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Abstract

We derive explicit solution representations for linear, dissipative, second-order Initial-Boundary Value Prob-
lems (IBVPs) with coefficients that are spatially varying, with linear, constant-coefficient, two-point boundary
conditions. We accomplish this by considering the variable-coefficient problem as the limit of a constant-coefficient
interface problem, previously solved using the Unified Transform Method of Fokas. Our method produces an ex-
plicit representation of the solution, allowing us to determine properties of the solution directly. As explicit
examples, we demonstrate the solution procedure for different IBVPs of variations of the heat equation, and
the linearized complex Ginzburg-Landau (CGL) equation (periodic boundary conditions). We can use this to
find the eigenvalues of dissipative second-order linear operators (including non-self-adjoint ones) as roots of a
transcendental function, and we can write their eigenfunctions explicitly in terms of the eigenvalues.
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1 Introduction

The Unified Transform Method (UTM), or Method of Fokas, is used to solve Initial Value Problems (IVPs) and Initial-
Boundary Value Problems (IBVPs) for integrable equations. Its application to linear, constant-coefficient partial
differential equations (PDEs) is particularly convenient and straightforward. The UTM leads to many new insights
on PDEs and IBVPs, see for instance [1, 7, 10, 11, 12, 13, 14, 29], and references therein. Especially relevant for us,
the method has been used to explicitly solve interface problems and problems with piecewise-constant coefficients,
see [5, 6, 17, 23, 24, 25, 26]. The purpose of this paper is to generalize the UTM to solve variable-coefficient IBVPs.
In [29], Fokas and Treharne use a Lax Pair approach to analyze specific variable-coefficient IBVPs. Their approach
reduces the problem from solving a Partial Differential Equation to solving an Ordinary Differential Equation (ODE)
by writing the solution of the PDE as an integral over the solutions to a non-autonomous ODE, but it does not provide
an explicit representation of the solution. This approach, like separation of variables, is useful if the associated ODE
is a second-order, self-adjoint problem on a finite domain, for which we have regular Sturm-Liouville theory [3], but
does not generalize well to problems that are not self adjoint, of higher order, or posed on an unbounded domain.

In our approach to variable-coefficient IBVPs, we divide the domain into N parts and approximate the equation
by a constant-coeflicient equation on each part. We solve the resulting interface problem using the UTM as shown in
[5, 6, 17, 23, 24, 25, 26]. Using Cramer’s rule, the solution in each part is found as a ratio of determinants. Through
the nontrivial steps of obtaining an explicit expression for the determinants and taking the limit as N goes to infinity,
a complicated but explicit solution expression is obtained. As in previous applications of the UTM (e.g., [1, 13] for
constant-coefficient problems, [6, 27] for interface problems), one of the benefits of our approach is characterizing
which boundary conditions give rise to a well-posed IBVP. In particular, for the finite-interval problem, this work
is consistent with Locker’s work on Birkhoff regularity, e.g., [16]. Since the UTM is generalizable to large classes of
varying boundary conditions, IBVPs of higher order, including non-self-adjoint problems, we expect our method to
generalize in these same directions as well.

In this manuscript, expanding on work presented in [9], we construct explicit solution expressions for general,
second-order IBVPs with spatially-varying coefficients and with linear, two-point boundary conditions, as integrals
over known quantities. We present the solutions for the whole-line problem, the half-line problem, and the finite-
interval problem. We choose to demonstrate the solution process to the three problems in all their generality starting
with the simplest, so that we start with the whole-line problem in Section 3, followed by the half-line problem in
Section 4, finishing with the finite-interval problem in Section 5. In Sections 3.1, 4.1, 5.1, and 5.2, we restrict to
specific examples. For the finite-interval problems, our explicit representation characterizes the eigenvalues of the
ODE obtained through separation of variables and gives the eigenfunctions explicitly in terms of these eigenvalues, see
Section 5.3. This allows for the numerical approximation of the eigenvalues, including for non-self-adjoint problems.
Other numerical applications are presented in [9]. In Appendix A, we present a formal derivation of the solution. In
this appendix we switch the order of exposition by deriving the solution to the finite-interval problem first, as the
solution of the other two problems follows from it. We finish the paper with rigorous proofs in Appendices B-E.

Our formulae may seem complicated; however, they are similar to the solutions found in [21], which have been
used to prove a variety of properties of solutions to ODEs and eigenvalue problems. Indeed, our notation is inspired
by this book. While our solutions are similar, our methods are entirely different. The reader may also find our
expressions reminiscent of path integrals [28], although those are usually used to propagate in time, unlike our
spatial “discretization” approach.

2 Assumptions and definitions
Throughout this paper, we consider the linear, second-order evolution equation with spatially variable coefficients:

@ = a(z) (B()g), +v()g + f(z,1), r€DCR, t>0, (2.1a)
q(x,0) = qo(x), x €D, (2.1b)
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Figure 1: The region € with the branch cuts for g(k, ).

on different domains D with (possibly) some functions fo(t), f1(t) prescribed at the boundary of D. In all cases, the
solution is written as

q(z,t) = % /{m (I)(Ak’(]f;t)ek%dk, (2.2)

where the functions ®(k, z,t) and A(k) depend on D and the initial and boundary conditions provided. The region
Q={keC:|kl>rand v/4 < arg(k) < 3m/4}, for some r > /M,, where M, = |||, as shown in Figure 1. In
this section, we establish notation and introduce assumptions on the functions in (2.1) that we use throughout the
paper.

We define arg(-) € [—7/2,37/2). We use D to denote the domain of the problem, so that D = R, D = (z;,0),
and D = (z;,x,) for the whole-line, half-line, and the finite-interval problems, respectively. The domain D is given
by the open set, and we denote the closure by D. We write the L!-norm over the domain D C R as || - ||p. When
used on a function of multiple variables, we implicitly assume a supremum norm on the other variables, e.g., for a
function f(k,z) for k € Q CC and x € D,

1fllp = 21618/1) |f(k, z)| dz.

In this way, the norms always represent fixed numbers, never functions. The notation AC(-) represents the space
of locally absolutely continuous functions on the closure of the domain. We use the ‘big-oh’ notation O(-) and the
‘little-oh’ notation o( - ), as described in [19].

Assumption 1. We assume the following about the coefficient functions «, 3,7y:

~

- sup,ep |arg(a(z)B(z)| < 7/2,

a, 8 € AC(D),

Map = infoep |o(z)B(z)| > 0,

aB, 7 € L*®(D), and we define Moz = ||0f|oo and My = [|7]|o,
(8'/B—d/a), v € LY(D).

Assumption 2. We assume the following about the inhomogeneous, initial, and boundary functions f,qo, fm:

1. For the inhomogeneous function f(z,t), we assume f(x,-) € AC((0,T)) for each = € D, and

Ifllp = sup /|f(m,t)\dm<oo and lf¢llp = sup /|ft(m,t)|dx<oo.
te[0,T] J D t€[0, 7] J D

2. For the initial condition qo(z), we assume qo € L*(D).

3. For the boundary functions fum(t), m = 0,1, we assume fn, € AC((0,T)) and f,, € L>=((0,T)).



Assumption 3. The finite-interval IBVP has a number of subcases. One of these, Case 4 (see Definition 8), requires
the following assumption, in addition to Assumption 1:

1. /B —d'/a e AC(D).
2. For the boundary functions fn(t), m = 0,1, we require f], € AC((0,T)) and f/! € L>((0,T)).
Remark 4.

o Assumption 1.1 is equivalent to restricting to problems that we call fully dissipative. This is in contrast to
problems that we call partially dissipative and/or partially dispersive where sup,¢p | arg(a(z)B(z))| = 7/2, but
infyep |arg(a(z)B(x))| < 7/2 or fully dispersive where | arg(a(z)B(x))| = n/2 for all z € D.

o Assumption 1.2 may seem odd considering that we derive our results from those for an interface problem in
Appendiz A. However, in that section, we use the mean value theorem as we let the limit of the number of
interfaces N approach infinity, and thus we assume continuity of our function. This section can be amended to
include piecewise continuous functions, but makes the solution formulas even more complicated. For simplicity,
we restrict to continuous functions. Alternatively, we could employ distribution theory to extend the current
results to discontinuous functions.

o Assumptions 1.3 and 1.4 are physically natural conditions to impose. Assumption 1.5 ensures that our solution
is well defined. It may be possible to extend this to other LP spaces or other more general spaces with some
more work.

o Throughout this paper, we always use Assumptions 1 and 2. We clearly state when Assumption 3 is used, which
is only for the Jth Boundary Case of the finite-interval.

Definition 5. For z € D, since a(z) and B(x) are continuous by Assumption 1.2, we define arguments of a(x) and
B(x) to be O, (x) and Os(x), chosen to be continuous', so that

afz) = |a(z)|e?> @ and B(z) = |B(x)|es @), (2.3)
Using this, we define, for x € D,

o _ ! ~$(60a(@)+05 (@) 9.4
= emrm V@@ .

gk, z) / 14+ DB 5 arg(iy()/k2) (2.5)

@

and, for x € D and k € C,

We also define n(k,z) = u(x)g(k,x), (Bp)(x ), and (Bn)(k,x)
(Bu)(z) = { fg; 105 =0a (), Valk,z) = ok are(L4r(2)/K) (2.6)

and \/(Bn)(k,z) = \/(Bu)(z)\/9(k,x). Finally, we define
u(z) = — (W) - ‘”x)), 27)

wz) \ B(z)  az)
and
x _qo(x) x _f(x,t) fo (k2 2, t) = t z,8)eR s ds
w@ =25 fen=22 Letan = [ et as (28)

and VYo (K2, 2,t) = qo(z) + fa(kQ,x,t).

INote that not necessarily 0, (x) = arg(a(x)), given how we defined the range of arg(-) above, because of the continuity requirement.
For instance, if a(z) = exp(iz) (and say B(z) = exp(—iz)), we can set O, (z) = .
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Figure 2: Terminology for the derivation of the partially lumped heat equation [20].

3 The whole-line problem

Consider (2.1) for z € R and with decay at infinity,

a = a(z) (B(7)qa), +7(x)g + f(z, 1), reR, t>0, (3.1a)
q(z,0) = qo(x), z €R, (3.1b)
lim ¢(z,t) =0, t>0. (3.1c)

|z| =00

Theorem 6. Under Assumptions 1 and 2, the IVP (3.1) has the solution

]. @(k7l',t) 7]€2t
where ) is shown in Figure 1. Here
2
O(k,x,t) Yk, 2 y)Ya(k”, y, 1) dy and E 5( OOOO) (3.3)

\/Bn k,z)\/(Bn) (k. y)

with, fory < x,

U(k, z,y) zexp( / (k,€) dg) ZZ 1 ECTRY (k)™ (k), (3.4)

n=0 ¢=0

and fory >z, U(k,z,y) = ¥(k,y,x). Here, Eéa’b)(k:) =1, géa’b)(k:) =1, and forn > 1,

(ab) () = L 7B )\ N gy [
et (k) 2"/a_yo<y1<m<yn<yn+l_b (1:[1 ) | P zkpX:%(l (1) )/yp n(k,&)d¢ | dyn, (3.5a)

5(a,b) 1 T (Bn)' (K, yp) oxo | 4 —~ o [
g (k) 271/(; Yo <Y1 < <Yn<Yni1=b (H (6“)(]{;7:%))) P ( kp:O(]- ( 1) )AP n(kvf)d§> dyn» (35b)

where dy,, = dyi---dy, and the prime denotes the derivative with respect to the second variable. The function
57(La’b)(k:) is defined for b = co and if n is even, for a = —oo. The function gfla’b)(k) is defined for a = —oo and if n
is even, for b= oco. The functions 1o (k% x,t), n(k, ), and (Bn)(k,z) are given in Definition 5

Proof. The formal derivation is given in Appendix A. Its validity is proven in Appendices B-E. O

3.1 Example: The partially lumped heat equation

Consider the heat equation with partial lumping analysis [20], describing the temperature T'(z,t) in a body with
minimal temperature variation in the y and z directions with ambient temperature Ty, heat transfer coefficient hg,



thermal conductivity kg, cross-sectional area A(zx), and perimeter p(x), see Figure 2. We assume the length L is
much greater than the width in the y and z directions. Ignoring temperature deviations in the y and z-directions,
this IBVP takes the form

1
0 = A (A(x)0,)  — C(x)0, z€eR, t>0, (3.6a)
0(x,0) = Oy(x), r eR, (3.6b)
lim 6O(z,t) =0, t>0. (3.6¢)

|z]|— 00

Here 0(x,t) = T(x,t) — Ts represents the difference of the temperature in the body T(x,t) and the ambient
temperature T, the function C(x) = hop(z)/(koA(x)) > 0, and we equate the thermal diffusivity to 1 (a = 1).
Comparing this to (3.1), we have a(z) = 1/A(x), B(z) = A(zx), v(z) = —C(z), and f(x,t) = 0. We require the
absolute continuity of A(z) > 0, the boundedness of C(x), and the absolute integrability of A'(x)/A(x) and C’'(z),
so that Assumption 1 is satisfied. Then we have the solution

. 1 @(k‘,l’,t) —kzt
where €2 is shown in Figure 1,
C(x)

and 14 (k?,2,t) = A(z)0(x). The functions ®(k, z,t) and A(k) are given in (3.3).

3.2 A note about the integrability conditions.
A variable coefficient PDE in the form

@t = a(2)qze + b(2) gz + c(2)q, (3.9)
can always be written in the form of (3.1a) as
¢ = a(r) exp (— /I: zg; dy) [eXp (/I: 28)) dy) Qz:| ) + c(z)q, (3.10)
which gives
a(z) = a(z) exp ( /m Z((Z; dy>, B(z) = exp (/m 2((?;)) dy>, and  y(z) = c(2). (3.11)

From this, we have

(5n)’(k,x)_1<ﬂ’($) @) | A >_1<2b<x> o(z) | () )),

M Am ) — =5 _

(ﬂn)(k,l‘) B 2 6(1‘) a(x) + k2 —}—'y(x) a(q:) a(x) + k2 +C( (312)

which we can see is not integrable (over an infinite or semi-infinite domain) if a, b, ¢ are constants with ab # 0. This
presents a problem for our solution. However, we can make the change of variables,

q(z,t) = exp (— /z 2125?33) dy) u(zx,t). (3.13)
The PDE becomes . " B2
wy = a(m)um n (a (l') (IQ)GZ;;(:L‘) (l‘) . 4((;’(33)0) + c(m)) u, (314)

for which, we have

a/(z)b(x) — a(z)b'(z) b(z)?
2a(x) 4a(z)

a(z) =a(x),  Bl@)=1, @)= + c(x), (3.15)

and

(Bn)'(k,2) _ 1 <_a’<$> 7() ) (3.16)

= +

B)(k,z) 2\ a(z)  k*+~(z)

In the case of constant coefficients, the integrability condition, Assumption 1.5, is satisfied and our solution is well
defined.



3.2.1 Example: The constant-coefficient, advected heat equation

Consider the constant-coefficient IBVP

qt = Qzz + CQx, reR, t>0, (317&)
q(x,0) = qo(x), z €R, (3.17b)
lim ¢(x,t) =0, t>0. (3.17¢)

|z|—o00
This problem is well posed for ¢ € R [13]. The PDE (3.17a) can be written in the form (3.1a) as

g =e “(eqm),, (3.18)

with a(z) = e, B(x) = e°®, and y(x) = 0. Since '/ — o'/ = 2¢ is not absolutely integrable over the real line,
and Assumption 1.5 is not satisfied. With the change of variables q(z,t) = e~*/2u(x,t), the IBVP (3.17) becomes

2

Ut = Uzg — U reR, t>0, (3.19a)
u(zx,0) = e/ ?qy(z), r eR, (3.19b)
lim w(z,t) =0, t>0. (3.19¢)

|| — o0

Now a(z) = 1, B(z) = 1, and y(z) = —c?/4, so that #//B — o//a = 0 and 7' = 0, and Assumption 1 is satisfied.
This example shows that, although all evolution equations can be written in the form (3.1a), a transformation may
be needed before the integrability conditions are met and the solution expression (3.2) applies.

4 The half-line problem

Consider (2.1) on the half line > x; with a linear, constant-coefficient boundary condition and decay at infinity,

g = o(x) (B(x)gz), +v(x)q + f(x,1), x>x, t>0, (4.1a)
q(x,0) = qo(x), x>z, (4.1b)
fo(t) = aoq(xy,t) + a1q. (2, 1), t>0, (4.1c)
1i_>m q(z,t) =0, t >0, (4.1d)
with (ag,a1) # (0,0).
Theorem 7. Under Assumptions 1 and 2, the IBVP (4.1) has the solution
1 @(k,x,t) _ k2t
q(x,t) = —/ —— e dk, 4.2
(@) 2m Joa  A(k) (42)
where ) is shown in Figure 1. Here
> a0 _ -\ glenco) () 4
9=23 (faghag —) 850, @3)
and
Ok, x,t) = Bo(k, 2) Fo(k*,t) + @y (K, z,1), (4.4)
where (i 12
kzt xy,lp(!( ?y5 ) (4.5)
\/ﬁn k,x)/(Bn) (k, )
The functions 1 (k?,x,t) and nw(k,z) are defined in Definition 5. The boundary term Bo(k,x) is defined by
4B(x;) exp (zk 2 n(k,€) dg)
Bo(k,z) = (—1)meE k), (4.6)

V(B)(k,z0) /() (k, @) 1=



and .
Fm(kQ,t):/ s f(s)ds, m=0,1. (4.7)
0

Note that we will use Fy(k?,t) in the finite-interval problem in Section 5. For x; <y < x,

k) = e (it ol ) 3030 (S0 - a0 ) €50 0

n=0 ¢=0

and U(k,x,y) = V(k,y,x) forz; <z <y. &(ﬂ’b)(k) is defined in (3.5a), C(()a’b)(k) =1, Séa’b) (k) =0, and forn > 1,

(ab)(y _ L T (B0) (k) cos ~ [ a
Cat (k) = 2n /a Yo<y1 <+ <Yn <Yn+1=b (1:[1 (Bn)(k,y )) (kZ( b /yp nk6) df) . (492)
SV(k) = 2% / o<y ey ymir—b (f_[l (é?m))/((:f ) )Sm (’“Z p/yy n(k, €) d§> dyn, (4.9b)

where dy,, = dy; - - - dy, and the prime denotes the derivative with respect to the second variable, as before.

4.1 Example: The advected heat equation

Consider the advected heat equation on the half line with spatially variable thermal conductivity o?(z) > 0 and
velocity ¢(x), without forcing and with homogeneous Dirichlet boundary conditions, i.e.,

G = (az(x)qx)z — () qy, x>0, t>0, (4.10a)
q(z,0) = qo(x), x>0, (4.10b)
q(0,t) = 0, t>0, (4.10c)
1Lm q(z,t) =0, t>0. (4.10d)
Here z; = 0, ag = 1 and a; = 0. Further,
“ € “ €
o) = ([ ZEbde). s =atwen (- [T 5 ac). =0 (111)
f(z,t) =0, and fo(t) = 0. We require absolute continuity of o(z), boundedness of ¢(x), and since
Blx) o(z) 20'(z) 2c(x) (4.12)

B'(x)  alz)  olz) o*z)

we require absolute integrability of o’(z)/o(z) and c(x), so that Assumption 1 is satisfied. Note that if o(z) is
absolutely continuous and o’ (x)/o(x) is absolutely integrable, then o(x) is bounded above and below. This problem
has the solution (4.2), where €2 is shown in Figure 1, n(k,z) = 1/0(x),

kn(k, —222 1€ (k). (4.13)

Since Bo(k,x,t) = 0 and ¢ (k?,y,t) = qo(y), we have

I A Y (9 U(k,z,y)q0(y)
B(k,z.t) = /0 p(2 / e d£> L ay (4.14)
and for 0 < y < x,
b, 09 hz.9) = dexp (i [ SE) 3 S-S kel ), (4.15)
n=0 ¢=0

and U(k,z,y) = U(k,y,z) for 0 <z < y.



5 The finite-interval problem

Consider (2.1) on the finite interval z; < x < x, with linear, constant-coefficient boundary conditions,

g = o(x) (B(2)gz), +7v(x)q + f(z,1), x € (z1,x,), t>0, (5.1a)
q(z,0) = qo(x), z € (z,x,), (5.1b)
fo(t) = anq(xi,t) + ar2qe (21, t) + b11g(zy, t) + biage(zr, 1), t >0, (5.1c)
f1(t) = as1q(z1,t) + a22qe(z1, t) + ba1g(zy, t) + baogy(zy, t), t> 0. (5.1d)
Considering the concatenated matrix
a1 a2 bir bio
:b) = 5.2
(a ) <&21 azz  bop 522)’ ( )

we let (a :b);; = det((a : b)g1,23,1i,53) denote the determinant of the 2 x 2 minor with columns at i and j [22]. We
require rank(a : b) = 2 and one of the following Boundary Cases.

Definition 8. For x € D = (x1,x,), we define the constants

) 0 b 0 b ) :b
me, = @0 (aibs o o (aibha (@b o o (@ibs (5.3)

() () () () p(xn)p(z,)’

and uy = u(x,) £ u(x;), where p(r) and u(x) are defined in Definition 5. We define the following Boundary Cases:
(a:b)2a #0,

2. (a:b)24 =0 and m¢, #0,

3. (a:b)2a=0,me¢ =0, mg =0, and (a:b)13 #0,

4. (@:b)24=0,me, =0, me, #0, and me,uyp — 8ms # 0.

)

Please refer to Remark 10 for an interpretation of these different Boundary Cases.

Theorem 9. Under Assumptions 1 and 2 (and for Boundary Case 4, Assumption 3), the IBVP (5.1) has the solution

L1 [ ekt e
q(z,t) = 5 /89 7A(k) dk, (5.4)
where § is shown in Figure 1. We define
=(k) = exp (z’k / "k, 6) dg), (5.5)
where n(k,x) is defined in Definition 5. Then
A(k) = 2i2(k) (a(k) + i e (k)CEH™) (k) + isn(k)sffl’”)(k)) (5.6)
n=0 n=0
with
B(xr)(a:b)12+ B(xr)(a: b)sa
k) = ’ 4 5.7
= ek, o0 B 2,) o7
o n (CL . b)174 (CL . b)2,3
k) = U o 2~ ik, (5.7b)
o n . (a : b)173
sp(k) = (=1)"(a:b)2a+ FEnlkon(h ) (5.7¢)
The numerator of (5.4) is
®(k,z,t) = Bo(k,2)Fo(k*,t) + By (k,2)F1 (K*, t) + ®y (k, 2, 1), (5.8a)



where (k.

\/611 k x) \/5n)(k,y)

The function ¥, (k% x,t) is defined in Deﬁmtzon 5, Fo(k?,t) is defined in (4.7), and the boundary terms Bo(k, )
and Bi(k,x) are given by

Bk, ) = (1) — o0 {WB(%) lknalglxl 2 S +ajzch“m)(k)]

k:ct

Vv (Bn)(k, z) o) (k, )
(ﬁﬁn()?zi,xl) [kn(l;cj,lx,.);s(”” “’22 e )H j=1,2. (58¢)
Further, for z; <y <z < x,,
(k,z,y) = 4E(k) { a:b) 24%22 ne Y (ke ) (k) + k2n(l(<:a k: ) i”zn;g(mhy k)S (k)
k: xl nf:oé és(ml Y) )Cém,xr)( ~ (a kb;g ;:Oécr(lxlky) zmr (k)

Blar)(a:b - yz) a
k/(Bn) (, 20)/( ﬁn) (k, z,) Z } (5.9a)

n=0

and, for o < x <y < x,,

Ty, J T a b13 & xTy,T .
U(k,z,y) = 4=(k) { (a:b 2422 ZC( l ) C(y )( )+k2 kot s ZZS( L ) S(y )( k)
n=0 £=0 ) r) n=0 £=0
(a: b 14 Zi 58(331790) )C(yvxr)( . (a:b)a3 Zic(m,m) S(y xr)( k)
n=0 £=0 ‘ k Zr) n=0 =0

_ Blxi)(a: b)s.a S } .
W(Bn)(k,:vl)wﬁn)(k,x,«),; W (k) (5.9b)

Note that ¥(k,z,y) # ¥(k,y,z) unless B(z,)(a : b)12 = B(zi)(a : b)sa. The functions C,(la’b)(k) and ST(La’b)(k) are
defined in (4.9a) and (4.9b), respectively.

Remark 10. We use underline to denote non-zero terms in this remark. Further, we use row reduction and the fact
that the order of equations (5.1¢) and (5.1d) is irrelevant.

1. If (a : b)2.4 # 0, the most general form of the matriz (a : b) in (5.2) is
a1 a2 bnn 0

1 b) = —= .

(a:) <a21 0 ban 1722)

This case includes the classical Neumann and Robin boundary conditions at both boundaries. We refer to these
as Robin-type boundary conditions. In the case of constant coefficients, this is Birkhoff regular [16].

2. If (a:b)2.4 =0 and m¢, # 0, the most general form of the matriz (a : b) in (5.2) are
(a : b) _ ail  ai2 0 0 0 0 b11 bﬁ aiy 0 0 0 0 0 @ 0 A
a1 0 bA 0)’ a1 0 bgl 0 ’ 0 a2 bgl bﬂ ’ az; a2 0 b22 ’

a1 b a92 b
(a:b) = TR T , where L2, 2 11;&0
0 az ba b () p(,)
This case includes a Robin boundary condition on the left (or right) and a Dirichlet boundary condition on the
right (or left). It also includes the classical periodic ‘boundary conditions’. We refer to these as mixed-type or
periodic-type boundary conditions. In the case of constant coefficients, this is Birkhoff regular [16].

or
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3. If (a:b)24 =0, me =0, me, =0, and (a: b)1 3 # 0, the most general form of the matriz (a : b) in (5.2) are

oy (@ 0 0 bio oy fair O 0 0
(a.b)-(o 0 by 0) or (a.b)—(o — 0).

This case includes the case of the classical Dirichlet boundary conditions. We refer to these as Dirichlet-type
boundary conditions. In the case of constant coefficients, this is Birkhoff reqular for the case of Dirichlet
boundary conditions (i.e., if aga = 0 = by2 or, equivalently, if (a : b)12 =0 = (a: b)34) and is Birkhoff irreqular
if aza # 0 or bia # 0 (or, equivalently, if (a:b)12 # 0 or (a:b)s4 # 0) [16].

4. If (a:b)24 =0, m¢, =0, me, #0, and me,uy —8mg # 0, the most general form of the matriz (a : b) is

ail O b11 O a1 b22 a9 b11 1
0= o 0 h == +="—=0 d —= :
(a ) <a21 a0 b22), where (20) + () an as # 4@(1;1)@U+

This case does not include any classical boundary conditions. Instead, it is an interface problem on a circle.
In the case of constant coefficients, this is Birkhoff irreqular [16].

5.1 Example: The heat equation with homogeneous, Dirichlet boundary conditions

Consider the heat equation on the finite interval with spatially varying thermal conductivity o?(x) without forcing
and with homogeneous Dirichlet boundary conditions, i.e.,

@ = (0*(2)qx) ,, z€(0,1), t>0, (5.10a)
q(x,0) = qo(x), z € (0,1), (5.10b)
q(0,1) = 0, t>0, (5.10c)
q(1,t) =0, t>0. (5.10d)

We let 2, =0, z, = 1, a(z) = 1, B(z) = 0(x), y(z) =0, f(x,t) =0, fru(t) =0 (m =0,1), and

(a:b):((l) - 8) (5.11)

Since (a : )24 =0, me, =0, m¢, =0, and (a : b)1,3 =1 # 0, this is an example of Boundary Case 3 and it is regular.
We require absolute continuity of o(z), integrability of ¢o(z), and absolutely integrability of o’(x)/o(x). This has
the solution

q(z,t) = % /;m ‘I’A(/zg)e_kztdh (5.12)
where ) is shown in Figure 1. Since n(k,z) = 1/0(x), a(k) =0, ¢, (k) = 0, and 5,,(k) = o(0)o(1)/k?, then
RPAK) M dE Y = e
B0 0o (D) ~ P <zk/0 0(6)) ;Sno D (k), (5.13)

and since By(k,z) = By (k,z) = 0 and ¥, (k?,y,t) = qo(y), we have
LUk, 2 y)a0(y) y)qo(y)
d(k,z) = (5.14)
0 Vo
where, for 0 <y < x <1,

M ZZS(O,y) kS (k). (5.15)

40( n=0 ¢=0

and ¥(k,z,y) = ¥(k,y,z) for 0 < z <y < 1. This is the same solution given in [9]. It reduces to the solution given
in [13] for constant o(x).

11



5.2 Example: The CGL equation with periodic boundary conditions
The complex Ginzburg-Landau (CGL) equation is the nonlinear PDE

Ay = (1 +ia(x))Age + A — (14 ib(2))| A]? A, (5.16)

where a, b are real functions of . In the special case a(z) = 0 = b(z), (5.16) is the real Ginzburg-Landau equation.
If a(z),b(x) — o0, (5.16) becomes the Nonlinear Schrodinger (NLS) equation [2]. Consider the linearized (about
A = 0), CGL equation with periodic boundary conditions:

A= (1+ia(z)Ag + A, z € (0,1), t>0, (5.17a)
A(z,0) = Ap(x), x € (0,1), (5.17b)
A(0,t) = A(1,1), t>0, (5.17¢)

A,(0,1) = A, (1,1), t>0. (5.17d)

Here 2; =0, z, = 1, a(z) = 1 +ia(x), f(z) =1, y(z) =1, f(z,t) =0, fo(t) =0= fi(t), and

(a:b):((l) (1) _01 _01>. (5.18)

We assume a(z) € R and a € AC(D), so that Assumption 1 is satisfied. Here,

67% arctan(a(z)) 1
p@) = and g(k)=/1+ —

) 5.19
ST+ a(@)? = (519

and n(k,z) = p(z)g(k), where the square root in g(k) is defined in (2.5). Since (a : b)2 4 = 0 and m., # 0, this is a
Boundary Case 2 example, which is regular. For simplicity, we assume that a(z) is periodic, i.e., a(0) = a(1). This
problem has the solution }

1 O(k,x)
21 Joo A(k)
where we define A(k) = kn(k,0)Z(—k)A(k)/(4i) and ®(k,z) = —kn(k,0)Z(—k)®(k, x)/4, and where Q is shown in

Figure 1. Here, a(k) = 2/(kn(k,0)), ¢, (k) = —(14+(=1)")/(kn(k,0)), 5,,(k) = 0, and since By (k, z,t) = 0 = By (k, z,t)
and ¥, (k% z,t) = Ao(z)/(1 + Za(m))

e Ft dk, (5.20)

q<$, t) = -

y=1-— C(O 1) and Ok, z) = 1 (k 9)4o(y) dy. 5.21
Z (k) / (1+ ia(y)v/alk, 2)v/a(ky) (521)

We define W (k, z,y) = —kn(k,0)Z(—k) ¥ (k, z)/4,

n

Uk, z,) = >3 (~1) SOV k)t (k) + Z Zc<0 D k)SE D (k) + D S (k), (5.22)
n= 0 n=0

0¢= n=0 ¢=0

for 0 <y <z<1,and \il(k:,x,y) :\i/(k,y,x) for0<ax<y<l.

5.3 Sturm-Liouville Problems: Eigenvalues and Eigenfunctions

Theorem 11. The Sturm-—Liouville problem

a(z) (B(x)y) +y(@)y = Ay, (5.23)

with boundary conditions
any(r) + a2y’ (x1) + briy(x,) + bizy'(z,) =0, (5.24a)
an1y(x1) + agy (z1) + bay(z,) + baoy'(x,) = 0, (5.24b)
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has the eigenfunctions

Xp(z) = \/ﬁ Z ) (k) \/ﬁ Z ST (15,), (5.25)
corresponding to the eigenvalues \,, = —k2,, where {km, }°_, are the zeros of A(k) (5.6). Here,
c, - _akp(km, 1) b11 iS,(f“””"')(nm) b12/€m1’1 biokmn (K, Tr) i 1yreted (5,0, (5.26a)
V(B0 (b, 1) \/(/Bn)(ﬁnuxr) ovar (B0)(Km, ) 7=
S = an n Z Clanen) (1 _ buakmn(km, 2 i 1DS@Eme) (g, (5.26b)

J(ﬁn)(ﬂmawl) \/(ﬂn ’im;xr n—0 \/ (5" (ﬂmaxr n—0

Proof. Using (C.1) in (5.25) gives that the eigenfunctions solve the eigenvalue equation (5.23). Inserting (5.25) into
the boundary conditions (5.24a), we find

alle(xl) + angfn(a:l) + blle(xT) + b12X7/n($T) = CmSm — SmCm =0. (527)
For (5.24b), we find

a21 Xm (1) + ae X, (x1) + ba1 X, (ﬂcr) + b2 X, ()

as boolim W (Km,s Tr)
=Chp, = CLrrmn) (g, ) — e I T (—1)"s,<fwr>(ﬁm)]
\/(ﬂﬂ)(lﬁm,{m) \/(Bn (/imvxr nz;) (ﬁn)(’{maxr) nz:;)
a22/§mn("€maxl) bQQHmn(ﬁmvxT) >
+ Sm + S(“ "“) _— (—1)"C,(f““)(mm) . (5.28)
V (B1) (K, 1) \/ﬂn ) (Ko, ) nz;) (B0) (K, 1) nzz;)
Expanding (5.28), we obtain
a1 Xom (1) + a22 X7, (1) 4 bo1 X (@) + b2o X, ()
(a:b)19km  (a:b)34km |~
_ B + , nc(;cl,am) C(a:l,x, ns(xl,acr) S(xl,xr)
B B |27V Z Z Z
N K20 (Ko, £ W (K, ) li W (R)CL) (k) Zs kS (1)) (5.29)
V (B) (Ko, 1)/ (B0) (Ko, ) | 2
Using the identity
1= Z(f nC T1,%r) Z C T1,Tr) Z nS T1,%r) )Z ST(LzL,zT)(k), (530)
n=0 n=0

n (5.29), this becomes

%n(ﬁma xl) (“n’m xr)

\/(ﬁn)(’ima ) \/(ﬁn)(”ma )

angm(,Tl) + (IQQX;n(LL'l) + bngm(l‘T) + bQQX;n(‘TT) = A(Iim) =0, (531)

and the second boundary condition (5.24b) is satisfied.
To prove (5.30), we define the right-hand side as ¢; and rewrite it as a Cauchy product, obtaining

- Z Z ) [efm el () + S ()s ) (k). (5.32)

Letting £ — n — £ in the inner sum, we see that

n

SO e et () + S (RS (k)] = 0, (5.33)
£=0
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for odd £. The n =0 term is 1. The n > 2 even terms are 0 and thus gives ¢; = 1. For n = 2, we show

O:/szl Tdmcos(/r—/ +/ —/Tu(k,s)cm)
. . v e om e

_/ iy, dzlcos</ —/ —/ +/ u(k,odg)
;T Y1 Y2 Ty T

+/‘@1 dmw%/ (/ /1 / k&@) (5.34)
xT Y1

Let I; denote the three integrals above, in order. Since the first and the last term are equal and equal to

Y2
L=1I= / din / dys cos (2 / v(k,€) d&), (5.35)
and since the second term is

I = / yl/x dz1 cos (2 /:11 v(k,§) d§>
/ dyl/ 1 dz, cos (2 /:1 v(k,§) d§) - /:T diy /:T dz, cos (2 /:1 v(k,§) d§)
= —2/ dyy /yl dz1 cos <2 /:1 v(k,§) al§>7 (5.36)

and so the n = 2 term is 0. The other n terms are similar. O

Comparing to Péschel and Trubowitz [21] (a(z) = B(z) = 1, v(z) = —q(z), A = k?), we find that

g = [ n(k, Sl (k d 2.q) = 380N k), 5.37
yl(x q) n(k,a:) —~ n ( ) an yQ(x q) L n(k,O) Tl(k',l') —~ n ( ) ( )

where n(k,z) = /1 — q(z)/k>.

5.3.1 Example: Eigenvalues for the CGL equation with periodic boundary conditions

We revisit the complex Ginzburg-Landau equation described in Section 5.2, setting a(z) = 2 sin(27z). The associated
eigenvalue problem is of the form

(I4ia(x)y" +y =Xy,  y(0)=y(1), ¥(0)=y'(1). (5.38)

The eigenvalues \,, = —2, are related to the zeroes x,, (m =0,1,2,...) of A(k) (5.21). Since A(k) is even in k, if
Km 1S a root, so is —K.,, and each gives rise to the same eigenvalue. Since g(+i) = 0, and

0= d [ ([2m) e ([ 200) =) =0

p=1

then A(4i) = 0, and ko = 4 (and —i) is an exact double root of A(k), and Ay = —xZ = 1 is an exact eigenvalue of
the problem, which can be confirmed directly (with the constant eigenfunction). We define

(Bn)(k,z)  p/(x)  2mxcos(2mx) + sin(27x)
(Bn)(k,z)  p(z) 2i — 2z sin(27x) '

m(z) = / Cuede and  on(y) = (5.40)

We truncate

(5.21) at order n = N and denote as A (k). Denoting £ = kg(k), the zeroth-order approximations of
the roots of A(k

) are

- 4m?2m?2 —m(1)2
_1_ _ 0)
Ap(k)=1—cos(m(1)k) =0 = Ky =% o) ,

m=1,2,3,.... (5.41)
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Method: A1 Ao A3 Ay
chebfun —41.585 + 3.3357¢ | —41.689 + 7.7171¢ | —170.71 +19.919¢ | —170.62 + 23.463¢
NDEigenvalues | —41.585 + 3.3364¢ | —41.689 + 7.7167¢ | —170.73 +19.929¢ | —170.65 + 23.4644

Hill’s Method
FindRoot: Ay (k)
FindRoot: A (k)
FindRoot: As(k)

—41.585 + 3.3358¢
—42.012 + 5.3928:
—41.595 + 3.3501¢
—41.585 + 3.3356¢

—41.689 + 7.7171¢
—42.012 + 5.3928¢
—41.671 + 7.7097:
—41.689 + 7.7172%

—170.71 + 19.919¢
—171.05 + 21.571%
—170.73 + 19.949¢
—170.70 + 19.916¢

—170.62 + 23.463¢
—171.05 + 21.5713%
—170.60 + 23.4341
—170.63 + 23.466¢

Table 1: Eigenvalues of the system (5.23) calculated using MATLAB’s chebfun package, Mathematica’s NDEigen-
values, Hill’'s method [4], and a root finding algorithm on Ay (k) for N =0,1,2.

As in the case kg = =i, these approximations are double roots. However, the actual eigenvalues are simple roots

(1)

that are near these points. The next-order approximations k;, are the roots of

0=As(k) =1—cos(m(1)k) — CS"V (k). (5.42)
In order to compute Céo’l)(k), we use an interpolation function for m(x), and rewrite
kZ / n(k, €) d = kg(k) D_(=1)"(m(yps1) — m(yp)) = ( - 22 1) m(y, ) (5.43)
Yp p=0

Then we use (4.9a) to compute the A; (k). We use a root finding algorithm to find the roots, using that

21"/0<~~<1 <H n(yp)> cos (K (m(l) —22(—1)pm(yp)>> < —22 1)Pm(y,) ) dyn. (5.44)

= p=0

0y (k) =

The results are shown in Table 1.

Appendices

A Derivations

In this appendix, we derive the solution expressions for the finite-interval, half-line, and whole-line IBVPs, in that
order. The solution for each successive problem is obtained from the preceding one in a straightforward manner.

A.1 The finite-interval problem

rt

1 2 N
aq, sy, an,
B, B, Bns
Vi Y2 YN ¥
Xo=X; Axy X1 Axy X2 - XN 1 AxNxN:xr
gl e gl w g ot

Figure 3: A partition of the finite interval [z, z,].
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To consider the finite-interval problem (5.1), we form a partition {z;, j = 0, ..., N} of the interval [x;, z,], see Figure 3.
For simplicity, we assume that the partition is evenly spaced, i.e., Az; = Az = (z,—x;)/N for j = 1,..., N, although
this assumption may be relaxed easily. On each subinterval, we solve the evolution equation (5.1a) with constant-
coefficient approximations «;, 5;, v;, j = , N for a(z), f(z), and y(x) (such that a; — a(x;), etc., in the limit
as N — 00), with the initial condition restrlcted to the subinterval. At each interface z;, j =1,..., N —1, we impose
continuity of the solution and a jump discontinuity on the derivative, corresponding to the evolution equation, i.e.,
we solve the following interface problem:

(] —ajﬁjq(J)—l—vjq(j)—i—f(x,t), xz € (xj_1,2;), t>0, j=1,...,N, (A.1a)
q(j)(:z:,O):qo(x), z€(xj_1,25), t>0, j=1,...,N, (A.1b)
¢ (zj,t) = ¢V (2;,1), t>0, j=1,...,N—1, (A.1c)

6]‘]9)( ) B-‘rlq(JJr )( t)? t>0a j:L"'aNflv (Ald)

with the boundary conditions
a11¢"V (1, t) + a12¢8" (21,1) + b11¢™N (21, 1) + b12¢ (21, 1) = fo(t), t>0, (A.2a)
a21¢"V (1, t) + az2q8 (21,) + bo1g™N) (21, ) + boag™M (21, 1) = fi(t), t>0. (A.2Db)

The jump discontinuity in the derivative (A.1d) can be derived by dividing the PDE (5.1a) by «(z) and integrating
over a small interval containing x;. Following [5, 6, 23, 24, 25, 26], we find the local relations

(e—imx+wg‘tq(j) (:L‘7 t)) _ ajﬂj (e—imc-‘rwjt (qg(vj) (:L‘7 t) + imq(j)(:n, t))) + e—imc+wjtf(x’ ﬁ), (A3)
t T

for x € (xj_1,7;), 1 <j <N, and w;(r) = a;3;x* — ;. We define the “transforms”

cj[()j)(k) = O}j/%‘ e_ikyqo(y) dy, j=1,...,N, (A.4a)
T 1
qV (k,t) = 0}]/ e Mgl (y,t) dy, j=1,...,N, (A.4b)
;
filk,t) = o}j/ot ds/:j1 e WS £y 5) dy, j=1,...,N, (A.4c)
F,(W,t) = /Ot eV £, (s) ds, m=0,1, (A.4d)
g(J) W, t) / qu,(%)z (xj,s)ds, i=0,...,N, m=0,1, (A.de)

with g} (z1,t) = q(lg)c(xl,t), for consistency at j = 0. Using the interface conditions (A.1c) and (A.1d), we have
. t .
g(()j)(I/V, t) :/ ewsq(3+1)(xj7s) ds, g(j) ﬂj“ / Wsg J'H (xj,s)ds, j=0,...,N—1, (A.5)
0

where we define Sy = 1, again for consistency. From the boundary conditions (A.2),

angd” (K2, 1) + arogt” (k2,) + birgd™ (k2,1) + biag\"™ (K2, 1) = Fo(k2, ¢
an g8 (K2,8) + asogl” (K2, 8) + bar gl (k2,1) + baogt™ (K2, 1) = Fy (K2, ). (A.6D)

~

—
>
D
&

N

Integrating the local relations (A.3) over D; = (x;_1,2;) % (0,T), we find

ajfj(li,T) = /OT dt /:jl dx [(efmﬂwjtq(j))t — ;65 (efim"”wat <q§cj) +iliq(j))>z], j=1,...,N. (A7)

16



Using Green’s theorem,

Tj

ozjfj(n, T)= / efimqo(x) dx — e T / efimq(j)(z, T)dx
T;_1

Tj_1 G—

T
+ ije_mj/ et (ﬁqu(éj)(xmt) +i5jf€q(j)(xj7t)) dt
0
- Oéj(i_mzj_l / ewjt (ﬂqu(gj)($j_1, t) + iﬂjﬁq(J)($j_1, t)) dt, ] =1,... 7]\/v7 (AS)
0
which are rewritten as global relations using (A.4),

et () = @57 () = i, 0) + e (B39 (w5, ) + 810" (0. 1))

— eTiRE—1 (6j_1g£j_1)(wj,t) +i,8jngéj_1)(wj,t)>, j=1,...,N. (A.9)

Asin [17, 24, 26], it is convenient for the first arguments of g%)(wj, t) to be identical. We transform the independent
variable k in the jth equation as

kv = —— 1+ 1. N (A.10)

\/ Olj ﬂj k?Q ’
We do not worry about the branch cuts here. The resulting branch cuts in the solution are defined in Section 2 and
proven to be correct in Appendices B-E. However, since we assume that y(x) is bounded, there are no branch cuts

for |k| > \/E for k € € where M, > 0 is defined in Assumption 1.4. Until we take the limit, we suppress the &
dependence of v;(k). Our global relations (A.9) become

G (v, 1) = @57 () = Fi (v, 8) + €07 (B0 (62, 1) + iBi06 (K, )
— e (B g0V 0 + Bl V), =1, N, (A11)

These relations are valid for k € C, since the domains are bounded. Letting k — —k, (and v; — —v;), gives 2N
equations, along with (A.6) for 2N + 2 unknowns. We write this linear system of equations in matrix form as

An(B) XN (K2, ) = Y (K, t) — e Yn (k. 1), (A.12)
where
+
X (k% 8) = (98702, 0), . g8 (62,0), Bogl” (2, 0), . Bg ™ (82,0)), (A.13a)
T
YN(k7t) = (07 qAél)(Vl)a sy QSN)(VN)u Cjél)(_yl>7 ey qA(()N)(_VN)u 0)
- . . . T
- (7F0(k2at)v fl(l/l,t)a ) fN(VNat)v fl(*ylvt)a ) fN(fVNvt% 7F1(k2at))v (A13b)
~(1 N ~(1 ~(N T
yN(k7t) = (qu( )(Vlat)7"'7q( )(VNat)vq( )(_Vlat)v"'7q( )(_VNvt)70)7 (A13C)
and
Lo 0 AU 0 bu:aw/b 0 oo 0 bi/By
AN Ny1(k) : Bn . n+1(k)
AN(R) = | oo .......................................... , (A.14)
AN, N+1(=F) : By n+1(=k)
e g 0b21a22/ﬂ00 .................. Obzz/ﬁN
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where

ilglyle*ivlmo _Zﬂlylefiulzl 0 . 0
Annt(k) = : : ) (A.15)
0 - 0 iﬁNVNe_iVNJCN—l _,L'BNVNe—iVNxN
and ‘ ‘
eflllléro _eflljlévl 0 . O
Bynsi(k) =1 : - (A.16)
0 RN 0 671-VN:”N—1 7677;VNIN

Here Ay ,n+1(k) and By n+1(k) are N x (N + 1)-dimensional matrices. Since the contribution involving Yy along

the contour 99 (see below) is zero [26], it suffices to solve Ay Xy = Yy for the unknown functions g%). This is
further justified in Appendices B-E. Using Cramer’s rule,

~ det (AY (8)

X0 = a5 ) = G

j=1,...,N+1, (A.17)

where the matrix A%)(k) is Ay (k) with the jth column replaced by Y. If we multiply this equation by ke=**t and
integrate over 02, where Q = {k € C: |k| > r and 7/4 < arg(k) < 37 /4} for some r > /M., see Figure 1, we can

invert the time “transform” géjfl)(kg, t) [13], to find

. 1 det(,A(j)(k)) 2 .
) (g, _ 1 [ detlAN (R), k2 _
gV (zj-1,1t) o= /aQ det(Ax () ke dk, j=1,...,N+1. (A.18)

This gives the solution at the interface boundary points, which is all that is needed to consider the limit ¢(z,t) =
limpy 00 q(j)(xj,l,t), where the N dependence of q(j)(acj,l,t) is implicit. Alternatively, we could compute the full
solution of the interface problem as in [5, 24, 25, 26] and calculate that limit. This gives the same result.

Define N1
_vndet(An () (L
Dy(k) =1 +1 Do (pl:[l A;)’ (A.19)
with
A = (BV)pir + (1) 01 (Br),  and Ay = (Bv)pr1 £ (BV)p, (A.20)

where £ € {0,1}", so that £,,0,41 € {0,1} and (Bv); = B;v;. Note that A = A} when £, = £,11 and A = A
when ¢, # £, 1. For N <8, we explicitly verify using Mathematica that

N-1
D (k) = 2i {5N(a D)2+ Bia:b)sa /(Br)N <H 2(/3V)p> t(a b)2,46§\1,jiv)(k) N (a: b)1’36(1’N) )

V(B)1v/ (Br)n V(BV)1 o1 AF vivy MO
+7(a :VII)M el (k) - (@:b)as ;]bv)z’g ¢§$,’év)(k)}, (A.21)

where (a : b); ; = det((a : b){1,2},1i,53) is the determinant of the minor of maximal size with columns at i and j [22]
of the concatenated matrix (a : b). We define

s—1 Az s
€= 5 (T3 )om (Semar) (r2)

£c{0,1}s—a+! P=q p=q
£=0

Yy = > (DM (f[ ﬁ) sin (i(—l)fpvpm) (A.22b)

£e{o0,1}s—at! p=q p=q
£,=0
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where A = 0,1. We do not prove this result for general N. Its justification follows indirectly from the proofs in
Appendices B-E. We can show that

- (B)
e (Z (1n(2(8v),) - 1n<A;f>>> = == 1+0(ba), (A23)
p:l (BV)N

as N — oo and Az — 07. Similarly,

A

MA;‘ +0((Az)?) and ﬁl 200v)y = )k, 7o) + O(Ax), (A.24)

1
Ay 2 (Bn)(k,zp) Ay (Bn)(k, 2 )

p=¢

as {,m,N — oo, Az — 07, and where the prime denotes the derivative with respect to the spatial variable, and
n(k,x), (Bn)(k,z) are defined in Definition 5. Note that to use (A.24), we assume (On)(k,x) is a smooth function of
x. If this function has a countable number of discontinuities, it is possible to proceed, but we have to account for
the jumps.

We wish to consider (A.21) as N — oo (i.e., Az — 07). To this end, we break up the sum in (A.22a) by the number
of times n the entries of the vector £ = (¢, ..., ¢,) switch from 0 to 1 or from 1 to 0, e.g., (0,...,0,1,...,1) switches
once, son = 1. We sum over where the possible switches of each order n can occur i.e., g—1 < y3 < ya < -+ <y, < s.
Aht the location of each switch, Af;/A;r = A, /A, whereas Af;/A;r = 1 otherwise. Defining yo = ¢ — 1 and 9,11 = s,
this gives

L n Yp+1
SHICED D DR (H A> S 3 ). (425

0 yo<y1 < <yn<ynt1 p=1 p=0 r=yp+l1

Using (A.24), we arrive at a sum of n-dimensional Riemann sums which limit to n-dimensional integrals, giving

D) = Y (- b) + O(Ae), (.20
n=0

where C{* (k) is defined in (4.9a). The limit of (A.22b) is

653:;5\)(16) _ Z(—l)A"S,(f“’“)(k) + O(Az), (A.27)
n=0

obtained the same way, with S(G 2 (k) defined in (4.9b). No more rigor is required at this point, as we prove in
Appendices B-E that our result is a solution under less restrictive assumptions needed to justify these steps.
Using (A.23), (A.26), and (A.27) in (A.21), we have that

A(k) = lim Z(k)Dy(k), (A.28)

N—o0

gives (5.6). For the numerator, similar to Dy (k) in (A.19), we define

v 2det(AR(R) (1
EN(kh%t)*Z MUN I];I; A;_ ) (A29)

and use a cofactor expansion along the jth column of A%), so that

N+1 N+1
En(k,g.t) =Y YN MG D (k) + 3 v T M) ), (A.30)
m=1 m=1

where M( ’J)(k) are cofactors of the matrix A%), scaled by the same factor as in (A.29). With z = z; = jAz = j/N,
which is ﬁxed, we let

Bo(k,z) = kZ(k) NninooM}VW(k) and  Bi(k,x) = kZ(k) NnglooMﬁN“’”(k). (A.31)
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Since, for m =1,...,2N,

— iV Tm t 5

YD = 685 (1) = Fon (i t) = ——— (qo(xm) - / F@m, s)es ds) Az + O((Az)?), (A.32)
0

(027}

so that, form=1,... N,

Az 4 O((Az)?), (A.33)

—iVm Tm (m) ]{)2 t Wi Tm (m) 1.2
Y]S]m—i—l) _ € wN ( ’ )A$+O((A.’E)2) and Y]Sm'+N+1) _ € wN (k 7t>

(7% Qm

which defines 1" (k2,¢). Then

O(k,x,t) = A}gnoo kZ(k)En(k,7,t), (A.34)
which gives (5.8a). Here
&, (k — i k= w(m k2 —wmme(erl-,j) k iumme(erNleJ) ) A A
w( ’xvt)_Ngnoo E( Z N (k) +e N (k) T, (A.35)

where we let y = x,,, = mAxz = m/N, which is kept fixed. This gives (5.8b), after defining

\I/(k,x,y)zz\}gilookll%’m)(k = lim E(k)V(Br)m/(Bv); ( WW”WMmH])(k)—|—e“’m’”mM](Vm+N+1’j)(k)),

N —o00
(A.36a)

e*’s ds, (A.36b)

()

N— oo [07%% y
which defines \I/%’m).

For the boundary term By(k,z), similar to (A.21), we explicitly verify using Mathematica for N < 8 and for
l=m<j<N,

MU () = \/(ﬁj) {¢(§5)~1( | 2(?;),9)[ ame% 1>(k)+a22¢g;33—1>(k)]

+ (BVI;)Jw (’1:[ 2(f;)p> [lmggiév)(k)+b22¢%:11v)(k)}}’ (A.37)

VN

and using (A.24), (A.26), (A.27), and (A.31), we find (5.8¢c) for j = 2. Similarly, for the other boundary term
Bi(k,x), we find (5.8¢c) for j = 1.
For the remaining terms, for 1 <m < j < N, we derive

W (k) = a5 (k) AL (H 2““”’) - (D e W) + M G (e ()

(/BV)m A;_ VN

p=m

L (aibha :Vlz)“ S (k)G (k) — (2223 ;]bv)?’f" L ey )(k)}
C Ma:bhebn V(BY); V(BY)m (H ) VACDN Nl:f (Bv)y Slrrta=l ),
VI B 5 B s A ) Vi, \ AL A | O

(A.38)
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Taking the limit using (A.24), (A.26), and (A.27), as before letting x; — « and z,,, — y, we find for 2, <y < z < xy,

U(k, z,y) = 42(k) {—(a :b)24 (Z c,g%y)) (Z(—l)”c,(f’”“)) + k%(l({“;;ll;ll(’z o (Z s,gflvy)) (Z s,gfvzr>>

n=0 n=0 n=0 n=0
a b 1 A z np(z,z, (I b 2 \a:0)23 z . z,2,
it (S l”) (Screr) - i (S (S)
(a b)l Qﬂ - y )
_ | A.39
v/ (Bw)(k, x;) \/ k: , L) ; ( )

which may be rewritten as (5.9a). Similarly, for ; < z < y < ., we find (5.9b). Finally, we have

o det(AR (R e 1 E(k)En(k,j,t) 42,
0= 0 i o ooy N St 40

which gives (5.4).

A.2 The half-line problem

We obtain the solution of the half-line problem by taking the limit as x,, — oo of the solution of the finite-interval
problem (5.1) with f1(¢) =0 and

(a:b)z(%o %1 (1) 8). (A.41)

In this limit, (5.4) becomes (4.2) with the same €, shown in Figure 1. This process is detailed below.
Using (A.41), we find the coefficients a(k) = 0, ¢, (k) = —a1/(kn(k, z,)), and s, (k) = ao/(k*n(k, z)n(k, z,.)). We
define A(k) = kn(k, z,)A(k), and (5.6) becomes

A(k) = 2i2(h) {,m(m) 3 ;cﬁfhx”(k)}. (A.42)
We have Bi(k,x) =0, and (5.8¢) for j = 2 becomes
Bo(k,z) = kn(k, z,)Bo(k,z) = T 45(21\5/ o5 Zs@ o) (k (A.43)
For z; <y <z < z,, (5.9a) becomes
Bk, 2. ) = knlk.2, )0 (k. 2. y) = 4=(k {kn . iés(x =) (1S i S (e (i )}’
(A.44)
and, for z; < x < y < x, \i'(k:,x,y) = \Il(k;,ymc). From (5.8a),
D(k,x,t) = kn(k,2,)®(k, z,t) = Bo(k, z) + Dy (k, z, 1), (A.45)
where -
Bl 2 t) = kn(k,2) 0y a ) = | T 9l 9,8) ) (A.46)

V (B0) (k) (Bn) (K, y)
and 14 (k?,y,t) is defined in Definition 5.
To take the limit as x,, — oo, using (4.9b), we write

ex “"TZ Slazr) _ 1 n M . n L yp+1i
p(/a kn(k, &) d'i) (k) = 57 2n /a<,__<zr (,)Hl (5n)(k7yp)> [ p (Z(H—( 1) )/yp kn(k;,f)dg)

p=0

—exp (Z(l = [ g dsﬂ dys -y (AA7)

p=0 Yp
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Since Re(ikn(k,x)) < 0 for all k € Q and all x > x;, see Lemma 15 in Section B, it follows that

exp ( / " ikn(h, €) dg) 0, (A.48)

Yn

as &, — 00. Thus the term in (A.47) which does not contain the p = n term survives and considering even and odd
n separately, we conclude

exp ( / ikn(k, &) dg) Sl (k) — —%&“”‘”(k% as x, — 0o, (A.49)

where £ (k) is defined in (3.5b). Similarly,

Ty 1
exp ( / ikn(k, €) d§> clam) (k) — 55,(fv<><>>(k), as x, — oo. (A.50)

Therefore, we have as x, — 00,

. "iag
—2’LA —> ZZ (kn ) — a1> 57(1901,00)(]@:), (A51)

and
48(x;) ex *ikn(k,€)d
Blxr) p(fml n(k, €) 5) ZOO (—1)mEE) (1), (A.52)

—2iB k,x
N DN e

and, for z; <y < z,

wkfds)ZZ (MS,(L%’Nk)—alcg“f)(k)) ECN k), (A53)

n=0n=0

—2i0(k, x,y) — dexp (/

1

and similarly for z; < z < y. These final results combine to give (4.2).

A.3 The whole-line problem

We repeat the process from the previous section, now letting x; — —oo. Starting from the half-line solution (4.2)
with fo(t) =0, ap = 1, and a; = 0. The denominator in (4.2) is determined by

kn(k, 2;)A —2zz 1)nEE) (k). (A.54)

Since By(k,z,t) = 0, we also have from (4.4)

© Wk, z,y)a (k2 y,t)
—oo \/(Bn) (K, x)(Bn) (K, y)

where 1, (k?,y,t) is defined in Definition 5. For ; < y < x, (4.8) becomes

O(k,x,t) =

dy, (A.55)

ikn(k, €) dg) ZZ 1)(S ) ()£l (), (A.56)

n=0 ¢=0

kn(k, 2)V(k, ,y) = 4exp (/I

l

and ¥(k,z,y) = ¥(k,y,z) for 2; <z < y. Since Eﬁr”oo)(k) — 0 if n is odd, and from (A.47), we have

b
1 -
exp ( / ikn(k, €) df) SEO (k) — —Zzt;;m)(k), (A.57)
Ty
as x; — —oo. Therefore,
kn(k, z)A(k) — 20 E) (k). (A.58)
n=0

n even
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For z; <y < =,

kn(k,x)¥(k,z,y) = 2iexp (/l ikn(k, &) d§> Z Z ég( 00,9) k)gé:c,oo)(k)7 (A.59)
n=0 ¢=0

Y

and U(k,z,y) = U(k,y,z) for z; < z < y. Combining these results gives (3.2).

B Proofs: the solution expressions are well defined

Prior to proving that the solution expression (2.2) solves the evolution equation 2.1a and satisfies the initial and
boundary conditions for the problem considered, we show in this appendix that this expression is well defined for all
problems considered. We refer to the whole-line, half-line, and regular finite-interval problems as regular problems, and
the irregular finite-interval problems as irregular problems. Throughout, we need Assumptions 1 and 2 from Section 2.
For Boundary Case 4 of the finite-interval problem, we also require Assumption 3. Note that Assumption 3.1 is not
needed for all irregular problems, only for Boundary Case 4. Therefore, we will be explicit as to when Assumption 3
is required.

In this appendix, we denote the r dependence of Q explicitly as Q(r) = {k € C: |k| > r and 7/4 < arg(k) < 37/4}.
We define arg(-) € [—n/2,37/2) with 6§ = arg(k). The following lemma characterizes some properties of the
coeflicient functions «, 8 that follow from the assumptions.

Lemma 12. If a(z)8(z) is not identically zero, the following are equivalent:
a. aff € L>(D),
b. a € L>®(D),
c. f€L>(D),
as are the following:
i. Mg = infyep |a(x)B(x)| > 0,
ii. Mg = infep |a(z)] > 0,
iti. mg = infyep |B(x)| > 0.

Proof. Under Assumption 1.3, there exists an o € D such that 0 < |a(zg)5(z0)| < 0o. From Assumptions 1.2 and 1.5,

x ! / / /
| ) o ([ 20 0 )] |2 (|2 ) ) |2t -
B(xo) (o) 0 BWY) o(y) (o) B alp a(xo)
with E = exp(||8’/8 — &' /a||p). We conclude that b = ¢, b = a, a = ¢, iii = ii, i1i = 4, and ¢ = 4. Similarly,
a(xo) B(xo)
so that ¢ = b, ¢ = a, a = b, i1 = i1, i1 = ¢, and ¢ = @id. O
Next, Lemmas 13-15 present some properties of the functions n(k,z) and (fn)(k, x).
Lemma 13. For |k| > r > /M., where M, is defined in Assumption 1.4, we have
M 1 M
my = — 5 < (k)| < 1+ = = M, (B.2)
A / A /mag T
which defines my, My > 0. From this, we also have my < |u(x)| < M,.
Proof. The proof is trivial from the definition of n(k, z) in Definition 5 using Assumptions 1.3 and 1.4. O

Lemma 14. For |k| > r > \/M,, (fn)'/(Bn) € L' (D), and under Assumption 3, u € AC(D).
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Re(Q

Figure 4: The region Qexi(r) = {k € C: |k| > r and 0y < arg(k) < m — 6y} described in Lemma 15 (Q(r) U the green
regions) and the contour Cr = {k € C: |k| = R and 0y < arg(k) < w/4 or 3n/4 <0 <71 —bp}.

Proof. The function

Bk 2\ B@) o)  KE+a()

for |k| > r > /M,, by Assumption 1.5. On the finite interval, by Assumptions 1.2 and 1.3, u € AC(D) and, from
Assumption 3.1, u € AC(D) and thus u € L*°(D) and v’ € L*(D) [15]. O

(Bn) (k,z) 1 <ﬂ’(z) o(x) | 9'(2) > e LY(D), (B.3)

Lemma 15. There exists an v > /M., myn >0, and 0 < by < 7/4 such that
Re(ikn(k,z)) < —mnlk|, (B.4)
for k € Qext (1), where Qoxt(r) = {k € C: |k| > r and by < arg(k) < 7 — 6y}, see Figure 4.

Proof. With ¢ = arg(kn(k,z)), © = sup,cp | arg(a(z)8(z))|, v = arg(1 + v(z)/k?), (and 6 = arg(k)), we have from
the definition of n(k, ) in Definition 5,

1 1
05O 4)<6<b+(0+0) (B.5)
see Figure 5a. Using Assumption 1.4 and Figure 5b,
M 2M
|| < arcsin( 712926) ) < arcsin<r27> < 7"27' (B.6)
Since 0 < © < 7/2, we can choose r > /M., large enough so that
1 /m
<= (Z_ @), B.7
v <5 (3 (B.7)
“ Im(z) “ Irn(z)
3w n
0:‘7 9:— T
‘ 4 4, o
k AR A k 8
NeTg VaB arcsin(|2]) \ Re(2)
«0‘ '0‘ I Ll
1+ > 1+ ];y—z 4 1
Re() 1+ 250
k*

(&) (b)

Figure 5: (a) The arguments of kn(k, z) and its components, (b) ¢ = arg (1 + v(z)/k?).
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which gives, from (B.5),
0 — 91_0—7(@+ )<0—7(@+|¢|)<¢<9+ O+ ) <+ - (e+ ):9+01, (B.8)

which defines 0 < 6 < w/4. For |k| > r and 6, < arg(k) < m— 601, we have that 0 < ¢ < , so that Re(ikn(k,z)) <0
In particular, Re(ikn(k,x)) < 0 for k € Qe (r). More specifically, using that sin(¢) > ¢(m — ¢)/m for 0 < ¢ <
then for 6; < 0 <7 — 61, we have

Re(ikn(k,z)) = —|kn(k, z)|sin(¢) < —%mn|k|¢(7r —¢) < —%mu|k|(9 —01)(m — 6, —0). (B.9)

Finally, (B.4) follows from choosing 6y such that 0 < 6y < 6y < 7/4 and letting m;, = m, (6o — 61)/4. O

Having established some properties of the coefficient functions «, 8 and the dispersion functions n, (8n), we
define a generalization T [0p.n](E) of the accumulation functions &(f’b)(k), gfla’b)(k), C,(la’b)(k), and S,(la’b)(k), and
we show some relations between these functions. Further, we show these functions are bounded and well defined,
and we find their large-k asymptotics.

Definition 16. With r from Lemma 15, (a,b) C D and k € Qext(r). For integer n > 0, we define the function

(@.b) [, _ 1 - (Bn) (K, ox o v
T op.nl(k) Qn/a o<y < <ym <yms1=b <];[1 (Bn)(k, ) p (Z Pn/y

p

ikn(k, €) dg) dyn, (B.10a)

where oy, 5 a non-negative integer-valued function of n and p = 0,1,...,n. Here we require for any p that
Opn # Optin. Forn <0, we define TP [opn](k) =0, and for n =0, we define

b
j(a ,b) [U0,0](k) = exp (UO,O / an(k7 f) dg) . (BlOb)

The function A [0p.n] (k) is defined as a — —o0 if 60, =0, and as b — oo if 0,5, = 0 (if D is unbounded).
Finally, we define

b b
el (k) = exp < / ikn(k, €) dg) cle®) (k) and 80 (k) = exp ( / ikn(k, ) dg) S (k),  (B.11)

where CY b)( k) and S(a’b)(k) are defined in (4.9).

Lemma 17. With £\ b)( k) and gfla’b)(k) defined in (3.5), and G%a"b)( k) and sl b)( k) defined in (B.11), we have the
following relations:

£ (k) = DL~ (~1)")(k), (B.12a)
ECD (k) = TP~ (1)), (B.12b)
e (k) = % [T+ (<1708 + TED = (<17 (R), (B.12c)
S (k) = 2% [T+ (<1)7)(k) = TED[ = (<17 (R). (B.12d)
Proof. The proofs follow immediately from the definitions in (3.5) and (4.9). 0

The next two lemmas give bounds and asymptotics for the function 7,\*" [0p.n](K).

Lemma 18. For (z,y) C (a,b) C D, k € Qexi (1), and r from Lemma 15,

(Bn)’
(Bn)

n

S DMTED (o BTV Gl 1) < o

— 2np!
=0

n

1

< St and
n!

jéa,b) [op,n] (k)

’ (Bn)’
(Bn)

(a7b)
(B.13)

(a’7b)

where A = 0,1. These inequalities hold as a — —oo and b — oo, provided the functions are defined. Thus,
(a:b) [0p.n](E) is well defined. The same bounds hold for &ga’b)(k), g,(la’b)(k), G,(za’b)(k), and 85{1’1’)(14).

25



Proof. By Lemma 15, the exponentials in (B.10) are bounded by 1 for k € Qext(r). Using Lemma 14,

(a,b) N Bl < i - (Bn)l(kayp) duy -+ -d = 1 ‘(ﬁﬂ)/ B.14
‘jn 70 )’ R /a<y1<~~~<yn<b pl;[l (Bn) (k. yp) . Y 2mnl || (Bn) (a,b), ( Y
so that
n n 7 n—=~¢ 1 1e
)\e a:v - k (v, ’ (ﬁl‘l) (ﬁn)
2. T opn B 011 S; (= DV || () [l 0y 1 B Il
(Bn) @y L ’(ﬂn)’ " B
2nnl (‘ (a,z) " H (ﬁﬂ) (y,b)) = 2mn! (Bﬂ) (a,b) ( . )

For &(La’b)(k), é:T(La’b)(k:), Ggf’b)(k), and S%G’b)(k), the result follows from (B.12). These bounds hold as a — —oo or
b — oo, provided the functions are defined. O

Lemma 19. There exists r > /M., such that for any (a,b) C D and n > 1,
T oy ] (k) =0, as|k| =00, k€ Qexe(r). (B.15a)
This result holds as a — —oo and b — oo, provided the functions are defined. The result extends to & ab)(k),

EM (k) €V (k), and 857" (k).
Neat, we define A\p,, = 0p_1., — Oppn. Using Assumption 3 and since A, , # 0 (see Definition 16), we have

b b
j(“ b) [0p.n] (k) = 4)\111ik [u(b) exp (Uo’l/ iku(€) df) — u(a) exp <01’1/ iku(€) df)

There exists v > /M., and C > 1 such that, for any (a,b) C D and k € Qext(r),

+o(k™1). (B.15b)

C’IL

a,b
’«775 )[Up,n}(k)‘ < W’

(B.15¢)

where | - | is the floor function.

Proof. From Lemma 15, for any r > /M., and for all k € Qe (r), we have

o (B (k, Upi1
X n ikn(k, &) d€ | dyy - - - dyy,
/a Yo<y1 <+ <yYn<Yn41=b (1:[1 (Bn)(k,yp) )e p (ng /y ikn(k,§) f) Y1 Y
1 n
< on (H > exp <mm|k| Z:o'p,n(prrl — yp)> dyy - - - dy,, (B.16)
a=yo<-<Yn41=b 1

(5) (k. ;)
LGk u,)

1
TVl (®)|= 3

and since 0y, > 0 and 0y, # 0py1,.n for any p, the argument of the exponential is strictly negative. Thus, by
Lemma 18 and the Dominated Convergence Theorem (DCT), we have (B.15a). For S,ga’b)(k), g,sa’b)(k), eﬁ:‘*b)(k)7 and

S%a’b)(k), the result follows from (B.12).
Using the definition of n(k, z) in Definition 5, it is straightforward to show that

exp (zk /: n(k, &) df) = exp <zk /: w(é) df) (14+0(|z —ylk™")), (B.17)

for which, on a finite-interval, we may omit |z — y|. Using Assumption 1.5, (2.7), (B.3), and (B.17) in (B.10) for
n =1, we have

-1 b Yy b
7o) = D [at)exo <a [ o [ iku(é)d§> o). (B18)
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By Lemma 14, u € AC(D) and integration by parts gives

b b
T o] (k) = 4)\111il~c (u(b) exp (00,1 / ikps(€) d€> — u(a) exp <a / ikpu(€) df))

1 b, 4 b _
- o ) Y wes <a Iy zku(f)ds> dy -+ O(k™2). (B.19)

By Lemma 14 and the DCT, we obtain (B.15b).
Inequality (B.15¢) for n = 0 and n = 1 follows from (B.10b) and (B.15b), respectively. Using (2.7), (B.3), and
(B.17) in (B.10) for n > 2, we have

1+O0(k1
jrga’b) [Jp,n](k) = #/

n—1 U/ k Ypi1
(H l‘l k‘ 5: > w(yn) p(yn) exp (ZUE / iku(€) df) dyn

p=1
14+ O ! ﬂ / k , Y Y n Yp+1
P () (00 ([ )
(B.20)
Let I(a b)(k') denote the integral in the first line of (B.20):
n—1 ’ Upit
I(a’b) kj = M n k d d - B.
) /a<...<b (1:[1 (Br)(k,y,) | “nnlyn) exp Z%, /y iku(§) d€ | dy (B.21)
Integration by parts with respect to y, € (yn—1,b) gives
(a,b) _ u(b) nil( n)’( Yp+1
" (k) ik/\n,n/a Yoo b <1:[1 Bn) (%, exp Zapn/ ikp(€) dé | dyn—1
_ (6n)/<k ) (yn 1) b . Yp+1
Lo (H () v >> e <"/ e s *Z"“ /, ”f“(@df) Wn-s
n—1
_ (Bn),(kvyp) n Yp+1 " d
/z<~~<b (1]‘:[1 (ﬁﬂ)(k,yp)> zk}\nn exp (Z O'pn/ ? ,U(f) g dyn~ (B22)

In the second line of (B.22), we integrate over y,—1 € (a,b) last, leaving the remaining integral over a = yp < y1 <
«+ < Yp—2 < Yn—1 to be done first. Similarly, in the third line of (B.22), we integrate over y,, € (a,b) last and leave
the remaining integral over a = yg < y1 < -+ < Yn—1 < Yn to be done first. Returning to (B.20) yields

T o, () = - +2(3Yf7 ) Ai(fzk /a e <H ((’%Z))/(( ) exp <Z Tpm / T k(o) dg) Ay,

1+0(™Y) [ (yn 1) (Bn 1) b
B T/ dyn71 n n'Lk’ (ﬁn (]fyyn 1) P (J"ﬂ” /Un 1 Zku(g) dg )

n—2
(5“)'(74773/;; Yp+1 " J p
) /ayo<~~~<yn2<yn 1 (H ( )(k7yp ) o (pz() o /yp ' 'u(g) 5) Yn=2

p=1

L+0(k™") [* v (yn) ’(y)
_T/a dyn )\n,7nik+k2 (o) exp ann zku )dg | x

7 Bk 9p)
. /a_y0<~~<yn1<yn ( 1 (ﬁn)(kayp) ) P (Z e n/ Zkli(g) d£> dynil’

(B.23)

N
—~
“?T‘
N
3
y—t

~—

27



which gives the asymptotic recurrence relation

1+ O(kil) u(b) (a,b)
4 )\n,nikjn_l [Up,n](k)

-1 b / b
- Lo ’/‘“%])ww(“%])mpﬂmm/’ mmodg¢¢%””wwMMd%1

jvga’b) [op.n](k) =

8 /\n,nik (5")(14?,%—1) Yn—1

-1 b 1 / b
- O4(k : /a (K,,(ZZ; * k?l(zan)) €xp (an L ) ikp(€) df) T (g 0] (K) dy,.  (B.24)

Assuming (B.15¢) holds for n =0,1,...,m — 1, and using that |\, | > 1, we find

L+O*™) |[luflee €% Jlu cn? [wip , vlp ) €™
(@D, (k)| < = N : B.25
T lepalB)] < =5 IR o= TR TR ) e | B
which, using Lemma 14, gives (B.15c¢) for n > 0. O

Having defined the function 7,{""") [0p,n](k) and established some of its properties, we prove that the function A(k)
is bounded and well defined, and that the “transforms” ®g(k,z), ®;(k,z,t) and B,,(k,z), of the initial condition
do(x), the inhomogeneous function f(x,t), and the boundary functions f,,(t), respectively, are bounded and well
defined.

Definition 20. We define
U (k,z,y)qa(y)
%ﬂnkx (Bn)(k,y)
U(k,z,y) fa(k’z,% t)
p /(B)(k, )/ (Bn)(k,y)

so that @y (k,x,t) = Og(k,z) + @s(k,z,t). We define the corresponding parts of the solution as

dy, (B.26a)

dy, (B.26b)

1 <I>0(k,ac) iy
qo(x,t —/ e dk, B.27a
() = 2 Q(r) A(k) ( )
1 <I>f(k,ac,t) k2
r,t) = — — ¢ dk, B.27b
4s(@t) 27 /89(7) A(k) ( )
1 B, (k, x) 9 k%t
r,t) = — ——F (k% t)e dk, m=20,1, B.27¢
o, (o) = g [ P Bk (B.27¢)

where we define By, (k,x) =0 (m = 0,1) for the whole-line problem and By (k,x) = 0 for the half-line problem. Thus
q(z,t) = qolx,t) + qp(z, t) + qB, (z, ) + g, (x,t) for the finite-interval, half-line and whole-line problems.

Lemma 21. For all three problems, there exists r > /M., and Ma > 0, so that for all k € Qe (1),
1
A(k) =bo(k)(1+e(k)) and §\b0(k)| < |A(k)| < Ma, (B.28a)
where |e(k)| < 1/2. For the whole-line problem,

bo(k) = 1; (B.28b)

for the half-line problem,

bo(k‘) =2 (kn(ZZ,O{El) — a1>; (B.28C)

and, for the finite-interval problem,
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1. if (a:b)24 #0, then

bo(k) = —(a: b)2.4;

(B.28d)
2. if (a:b)24 =0 and me, # 0, then
bo(k) = m,i‘“; (B.28e)
3. if (a:b)ea=0,me, =0, mg, =0, and (a:b)13#0, then
bo(k) = —%; (B.28f)
4. with Assumption 3, if (a :b)a s =0, mey, =0, me, #0, and me,uy — 8mg # 0, then
bo(k) = el (meuy — 8my). (B.28g)
Proof. For the whole-line problem,
_1+Z€( 220) (k) = 1+ (k). (B.29)
By Lemmas 18 and 19 and the DCT
Z gm0 (k) = 0, (B.30)
as |k| — oo. Thus, we can choose r sufficiently large so that for k € Qe (), |e(k)] < 1/2, and
% S1-le(t)l < |AKR) =1+ [e(k)] < 5 (B.31)
For the half-line problem, we write
"ia ia ey ai
- QZ <kn o o) 0 =2 (s ) 1 +nzl ZEZ) o S w| (B3

Recall that we require (ag,a1) # (0,0). If a; # 0, we choose r > /M, sufficiently large so that |ai| > |ag|/(mnr)
for k € Qext(r). Using this, for either case, ag # 0 or a; # 0, we have

(—=1)"iao _ |a0|

ay ay| +
kngi(,)wz) < | | matr < o0, (B.33)
F(kzr) 4 ‘|a1| - i;l.?lr

which defines A > 1. We have

oo (=D"ag

)] = | 32 B M oo )| < A4S el ) -

0, (B.34)
oT1 Tk 1101

by the DCT. We choose r > /M, large enough such that |e(k)| < 1/2 for k € Qex(r). Then

r
ao |(L0|
0 —|— || <|AK)| <3 B.35
<l = s | < 18009 3 (Jonl + 220 ) < o (B.35)
For the finite-interval problem, since
(@1,r) = (@) Loioi2 (21,2r) = (1) Q@) L ooie
e (k) = SRS () = 5 (SR 1) and 8§ () = SRS (E) = o (SR~ 1), (B36)
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where E(k) is defined in (5.5) and eﬁf’b)(k) and S%G’b)(k) are defined in (B.11), we factor out the n = 0 term in (5.6)
and write

A(k) = 2ia(k)E(k) + ico (k) (E(k)2 + 1) + so(k) (2(k)* — 1) +2@Z(cn )elE @) (k) + 5, (k)S("”“I’)(k)) (B.37)

n=1

Since =(k) — 0 exponentially fast, we have
Ak) = ico(k) — so(k) + 2i Z (cn (KL (k) + 5, (R)SL2) () ) + ok ~2). (B.38)

1. If (a : b)2,4 # 0, then we can write (B.28a) with by(k) defined in (B.28d), where

-1

E(k) - (CL : b)2$4

ico(k) — so(k) 4 (a: b)oy + 2i i (cn(k)egfl»m(k) + 5n(k)8£f”““)(k)) +o(k™2). (B.39)

n=1

Since ¢, (k) = O(k™1), so(k) = (a : b)as + O(k72), 5,(k) = O(k?), and because both el IT)(k:) — 0 and
glrrr) (k) — 0 by Lemma 19 and both are bounded (see Lemma 18), we can choose r > /M, sufficiently large
so that |e(k)| < 1/2 for k € Qext(r), by the DCT. We have

1 3
§|(a :0)2.4] < |A(K)] < §|(a 1 0)2, (B.40)
2. If (a: b)2,4 = 0 and m,, # 0, then we can write (B.28a) with by (k) defined in (B.28¢), where
_ k . . Z"'TLCO - : — (z1,2r) (z1,2r) -1
(k) = 7 [icolk) = % — solk) + m; (cn(k)(ﬁn () + 5, (k)8C (k)) Yo(k™Y).  (B.a4l)

Since ¢o(k) = me, /k + O(k~3), 5,(k) = O(k~2), cu(k) = O(k~1), and since € (k) — 0 and 85" (k) — 0
and both are bounded (see Lemma 18), we can choose r > /M., large enough such that |e(k)| < 1/2 for
k € Qoxt(r), by the DCT. We have

(B.42)

3. If (a:b)24a =0, meg =0, m, =0, and (a : b)1,3 # 0, then ¢o(k) = ¢1(k) = 0 and we can write (B.28a) with
bo(k) defined in (B.28f), where

e(k) = _# —s0(k) + % +2i isn(msgz»x»(m + o(kY). (B.43)

m
s n=1

Since s, (k) = ms/k* + O(k~*), and since § zl@’)(k) — 0 and is bounded (see Lemma 18), we can choose
r > /M, sufficiently large so that |e(k)| < 1/2 for k € Qext(r), by the DCT. We have

(B.44)

4. If (a :b)24 =0, me, =0, m¢, #0, and m¢,uy —8mg # 0, we can write (B.28a) with bo(k) defined in (B.28g),

where
8k2 ) . (z1,2) . (¢1,20) Me Uy — 8Mmy
W)= s — s ["0(’@ o+ 2ico (R)C™ ") (k) — so(k) + 2iey (k)€1 () — —=Em ="
+2¢ Z Cn xhxr) + 2i= Zgn 8(55173% ) + O(ko). (B45)
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By Lemmas 17 and 19, we have

ng"’zr)( k)= j(ml :vr)[l + (=1)P](k) + jl(ml,xr)[l — (_1)P](k)}

= —161% (utar) o)) (1= exp ([ 2ibul€)de ) ) + o) =~ g 4ok (B0

1

For n > 2, from Lemma 19, we have

Kom oty P
Z ’k@ (@20) (; ‘ Z |k| L|"+1J - _+02 = O(k™). (B.47)
=3

Since ¢o(k) = O(k™3), c1(k) = —m¢, [k + O(k™3), s,(k) = ms/k*> + O(k™*), and since ng”xr)(k) — 0 and
555”1’“)(1@) is bounded (see Lemma 18), we can choose r > /M, sufficiently large so that |e(k)| < 1/2 for
k € Qext (1), by the DCT. We have

1 3
6k [me,uy — 8ms| < [A(K)| < 62 [me,uy — 8ms|. (B.48)

O

Remark 22. Note that for constant-coefficient IBVPs (a, 5, v constant), the denominator A(k) reduces to
A(k) = 2ia(k)Z(k) +ico(k) (E2(k)> + 1) + so(k) (E(k)* — 1). (B.49)

If (a:b)2.4 =0 and m¢, =0 (ie., ¢o(k) =0 and so(k) = (a : b)1,3), then we require (a : b)13 # 0, so that A(k) 4 0
exponentially fast (or is not identically zero). Thus, Boundary Cases 1—4 are the only allowable cases giving rise to
a well-defined solution for constant-coefficient problems. If the coefficients are not constant, it may be possible to go
out to higher order in the asymptotics of Lemma 21, e.g., (a : b)24 =0, m¢, =0, m¢, # 0, and me,uy —8m, =0,
and additional allowable boundary conditions may be identified. This requires further investigation.

Lemma 23. Consider the finite-interval, half-line, and whole-line problems. For all three, there exists an r > /M,
and My > 0 such that, for k € Qex (1), x € D, and y € D,

(W (k, z,y)| < My. (B.50a)
For the regular problems,
Yk, z,y)
— < M, B.50b
‘ Ak) ’— N (B-200)
and for the irregular problems,
(k,z,y) —mi|kl(z—21) | y—min|k|(zr—2)
< Min r—xy Min Tyr—XT < . .
‘ AT ‘M@ (1+|k\ (e te )) < 3My k| (B.50¢)

Thus U(k,z,y) and U (k,x,y)/A(k) are well-defined functions.

Proof. For the whole-line problem, from (3.4) and Lemma 15,

Gl = Gl

and (B.50a) follows. From Lemma 21, (B.50b) follows. For the half-line problem, with z; < y < z, from (4.8)

exp(/:zknk 3 dg) ii

P8 () — €Y (k) ) 7 (k)
n=0 ¢=0 k .17[ ‘

1 I
< ge~minlkllz—yl ( 2ol + |as |) exp (2 H Bn)
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\I/ k < mzn‘ka y|
Wk, 2, )| < e ZM,

D>7 (B.51)

|U(k,z,y)| <4

D), (B.52)



and similarly for 2; < 2 < y. Therefore (B.50a) follows. From Lemma 21, we have

lao|
U(k, 2, y) ‘ 4 (‘“1‘ + |kn<k,xz>\) (1 H (Bn)’ ) (1 H (Bn)’ )
< exp | = <4Aexp| = , (B.53)
A ag 2 2
(k) ‘|a1| - ‘kn(km) H (B llp (Bn) llp
where A is defined in (B.33). This gives (B.50b).
For the finite-interval problem:
1. if (a:b)24 # 0, from (5.9a), we find for z; <y < x <7y,
[(a:0)13] | |(a:b)ral+[(a:b) 1| (Bn)’
v <4(|(a: : : : -
()] <4 (100l + 280 ot e (5| Gay .
AMpl(a:b)ial (1 H (Bn)’ ) o~ minkl (e~ e—l) (B.54)
mgmn k| (Bn)

and similarly for 2; < x < y < x,. Thus (B.50a) follows. From Lemma 21, (B.50b) follows.

y

2. If (@ : b)24 = 0 and m, # 0, from (5.9a), we find for z; <y < z < r,,

(k2 y)] < — (Ka:b) altl(a:b)as| |(a¢b)1,3|> exp (; H(ﬁn)'

[k My mar (Bn)
4Mg|(a : b)1 2| 1|1(Bn) —man |kl (@ —z1—|2—y])
e (3| G L) o (5:5%)

and similarly for ; < z < y < x,. This gives (B.50a). From Lemma 21, (B.50b) follows.

3. If (a:b)24 =0, me =0, me;, =0, and (a: b)y,3 # 0, then for z; <y < z < zy,
4 (1@ b)usl | AMpl(a s b)rallkl o iione— o 1| (8o
\I/ k ’ > m'm‘ ‘(wr Zy ‘I y|) _
|V (k,z,y)| < B ( m2 + e e exp | 5 (Bn)

and similarly for #; < z < y < z,. This gives (B.50a). This Boundary Case is regular if both (a : b)1,2 = 0 and
(a: b)3.4 = 0 and irregular if either (a : b)12 # 0 or (a : b)3.4 # 0, see Remark 10. Lemma 21 gives (B.50b) or
(B.50c).
4. If (a : b)a4 =0, m¢, =0, me, # 0, and m, ur — 8mg # 0, then,
) )
(@:b)a _ (a:bas _ me (B.57)
() () 2

From this (a : b)14/n(k, ;) = me, /2 + O(k™2) and (a : b)2s/n(k,x,) = me, /2 + O(k™2). Using Lemma 19,
there exists an r > C? such that

3 S I o T

n=1 ¢=0

D), (B.56)

-1= O(k_l)?

<i " cn—f ct (k+0O)?
T L R L5 (k- C2)2

for k € Qexi(r). For 2; < y < x < ,, the n = 0 terms involving (a : )14 and (a : b)2 3 combine to give

(CL : b)1,4 S(ml,y) (k)c(gz,:r,)(k) _ (CL : b)2,3 C(zl,y) (k)s(gz,a:,)(k)

En(k,x;) ° kn(k,z,) °
mc1 xy, T, Tr xy, T,y —
= Do (SE RS (k) = € (R)SET (R)) + O
me, . Y Ty Ly
= Sesin ([ = [ kn(k©)dg ) + O, (B.59)

so that, for ; <y < z <z,

Ime| [ —m, K| (x—m1) —min k| (@, —2) -2 4Mp|(a : b)y, 2| - E|(z—
U(k,z, <4 min | k|(x—x; min|k|(zr—z Ok min k| (2r z) B.60
|U(k,x,y)| < { 1H] (e +e )+ (k=%) ¢ + mmalk] (B.60)

This gives (B.50a). Using Lemma 21, we arrive at (B.50c¢). The same can be shown for z; < z <y < .
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O

Lemma 24. Consider the finite-interval and half-line problems. There exists an r > /M, and Mg > 0 such that
for k € Qe (r) and x € D, for both the half-line (m = 0) and the finite-interval problem (m =0, 1),

|Bo (K, x)| < Mpg. (B.61a)
Further, for the half-line problem (m = 0),
Bo(k’ :L') —m. —
| < Mglk|e~mimlkl@=a0) B.61b
B0 < Mgl , (B.61b)
and for the finite-interval problem (m = 0,1),
B (k ZL‘) bl —m.; _ —m. _
m\R, < Min|k|(zr—x) min|k|(z—z1) . 61
‘A(k) < Mglk|*(e +e ) (B.61c)

Here, b =1 for regular boundary conditions, and b = 2 for irregular boundary conditions. It follows that the functions
Bk, z) and B, (k,z)/A(k) are well defined for the half-line and finite-interval problems.

Proof. For the half-line problem, using Lemmas 15 and 18 in (4.6), we have

4Mp 1| (Bn)

which gives (B.61a). Lemma 21 gives (B.61b). Similarly, for the finite-interval problem, using Lemmas 15 and 18 in

(5.8¢), we have
4Mg L[ (Bn) aj| —min K| (@r— |bj1] TR
B _(k < — . min |k|(xr—x) J b, min|k|(z—x;) ,
| 2 J( ,I)| = exp( H 5 mn|k:| + |aj2‘ € + mn|k‘\ +| ]2| €
(B.63)

) e—minlk|(e—a1) (B.62)
D

mamy 2 || (Bn)

for j = 1,2, which gives (B.61a). For the finite-interval problem with Boundary Case 1 or 2 and for the irregular
boundary conditions, (B.61c) follows from the above and Lemma 21. For the regular version of Boundary Case 3,
we have a;; = 0 for all 4, j = 1,2, except for a;; and b2y, see Remark 10. Thus,

aM 1[(Bn) . _ - _
(5[] ) ot s,
n
from which (B.61c) follows, using Lemma 21. O

Lemma 25. Consider the finite-interval, half-line, and whole-line problems. For all three, there exists an r > /M,
and Mg > 0 such that for k € Qex(r) and z € D,

|0 (k, z)| < Ma||qol|p- (B.65a)
For the regular problems,

Dok, x

‘ OA((k;)) < Mo||qo||p, (B.65Db)
and for the irregular problems,

ok, z) —mealkl(@—a) | = bl(ao—a)
— Min Tr—x Min Tp—T < ) )
| — Mallallo (1+ 11 (e te )) < Mokl laollo (5.65¢)

1t follows that ®o(k, ) and Po(k,z)/A(k) are well-defined functions.

Proof. The inequalities (B.26a) follow directly from Lemma 23. O
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Lemma 26. Consider the finite-interval, half-line, and whole-line problems. For all three, there exists an r > /M,
and My > 0 such that for k € Qext(r)\Q(r) (the green region of Figure 4), for x € D, and for t € [0,T],

|®f(k, 2, t)e —k? Y < My| fllp- (B.66a)

Further, for the regular problems,

@f(k,x,t)e_kzt
—am | M B.66b
A(k) fIflo, ( )
and for the irregular problems,
Dk, x,t e*k2t o . . o
f(A(k; = My| fll» (1+ k| (e inlkl(z=e0) 4 o=minlk|(er >>) < 3M;|E||f]p- (B.66¢)

Thus, ®¢(k,x,t) and ¢(k,x,t)/A(k) are well-defined functions.
Proof. For k € Qe (r)\Q(r), [e7¥ (=) < 1. Tt follows from (2.8) and Assumption 2.1 that

/ ’fa ,x,t)e K ! da </ / | fa(z, s)| dsdy < TE::HD (B.67)

(03

Using this and (B.50) in (B.26b), we obtain (B.66) for any « € D and for ¢ € [0, 7. O

Lemma 27. There exists an r > /M., so that for x € D and t € [0,T], Al b)( k), Ak), Y(k,z,y), and Po(k,x)
are analytic in k, for k € Qex(r). The functions ®¢(k,x,t)e ~k*t and Bo, (k,z)e~ Kt gre analytic in k for k €

ext( )\Q( )

Proof. Consider a closed contour I" € Qext (). Then

(@b, 1 7B Rye) ) (S, [ _
w6 2/dy7§dk<n wn)(k,yp)) p<z ), k”(k’g)dg) e

by Cauchy’s theorem. We can switch the order of integration by Fubini’s theorem and Lemma 18. Therefore, by
Morera’s theorem, A [op.n](k) is analytic for k € Qex(r). For all three types of IBVPs considered, the same
argument applies for the A(k), U(k, z,y), and the ®y(k, x) functions by Lemmas 21, 23, and 25, and for the B, (k, x)
and @ (k, z,t) functions by Lemma 24 and 26. O

The following lemmas prove that the different parts of the solution are well defined.

Lemma 28. For the half-line problem (m = 0) and the finite-interval problem (m = 0, 1), there exists an r > /M,
such that, for any x € D and t € (0,T), the function qs, (z,t) (B.27c) can be written as

1 B (k, x) 2 —k2t
aB,, (z,t / —— %k, t)e dk, B.69a
(z,t) =5 ooty AR (k7,1) ( )
where
2 __fm(o) _1/t k2s g1
Fm (k1) = 12 =NA e” 1 (s)ds, (B.69b)
with the bound
, —|k|? cos(26)t [F] (1 _ €—|k|2cos(29)t)
2 —k t < Il fm |l o€ mlloo B.
[ (K7 | e + [T cos(26) (B.70)

The function qg,, (z,t) is well defined.
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Proof. From (4.7) and Assumption 2.3, for k € Qe (r)\Q(r),

t
|[F (K2, 1) ™| < '/ eH=I £ (5) ds| < T fon oo (B.71)
0

Therefore, for € D, we have exponential decay of the integrand of ¢z, (z,t) from Lemma 24. Using Lemma 27, we
can deform the contour of (B.27¢) from (7) to Qext (7). Assumption 2.3 allows us to integrate (4.7) by parts so that

—k%t t
Fm(k2,t)€7k2t — fm(t) o fm(o)e . i 67k2(t75)f/

12 12 12 () ds, (B.72)

which gives (B.69), after using Cauchy’s theorem on the f,,(t) term. Equation (B.70) follows from (B.69b) and
Assumption 2.3. From Lemma 24, for the half-line problem,

95, (@, )] < ];/A;B /59 () L N N e (B.73a)

and for the finite-interval problem,
|95, (z,1)] < % /{m . 13K (e_m”"|k‘(”“_z) + e7minlkl(z= zﬂ) |G (K2, )"t | k. (B.73b)
From (B.73), we see that gg,, (z,t) is well defined for x € D and for ¢ € (0, 7). O

Lemma 29. Consider the finite-interval, half-line, and whole-line problems. There exists an v > /M so that for
x €D andt € (0,T), qolx,t) (B.27a) can be written as

1 ‘b()(k‘,.%‘) _ k2t
t) = — _— dk B.74
QO(:E7 ) o /Bﬂext(ﬂ A(k) € ) ( )

which is well defined.

Proof. By Lemmas 25 and 27, ®g(k,z)/A(k) is bounded, well defined, and analytic for k € Qex(r). Let
Cr={keC:|k|=Rand 6y <0 <m/4dor3n/4<80<m—0b}, see Figure 4. For the regular problems, using sym-
metry,

i 2
Do(k,x) _p2y /Z —R? cos(20)t mMa||qollp (1 — e )
— 7 < 2M. cos < B.
/CR e k| < 20 [ e Rdo < 2 0, (B.75)

0o

as R — oo. Thus we can deform the contour by Cauchy’s theorem to conclude (B.74). For the irregular problems, the
above holds for the integral over the first term of (B.65c) and for « € D, the second term is exponentially decaying,
and we again conclude (B.74). It follows that for all three problems

Ms||qollD 2
‘QO(IL’,t”: || || ‘ke k<t
BQext

dk . B.
o |dk| < o (B.76)

O

Lemma 30. Consider the finite-interval, half-line, and whole-line problems. There exists an v > /M, so that for
r €D andt e (0,T), qs(x,t) (B.27b) can be written as

1 O;(k, , t)e 't
t) = — ————dk B.
ar (iCa ) o \/6\Qext(7“) A(k‘) ) ( 77&)

where

U (k,z,y) fa(kQ,y, t)
\/ﬂn k,x)\/(Bn)(k,y)

dy, (B.77b)
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and

fOé y70 1 ¢ 2,5
fa(k2,y,t) = 5{;2 ) - ﬁ fape(y,rs)@k ds. (B??C)
0
Further, we have the bound
R —|k|? cos(20)t ||ftHD(1 _ e—\k\%os(%)t)
K2,y t)e | ay < 1112 B.78
/D’f()(( 7y7 )e ’ y— ma|k‘2 ma|k‘4COS(29) ( )
For all three problems, there exists an My > 0 such that
’@f(k,x,t)e*k2t| < Mf/D }fa(kz,y,t)e*k%} dy. (B.79a)
For the regular problems
q)f(k,l‘,t)efk% / 2 _k2t
| <M o (k% y,te dy, B.79b
A RGN (B.79)
and for the irregular problems,
<I>f(l<:,:v,t)e’k21t —mankl(@—a1) | —min k(. —) 2 —k2t
L~ < Min T—x] Min Tyr—T ) ]
A=y (1 (e e ) /foa(k e dy (B.79¢)

It follows that qf(x,t) is well defined for all three problems.

Proof. By Lemmas 26 and 27, ®¢(k, z, t)e_th/A(k) is bounded, well defined, and analytic for k € Qe (r)/Q(r). Let
Cr be defined as in the proof of Lemma 29, see Figure 4. Then, for the reqular problems, using symmetry,

O (k,x, t)e*
/ f( 7$’ )6 dk
Cr

0 3
<2M/|fllp / Re~ 1 eos0t gg _ 0, B.80

as R — oo. Thus, we can deform the integral in (B.27b) from Q(r) to Qext(r). For the irregular problems, the above
holds for the integral over the first term of (B.66¢) and for = € D the second term is exponentially decaying. Thus,
we can still deform from Q(r) to Qe (r). Using Assumption 2.1, we can integrate (2.8) by parts, to obtain

r3 @ ) k2t_ [e% ,0 1 ¢ 2g
Jult?,z,0) = 00 [ et (B31)

which gives (B.77), after using Cauchy’s theorem on the f,(z,t) term. Equation (B.78) follows directly from (B.77¢)
and Assumption 2.1, and equation (B.79) follows from Lemma 23. From (B.79), we see that the integrand in gy (z,t)
is absolutely integrable and is therefore well defined for all € D and any t € (0,T) (or for any € D and for all
te[0,T]). O

Finally, we combine all the results obtained.

Theorem 31. There exists anr > /M, such that the functions (3.2), (4.2), and (5.4) are well defined for all x € D
and for any t € (0,T).

Proof. Combining Lemmas 28, 29, and 30, we obtain our result. O]

C Proofs: the solution expressions solve the evolution equation

In this appendix, we prove that the solution expressions (3.2), (4.2), and (5.4) for the whole-line, half-line, and
finite-interval problems, respectively, solve the evolution equation (2.1) in their respective domains. Naturally, we
are in need of lemmas on the derivatives of various quantities defining the solution expressions. The following lemma
deals with derivatives with respect to the spatial variable.
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Lemma 32. Forn > 0, the derivatives of &(lm’oo)(k‘) and gysfoo’m)(k) are given by

0. E5>) (k) = ;mgﬁ‘”(k) — (1= (=1)")ikn(k, 2)E (), (C.1a)
0,842 (k) = 5 T ECT I ) 4 (1= (-1)")ikn(k, )2 1), (©11)
and those of CY"" (k) and S\ (k) are
0xCS) (k) = ;mc&f’(m — (=1)"kn(k, 2)S{) (k), (C.1c)
0,CL7) (k) = ;((%t))/(::;)cff ) (k) + kn(k, )80 (k), (C.1d)
0,57 (k) = ;Wsﬁﬁ(k) (—1)"kn(k, 2)CE) (k), (C.1e)
8: S (k) = ;W‘sﬁ”(m — kn(k, 2)C{®) (k). (C.1f)

Proof. Since (n)’/(fn) € L*(D) by Lemma 14, the proof is by direct calculation of the derivatives of (3.5) and (4.9)
[18]. We show one such calculation. From (3.5b),

080 =5 [Can [ [T s [, (T_I m')exp (ga—(—w) /yj”“z’kn(fs,s)df),

1

(C.2)
so that
Sa) gy — () () 1 O (S e [
9., (k) (Bn)(k, z) 2 /a_y0<_”<y . <p:1 (ﬂn)> P p=0(1 (-1) )/yp kn(k,E)d€> dyn-1
(C.3)
which gives (C.1b). O

In Lemma 33, we prove a general summation identity for the generalized accumulation functions j,E“”’) [0p.n](K).
This identity is used to prove the problem-specific identities in Lemma 34. In turn, these are used to prove the
relation between x(k,x) (C.18b) and A(k) in Lemma 38.

Lemma 33. Let G ¢ and 6, ¢ be two non-negative integer-valued functions as described in Definition 16. Denote

_ JOpn—t; if0<p<n—4¢,
{5p(n£),z7 ifn—f<p<n. (C.4a)

IfGp—tn—e = 0oy and oy p is independent of £, then

T [0p0] (k) = Zx&“?’[am AR TV 6,0 (K). (C.4D)
=0
Proof. Define
38 [, ( ZJn Fpun—t) (k) T (G p.e) (K). (C.5)
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By the definition of T [op.n] (k) (B.10),

n n—¢ )( Yp+1
350 [op,n) (K 21@2:/ . H ’y” )exp (Z%n e/ zkn(k,é)d§> dyy -+ - dyp—ox
T (B (K, ) e

p=n—~{

(C.6)

In the exponential of the first integral, for the p = n — ¢ term, y,_¢y1 is defined as x. In the exponential in the
second integral, for the p = n — ¢ term, y,,—¢ = . Since Tp,_¢n—¢ = 60,0 = On—s¢.n, Multiplying the exponentials and
adding these terms together, we have

x Yn—0+1 Yn—e+1
En_m_g/ ikn(k, &) d¢ + &075/ ikn(k, &) d¢ = O’n_gm/ ikn(k, &) dg, (C.7)
Yn—2t z Yn—t

and the two integrals are combined as

ol k) = 5> [

=07 0<<Yn— 0 <T<Yn 1< <

(H ) >exp (Za,,n/ " zkn(k,§)d§> dys -+ - dy,.
) (C.8)

Summing over £ is equivalent to adding up all possibilities of x lying between one of the y,...,y,. Since op,, is
independent of ¢ by assumption, the integrand is independent of ¢, and

n / k
Doyl = 5 [ o (H o >exp (Zap, / zkn(k,@ds) dyy - +dyn,  (C9)
a=1Yyo Yn+1

7yp

which is (C.4). O
From the identity in Lemma 33, we can prove the following more specific forms of (C.4b).

Lemma 34. For the whole-line problem, if n is even,

870 (k Zfﬁ P (k)ES (k). (C.10a)
For the half-line problem, for any n,
£ () = 37 (P (k) — (~1)"is ()) €67 (k). (C.10D)

e (k) = 3 (EP (ke (k) = (~1)" 18D (RS (k) ), (C-10¢)
£=0

S (k) = D (S ()€ (k) + (=1~ e ()87 (k). (C.100)
£=0

Proof. For the whole-line problem, we define ey, as the right-hand side of (C.10a). Using (B.12), we write ey as

el = ZJn 20 = (CDPI )T L = (1) k). (C.11)
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From Lemma 33, if n is even, &, ,,—¢ = 1 — (=1)? and 6, = 1 — (—=1)*"? so that 7,,_¢ ¢ = G0 and

T n—t, fo<p<n—+¢  [1—-(=1)P, f0<p<n-—-¢ _ .  np
p’"_{ﬁp_(n_g),g, ifn—f<p<n, |1—(=1)C-0=0)"ifp ¢ <p<n, =1-(=1)""7, (C.12)

is independent of ¢ so that (C.10a) follows.
For the half-line problem, we define ey as the right-hand side of (C.10b). Using (B.12),

n

=5 3 (L= (C1MTEEN 4 (1PIR) + (1 (C)MTE [~ (CDPH)) T - (-1 PR, (C13)

£=0

which is simplified to

eh1 = i TN — (=1)" P (k) T — (~1) P (k). (C.14)

£=0

From Lemma 33, opn— =1—(=1)""? and 6,0 =1 — (—1)*7P so that On—tn—t = 0oy and op, =1—(=1)"7P.
Equation (C.10b) follows.
For the finite-interval problem, we define ¢, and e as the right-hand side of (C.10c) and (C.10d), respectively.

Using (B.12), we write these in terms of T [0p.n](E), obtaining

n

o= 3 2001+ (<17 (ZEP I+ IR L+ (<17](E)

£=0

R = (PRI = (1))

m»—
M3

) (T80 (T (<))
+j7§:iléz)[1 _ (_1)p](k)j£(w,zr)[1 + (_1)19](](;))7 (C.15a)
o= 1 3+ (1)) (F 1+ (PRI (<1 (k)

ST = (PRI - (1) (k)

3 2= (1 (282 (PRI - (-1Pw)
£=0
—jéiléz)[l _ (_1)1)](1{;)‘_7[(%%)[1 + (_1)p](k))’ (C.15b)
which simplify to

(=3 3 (ZE3 0+ (1P R) T+ (=150 + T = ()P T T= (—1) (R,
= (C.16a)

o= 5 20 (FE7 1+ (CUIRTE 1+ ()0 = T = (F1PRTS L= (<17 ).
= (C.16b)

For the first terms of ¢, and ¢, Tpp—y = 1 + (=1)P, and 6,0 = 1 + (—=1)"=P 50 that Tn—tn—t = 0o and
opn = 1+ (=1)P. For the second terms of ¢. and es, pn—r = 1 — (=1)P, and G, = 1 — (=1)""“P 50 that
Tn—tn—t = 6o, and op , =1 — (—1)P. Equations (C.10c) and (C.10d) follow. O

Now, we begin taking derivatives of the solution expressions. In Definition 35, we introduce some functions that
appear in the derivatives of the solution expressions. In Lemmas 36—38, we prove some properties of these functions.
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Definition 35. We define

_ B 0 [ Ukwy \ 1 (Bn)'(k,x)
i _ (BY)(k,x y) (AT 1Bk ) o=
where we use the notation (BV)(k,z,y) = B(x)¥(k,z,y). We also define
U(k,z,z%) = lim, U(k,x,y), U(k,z,2t) = lim, W(k,z,y), (C.18a)
y—at y—at
and
X(k,l‘) = (Bﬁ)(kazvxi) - (5@)(k,x,x+) (CISb)
Lemma 36. For the whole-line problem, for y < z,
U(k,z,y) = ikn(k, z) exp (/ tkn(k, ) dg) Z Zg( 00,y) (, oo)(k)7 (C.19a)
Y n=0 (=0
and for x <y,
U(k,z,y) = —ikn(k, ) exp (/yzkn (k,€) dg) f: Y —1)mEC TP (R)EM ™) (k). (C.19b)
x n=0 ¢=0
For the half-line problem, for x; <y < z,
W (k,z,y) = 4ikn(k,z) exp (/w ikn(k,€) dg) i i ( k ) ffl}zy)(k) - alcv(f—l’zy)(ko 5éxv°°)(k), (C.20a)
xy :Cl

n=0 ¢=0

and for x; < x <y,

U(k,x,y) = 4kn(k, ) exp (/ ikn(k, €) d§> i i (
z =0 /¢=0

For the finite-interval problem, for x; <y < z < x,,

(21, ) (mlz (y,00)
k xl)C"7 ( )+a S ( )) Sg (k) (C.QOb)

B(mr)(a:wl@ = —_1\rcl-e)
kn/(Bn) (k, 1) /(Bn) (k, ) ,;( e

U(k,z,y) = 4kn(k, z)=(k) {_

Ty, ) = = za:,.
a b 2422 [C y) SZE )(k) kg ( (k T Z 87276 )(k)
n=0 £=0 Tr) n=0 £=0
422 ZS(Ily S(mr) 23 ch(fﬂzy) (/ﬂ)}7
)n 0£4=0 n=0 ¢=0
(C.21a)
and for x; <z <y <z,
Uk, z,y) = dkn(k, 2)2(k Blz))(a: b)sa Cl@w)
k\/ﬂn)kml\/ﬂnerno
n Izl’ (y,z,) ( b 1,3 — n—_£(z1,2) (y,2r)
a b 2422 8 CZy (k)+ k (k} )n(k,xr) ZZ(_:U Cnfé (k)séy (k)
n=0 ¢=0 n=0 ¢=0
b1\~ 1 e (e 1 (@:0)23 oo N gyt o(@ne) 1 elvn)
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Proof. Using (C.1) in (3.4), (4.8), and (5.9), we find (C.19), (C.20), and (C.21) for the whole-line, half-line, and
finite-interval problems, respectively. O

Lemma 37. Consider the finite-interval, half-line, and whole-line problems. There exists anr > /M, and Mg > 0
s0 that for k € Qe (r), for x € D, and for y € D

(W (k,2,y)| < My|k|. (C.22a)
For the regular problems
(k,z,y)
— 20 < Mylk .22b
and for the irregular problems
Y(k,2,y) —minlKl(@—a1) | g=minlkl(z,—a)
< Miin r—x] Min Typ—T ) ]
‘ A ’_M\yllﬂ (1+|k| (e te )) (C.22¢)

Therefore, W(k,z,y) and ¥ (k,z,y)/A(k) are well-defined functions.

Proof. The proof is identical to that of Lemma 23 in Appendix B. Note that My here and from Lemma 13 are
identical up to a factor of M,. Without loss of generality, we take them to be the same. O

Lemma 38. For the finite-interval, half-line, and whole-line problems,
x(k, ) = 2ik(Bn)(k, 2) A(k), (C.23)
where x(k,x) is defined in (C.18b).

Proof. For the whole-line problem, using Lemma 36 in (C.18b),

Xk, @) = ik(Bn)(k,2) S (1+ (=1)") Y &5 (h)Ef™ ) (k), (C.24)
n=0 {=0

which gives (C.23), using Lemma 34. Similarly, for the half-line problem,

n

x(k, ) = —4k(pn)(k, z) exp (/I ikn(k, &) df) f: (lm + ia1> > (cff_hﬁ(k) - (—1)%3&@(/@)) £7°) (k).

Ty n=0 =0
(C.25)
Using Lemma 34,
- o~ (ED"a0 L el ) — o
x(k, x) = —4k(Bn)(k, z) 7; ( ko) +iay | @) (k) = 2ik(Bn) (k, z) A(K). (C.26)
Finally, for the finite-interval problem, since Cf,z’m)(k) = dp,, and Sr(f’z)(k) =0,
x(k, ) = —4k(Bn) (k, 2)Z (k) {a(k) > el Y (CP e (k) = (~1)" S () S (k)
n=0 £=0
+ iﬁ (k) f: (e (me ) (k) + (~1)" "¢ ””“I)(k)S(””’”T)(kD} (C.27)
n n—¢ ¢ n—¢ ¢ ) .
n=0 £=0
which gives (C.23), using Lemma 34. O
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Lemma 39. For the half-line problem,

46(x;)ikn(k, z) exp (f; ikn(k, €) d{) oo
: EN0) (k), C.28a
VB0, 21) /(B (ks ) Z:IO A7) (k) (C.282)

and there exists an v > /M., and Mg > 0 so that for k € Qex(r) and x € D,

B()@(ki, J)) =

|Bo »(k, x)| < Mglk| and

‘Bo,x(k,:v) < Mgl|k|2e™mnlkl@—=0) (C.28b)

Ak)

For the finite-interval problem, we have for j = 1,2,

‘ e (o 4kn(k, 2)2(k) B(x,) a1~ nel) (k) 4 ) (1
Bamsallod) == o) {mn)(k,m lkn(sz) 2 (CIrer ) + 22 S )]

ﬁ(xl) (z,2) o n (x, zr)
(Bn)(k,xl) [kn 2 xr ;C bj?Z 8 )

and there exists an r > /M, and Mg > 0 so that for k € Qex(r) and x € D,

}, (C.29a)

B (k, x)
A(k)

For regular boundary conditions b = 1, and for irregular boundary conditions b = 2. Therefore, the functions
B (2, t) and By, o(z,t)/A(k) are well defined for the half-line and finite-interval problems.

‘Bm,x(kax” < M3|k’| and ‘ < MB‘k|b+1 (efmin\k\(rrfx) +e*min‘k|($7$l)). (Cng)

Proof. Lemma 32 and a direct calculation gives (C.28a) and (C.29a). The proofs for (C.28b) and (C.29b) are identical
to the proof of Lemma 24. Note that, as in Lemma 37, the Mpg’s differ only by a factor of M, (see Lemma 13).
Without loss of generality, we may take them to be identical. O

Lemma 40. Consider the finite-interval, half-line, and whole-line problems. We have

(k. 7,9)qa(y)
D /(Bn)(k, 2)\/(Bn)(k, y)
where ®o(k,x) is defined in (B.26a). There exists an Mg > 0 so that

D . (k, ) dy, (C.30)

|0, (k, )| < Ma|k|lgollp and

Dy . (k,x
]“’ < MalkPgoll- (C.31)

A(k)
Thus ®g 5 (k,x) and P . (k,x)/A(k) are well defined for all three problems.

Proof. Breaking up the integral over D in (B.26a) into two integrals over the regions y < x and y > x and using the
Leibniz integral rule, we obtain

v ) -
(6“)(kax) \/ ﬁn k CL’ ﬁn)(k7y)
Since U(k,z,z~) = U(k,z,z"), we find (C.30). We obtain (C.31) from Lemma 37. Since the integrand in (C.30) is
absolutely integrable, differentiation under the integral is allowed. O

Lemma 41. Consider the finite-interval, half-line, and whole-line problems. For k € Qey, © € D, and t € (0,T),

U(k,z,y)fa(k? y,t)

;0 (k,x,t) (C.33)
D /(Bn)(k, )/ (Bn) (K, y)
Further, there exists an My > 0 so that
(@ (K, £)e 1| ng|k|/ £ (K2, 5, )" | . (C.34a)
D
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For the regular problems,

@fx(k,x,t)e*k% / 2 _k2t
— | < My|k « (k% y,t)e dy, C.34b
and for the irregular problems,
Oy(k, x, t)e ! —minlkl(@—1) | —min|k|(zr—2) 2 — k%t
I E My [kl (1 -+ [l (e M) ) 5 (62, e dy. (C.34¢)
D

where ®5(k,x,t) and §o(k?,y,t) are defined in (B.77b) and (B.77c), respectively.

Proof. Breaking up the integral over D in (B.26a) into two integrals over the regions y < x and y > = and using the
Leibniz integral rule, we obtain

Uk ) —Y(k o(k?,2,t) W (k, o (k?
\/(ﬁn)(kyx)\/(ﬁﬂ>(k x) p /(Bn)( k x) ﬁﬂ)(k7y)
Since ¥ (k,z, 2~ ) = ¥(k,z,2") for all three problems, we obtain (C.33). Equation (C.34) follows from (C.22a). Since
the integrand (C.33) is absolutely integrable, differentiation under the integral is allowed. O
Lemma 42. Consider the finite-interval, half-line, and whole-line problems. For x € D and t € (0,T),
1 (I)O T(k, I’) 7k2t
t _— dk .
qo,z(z,t) = Dy /{mt AR e , (C.36a)
(2.1) = i/ q)f,m(/fyx,t)e_k%d (C.36b)
qf,il) ) - 27_[_ 6QEXt A(k) y7 M
1 Bz (k‘, x) 2 —k%t
(T, t) = — — L& (k"1 dk, C.36
()= 5 [ P g e (C.36¢)

are well defined, i.e., we can differentiate under the integral sign. Furthermore, qo .(z,t) and qs - (v,t) are well defined
for x € D. For the regular problems, qs, .(x,t) is well defined for x € D.

Proof. The integrand in qo ,(,t) is exponentially decaying for ¢ € (0,7), and therefore is well defined for = € D.
From (C.34) and (B.78), we see that, for any ¢ € (0,7), g1, (z,t) is also well defined for x € D. For t € (0,7T), from
(C.28b), (C.29b), and (B.70), we see that for = € D, ¢g,, »(x,t) has exponential decay and is well defined. For the
regular problems, qp,, .(x,t) is absolutely integrable for z € D and is well defined. O

Remark. For the irregular problems, qs,, »(z,t) may be ill defined at the boundaries, but the boundary conditions
(5.1c) and (5.1d) are well defined and satisfied, see Section D.

Lemma 43. Consider the finite-interval, half-line, and whole-line problems. For x,y € D and k € Qext,

k* + ()

\I/(]C,I,y) = - a(ac)

U(k,z,y). (C.37a)

For the half-line (m = 0) and the finite-interval problems (m = 0,1),

(BB alhor) = =220, 1), (C.37h)

forxeD,te(0,T), and k € Q.

Proof. For the whole-line problem, a direct calculation using Lemma 32 gives (C.37a) from (C.19a) for y < x and
from (C.19b) for y > x. Similarly, for the half-line problem, we obtain (C.37a) from (C.20a) for z; < y < x and from
(C.20b) for z; < z < y. Equation (C.37b) follows from (C.28a). For the finite-interval problem, we obtain (C.37a)
from (C.21a) for z; < y < < z, and from (C.21b) for z; < z < y < x,. Finally, (C.37b) follows from (C.29a). O
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Lemma 44. Consider the finite-interval, half-line, and whole-line problems. With §(k? z,t) = a(x)fa(k?, x,1),

a(@)(BPow)s(k, ) = 2ikA(K)go(z) — (k* +~(x))@o(k, 2), (C.38a)
(z)(BP5.0)x(ky x,t) = 2ikA(K)f(K2, z,t) — (k* + v(2))®;(k, z, 1), (C.38b)

Proof. Using Lemmas 40 and 41, we split D into the two parts y < x and y > x, and the Leibniz integral rule gives

o) = Xk 2)ao(z) U(k,z,y)q0(y) .

(30.)e) = S+ [ T (C.39)
~ x(k, @)f(K?, 2, 1) U (k, 2, y)f(k* y,t)

(B®j,2)a(k, 2, 1) = (@) (Bn) (k. 2) /Da(y)\/(ﬂn)(k,m)\/(ﬁn)(k,y) dy, (C.39b)

where x(k,z) and W(k, z,y) are defined in Definition 35. Using Lemmas 38 and 43 gives (C.38). O

Lemma 45. Consider the finite-interval, half-line, and whole-line problem. For x € D and t € (0,T), the t-
derivatives of qo(x,t), qr(x,t) and gg,, (x,t) are

1 K200k, z) e,
qo,¢(z,t) = T om o We dk, (C.40a)
1 k*®;(k, z, t)e_kzt
gri(x,t) = —— dk, C.40b
) =" 0t (1) A(k) ( )
2
qu,f,(I’t) = 1 M_’S’m(k27t)67k2t dk’ m = 0’ 1 (C4OC)

om OQext (1) A(k)
These functions are well defined.

Proof. Differentiating (B.74) with respect to t gives (C.40a), since the integrand is absolutely integrable. From
(B.77¢), fawt(kz,x,t)e*k% = —fa(7,t)/Kk?, and differentiating (B.77b) with respect to ¢t yields

z 67k2t _ \P(kaxvy)fa,t(y?t)
Balls ) /D K2/ (B) (k, )/ (Bn) (k, y)

dy, (C.A41)

so that, using Lemma 23,

;. (k, x, t)e‘th
A(k)

M 9 .
< ﬁ (1 + |k] (e—miﬂkl(z—acl) + e_m,,nlk\(z,‘—z)» | fatllp- (C.42)

Differentiating (B.77a) with respect to ¢, we obtain

gre(x,t) = i/ Mdk _ i/ k2q’f(k‘,x,t)e—k2t
T e AR 27 90 () A(k)

From (C.42), it follows that the first contour integral can be closed in the upper half plane, implying it is zero by
Cauchy’s theorem, resulting in (C.40b). From (B.79), ¢y .(z,t) is well defined, for z € D. Since Sm,t(kQ,t)e_kzt =
—f1.(t)/k?, differentiating (B.69a) with respect to t,

dk. (C.43)

fi(t) / By (k, ) 1 / k2B, (k, x) Y
= - N — " dk. 44
qB?YLyt(x’ t) 2’/T 8Qext (T) kz (k) dk 27_[_ aQeXt(,r,) (k) gm(k ) t)e dk (C )

As above, (B.61) allows us to close the contour of the first integral in the upper half plane, showing the first term is
zero by Cauchy’s theorem, obtaining (C.40c). From (B.61) and (B.70), ¢g,, :(x,t) is well defined for = € D. O

Lemma 46. For x € D andt € (0,T), the derivatives

04(55)(5%@%(90, t) + "Y(.T qO(xa t) =4qo,t (1’7 t)a (0453)
a(x)(Bqs )z, t) +v(@)gp(z,t) + f(2,t) = qre(2, 1), (C.45b)
() (Bas,,,2)=(x, 1) +v(2)gs,, (z,1) = g5, ¢(x, 1),  m=0,L (C.45¢)

are well defined, i.e., differentiation under the integral sign is allowed.
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Proof. Direct differentiation of the results in Lemma 42 yields

_ i (BLo0)a(k, ) _p2y
(Bg0.2)e(@,8) = 5 /a 0. Al e "t dk, (C.46a)
1 (B5.2)(k, 2, t)e
R B R (C.16b)
_ 1 (BBm,z)a(k, ) 2 —k2 _
(s, el t) = 5= [ BB 2 e ak, m = 0.1, (C.460)
Using Lemmas 43, 44, and 45,
a(z)(Bq0,2)z(x,t) +v(x)qo(x, t) = qo,t(x,t) — qon(x) / fee k7t dk, (C.474a)
1T Oext
(@) (Bas,2)e(@,t) + v(x)qs (2, t) = qra(w,t) — i/ kf(k2, x, t)e ¥ tdk, (C.47b)
1T O ext
a(x)(BaB,,)z (7, t) + ()8, (z,t) = g5, +(2,t),  m=0,L1 (C.47¢)

Since the integrands in (C.47) are absolutely integrable, the differentiation inside the integral is justified. The path
for the remaining integral in (C.47a) can be deformed down to the real line showing it is zero. Using (B.77c¢), the
remaining integral in (C.47b) is evaluated as

¢
—/ kf(k2,x,t)e_k2tdk :/ (f(y,O) + 1/ fs(y,s)ekzs ds) e Kk, (C.48)
At et k k Jo

which may also be deformed to an indented contour on the real line. The principal-value part integral is zero, while
the indentation integral evaluates to

1 kf(k2, @, t)e ™ tdk = Res ((f (.0) + % / t Foly, )€™ ds> e = o) = f(y,1). (C.49)
0

1T Ooxt k

Equation (C.47) yields (C.45). O
Theorem 47. The solution expressions (3.2), (4.2), and (5.4) each solve the evolution equation (2.1a).
Proof. Since ¢q(z,t) = qo(x,t) + g7 (z,t) + g8, (x,t) + ¢B, (x, 1), (C.45) gives the result. O

D Proofs: the solution expressions satisfy the boundary values

Definition 48. In this appendiz, { = 0 corresponds to the half-line problem, while ¢ = 1,2 correspond to the
finite-interval problem. We define, for k € Qe and y € D,

aoV (k, 1, y) + a1V (k, z1,y)

PO (k,y) = , (D.1a)
(Bn)(k, 1)
o T ] v
Ok y) — anV(k, 21, y) + a¥(k,zy) | ba¥(k,zry) +be (k,aﬁr,y)7 (=12 (D.1b)
(Bn)(k, z1) (Bn)(k, )
For k € Qoxy,
B (k) = aoBo(k, x1) + a1Bo o (k, z1), (D.2a)
B (k) = ag B (k, 21) + ar2Bum o (k, 21) + b1 B (k, 1) + b B o (K, 1), =12, m=0,1, (D.2b)
and
P57 (k) = ao®o(k, 1) + a1®o 4 (k, 21), (D.3a)
Pél)(k) = anPo(k, ;) + araPo o (k, 1) + by Po(k, 1) + braPo (K, xr), (=1,2. (D.3b)
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For k € Qext and t € (0,T),

,P](CO)(‘IC7 t) = aO(I)f(ka Zy, t) + al(@f,z(ka Ty, t)a (D4a)
P}e)(kvt) = anPs(k, 1, t) + app®s o (k, 21, 1) + bor Ps(k, xp, t) + bpaPs o (K, 2, t),  €=1,2. (D.4b)

Finally, fort e (0,7T),

Q(Bo,l (t) = aoqsB,, ($l,t) + aqum,m(xlat)v (D5a)

Q,(,fi (t) = angs,, (z1,t) + aeqs,, «(z1,t) + beags,, (Tr, t) + beagn,, o (r, t), 0=1,2, (D.5b)
and

Q(()O) (t) = aopqo (‘rlv t) + @140,x (fEl, t)v (DG&)

(1) = anaqo(ai, t) + aragor(x1,t) + bergo (e, t) + beago (21, 1), (=12, (D.6b)
and

Q(fO) (t) = aogqy(x1,t) + a1qy,. (21, 1), (D.7a)

ng) (t) = anqyp(,t) + arqyr (21, t) + berqr(zp,t) + beaqy o (20, t), ¢=1,2. (D.7b)

Lemma 49. For both the half-line problem and the finite-interval problem, for k € Qext and y € D,
PO (k,y) =0, £=0,1,2. (D.8)
Proof. For the half-line, using (4.8) (with z; = z < y < x,,) and (C.20b) in (D.1a), gives (D.8).

U(k,x;,y) = —4exp (/y ikn(k, §) d§> Z(—l)"aﬁfl%m) (k),

l n=0
_ v il
(k,x1,y) = dexp ( / ikn(k, €) d&) > (=) ag€ > (k),
L1 n=0
U(k W(k
= m(O)(kay): ao ( ,ml;y)+al ( ,lL’l,y) _ (Dg)
(Bn) (K, 1)
Using (5.9) and (C.21) in (D.1b), the calculations for the finite-interval case are equally straightforward albeit more
tedious. O
Lemma 50. For the half-line problem (m = 0), and for the finite-interval problem (m = 0,1), for k € Qext,
BO (k) = —2ikA(k)dp—1.m, £=0,1,2. (D.10a)
Here
3 1, ¢=0,m=0,
do—1,m =4 1, 0#£0,m=10—1, (D.10b)
0, 0#0,m#/{—1.
Proof. For the half-line problem, using (4.6) and (C.28a) in (D.2a), we find (D.10):
4 oo
Bo(k,x1) = ——— Y (=1 (k),
0( ,.’El) n(k;,a:l) HEZ:O( ) n ( )
dikn(k, 71)
Bou(kymp) = —nt Y Eo0) (K
0) = /(=1
0 _ _ - 0 . (21,00) (1) _ o
= By (k) = aoBo(k,x) + a1Bo o (k, ;) = 4;:% (n(k’xl) + alzk) E@oo) (k) = —2ikA(k). (D.11)

The finite-interval case (using (5.8c) and (C.29a) in (D.2b)) is similar but more tedious. Its details are omitted. O
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Lemma 51. For both the half-line problem and the finite-interval problem, for k € Qo and t € [0, T,
POk) =0, (D.12a)
¢
P (k,t) = 0. (D.12b)

Proof. Using (B.26a) and (C.30) in (D.3a) and (D.3b), we find

(0) (k
PO / FOE Y0, (D.13a)
V(Bn)(k,y)
which gives (D.12a), using Lemma 49. Similarly, using (B.77b) and (C.33) in (D.4a) and (D.4b), we find
)(k, k?
Bn)(k 0)
which gives (D.12b), using Lemma 49. O

Lemma 52. For the half-line (m = 0) and the finite-interval problem (m = 0,1), for k € Qext and t € [0,T7],

") =0, (D.14a)
o) =0, (D.14b)
Q%) (£) = fin(t)e—1,m, (D.14c)

where Sg_Lm is defined in (D.10Db).

Proof. From Lemmas 29, 30, and 42, Q) (t) (D.6) and Q" (t) (D.7) are well-defined functions. Similarly, for the
regular problems, Qg}n (t) (D.5) is a well-defined function from Lemmas 28 and 42. For the irregular problems, for
Boundary Case 3, ¢5,, «(x,t) may be undefined at the boundary, but the linear combination of boundary terms
Qgr)n (t) (D.5b) is well defined. For Boundary Case 4, using Assumption 3, ¢g,, »(z,t) is well defined at the boundary

and therefore Q(BEL (t) is well defined.
For the irregular Boundary Case 3, see Remark 10.3, from (C.29a) for x ~ z;,

Baojalkz) = (—1p LB { Pl Z(—l)”SS”’“)(k)} £ O(K) (D.15)
V(Bn)(k,z) | V(B (k) 2=
We can prove that either (i) bja = 0 = bag, in which case By, .(k,7;) = O(k°), Bin.x(k,z1)/A(k) = O(k~2), and
48, ,»(x1,t) is well defined, see Lemma 42; or (ii) if (b12, ba2) # (0,0), then aj2 = 0 = agq, in which case ¢g,, . (x,1)
does not appear in Qg}n (t). The same holds for z = x,.. It follows that Qgi (t) is well defined.
For Boundary Case 4, with Assumption 3, we integrate §,,(k?,t) (B.69b) by parts to obtain

Fm (k2 t) = _ﬁzg()) - 6k2tf’,”“(24 m© | ];/t Mo f1 () ds, (D.16)
so that we may write gs, . (z, ¢) (C.36c) as
4B, «(2,1) = ;ﬁ/m Wsm(ﬁ t)e " dk, (D.17)
where
12,0y =~ 2 S L ey D.13)

and where the integral of the f (t) term is zero by Cauchy’s theorem (before the a-differentiation). The first two
terms of F,n(k2,¢)e~*"* are exponentially decaying for ¢ € (0,T) and the last term is O(k=%), by Assumption 3.2.
Therefore qp,, (x,t) is well defined for z € D and ¢t € (0,T). Consequentially, Qgi (t) is well defined.
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Using (B.74) and (C.36a) in (D.6), we find
O]
oo L[ PO -
o (1) = 5 /m NGRS (D.19)

which gives (D.14a), using Lemma 51. Similarly, using (B.77) and (C.36b) in (D.7), we find

0 k%t
@ 1 Py (k. t)e
Q, (1) = o /69ext de‘ (D.19b)
Using Lemma 51, this gives (D.14b). Using (B.69) and (C.36¢) in (D.5),
(€)
¢ 1 B (k 2
oy (1) = %/m A(é))gm(k{t)e 't dk. (D.19¢)
Finally, using Lemma 50 and (B.69b), we obtain
5 _ —k*t 1 t 2
Q) (t) = _Li;m /Em (f’"(O?: + E/o eTF = 1 (s) d3> dk. (D.19d)

Since the integrand is O(k~2), we can deform the path of integration to the real axis. Using the oddness of the
integrand, the principal value integral vanishes and only the residue contribution at the origin needs to be calculated:

- —k%q gt 8
O () = Gr_1 mRes (fm(O,i b [ e () ds k= o) — Fu)Fe-1.m- (D.19¢)
0
O
Lemma 53. Consider any t € (0,T), fixred. Then
lim ¢(z,t) =0 and lim ¢(z,t) =0, (D.20)

|z|— 00 T—00
for the whole-line and half-line problems, respectively.

Proof. For any fixed t € (0,7, we have absolute integrability in (B.69), (B.74), and (B.77a). Therefore, we may
switch the limit and integrals. Since, from (B.51) and (B.52),

. U(k,x,y) . _ .| Yk, y) —my -
1 A I o Moe~™ivIEllz=yl — 1 A I o Moe~™ivIEllz=yl — D21
|zli“oo’ NG ‘ = Mue | B Taw | =M | (b-21)
for the whole-line problem and the half-line problem, respectively, (D.20) follows. O

Remark 54. Since we have absolute integrability in (C.36a), (C.36b), and in (C.36¢), we conclude that also

lim gy(z,t) =0 and lim ¢, (x,t) =0, (D.22)
|z|—o00 T—00

for the whole-line and half-line problems, respectively.

Theorem 55. Consider the finite-interval, the half-line, and the whole-line problems. For all three problems, the
solution expression (2.2) satisfies the appropriate boundary conditions.

Proof. Lemma 53 shows the boundary conditions for the whole-line problem and the right boundary condition for
the half-line problem are satisfied. From Lemma 52,

a0a(@i ) + arg(wn,t) = O (1) + QF () + QF) (1) = fol?). (D.23)
Similarly, for the finite-interval problem,
ap1q(x1,t) + appqe (21, t) + bprq(xr, t) + brage (2, t) = fo) (t) + ng)(t) + ng) () + le) (t)
= fo(t)or—1,0+ f1(£)de—1.1- (D.23b)
[
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E Proofs: the solution expressions satisfy the initial condition

Theorem 56. Consider the finite-interval, half-line, and whole-line problms. For x € D, fixed,

li t) =0, E.1
Jim gp(z,t) = (E1a)
lim ¢g,, (z,t) = 0. (E.1b)
t—0t+

Proof. Since the integral in (B.77) is absolutely convergent, we can pass the limit ¢ — 07 inside the integral to obtain
(E.1a) by using Cauchy’s theorem. Similarly, we move the limit in the integral in (B.69) to obtain (E.1b). O

Lemma 57. For fited x € D, for y € D, for the finite-interval, half-line, and whole-line problems,

W = exp (Sgn(w —y)ik /: n(k, §) dé) (1+0(k%) +o(k™1), (E.2)

as k| = oo for k € Qext.

Proof. For the whole-line problem, from (3.4), for y < z,

U(k, z,y) = exp <sgn(:c — )ik / "k, €) ds) (1 +y Z(—l)‘&i‘f’”(k)«fé””"”%k)). (E.3)
Y n=1¢=0
By Lemma 19 and the DCT,
Z DEETY (K)ES ) () = o(K”). (E-4)

Dividing (E.3) by A(k) and using Lemma 21, we obtain (E.2). The proof for = < y is identical.
For the half-line problem, for z; < y < x, we write (4.8) as

U(k,z,y) = dexp (m /y wn(k,g) dg) Klm(‘;%sgw(k) — q eV (k)) + (nL“OIL| + |a1|> o(ko)} (E.5)

Using
e(a b)(k) % (exp <2ik /ab n(k,§) d§> + 1), (E.6a)

S(()a,b)(k) = % <exp (%k /b n(k, &) df) — 1), (E.6b)

n (E.5), we find

U(k,z,y) = 2exp (zk/ n(k,§) d§> {kn(zljoa:l) —a1+ (nLaTlLl
Yy ’ "

which, from (B.28a) with (B.28¢), gives (E.2). The proof is identical for z; < z < y.
For the finite-interval problem we consider the 4 different cases.

) o(ko)] + O(emminlkl@=m)) (E.7)

1. If (@ : b)2.4 # 0, then for z; < y < z < z,, using (B.28a) with (B.28d), we write (5.9a) as

U(k,z,y -4
bo(k‘) o (a : b)274

exp (m /y "k €) dg) {—(a  0)2.4€5Y) (k) e (k) + o(ko)}

46(337")(@ b)12 >0 (yac)
i (a:b)2,4k/(Bn)(k,z1)\/(Bn)(k, x,) ; k)S, (E.8)

Using (E.6a) and dividing by 1 + e(k), we arrive at (E.2). The proof for z; < x < y < z, is identical.

[I]
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2. If (@ : b)2,4 = 0 and m,, # 0, then for z; <y < = < z,, using (E.6) and (B.28a) with (B.28e¢), we write (5.9a)

Ty = g o (1w 0ya6) { (s + oy w0} roti) @)

Using 1/n(k,z) = 1/u(z) + O(k=?) and dividing by 1 + £(k), we obtain (E.2). The proof for 7; < x <y < =,
is identical.

3. If (a:b)24 =0, me, =0, me, =0, and (a : b)1,3 # 0, then for z; <y < z < z,, using (B.28a) with (B.28f), we
write (5.9a) as

w 4k2 ex ‘ _1 (a:b)l’g o 9 o 4
bo(k) Ms p( /y n(k,§)d§>{ 4k2n(k,xl)n(k,x,)+ (k )}+ (E75). (E.10)

Using the asymptotics for 1/n(k,z) and dividing by 1 + (k) gives (E.2). The proof is identical for z; < = <
Yy < Xp.

4. If (a:b)24 =0, me, =0, me, #0, and m,uy —8mg # 0, then for z; < y < z < z,, using that

i ‘k@,(f’b)(k)’ = O(k™), (E.11)
3

n=

using the asymptotics of 1/n(k, z), the fact that (a : b)1,4/p(z,) = (a : b)a,s/p(x;) = m., /2, and (B.28a) with
(B.28g), we write (5.9a) as

Uk xy) 32k "
bo(k)  meu, — S exp <zk/y n(k,§) d{) {

ii 8D ()2l (1)

n=1/¢=0
2 n
—”21;;;;eglf(k)s(“”(k)+o(k—2) 42}+0(k h. (E.12)
Using integration by parts as in Lemma 19, we derive
e () = b 2ik b k&) d 1) +0(k2 E.13
) = g () (e 20k [ nkdg) <1) + 0672 (E130)
S0 gy = 1 b 2ik ’ k&) d 1) +0@k2 E.13b
00) = —gpu-(e) (exp (28 [ (kg de ) +1) +0G72) (B.130)
elm? (k ! b 2ik b k&) d 1) +0(k2 E.13
{00 = g a.t) (esp 20k [ nik€as ) 1) + 00, (E.150)
S4@0) (jy = — 1 b 2ik b k, &) d 1] +0(k2 E.13d
{00 = —ggpmim(a.t) (e 20k [ n(kde) 1) + 007, (B.134)
where ug (a,b) = u(b) + u(a), and
b1 (ﬁu)’(y))2
in 7b = N d 5 .
mint (0, 6) /a p(y) <(ﬁu)(y) Y (E.14)
with u(z) defined in (2.7). We find
V(k,z,y) 32k> v Mg,
Rt [ o €)de) {~ 75 + i i or9) —w(a1.0)
o (ws (o) +us(@,2,) +o(k ™)} +o(k7h). (E.15)
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Combining terms,

U(k,z,y) 32k . /‘”” ms e, . .
= k k,&)d - k k E.1
bo () et — 8 exp | ¢ , n(k,§) d§ { 12 + 3952 Ut + o )} +o(k™), (E.16)

which, after dividing by 1 + €(k), gives (E.2). The proof is identical for z; < x < y < z,.
O

Theorem 58. Consider the finite-interval, half-line, and whole-line problems. If qo € L*(D), then for almost every
zeD,

lim qo(z,?) = qo(z). (E.17)
t—0+

Proof. Using the change of variables k = Az with A = 1//¢ in (B.74),

ey do(Az,z) .2 A U (A2, 2, Y)qa(y)
Go(2,t) = o /8 o A dz = /8 o AZ > VO Br 0D dy dz. (E.18)

By Lemma 23, we can use the Fubini-Tonelli theorem to write this as

A U(Az,z,y) e ;
qo(,1) = 5 /D qa(y) /8 0. ADD VB0 \/(5“)W7y)d dy. (E.19)
Using (E.2),
x,t) = A(1+O(>\O)) Ga(y) exp | sgn(z — y)iAz ' A2, €)de ) e dzdy + o(\°
00 )= =5 [ TG 0 (000 =000 [0, ) = oo,
(E.20)
Since

Pmm(%Mx—wuzéwmadQcxm—yA*kﬁz gl (B.21)

< Oz —y|A)e”

is absolutely integrable, we may use the DCT on the remainder term from (B.17). Substituting this result in (E.20),
we obtain

A 4a(y) [ 2 0
qo(z,t) = —/ / exp (sgn(x - y)z/\z/ w(é) d§> e * dzdy+ o(\°), (E.22)
27 Jp \/ (ﬁu)(x)\/ (Br)(y) J o v
as A — 0o. Define M, ( f Y 1(€) d¢. Deforming 9y down to the real axis and integrating the z-integral gives

—1X2M2(y)
t2f/¢ VW)

For a fixed = € D, if go(x) is finite, using that ¢, (y)/(u(y)\/(Br)(y)) € L1(D), it follows that for any € > 0 and for
each )\, there exists ¢ € AC(D) N Cy(D) [15], so that

Jf

dy + o(\°). (E.23)

q0(y) B —2 an " G () < )
A MOV w“”’dy<:A N A SN O] R (524
Using this,
. 9a(y) . —1IX2M2Z(y) d ef%X"M;‘l’(y) d o(\0
qdﬁ2fﬁmv<(mMMOM) wA(M@ y| +0(\0).
(E.25)

o1



For the first integral and any € > 0, we can find A sufficiently large, so that

A / o (y) — 12012y n €
=) | uly)e 3 Wyl < ot < 5. (E.26)
27/ (Bp)(x) Jo (u(y)x/ (Br)(y) 2\/TMaMmaA ~ 2
Since ¢ € AC(D), we may integrate the second integral of (E.25) by parts to obtain
A —1X2M2(y) 1 / ’ AM;(y)
— N MWy = —— f| — | dy. E.2
NG /D<p(y)u(y)e y=—3 | ¢Wet (= v (E.27)

At this point, we may take the limit as A — oo using the DCT. Since arg(u) € (—w/4,7/4), if y > x, then
arg(M;(y)) € (—n/4,7/4) and the error function limits to 1 as A — oo [8]. If y < x, then arg(M,(y)) € (37/4,57/4)
and the error function limits to —1. It follows that

. A C1M(y) g
b /D py)uly)e dy = (), (E.28)
and we have
x
qo(z,t) = G qo(z), (E.29)
Bu(x)
ast — 0% and € — 0. Since qo € LY(D), qo(x) is finite for almost every x € D, concluding the proof. O
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