

o~
—~

o~
N—

Q¢ + 203, Qg =0,

oS
N
S

t>0, (8.28a)

o~
—~

o~
SN—

8
\%

S

t>0. (8.28b)
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2 1
0714z,

T

{(0)

Figure 8.5: The domain over which one solves the heat equation including the moving

boundary [(t) for the Stefan problem.

Our boundary and interface conditions transform similarly to become

lim Q"(¢) =",

(——o0

lim Q'(¢) =7,

(—o0

v ()- (%)
7 op (190 e (1)

0,

VET\WVE) WVt Vi

Solving (8.28)) and imposing the asymptotic conditions (8.27c]) and (8.27d)) we find
QY (¢) =c1 + (c1 =" exf (L) )

2
W (8.29)

¢
Q0 =+ (2" = eyt ().
or
where ¢; and ¢y are constants of integration. To find ¢; and ¢, we impose the conditions at

the interface. This requires

1(t)
. _ywerf (QUW\/Z>
1 — )
I(t)
(BI’f (:Ei;;;7;7§:> + 1

0]
vr erf (%NZ)
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However ¢; and ¢, are constants independent of (z,t). Thus, I(t) = 2csorow+/t where cs is

a constant. Hence, our similarity solution is

w (erf (csor) — erf <ﬁ>)

QW(C) - )
f 1
erf (c3o7) + (8.30)
, VI <erf (cgow ) — erf <%>>
Q(¢) = :
erf (cgop) — 1
Imposing the Stefan condition we have an implicit equation for cg3
i e~ lyyoy ey 0y 831
GOTTWNVIT = erf(czor) +1 B erf(czow) — 1 (8.31)
Choosing the parameter values o; = 2,0 = 3,yw = 6, and 7; = —1 and numerically

solving for cs one can plot the solution as in Figure

Remarks:

e The two-phase problem is clearly more physically relevant than the one-phase problem.

As far as we know there are no solutions to this problem in the literature.

e The solution to this problem using an analog to the methods presented in Sections|S.1.2
and is currently under investigation although the addition of a non-constant

second domain introduces significant challenges.
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Figure 8.6: The solution to (8.28) with o; = 2,0 = 3,7w = 6,77 = —1, and c3 the

numerical solution to (8.31)).



Appendix A

The transport and heat equations

We wish to find u(V)(z,t) and u® (x,t) satisfying

uD(,t) = —cuD(z,t), <0, t>0,

(A.1)
u? (z,t) =o5ul)(w,t), z>0, t>0,
subject to the asymptotic conditions
lim uW(z,t) =0, t>0,
e (A.2)
lim v (z,t) =0, t >0,
Tr—00
the initial conditions
(1)( 0) = (1)( ) 0
u' (x, uy (), x <0,
" (A.3)
u®(z,0) =u’ (), x>0,
and the interface condition
pru(0,1) =pou?(0,1), ¢ >0, (A4)

where c;, 09, p1 and ps are t-independent nonzero constants. The sub- and super-indices 1
and 2 denote the left and right domain, respectively as in Figure [A.T] In what follows we

assume that ¢; and oy are both positive for convenience.
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u = —eul? 0 = ot
o—o—o | —eooo—> 1

—00 0 00

Figure A.1: The transport equation on the left semi-infinite domain and heat equation on

the right semi-infinite domain.

We follow the standard steps in the application of the Fokas Method beginning with the

local relations

(e—ik:c+w1tu(1) (z, t))t _ (_Cle—ikx+w1tu(1) (,1)) . (A.5a)

(6_ikx+w2tu(2)<m7 t))t _ (Uge—ikx-l—wgt(u 2) (:L‘, t) + iku@)(x, t)))ac . (A.5b)

x

These are one parameter family relations obtained by rewriting (A.1)) where w (k) = ikc; and
wy(k) = (09k)?. Applying Green’s Theorem in the strips (—o0,0) x (0,¢) and (0,00) x (0, )
respectively (see Figure , we find the global relations

0 0 ¢
0 :/ e’ikxuél)(x) dz —/ e~ theterty D (g ¢) da —/ cre*u(0, 5) ds, (A.6a)
0

—00 —00

O:/ e’ik‘”ugf)(:c) d:c—/ e’ik““ﬁu@)(x,t) dx
0 0 (A.6Db)

t
—/ oae”> (ul?(0, s) + iku'®(0, 5)) ds.
0

For k € C, we define the following

0 0

(k1) = / el (a,1) du, i (k) = / e *rug () da,

a? (k,t) :/ e~y (2, 1) da, 12(()2)(k) :/ e’“muém(x) dz.
0 0

Using these definitions and the interface condition, the global relations (A.6|) are rewritten

as
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t
0 =i (k) — et a M (s, 1) — / 1 5u (0, 5) ds, (A.7a)
0
2 Ly 2 ikpr
0 =ay (k) — e 0 (k,t) — / olew2s (uy(o )+p— (1)(0,s)> ds. (A.7h)
0 2

Inverting the Fourier transforms in (A.7)) we have the solution formulas

1 o0
uM (z,t) = i / e’kx"”ltu( k)dk — —/ / tka—wi(t=5)y, (1 (0, 5) ds dk, (A.8a)
7r

u? (z,t) = ! / etke= “’2tu(2)(k) dk

2m
k
/ / ik —ws (t—s) (ug(f)((),s) + Zpiu(l)((), 3)) dsdk.
2

Switching the order of integration, the integrand of the second term in equation (|A.8al) is

(A.8b)

entire and decays for k € C™ since ¢; is positive. Thus, using Jordan’s Lemma and Cauchy’s
Theorem that term is zero. In (A.8b|) the integrand of the second term decays and is entire

for C=/D~. Hence, we have closed-form solutions depending only on initial conditions:

1 o0
uW(z,t) = 5 / eFr=ertg(D (k) dk, (A.9a)
m

U(Q)(ZL‘,t) i/ zka: wztu(Q)(k) dk

ik
/ / tkx—ws2(t—s) (U;(EQ)(O, S) + mu(l)((), S)) ds dk.
oD~ P2

Switching the order of integration in the first integral and evaluating the integral with respect

(A.9D)

to k we find the familiar d’Alembert form of the solution to the transport equation [51]

uD (2, t) =ul"(z — e1t), (A.10a)

u? (x,t) = ! / etke= “2tu(2)(k‘)dk

2m
. (A.10D)
/ / tkx—wa(t—s) (U;Q) (O7 S) + MU(D (0’ 3)) ds dk.
oD- P2
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Of course, this example is trivial since one could easily solve the transport equation on the
left and use the solution to impose boundary conditions for the heat equation on the right.
We include this problem in an appendix as a proof of concept. This simple example shows
how the Fokas Method might be applied to problems with different equations in adjacent

domains. We hope to apply this method to more complex problems in the future.
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