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Stability analysis for solutions of partial differential equations (PDEs) is important for determining
the applicability of a model to the physical world. Establishing stability for PDE solutions is often
significantly more challenging than for ordinary differential equation solutions. This task becomes
tractable for PDEs possessing a Lax pair. In this dissertation, I provide a general framework for
computing large parts of the Lax spectrum for periodic and quasiperiodic solutions of a general
class of PDEs possessing a Lax pair. This class consists of the AKNS hierarchy admitting a common
reduction and generalizations. I then relate the Lax spectrum to the stability spectrum using the
squared-eigenfunction connection. Using this, I demonstrate that the subset of the real line which
is part of the Lax spectrum maps to stable elements of the linearization.

Several examples that demonstrate the direct applicability of this work are provided. One
example is worked out in detail: the stability analysis for the elliptic solutions of the focusing
nonlinear Schrodinger (NLS) equation. For the NLS equation, I go further by establishing orbital
stability of the elliptic solutions with respect to a class of perturbations of integer multiples of the

period of the solution.
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GLOSSARY

=l

the extended real line, R = RU {oc}.

¢ the Lax parameter.

or: the Lax spectrum.

oc: the stability spectrum.

* the complex conjugate.

Co: the Weierstrass zeta function.

NLS equation: nonlinear Schrédinger equation, focusing or defocusing.
fNLS equation: focusing nonlinear Schrédinger equation.

dNLS equation: defocusing nonlinear Schrodinger equation.

iii



ACKNOWLEDGMENTS

I first want to thank my supervisory committee for the time and energy they put into reviewing
this work: Bernard Deconinck, Anne Greenbaum, Dmitry Pelinovsky, Lucien Brush, and Matt
Lorig. I would especially like to thank my advisor Bernard Deconinck. His support and guidance
made this work possible. Bernard has been an incredible mentor since I entered graduate school.
He immediately invited me into his research group and presented me with many interesting research
problems. He guided me when I needed help and let me be when I needed to figure things out on
my own. His mentorship helped me get through graduate school and my job search. Further, he
taught me almost as much about hiking the PNW as he has about doing research. For that and
everything else, I am thankful. The research group that Bernard has established at UW has been an
incredibly close and inspiring group to be a part of: Ben Segal, Chris Swierczewski, Jorge Cisneros,
Matthew Farkas, Natalie Sheils, Olga Trichtchenko, Ryan Creedon, and Xin Yang. Thank you all
for your support, friendship, and for enduring the 8-9 hour weekly meetings with me every week.

When I was an undergraduate student at the University of Colorado at Boulder, I was lucky
enough to take a class with Harvey Segur. He taught me so much about differential equations,
applied math, and literature. Little did I know at the time that 8 years later I would be writing a
thesis that all stems from his influential work in the ‘70s. Harvey, thank you for your mentorship,
friendship, and for helping me get to where I am today.

When I was applying to graduate school I had little idea of what I wanted. I decided to come to
the University of Washington primarily due to the culture in the department. I have been fortunate
to be a part of that culture and to meet and work with some great people over the last six years.
I certainly owe thanks to more people than I mention here, so thank you to all. I want to give
a special thanks to the AMATH teaching discussion group for providing a fun environment for
learning and talking about pedagogy. I also want to give a special thanks to Lauren Lederer for all
of the hard work she does in the department and all of the questions she has answered for me and
numerous other students.

The majority of my thanks are to the friends I have made since joining the AMATH department.

iv



I remember the immediately strong sense of “being in the right place” I felt upon meeting my cohort.
The friendships I developed in that first year have grown and only become more important to me.
My favorite part of graduate school was staying in Lewis late into the night with Brian and Weston
working on Burke’s homework. Without you two, I would not know what a cone is. With you two,
I still don’t know what it is. Thank you two for the camaraderie that started then and continued
when we moved in together. The shenanigans continued when Andreas, Brian, Kathleen, and I all
began to share on office together. Thank you all for the fun conversations, cabins, and motivation
to work. Andreas, thank you for always pushing for beach day: Ilook forward to more in the future.
Although not in my cohort, I also made friends with those in my year in the math department.
I especially want to thank Alex Voet whose steadfast Zaire coups have taught me more about
stability than anything else I have done in these last six years. Thank you also to my friend from
middle school Gavin Medley who was an excellent roommate at the University of Colorado and
who taught me that hiking is fun. This may be the most influential lesson I have ever learned in
life.

Finally, I want to thank my family. Thank you mom and dad for always supporting and loving
me. Thank you for always being interested in what I am doing: it helps keep everything in check.
Thank you Isaac for always being a role model in academia. Without you having studied math
and physics, I never would have myself. Without you getting a PhD and telling me about it, I
never would have gotten there myself. I am constantly amazed and humbled by your work ethic
and attitude. I also want to thank my most recent family members: Dana and Olive. Thank you
for entering my life and being there for me during my PhD studies. Olive, thank you for being a
good study buddy during this thesis writing and for always reminding me to slow down and pay
attention to you. Dana, thank you for supporting me, making me laugh, and for everything else
you bring into my life. You are an amazing person and scientist and I am lucky to call you my best

friend.



DEDICATION

To my parents: Andrea and Chip.

vi



Chapter 1

INTRODUCTION

Stability analysis for solutions of differential equations plays an important rule in relating math-
ematical models to physical applications. If a solution to a differential equation that appears as
a mathematical model is stable, then it is likely to be found in a physical system. One typically
first typically learns about stability in a first class on ordinary differential equations (ODEs). Es-
tablishing the stability of solutions to partial differential equations (PDEs) is significantly more
challenging than establishing the stability of solutions to ODEs. This is because the the solutions
of ODEs depend on a finite number of parameters whereas the solutions of PDEs depend on an
infinite number of parameters. Nonetheless, many ODE ideas are borrowed for studying the stabil-
ity of PDE solutions. In this dissertation, I focus on integrable Hamiltonian PDEs for which tools

have been developed to make this task tractable [10, [1T], 14} 221 24] 26, 27, 28] [33], 58, 64].

1.1 Stability

The focus of this dissertation is a nonlinear evolution equation
up = N (U, Uy, - -, UNZ), (1.1)

where u(z,t) is a real- or complex-valued function (possibly vector valued) and A is a nonlinear
functional of u and N of its spatial derivatives. Unless otherwise stated, I assume that (1.1)) is
written in a frame in which there exists a classical nontrivial stationary solution, u(z,t) = u(x)

which is periodic or quasiperiodic.

Definition 1.1.1. For the purposes of this work, a complex-valued function f is quasiperiodic with
period P if |f(x + P)| = |f(x)| for P € R. If f is a real-valued function, then f is periodic with
period P.

In order to study the stability of the stationary solution @, I first linearize (|1.1)) about @ by
letting u(z,t) = u(x) + ev(z,t) + O (€?), where € > 0 is a small parameter. Truncating at O (e)



yields

vy = L(U, Ug, - .., UN)V, (1.2)

where L is a linear functional. Since L£(u, Uy, . .., unN;) is independent of ¢, (1.2) can be solved with

separation of variables by letting
v(z, t) = o(z; N)eM, (1.3)
yielding a spectral problem for A:
o = L(T, Ty, . . ., Ung)D. (1.4)
Definition 1.1.2. The stability spectrum is the set
or={AeC:0e€ S5}, (1.5)

where S, is a function space that is chosen later to fit the needs of the specific problem. In essence,
S¢ is chosen to be the least restrictive space that works in this framework. Typically CP(R), the

space of real-valued continuous functions that are bounded on the closed real line, works.

The spectrum o, for equations (1.1]) that are Hamiltonian possess a quadrafold symmetry: if
A € og, then =M\, \*,—\* € o, (here and throughout * represents the complex conjugate) [44].
There are many different types of stability. The first definition of stability is the weakest type of

stability considered in this dissertation.

Definition 1.1.3. A stationary solution u(x,t) = @(x) of (1.1)) is spectrally stable if and only if the
stability spectrum of the corresponding operator £ = L(u, Uy, . .., Uy, ) is a subset of the imaginary

axis, oy C iR.

Since spectral stability is determined first by linearizing the equation, it does not tell the whole
story. A solution can be spectrally stable and still have perturbations that grow under the full
nonlinear dynamics [74]. A stronger notion of stability that takes into account the full nonlinear
dynamics is called nonlinear stability. Although spectral stability is a good indicator for nonlinear
stability, it is not enough to conclude nonlinear stability. A common way to establish nonlinear
stability is to find a Lyapunov function that controls the long-time behavior of the perturbation [74].

This step is not immediate for PDEs since, even if a Lyapunov functional is found, there are an



infinite number of directions that may not necessarily be controlled by the Lyapunov functional.
The equations studied in this dissertation are invariant under a group G of symmetries. In other
words, if @ is a solution of (L.1]), then u = A(g)a is also a solution of ([L.1]), where A(g) is the action
of an element g of the group of symmetries G. For such equations, the strongest form of nonlinear

stability that can exist is orbital stability [40].

Definition 1.1.4. A stationary solution u(x,t) = @(x) of (L.1)) is orbitally stable with respect to

the norm ||-|| if for any given € > 0 there exists a § > 0 such that
|lu(z,0) — ()] <4, (1.6)
implies that for all £ > 0,

[nf, lu(z, ) — Alg)u(z)|| <e, (1.7)

where A(g) is the action of an element ¢ of the group of symmetries G.

Determining the stability, either spectral or orbital, of a stationary solution of a PDE is generally
difficult. There exists few orbital stability results in the literature. The stability results in this
dissertation rely on the evolution equation being an integrable PDE, which is defined in the
next section. Integrability is used for determining spectral stability and in finding a Lyapunov

functional that works to establish orbital stability, using the techniques in [40].
1.2 Integrability

There exists several different definitions for the term integrable system [76]. The following definition

is used in this dissertation.

Definition 1.2.1. A PDE (|l.1)) is integrable if there exists a Lax Pair, i.e., a pair of two linear
ODEs,

P, = X0, o, =T, (1.8)

such that the compatibility of mixed derivatives 9;®, = 0,®; holds if (1.1)) holds. Here T' and X
are n X n matrices depending on the dependent and independent variables in ((1.1)).

This definition is different from the usual definition for ODEs. For ODEs, integrability is usually

defined as there being “enough” conserved quantities to constrain a system to a unique solution



from initial conditions. It is the case, however, that if a PDE possesses a Lax pair, then it possesses
an infinite number of conserved quantities and an infinite number of symmetries [7} [76]. For most
of this work, the Lax pair is the main aspect of integrable equations that is needed: the Lax pair
is used to find spectral stability. The extra conserved quantities are used to show orbital stability
by constructing a Lyapunov functional in conjunction with the results of [40]

A surprisingly large number equations of physical significance are integrable and possess a Lax
pair [7, 8]. The matrices X and T defining the Lax pair depend on a parameter (, called the Laz

parameter. An important feature of equations with a Lax pair is the Lax spectrum.

Definition 1.2.2. The Lax spectrum is the set
o, ={CeC:®e S}, (1.9)
where Sy, is a function space to be defined later. It turns out that Sy, is related to the space Sg.

The squared-eigenfunction connection for a PDE, sometimes referred to as the strong symmetry
of the PDE or quadratic eigenfunction expansion, is a connection between the Lax spectrum, oy, and
the stability spectrum, o,. This connection usually relates the eigenfunction of the linear stability
problem with quadratic combinations of the eigenfunctions of the Lax problem, but it is currently
unknown how general this is. There is no general method for finding the squared-eigenfunction
connection for a given problem. In fact, it is unknown whether or not every integrable equation
possesses a squared-eigenfunction connection [39].

Until recently, the Lax spectrum had only been determined explicitly for decaying potentials on
the whole line or for self-adjoint problems with periodic coefficients. For such problems, the Floquet
discriminant [4], [14], BT], B3], [45] 58] is a useful, and indeed the most common, tool for numerically
computing and giving a qualitative description of the Lax spectrum, but it is not used generally
to get an explicit description of the Lax spectrum. A full description of the Lax spectrum can
allow one to prove the stability of solutions to integrable equations with respect to certain classes
of perturbations. This is accomplished using the squared-eigenfunction connection.

In [28] and Chapter I give a full description of the Lax spectrum for the focusing nonlinear
Schrodinger (fNLS) equation using a tool different from the Floquet discriminant. In [71] and Chap-
ters [3] and [4 I provide insight into determining important aspects of the Lax spectrum for a large

class of integrable PDEs and provide a generic framework for computing the Floquet discriminant

(Appendix [B).



1.3 General steps and organization of the dissertation

The general method for establishing stability in this dissertation follows a set of specific steps. Each
of these steps is worked out in detail for the fNLS equation in Chapter Some of the steps are

worked out for a general class of integrable equations in Chapters [3] and 4
1. Linearize the PDE (|1.1]) about the stationary solution u(z,t) = u(z) as in Section

2. Find the Lax spectrum (Definition [1.2.1]) by finding the eigenfunctions ® and constructing a
function whose level set gives the Lax spectrum. This is done in Section for the fNLS

equation.

3. Find and use the squared-eigenfunction connection which provides a map €2 : o5, — o, to
find the linear stability spectrum (Definition [1.1.2)). Establish whether or not € is surjective.

It is assumed that €2 is surjective in the following steps.

4. Identify the set S C o, such that Q : S — o, NiR. The set S consists of “stable” elements of
the Lax spectrum because they get mapped to stable elements of the stability spectrum. This
is done in Section for the fNLS equation and is the main result of Chapters [3] and [

5. If the set S # o, then the solution u(x) is unstable with respect to general perturbations in
Sr. The solution, however, may be stable with respect to important subsets of Sg. In order
to establish this, & must be matched with that subset through the squared-eigenfunction
connection. For the fNLS equation, this subset is a class of subharmonic perturbations. Sub-
harmonic perturbations are those perturbations whose period is an integer multiple of the
fundamental period of the solution. This is one of the main results of Chapter [2] see
and 2.2.27]

6. The final step is to prove orbital stability when the solution is spectrally stable. This is done
by constructing a Lyapunov functional using the conserved quantities of . The Lyapunov
functional itself is not enough to establish orbital stability for the equations studied here. The
functional must also be shown to match several conditions outlined in [40]. This is proven
here only for the fNLS equation solutions that are spectrally stable with respect to a class of

subharmonic perturbations, Section



In Chapter [2]I go through the above steps in detail for the elliptic solutions of the {NLS equation.
This work was completed first in [28]. During this work, I noticed some patterns shared by all of
the integrable equations whose stability has been studied using these techniques: the real line, as a
subset of the Lax spectrum, always gets mapped to stable elements under the squared-eigenfunction
connection. This motivated me to find a more general technique that could easily be applied to
other integrable equations.

In Chapter [3] I present a general method for determining the Lax spectrum for a large class of
integrable PDEs, the AKNS hierarchy. The focus is on elements of the Lax spectrum that give rise
to stable elements of the stability spectrum. I provide a number of examples that fit the general
description and for which I can say something about spectral stability.

In Chapter [4 I generalize the results presented in Chapter [3] to integrable PDEs that are not in
the AKNS hierarchy but that share similar features. This chapter suggests that the results is this
dissertation are more widely applicable than to just the AKNS hierarchy.

In Chapter [5] I suggest future work that follows from the results in this dissertation and discuss

the difficulties of pushing this work further.



Chapter 2

ORBITAL STABILITY FOR THE FOCUSING NONLINEAR
SCHRODINGER EQUATION

In this chapter I work through the steps outlined in the Introduction in full detail for the fNLS
equation. The work in this chapter appears in [2§].

The focusing, one-dimensional, cubic Nonlinear Schrédinger (fNLS) equation,
1
i\11t+§\11m+\11|\11|2 =0, (2.1)

is a universal model for a variety of physical phenomena [16} [41} 52} [65] 69] [78]. In 1972, Zakharov
and Shabat [77] found its Lax Pair and the explicit expression for the one-soliton solution. The
orbital stability of the soliton was first proved in 1982 by Cazenave and Lions [I5] and later by
Weinstein [72] using Lyapunov techniques, as used here. Even with such a rich history, a full stability
analysis in the periodic setting had not been completed until [28]. The simplest periodic solutions
are the genus-one or elliptic solutions (Section 2.1). Rowlands [66] was the first to study their
stability using perturbation methods. Since then, Gallay and Haragus have examined the stability
of small-amplitude elliptic solutions [35] and proven orbital stability with respect to perturbations
of the same period as the underlying solution [36] (i.e., coperiodic perturbations). Gustafson, Le
Coz, and Tsai [42] establish instability for the elliptic solutions with respect to sufficiently large
perturbations. The analysis of spectral instability with respect to perturbations of an integer
multiple of the period (i.e., subharmonic perturbations) was completed in [27].

In this chapter I build upon the results in [27] to examine the stability of elliptic solutions of

arbitrary amplitude. An outline of the steps followed and the conclusions obtained is given below.

1. Spectral stability is considered in Section 2.2 by following the outline in the Introduction. This
is motivated by considering the simpler case of the well-known Stokes waves in Section [2.2.2]
For these solutions, all operators involved have constant coefficients, and all calculations are
explicit. I get to the spectrum of the operator obtained by linearizing about a solution through

its connection with the Lax spectrum. To this end, I introduce the Lax pair and its spectrum

in Section The results in Section are from [27] while the results in Section [2.2.3]



2.1

and all subsequent sections are new. Section [2.2.4] contains the main spectral stability re-
sult: solutions are spectrally stable with respect to subharmonic perturbations if the solution
parameters meet a given sufficiency condition (Theorem . This condition is shown to
be necessary in most cases and is discussed in Appendix In essence, Theorem [2.2.21
establishes that solutions of “smaller amplitude” are spectrally stable with respect to a larger
class of subharmonic perturbations, i.e., subharmonic perturbations of larger period. The

notion of “smaller amplitude” is made more precise in Section

In Section [2:3] I examine how instabilities depend on the parameters of the solution. The
orbital stability results of Section [2.4] rely crucially on understanding the spectrum for stable
compared to unstable solutions. Thus the transition from stable to unstable dynamics as

solution parameters are changed is studied carefully.

Finally, in Section I use a Lyapunov method [40, 47, [61] to prove (nonlinear) orbital
stability in the cases where spectral stability holds. The main result of this chapter is found
at the end of the section: I establish the orbital stability of almost all solutions that are
spectrally stable. The only solutions for which such a result eludes me are those whose
solution parameters are on the boundary of the parameter regions specifying with respect to

which subharmonic perturbations the solutions are spectrally stable.

Elliptic solutions of the fNLS equation

In this chapter I study solutions of (2.1)) whose only change in time is through a constant phase-

change. Such solutions are stationary solutions of

it b 0 0 = 0, (22

found by defining ¥ (z,t) = e~*“%)(x,t). Time-independent solutions to (2.2)) satisfy

i+ b+ 10 =0, (23)

and are expressed in terms of elliptic functions as

U = e “o(x) = R(x)e®@e ™t (2.4)



with
R2(x) = b— K2 sn2(x, k), w— %(1 42— 3b), (2.50)
0(z) = c/ox R;(y) dy, & = b(1 = b)(b— K?), (2.5b)

where sn(z, k) is the Jacobi elliptic sn function with elliptic modulus & [I, Chapter 22]. The

parameters b and k are constrained by
0<k<l, P<b<l, (2.6)

see Figure 2.1} The solutions formally limit to the soliton as k& — 1, which is omitted from these
studies [55]. When k& = 0 and b # 0, reduces to a so-called Stokes wave (Section [2.2.2)). The
boundary values, b = k? and b = 1, are special cases. In both cases ¢ = 0 so # = 0 and the solutions
are said to have trivial phase. When ¢ # 0, the solutions have non-trivial phase (NTP). I call
#(x) = ken(x, k) and ¢(x) = dn(z, k) the cn and dn solutions corresponding to b = k? and b = 1,
respectively. Here cn(z, k) and dn(x, k) are the Jacobi elliptic cn and dn functions with elliptic
modulus £ [I, Chapter 22]. The trivial-phase solutions are periodic, with periods 4K (k) and 2K (k)

for the cn and dn solutions respectively, where

w/2
K(k) == /0 dy : (2.7)

1 — k2sin?(y)

the complete elliptic integral of the first kind [I, Chapter 19].

Remark 2.1.1. The nontrivial-phase solutions are typically quasi-periodic but only the z-periodic
amplitude R%(z) appears in the analysis. Therefore, unless otherwise stated, any mention of the
periodicity of the solutions is in reference to the period of the amplitude which is T'(k) = 2K (k)

for all solutions.

The elliptic solutions can be written in terms of Weierstrass elliptic functions via

p(z +ws;g2,93) —e3 = <K(k)k>2 sn? <K(k)z> , (2.8)

w1 w1

where p(z; g2, g3) is the Weierstrass elliptic p function [I, Chapter 23] with lattice invariants g2, g3

and wy and wg are the half-periods of the Weierstrass lattice. Lastly, e1, es, and eg are the zeros of
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b
soliton solution

Nontrivial-phase

Stokes wave solutions }—) (NTP) solutions

cn solutions

Stokes wave critical /’l

stability values ———3

0] I

Figure 2.1: The parameter space for the elliptic solutions (2.4)) with solution regions labeled. The
first 4 Stokes wave stability bounds are plotted in green dots on the line k = 0, at which b = 1/P?

for P €{1,2,3,4} (2.28).

the polynomial 4t — got — g3, and

1 1 1
er=3(2- k), e2 = 5(2K” = 1), es = —5(1+47), (2.92)
4 4
g2 = 5 (L= K+ ), 95 = 5-(2 = 3k* — 3k + 2K°), (2.9b)
& d

e VA —goz—g3
wy = / dz = iK (\/1 - k2) . (2.9d)
—e3 /423 — g2z — g3

The Weierstrass form of the elliptic solutions is explained in more detail in |21, Section 3.1.3].

2.2 Spectral stability
Spectral stability of elliptic solutions is examined by considering
U(z,t) = e~ e (R(z) + eu(x,t) + eiv(x, 1)) + O (), (2.10)

where € is a small parameter and u and v are real-valued functions of x and ¢. Substituting this

into (2.1) and keeping only first-order in e terms gives an autonomous ODE in ¢. Separating
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variables (u(z,t),v(x,t)) = eM(U(z), V(x)) results in the spectral problem

U =S L_ U Ly S U U U
A = =J =JZ =L , (2.11)
Vv —Ly =S Vv =S L_ Vv V Vv
where
L=JZ, (2.12)
and
o= o Ry —wr O
T2 2R4(x)’
Ly = —202 _3R22) - w4 ¢ (2.13)
T oo 2R4(z)’
c cR'(x)
PR mw)
The stability spectrum is defined as
or={NeC:UVeC)(R)}, (2.14)

where CP(R) is the space of real-valued continuous functions, bounded on the closed real line.
Due to the Hamiltonian symmetry of the spectrum [44], an elliptic solution is spectrally stable to

perturbations in CP(R) if oz C iR.

2.2.1 Stability with respect to subharmonic perturbations

The elliptic solutions are not stable with respect to general bounded perturbations [27]. Therefore,
I restrict to subharmonic perturbations. Subharmonic perturbations are periodic perturbations
whose period is an integer multiple of the fundamental period of a given elliptic solution. Since the
operator £ has periodic coefficients , the eigenfunctions of the spectral problem (2.11)) may

be decomposed using a Floquet-Bloch decomposition [23],
. T
_ in u(@) (2.15)

where U, V,, are T(k) periodic and u € [0, 21/T(k)).

Definition 2.2.1. A P-subharmonic perturbation of a solution is a perturbation of integer multiple

P times the period of the solution. A 1-subharmonic perturbation is called a coperiodic perturbation.
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For P-subharmonic perturbations,

2
u:mﬁ%, m=0,...,P—1. (2.16)

Note that p may be defined in any interval of length 27/T'(k) so the m = 1 and m = P — 1 cases
are connected via

27 27
(S BN a7

Using the Floquet-Bloch decomposition, £ — £, with 0, — 0 + ip in (2.11). I define the

mod 27 /T (k). (2.17)

subharmonic stability spectrum with parameter p,
op={N€C: U,V € L2y (T(R)/2.T(K)/2]) } (2.18)

where L2 ([—L/2,L/2]) is the space of square-integrable functions with period L. The spectrum

o, consists of isolated eigenvalues of finite multiplicity.

2.2.2  Spectral stability of Stokes Waves

I begin with the simplest case of . When k = 0, the solution is a Stokes wave solution of .
The spectral stability of these solutions is straightforward to analyze, but the analysis is informative
for understanding the general features of the stability of other solutions. I choose to work with the
Stokes waves in this form to link them with the general elliptic solutions . The Stokes waves

are given by

Wi, t) = /b V1= b —i(1=3D)t/2, (2.19)

with parameter b € (0, 1]. The spectral problem (2.11]) becomes

U ~V1-b0,  —10? U U
A = 2 =Ls : (2.20)
1% 302+20 —V1-009,] \V v

I consider the constant coefficients of Lg as m-periodic to match results below for the more gen-
eral solutions of Section but the results for the Stokes waves are independent of this choice
of period. Thus the eigenfunctions (U, V)T of (2.20) may be decomposed via a Floquet-Bloch

decomposition (2.15)

: (2.21)
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where U, V have period m and p € [0,2). Since (2.20) has constant coefficients, it suffices to

consider each Fourier mode (U,, V;,)T individually:

\ ?n _ —iy/1T—b (u+ 2n) (1 + 2n)? l:]n _ ﬁg”’“) :n | (2.22)
Vi 20— L(p+2n)?  —ivVI—b(u+2n)) \V, :
where n € Z. The eigenvalues of ﬁgn“ ) are
AP = %2” (—21\/1 b /Ab— (u+ 2n)2). (2.23)
These eigenvalues are imaginary if
p+2n=0 or b<(u+2n)?/4 (2.24)

The Stokes wave with amplitude b is spectrally stable with respect to bounded perturbations
if holds for all n € Z and u € [0,2). For a given b, there exist u and n such that
is not satisfied. Consequently, the Stokes waves are not spectrally stable with respect to general
bounded perturbations. To examine stability with respect to special classes of perturbations, I
consider special values of p.

Equating @ = 0 corresponds to perturbations with the same period as the solution. The spectral
stability criterion becomes n = 0 or b < n? which is satisfied for all n, independent of b,
consistent with [27), B6]. For u # 0, the tightest bound on b from is given by

2/4, € (0,1],
b < I € (0,1] (2.25)

(:U’ - 2)2/4’ He [1’ 2)'
With

2m

n="5 PezZt, mefo,...,P—1}, (2.26)

the perturbation (2.10)) has P times the period of the Stokes wave. The spectral stability crite-
rion ([2.25) becomes

m? /P2, m € ZnN (0,P/2],
b < / 0.P72 (2.27)

(m/P—1)2, m€ZnN[P/2,P).
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When P =1, p = 0 for which the spectral stability criterion is always satisfied. When P > 1, the
bounds on b are tightest when m = 1 and when m = P — 1 respectively. I call the eigenvalues with

uwim =1) = py and u(m = P — 1) = pup_1 the critical eigenvalues. In either case it must be that
b<1/P? (2.28)

for spectral stability of Stokes waves with respect to P-subharmonic perturbations (see Figure .
This result agrees with [27, Theorem 9.1] but is found in a more direct manner.

Next I examine the process by which solutions transition from a spectrally stable state to a
spectrally unstable state with respect to a fixed u as b increases (see Figure . For a fixed
P = P., consider a value of b such that is satisfied with b < 1/P2?, i.e., the solution is
spectrally stable with respect to P.-subharmonic perturbations. The above work gives that the
instability with respect to P.-subharmonic perturbations first arises when b, = 1/P2 from the

critical eigenvalues with p; = 2/P, and with pp,_1 = 2(1 — 1/F,). Defining

Ae(b) = 2‘% T—5 = 2iy/bo(l = D), (2.29)

gives
Im(AP (1)) < Tm(A.(0)) < Im(A%*) (v)), (2.30)
(AP (b)) > Im(A2 (b)) > Im(AT 71 () (2.31)
the critical eigenvalues for n = 0 and for n = —1 are ordered on the imaginary axis and straddle

Ace(b) or X(b). Increasing b leads to b = b. = 1/P2? where

ALy = \Om) = = NTheret) o \Ehered) (2.32)
and the critical eigenvalues collide at A\, and A} = —\. in the upper and lower half planes respec-

tively. At the collision,

Ae(be) = 2iv/be(1 — bo). (2.33)

This is the intersection of the top of the figure 8 spectrum and the imaginary axis in the complex
A plane [27, equation (92)]. Instability occurs when two critical imaginary eigenvalues collide along
the imaginary axis in a Hamiltonian Hopf bifurcation and enter the right and left half planes along

the figure 8, see Figure Other such collisions of eigenvalues occur at the top and bottom
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k=0, b=0.22 k=0, b=0.25 k=0, b=0.28

1.0 1 1.0- ] 1.00

08" ‘ 1 08" 1 08"

0.6 ] 06" ] 0.6

045 1 045 ] 0.4F

0.2 1 02" ] 0.2

0.0 ‘ ‘ 0.0 ] 0.0 ‘ ‘

204  -02 0.0 02 04 04 -02 0.0 02 0.4 204 -02 0.0 0.2 04

Figure 2.2: The upper half complex A plane, depicting part of the spectrum for Stokes waves
using with b = 0.22, b = 0.25, b = 0.28 from left to right. Red dots represent eigenvalues
with P = 2 and n = 0 (using (2.26)). The green star at the intersection of the curve and the
imaginary axis represents A, where the eigenvalues collide.

of the figure 8 leading to unstable modes as b varies, but the classification of spectral stability
vs. instability is governed by the first unstable modes.

In the rest of Section the results for Stokes waves are generalized to the elliptic solutions
of . Doing so is far more technical, but the main idea remains the same: solutions that are
spectrally stable with respect to a given subharmonic perturbation become unstable with respect
to that subharmonic perturbation when two imaginary eigenvalues collide at the top of the figure

8 spectrum.

2.2.83 The Laz spectrum and the squared-eigenfunction connection

The stability of the elliptic solutions is more difficult to analyze than that of the Stokes waves since
L does not have constant coefficients. To determine the spectrum o, I use the integrability
of the fNLS equation and follow step similar to those in Chapter 3| In particular, I use that
is obtained by requiring that ®,; = ®;, hold, where

4 A B

o= [ Yo o, = o, (2.342)
—* i Cc -A

A= =i+ S WP + Jw, B =¥+ 54, C=—CP" + S ¢a (2.34D)

Equations are the Lax pair of the fNLS equation.
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Finding the Lax spectrum and the squared eigenfunction connection

I say that ¢ € o (the Lax spectrum) if ¢ gives rise to a bounded (for x € R) eigenfunction of (2.34)).
To determine these eigenfunctions, restrict the Lax pair (2.34) to the elliptic solutions (2.4 by
letting ¢ (z,t) = ¢(x). Since now (2.34) are autonomous in t, let ®(z,t) = e*p(x). In order for ¢

to be nontrivial,
1
0* =A%+ BC =+ w®+c¢— 6 (dwb + 3b% + (1 — k*)?). (2.35)
For ®(z,t) to be a simultaneous solution of (2.34)), it must be that

O(z,t) = 1 :thy(x) —Bl@;¢)

D) Alz;¢Q) - ) (2.36)

y(x) = yo exp (— /I dx) ,

whenever (Re(Z)) = 0, i.e., Re(Z) has zero average over one spatial period T'(k), and yo is a

constant. The integrand Z is defined by
i¢B(x; ) + (A(x; ¢) = D)o(x) + Bo(;¢)
B(x;¢)
_ Aw(;¢) — @) B(x; ¢) — iC(A(x;¢) — ©)
A(z;¢) — Q
Two seemingly different definitions for Z are given in (2.37). The two definitions arise from the
fact that (2.34) defines two linearly dependent differential equations for y(x). The two equivalent

T —

(2.37)

definitions for Z follow from ®; and ®s respectively. The average of Z is computed in [27] using

the second representation:

T(k)
I(¢) = — /O T dx

tif—c +4¢° - 20w — 4i((C)) 233
) i(—c — 2w — 4i
= —2iwy + (o) (Cw()wy — Cu(wr)a),
where (, is the Weierstrass-Zeta function [I, Chapter 23|, and « is any solution of
o) = 2i(Q(¢) +i¢* —iw/6). (2.39)

Note that (2.38) has the opposite sign of [27, equation (69)] in which it is defined inconsistently.
Using

(¢'())” = —4 (—c + 4¢% — 20w — 4icQ(Q))? (2.40)
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(2.38) is given by the simpler form
1(¢) = —2iCwr + 2(Cu(@)wr — Gu(w1)a)T, (2.41)

where

2i (—c+ 4¢3 — 2¢w — 4iCQ(Q))

I'= 2.42
(o) (242
From (2.40)), |T'| = 1. The condition for ¢ € oy, is
¢ €or < Re(I(()) =0. (2.43)
The derivative
_ 12 2
g:2E(k‘) (14+b—k"+4C )K(k), (2.44)
d¢ 2(C)
where
w/2
E(k) = / 1 — k2sin(y) dy, (2.45)
0

the complete elliptic integral of the second kind [I, Chapter 19], is used for examining o,. Tangent

vectors to the curves constituting oy, are given by the vector
dl dI\T

I =) Rel = 2.46

<m<m>’e<w>>’ (2:40)

When ¢ € o, the squared-eigenfunction connection [7, 27] gives the spectrum A = 20(¢) and
the corresponding eigenfunctions of £ (2.11)),

in the complex ¢ plane.

U e—i@(:c) 2 _eiﬂ(:c) 2
_ . 1 . ¥ ’ (2.47)
174 _ie—zé)(z)@% _ iez@(:v)(p%
where (@1, 2)T = e *®. The following theorem establishes that the squared-eigenfunction con-

nection can be used to obtain almost every eigenvalue of L.

Theorem 2.2.2. All but siz solutions of (2.11) are obtained through the squared-eigenfunction
connection (2.47). Specifically, all solutions of (2.11]) bounded on the whole real line are obtained

through the squared-eigenfunction connection, except at X = 0.
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Proof. The proof is similar to the proof of [I1I, Theorem 2|. For a complete proof, see Ap-
pendix [A-3.4] O

Therefore the condition for spectral stability is that Q(oz) C iR.

Remark 2.2.3. The explicit eigenfunction representation can be used to construct an explicit
representation for the Floquet discriminant which is a commonly used tool for computing o, [4,
14, 31, 58]. The Floquet discriminant for the fNLS equation and other integrable equations is
constructed and analyzed in Appendix

To examine the stability with respect to subharmonic perturbations, I need A in terms of pu.
Except for the Stokes waves (Section [2.2.2]), A cannot be expressed in terms of p explicitly. Instead,
I use an explicit expression for p = u(¢) and the connection between ¢ and A to say something

about A(u). Equation (112) in [27] gives

T — o <_2 /T(k) (A(x) — Q)p(x) + Be(z) +i¢B(x) d:r:) GO (R))
0

B(x) (2.48)
_ 21(Q)+i0(T (k)
It follows that
M(C) == T(k)u(¢) = —2iI(C) + O(T(k)) + 27n, n € Z. (2.49)
Here, §(T(k)) is defined to be continuous at b = k? by
O(T (k) = 0wl dr b># (2.50)

, b= k>

For nontrivial-phase solutions, the Weierstrass integral formula [13, equation 1037.06] gives

2 c 4e
0T(R) = | s = s aGen) —enGulon) o)

= —2i (opCw(w1) — wilw()) ,

where

2
plag) =eo = —% =b+es, (2.52)

and ¢'(p~'(ep)) = 2ic is obtained from [21, equation (3.51)].
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A description of the Lax spectrum

Since the Lax spectrum is used to determine the stability spectrum, a complete description of the

Lax spectrum is required for the stability analysis. In what follows, I use the notation

G = % <M+ i(vVb—/b— k2)) , (o= % (—ﬂ+ i(Vb+ M)) , (2.53a)
=5 (Vb iVt Vo), =g (VITh-iVh-Vh- k), (25)

for the roots of Q2 in the first, second, third, and fourth quadrants of the complex ¢ plane, re-
spectively (for cn and NTP solutions). I refer to the roots collectively as ;. I rely heavily on [27,
Lemma 9.2] which states that M (¢) (2.49) must increase in absolute value along o, until a turning

point is reached, where dI/d{ = 0. The only turning points occur at { = +(. where

_ _ 1.2
2= 2E(k) (i;(l;) F)K(K) (2.54)

Since ¢? € R, (. is real or imaginary depending on the solution parameters (k,b). I refer to (. as
the solution to with Re(¢.) > 0 and Im((.) > 0. I primarily use —(, in the analysis to follow
since the branch of spectrum in the left half plane maps to the outer figure 8 (see Figure which
corresponds to the dominant instabilities. Further, (. = 0 when b = B(k) where

2E(k) — (1 — k%) K (k)
K(k)

B(k) := (2.55)

For b > B(k), (. € iR\ {0} and for b < B(k), (. € R\ {0}. The following lemmas concern the

shape of the Lax spectrum and are important in the analysis of the stability of solutions.

Lemma 2.2.4. The Laz spectrum oy, is symmetric about Im¢ = 0. Further, if p(¢) increases
(decreases) in the upper half plane, then p(C) decreases (increases) at the same rate in the lower

half plane along oy,.

Proof. Though the proof for the symmetry of o7, comes more directly from the spectral problem, I
prove it by other means here to setup the proof for the second part of the lemma.

The tangent line to the curve Re(I) = 0 is given by (2.46), where

A\  2E(k)Q, — K(k) (8¢ % 4+ (14+b— k> +4(¢% — ¢2),)

(i) - (07 + ) | -
A\ —2B(k)Q + K(k) (—8GGQ + (1+b— k2 + 4(¢2 — ¢2))%)

(i) - 207+ %) e
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and Q, (;) and ¢, ({;) are the real (imaginary) parts of 2 and ( respectively. Since
Re (0*
( 02
only Im (92) changes sign as (; = —(;. It follows that 2; — —; and Q. — Q, as {; — —(;. From

and (Z50).

) R o ) B

Therefore, oy, looks qualitatively the same from (j to —(. as it does from Cj to —(e.

)=-= (1 + 3% — 2k + k* — 16¢C + 4bw + 16(¢} + ¢ — Gw + G(w — 6¢2))),  (2-57a)
) =

(4Q+2wg+c+4ggy (2.57b)

I calculate the directional derivative of p(¢) along or.:

(i) (miereie) =2 (T 75") (ma )

() )

which is symmetric about Im ¢ = 0.

Lemma 2.2.5. When b < B(k), given in (2.55), the branch of the Lax spectrum in the left half
plane (right half plane) intersects the real axis at ¢ = —(. (C = (c).

Proof. Let ¢, € R and € > 0. Since the vector field (2.46)) is continuous across the real ¢ axis, and

since o, is vertical at the intersection with the real ¢ axis by virtue of (2.58]), it must be that

Im <3I ) =1Im (jl ) , as € — 0. (2.60)
Cle=cotie Cle=coic
Then
Q%(¢r tie) = Q%(¢) e (¢ — 4 + 2Gw) + O (€7) (2.61)
so that
QG £ ie) = Q(¢r) + %(c — 4G+ 2Gw) + O () =i + Q. + O (7)), (2.62)
where Q, = O (€) since Q((,) € iR. By (2.56b)), equation (2.60) is only satisfied as € — 0 if
2E(k) — (1+b—k2)K(k
Gr = V il K ():i@. (2.63)
2K (k)

O]
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The next lemma details the topology of the Lax spectrum. To my surprise, there exist few rigorous
results describing the Lax spectrum in the literature even though it has been used in various contexts

(see e.g., [4, 131,58, 60]). Some representative plots of the Lax spectrum are shown in Figure

Lemma 2.2.6. The Lax spectrum for the elliptic solutions consists only of the real line and two

bands, each connecting two of the roots of €.

Proof. The fact that the entire real line is part of the Lax spectrum is proven in [27] but I present
a different, simpler proof that does not rely on integrating Z (2.38)). If ( € R, the only possibility

for a real contribution to the integral of Z over a period T'(k) is through
¢*B
Ei=—— 2.64
A—-Q (2.64)
since A(x) is T'(k)-periodic. Using the definitions for A, B, and ¢,

1d
Re€& = o log(R? — 2¢% + w + 2iQ), (2.65)

which has zero average since R? is T'(k)-periodic. It follows that R C oy. That the roots of Q(() are
in the Lax spectrum follows from the fact that M ((;) € R (Lemma[2.2.20). Because the coefficients
of L are periodic, there can exist no isolated eigenvalues of o,. It follows that the Lax spectrum
can be continued away from the roots of €2. In what follows, I explain the shape of the spectrum
emanating from the roots of 2 and show that these branches and R constitute the Lax spectrum.

The operator is a second-order differential operator, so it has two linearly independent

solutions. The solutions obey
e i 0
Dy (7;¢) ~ o | Do (w3 ¢) ~ e ] as  |¢] = oo (2.66)
As |z| — oo, the above two solutions are bounded if and only if ( € R. Therefore, R is the only
unbounded component of o;. I examine all possibilities for the finite components of oy, in the next
two paragraphs.

Finite components of the spectrum can only terminate when dI/d{ — oo by the implicit function
theorem. This only occurs at the roots of 2. A component of the spectrum can only cross another
component when d//d¢ = 0. This only occurs at (. which is real if the conditions of Lemma
are satisfied and imaginary otherwise. It follows that the spectral bands emanating from the roots

of ) must intersect either the real or imaginary axis. For the dn solutions, this band lies entirely on
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the imaginary axis (see Section . Since there are no other points at which d//d¢ = 0, there
can be no other non-closed curves in the spectrum. However, I must still rule out closed curves
along which it is not necessary that d//d{ = 0 anywhere.

Since [ is an analytic function away from the roots of 2 and ( = co, Re [ is a harmonic function
of ¢ away from the roots of €2, which I will deal with next. Therefore, if the spectrum contained a
closed curve, it must be that Re I = 0 on the interior of that closed curve by the maximum principle
for harmonic functions. If this were true, then it must also be that the directional derivative of
I(¢) vanishes on the interior of the region bounded by the closed curve. However dI/d¢ = 0 only at
two points which are either on the real or imaginary axis . It follows that there are no closed
curves in oy, disjoint from the roots of €. If there were a closed curve which was tangent to the
roots of €2, the above argument would not hold since Re [ is not analytic at the root. However, such
a curve would imply that the origin of o has multiplicity greater than 4 (the origin has multiplicity
4 since the 4 roots of {2 map to the origin). This is not possible since L is a fourth-order differential

operator, and such a tangent curve can not exist. ]

Remark 2.2.7. The above result may also be proven by examining the large-period limit of
which is the soliton solution of (2.I). The spectrum of the soliton is well known [49]. Using the
results of [38], 67, [75], the spectrum of the periodic solutions with large period can be understood.
Once the spectrum for solutions with large period is understood, the analysis presented in this

chapter applies and can be extended to solutions with smaller period by continuity.

Lemma 2.2.8. 0 < M(¢) < 27 for ¢ € or, \ R with equality only at the end of the bands, when
Q(0) = 0.

Proof. See Appendix O

Remark 2.2.9. Lemma [2.2.8| can be rephrased in the language of the Floquet discriminant ap-
proach [4, 14], 31} 58] as the nonexistence of periodic eigenvalues (those with M(¢{) = 0 mod 27)
on the interior of the complex bands of spectra for the elliptic solutions. Before this result, three
things were known about the existence of periodic eigenvalues on the complex bands: (i) The num-
ber of periodic eigenvalues on the complex bands was known to have an explicit bound [58]; (ii)
for the symmetric solutions (here, the cn and dn solutions), the number of periodic eigenvalues is

zero [14]; and (iii) the nonexistence of periodic eigenvalues on the complex band had been verified
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Figure 2.3: Plots of the Lax spectrum. Re( wvs. Im( for ( € or. Plots (i) and (ii) are for the
cn and dn solutions respectively. Plots (iii) and (iv) are for nontrivial-phase solutions, where the
symmetry in all quadrants is broken. Red dots indicate nontrivial-phase solutions, which are plotted
in the lower panels. Parameters are chosen close together to contrast nearby solutions of trivial

and nontrivial phase.
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numerically [14, 56]. Lemma settles this question: there are no periodic eigenvalues on the

complex bands of the Lax spectrum for the elliptic solutions of the fNLS equation.

2.2.4 Spectral stability of the elliptic solutions

Results about spectral stability with respect to subharmonic perturbations are found in [27, Sec-
tion 9]. There, sufficient conditions for stability with respect to subharmonic perturbations are
found in Theorems 9.1, 9.3, 9.4, 9.5 and 9.6 for spectra with different topology. In this section I
present these known sufficient conditions for spectral stability while providing more detailed proofs.
For some choices of parameters I show that the sufficient condition is necessary and comment on
progress made towards showing that this condition is necessary for the entire parameter space in
Appendix

I begin by showing that 2 : o NR — o, N iR, and therefore the real line of the Lax spectrum
always maps to stable modes. Showing that these (and the roots of ) are the only parts of the
Lax spectrum mapping to stable modes is an important challenge (see Appendix .

Lemma 2.2.10. If ( € R, then () € iR.

Proof. If ¢ € R, then the matrix defining the t-evolution in (2.34]) is skew-adjoint, and separation

of variables yields imaginary 2. O

Remark 2.2.11. The above result is proven in [27]. I present the proof above because it is

significantly simpler and it is the primary motivation for Chapter

Trivial-phase solutions, b =1 (dn solutions) or b = k? (cn solutions)

The trivial-phase solutions have ¢ = 0 so that

O(¢) = "+ w® - % (dwb + 36% + (1 — k*)?), (2.67)

and Q%(¢) = Q%(—(). Since Q2(iR) C R, A(¢) is real or imaginary for ¢ € iR. Along with
Lemmas and this implies that trivial-phase solutions have symmetric Lax spectrum
across both the real and imaginary axes (see Figure .
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Solutions of dn-type, b=1 When b =1, (; € iR (2.53) and
Im(¢2) > Im(¢;) > 0 > Im(¢y) > Im((3), (2.68)

with (o = —(3 and (1 = —(4. The following lemmas are needed. The proofs are found in Ap-

pendix [A2]
Lemma 2.2.12. M(¢;) =T(k)pu(¢;) =0 mod 27 for the dn solutions.
Lemma 2.2.13. Let ¢ € iR with either [Im(¢)| > Im({2) or [Im(¢)| < Im(¢y). Then Q(C) € iR.

The above lemmas are used to find necessary and sufficient conditions on the spectral stability of

dn solutions.

Theorem 2.2.14. The dn solutions (b = 1) are spectrally stable with respect to perturbations of

the same period as the underlying solution and no other subharmonic perturbations.

Proof. Lemmas 2.2.13| and the tangent vectors (2.46|) show that the complex bands of the Lax
spectrum are confined to the imaginary axis between the roots of Q. Using Lemmas[2.2.§|and 2.2.12|

and the fact that M ({) must increase in absolute value between the roots of (¢), M(¢) € [0, 27]
on the bands of the Lax spectrum. Equality is attained only at the roots ¢;. By Lemma [2.2.13]
Q(¢) € R on the interior of the bands, so the eigenvalues are unstable. Since ¢ € R only maps to
stable modes (Lemma [2.2.10), spectral stability only exists for T'(k)p = 0, which is what I wished
to show. O

Solutions of cn-type, b = k> When b = k2, the inequality

Q%(i¢) = - + %(21@2 —1)e2 —1/16 < 0, (2.69)
is satisfied for all £ € R. I need the following lemmas whose proofs can be found in Appendix [A.2]
Lemma 2.2.15. For cn solutions, when ¢ € iR, M({) =n mod 27.
Lemma 2.2.16. M(¢;) = T(k)pu(¢;) =0 mod 27 for the cn solutions.
Lemma 2.2.17. Forb=k? and ( € o1, \ ({(1,¢2, (3, &4y URUIR), Q(¢) ¢ iR.

The above lemmas are used to find necessary and sufficient conditions on the spectral stability of

cn solutions.
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Theorem 2.2.18. If k > k* ~ 0.9089 where k* is the unique root of 2E(k) — K (k) for k € [0,1),
then solutions of cn-type (b = k?), are spectrally stable with respect to coperiodic and 2-subharmonic
perturbations, but no other subharmonic perturbations. If instead k < k*, then solutions are spec-
trally stable with respect to perturbations of period QT (k) for all @ € N with Q@ < P € N if and
only if

2T

M(=C) < - (2.70)

defined in the 2m-interval in which M ((;) = 0.

Proof. First choose a solution by fixing k. Then choose a P-subharmonic perturbation. If k > k*,
then 2E(k) — K(k) < 0 so that b > B(k) and (. € iR ((2.55) when b = k2?). If k < k*, (. € R.
Consider the band of the spectrum with endpoint ¢; at which M((;) = 0 (Lemma [2.2.16). If
(e € R, this band intersects the imaginary axis at CA € 1R, otherwise it intersects the real axis at
—(. € R.

Let S represent the band connecting ¢ to ¢ when ¢. € iR. When (. € iR, [Re(A\)| > 0 on S
(Lemma so every T'(k)u value on S corresponds to an unstable eigenvalue. Since pu # 0
mod 27 on S (Lemma , M (¢) is increasing from (o to ¢ [27, Lemma 9.2], and 85 = {0, 7}
(Lemmas [2.2.15( and [2.2.16)), M(¢) € (0,7) on the interior of S. Therefore every T'(k)u € (0, )

corresponds to an unstable eigenvalue. By the symmetry of the Lax spectrum in each quadrant, the
analysis beginning at any of the roots (; gives the same result, except perhaps with (0, ) replaced
with (7, 27), which yields the same stability results. Since Re(A({)) = 0 only at T'(k)u = 0, or
T(k)p = m, if 2E(k) — K(k) < 0, the cn solutions are spectrally stable with respect to coperiodic
and 2-subharmonic perturbations, but no other subharmonic perturbations.

If 2E(k) — K (k) > 0, the band emanating from (s intersects the real axis at —(, (Lemma [2.2.5]).
Then M (¢) € (0, T(k)u(—C.)) along the interior of this band and M (¢) = 0 and M (¢) = T'(k)u(—<¢.)
at the respective endpoints (Lemma [2.2.16). Since [Re(A)| > 0 on the interior of this band
(Lemma , every T'(k)u value along this band corresponds to an unstable eigenvalue. By
Lemma M(—(.) < 2m. Therefore, in order to have spectral stability with respect to P-
subharmonic perturbations, it must be that M (—(.) is at least as small as the smallest nonzero
u value obtained in for this P. The smallest nonzero p value corresponds to m = 1 or
m=P —1, soif

2T

M(=C) < - (2.71)
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then solutions are spectrally stable with respect to perturbations of period PT(k). Since the
Lax spectrum is symmetric about the real and imaginary axes for the cn solutions (see Figure
i)), the same bound is found by starting the analysis at each (;. Since the preimage of all
eigenvalues with Re(2(¢)) > 0 is the interior of the bands (Lemma [2.2.17), is also a necessary
condition for spectral stability. Since the bound holds for each @ < P, @ € N, spectral stability
with respect to P-subharmonic perturbations also implies spectral stability with respect to Q-

subharmonic perturbations. O

Remark 2.2.19. The calculations throughout this chapter use the period of the modulus of the
solution, T'(k) = 2K (k). However, the cn solution itself (not its modulus) is periodic with period

4K (k). When taking this into account, I(¢) gets replaced by 2I(¢), and
T(k)u(¢) = 4I(C) + 2mn. (2.72)

Using for M((), Theorem can be updated to cover subharmonic perturbations with
respect to the period 4K (k) of the cn solutions. This gives that when 2E(k) — K (k) < 0, the
solutions are spectrally stable with respect to perturbations of period 4K (k). The bound
may also be updated using and upon letting T'(k) = 4K (k). In particular, I recover the cn
solution stability results found in [42] [45].

Nontrivial-phase solutions

For the nontrivial-phase solutions, ¢ # 0 and 2 is defined by (2.35)). The statement for the stability
of nontrivial-phase solutions is very similar to that for the stability of cn solutions. I begin with a

lemma whose proof can be found in Appendix
Lemma 2.2.20. M; := M((;) = T(k)u(¢;) =0 mod 27 for each root {(; ?:1 of Q(().

With this lemma, the following sufficient condition for spectral stability of nontrivial-phase solutions

holds.

Theorem 2.2.21. Consider a solution with parameters k and b < B(k) (2.55)). The solution is
spectrally stable with respect to perturbations of period QT (k) for all Q € N, Q@ < P € N if

2T

M(=C) < (2.73)

defined in the 2 interval in which M ((;) = 0.
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Proof. The proof here, much like the statement of the theorem, is similar to the proof of Theo-
rem 2.2.T8

Choose a solution by fixing & and b < B(k) so that (. is real. Choose a P-subharmonic
perturbation. Consider the band of the spectrum with endpoint ¢, (see Figure (iii, iv)) , at which
M(¢2) = 0 (Lemma [2.2.20), and which intersects the real line at —(. (Lemmas [2.2.6] and [2.2.10)).
Since M (() is increasing along the band (Lemma[2.2.4), 0 < M (¢) < T(k)u(—¢.) along the interior
of the band with M({) = 0 and M(¢) = T(k)u(—¢) < 27 (Lemma [2.2.8) at the respective

endpoints.

Since the tangent lines of o, are non vertical at the origin for b < B(k) and |Re(A(—(. £ i€))| > 0
[27], there exist ¢ on the bands in a neighborhood of —(. and a neighborhood of (s which correspond
to eigenvalues A with A\, > 0, i.e., unstable eigenvalues. Since there exist unstable eigenvalues on
this band, in order to have spectral stability with respect to P-subharmonic perturbations, it must
be that M(—(.) is at least as small as the smallest nonzero p obtained in for this P. The

smallest nonzero u value corresponds to m =1 or m = P — 1, so if

M(=C) < 2?, (2.74)

then solutions are spectrally stable with respect to perturbations of period PT (k).

By Lemma the same bound is found for the starting point (5. Starting at {; or (4 gives
the bound

2
M) <2 (2.75)
However, since
M(_Cc) > M(Cc)> (276)

as shown in [27], the tighter bound is found with M (—(.). This is the sufficient condition for
spectral stability. As for the cn case, if the bound is satisfied for P, then it is also satisfied for all
Q<P O

Remark 2.2.22. Determining whether or not the bound ([2.73]) is also a necessary condition for
spectral stability is a significant challenge. Work in this direction is presented in Appendix

Remark 2.2.23. Note that Lemma [2.2.4) implies that near —(. € R, two eigenvalues with the same

|T'(k)p| value are found equidistant from —(. along the band above and below the real axis. Since
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two eigenvalues with the same |T'(k)u| mod 27 value represent the same perturbation of period
PT(k), the eigenvalues associated with a perturbation of period PT'(k) straddle —(. on either of

the arcs and come together or separate as the solution parameters vary, see Figure

Theorem 2.2.24. If b > B(k) (2.55)), solutions are spectrally stable with respect to coperiodic
perturbations. Additionally, they can be spectrally stable with respect to perturbations of twice the

period, but they are not stable with respect to any other subharmonic perturbations.

Proof. See Appendix O

Remark 2.2.25. Numerical evidence suggests that when b > B(k), NTP solutions are spectrally
stable with respect to coperiodic perturbations and no other subharmonic perturbations. However,
there are some parameter values for which the stability spectrum intersects the imaginary axis at a
point. I cannot rule out the possibility of this point corresponding to 2-subharmonic perturbations.
For the cn solutions, this intersection point corresponds to M (¢) = m, which gives rise to spectral
stability with respect to 2-subharmonic perturbations. Because of this, a cn solution and a NTP
solution with b > B(k) can be arbitrarily close to each other but have different stability properties.
One way to rule out this spurious stability for NTP solutions with b > B(k) is to show that the
point M (¢) = m, which is known to occur exactly once on the band of Lax spectrum in the upper

half plane, remains in the left half plane (see Lemma [A.3.6|) for all parameter values.

Having put the subharmonic stability results from [27] on a rigorous footing, the findings are
summarized in Figure Equality in condition defines a family of “stability curves”,
for P € N, in the parameter space which split up the parameter space into regions bounded
by these different curves. The dashed curve shows where (. = 0. Below (above) the dashed
curve, (. is real (imaginary). The lightest shading represents spectral stability with respect to
coperiodic perturbations: all solutions are spectrally stable with respect to such perturbations [36].
Darker shaded regions represent where solutions additionally are spectrally stable with respect to
perturbations of higher multiples of the fundamental period. The P labels inside of the parameter
space indicate which solutions are spectrally stable with respect to P-subharmonic perturbations

in the given region.
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Figure 2.4: The Lax spectrum for (k,b) = (0.65,0.48). Green circles map to eigenvalues of L,
(elements of o, (2.18))) through Q(¢) (2.35). In other words, P = 2 and T'(k)u = m. Red squares
map to eigenvalues of Ly /31 P =3 and T'(k)u = 27/3. See Remark [2.2.23

b= B(k), [2.55)

0.8

0.6

0.4 M(—Cc) =, (2.73)

M(~() = 2n/3,
k

0.6 0.8 1.0

0.2 0.4

Figure 2.5: The parameter space split up into different regions of subharmonic spectral stability.
Each solid curve separating regions of different color corresponds to equality in for different
values of P. Curves end at b = 1/P? (green), the stability bound for Stokes waves. The
magenta dots, along the curve b = k2, show where the stability curves, which are the boundary of
different stability regions, intersect the cn solution regime. The dashed line corresponds to .
Below it, ¢, € R\ {0} and above it (. € iR\ {0}.
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2.3 The advent of instability

Many results on the spectral stability of the elliptic solutions with respect to subharmonic pertur-
bations were shown in [27]. However, no explanation is given there as to how a solution which is
spectrally stable with respect to subharmonic perturbations loses stability as its parameters are
varied. I show here that as the amplitude increases, the instabilities of elliptic solutions arise in
the same manner as was demonstrated for the Stokes waves (Section . I begin by using the
Floquet-Fourier-Hill-Method [23] to compute the point spectrum for a single subharmonic pertur-
bation (2.18) (Figure . I show that two eigenvalues collide on the imaginary axis and leave it

at the intersection of the figure 8 spectrum and the imaginary axis.

Consider a point (kg,bg) in the parameter space lying below a stability curve labeled P =
Q(Q=1,23,...), i.e, M(—((kg,bg)) < 2m/Q (see Figure 2.)). This solution is spectrally stable
with respect to perturbations of period QT'(k) and the Lax eigenvalues corresponding to Q-periodic
perturbations lie on the real axis. Two Lax eigenvalues, CA r and (g = é}, corresponding to R > @
perturbations lie equidistant from —(.(kg,bg) € R on the bands connecting to —(.(kqg,bg) (see
Remark and Figure . The value —(.(kg, bg) lies at the intersection of o7 \ R and o7, NR
which maps to the intersection of the figure 8 and the imaginary axis in the o, plane [27]. The
stability spectrum eigenvalues, Ap = 2(2(@t r) and Ar = 2Q(CR), corresponding to R-subharmonic
perturbations, are on the figure 8 to the left and right of the intersection with the imaginary
axis. As the solution parameters are monotonically varied approaching the stability curve which
is the boundary of the stability region for R-subharmonic perturbations, where M (—(.(kr,br)) =
o1 /R, (r and (g move to —C.(kg,br), and A and Ap converge to the top of the figure 8. When
this happens, the solution gains spectral stability with respect to perturbations of period RT'(k).
Spectral Stability is gained through a Hamiltonian Hopf bifurcation in which two complex conjugate

pairs of eigenvalues come together onto the imaginary axis in the upper and lower half planes.

I am interested in the transition from spectrally stable to unstable solutions. For fixed p,
consider two eigenvalues \ = QQ(é ) € iR and X = 2Q(() € iR spectrally stable). Stability is lost
as the solution parameters are varied to cross a stability curve, { — —(, and { — —(,, entering
a new stability region. The Krein signature [54] gives a necessary condition for two colliding
eigenvalues to leave the imaginary axis, leading to instability. For a given eigenvalue A of the

operator L, associated with a perturbation of period PT'(k) and eigenfunction W = (W7, W3), the
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k=0.6, b=0.4240 k=0.6, b=0.4296 k=0.6, b=0.4400

0g 0 0

o.

0.4

Figure 2.6: For k = 0.6 and P = 2 (perturbations of twice the period) I vary b to go from spectrally
stable to unstable solutions. Top: the top half of the continuous spectrum of £ (black, Re A vs. Im A,
plotted using the analytic expression (2.43) and (2.35])) and two eigenvalues with P = 2 highlighted

with red dots computed using the FFHM. Bottom: Location in parameter space (k vs. b)
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Krein signature is the sign of
. . PT(k)/2 . -
Ks(C) = (W, LW) = <W H”(f,e)w> - / wW*H" (7, W dz, (2.77)
_PT(k)/2
where % = H"(7,{) is the Hessian of the Hamiltonian of the fNLS equation, H(r,/) (defined in
Appendix [A.1)), evaluated at the elliptic solution.

To relate the eigenfunctions of J.% to those of £, I use (A.12) in Appendix Linearizing
(A.12)) about the elliptic solution,

=|. 7] +e +0 (€), (2.78)
g(x7 t) E(x) 'wg(.%', t)
gives
o [wi) —il —102 — 3(7* + 30%) —w\ [wr
It \ w,y %85 + %(37*2 + ) 4w 7l wo
(2.79)
—giE&h | =g [
w9 w9

Separation of variables, (w1, ws)T = e*(Wy, W5)T, and the squared-eigenfunction give A = 2Q(¢)

and

w=|""]= ?12 72 N (2.80)

Wo —ip] + iP5
From the expressions for the eigenfunctions (2.47)) and (2.80) it is clear that if an eigenfunction
(U, V)T of L corresponds to a spectral element A, then there is a corresponding eigenfunction

(W1, Wa)T of J.% with the same spectral element A = 2Q(().
Since 2QW = J %W and since J is invertible, (2.80|) gives

W* LW = 20W*J YW = 2Q(W1 W5 — WaW;) = 4iQ(Jo1|* — |@2|h), (2.81)

with ;1 = —y(z)B(z), and ¢2 = y(x)(A(x)—Q). For a fixed p and a corresponding spectrally stable
solution, Q(¢) € iR for ¢ € R. When ¢ € R, the preimage of A(¢) € iR is only one point (2.57)) so
that by Theorem A(€) is a simple eigenvalue. Therefore, I compute the Krein signature only

for ¢ € R. From ({2.36)),

y(z) = %exp(imag) exp <— / (A_BQW dm) , (2.82)
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where “imag” represents imaginary terms which are not important for the magnitude of y(x). The

magnitude of y(x) depends critically on

(A=) Co  —il|o = (PP + Ul + b7 — i) /2
B (A+Q) 2 —19)2/2 —w/2 4 i (2.83)
= imag + %% In|i(A(z) + Q)|

where ¢ = 7 + il is the elliptic solution whose stability is being investigated. Since A(z) — Q €iR,
it follows that

y(w) = 25 exp (imag) [i(A(x) + Q). (2.84)
Equating |yo| = 1,
ol = = (2.85)
so that
et =B =14+ QP el = yllA-Q = |A- Q. (2.86)
Further,
W* LW = 4iQ (JA+Q* — |[A - Q?) = —16Q%A, (2.87)
implies
a0 = 10020 [ (23l -%) @z (285)
—PT(k)/2

which is the same K3 found in [I1] with appropriate modifications for the focusing case. This

integral can be computed directly using elliptic functions [13] equation (310.01)]:

b 1 E(k
Ky(¢) = —=320%(¢)PT(k) <<2 +173 (1 — k- 21(((/<:))>> 059
= —320(¢)*PT(k)(¢* — ¢2).

Note that since Q22 < 0 for stable eigenvalues, K2(¢) < 0 for ¢ € (—(, () changing sign at ¢ = £(,.
Therefore the two eigenvalues which collide at —(. have opposite Krein signatures, a necessary
condition for instability.

For the trivial-phase solution, Q2(¢) = Q(—(), so the Krein signature calculation here might not
be sufficient, since the colliding eigenvalues, A and A, might not be simple. The remaining stability

results do not rely on this fact. Computing the Krein signature for Stokes waves (Section [2.2.2)) is

simpler than the calculation here, but it is omitted for brevity.
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2.4 Orbital stability

The results on spectral stability may be strengthened to orbital stability (Definition by
constructing a Lyapunov functional in conjunction with the results of [40] [61]. In Theorem
I have established spectral stability for solutions below the curve (see Figure . In this
section I show that those solutions are also orbitally stable. To this end, I use the higher-order
conserved quantities of the fNLS equation (see Appendix .

To prove nonlinear stability, I construct a Lyapunov function, i.e., a constant of the motion

K(r, ) for which the solution (7,¢) is an unconstrained minimizer:

K'(7,0) =0, i/C(f,i) =0, <v,/c”(f,é’)v> >0, YoeV,u#0. (2.90)

In Section it is shown that the energy H satisfies the first two conditions in but not the
third since K3 is not of definite sign. When evaluated at stationary solutions, each equation defined
in satisfies the first and second conditions. Following the work of [I1], 26, 611, 64] I choose
one member of to satisfy the third condition by choosing the constants ¢, ; in a particular
manner. A different approach to finding a Lyapunov function is used in [37] for the defocusing NLS
(dNLS) equation.

Linearizing the n-th fNLS equation about the elliptic solution results in
wy, = J Lpw, L, = ﬁ;{(ﬁ,g)

The squared-eigenfunction connection and separation of variables gives

20, W (x) = JZ,W(x), (2.91)
where §2,, is defined by
W
w(z,t,) = et 1) = iy (1), (2.92)
Wa(z)
and where W (z) is any eigenfunction of £5. The relation
020 =ph(O%(),  n=>2, (2.93)

where p,, is a polynomial of degree n — 2, is found in [I1] and applies in the focusing case as well.

When n = 2, ps = 1 so that Qo = Q and (2.91)) implies

1 1
2J W = Z AW = Z2W, 2.94
J 52 gL W, (2.94)
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for any eigenfunction W of L5. The definition of Ky (2.77) and (2.93) imply

o Q. [PT(k)/2
Ka(Q) 1= (W, LaW) = (W, (7, ()W ) = - / W5 LW de = pu(Q)K2(0).  (2.95)

Q J_pr)2
K>(¢) takes the sign +, —, + for ¢ € (—o00,—(.), ¢ € (=, ), and ¢ € ((, o0) respectively. Since
pa(€) is quadratic, I use K4(¢) = pa(¢)K2(¢), where ps(¢) is defined by (2.93]). Adjusting the
constants of py so that it has the same sign as Ky with zeros at { = +(, makes K4 non negative.

In order to calculate 4(¢), I need
T4 =Ty + C473T3 + C4,2T2 + C471T1 + C470T0, (2.96)

since €14 is defined by Ty® = Q@ by separation of variables in (A.7e). The c4j are not entirely
arbitrary. They are determined by requiring that the stationary elliptic solutions are stationary

with respect to t4, or

o (" = JH}| = J (H} + ca3H; H} Hi Hy) =0 2.97
ot \ ) =77 4 cazHy + capHy + can Hy + caoHp) = 0. (2.97)

Since J is invertible,
Hy = Hy + cazHy + caoHy + ca 1 HY 4 caoHYy = 0, (2.98)

when evaluated at the stationary solution. Equating
0=V, +c13¥Yr +ca2Vr, +c41¥7 +ca0¥r, (2.99)

and using (A.7) with U defined in (2.4]) gives

1

Cro = wess = ceagt g (1 +156% + 4k* + k* + 10b + 10bk?) (2.100a)
11

C471 = 56 — 5&)6473, (2.100b)

with ¢4 2 and ¢4 3 arbitrary. Then
1
0] = 1o (0 +4¢ +desa + ACess)’ O3, (2.101)
so that

1
pa(¢) =+ Ceaz + g+ a2 (2.102)
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The constants ¢4 2 and ¢4 3 are chosen so that K4(¢) = pa(¢)K2(¢) > 0. Setting

ca3 =0, (2.103a)

Ciz = —g+g+i (1—k2—2§,((2), (2.103b)
gives

K4(¢) = =320%(QPT(k) (¢* - ¢2)" > 0, (2.104)

for ( € R and equality only at ( = £(. and the roots of Q. The result has only
been proven for eigenfunctions of L. However since the eigenfunctions of Lo are complete in
L2 ([-T(k)/2,T(k)/2]) [44] the results apply to all functions in L2 ([=T(k)/2,T(k)/2]). This
result implies that H4, with the constants chosen above, acts as a Lyapunov functional for the
spectrally stable elliptic solutions with respect to the t4 dynamics. However since all flows of the
fNLS equation hierarchy commute, Hy is a conserved quantity with respect to the ¢ dynamics
as well. Therefore whenever solutions are spectrally stable with respect to a given subharmonic
perturbation, they are also formally stable [61].

To go from formal to orbital stability, the conditions of [40] must be satisfied. The kernel of
the functional H 1 (77,!7) must consist only of the infinitesimal generators of the symmetries of the
solution (7, 57) The infinitesimal generators of the Lie point symmetries correspond to the values of
¢ for which Q(¢) = 0, so the kernel of HY (7, /) contains the infinitesimal generators of the Lie point
symmetries. In order for the kernel to consist only of this set, I need strict inequality in .

This comes from the following lemma.

Lemma 2.4.1. Let b,k and P be such that (2.73)) holds with a strict inequality. Then the set
S:={C€or:M()=m2r/P, m=0,...,P—1} (2.105)

does not contain (..

Proof. Since M (—(.) < 2w /P, the only possibility for —(. to be in S is that M(—(.) =0 mod 2.
But since —(. represents the intersection of the branch of spectra and the real line, Lemma [2.2.8

applies and M (—(.) # 0 mod 27. Since M ((.) < M(—C(.), it is also the case that (. is not in S [

The above lemma implies that if M(—(.) < 27/P, the kernel of HY(7,¢) consists only of the
roots of (). It follows that, for a fixed perturbation with period PT(k), all solutions
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which are spectrally stable with respect to that perturbation and whose parameters
do not lie on stability curves (the boundary of subharmonic stability regions, at which

M(—(.) = 2w/P) are also orbitally stable.
Conclusion

I have proven the orbital stability with respect to subharmonic perturbations for the elliptic solu-
tions of the focusing nonlinear Schrédinger equation. The necessary condition for stability
is shown to also be a sufficient condition with the help of a numerical check. I see three main
remaining tasks to be completed for this problem: (i) remove the numerical check for sufficiency of
Theorem (ii) determine whether or not solutions lying on stability curves, M(—(.) = 27/ P,
are orbitally stable; and (iii) prove that the solutions satisfying b > B(k) in Theorem are
not stable with respect to 2-subharmonic perturbations.

The main difficulty in establishing the results presented in this chapter is that the Lax pair does
not define a self-adjoint spectral problem. In the next two chapters, I give a general method for
determining important parts of the Lax spectrum, namely those that map to stable elements of the

Lax spectrum.
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Chapter 3

THE LAX SPECTRUM AND SPECTRAL STABILITY FOR THE AKNS
HIERARCHY

While working on the problem in Chapter [2, I noticed a common theme shared by all the
problems that have been studied using techniques used in this dissertation (see e.g., [10] 111 22,
24, [26], 27, [64]): the real line, as a subset of the Lax spectrum, always makes the spectral problem
defining ) skew adjoint (see Remark . If true, this implies that real elements of
the Lax spectrum map to imaginary (and hence stable) elements of the stability spectrum, as
long as the squared eigenfunction connection gives A = 2€2(¢). In this chapter I show that this
feature generally holds for members of the AKNS hierarchy admitting a common reduction. I also
give examples for which my results apply directly and examples which indicate that these results
may be more general. In Chapter [4] I generalize these results to integrable equations outside of

the AKNS hierarchy. Throughout this chapter and the next, stability refers to spectral stability

(Definition [1.1.3)).

3.1 The Lax pair, the Lax spectrum, and the Squared-eigenfunction connection

The AKNS hierarchy [7] is a special class of integrable equations (Section |1.2]) containing a variety
of physically important nonlinear evolution equations. The Lax pair for members of the AKNS

hierarchy is

D, (z, () = i @) ®(z,t;¢) = X, (3.1a)
r(x,t) i¢
B ;)= (A5 PEED g o~ e (3.1)

Clx,t;¢) —Al, )

Here ¢ € Cis called the Laz parameter, assumed to be independent of x and ¢, and r, ¢, A, B, and C

are complex-valued functions chosen such that the compatibility of mixed derivatives, 0;®, = 0, P;
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holds if and only if (L.1]) holds. The compatibility condition defines the evolution equations [7]

q = By + 2i(B + 2Aq, (3.2a)
ry = Cy — 2i(C' — 2Ar, (3.2b)

as well as the condition
Az =qC —rB. (3.3)

I am interested in studying the stability of stationary and periodic or quasiperiodic solutions of

members of the AKNS hierarchy with
r=krq", (3.4)
where k£ = £1. I make the following assumption.

Assumption 3.1.1. The functions ¢ and r are related by (3.4), are t-independent, and have the

form

q(z) = @ Q(z), and r(z) = ke Y@ Q(z), (3.5)
where ) and 6 are real-valued functions and ) > 0 is P-periodic.
With this assumption, gives

B, = —2i(B — 2Aq, (3.62)
C, = 2i(C + 2Ar. (3.6b)

Remark 3.1.2. Many evolution equations are found by assuming A, B, and C can be written as
a (-power series [§]. In such cases, a recursion operator is used to find A, B, and C [8, 3] and [39,

Chapter 2]. Using the recursion operator, A is a function of products of q%xr%x, where n, j € N.

Similarly, B is a function of products of the form q%;lr%m and C' is a function of products of the

form q%xrgntcl. Therefore, when Assumption holds, A, B, and C are t-independent, bounded
for x € R, including co, and A is P-periodic. Each of these statements are assumed to be true in

what follows.
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Remark 3.1.3. The z-equation of the Lax pair (3.1)) may be written in terms of a problem with

spectral parameter (,
(P = b =L0. (3.7)
ir  —i0,
This formulation is the original basis for the term “Lax spectrum.” L is self adjoint if and only if

r = ¢*. Any reference to the equation or the Lax pair being self adjoint refers to the case r = ¢*.

When L is self adjoint, the Lax spectrum (Definition [1.2.1)) is a subset of the real line, o7, C R.

Although finding the Lax spectrum (Deﬁnition is an interesting and important problem in
its own right, I am primarily interested in using the Lax spectrum to determine the stability of sta-
tionary solutions to integrable equations. The connection between the Lax spectrum and stability is
through the squared-eigenfunction connection. For AKNS systems, the squared-eigenfunction con-
nection (sometimes referred to as quadratic eigenfunctions) gives a connection involving quadratic
combinations of the eigenfunctions of between eigenfunctions of the stability problem
and eigenfunctions of the Lax problem [7,39]. In order to connect the Lax spectrum with the
stability spectrum, I make the following observation (originally used in [10]). When A, B, and C
are t-independent (see Remark , may be solved by separation of variables. Equating

®(z,t) = eMo(z), (3.8)

where Q is complex valued and ¢(z) is a complex vector-valued function, (3.1b|) becomes a 2 x 2

eigenvalue equation for 2:
Qo =Te. (3.9)
Using the expression for T,
0% = A? + BC. (3.10)

The following lemma establishes that 2 is not a function of x, in addition to the obvious fact that

it is not a function of t¢.
Lemma 3.1.4. Under Assumption Q is independent of x and t.

Proof. Independence of t is immediate since A, B and C' are independent of ¢ for stationary solutions

(Remark [3.1.2)). Multiplying (3.6a)) by C' and (3.6b|) by B and adding the resulting equations yields

0= 0,(BC) +2A(¢qC — rB). (3.11)
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Using (3.3)),
0 = 0,(BC + A?) = 0,(9?), (3.12)
so 2 is independent of z. O

Thus Q = Q(¢) is a function only of ¢ and the solution parameters. The connection between
the Lax spectrum and the stability spectrum is through 2. For members of the AKNS hierarchy

[8, B], comparing the exponential component of quadratic combinations of the two components of

¢ with v from (1.3)) yields
A =2Q(¢). (3.13)

For the AKNS hierarchy, the squared-eigenfunction connection is known to be complete on the
whole line [39], but this has not yet been shown in other settings. It has been shown to e complete
in every example that has been studied in depth [10] 1T}, 22} 26] 28, [64]. In such cases, gives
the entire stability spectrum if the set o; is known. In other words, the map 2 : o — o, is
surjective. This gives a connection between the function spaces defining the stability and the Lax
spectrum: both are defined by the spatial boundedness of the eigenfunctions in question. The next
step for studying stability is to find the Lax spectrum. Before doing so, I provide an example of

how the steps in this section work for a well-known equation, studied in depth in Chapter [2}

Example (The nonlinear Schrédinger (NLS) equation).
The nonlinear Schrodinger (NLS) equation is

1
W+ S Wy — £ |¥|* =0, (3.14)

where ¥(x,t) is a complex-valued function and x = —1 and x = 1 correspond to the focusing and

defocusing equations respectively. The Lax pair for the NLS equation [77] is given by (3.1]) with
q=9, r=rU* A=—iC?—ix|0?/2, B=(U+i0,/2, C=(r¥*—ir® /2.  (3.15a)

Note that A, B, and C satisfy the properties in Remark Equating ¥(x,t) = e~ “hj(x,t),

where w € R is constant, gives the NLS equation in a frame rotating with constant phase speed w,

W+ wip + %wm — K [ = 0. (3.16)
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Equation (3.16)) can be obtained from the compatibility of the new t-equation,

—i¢% — ik |[P|* /2 + iw/2 CY + ity /2
by = . B e b, (3.17)
Crot — /2 iC ikl /2 — )2
and the z equation (3.1al), which is unchanged.

The (quasi)periodic stationary solutions of (3.16]) are called the elliptic solutions. The stability
of the elliptic solutions of the fNLS equation is covered extensively in Chapter [2 The stability of
the elliptic solutions of the dNLS equation is studied in [II]. To do so, linearize (3.16) about a
stationary solution (z) by letting ¢ (z,t) = ¥ (x) + eu(z,t) + O(e?). This results in

u 102 — 2ik|ih|? + iw —iy)? u

Ru* . )2 —102 + 2ik| > —iw/) \ku*

Since Ln1s does not depend explicitly on ¢, separating variables with

T v(x
Ux,t) = u(@1) = M (@) = MV (z), (3.19)
ku*(z,t) Kv*(x)
results in the spectral problem
AV = LnisV. (3.20)

The squared-eigenfunction connection for the NLS equation [11] gives

2
Uz, t) = d)l : (3.21)
3

where ¢ = (¢1, ¢2)7 is an eigenfunction of (3.17). Using (3.8)), the eigenfunctions of Lxpg are given
by

1 i(z)
Ulz,t) = MV (z) = = XU , (3.22)
3 ¥3(x)
hence A = 2Q(¢) (3.13). The map Q : o, — o0y is shown to be surjective in [II], 28] and
Chapter [2]
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3.2 Finding the Lax spectrum

I begin by introducing the isospectral transformation

B él efib?/?q)l
O(z,t)y=1|_ | = , (3.23)
by which the Lax pair (3.1)) becomes
g,— © 9W)s (3.24a)
kQ(r) —«
. A e ?B) . A B .-
&= | o=|" o, (3.24b)
e?C —A C —A
where
o= —i¢ —if,/2, B=¢"B, C=ec. (3.25)

This form is helpful since, by Remark Band C are P-periodic along with A. The compatibility
conditions (3.3)) and (3.6) become

A, = QC — KQB, B, = 2(aB — AQ), Cp = —2(aC — KAQ). (3.26)

To find oy, the eigenfunctions of (3.1]) are found using a technique first used in [I1]. The eigen-
functions can be found using other techniques, see e.g., [I7,[I8,19]. From (3.24b]), the eigenfunctions

are of the form

O (z,t) = ey () , or B (z,t) = eMyy(x) (3.27)

Here the scalar functions y;(x) and yo(z) are determined by the requirement that ®(z,t) not only

solves ([3.24b)), but also (3.24a)), since (3.24p-b) have a common set of eigenfunctions. The first
equation of (3.27)) is used here, but both representations can be helpful (see Section for more

on this). Substitution in (3.24a) gives

— Byi — Bayr = (—aB+ QA — )y, (A= Q)i + Ay = (—kQB — a(A - Q))y1,  (3.28)
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so that different (but equivalent) representations for y;(z) are obtained from the first or second

equation of (3.1al):

B-—QA-Q) - B,
1 = fi1 exp <}/(y QA -9) dx) : (3.292)
B
B A—Q)+ A,
Y1 = Y1 exp (—/RQ +O;§_Q )+ da:), (3.29b)

where g1 and ¢ are constants of integration. At this point I define Sy, the function space that
defines o7,. Physically, the eigenfunctions ® should be bounded for R. Therefore I define S, to be
the space where ® are bounded for z € R. Since A and B are bounded for 2 € R (Remark [3.1.2)),
y1(x) must be bounded for z € R in order for ®(z,t) to be an eigenfunction. I use the second
expression of . Similar work is done for the first expression of in Section To bound
the exponential growth, I consider the real part of the exponential. Therefore I need the indefinite

integral

kQB d
I_Re/<A—Q+a+dg;10g(A_Q)> dz, (3.30)

to be bounded for = € R. By Remark the integrand in I is P-periodic, so it suffices to examine

the average over one period. Therefore I need

HQB d

where () = % fOP~ dz is the average over a period. Since A — Q is P-periodic, the logarithmic

derivative has no contribution to J. Further, when ( € R, a € iR so it also has no contribution to

J. Therefore when ¢ € R,
EQB
R =0 3.32
e<A—Q> ’ (3:32)

implies ¢ € or..

Remark 3.2.1. Using the two expressions for the eigenfunctions (3.29)) and (3.10]) gives seven other
conditions for ¢ € or. These are omitted here but given in (4.7) with « = —i(, 5 =¢q, and v = r.

When using the recursion operator, A(R) C iR since A(¢) is defined by a power series in { with
imaginary coefficients (see Remark [3.1.2). The following lemma applies when ¢ € R.
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Lemma 3.2.2. Consider a member of the AKNS hierarchy with r = kq*, where kK = +1, and
gt =1 =0. Then C = kB* when ¢ € R and A(() € iR, where A, B, and C are defined in (3.1b)).

Proof. 1 first establish that C' = kB* from which it follows that C = kB*. From ,
0 = Re(A,) = QRe(C — kB), (3.33)
and
0 = Re(C, — kBy) = Re[-20(C + kB) + 4kQA] = Re[-2(C + kB)], (3.34)
since KQA € iR when ¢ € R, by assumption. If «({) # 0, Im(é) = —/@Im(B) and implies
that C = kB*. If a = 0,
9.(C+kB) = Cp+ kB, = 0. (3.35)

Since Im(C + kB) = 0 at 2 with o # 0, it must be zero for all 2. Therefore C' = kB* for all z. [

Part of the Lax spectrum with imaginary (stable) elements of the stability spectrum can now

be determined.

Theorem 3.2.3. Consider a member of the AKNS hierarchy satisfying Assumption
and Remark . Assume further that A, B, and C from (3.24) are P-periodic. Let Q = {( €
R:A(C) €iR}, Q ={C e R:Q(() € iR} and Q, = {( € R: Q(¢) € R}.

When k = —1, Q C ;. Whenk =1, Q C Q; UQ,.. Also, OQNQ; C or, and if Q is shown to be
surjective, Q(Q N ;) C o NIR for k = £1. In other words, all real ¢ for which Q(¢), A(¢) € iR

are part of the Lax spectrum and map to stable elements of the stability spectrum.

Proof. Let ¢ € Q. By Lemma [3.2.2]
Q%(¢) = A + K |B)? € R, (3.36)

s0 Q C QUN.. When k = —1, Q2(¢) < 0 so Q C €;. At this point, I am not assuming that
¢ € op. I show that this is the case by showing that I; = 0 (3.32). If Q(¢) € iR, then

QB 1( QB QB*
ReMQ(A—Q+A*—Q*> (3.57)
1 (QB-xC\ = A,  1d B
_2(A—Q>__2(A—Q)_ 3az o84 -9 (3:38)

Since A is assumed to be periodic, Re I; = 0, establishing that ¢ € oy, and that QN Q; C 0. By
definition, Q(Q N Q;) C o, NiR when {2 is surjective onto o. O
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Remark 3.2.4. When using the recursion operator, A(R) C iR (see statement just before Lemma|3.2.2)).
Therefore when k = —1, Theorem implies that R C o7, and Q(R) C iR for all members of the
AKNS hierarchy satisfying Assumption and where Remark applies.

When « = 1, the spectral problem (3.1)) is self adjoint so o, C R. Therefore the assumption
that ¢ € R is not actually an assumption for such problems. Theorem [3.2.3| establishes that all
{¢ e R:Q(¢) € iR} C or. If one can establish that {( € R: Q(() € R\ {0}} ¢ o, for a specific

problem, then one has shown that the underlying solution is stable.

Example (The NLS equation, continued).
The dNLS equation has ¢ = r* so the Lax pair is self-adjoint and o7 C R. In [I1] the authors
establish that { € R: Q(¢) € R\ {0}} ¢ o by working with directly. Since o = {( € R :
Q(¢) € iR} and Q : o1, — oy, s surjective, the elliptic solutions are stable (see Figure .
The situation for the elliptic solutions of the fNLS equation is more complicated since the Lax
pair is not self adjoint and oy, is not a subset of the real line. The rest of oy, is found in Chapter
by computing the integral in terms of elliptic functions and working with the result, but it
may also be found using the Floquet Discriminant (see Appendix . It was originally shown in [27]
that R C o, by working with the complicated expression for directly. In [28] and Chapter
I establish that the set £ = RU{¢ € C : Q(¢) = 0} are the only elements in o7, that map to
iR C o, under €. Everything else in the spectrum maps to unstable modes, hence the solutions
are, in general, unstable. Special classes of perturbations exist, the subharmonic perturbations, for
which only members of £ are excited. Some of the elliptic solutions are stable with respect to this
class of perturbations (see [28] and Chapter [2). This demonstrates the power of what is established
here: since it is now known what maps to stable elements of the stability spectrum, one only needs

to find the class of perturbations for which the solution is stable. See Figure for an example.

3.3 AKNS Examples

In this section I apply the results of Sections and [3.2]to several equations in the AKNS hierarchy.
The first set of examples are found via the reduction and thus Theorem applied directly.
The next set of equations are in the AKNS hierarchy but are found via a reduction other than
For these equations, I show that similar results still apply, implying that the results in Section
are generalizable. This leads to a generalization of Theorem in Chapter [4
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(a) (b)

Figure 3.1: The real vs. imaginary part of the Lax and stability spectrum (left and right of each
panel, respectively) for an elliptic solution of (a) the dNLS equation and (b) the fNLS equation.
The real component of o7, and its image under € is colored blue. The rest of oy, is in black. The
Lax spectrum is computed analytically using [T, 27] and the stability spectrum is the image

under €2.

3.3.1 Members of the AKNS hierarchy satisfying
The modified Korteweg-de Vries equation
The modified Korteweg-de Vries (mKdV) equation is given by
s — 65U Uy + Uggy = 0, (3.39)

where u is a real-valued function and kK = —1 and k = 1 correspond to the focusing and defocusing
cases respectively. Equation (3.39)) is a member of the AKNS hierarchy (Section with the Lax
pair [7]

A= —4i(3 — 2iCqr, B =4C%q+2¢°r + 2iCqy — oz, C =4C%r +2qr® — 2iCry — 1w, (3.40)

and r = kg = ku. Letting (y,7) = (z — ct,t), where ¢ € R is constant, gives the mKdV equation in

the traveling frame,
Uy — Cly — BKUPUy, 4 Uy, = 0. (3.41)
The Lax pair for (3.41]) changes accordingly:

®, = X0, &, = (T + cX)d. (3.42)



49

The elliptic solutions of the mKdV equation are found upon equating u, = 0 [26]. The Lax pair
can be found by using the recursion operator as mentioned in Remark so the remarks there
holds and Assumption applies. The squared-eigenfunction connection gives A = 2Q(¢) [26] so
Q(¢) € iR implies A € iR.

Theorem [3.2.3|applies with Q = R since A(R) C iR. When k = —1, R C o, and Q(R) C ozNiR.
This result is new: it can be used as a first step for studying the stability of the elliptic solutions
of the focusing mKdV equation. Solutions are stable with respect to perturbations that excite only
real elements of the Lax spectrum. Determining the class of perturbations that this set belongs
to is ongoing work. When x = 1, ; = {¢ € R : Q(() € iR} C or and Q(£;) C o NiR.
Since this is the self-adjoint case, o7, C R. In order to establish stability, one must show that
{CeR: Q) ¢ iR\ {0}} ¢ or. This is proven in [26] to show that the elliptic solutions for the

defocusing mKdV equation are stable.

The mized generalized NLS-generalized mKdV equation (GNLS-GmKdV)

The mixed generalized NLS-generalized mKdV equation (GNLS-GmKdV, or Hirota’s equation)
[39, 34, 53] is given by

W + Ugy + 2K |u]2 u ~+ ic3(Uggr + 6K \u\2 ug) =0, (3.43)

where k = £1, ¢3 is an arbitrary real constant, and u is a complex-valued function. Equation ((3.43))

has applications in nonlinear options [53] and is a member of the AKNS hierarchy with

A = —dicsC3 — 2i¢? — 2ic3qr( —iqr + c3(rqe — qra), (3.44a)
B= 403qC2 +2¢(q +ic3qy) + igy + 03(26127' - qgcx)a (3'44]3)
C =4esr¢? + 2¢(r —icary) —iry + 03(2qr2 — Tyz), (3.44c¢)

under the reduction ¢ = kr* = u. Periodic stationary solutions of have not been studied,
to the best of my knowledge. When they are studied, the first step for establishing stability will
be applying Theorem which applies directly with @ = R since A(R) C iR when ¢ = xr*.
When k = =1, R C o7, and Q(R) C o NiR. When x =1, ; = {( € R: Q(() € iR} C o1 and

Q(Q;) C o NiR. Since the squared-eigenfunction connection for this equation is given by
(Ou, 6u")T = (07, — @3)", (3.45)

where (du, du*) is the linearization of u, A = 2€2(¢). Therefore solutions are stable when Q(({) € iR.
When x = 1, o1, C R so establishing that {( € R: Q(¢) ¢ iR\ {0}} ¢ o, establishes stability.
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The sine- and sinh-Gordon equations

The sine-Gordon (s-G) equation in light-cone coordinates is given by
ugy = sinu, (3.46)

where u(&,n) is real valued. Equation (3.46)) is a member of the AKNS hierarchy (Section with
Lax pair [7]
A= R cos(u), B = Q sin(u), C= Q sin(u). (3.47)
Here I use (&,7) instead of (z,t) to distinguish between the light-cone coordinates (£,7) and the
space-time coordinates (z,t). Equation (3.46]) is equivalent to the compatibility of mixed derivatives,
Oyve = Ocvy, by requiring that r = —¢ = u¢ /2. Since r = —q, (3.46)) is not self adjoint. A self-adjoint
variant of the s-G equation is the sinh-Gordon (sh-G) equation,
ug, = sinh u. (3.48)
Equation (3.48]) is a member of the AKNS hierarchy (Section with Lax pair [7]
A= 4—C cosh(u), B = —4—C sinh(u), C= Esmh( u), (3.49)
and is equivalent to the compatibility of mixed derivatives under the reduction r = ¢ = u¢/2.

The Lax par for both the s-G and the sh-G equations can be found by using the recursion
operator as mentioned in Remark so the remarks there and Assumption apply. Theo-
rem applies to the s-G and sh-G equations with Q = R since A(R) C iR for both. For the
s-G equation, R C o, and Q2(R) C oz NiR. For the sh-G equation, Q; = {{ € R: Q(() € iR} C o,
and Q(L) C og NiR. However since n is not a timelike variable, stability results mean little for
this equation in these variables. A timelike variable appears in laboratory coordinates, for which

stability results are meaningful.

To transform ((3.46)) from light-cone to laboratory coordinates, let (z,t) = (n+&,n7—&) to obtain
The same coordinate transformation on (3.48)) gives

Ut — Ugy + sinh(u) = 0. (3.51)
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The Lax pair for both systems is
1 B 1 .
@zzi(T—l—X)q):X@, <I>t:§(T—X)<I>:T<I>. (3.52)

Note that and are not members of the AKNS hierarchy. Nonetheless I show that
statements very similar to those made in Theorem hold for this equation. This gives a bridge
from the AKNS framework to generalizations.

I move the s-G equation and the sh-G equation to a traveling frame by letting
(2,7) = (x — V't,t) for constant V € R and find

(VZ = Dtz — 2Vuzr + urp +sin(u) = 0, (3.53)
and
(VZ = Dugy — 2Vusr + urp + sinh(u) = 0, (3.54)
respectively. The new Lax pair is given by
b, =X®, B, =T+VX)d=T3%. (3.55)

Periodic stationary solutions are found by letting u, = 0 and assuming « is periodic in . Assump-
tion holds and the Lax pair is of the form mentioned in Remark[3.1.2] Since the transformation
to lab coordinates is isospectral, the spectrum o, does not change and the results on the spectrum
mentioned above still hold. Since the squared-eigenfunction connection gives A = 2Q(() [24], these
results are the first step for studying stability. For the s-G equation, R C o, and Q(R) C oz NiR
so solutions are stable with respect to perturbations that excite only real elements of the Lax spec-
trum. These results are known and have been shown in [24] (whose results agree with [46] where
the Lax spectrum is not used). For the sh-G equation, ; = {¢ € R : Q(¢) € iR} C o and
Q(Q;) C o NiR. Since o7, C R, one must establish that Y = {( € R : Q(() ¢ iR\ {0}} Z o to
establish stability. This result is new and U ¢ oy, has not yet been shown.

The above results show that Theorem may be applicable to some non-AKNS integrable

equations. This is explored in Chapter [4 and a theorem to this effect is proven. Before continuing

on I continue to study the spectral problem for (3.50) and (3.51) for exposition purposes.

The Lax pair of integrable equations not in the AKNS hierarchy generally define a generalized
eigenvalue problem. The Lax pair (3.52)) defines a quadratic eigenvalue problem (QEP),

Q)P = (M*+ N+ K)® =0. (3.56)
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There are two choices for M, N, and K:

1 0 —2i0; g ia b
Ml = s N1 = y K1 = s (357&)
01 —ir  2i0, ic —ia
1 0 —2i0, 7 ia b
M, = Ny = SO I o , (3.57b)
0 -1 ir —2i0, —ic ia
where
a=CA, b=(B, c¢=¢(C. (3.58)

Then ¢ € C is an eigenvalue of @ if and only if Q(¢)® = 0 for all bounded ®. A QEP is classified
as self adjoint if M, N, and K are self adjoint [70]. The eigenvalues for self-adjoint QEPs are
either real or come in complex-conjugate pairs [70, 63]. If M;, Ny, and K; are chosen, then Q(()
is self adjoint if r = ¢*, a* = —a, and ¢* = b, which is the case for the sh-G equation. If Ms, N,
and Ky are chosen, then Q((¢) is self adjoint if r = —¢*, a* = —a, and ¢* = —b, which is the
case for the s-G equation. It follows that for either equation, the Lax spectrum consists of real or
complex-conjugate spectral elements. This confirms what is known from the isospectral transform
to light-cone coordinates. The whole real line is part of the Lax spectrum for the s-G equation and
the Lax spectrum for the sh-G equation is a subset of the real line. To determine the subset of o,

off the real line, one may use the integral condition (3.31]) (used in [24] to find o) or the Floquet
discriminant (Appendix .

3.8.2  Members of the AKNS hierarchy not satisfying (3.4))

The s-G and sh-G equation examples indicate that the results of Section may be applied to
integrable equations not in the AKNS hierarchy. Before examining that case, I show how the results
can be applied to members of the AKNS hierarchy that do not have the common reduction (3.4)).
The Korteweg-de Vries equation

Perhaps the best-known integrable equation is the Korteweg-de Vries (KdV) equation [§],

U + 66Uty + Ugre = 0, (3.59)

where u is a real-valued function of z and ¢t. The KdV equation is a singular member of the AKNS

hierarchy: it is obtained using the AKNS Lax pair (3.1) with » = —1 [7]. When r is constant, the
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Lax pair can be rewritten as an eigenvalue problem with spectral parameter (2. With r = —1,
Pv=—(g+ 87)v = Lxav v. (3.60)

The operator Lkqy is self adjoint, so the KAV equation is said to have a self-adjoint Lax pair even
though the Lax operator L (3.7) is not. Since Lkqy is self adjoint, ¢? € R.
Defining (y,7) = (x — ct, t) gives the KdV equation in the traveling frame,

Ur — Cly + 6uty + Uyyy = 0. (3.61)

The periodic stationary solutions of (3.61) are the cnoidal waves which are defined in terms of
Jacobi elliptic functions [1} 22]. In the traveling frame, the Lax pair is given by (3.1)) with

A= —4iC® + 2iuC —uy —icC, B =4uC? + 2iCuy — 2u* — ugy +cu, C = —4¢%+2u—c,

(3.62a)
g =u and r = —1. Using and with u, = 0,
02 = 2a — (¢ +4C%) (—k + ¢ + 4¢Y), (3.63)
where
k=3u?—cu+ug and 2a=u, — 2ku + 2u® — cu® (3.64)

are constants found from integrating (3.61)) with u, = 0. A condition, analogous to (3.32) and
found in Section for (e o NR s

Re <qg> 0. (3.65)

Since ¢ and C' are real-valued functions for ¢ € R, the above condition is satisfied when Q(¢) € R.
This implies that Q; = {( € R : Q(() € iR} C o, and ©(€Q;) C oz NiR. The analysis of the Lax
spectrum for the cnodial waves of the KdV equation can be found in [22] including plots of the
real Lax spectrum [22 Figure 4] and of the imaginary stability spectrum [22], Figure 1]. There it is
shown that o7, = Q; and that A = 2Q(() establishing that the cnoidal solutions are stable.

The PT-symmetric reverse space nonlocal NLS equation

The PT-symmetric reverse space nonlocal NLS equation is given by [5]

1
iy, 1) + 5 Waa(,1) = KU (, t)2U*(—z,t) =0, (3.66)
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where k = +1. This equation is a member of the AKNS hierarchy with the Lax pair [5]

Az, t) = —i¢? —iqr/2, B = (q+iq./2, C = (r—iry/2, (3.67)

and r(x,t) = kg*(—xz,t) = kU*(—xz,t) € C. Solutions of (3.14) with

V(z,t) = VU(—=x,t), (3.68)

are also solutions of (3.66]). Thus all even solutions of examined in [I1] for k = 1 and in [2§)]
for Kk = —1 are solutions to . These solutions, and other periodic and quasi-periodic solutions
of , were first reported in [51]. Almost every solution found in [51] is even in x, except for one
that is odd. For the even solutions, the Lax spectrum remains unchanged since ¥(x,t) = ¥U(—=x,t):

hence the stability results in [11} 28] and Chapter [2[ hold for these solutions.

The Lax pair is not self adjoint for k = 1, so o, is not necessarily a subset of R. With the
equation written in a uniformly rotating frame so that all components are time independent, As-
sumption [3.I.TJand Remark [3.1.2]apply. Upon assuming that ¢ and r are P-periodic or quasiperiodic
and ( € R, ( € o, if

Re <AquQ> —0. (3.69)

This condition is found just as (3.32)) was found and is an example of several equivalent conditions
for the Lax spectrum derived in Section [£.2] For ¢ € R,

A*(—z) = —A(x), and C*(—x) = kB(x). (3.70)

so that

Q*(¢) = A(2)* + B(z)C(z) = A(~2)* + B(~2)C(~x)
= (42 + BC) = (2°(¢))"

(3.71)
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and Q(R) C RUIR. If ¢ € R and Q(C
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since A is periodic when ¢ and r are. It follows from (3.69)) that Q; = {¢ € R: Q({) € iR} C o, for
Kk = 1. The squared-eigenfunction connection in this case is the same as the local NLS equation,
A = 2Q((). Therefore the results here can be used to understand the stability spectrum.

Reverse space-time nonlocal generalized sine-Gordon equations

The generalized sine-Gordon equations satisfy [0]

Ontq(x,t) + 2s(x, t)q(x,t) = 0, (3.73a)
Opr(z,t) + 28(z, t)r(z,t) =0, (3.73b)
O0zs(x,t) + O (q(z, t)r(x,t)) =0, (3.73¢)

where s is a prescribed complex-valued function and ¢ and r are also complex-valued functions.

These equations are members of the AKNS hierarchy with

s(z,t) qt(x t) o ()

Note that (3.46) is found by equating s(z,t) = — cos(u(z,t))/2, r(z,t) = —q(z,t) = uz(x,t)/2, and
(3.48) is found by equating s(z,t) = — cosh(u(z,t))/2, r(x,t) = q(x,t) = uy(z,t)/2.

The reverse space-time nonlocal sine-Gordon equations [6] are found by using the reduction
r(z,t) = o¢*(—z,—t). The equations (3.73a) and (3.73b]) are compatible under this reduction if
and only if

Az, t;¢) =

(3.74)

s*(—z, —t) = s(z,t). (3.75)
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The evolution equation is
Got(2,8) + 25(2, (e, 1) =0, s"(—a,—t) = s(a,t). (3.76)

Assuming that the equation is in a stationary frame, ¢; = sy = 0, the same analysis as is completed
in the above example shows that Q(R) C RUR and ©; = {( € R: Q(¢) € iR} C oy, for 0 = £1.
The squared-eigenfunction connection here is the same as for the local s-G equation, A = 2Q(().

Therefore these results can be used as a starting point for determining the stability spectrum.

The complex reverse space-time nonlocal mKdV

The complex reverse space-time nonlocal mKdV equation is given by

ur(x,t) — 6ku(z, t)u* (—z, —t)ug(z,t) = 0, (3.77)
where kK = +1 and u is a complex-valued function. This equation is a member of the AKNS
hierarchy with

A(:Ev l; C) = _4iC3 - QiCQ(:‘Ca t)?"(iL’, t) + T(:L‘a t)axQ(xa t) - Q(x7 t)@xr(x, t)) (3783“)
B, ¢) = 4¢%q(x,t) + 2iC0uq(x,t) + 2%z, hr(w, 1) — 02q(a, 1), (3.78)
C(x,t;¢) = 4C%r(x,t) — 2iC0yr(x,t) 4 2q(z, t)r%(x, t) — O2r(x, 1), (3.78¢)

under the reduction r(z,t) = k¢*(—x, —t) = ku*(—x, —t). Note that when
u(—x,—t) = u(z,t) € R, (3.79)

solutions of are solutions of . In such cases, the Lax spectrum is the same since A, B,
and C inherit their properties from ¢ and r. There may be solutions to without the property
(13.79). For these solutions, the same procedure followed in the above two examples shows that
QR) CRUIR and {¢ € R: Q(¢) € iR} C o, for k = £1. The squared-eigenfunction connection
here is the same as for the local mKdV equation, A = 2Q(¢). Therefore these results can be used

as a starting point for determining the stability spectrum.
3.4 Conclusion

The stability spectrum and the Lax spectrum for solutions of many integrable equations on the

whole line have been characterized for some time. The same level of understanding for the periodic
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problem does not exist. One reason the whole line problem is more straightforward to study is
the ability to do spatial asymptotics to find the essential spectrum that contains the unbounded
components of the spectrum. In this work, I have given a complete characterization of all
unbounded components of the Lax spectrum for a number of integrable equations.

I provided a theorem (Theorems with easily verifiable assumptions that establish that real
Lax spectra corresponds to stable modes of the linearization for a number of equations in the AKNS

hierarchy. I demonstrated the applicability of the theorem by applying it to several examples.
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Chapter 4

THE LAX SPECTRUM AND SPECTRAL STABILITY FOR OTHER
INTEGRABLE EQUATIONS

In Chapter [3] T presented a method to find important parts of the Lax spectrum of members
of the AKNS hierarchy admitting a common reduction. There I showed that the real line of the
Lax spectrum plays an important role in stability. For the non self-adjoint members of the AKNS
hierarchy (those with kK = —1), the real line is part of the Lax spectrum and maps to stable elements
of the stability spectrum. For the self-adjoint members of the hierarchy (those with x = 1), the Lax
spectrum is a subset of the real line. If one can establish that {( € R : Q(¢) ¢ iR\ {0}} ¢ oy, then
the solution of interest is stable, as long as the squared-eigenfunction connection gives A\ = 2(().
The sine-Gordon and sinh-Gordon examples (Section indicate that this trend holds even for
integrable systems not in the AKNS hierarchy. In this chapter I extend the AKNS hierarchy results
to integrable systems that are not in the AKNS hierarchy.

4.1 Setup

In this chapter I consider integrable equations (|1.1)) possessing a 2 x 2 Lax pair of the form,

o) = [5 PEEN G = xe, (4.1a)
Y(z,t;:¢) —alz,t; )

By (2.t C) = Az, t;,¢)  B(z,t;0) B(e.1:¢) = TS, (4.1b)
C(x,t;,¢) —A(z,t;()

where o, 3, v, A, B, and C are complex-valued functions. As in the analysis of the AKNS
hierarchy, the analysis here is restricted to Lax pairs where the elements of P = {«, 3, v, A, B, C}
are bounded for all z € R = RU{oo} and are autonomous in ¢. Since the interest here is in studying

stationary solutions, assume that ay = By = ¢ = 0. In the stationary frame, the compatibility of
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(4.1]) defines the conditions

Ay = pC — B, (4.2a)
B, =2(aB - 34), (4.2b)
Cy=—-2(aC —~A). (4.2¢)

4.2 Computing the Lax spectrum

With A, B, and C' t-independent, (4.1b)) may be solved by separation of variables resulting in (3.10J).
Here 2 has the same properties as for the AKNS hierarchy and Lemma holds with a nearly

identical proof. Again I consider the special case of the reduction
v =kpB", k= *l1. (4.3)
Using this reduction, let
Blx;¢) = n(w; e, (@i Q) = mnla; e, (4.4)

where n and 6 are real-valued functions with n(x;¢{) > 0. I also assume that 7 is a P-periodic

function. Using the isospectral transformation (3.23)), the Lax pair (4.1) becomes

N a B\ - . A B .
¢, = <I>, o, = ~ o <Da (45)
4 —a ¢ —A
where
& =a—ib,/2, B =Be " =n, 4 =~e? = gk, (4.6a)
A=A, B=e"B, C=evc. (4.6b)

The eigenfunctions here are identical to . Similar work to what was done there gives two
ODEs for g1, but also two for y5. This gives two expressions for y; and two for y». In each case the
exponential term needs to be bounded for # € R. Inspired by the results for the AKNS hierarchy,
assume that 121, B, and C are P-periodic. With these assumptions, eight boundedness conditions

that define the Lax spectrum are obtain (four from y; and ys, and four from rewriting those four
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using ([4.2))):
Re(a- A=\ _ Re{a+-25_\_o, (4.7a)
B A-Q
Re{a+-29 ) o, Re (24 o, (4.7b)
A+Q B
Y(A+Q 3C
Re(a-AFDN Re{a+-29 ) o, (4.7¢)
8 A-Q
YB 50
Re{d+ -1~ ) =0, Re<T >=o, (4.7d)
A+Q ¢

If any of these conditions are satisfied for a particular f € C, then 6 € or. Some of these con-
ditions are new and some have been used in [10, 11} 22 24] 26, 27, 28]. These conditions were
first written down in full generality in [71]. Note that the last condition in implies that
{€eC:Q() =0} Cor. Lemma and Theorem have immediate analogues here, whose

proof is nearly identical.

Theorem 4.2.1. Consider an integrable equation (1.1) possessing the Lax pair (4.1) with the
reduction (4.3)). Assume that A, B, and C from (4.6)) are P-periodic. Let

Q_={CeC:a(),A() €iR and = —7*}, (4.8a)
O+ ={CeC:a(),A) €iR and g =~"}, (4.8b)
Q; ={¢ € C:Q(¢) € iR}, and Q. ={CeC:Q) € R} (4.8¢)

Then Q_ C Q, Qr C QUQ,, § = Q_U(QrNQ) C o, and QS) C iR. Further, if
Q:0NIR — oz NiR, Q(S) C o NiR.

In other words, assume that o(C), A(C) € iR. Then Q(¢) € iR when 5(¢) = —v(¢)*, (akin
to the k = —1 case in Theorem , and those  are in the Lax spectrum, or. Further, they
map to stable elements of the stability spectrum. When B(¢) = v(¢)*, (akin to the Kk = 1 case in
Theorem , Q(¢) € iRUR and the ¢ such that Q(¢) € iR are in the Lazx spectrum and map to

stable elements of the stability spectrum.

The proof of this theorem is nearly identical to the proof of Theorem [3.2.3] so it is omitted here.
Before moving on to examples which demonstrate the applicability of Theorem note that
these results do not address the intersection of oy, with Q4 N{¢ € C: Q(¢) ¢ iR\ {0}}. Indeed,



61

establishing whether or not this intersection is trivial is important for understanding the stability

of the solution in question. This difficulty is not addressed here.
4.3 Examples

In this section I provide examples for which Theorem applies. Next, I provide examples for
which the theorem does not apply directly, but for which similar conclusions can be drawn. I do
this to demonstrate that these results can be generalized and are not necessarily limited to the
special cases considered here.
4.3.1 Ezamples for which Theorem [{.2.1] applies directly
Derivative nonlinear Schrodinger equation
The derivative NLS equation,

iq =~z +ir(q)* Q)ey K= %1, (4.9)

was first solved on the whole line using the Inverse Scattering Transform in [50]. The Lax pair for

(4.9) is given by (4.1)) with [50]

o = _i<2a 6 = QC7 = TCa (410&)
A=-2i¢* —iC*rq, B=20q+iCq+Cre?,  C =207 —ilr, + (riq. (4.10b)

where r = rkq* € C. Using q(x,t) — e~“'q(x,t) where w is a real constant, becomes

i = —ue + i5(lq] @)x — wa, (4.11)
and A — A+ iw/2; otherwise remains the same. Stationary solutions satisfy

~ oo +ir(|q* q)e —wg = 0. (4.12)

Quasi-periodic elliptic solutions to the stationary problem were found in [43].

The Lax pair defines a QEP (3.56)). There are two choices for M, N, and K,

10 0 i —idy 0

M1 = y N1 = 1 y K1 = ’ ; (413&)
0 1 —ir 0 0 0,
1 0 0 i —idy 0

My = , Ny = 1 , Ky = ’ (4.13b)
0 —1 ir 0 0 —id,
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If My, Ny, and K are chosen, then Q(() is self adjoint if r = ¢*. If My, Na, and Ko are chosen, then
Q(Q) is self adjoint if » = —¢*. It follows that eigenvalues are real or come in complex-conjugate
pairs for either choice of k.

Theorem applies with different results depending on x and (. When x = —1 the theorem
gives R € Q_ and iR C Q4. When k = 1, the theorem gives iR C Q_ and R C Q. It
follows that S_ = R U (€; NiR) C oy and Q(S_) C iR for k = —1 (see Figure [f.1a)). If k = 1,
S; =iRU (2 NR) C o and Q(S;) C iR (see Figure [1.1b). To compute the spectrum off of the
real or imaginary axes, one must examine the integral conditions or construct the Floquet
discriminant (Appendix [B)).

The squared-eigenfunction connection for the derivative NLS equation is [20]
(du, 6u*)T =0, (93, ®3)", (4.14)

where du and du* are the linearizations of the two independent variables. It follows that A = 2Q((),
thus Q(S+) C oz NiR. This result can be used as the first step in studying stability of periodic or
quasiperiodic solutions of the derivative NLS equation.

The derivative NLS equation is one of several equations in the Kaup-Newell hierarchy. Another
example is

3
up = <um + 3ulu, + 2u5> , (4.15)

x
which is a model for long lattice waves [50]. The method described here is applicable to all equations

in the Kaup-Newell hierarchy with ¢ = £r* and for which B and C satisfy the assumptions of
Theorem (4.2.1]
The Massive Thirring Model (MTM)
The Massive Thirring Model in lab coordinates [48] is given by
i(ug +ug) +v+ulv)* =0, i(—vp 4+ v) +u+vu)? =0, (4.16)

where v and v are complex-valued functions of « and ¢. The Lax pair for this equation is given by

with
o= % <\u|2 — |v]* +¢% — 1/8) ,  B= —% G =u™/Q), = —% (v —u/C), (4.17a)

A=t (P4l - -1/), B= L@ /), O=—L(Qutuf)).  (41Th)
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Figure 4.1: The real vs. imaginary part of the Lax and stability spectrum (left and right respectively)
for a periodic solution of (a) the focusing derivative NLS equation and (b) the defocusing derivative
NLS equation. The Lax spectrum is computed numerically using [23] and the stability spectrum
is the image under 2. The Lax spectrum on the real and imaginary axes are colored blue and red
respectively. Their image under the map € is colored in the stability spectrum accordingly. The

Lax spectrum off the real and imaginary axes and its image under € is black.

For solutions |u| and |v| with common period P, Theorem applies with @_ C R and Q4 C iR.
It follows that S = RU (©; NiR) C o and Q(S) C iR. The squared-eigenfunction connection is
given by [48]

du ®3/¢ + udy Py
u* 2/ —u PP
_ | ®/e I (4.18)
51} —Cq)% — ’U(I)lq’g
ov* —Cq)% +0*P 1Py

where du, du*, dv, and dv* are the linearizations of the four independent variables. Therefore
A =2Q(¢) so Q(S) C or NiR. This result can be used as the first step for studying stability of

periodic or quasiperiodic solutions.
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The O4 nonlinear o-model

The O4 nonlinear o-model,

Ugy — U — sin(u) cos(u) + ;zi(&)) (w2 —w}) =0, (4.19a)
Oz (wy cot®(u)) — 0y (wy cot?(u)) = 0, (4.19b)

where u and w are real-valued functions, was solved on the whole line using the Inverse Scattering

Transform [7] in [59]. When A = 0, (4.19) reduces to s-G (3.50)). The Lax pair for (4.19) is given
by (1) with

i icos(2u) 1 9 i
_ i i _ L 42
a 2C+ 8¢ +2wtcot (u) 5 We> (4.20a)
. 1 .
8= 8% sin(2u) — o (ug + ) + %(wx + wy) cot (u), (4.20b)
) 1 .
N = 8% sin(2u) + 5 (ur + ua) + %(wt + wy) cot(u), (4.20c)
A= —EC _ L cos(2u) — E.U)t + 3'wgc cot?(u) (4.20d)
2° 7 %¢ DD ’
. 1 .
B = _SLC sin(2u) — §(ut +ug) + %(wa@ + wy) cot(u), (4.20e)
) 1 .
C= _SLC sin(2u) + §(ut + ug) + %(wx + wy) cot(u). (4.20f)

Since a(R), A(R) C iR and S(R)* = v(R), Theorem applies with @_ = R. Unlike previous
examples, iR ¢ Q4 and no conclusions about Q4 or iR are made here. Therefore R C ; and
R C op. Since the squared-eigenfunction connection is unknown, it is unclear how these results
apply to stability.

Modified Vector derivative NLS equation

The Modified Vector derivative NLS equation [25] is given in polar form by
v
Up = gy + 26(|ul? ), + §(ux + Kul), (4.21)

where k = £1, v € R is a constant, and u is a complex-valued function. Equation is an

extension of the derivative NLS equation (4.9 but is not in the Kaup-Newell hierarchy. The Lax
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pair for (4.21)) is given by (4.1)) with

) 2
3% i¢ rv qu
— _ = =1 4.22
=@ B 4C+qC7 ol 4C+TC, (4.22a)
vt i3 iqgrv? iCPv it
A= — — = —igr¢? 4.22b
5127 642 T 162 | 4 2 e (4.22b)
rvd q? r?2 qlv rlv irgy qriv 3
= 4+ 4= D 2¢%r¢ +1i 4.22
64C3+16C+8C+ 5 + 1 i 5% +q¢° + 2¢°r¢ + (g, (4.22¢)
3 2 2 ; 2
o_ qv rv qCv  rlv  dquv  ¢°rv +re® 4 2gr2C — icry, (4.22d)

T4 T8¢ 16 4 2 Ta T
under the reduction ¢ = kr* = u. Theorem applies when |u| is a periodic solution of .
Ifrk=-1,RC Q_ and iR C Q4, hence R C Q;, iR C Q;UQ,, S =RU(Q NiR) C or, and
QS)ciR. Ifk=1,iRC Q_and R C Q, hence iR C Q;, RC Q,UQ,, S=iRU((QNR) C oy,
and Q(S) C iR. Since the squared-eigenfunction connection for this equation is unknown, it is

unclear at this time how these results apply to stability.

The Wadati- Konno-Ichikawa-Shimizu equation

The Wadati-Konno-Ichikawa-Shimizu (WKIS) equation,

u

i+ | —— | =0, (4.23)

/ 2
1+ |ul .

was first solved using the Inverse Scattering Transform in [68] and has applications in theoretical

physics [57]. The Lax pair for (4.23) is given by (4.1]) with

a = —i, B = Cu, 7= _CU*> (424)
Am_Ze B:%&+¢@>c, C:—%%%m(m>g, (4.25)
v v v/ x v v x

where v = /14 |u|*. This equation is an example of a member of the Wadati-Konno-Ichikawa
(WKI) hierarchy which possesses several nonlinear evolution equations of physical significance. The
orbital stability of the soliton solution obtained in [68] was established in [2]. However, no stability
results exist for the case of |u| periodic. When |u| is periodic, Theorem applies with R C Q_
and iR C Q4. Hence, R C Q;, iR C Q; UQ,, S=RU (2; NiR) C o, and (S) C iR. Since the
squared-eigenfunction connection is unknown for this equation, it is unclear at this time how these

results apply to stability.
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The methods described here directly are applicable to many, but not all equations in the WKIS
hierarchy. Equations in the WKIS hierarchy do not necessarily have a(iR) C iR, so Theorem
does not always apply directly. Nonetheless, the techniques here can be generalized to cover
equations of this form, including extensions of the WKIS hierarchy [79].

4.3.2  Ezamples for which Theorem[{.2.1] does not apply directly
Vector and matrixz nonlinear Schrodinger equations

The Manakov system or two-component Vector NLS (VNLS) equation is given by

.0 9?2
iZt 4+ =0+ 2(ar* + aa ) =0,

ot ox (4.26)
192 1 09 | 510, 4 |go )z = 0

8t 81’2 1 2 2 )

where ¢; and g2 are complex-valued functions. The system (4.26)) was shown to be integrable in [62].

Its finite-genus solutions (including its elliptic solutions) were explicitly constructed in [29]. Its Lax

pair is
a (7 A BT
b, = v=X®, b, = v=T3%, (4.27)
Yop ¢ D
with
a = _ng ﬁ =4q, Y= _q*) P = iCIQ’ (4283)
A=—-2iC>+iq'¢*, B=2(q+iq, C=-2(¢"+iq, D =21 —iq"q, (4.28b)

where ¢ = (q1, ¢2)T and where I, is the n x n identity matrix. This example does not fit the results
found in Chapter [3] or this chapter. However, I show that similar results are found for this system:
O ={CeR:Q() €iR} C o, and Q(§;) C oz NiR, as has been established for other examples.

The compatibility conditions are

A, = pTC — BT, (4.29a
B, = 2aBT — 2447, (4.29b

Cr =2pC + 2vA, (4.29¢

—_  — =

D, =~BT — CBT. (4.29d
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As before, ) is found by separation of variables and satisfies

A-Q BT ]
c D — QI P9

=0, (4.30)

for nontrivial eigenvectors ® = (@1, P5)T. Note that 2 does not have the form (3.10]). Instead, Q2

satisfies
oau (AR BT L (A—Q)det (D —Ql) —CBT/(A-Q)), Q¢ o(A),
¢ D-Ql det(D — Q) (A—Q) — BT(D - QL)~'C), Q¢ o(D),
(4.31)

where o(L) represents the spectrum of L. As usual, Q(() defines a Riemann surface. In the

genus-one case [29], it is represented by

F(C Q) = (2 +2i¢%) (2 — 2i¢%)? + (2X2€ + A3) (2 — 2i¢?) + o = 0, (4.32a)
A2 = —i(¢"G — q19), (4.32b)
A3 = @iz + (479)°, (4.32¢)
o =ilq1.002 — @aqil - (4.32d)
Since
det(D — QL) = (Q — 2i¢?)(A + Q), (4.33)

I use the second expression in only when Q = 2i(? or A+ Q = 0. But Q = 2i¢? satisfies
only if go and ¢ are proportional, and Q = A satisfies only if |q1> + |g2|? is constant.
In the first case, reduces to two uncoupled Schrédinger equations, for which the spectrum
is known. In the second case reduces to two uncoupled linear NLS equations, for which the

spectrum is known. Therefore, I assume that D — Q15 is invertible.

The eigenfunctions of (4.27)) are

xr = eﬂt xr ¢ .
(I)( 7t) yl( ) —(D B QIQ)_lca ’ (4 34)

where a € C is an arbitrary scalar. The scalar function y;(x) is determined by substitution in the

x equation (4.27)):

= (a — pT(D — QIg)flC) Y1, (4.35)
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so that

Y1 = 91 exp </ (a— BT(D — QL)7'C) dx> ) (4.36)
where g is a constant. Thus, ¢ € o, provided that

< 00 (4.37)

Re/ (o= BT(D - QL)7'C) da

for all € R. For periodic potentials and ¢ € R, this becomes

Re (BT(D — QL) 'C) = 0. (4.38)

At = A4, ct=-_BT, D' =_D, (BN = —, (4.39)

where FT = (F*)T is the conjugate transpose of F. It follows that T defined by (4.27) is skew-adjoint
and 2 € iR. Further,

(D - QL) = —(D - QL). (4.40)
It follows that
Re 5T(D — QL) "LC = % BT(D — QL) C + CT((D — QIQ)’I)T(BT)T}
= 5 [T (57D~ Q1)"'C ~ BT(D — 1))
_ % [Tt (D — QL) "'CHT — (D — QL) "4 B")]
= 2 [T (D —an) ™ (€57~ 7BT)] (4.41)
— % [Tr (D — QL) ' (—D,))]

_ _1833 det(D — QIQ)
2 det(D - Ql)

1
= —581, log det(D — Q1I5),

so that
Re (BT(D — QL) ~'C) =0, (4.42)

and Q(¢) € iR for ¢ € R. This can be verified using the method described in [23].
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The work above can be generalized to the Matrix NLS (MNLS) equation,
iU+ Uype —26UUU =0, (4.43)

where U is an {1 X £» matrix for £1,f5 € N, and Kk = —1 and k = 1 correspond to the focusing and

defocusing cases respectively. The Lax pair for the MNLS equation is given by

o, — [T @) g xe, (4.442)
R 'L'CIKQ
A B
&, = o = T, (4.44D)
C D

A= —2iC’I;, —iQR, B=2(Q+iQ,, C=2(R—iR,, D =2i(*I,;, +iRQ. (4.44c)

Here, @ and R are 1 X f5 and #» x {1 complex-valued matrices respectively. The x equation may
be written as a spectral problem,
i1y, 0, —1
o= 07 ¢ ) y_ e (4.45)
iR —ily,0;

L is self adjoint if R* = @, hence o7, C R if R* = Q). The compatibility conditions are the same
as (4.29d)). The steps above apply in a straightforward but cumbersome manner to establish that
Q={CeR:Q() € iR} Corand Q(Q) C oz NiR. Details are omitted here because they are

very similar to the above work.
4.4 Conclusion

In this chapter, the results about the Lax spectrum for members of the AKNS hierarchy in Chap-
ter |3| have been extended to a more general class of integrable PDEs. In particular, the real line
continues to play an important role for stability. Several examples have been given to demonstrate
the applicability and the ease of applying Theorem [£.2.1] The final example indicates that the
framework developed here is even more general than the hypotheses used in Theorem
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Figure 4.2: The Lax spectrum (Re(¢) vs. Im(()) for the Manakov system (4.27]) with initial condition
q1(z,0) = 4cos(z), g2(x,0) = 10cos(z). The real line is colored blue. The Lax spectrum is
computed numerically using the method described in [23]. The stability spectrum is not shown

here because the squared-eigenfunction connection is unknown.
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Chapter 5
CONCLUSION AND FUTURE WORK

The stability results in this dissertation are part of an ongoing research program of analyzing
the stability of periodic solutions of integrable equations ([10, 111, 22} 24] 26, 27, [64]). The results
in Chapter [2] are the first in the program to establish nonlinear stability of periodic solutions for
which the underlying Lax pair is not self adjoint. The results in Chapters [3] and [4] help make sense
of the similarities seen throughout this research program. This work sets up future projects on the
examples listed in Chapters 3] and [4l Many other directions for future research also remain. These

include:

1. Extending the results in Chapter [4] to all integrable models. In every example
studied thus far, the real line maps to stable eigenvalues. This leads to the conjecture that
periodic or quasiperiodic stationary solutions of integrable PDEs are stable only with respect
to those perturbations that excite real elements of the Lax spectrum (except perhaps at
{¢ € C: Q(() = 0}). This conjecture is not straightforward to prove for many reasons.
One major difficulty is that the squared-eigenfunction connection can be nontrivial to find,
does not always have the same structure, and it is not always known to exist. An example
where the situation is different from the results in this dissertation is the Benjamin-Ono (BO)

equation,
uy + Huge + (u?), =0, (5.1)
where
1 [ f§)
=— | —= d&. 5.2
RO @) =+ [ £ ae (52)
Equating (z,7) = (x — ct,t), so that z is in the traveling frame, (5.1]) becomes

ur — cu, + Hu,, + (u?), = 0. (5.3)
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Figure 5.1: The complex €)-plane for the Benjamin-Ono equation, found by using the method in

23] on (53).

Equation (5.3)) possesses a 3-parameter family of stationary periodic solutions [12],

k2
2 —da—k2 1
u(z; a, k’ C) = — ¢ —da—k? + = < 02 —4a + C) ) (54)

‘/ﬁﬁ — cos(kz) 2

where ¢ < 0 and k? < ¢ — 4a. Finding Q in the same way as in this dissertation gives two

spectral problems for €2,

(iQ+ ?/4) vF = (-0 + Vi(x)-) vE, (5.5)

* are eigenfunctions and V* are local PT-symmetric potentials with V* = (V7)*.

where v
As such, both potentials give the same spectrum and €2 + ¢?/4 is a subset of the real-axis
with bands and finite gaps (see Figure . Since the linear stability spectrum is symmetric
with respect to the real and imaginary axes, it cannot be that A = 2Q(() since o, would not

be symmetric with respect to the real axis.

2. Using these same methods to study the stability of higher-genus solutions. The
periodic and quasiperiodic solutions studied in this work are usually genus-one solutions of
the given equation. The genus-one solutions are a special case of the finite-genus solutions.
The finite-genus solutions are a large family of periodic solutions with n-phases. The n-

phase solutions are determined by a genus-n Riemann surface. The finite-genus solutions are
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written in terms of the Riemann theta function [32]. When n = 1, the finite-genus solutions
are genus-one solutions and the Riemann theta function solution is an elliptic function. To
the best of my knowledge, nothing is known about the stability of higher-genus solutions of
NLS. The stability of higher-genus solutions to KdV was examined in [64]. The stability of
higher-genus solutions can be found using the techniques used in this dissertation along with

those in [64].

. Using the analytic description of the stability spectrum to study the dynamics
of perturbations of integrable systems. The techniques used in this dissertation rely
heavily on the integrability of the system. Many physical models are nonintegrable but are
perturbations of integrable equations. An understanding of the spectrum of the unperturbed
problem can be leveraged to understand the dynamics of the perturbed problem. Consider a

nonlinear evolution PDE of the form
up = N(uy g, ..., ung;€), (5.6)

where A is a nonlinear functional of u and N of its spatial derivatives and where € is a small
parameter such that when ¢ = 0 (5.6)) is an integrable PDE. To understand the dynamics of
solutions of (5.6)), consider a perturbation u = ug + euj + O(e?) where g is a solution of the

integrable equation. At order e, this yields

(8t - ,C(U(), UOJ;, S ,U()’NI))Ul = ./."(”LL()), (57)

where F(up) is a function depending only on ug and L(ug, oz, - - ., uo,Nz) is the linearization
of N with € = 0, about the solution uy. Equation is a non-homogeneous equation for u;
whose left-hand side is defined by the same operator whose spectrum I have fully determined.
Once uy is determined, a similar problem can be solved at each order of ¢ for the remaining

Up.
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Appendix A

APPENDICES FOR ESTABLISHING STABILITY OF ELLIPTIC
SOLUTIONS OF THE FNLS EQUATION

A.1 The fNLS equation Hierarchy

The results presented in this appendix are found in more detail in classic sources such as [7, §].
The fNLS equation (3.14]) is a Hamiltonian system with canonical variables ¥ and i¥*, i.e., it can

be written as an evolution equation

v OH/6W
9 = JH'(V,i¥0*) = J / (A.1)
ot \ jp SH/6(i0*)
for a functional H and where
0 1
J = . (A.2)
-1 0
I define the variational gradient [8] of a function F'(u,v) by
.
SF  SF\T (K, . OF =, . OF
/ A 1) 1)y
P = (5 5) S-Walg S CWolgs ) (A3)

where uj, = 8£u, and N is the highest-order z-derivative of w or v in F. The quantity H (¥, iU*)
is conserved under (3.14) and is the Hamiltonian of (3.14]). The Hamiltonian is one of an infinite
number of conserved quantities of the fNLS equation. I label these quantities {;}32,. The first

five conserved quantites are needed here:

Hy = 2/|\11|2 dz, (A.4da)
Hy = z/\Ilz\I/ dz, (A.4b)
1 2 4
= [ (1w - 10*) da. (A.4c)
i * 2 Jo%
Hy = 4/ (q/xq/m — 30> @ %) da, (A4d)

1
Hi= g [ (10l = 0202~ 60 [0+ U 00, 420 d (Ade)
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The above equations can be written in terms of ¥ and ¢¥* by using \\I'jx\Z = W, V7,. The above
integrals are evaluated over one period T'(k), for periodic or quasi-periodic solutions. Each H,

defines an evolution equation with respect to a time variable 7, by

0 v , o 0H, /0¥
. = JH! (U, i0*) = J . (A.5)
Ot \ 4 §H, /5(iT*)
When n =2 and 7o = t, Hy = H is the Hamiltonian for the fNLS equation: (A.5)) is equivalent to
(3.14). Letting ¥ = (r +if)/v/2 and i¥* = i(r — if)/\/2, where r and ¢ are the real and imaginary
parts of ¥ respectively, (A.5)) becomes
a [r 0H, /ér
— = JH,(r,0)=J / : (A.6)
Ot \ ¢ §H, /50
I use (A.5) and (A.6) interchangeably and refer to H,(r,¢) and H,(¥,i¥*) as H,, when the context
is clear. The collection of equations (A.5) is the fNLS equation hierarchy [8, Section 1.2]. The first

five members of the hierarchy are

U, = -2, (A.7a)

U, =0, (A.7h)

Upy = i[OO+ S, (A7)
3.9 1

L T 2 (A.7d)
3 3 ., i , iy,

., = —Zz\\ll\4\11 - v w2 §\If|\11$]2 — V2, — Z\Iﬂlllm — g Yz (A.Te)

Each equation obtained in this manner is integrable and shares the conserved quantities {H;}22,.

Through the AKNS method, the n-th member of the fNLS equation hierarchy is obtained by
enforcing the compatibility of a pair of ordinary differential equations, the n-th Lax Pair. The
first equation of the pair is ®; = T1® and the second is ®,, = T, ®, for the n-th member of the
hierarchy. Here, T} and T}, are 2 x 2 matrices, the first five of which are defined in . The n-th
member of the {NLS equation hierarchy is recovered by requiring 0, ®,, = 0., ®,,. For example,
is recovered from the compatibility condition of ®, and ®,, with ¢ = 7. The collection
of the Lax equations for the hierarchy is called the linear fNLS equation hierarchy. The first five



members of the linear fNLS equation hierarchy are

@,

where

=Ty® =

P,
0

i U
T iC

o,

—iC2 iU /2 (U400, /2

D,
—CU* 400 /2 02— |0 /2

Tyy = —i¢® +iC [W[* /2 + i Im (VW) /2

Tho =G0 +iCW, /2 — U U /2 — U, /4

Ty = —C2U* +iCUL/2 4+ [P 0" /2 + U7, /4

Ty1 = —iCt +iC O /2 + i Tm(0 W) /2 — 30 | U[* /8 + i |W,|* /8 — i Re(V*T,,) /4,
Tho = 3 + i, /2 — ¢ (|x11|2 /2 + \1/m/4) 3 [ Uy /A — Wy, /8,

Tig = =0 +iCPW5/2 4+ ¢ (102 02+ Wy, /4) = 30 (W] W5 /4 = i, /8,

and ( is referred to as the Lax parameter.

Each of the H,, are mutually in involution under the canonical Poisson bracket (A.2) [§]. As a
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(A.8a)

(A.8D)

(A.8¢c)

(A.8d)

result, the flows of all members of the f{NLS equation hierarchy commute and any linear combina-

tion of the conserved quantities gives rise to a dynamical equation whose flow commutes with all

equations of the hierarchy. A family of evolution equations in ¢, is defined by

0

O, \ ¢

n—1
= JH,(r,0)=J | Hy + > caHj |, n>0,
7=0

(A.10)

where the ¢, ; are constants. I loosely call (A.10)) the “n-th fNLS equation.” Similarly I define the
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n-th linear fNLS equation to be

n—1
O, =Tp® = [T+ > cnyTy | 2. (A.11)
=0

The n-th NLS equation is obtained by enforcing the compatibility of ®,, with &, .
The second fNLS equation (2.2)) is obtained from (A.7a) and (A.7c) and has Hamiltonian
H = Hy, = Hy—wHy/2. With ¢(z,t) = (r(z,t) +il(x, 1)) /2, 2.2) is

—wl = U(r* +0%) )2 — Ly /2 N
o (7] = [Twf ) 2\ Z i), (A.12)
l wr + (2 +12) /2 + 1y /2

The associated linear fNLS equation is Ty = Ty — wTp/2. Defining 71 = z and ¢, = ¢, (A.12) (or
equivalently (2.2])) is obtained via the compatibility condition of the two matrix equations

O, = b, = T4, (A.13a)
Oy =, — %cbm = (TQ - %T()) o. (A.13b)

A.2 Proofs of Lemmas in Chapter 2

Next, I present proofs for lemmas used in Section [2.2.4]

Proof of Lemma |2.2.12. Formulae for Weierstrass Elliptic functions used here and in what fol-
lows are in [I, Chapter 23] [13] [73]. I use the notation 1y = (y(wg), k =1,2,3.
For the dn solutions, b = 1 and the four roots of () are

G=20-VI-F), 6= 0+VI-F), G=-06 G=-G (A.14)
Since c =60 =0,
M(¢) = —21(¢;) mod 2. (A.15)

The quantities a(¢;), ' ((¢j)), and Gu(a(¢j)) are needed for the computation of I({;). Using

and (Z39),

(@) =a(G)=p" <€1 +V/(e1 —e3)(er — 62)) = 01% + 2nwq + 2mws, (A.16a)
_ (e3 —e1)(e3 —e2) w
a(G) =a(l) =p (eg + 3@(%1/2) 3_ o 2 > =0y (?1 - w3> + 2nw; + 2mws, (A.16Db)
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where n,m € Z and oy is either 1. From [I3 equation 1033.04] and the addition formula for

' (2),
p’(W1/2) = -2 ((61 — 63)\/ e —eg + (61 — 62)\/61 — 63) (A 17 )
17a
=201 - k> +V1—k2),
{{J/(w1/2 — wg) =2 ((61 — 63)\/61 — €9 — (61 — 62)\/ €1 — 63) (A 17b)
— 1 - VI R). |
Using the addition formula for (,(z),
_ . 1 p(w/2)
Cw(w1/2) wa(—wl/Z—i-wl) = Cw(wl/2)+771 Q—Q(w1/2) . (A.18)
so that
A 1 pfe/2) ) 1 -
Gulwr/2) =3 (m 2 ol el) =3 (m +144/1 k2> : (A.19a)
_ 1 plw/2) 1
Gollr/2 =) = Gulen/2) =+ 5= 2= - = 5 (m +1-v1- k2) . (A.19D)
Using the parity and periodicity of ©'(z), and the quasi-periodicity of {,(z) I arrive at
9 ((G2)) = g19' (w1/2), (A.20a)
o (a(C)) = o1 (w1 /2 — ws), (A.20b)
Cuw(a(C2)) = 01w (w1 /2) + 2nm1 + 2mm, (A.20c)
Cuw(a(C1)) = 01Cw(w1/2 — w3) + 2nm + 2mns. (A.20d)

Substituting the above quantities into (2.38) and using wsn — wing = im/2 results in I(¢;) = 0
mod 27 for j =1,2,3,4. O

Proof of Lemma |2.2.13. Let ( = i€ with £ € R. Then

()= -t~ Luz_pe K g (A.21)
o 2 16 ’ ‘

so Q(() is either real or imaginary. Then Q(({) € iR if and only if

¢ > 3(2 — k%) + %\/1 —k2 or &< 3(2 — k%) — %\/1 — k2, (A.22)

which is equivalent to

€l <Tm(¢G) or [¢] > Tm(Cy). (A.23)



79

Proof of Lemma |2.2.15 First, this holds for ( = 0, since
a(0) = p~t(e3) = ws + 2nwy + 2muws, (A.24)
where m,n € Z, so that
I(0) = 2T (w1 (n3 + 2nm1 + 2mn3) — mi(ws + 2nm + 2mnz) = —I'pmi, (A.25)
for p € Z [1, Chapter 23]. Then
M(¢) = —2i(—T'pmi) + 7 =7n mod 2. (A.26)

Since the curves for Re(I) = constant, given by (2.46)), and for Im(I) = constant are orthogonal,
the vector field for Im(I) = constant is vertical on the imaginary axis as Q(¢) € iR there (2.46)).
Since M(¢) =7 mod 27 at ¢ = 0 and is constant on the imaginary axis, it follows that M ({) = 7

mod 27 on the imaginary axis. d

Proof of Lemma[2.2.16. For the cn solutions, b = k? and the four roots of Q(¢) are

G=s(VITF+i#), =i (—VITR+#). G=—G. G=-G.  (A2)
Here, ¢ = 0 and 0(T'(k)) = 7 give
M(() = —2iI(¢;) +m mod 2. (A.28)

The quantities «({j), ©'(a(¢;)), and Cw(a(¢j)) are needed. Using (2.9a]) and (2.39)),

a(G) = a(@) = p_l (62 - i\/(el —ez)(ea — eg)> = 01% + 2nwi + 2mws, (A.29a)
(3 — e1)(es — e2) )

€y — €3 — i\/(el — 62)(62 — 63)

a(G) = a(Cs) =o' (63 +
(A.29D)

=01 (% — w3> + 2nwi + 2mws.

From [I3], equation 1033.04] and the addition formula for ¢'(z),
9 (w2/2) = = (w1/2+ w3/2)
= -2 ((61 —e2)Ves —e3+i(ea —e3)ver — 62) (A.30a)
= —2k(1 — k* + ikV/1 — k2),
O (wo/2 —ws) = —2k(1 — k* — ik\/1 — k2). (A.30b)



Cw(w2/2) is found in a similar manner to (,(w1/2) (Lemma to be
Guleon/2) = 5 (Gulion) — b+ VT = R2)
from which
Golwn/2 — ) = 3 (Gulw) — k= iV/T— R2) — s

Using the parity and periodicity of ©'(z), and the quasi-periodicity of ,(z) I arrive at

' (a(Gr)) = 019 (w2/2),

¢ (a(G2)) = 019’ (w2/2 — w3),

Cu((C1)) = 01w (w2/2) + 2nm1 + 2mms,
Cw(($2)) = 01Cw(w2/2 — w3) + 2nm + 2ms,

where o7 is either £1. Substituting the above quantities into (2.38) results in
i
1(G) = 1(G) = o1 +2mm,
s
I(CQ) = I(C4) = 3015 + 2mm.
Therefore

M) =M(G3) =oimr+4mm+7 =0 mod 27,
M((2) = M(C4) =301m+4mm+m =0 mod 27.
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(A.31)
(A.32)

(A.33a
(A.33b

(A.33c

~—  ~— ~—

(A.33d

(A.34a)

(A.34D)

(A.35a)
(A.35b)

O]

Proof of Lemma [2.2.17. Without loss of generality, let { = (, 4+ i(; with (. < 0. The computa-

tion is the same for ¢, > 0 by symmetry of the Lax spectrum. Consider the curve in the left half

plane defined by Im(Q?) =0, Re(? < 0) (2.57)). For ¢; # 0, this curve is defined by

2 =Q) = 2(1 —2k?),  for (e [-V1-k2/2,0).

(A.36)

The above parameterization is valid only when k& > 1/ V2. For k < 1 / \/5, (r is restricted to a

smaller range so that (; € R.
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Let G(¢r) = I(¢ +i¢i(¢r)) where (;(¢,) is defined with either sign of the square root in (A.36)).
If T can show that Re(G((,)) > 0 for ¢, € (—v1 — k?/2,0), then I have shown that Re(I(¢)) # 0
when Q(¢) € iR\ {0}. A quick computation gives

10/ = (PG, (A7)
where
Py((r) i= —16K (k)¢? + 4(E(k) — K*K (), (A.38)
and
Q= %¢(4<§ TR D)2+ 402, (A.39)

the imaginary part of Q. Take Q;1/Q((,) > 0 without loss of generality (£2;1/Q(¢,) < 0 corresponds

to a different sign for (; or €; or both and is a nontrivial but straightforward extension of what
follows). P»((.) and dRe(G)/d¢, have opposite signs since ¢, < 0. Since Re(G(—v/1 — k2/2)) = 0
and Po(—V/1 —k2/2) < 0, it suffices to show that dRe(G)/d¢, > 0. Indeed, if this is true, then
Re(G) > 0 when Q(() € iR \ {0}. There are three cases to consider.

Case 1: P(¢,) has no negative roots or one root at ¢, = 0.

If P5(¢,) is always negative, then this case is done since Re(G) is increasing on (—v1 — k2/2,0).
This is the case if E(k) — k?K (k) < 0, which is true for k > x where k ~ 0.799879.

Case 2: P»((,) has one negative root and Q(¢,) has no negative roots or a double

negative root.

Let  be such that P»(C) = 0. Then Re(G) is increasing on (—v/1 — k2/2,¢) and decreasing on
(¢,0). This can only occur for 1/v/2 < k < k. Since
dRe(]) I
=—1 — A4
a, I“(dc)’ A
dRe(I)/d¢; > 0 for ¢ = i¢;. Since Re(G(¢;)) must be minimized in the limit (, — 07, it
follows from continuity and the fact that Re(G) > 0 on the imaginary axis that Re(G) > 0 for

¢ € (—V1—k2/2,0).
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Case 3: P(¢r) and Q(¢,) both have one negative root.

Let ¢ be as above and let £ be the negative root of Q. Then Re(G) is increasing on (—v/1 — k2/2, ()
and decreasing on (¢, €) at which Re(G(€)) = 0. Since the parameterization is not valid on (€,0),
Re(G) > 0 for ¢, € (—v1 — k2/2,€) which are all allowed ¢ values for which ¢ ¢ R UiR.

It follows that Re(G) > 0 when Q(¢) € iR \ {0}. O

Proof of Lemma |2.2.20, 1 establish that M; = 0 mod 27 on the boundary of the parameter
space by establishing this fact for the Stokes waves (k = 0) and using Lemmas [2.2.12 and [2.2.16]
Setting A = 0 in (2.23|) shows that u = —2n. Since T'(k) = m for Stokes waves, T'(k)u = 0

mod 27 whenever 2 = 0. Next, I compute directly that 9,M; = 0 for the nontrivial-phase solutions.

In what follows I use that

G = (VT bt ios (Vi 1Vb— 7)), (A.41)

so that (1, (2, (3, and (4 correspond to (o1,092) = (1,1), (—1,1), (—=1,—1), (1,—1) respectively.
Defining

epj = plaj) —eo = —2¢F +w, (A.42)

where ¢ is defined in ([2.52)), gives

¢ epj
8—5 = %, (A.43a)
80[0 1 1
= T = (A.43D)
8aj _ _C + 2<j€p7j _ 4C]3 - 2Cjw —C (A 43(3)
b 2cp/ () 2c0/(aj) '
From the definition of " and ([2.40)),
3 . ; 3 . 2 .
(4¢; — 2Gjw — o)l _ 2i(4¢; — 2¢jw —¢) __i (A4d)

¢ (o) ¢ (a;)? 2
Using the above calculations, the expression (2.41)), and (2.49) with 6(7'(k)) defined in (2.51)), I

compute

0 o0I(¢; 0
%Mj =2 ( 8(Z§J) + %(aom — wle(%)))
| 5T | (A.45)

= -2 <—2zcep7jw1 — (g cp’%o:) 2 (m +wi(epj+e€o)) — é("h + w160)) =0
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by direct computation. Since M; = 0 mod 27 along the boundaries of the parameter region
(Figure [2.1) and 0,M; = 0 on the interior of the parameter space, it follows that M; is constant (0
mod 27) in the whole parameter space.

O

A.3 Necessity of stability condition , proof of Lemma and proof of The-
orem [2.2.24

In this appendix I present progress made towards showing that is not only a sufficient but also
a necessary condition for spectral stability. A theorem is introduced which shows that |[Re(\)| > 0
on the complex bands of the spectrum. For part of the parameter space, the proof of this theorem
is complete. For a different part of parameter space, the proof relies upon a numerical check over
a bounded region of parameter space (see Figure . The numerical check consists of finding a
root of a degree-six polynomial and evaluating Weierstrass elliptic functions at that root. Numerical

checks of this kind are not uncommon (see e.g., the non-degeneracy condition for the fNLS equation

in [36]). Similar arguments are used in Lemma to prove Theorem [2.2.24] and Lemma

Lemma A.3.1. Let c#0 and ¢ € (C” Nop) \ (RUIRU{(2,(3}) where C is the left half plane.
Then 2(C) ¢ iR.

Proof. Let ¢ # 0 and ¢ = (. + i¢; with ¢, < 0. Consider the curve in the left half plane defined by
Im(922) = 0. For ¢; # 0, this curve is defined by

G=¢—-————. (A.46)
The condition Re(2?) < 0 implies |(,| < v/1 — b/2 with equality attained at the roots of Q2. Let

Q(¢r) = 4G} — 2w, —c. (A.47)

Then ¢; € R only if Q(¢,) < 0 and Q(¢,) has two roots with negative real part. If both roots are
complex or there is a double root, then the parameterization (A.46|) is valid for all —v/1 —b/2 <

(» < 0. This is the case if the discriminant of ) is nonpositive, which is true when

k2, E>1/v2,
b> (A.48)

| P, k<1/V2,
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with

(1+k%)?
9(1 — k2 + k1)
It is interesting to note that the condition b < F(k) is the same condition as [27), equation (85)]

F(k) = (A.49)

which determines when the imaginary 2 axis is quadruple covered by the map (().

Define G(¢,) = I(¢ + i¢i(¢r)), where (;(¢) is defined with either sign of the square root in
(A46). The goal is to show that ReG(¢,) = 0 only when ¢; = 0 or ¢, = —/1 —b/2, which
corresponds to one of the roots of Q2. Along the solutions of ,

dReG

where
Q :i4|1< VG104 b R 4G, (A.51)

the imaginary part of 2 (and Q = €2; because of the parameterization). The polynomial Py is given

by

Py(z) = —64K (k)2 + 16(E(k) + (k2 — 2b)K (k))a* + 8cK (k)2 (A52)
£ 2(BR) + (b~ V() — K (k). |

I'let Q;4/Q(¢) > 0, without loss of generality. (€2;1/Q({:) < 0 corresponds to a different sign for ¢;

or §; or both and is a nontrivial but straightforward extension of what follows). Therefore, Ps((;)
has the opposite sign of dRe(G)/d¢, and Re(G(¢,)) — +oo as ¢ — 07 since ;¢:/Q(¢) — 0~
and P — —c2K (k) < 0. Since ¢, = —/1 — b/2 corresponds to a root of Q and the roots of ) are in
the Lax spectrum, Re G(—v/1 —b/2) = 0. I wish to show that d Re(G)/d¢. > 0, which guarantees
that Re(G(¢)) = 0 only when Q(¢,) = 0.

Consider the polynomial

Ps(z) = Ps(—x) = ax® + aszt + asa® + a1z + ao. (A.53)

It is clear that ag < 0,a3 < 0,a9 < 0 and a4 changes sign depending on b and k. Then
dK (k)
dk

By Descartes’ sign rule, an upper bound on the number of negative roots of Py is either 2 or 0,

a1 = —2¢(E(k) + (b— 1)K (k)) < —2¢ (E(k) + (k* — 1)K (k)) = —2c <0. (A.54)

depending on the sign of a4. Since Pg((,) — —o0 as ¢, — —oo and FPs(0) < 0, Ps(¢,) has an even
number of negative roots, either 2 or 0.

I consider four cases.
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Case 1: Pg(¢r) has no negative roots or a double negative root.

If Ps(¢r) has no negative roots or a double negative root, then Ps(¢,) < 0 and Re(G(¢r)) > 0 so
Re(G(¢,)) is bounded away from 0 (see Figure |A.1al).

Case 2: Pg(¢r) has two distinct negative roots, Q(¢,) has no negative roots.

Let & and & be the two roots of Ps with & < £ < 0 (see Figure[A.1b)). Then Re(G) is increasing
on (—v1—10/2,&), decreasing on (£1,&2), and increasing again on (€2,0). If Re(G(&2)) > 0, then
Re(G) is bounded away from 0 and this case is done. I do not know how to verify this condition

analytically, so I check it numerically. It is found to always hold.

Case 3: Pg(¢r) has two distinct negative roots, Q(¢,) has a double negative root.

Let & and & be as above and let ¢; be the negative double root of @ (see Figure [A.1c]). It must
be the case that (; > &; since Re(G) is initially increasing and I know that Re(G) — 0 as ¢ — (3.
However, since (7 is a double root of @, it is also a root of Re(G) so it must be that ¢(; = &. This

means that Re(G) is tangent to 0 at ¢ = ¢;. This corresponds to ¢ € R.

Case 4: Pg(¢r) and Q(¢r) have two distinct negative roots

Let & and & be as before and let {; and (2 be the two negative roots of Q with {1 < (3. As
before, it must be that & is smaller than each of &, (1, and (5. The next largest root may be

either & or (.

e An illustration of this case is found in Figure If & is the next largest root, then there
isacle (&1,&2) such that Re(G(é)) = 0. For (, greater than &, Re(G) increases to 0 at
¢r = (3. For ¢ € (¢1,(2), nothing can be said about Re(G) since the parameterization is not
valid. For ¢ € ((1,0), Re(G) > 0 is increasing since Ps(¢) < 0 in this range. Thus if the
ordering is & < & < (1 < (o, there is a ¢ € o7, such that Re(G(()) = 0 and Q(() € iR.

e An illustration of this case is found in Figure If ¢ is the next largest root, there are
no zeros on (—+/1 —b/2,(1). If there were, there would be another zero of Ps in (£1,¢1) (so
that Re(G) can increase back to zero) but there is not, by assumption. For ¢, € ({1, (2), the
parameterization is not valid. Re(G({2)) = 0 and is increasing if £&s < (» and is decreasing
if &, > (2. If Re(G) is increasing at (2, this case is done. If Re(G) is decreasing at (2, then

since Re(G) — oo as (, — 0, there must be another zero of Re(G) in ((2,0).
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In either of the two subcases of Case 4, there can be at most one (, = ér with Re G(fr) = 0.
However, Lemma below shows that there must be an even number of zeros of Re(G((,)) for
(r < 0. It follows that there must be 0 intersections and Case 4 is eliminated. Since Case 1 and
Case 3 also do not pose any problems, only Case 2 is left to verify. This check is done numerically

for some parameters, which completes the proof of Lemma O

Remark A.3.2. The numerical search required for Lemma need not take place over the
whole parameter space. Case 2 can only occur when holds with strict inequality (b =
F(k) corresponds to Case 3). Thus the search region covers only those b values satisfying b >
max(k?, F(k)). The search space is shrunk further by looking only for those (b, k) pairs satisfying
as > 0 in (A.53)). as <0 if and only if b > G(k), where

E(k) + k2K (k)
2K (k)

The search region is further shrunk by first checking whether or not Ps has two negative roots,

G(k) == (A.55)

counted with multiplicity. This check needs to be done numerically since the roots cannot be found
analytically. The search region shown in Figure indicates where P has two negative roots.
From the numerical tests, fewer than 4% of the grid points in the search region give rise to Ps with
negative roots, independent of grid spacing. Therefore, fewer than 4% of the points are checked to
satisfy Re(G(&2)) > 0. Representative plots of Re(G((,)) near b = F (k) are shown in Figure
It is verified that, for a grid spacing of 10710, the condition Re(G(&2)) > 0 is satisfied in the
necessary domain. The numerical check can be removed if it can be shown that the minimum of
Re(G(¢r)) at & is monotonically increasing as b increases from F(k). I am not, however, able to

prove that at this time.

A.3.1 (. €R: an extension of Theorem [2.2.21

I first look at cases when b < B(k) (2.55) so that (. € R.

Lemma A.3.3. Let b < B(k) so that (. € R. Then for ( € (C”No)\R, Q(¢) has an even number

of intersections with the imaginary 2 axis.

Proof. Note that for ( € (C™ Nopr) \ R, Q(¢) has 0, 1, or 2 intersections with the imaginary axis
by Lemma The tangent line to o, at the origin is given by [27, equation (104)],

dQ; (2c — 1 —b(k? — 2b))E(k)

10, "R VB b ) DER) + (1~ KK (k)

(A.56)
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Figure A.2: (a) The parameter space with curves indicating when a numerical check to show that
the condition in Theorem is both necessary and sufficient. For more details, see
Lemma The dashed blue region just above the line b = F'(k) indicates where Ps has either 1
or 2 negative roots and hence where the numerical check takes place. (b) Plots of ¢, vs. Re(G((,))
near b = F(k) for k = 0.4. The curve b = F(k) is shown in solid red, b = F(k) + 0.001 in dashed
black, and b = F(k) 4+ 0.01 in dotted blue. See Cases 2 and 3 in the proof of Lemma The
numerical check in case 2 is to determine whether Re(G((,)) = 0 anywhere for b > F'(k).
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with + corresponding to (3 and — corresponding to (3. It follows that for { near {3 on oy,
the stability spectrum enters the 1st quadrant of the A plane. For ¢ € or \ R near —(, € R,
(=—C+id+0 (6?) where §; € R is a small perturbation parameter [27, equation (150)]. A short

calculation gives

.
Q=G+ 0) = A=) + 55 (462 = 26+ 0), (A.57)

where (—(.) € iR. Then

4¢3 — 2w 4 ¢ = \/QE(k) —(b— k2 + DE(k) (4B(k) + K (k) (b + k* — 3))

23 (k)
_ \/2E(k) —~ (25[;3?;; 1)K (k) <k (k,)QdI;ik) +2B() - K (k)> (A.58)
>0,

since b < B(k). Since o, enters the first quadrant from the origin and enters the imaginary axis
from the first quadrant, it must have an even number of crossings with the imaginary axis. In

particular there must be either 0 or 2 crossings. 0

Using Theorem [2.2.21] Lemmas [A.3.1{and |[A.3.3|imply that the condition (2.73]) is both a necessary
and sufficient condition for spectral stability when 2E(k) — (1 + b — k?)K (k) > 0 by following the

exact same proof as for Theorem [2.2.18]

Theorem A.3.4. The sufficient condition for spectral stability (2.73|) given in Theorem |2.2.21| is

also necessary.

Proof. Using Lemma notice that Q(¢) € iR for ¢ € o, NC™ if and only if ( € RU {(1, (2}
This means that the bound (2.73)) is a necessary and sufficient condition for spectral stability. When
max(k?, F(k)) < b < G(k), Lemma relies upon a numerical check. O

Remark A.3.5. If one is not pleased working with the numerical check, then the results in this
appendix only change in the following manner. The bound still determines which solutions
are spectrally stable with respect to perturbations of period PT'(k). It still follows that if Q < P
and a solution is stable with respect to perturbations of period PT(k), then this solution is also
spectrally stable with respect to perturbations of period QT'(k). The results in the appendix are
only needed to rule out spectral stability with respect to other perturbations, e.g., perturbations

with period RT'(k) for R > P.
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A.3.2 A proof of Theorem[2.2.2] (. € iR

In this subsection I present the details needed to establish Theorem

Lemma A.3.6. Let ¢ # 0, (. € iR, and ¢ # (1 be in the open first quadrant. Then () € iR for

at most one value of ¢ € oy,.

Proof. The proof is similar to that of Lemma with the following changes. Here Q((,) always
has one zero for (. > 0. Call this zero f . Then the parameterization (A.46) is valid for (. €
[(,v/1—b/2]. Note that Ps(¢,) has at most two positive zeros by Descartes’ sign rule. Since Ps(¢,)
has at most two positive zeros and Re(G(C)) = Re(G(v/T —b/2)) = 0, it follows that there is at
most one other ¢, value at which Re(G) = 0. O

Proof of Theorem [2.2.2]] Note that if 2E (k) — (14 b — k?)K (k) < 0, then (. € iR and it must
be that o, intersects iR\ {0} (Lemma [2.2.6] see Figure (iv)). Let ¢ € iR\ {0} be the intersection
point of o7, and iR\ {0}. Since Re({) = 0 and Im(¢) # 0, implies that Q(¢) ¢ iR. By 2-59),
M () is increasing on (2, (1) except perhaps at (. if (. € or. In any case, since M ((2) = M(¢1) =0
mod 27, M(() traces out all of T'(k)u € (0,27). By Lemma Re()\) > 0 for ¢ € ((2,(]. By
Lemma m Re(A\) = 0 at most at one point in the band connecting (2 to (;. Since I need
Re(\) = 0 for P — 1 different p values different from 0 for stability by (2.16), it follows that there
can be stability at most for P = 2. Since P = 2 corresponds to perturbations of twice the period,
the desired result is established.

Finally, note that the above proof does not rely on the numerical check in Lemma since
the curve b = B(k) (2.55)) always lies above the curve b = G(k) for k2 < b < 1. To see this,
note that B(k) > G(k) if and only if

3E(k) — 2(K')*K — K*K (k) > 0. (A.59)
But
k2 2(1 _ k,2)73/8 _ (1 _ k2/4)—1/2

3E(k) — 2(K)2K (k) — K*°K (k) > T (R ) >0 (A.60)

for 0 < k < k ~ 0.941952, where all estimates are found in [I, Section 19.4]. It can be verified that
both B(k) < k? and G(k) < k?, so B(k) > G(k) everywhere in the domain k% < b < 1, hence no

numerical check is needed for solutions satisfying b > B(k). O
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A.3.3 A proof of Lemma [2.2.§

Proof of Lemma[2.2.8 For the cn solutions and the NTP solutions with b < F(k) (A.49) or
b > G(k) (A.55), Lemmas [2.2.17] and [A.3.1] imply that every ¢ € (C™ Noy) \ R gives rise to

an unstable eigenvalue A\((). By [36], the elliptic solutions are spectrally stable with respect to
coperiodic perturbations. Since coperiodic perturbations correspond to T(k)u = 0 mod 27, I
conclude that in the cases above M({) # 0 for ¢ on the complex bands of the Lax spectrum
in the left half plane. It is left to show that the same result holds for the NTP solutions with
F(k) <b< G(k).

By continuity, an eigenvalue with T'(k)u = 0 mod 27 (hereafter called a periodic eigenvalue)
can only enter a complex band by passing through the intersection of the complex band with the
real axis. Since a periodic eigenvalue has Re(£2(¢)) = 0 by [36], it must be the case that the curve
intersects the complex band at a periodic eigenvalue. Since the intersection of and
the complex band must occur immediately upon the periodic eigenvalue entering the band, it must
be that the curve and the complex band intersect the real axis at the same location, { = —(,
(2.54). The curve intersects the real axis when Q((,) =0 . But Q(¢,) = 0 only at
the boundary of the region F'(k) < b < G(k), when b = F(k). Therefore, in order to establish that
no periodic eigenvalues enter the complex band, I must establish that the zero of Q((,) mentioned
above is not equal to —(.

When b = F(k), Q(¢.) has a double zero at ¢, = ¢; < 0:
Q) =4(G — C)* (G — Ga)- (A.61)
Comparing the above expression to (A-47)), I find that (7 = w/6. But
E-G=2 (E(k) - %(2 - KK )
zE(k—fK > /1 - k2K (k) —fK (k) >0,

(A.62)

for k? < 5/9 (the inequality used for E(k) comes from [Tl Section 19.9]). Since b = F(k) < k? only
when k? < 1/2 < 5/9, I find that the intersection of Q((,) with the real line is well separated from
the intersection of the complex band with the real line for all allowed k. It follows that no periodic
points can enter the complex band in the left half plane. The proof is finished by noting that since
2w > M(—(.) > M((.), periodic points also can not enter the complex band in the right half plane.

O
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A.3.4 A proof of Theorem[2.2.9

Proof of Theorem [2.2.2, The proof is similar to the proof of [I1, Theorem 2|. I provide details
omitted there.

For every A € C, can be written as a four-dimensional first-order system of ordinary
differential equations. For each A € C, one value of Q is obtained through 2 = A\/2. Defining

Qu(Q) = —¢" € — o (b + 302+ (1= IP?), (4.6
and
Qu(.0) =97 - Qu(0), (A.64)
let
B:={)\eC: the discriminant of Q, with respect to ¢ vanishes}. (A.65)

For A € C\ B, the zeros of Q4(,() give four values of ( € C. It is not necessary that each of
these four values of ¢ are in the Lax spectrum since this counting argument is independent of the
Lax spectrum. The squared-eigenfunction connection gives a solution to for each of
the four ¢ € C. Therefore, gives four solutions of the fourth-order problem for each
A € C\ B. I first show that the four solutions obtained through are linearly independent for
A € C\ B, then later I will look at A € B.

Using the fact that

By = 2(—i(B — ¢A), (A.66)

the eigenfunctions (2.36) may be written as

-B Q
x(xz,t) = et A q Yo €Xp (—/ <QB + ¢B> d;r>

= A—Q BW ( / )

When )\ € C\ (BU{0}), the above gives four eigenfunctions, one for each . The four eigenfunctions

(A.67)

have singularities at the zeroes of B. Since the zeros of B depend on (, the four eigenfunctions

have different singularities in the complex = plane for the four different values of (. When Q = 0,
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there exist two bounded eigenfunctions [36, Proposition 3.2]. Only one of these is obtained through
(12.36]).
Now consider the six values of A € B. The discriminant can only vanish in one of the following

cases:
L Qi= (- -&)(C-G)? =0,
2. Qu=(¢-G)*(¢(—-&)? =0,
3. Qi=((~ )¢~ =00

4. Q= (C—-C)r=o0.

The zeros of Q4 come from level sets of Q4(¢). Case 4 can only occur when the graph of Q4(¢) has
one maximum. However, since I know from that all four roots of Q4(C ) cannot be equal, case
4 is not possible. Case 3 can also be ruled out since the four roots of Q4(¢) are real. Case
2 can only occur when two roots of collide, which can only occur for the cn or dn solutions.
The stability of these cases has been determined [42] so they are not a concern here. Finally, case
1 is possible. In case 1, only three values of ( are determined from 2. In such a case, three linearly
independent solutions of are found. The fourth is obtained using reduction of order and
introduces algebraic growth so it is not an eigenfunction. Therefore in this case, all eigenfunctions

are found using the squared-eigenfunction connection.

O]
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Appendix B
COMPUTING THE FLOQUET DISCRIMINANT

A common tool for characterizing the Lax spectrum for periodic potentials is the Floquet dis-
criminant [4, 14, 31, [58]. The Floquet discriminant is typically approximated numerically since
the eigenfunctions of the x equation are unknown for generic potentials. Using the framework laid
out in Chapters [3[ and {4} I obtain explicit expressions for the eigenfunctions . Since Q(() is
defined by its square, defines two different values of €2 for every value of ¢ for which (¢) # 0.
Hence defines two linearly independent solutions of except for when (¢) = 0. When
Q(¢) = 0, only one solution is generated by and a second solution is found using the method
of reduction of order. The solution found by reduction of order is algebraically unbounded so it is
not an eigenfunction. For Q(¢) # 0, the two eigenfunctions of are

bulant) =y [ PO ) (B.)
A(z) — Q4
One choice of and y; are used here. The following computations proceed similarly for the
other choices. A fundamental matrix solution (FMS) of the z-equation of is

~

M@y = [ TB@w@ “Blay-(@) ) (B2)

(A() = 21)y+(2)  (Ae) — Q- )y-(2)

where dependence on t has been omitted. The FMS normalized to the identity is given by
M (z;20) = M~ (zo)M(z). (B.3)

To simplify notation, define

Ii(z:¢) = —/ (d—i— AéCQi) dx. (B.4)

In this section Assumption is used instead of assuming that o € iR.

Assumption B.0.1. & and BC/(A — Q) are periodic in x with the same period P as the solution.
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Under Assumption each of the integrands in (4.7)) is P-periodic, and any of the representations
may be used for I. It follows that

Ii(z + P; Q) = Li(x;C) + L (P; ). (B.5)
Then
yi (@ + P) = yo(2)e =00 =y (2)To (P), (B.6)
and
M (x4 P;x) = M~ (o) M (z + P) = M~ (o) M (2)D(P) = M (x; 20)L(P), (B.7)
where
I'(P) = F*((]P) F(ZP) (B.8)

is the transfer matrix. In order for solutions to be bounded in space, it must be that the eigenvalues

of the transfer matrix have unit modulus. Thus,
Re (I+(P;()) = 0. (B.9)
If Assumption holds, this is equivalent to . The Floquet discriminant is defined by
A(Q) = tr(T(P)) = T (P) + T (P), (B.10)
and
o, ={C€C:Im(A(()) =0 and [A(()] <2}. (B.11)

Both definition (B.11]) and (4.7) require numerical computation or the use of special functions. I
prefer working with (4.7)) directly, but I present the Floquet discriminant because of its popularity.
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