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Abstract

The stability of periodic solutions of partial differential equations has been an area of increas-
ing interest in the last decade. The KdV equation is known to have large families of periodic
solutions that are parameterized by hyperelliptic Riemann surfaces. They are generalizations of
the famous multi-soliton solutions. We show that all such periodic solutions are orbitally stable
with respect to subharmonic perturbations: perturbations that are periodic with period equal
to an integer multiple of the period of the underlying solution.
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1 Introduction

The Korteweg-deVries (KdV) equation

U + Uty + Ugpe = 0, (1.1)

describes long, one-dimensional waves in weakly dispersive media and arises in a variety of physical
settings ranging from water waves to plasma physics [33]. It is characterized by its trademark
soliton solutions and their quasi-periodic analogues. The most explicit of these are the one-soliton
solution

u = ug + 126%sech? (k(z — x0 — (467 + ug)t)) , (1.2)

and its periodic counterpart, the cnoidal wave solution

u=ug + 12k*k*en? (k(z — 2o — (8k%k* — 4k* + w)t), k) , (1.3)

both of which were known to Korteweg and deVries [38]. Here ug, x, and xo are constants, and
cn(+, k) denotes the Jacobi elliptic cosine function [15, 41] with elliptic modulus k € [0, 1).

The stability problem for the above solutions has a rich history (a more detailed discussion is
found in [12]), beginning with the works of Benjamin and Bona [8, 11], where the nonlinear orbital
stability of the one-soliton solution (1.2) with respect to L? perturbations was established. Later,
Maddocks and Sachs generalized this result for general multi-soliton solutions [43]. More recently,



the methods used by Benjamin and Bona were extended to the periodic problem, and the nonlinear
orbital stability of cnoidal waves (1.3) with respect to periodic perturbations of the same period
was verified [4]. Going beyond periodic perturbations of the same period, Bottman and Deconinck
proved the spectral stability of cnoidal waves with respect to bounded perturbations [12], and in a
follow-up manuscript with Kapitula, the orbital stability of cnoidal waves with respect to subhar-
monic perturbations (periodic perturbations with period equal to any integer multiple of the period
of the cnoidal wave) was established [16]. These papers rely, at least partially, on the integrability
of the KdV equation. Alternatively, the KdV equation has been approached as a special case of
the generalized KdV equation, which allows for more general nonlinearities. Different authors have
developed different techniques for the investigation of the stability of stationary periodic solutions
of the generalized KdV equation (see, for instance, [13, 14, 35]). These techniques are more general
as they apply to larger classes of equations and do not rely on integrability. On the other hand,
the results they provide are less detailed than what is obtained using integrability.

In this paper we are concerned with the stability of the periodic analogs of the multi-soliton
solutions, the periodic finite-genus solutions. These are a large family of periodic solutions with n
phases of the form [7, 21, 34, 39]

u(z,t) = ug + 202 O(¢1,...,¢n|B), (1.4)

where each phase ¢; is linear in = and ¢,

¢j = k:ja: + (th + ¢0j,

for constants ug and kj;, wj, ¢oj, j = 1,.. .,n.t 2 Here © denotes the Riemann theta function
[24], parametrized by the Riemann matrix B which is determined by a genus n connected compact
hyperelliptic Riemann surface generated by the initial condition u(x,0). The details of the theta
function formulation are of little importance to us here, as they are not used in what follows. It
should be noted that in the case n = 1 the solution (1.4) is equivalent to the cnoidal wave solution
(1.3). The periodic finite-genus solutions possess the following properties:

e They completely solve the initial-value problem for the KdV equation with periodic boundary
conditions in the following sense: (i) They solve the initial-value problem for initial data
that are periodic in x, and are of the form (1.4) [9, 22, 42, 48]. (ii) They are dense in
the set of smooth periodic functions [46]. Therefore, the stability of periodic finite-genus
initial conditions in a suitable function space suggests the stability of general periodic initial
conditions in that function space.

e Their stability was studied first by McKean [45]. He established that the tori on which the
periodic finite-genus solutions lie are stable with respect to periodic perturbations. As noted
in [43], McKean only briefly discusses the implications of his results concerning stability in a
normed space, such as L.

The object of this paper is to establish the (nonlinear) orbital stability of the periodic finite-
genus solutions with respect to subharmonic perturbations. Extension beyond periodic pertur-
bations of the same period to subharmonic perturbations is important in that: (i) they are a

1A genus n solution is periodic in = with period 2L if there exist n integers Ni, ..., N, such that 2Lk; = 2w N;
for i = 1,...,n, otherwise, it is quasi-periodic.
2We restrict ourselves to real-valued finite-genus solutions.



significantly larger class of perturbations than the periodic ones of the same period, while retaining
our ability to discuss completeness and separability of a suitable function space. For example, this
would be more complicated for the case for quasi-periodic or almost periodic perturbations [10]. (ii)
There are nontrivial examples of solutions which are stable with respect to periodic perturbations
of the same period, but unstable with respect to subharmonic perturbations, such as the trivial-
phase cnoidal wave solutions of the focusing nonlinear Schrodinger equation [28]. (iii) They have
a greater physical relevance than periodic perturbations of the same period, since in applications
one usually considers domains which are larger than the period of the solution, e.g., ocean wave
dynamics.

The basis of our procedure is the Lyapunov method, which was first extended to infinite-
dimensional systems (partial differential equations) by V.I. Arnold [5, 6] in his study of incom-
pressible ideal fluid flows. Since its introduction, the Lyapunov method has formed the crux of
subsequent nonlinear stability techniques (see [29, 30, 52| for instance). We build on the results
recently obtained for the cnoidal wave (genus one) solutions in [16], and present a systematic gen-
eralization. As in [16], the method relies heavily on the integrability of the KdV equation. The
outline of the method is as follows:

e Each genus n solution (1.4) is a stationary solution of the n-th KdV equation (to be defined
later) with evolution variable ¢, [39]. In turn, every bounded periodic stationary solution of
the n-th KdV equation is a genus n solution of the form (1.4) [9, 22, 42, 48]. Our method
does not require nor make use of the explicit form of the solution (1.4). We only require that
it is stationary (with respect to the higher-order time variable ¢,) and periodic in x.

e Since a genus n > 1 solution is not stationary with respect to the KdV flow itself, we cannot
define spectral stability in the conventional sense. Instead we prove spectral stability with
respect to bounded perturbations (not necessarily periodic) for the higher-order time variable
tn. We do this by generalizing the squared eigenfunction method used in [12] for the cnoidal
wave solutions.

e We use the ideas in [16, 43] to construct a candidate Lyapunov function. We show that it
is indeed a Lyapunov function using the squared eigenfunction connection and the spectral
stability result. This establishes orbital stability, using the results from [26, 27].

We also look at some explicit examples, including comparison with numerical results using Hill’s
method [17, 18]. It is interesting to point out that the multi-soliton solutions can be obtained from
(1.4) by taking certain limits [22]. In that case our method (informally) recovers the stability results
in [43].

Remark. Though we present the method for finite-genus solutions of the KdV equation, the
main ideas carry over to other integrable systems, i.e., the general steps and principles still apply,
but the details will be different.

2 Problem formulation

2.1 Hamiltonian structure

We are concerned with the stability of 2L-periodic genus n solutions of equation (1.1) with respect to
subharmonic perturbations of period 2N L for any fixed positive integer N. Therefore, we naturally



consider solutions u in the space of square-integrable functions of period 2NL, LgeT[—N L,NLJ.

In order to properly define the Hamiltonian structure of the KdV equation and the corresponding

KdV hierarchy (see Section 2.2), we further require v and its derivatives of order up to 2n+1 to be

square-integrable as well. Therefore, we consider solutions of (1.1) defined on the function space
V =H""-NL,NL],

per

equipped with the natural inner product

NL
(v, w) = / vw dx,

—NL

where v denotes the complex conjugate of v.
We write equation (1.1) in Hamiltonian form [25, 53]

ug = JH'(u) (2.1)

on V. Here J is the skew-symmetric operator

J:aacv

the Hamiltonian H is the functional

NL
and the notation E’ denotes the variational derivative of E = / E(u,ug, .. .)dx,
—NL

- o€
Eu)=) (-1)9] — 2.3
() = (1Yol (23)
=0 J
where the sum in (2.3) terminates at the order of the highest derivative involved. For instance, in
the computation of H' the sum terminates after accounting for first-derivative terms.

We allow for perturbations in a function space Vo C V. In order to apply the stability result
of [27], we follow [16] and restrict ourselves to the space of perturbations on which J has a well-
defined and bounded inverse. This amounts to fixing the spatial average of u on Hgg,,“ [-NL,NL|,
which poses no problem since it is a Casimir of the Poisson operator J, hence, it is conserved under

the KAV flow. Therefore, we consider perturbations in ker(.J)', i.e., zero-average subharmonic
perturbations
2n+1 1 L
_ n . _
Vo = {UEHper (-NL,NLJ): 5 L/—NLU da;—O}. (2.4)

Remark. Physically, requiring perturbations to have zero-average makes sense. Simply stated,
this means we are not allowing perturbations to add or subtract mass from the system.



2.2 The nonlinear KdV hierarchy

By virtue of its integrability, the KdV equation possesses an infinite number of conserved quantities
[40] Hy, Hq, Hs, ..., and just as the functional H; = H defines the KdV equation, each H; defines
a Hamiltonian system with time variable 7; through

Ur; = JH(u). (2.5)

The first few conserved quantities are
NL 1
Hy = / —u?dz,
NL
1 1
H = H= <u2 — u3> dx,

NL
1 ) 5
Hy, = ol — Zuul 4+ —ut ) d
2 /NL<2um 6uuz+72u) x,

with corresponding flows

Ur, = uy (identifies 7o with z),
Up, = —UlUy — Uzy, (identifies 7 with ¢),
)
Ury, = 6U2Ua: + Euxumc + guuxmc + Ugzgas-

Each of the higher-order flows can be explicitly calculated from the recursion formula (see [49],
for instance)

UT]-_H = Ruij Ury = Uy,

where R is the operator

2 1 _
Since each u,; is a total derivative, the non-local term 8, ! in (2.6) is well defined [42, 49]. This
defines an infinite hierarchy of equations, the KdV hierarchy. It has the following properties:

e All the functionals Hj, j = 0,1,..., are conserved for each member of the KdV hierarchy
(2.5) [42].

e The flows of the KdV hierarchy (2.5) mutually commute, and we can think of u as solving all
of these equations simultaneously, i.e., u = u(7, 1, ...) [20, 42].

e A finite-genus solution (1.4) of the KdV equation is a simultaneous solution of all the flows
of the KdV hierarchy [50], where now the phases depend on all the time variables

o0
65 =D kjti
=0

5



For a genus n solution, dependence on all but a finite number of the higher-order time variables
is trivial. This is discussed further in Section 2.3.

Since all the flows of the KdV hierarchy commute, we may take any linear combination of the
above Hamiltonians to define a new Hamiltonian system. For our purposes, we define the n-th KdV
equation with time variable ¢,, as

up, = JH) (u), (2.7)
where each fIn is defined as
n—1
H, :=H, + Z cn;Hj, Ho:= Hy, (2.8)
§=0
for constants ¢, j, j =0,...,n — 1.
Remarks.

e No constraints have been imposed on the parameters ¢, ;. We use this freedom to our advan-
tage below.

e There are two hierarchies of equations considered here. The hierarchy associated with the ¢;
time variables contains the one associated with the 7; time variables as a special case.

e The time variable ty remains identified with x.

NL

e We did not include the conserved quantity H_; = / udz in any of the above. Its vari-
~NL
ational derivative is constant and thus H_; spans the kernel of J. This results in trivial

dynamics. H_; is known as a Casimir. As discussed in [16] and seen in (2.4), the existence
of such a functional restricts the space of allowed perturbations.

2.3 Stationary solutions of the KdV hierarchy

It was first shown in [22, 42, 48] that the KdV equation possesses a large class of periodic and
quasi-periodic solutions by examining stationary solutions of the n-th KdV equation (2.7). These
are solutions for which

ug,, = O,

for some integer n and constants ¢y, ...,Cpp—1 in (2.7-2.8). Thus, a stationary solution of the
n-th KdV equation satisfies the ordinary differential equation

JH! (u) =0

with independent variable .
We are interested in the stability of the finite-genus solutions (1.4). This is equivalent to the
study of the stationary solutions of the KdV hierarchy by the following theorem [42, 48, 50]:

Theorem. Each genus n solution (1.4) is a stationary solution of the n-th KdV equation (2.7)
for some choice of the constants ¢, ..., ¢ n—1. In turn, every bounded stationary solution of the



n-th KdV equation is a genus n solution of the form (1.4), or a limit of such a solution (e.g., the
soliton solutions).

Here bounded means that sup,cg|u(z)| is finite, i.e., u(z) € C(R).

Throughout the rest of the paper we use the terms stationary solution of the n-th KdV equation
and genus n solution interchangeably. Also, when referring to a genus n solution v we assume it is
non-degenerate, i.e., u is a stationary solution of the n-th KdV equation and is not stationary with
respect to any of the lower-order flows.

The stationary solutions of the KdV hierarchy have the following properties.

e Since all the flows commute, the set of stationary solutions is invariant under any of the KdV
equations, i.e., a stationary solution of the n-th KdV equation remains a stationary solution
of the n-th KdV equation after evolving under any of the other flows [42].

e Any stationary solution of the n-th KdV equation is also stationary with respect to all of
the higher order time variables ¢,,, m > n. In such cases, the constants ¢, ;, ¢ > n are free
parameters. We make use of this fact when constructing a Lyapunov function later.

Example. The first flow with time variable ¢; (2.7) is given by

Uy, = —UUg — Uggg + C1,0Usz. (2.9)

Looking for stationary solutions, i.e., setting u;, = 0 results in the ordinary differential equation

—UUg — Uggey + C10Ug = 0.

All periodic solutions of this equation can be written as [38]

u = cy0— 8%k + 4k? + 12k*k%en?® (k(z — x0), k),

where xg and k are arbitrary constants due to translation and scaling symmetries. The period 2L
is given by

K

w/2
or, — 2K() _ 2/ g (2.10)
Kk Jo 1 — k2sin®s

where K(k) is the complete elliptic integral of the first kind [15, 41]. Using the Galilean invariance
of the KdV equation, we recover the well-known cnoidal wave solution (1.3).
To see the other side of the previous theorem, suppose we are given a genus one initial condition

u*(z) = 12k*cn? (z, k) . (2.11)
Imposing that u* is stationary with respect to t1 fixes c1 as

c10 = 8k* — 4. (2.12)

Furthermore, we can fix all constants ¢, 0, m > 1, such that u* is stationary with respect to all
the higher-order time variables t,,. For example, imposing that u* is a stationary solution of the
second KdV equation,



5 10
2
0= Uty = ZU Uy + —UgUpy + —UUgzx + Uzzzes + 62,1(*uu1‘ - uxmx) + C2.0Ux,

6 3 3
fixes ca 0 as

20 = c21(8k? — 4) — 56k + 56k% — 16.

Thus, c2,1 is a free parameter, and u* is a stationary solution of the second KdV equation for any
value of cg1 with cp defined as above.

Remarks.

e In general, finite-genus solutions are quasi-periodic in time as opposed to periodic, even if
they are periodic in z [42].

e The soliton solutions are obtained as a special case of the finite-genus solutions [22]. For
example, the one-soliton (1.2) is obtained form the cnoidal wave (1.3) by letting & — 1.

2.4 Stability

We assume our solution is a stationary solution of the n-th flow

w(z, b1,y .oyt tn) = u (2, b, .. tp—1) (2.13)

and consider various aspects of stability. Since we are considering w as a solution of the first n
equations in the KdV hierarchy, we have suppressed dependence on the higher-order time variables
ti, © > n, in (2.13). Linearizing the n-th KdV equation (2.7) about u*,

w(z,ty, ... ty) = u* +ew(x,ty,...,t,) + O(?),

results in the linear system

wy, = JLpw. (2.14)

Here the symmetric differential operator £, := H” (u*) is the Hessian of H,,

aH !
H// Z auﬂ

evaluated at the stationary solution (as before, the above sum terminates at the order of the highest
derivative involved). The operator £,, does not depend on t,, thus we separate variables

w(z, ty,) = e W (z). (2.15)
Since the operator L, is expressed solely in terms of x, we have suppressed dependence on the
lower-order time variables ¢1,...,%¢,—1. This results in the spectral problem

JLW (x) = N\, W (x). (2.16)



Definition. We say the solution u* is t,-spectrally stable with respect to perturbations in a
function space U if Re()\,,) < 0 for all W € U.

For Hamiltonian systems t¢,-spectral stability is equivalent to A, € iR. We define the stability
spectrum o(JL,) as the spectrum of the operator JL,.

Example. Linearizing (2.9) about u = u* from (2.11) results in the spectral problem

JLW (2) = MW (2),

where £ is given by

ﬁ{’(u*) = 78% + C1,0 — u*,
with ¢1 o defined in (2.12).

Now, consider the problem of nonlinear stability. The n-th KdV equation is invariant under
translation with respect to any of the lower-order time variables. This is represented by the Lie

group
G =R",

which acts on u(x,...,t,) according to

T(g)u(:ﬂ, cey iy tnot, tn) = U(IE +tooy .-t Htoiye .y tno1 + tO(n—l)v tn)
with g = (to0, - - ., to(m—1)) € G. Stability is considered modulo this symmetry.

Definition. A stationary solution u* of the n-th KdV equation is orbitally stable under the ¢;
dynamics with respect to perturbations in Vy if for a given € > 0 there exists a § > 0 such that

Hu(x, . ,tj_l,O,tj+1, .. ) - u*(:c, e ,tn_l)H <4
= inf |ju(z,....t;,...) =T(g)u"(z,... . th=1)|| <&,
geG

where || - || denotes the norm obtained through (-,-) on V.

One can think of the above definition as allowing for the optimal variation of the n phase constants
in (1.4) before measuring the distance between functions. Thus, our definition of orbital stability
of finite-genus solutions with periodic boundary conditions is equivalent to the analogous version
in [43] for n-solitons with vanishing boundary conditions.

To prove orbital stability, we search for a Lyapunov function. For Hamiltonian systems, this is
a constant of the motion, E(u), for which «* is an unconstrained minimum:
HE(u) =0, E@W)=0, (v,E"(u*)v)>0, YoveVy v+#0.

The existence of such a function implies formal stability [30]. Due to the work of Grillakis, Shatah,
and Strauss [26], under extra conditions (see the orbital stability theorem below) this allows one to
conclude orbital stability. Since all the KdV flows mutually commute, orbital stability with respect



to any of the time variables ¢; implies stability with respect to all of the flows of the KdV hierarchy,
most importantly the KdV flow [16, 36, 43], as the Lyapunov function serves the same role for each
equation in the hierarchy.

Just as the norm of the difference of two solutions is considered modulo symmetries, in effect
the same is done when considering a Lyapunov function. Using the Lyapunov function construction
techniques from [16, 43], we have the following stability theorem due to [26]:

Theorem. Let u* be a t,-spectrally stable stationary solution of equation (2.7) such that
the eigenfunctions W of the linear stability problem (2.16) form a basis for the space of allowed
perturbations Vg, on which J has bounded inverse. Furthermore, suppose there exists an integer
m > n and constants ¢n0,...,Cnm—1 such that the Hamiltonian for the m-th KdV equation
satisfies:

1. The kernel of ﬁ;’l(u*) on Vj is spanned by the infinitesimal generators of the symmetry group
G acting on u*.

2. For all eigenfunctions not in the kernel of H” (u*)

Ko (W) := (W, Hyy, (u*)W) > 0.

Then u* is orbitally stable under the t; dynamics, ¢ = 1,2, ..., with respect to perturbations in Vj.

Remarks.

e The last condition (W, H” (u*)W) > 0 can be replaced with (W, H” (u*)W) < 0. In this case
—H,,(u) serves as a Lyapunov function. Thus, we only need that (W, H/ (u*)W) is of definite
sign.

e Often, the sign of K, is called the Krein signature, see [37].

e For spectral stability we only require perturbations to be spatially bounded, thus U = CI?(R).

3 Spectral Stability

We prove that a periodic stationary solution of the n-th KdV equation is t,-spectrally stable with
respect to bounded perturbations. In order to accomplish this, we use the relationship between
the solution of the Lax pair equations and the solution of the linear stability problem, the squared
eigenfunction connection [2, 12, 42].

3.1 The Lax pair and the linear hierarchy

The KdV equation is equivalent to the compatibility of two linear ordinary differential systems

Yo = To¢=<<_0u/6 3) v, (3.1)

_ _ Uy /6 —4¢ - u/3
e = T = (—4<2 + (u? 4 6Cu + 3ugs) /18 —uy /6 > v

10



In other words, the compatibility condition t,; = ¢y, implies that u satisfies the KdV equation.
Equation (3.1) is equivalent to

Buathy + éuwl o (3.3)

Therefore, ¢ is the spectral parameter for the stationary Schrodinger equation. This implies ( € R
for any bounded solution of (3.3).

Since every member of the nonlinear hierarchy (2.5) is integrable, each possesses a Lax pair
with first member (3.1), the collection of which is known as the linear KdV hierarchy. For example,
the second Lax equation associated with the time variable 7 is

— & (wug + Uges) — 5Cuq 16¢2 + 4Cu + 2u? + Lug,

N I T (¢ T IO I 2 v
_%U:i - éug - §Uu$z - gu;tzx:v g(uuw + szax) + §Cux

All the higher order Lax operators are calculated in standard fashion, see [1, 2] for instance. We
include some of the details here because our later calculations rely on them. Assume the time
component of the Lax pair for the n-th flow with time variable 7, takes the form

A, By,

Expressing the compatibility ¥y, » = ¥z, gives

1
An = _iame

C, = 0,A,+ << - éu) B

ur,, = (12¢ —2u)A, —60,C).

n

Solving the first two equations for A, and C,,, we can express the last equation solely in terms of
B,

Uy, = —12C0, By, + 2u0y By, + uy By, + 302 B,,. (3.4)

The n-th member of the hierarchy is found by assuming an expansion of the form

n
By =) _bj(x)¢. (35)
§=0
Substituting this assumption into (3.4) gives b, (z) = by, a constant, and the recursive relationship

b1 = [ (J0805(0) + fudnty (o) + Spuaty(0)) d, (36)

which will be of use later. It can be shown that the integrand in (3.6) is always a total derivative,
thus each T, depends on u and its derivatives in a purely local fashion [42, 49].

11



We construct the Lax pair for the n-th KdV equation (2.7) by taking the same linear combination
of the lower-order flows as we did for the Hamiltonians (2.8), and define the n-th linear KdV equation
as

. A, B
=T =" g , )
v =T = (g %) (3.7)
n—1
Tp=Ty+ > cnjTy, To:=T.
j=0

Note that the extra constant b, from the leading order term in the expansion for B,, (3.5) is chosen
so that the compatibility condition gives (2.5). This amounts to rescaling 7.

3.2 The Lax spectrum

We assume u = u* is a 2L-spatially periodic stationary solution of the n-th KdV equation. The
object of this section is to determine explicitly all values of ¢ that result in spatially bounded, but
not necessarily periodic, solutions of (3.1) and (3.7).

Definition. The Laz spectrum or,, for the n-th flow is the set of all ¢ values such that (3.1)
and (3.7) are spatially bounded.

As before, since ( acts as the spectral parameter for the stationary Schrédinger equation, the Lax
spectrum, for any of the time flows, is a subset of the real line: o7, C R.

Since u = u* is a stationary solution of the n-th KdV equation, T}, in (3.7) does not depend on
t, and we separate variables

Substitution into (3.7) gives

(An -y, Bn > <an>
. . =0.
Cn _An - Qn ﬁn
Requiring a non-trivial solution of the above equation yields

Q2 =A%+ B,C,. (3.8)

It is easy to show that (3.8) is independent of x and any ¢; [39]. This determines a relationship
between Q,, and (. In general (3.8) is an algebraic curve representation of a genus n hyperelliptic
Riemann surface [7, 51]. Based on the expansion in ¢ for B,, (3.5), we see that the right-hand side
of (3.8) is a polynomial in ¢ of degree 2n 4+ 1. Furthermore, since u* is a (non-degenerate) genus
n potential it follows that all 2n 4+ 1 roots of the aforementioned polynomial are real and distinct
[42]. Thus,

Q2 =rn(C—C1) (¢ = Cont),

for some real constants (1 < --- < (op+1 and positive constant 7.

12



The eigenvector is given by

<%:> = () (An_ _B 7&) ) (3.9)

where v, (x) is a scalar function of x. It is determined by substitution of the above into the first
equation of the Lax pair, resulting in two linear first-order scalar differential equations for ~,, which
are linearly dependent. Solving gives

Yn() = exp/ <_8IB" _BA" ha Q") da,

up to a multiplicative constant. We simplify the above. Using A, = —%axBn, we find

1 Qn
n(r) = — exp </ Adzn> . (3.10)
B B

Each value of ¢ results in two values of §2,, except for the 2n + 1 branch points (1, ..., (2,41 Which
give ,, = 0. Therefore, (3.9) represents two eigenvectors. This explicitly verifies the results in
[42, 44, 46], in the spectral problem for the stationary Schrodinger equation with a genus n potential
¢ is a double eigenvalue for all but 2n + 1 values.

Let us determine which values of ¢ result in bounded eigenfunctions (3.9):

e Consider all values of ( for which it is possible that B, (when considered as a function
of z) attains zero. From (3.8), we see that this only happens for values of ¢ such that
Q2(¢) = A2 > 0, since A, € R for ¢ € R. For the branch points ¢; where Q,(¢;) = 0,
i=1,...,2n+ 1, it is easily checked that the eigenfunction (3.9) is bounded, thus the zeros
of 2, are part of the Lax spectrum. For all other values of ( where B,, attains zero for some
x, but ©,(¢) # 0, both solutions obtained from (3.9) are unbounded, thus these ¢ values are
not part of the Lax spectrum.

e Consider all values of ¢, £,,(¢) # 0, such that En, when considered as a function of x, never
attains zero. From our previous considerations, we know this is true for (at least) values of ¢
where Q2(¢) < 0. There is an exponential contribution from ()

oo ([ 2207). o

which needs to be bounded. To this end, it is necessary and sufficient that

(5 -

where () = i f_LL - dx denotes the average over one period of ©*. This average is well defined

since the denominator B,, is never zero by assumption. It follows from (3.8) that €, is either
purely real or purely imaginary. We also have B,, € R for ( € R. The above condition reduces
to
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< ! >Re(Qn) = 0. (3.12)

n

We see that all values of ¢ for which 2, is imaginary are part of the Lax spectrum. Now,

suppose ¢ € R is such that 2, is real and non-zero. Then the average term in (3.12) must be

identically zero. However, since B’L is never zero it follows that it cannot have zero average.
n

Therefore Re(£2,,) must be zero.

We conclude that the Lax spectrum consists of all ¢ values for which Q2 < 0:

OL, = (_007 Cl] U [CQa 43] u..-u [C2na C2n+1]- (313)

This is a well-known result, but it has been deduced here in more explicit terms. Furthermore, for
all values of ¢ € o,

Q, €iR.

In fact, Q2 takes on all negative values for ¢ € (—o0, (1], implying that Q,, = £/|Q2]| covers the
imaginary axis. Furthermore, for ¢ € [(2, (3], Q22 takes on all negative values in [Q2(¢3),0] twice,
where Q2((3) is the minimal value of Q2 attained for ¢ € [(2,(3]. Upon taking square roots, this

implies that the interval on the imaginary axis [—z\/ 1Q2(¢3)],i/ |Q%(§§‘)q is double covered in

addition to the single covering already mentioned. Similarly, for ¢ € [Co;, Coiv1], i = 1,...,n, Q2
takes on all negative values in [Q2((3;), 0] twice, where Q2 (¢3,) is the minimal value of Q2 attained
for ¢ € [C2i, C2i+1]. Symbolically, we write [12]

2 2
o vy |-iyfiod@liyin@] |-Gkl - e
where the square is used to denote multiplicity, see Fig. 1.

3.3 The squared eigenfunction connection and spectral stability

It is well known [2, 12, 42] that the product

W) = Y1, )2l ) = 5003 (2 t0)

satisfies the linear stability problem (2.14). This is known as the squared eigenfunction connection.
Using the results of the previous section, we see that for stationary solutions of the n-th KdV
equation the above takes the form

1
w(z,t,) = em"t"an(x)ﬂn(x) = iemntnﬁxai(m),

where a,, (3, are defined in (3.9). Comparing with (2.15), we immediately conclude that

A= 20, W (@) = an(2)Ba(z) = %&Cai(x), (3.15)

14
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Figure 1: (a) Q2 as a function of real . The union of the bold line segments is the Lax spectrum.
(b) Corresponding plot of €2, (restricted to the Lax spectrum) in the complex plane. The vertical
lines represent the multiple coverings in (3.14), which actually lie on the imaginary axis.

for all solutions obtained through the squared eigenfunction connection.

If we show that all solutions with Re()\,,) > 0 are unbounded in x, then spectral stability follows.
To this end, let us examine which solutions of the linear stability problem are obtained through
the squared eigenfunction connection. For any given \,, € C, (2.16) is a (2n + 1)-order differential
equation. Thus, it has 2n 4 1 linearly independent solutions.

Theorem. All spatially bounded solutions of the spectral problem (2.16) with A, # 0 are
obtained through the squared eigenfunction connection (3.15). If A\, = 0, then exactly n linearly
independent spatially bounded solutions are obtained through (3.15).

Proof. First, let us count how many solutions are obtained from the squared eigenfunction
connection for a fixed value of A\, # 0. Exactly one value of €, is obtained through Q, = A, /2.
Excluding the values of )\, for which the discriminant of (3.8) as a function of ( is zero, (3.8) gives
rise to 2n + 1 values of (. Before we consider the excluded values separately, we need to show that
the 2n + 1 functions W (z) obtained as described are linearly independent.

From our previous calculations

W = a3 = (Q, — Ay) exp </ 29” dm) . (3.16)
By,

Therefore, as long as there is an exponential contribution, the 2n 4+ 1 solutions W corresponding
to the 2n + 1 values of ( are linearly independent: indeed for different { different terms with
singularities of different order in the complex x-plane are present with different coefficients. From
the above we see that there is an exponential contribution if and only if €, # 0, which is true
since 2, = A,,/2 # 0 by assumption. Furthermore, if Re(A,) > 0 it follows that Re(2,,) > 0. This
implies ( is not in the Lax spectrum. Therefore, all 2n + 1 solutions obtained from the squared

eigenfunction connection corresponding to Re(A,) > 0 are unbounded in z.
For the values of A\, at which the discriminant of (3.8) as a function of ( is zero, only 2n solutions
are obtained (see note below). The other solution can be obtained through reduction of order. This
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introduces algebraic growth, therefore it is unbounded in . We have thus shown that all bounded
solutions corresponding to A\, # 0 are obtained through the squared eigenfunction connection.

Note: Extra care must be taken if the degeneracy is stronger, such as two local minima of Q2
being equal when the discriminant of (3.8) as a function of ( is zero. In such cases less than 2n
solutions are obtained. However, a simple perturbation argument resolves these higher degeneracies
and unbounded solutions result.

Now, assume A, = 0. It follows that ©,, = A,,/2 = 0. Substituting €, = 0 into (3.16) gives

W =-A,.

Note that A,, is linearly related to the A; from the 7;-hierarchy. Using that A, = —%@Bn, (3.6),
and the expansion 4, =37 a;j(z)¢? we find

1 2 1 _
aj-1= 3 (—Eﬁaj — U — gux({)x 1aj> .
The above is precisely the recursion operator (2.6) which generates the KAV hierarchy, i.e.,

1
aj—1 = gRCL]’

Using a, =0, ap—1 = ibnuz = 2—14()711170 gives

aj,lzgRaj:djuTnfj, j:n—l,...,l,

for some constants d;. In other words, each a;(x) is a linear multiple of Ur,_;,J=1,...,n. Since A,
is a linear combination of all the lower-order flows, the above result gives that A, can be expressed
as a linear combination of the w;, ;. Therefore, for A, = 0 we obtain n linearly independent
solutions uz‘%j, j =1,...,n, from the squared eigenfunction connection. Of course, each u;‘nij,
j=1,...,n,is expressed in terms of u* and its z-derivatives through the KdV hierarchy (2.7). H

As seen in this proof, there is no stability spectrum with Re(A,) > 0. Therefore, we immediately
conclude t,-spectral stability. We summarize the above results:

Theorem (Spectral stability). All periodic genus n solutions of the KdV equation are t,-
spectrally stable with respect to spatially bounded perturbations. The spectrum of their associated
linear stability problem (2.16) is explicitly given by o(JL,) = iR, or, accounting for multiplicities,

o(7£,) = iRV |20/l 20y IR )| Uy —2iyI98(GL 20/ 19263, ;

4 Nonlinear stability

With spectral stability established, let us revisit the nonlinear stability theorem as applied to our
problem. We have the following:
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e It is an application of the SCS basis lemma in [16, 28] that the eigenfunctions W form a basis
for L2, ([-NL,NL]), for any integer N, when the potential u is periodic in 2 with period
2L.

e As seen in the proof of spectral stability, the infinitesimal generators of G:

atoaatm v 7atn—1a

acting on the solution u* are in the kernel of f[v’{ (u*). In fact, when restricted to the space
Vo, the infinitesimal generators of G span the kernel of H)(u*) [16, 27]. As we see below, the
kernel of H/ (u*) is equal to that of H(u*) for any m > n.

What is left to verify is the last condition in the nonlinear stability theorem, i.e., we need to find
an m such that

NL
Ky (W) = (W, H! (u*)W) = W(z)LyW (z) dx >0
—~NL
for all W € Vj with equality obtained only for W in the kernel of £, = H” (u*).
Assume m > n (what follows is trivial for m = n) and that «* is a stationary solution of the
n-th flow. It is a stationary solution of the m-th flow as well, for some choice of the constants
Cm,0; - - - Cmn—1. Now, consider the time component of the Lax hierarchy for the m-th flow,

wtm = me .

Proceeding as we did for the n-th flow, we look for solutions of the form

¢($ﬂfm) = eth"%;(:L‘),
where due to the commuting properties of the flows, the Lax equations for ¢ > n share the same
complete set of eigenfunctions®
- an
)= )
i@ = ()

For i < n we can no longer separate variables. As before, this determines a relationship between
QO and ¢, and in general Q2, defines an algebraic curve corresponding to a genus m Riemann
surface. However, when evaluated at a stationary solution of the n-th flow this curve is singular,
and corresponds to a genus n surface.

Theorem. Let u* be a stationary solution of the n-th KdV equation. Then for all m > n, the
m-th eigenvalue equation reduces to

07, (C) = 2. ()02 (0),

3There are two different complete sets of eigenfunctions. The solutions of the Lax problem 12}(.%‘) are complete
since they are the eigenfunctions of a Sturm-Liouville problem. The completeness of the eigenfunctions of the linear
stability problem W (zx) follows from the SCS basis lemma.
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where p,,(¢) is a polynomial of degree m — n in (. Furthermore, p,,({) depends on the free
parameters ¢, n, - . . , Cm,m—1 such that ¢, ; appears in the coefficients of ¢=™ and lower. Therefore,
the free parameters ¢y p, ..., Cmm—1 give us total control over the roots of py,(¢).

Proof. For m > n, we impose f[{n (u*) = 0. Without loss of generality, we assume that the free
constants are determined in such a way that for all m > n the m-th Hamiltonian takes the form

ﬁm(”) = ﬁm(”) + Em,m—lﬁm—l(u) +---+ 6m,nﬁn(u)v

with H!,(u*) = 0. Each constant &, ; is expressed in terms of the constants ¢, x, k > j. This is
not necessary in practice, it only makes the proof more transparent. In this case, when evaluated
at u* all of the higher-order flows u;, j > n, become linearly dependent. Hence, each T}, j > n,

becomes a linear multiple of T,,. Thus,

A~

Tm - ﬁm(C) + ém,m—lﬁm—l(C)Tn +---+ Em,nﬁn(C)Tn
Pm

©)

where pp () = Pm(C) + Emm—1Pm—1(¢) + -+ - + Emnbn({), and each polynomial p;(¢) is of degree
7 —n in (. The existence of nontrivial solutions of the eigenvalue problem imposes

T,
T,

0 = det (T}, — Q) = det(pm(Q) T — Q).
Therefore, Q2, = p2,(¢)Q2. Expressing &, ; in terms of ¢, ; completes the proof. [

From the squared eigenfunction connection we have

2Q,W(x) = JL,, W (x).
Recall that on Vj, the operator J is invertible so that

LW (z) = 2Q,,J "W (x).

Therefore,

NL NL Qm (C)

Kn(¢) = WL,W dz = 20,,(¢) WJ'W dx =

~NL ~NL 2.(0)

where W, and hence K, is parameterized in terms of the Lax parameter (. From the previous
theorem, all values of ¢ for which €2,, = 0 also give ,,, = 0. Thus, these values of { pose no problem

n (4.1). Substituting for €, gives

Kn(C), (4.1)

Thus, when considering stationary solutions of the n-th flow, one simply needs to calculate K,
in order to calculate any of the higher-order K;. Let us do so. We have

W () = an(r) () = 003 ().

Therefore, the integrand in K, is given by
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WL, W = @anQnai = inan|23nan-

On the Lax spectrum |7y, |?> = 1/B,, since the exponent in (3.10) is imaginary. This gives

|O‘n‘2 = |'7n’2§721 = Bn
and

~ ~

Bnan = |’Yn’2(/1n - Qn)(_Bn) = _(An - Qn) = _(An + Qn)y

where, again, we used that A, is real and Q,, is imaginary on the Lax spectrum. This gives

WLW = —Q,Bn (A, + Q).
Therefore

NL NL

BhA, dx— Q2 / B, dx.
—NL

Kal€) == [

—NL
Using that B, A, is periodic and a total derivative gives the final result

NL

Kn(¢) = -2 / . B, dz. (4.2)

Note that (4.2) is valid only on the Lax spectrum. However, we find it convenient to formally
consider (4.2) as defining K,, as a function of all real ¢ in our considerations below. This poses no
problems in the application of the orbital stability theorem, as it is only concerned with the sign
of K,, when evaluated at ¢ € o,,.

Consider the sign of K,,({) on the Lax spectrum oy, :

e Since u* is t,-spectrally stable, Q2 < 0 on oy,. Therefore, we need to consider the sign of
the integral term fi\f]\?L B dx in (4.2).

e The Lax spectrum o, has n 4+ 1 components: (—oo, (1], [C2, (3], .., [Con, Cont1]. Previously,
we saw that B, never attains zero (as a function of z) for ( € oy, , except possibly at
the endpoints of these components where ,(¢) = 0. This implies that the integral term

_Njé T B, dz in (4.2) is not zero and has fixed sign on each component of the Lax spectrum.
However, that sign may change from one component to the next. Therefore, K, ({) can change

sign only in the gaps where ( ¢ o, or at the band edges where Q,,(¢) = 0.

Thus, K, (¢) is not guaranteed to have fixed sign on the entire Lax spectrum, but only on each
component separately. Hence, no stability conclusions can be drawn from K, ({). However, consid-
ering K9,(¢) introduces the requisite number of constants to allow us to make Ks,({) of definite
sign on the entire Lax spectrum. We have

Kon(¢) = pan(Q) Kn(C),

where pa,,({) is a polynomial in ¢ of degree 2n — n = n. Since we have total control over the roots
of pan(C), we choose the n constants cap p, ..., Can2n—1 s0 that pe,(() changes sign whenever the

19



Figure 2: The bold and dashed curves represent the integral term fjvz\? I B,dz in K, (¢) and p2,(C)
respectively, considered as functions of real (. The union of the thick line segments on the real
axis is the Lax spectrum oy, . Both curves have different signs on various components of the Lax
spectrum, but their product has fixed sign on the entire Lax spectrum.

integral term in K, ({) changes sign, see Fig. 2. This is always possible since the integral term
in K,,(¢) is a polynomial in ¢ of degree n. This makes K5,({) of definite sign on the entire Lax
spectrum, establishing the last condition in the nonlinear stability theorem.

We have proved the following;:

Theorem (Orbital stability). Spatially periodic genus n solutions of the KdV equation are or-
bitally stable (under the time dynamics of any of the KdV equations) with respect to perturbations
in

1 NL
Vo = {v € H2M([-NL,NL)) : M/NLU dr = 0} :

where 2L is the period of the initial condition and N is any positive integer.

Remarks.

e There is no restriction on the spatial average of the finite-genus solution, only on the spatial
average of the perturbation.

e The choice of constants, cap p, ..., Con2n—1, that makes Ky, () of definite sign is not unique.
For example, one could require pa,, () to have the same n zeros as the integral term in K, (¢).
One could instead require p2,(¢) to have (o (or (2;-1) as a zero if K,(¢) has an undesired
sign on the band [(2;, (2j4+1] C o1,,.

e In the soliton limit the allowed bands in (3.13) collapse to single points [22]. Thus, the operator
H//(u*) may have up to n unstable directions and the theory of [43] applies. It is interesting
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to note that our formulation using HY (u*) eliminates the extra machinery (Theorem 2 of
[26]) required to negotiate the unstable directions, and orbital stability follows from Theorem
1 of [26]. To turn this into a formal proof for the soliton case, one needs to examine the
interplay between the infinite period limit and the steps necessary for our method.

e The infinitesimal generators of G also span the tangent space of the Abelian torus on which the
Riemann theta function in (1.4) is defined [46], as they are linearly related to Oy, - - -, Opg,, -
In terms of a Hamiltonian description with action-angle variables, these generators give the
infinitesimal version of the motion of the angles on the Liouville-Arnold torus (directly related
to the Abelian torus underlying (1.4)) of the corresponding integrable dynamics [20].

5 Examples

5.1 Genus 1: the cnoidal wave

We repeat the results of [12, 16] as an illustration of our general framework applied to the genus
one case. Consider the genus one example (2.11)

u* = 12k%cn? (z, k) ,
with period 2L = 2K(k) (2.10).
We have
Ty = Ty + c107T0,
where as before ¢1 g = 8k2 — 4. From
det(Ty — Qu1) =0,

a direct calculation gives

OF = 16(¢ — ¢1)(¢ — () (¢ — C3),
with
G=k-1<@G=2k-1<=Fk,

for k € (0,1). The Lax spectrum is

o, = (=00, k* — 1] U [2k? — 1,k?].

To examine orbital stability, let us calculate K7. We have

NL
Ki(¢) = -2 . B dx
) NL 1
= —Ql/ (—4¢ — gu* +cip) do
—NL

NL
= - / (—4¢ — 4k*cen? (z, k) + 8k* — 4) du.
—NL
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There are two components to the Lax spectrum. We see that K7(¢) > 0 on the first component
¢ € (—o0,k? —1], and K1(¢) < 0 on the second component ¢ € [2k% — 1, k2]. In both cases equality
is obtained only at the endpoitns, where ©;(¢() = 0. Therefore, no stability conclusions can be
drawn from K;(().

Let us calculate K»(¢). We have

Ty =Ty + c21T1 + c2,010,
where as before ¢y = 02,1(8k:2 —4) — 56k* 4 56k? — 16 and 2,1 is free. From
det(Ty — Qo1) = 0,
another direct calculation gives

Q3 = 16(8k% — 4 +4¢ — c2,1)*(¢ — C1)(C — G)(¢ — (3) = (4C + 8k* — 4 — 1)1

We choose co1 such that 4¢ + 8k2 — 4 — 2,1 has the same zero as the integrand of K1(¢). This
choice of ¢z 1 makes K3(() of definite sign on the Lax spectrum, and verifies orbital stability.

In fact, 4¢ + 8k — 4 — 2,1 is zero when ¢ = 1 — 2k% + ¢2.1/4. Imposing that this sign change
takes place in the gap (or on one of its edges) gives

1—2k% +co1/4 > K — 1,

and

1—2k* +cp1/4 < 2K% — 1.

This results in

4(3k% — 2) < a1 < 4(4K* - 2),

which has an entire interval of solutions for all values of the elliptic modulus & € (0,1). Any choice
of ¢ satisfying the above constraint makes K3(¢) of definite sign on the Lax spectrum, and

Hy = Hy + o1 Hy + cooHy

serves as a Lyapunov function.
Though not necessary for stability, let us calculate €23 for illustrative purposes. We have

Ty = T + 322 + c31T1 + c3,0T.
Imposing u* is stationary gives
3.0 = c39(—56k* + 56k? — 16) + c3.1(8k* — 4) + 384Kk° — 576k + 320k% — 64,

where c32 and c3 1 are free parameters. From

det(T3 — Q1) = 0,

another direct calculation gives
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Figure 3: Q2 as a function of real ¢ for the Dubrovin-Novikov solution with k& = 0.8 in (5.1). The
union of the dotted line segments on the horizontal axis is the numerically computed Lax spectrum
using Hill’s method with 81 Fourier modes and 49 different Floquet exponents, see [18, 17].

0% = (16¢% + (32k% — 16 — 4c3.9)¢ + 56k — 56k% — 8k?c30 + deg o + 16 4 ¢31)?Q%.

Now, c32 allows us to choose the coefficient of ¢ and c3; allows us to choose the constant term.
Hence, we have total control over the roots of the outside polynomial.

5.2 Genus 2: the Dubrovin-Novikov solution

We consider the genus two Lamé-Ince potential [19, 22, 31, 32]

U* = _36@(557 g2, 93)7

where (-, g2, ¢g3) is the Weierstrass elliptic function with invariants g2 and g3 [41]. A direct sub-
stitution shows that u* is not a stationary solution of the first KdV equation for any choice of the
constant ¢ g. In fact, the solution u(z,t) evolving from u* takes the form

u(z,t) = =12 (p(x — 21(t), g2, g3) + p(x — w2(t), g2, 93) + p(x — x3(t), g2, 93)) ,

where the dynamics of z;(t), j = 1,2, 3, is governed by a nonlinear dynamical system [3]. Contrary
to the genus one case, the solution u(z,t) does not represent all periodic genus two solutions. In
fact, it is considered the simplest periodic genus two solution, as noted by Dubrovin and Novikov,
who integrated the KdV equation with u* as an initial condition [22, 47]. It was later shown that
the Dubrovin-Novikov solution is time periodic as well [23]. We examine it because it is a solution
with genus greater than one for which explicit analysis is relatively straightforward.
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Using the translation invariance of the KdV equation, we rewrite the above in the more conve-
nient form [15, 41]

u* = 36k*cn?(x, k).

Imposing that u* is a stationary solution of the second KdV equation gives

o0 = 424Kk* — 424Kk% 4+ 64, coq = 40k* — 20.

From
det(Ty — Q1) = 0,
we find
Q3 = 256(¢ — (1) (¢ — @) (¢ — G)(¢ — ) (¢ = &), (5.1)
where

(C1,C0, (3, Gy C5) = (4k2 — 2 — 2V/k4 — K2 4+ 1,5k — 4,2k% — 1,5k% — 1,4k% — 2+ 2V k4 — K2 +1).

It is easily checked that all of the above roots are real and distinct for k£ € (0,1). Therefore, the
Lax spectrum is

OLy = (—OO, Cl] U [C27 C3] U [<47 C5]7

which is a confirmation of numerical results, see Fig. 3. Also, €23 has two bands of increasingly
higher density around the origin. This confirms the numerical results for the linear stability prob-
lem, see Figs. 4 and 5.

To examine nonlinear stability, we first calculate K2(():

NL

Ky(¢) = —Q%/NL By da
NL
4 1 1 1
:—Q%/ 16¢C%3 4 —u*—deoy | CH=ul, +—u*2——cou*+cag | d.
NL 3 : gllaa TGt T 32 !

As expected, the integral part of K3(({) is a polynomial of degree two in (. There are three
components to the Lax spectrum. One can check that K2(¢) > 0 on the first component ¢ €
(=00, ¢, K2(¢) < 0 on the second component ¢ € [(2, (3], and K2(¢) > 0 on the third component
¢ € [C4,C5]. In all three cases equality is obtained only at the endpoints, where 22(¢) = 0. Therefore,
no stability conclusions can be drawn from K (().

For orbital stability we need to consider K,. Imposing that v* is a stationary solution of the
fourth KdV equation results in

cro = (—16192k° + 24288k* — 10656k + 1280)cy 3 + (424k* — 424Kk% 4 64)cy 2
+467616k% — 935232k + 677664k — 210048%> + 21504,

ci1 = (—1176k* + 1176k* — 336)cq3 + (40k? — 20)cq o
+30848K5 — 46272k* + 263042 — 5440,
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Figure 4: (a) The numerically computed spectrum for the Dubrovin-Novikov solution with k& = 0.8
using Hill’s method with 81 Fourier modes and 49 different Floquet exponents, see [17, 18]; (b) A
blow-up of (a) around the origin, showing a band of higher spectral density; (c¢) A blow-up of (b)
around the origin, showing another band of even higher spectral density. The analytically predicted
values for the band ends using (5.1) are £2i/|Q3(¢5)| ~ £42.14i and +£2i+/|Q5(¢})| ~ £8.38i, in
agreement with the numerical results above.

where c42 and c4 3 are free parameters.
From det(7y — Q4I) = 0 we find

0f = pa(0)*3,

where

pa(C) = 16¢% 4 (160k* — 4cg 3 — 80)C + 1176k + (—40cq 3 — 1176)k* 4 20c4 3 + 42 + 336.

Therefore, c43 allows us to choose the coefficient of ¢ and c42 allows us to choose the constant
term, giving us total control over the roots of ps(¢). Imposing that it has the same roots as the
integral part of K3(() determines ¢4 3 and ¢4 2 such that K4(C) is of definite sign, verifying orbital
stability.
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spectral density around the origin of the imaginary axis.
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