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Abstract

The interface problem for the linear Korteweg-de Vries (KdV) equation in one-dimensional
piecewise homogeneous domains is examined by constructing an explicit solution in each domain.
The location of the interface is known and a number of compatibility conditions at the boundary
are imposed. We provide an explicit characterization of sufficient interface conditions for the
construction of a solution using Fokas’s Unified Transform Method. The problem and the
method considered here extend that of earlier papers to problems with more than two spatial
derivatives.

1 Introduction

Interface problems for partial differential equations (PDEs) are initial boundary value problems for
which the solution of an equation in one domain prescribes boundary conditions for the equations
in adjacent domains. In applications, interface conditions are often obtained from conservation
laws [II]. Few interface problems allow for an explicit closed-form solution using classical solution
methods. Using the Fokas or Unified Transform Method [7 [8,[9], such solutions may be constructed
for both dissipative and dispersive linear interface problems as shown in [3, 6] [13], 16} 17, [I8] 19].

All previous papers addressing interface problems using the Fokas Method for interface problems
have dealt exclusively with problems that are of second order in the spatial variable. This paper is
the first investigation into higher-order problems. The process presented in this paper makes clear
how to resolve new issues that arise when moving to a higher-order problem.

The nondimensionalized Korteweg-de Vries (KdV) equation

qr + GQQLE + Qo = 07

is one of the most studied nonlinear PDEs [10} 14, 15, 23]. It arises in the study of long waves in
shallow water, ion-acoustic waves in plasmas, and in general, describes the slow evolution of long
waves in dispersive media [2]. In this manuscript we study the linearized KdV equation (LKdV) in
a composite medium,

q = 0(2)ques, — 00 < < 00, (1)

where o(x), a real-valued function, is piecewise constant. This equation describes the behavior
of solutions of the KdV equation in the small-amplitude limit and understanding its dynamics is
fundamental in understanding the dynamics of the more complicated nonlinear problem.



In what follows an explicit solution method is given resulting in closed-form expressions. We
provide criteria which, under the additional assumption of existence of a solution, are sufficient
for a solution representation to be obtained via the Fokas Method. Although we do not prove
uniqueness of the solution, we note some examples of interface conditions that do yield uniqueness.
The numerical evaluation of the solution is not considered but should be possible via the methods
presented in [4, [12] 20, 21]. As we do not have a physical application on hand, this paper addresses
the mathematical question of the number and type of interface conditions required to ensure that
is well posed.

2 Background

Determining the number of boundary conditions necessary for a well-posed problem is a nontrivial
issue, especially for boundary value problems (BVPs) with higher than second-order derivatives.
Consider LKdV posed on the half line

gt = 0'3wa$7 T > 07 t > 07 (2)

where the form of the coefficient o2 is chosen for convenience. If ¢ < 0 then one boundary condition
is needed, whereas if o > 0, two boundary conditions must be prescribed in order for the problem
to be well posed [7, [8]. This difference in seemingly very similar BVPs is understood at an intuitive
level by considering the phase velocity c(k) = — iw(k)/k where w(k) = —io®k® [11]. Thus, the
phase velocity is c¢(k) = — o3k?. If 0 < 0 the phase velocity is negative and information travels
toward the boundary as in Figure[Ia] If o > 0, the phase velocity is positive and information travels
away from the boundary as in Figure Therefore, it seems reasonable that one must prescribe
more boundary information. Note that if we were solving for x < 0 these results would be
switched. This will become relevant in what follows for the interface problem on the whole line.

t t
c(k) <0 c(k) >0
5 //
q(z,0) * q(x,0) v
(a) (b)

Figure 1: (a) When o < 0 information from the initial condition propagates toward the boundary
x = 0 and one boundary condition needs to be prescribed. (b) When ¢ > 0 information from
the initial condition propagates away from the boundary and two boundary conditions need to be
prescribed.



Remark. The above argument hints at the Method of Characteristics. This analogy is not
justified, as the problem at hand is dispersive and energy spreads along phase or group velocity
rays, rather than travels along them. As such, the above argument is entirely heuristic but, with
hindsight, it provides some intuition.

One of the strengths of the Fokas Method for solving linear PDEs is the straightforward way
it enables determination of the number and type of boundary conditions required for a well-posed
problem [7, 8, 9]. Previous papers by us and others [3, [6, 13} [16, 17, 18, 19] have shown that
the Fokas Method is useful for finding explicit general solutions to interface problems. In the cases
currently in the literature, only second-order problems are considered and the number of conditions
required at each interface is clearly two. The example of LKAV on the half-line suggests that the
number of interface conditions needed in the case of LKAV with an interface depends on the sign
of 0. This is the case indeed. In Propositions [[H3] we describe exactly the number and type of
conditions necessary.

3 Notation and Set-Up

We investigate where o(x) is the piecewise constant real-valued function

ol <0,
a(x)z{; = (3)

o5, x>0,

with the initial condition ¢(x,0) = go(z), and appropriate conditions at the interface x = 0. The
choice of the power 3 in the definition of o(x) is purely for convenience. We assume throughout
this work that the solution decays rapidly to zero as |x| — oco. If nonzero conditions at |z| = oo
are desired this can be treated easily in a manner similar to that for the heat equation in [6] and
for the linear Schrodinger equation in [I7]. We pose as the following interface problem:

0 = ottt r <0, o<tz (1)
q152) = U%qg?v)a:v x> O’ O<ts T’ (4b)

subject to the initial conditions

¢V (z,0) = ¢§" (x), x <0, (5a)
¢ (2,0) = ¢\? (), x>0, (5b)

with ¢ (-,1) € S(—o0,0) and ¢?(-,) € S(0,00) where S(X) is the Schwartz space of restrictions
to X of rapidly decaying functions. Likewise, we assume rapid decay of the initial conditions,
q(()l)(-) € S(—00,0) and qéz)(-) € 5(0,00). Note that we do not require Qél)(O) = (jéz) (0), rather we
assume that the initial data are compatible with the interface conditions, which are specified below.

Some number of interface conditions at x = 0 needs to be prescribed. The number and type of
such conditions are given in Propositions We make a distinction in this manuscript between



“boundary problems” and “interface problems.” Boundary problems are those in which the condi-
tions given at the interface x = 0 allow one to solve either or as a half-line BVP without
knowing the solution on the other domain. For example, if one can solve a BVP for q(l)(z, t) then
one can use that solution to provide any necessary conditions at x = 0 to solve the second BVP
for ¢®(z,t). Conditions for a well-posed BVP are given in [8, 22]. Since these cases have been
examined, we restrict to those interface conditions which do not decouple such that either
or can be solved as a BVP.
It is of note that by making use of the PDE, interface conditions can always be written as

linear combination of aanq(l)(gn7 t) and %q(z) (z,t) forn=0,1,2| = f(¢t),

x =0 =0

for all ¢. For example, one might require qéi)x(o, t) = qg,;)w (0,t) as an interface condition. This can
be imposed by applying the equation and integrating in ¢ to give

1 1 1 1
Lm0 - 2a@0.8) = ~ W) - L,
U;fq (07 ) O_g,q (07 ) O_iO,Q() (O) O_S,QO (0)7 (6)

for all ¢, which is clearly of the form we require with f(t) = (%%q(()l)(()) — (%%q(()?)(O). Using a similar
process for any conditions on derivatives greater than second order as well as elementary linear
algebra one can always express the interface conditions in the reduced forms given in Propositions
possibly after letting x — —=x.

Remark. If an interface condition specifies a linear combination of 87¢(M(0,t) (n=0,1,2) only
or d7¢?(0,t) (n=0,1,2) only, then we say it is a boundary condition. Note that the interface
conditions

¢V0,6)=0, and  ¢M(0,t) —¢?(0,t) =0,

are equivalent to the interface conditions
¢V(0,)=0, and  ¢?(0,t) =0,

so it is only meaningful to discuss the maximum number of boundary conditions for any equivalent
expression of a given system of interface conditions. Henceforth any mention of a number of
boundary conditions should be interpreted as such a maximum number of boundary conditions.

A problem with one boundary condition may or may not decouple into a pair of BVP. Even if
such a decoupling is possible, it may or may not be possible to solve the BVPs sequentially. For
example, the problem with o1,09 > 0, boundary condition q(l)((), t) = 0, and interface conditions
qg;l)(O,t) = qg([;z) (0,t) and qg([;? (0,t) = q;(gi)(o,t) decouples into a solvable BVP for ¢(!) and a subse-
quent solvable BVP for ¢?. However, the problem with o, 09 < 0, and the same boundary and
interface conditions does not decouple.



Figure 2: Regions for the application of Green’s Formula in the case of two semi-infinite domains.

4 Application of the Fokas Method

We follow the standard steps in the application of the Fokas Method. Assuming existence of a
solution, we begin with the so-called “local relations”:

(6—ikz+wjtq(j))t — <€_ikx+wjt0'?(qa(¢jac) + ikq{(Ej) . k_2q(j))):67

with w; = w;(k) = iag’k?’ for j = 1,2. Applying Green’s Theorem [I] and integrating over the strips
(—00,0) x (0,t) and (0,00) x (0,t) respectively (see Figure [2) we have the global relations

0 ) 0 i 1
/ 6,Zk1+w1tq(1) (:C, t) dr = / e*zkmq((] )(;p) dx

—00

t
b [ oot (s00.9) + ikg0.5) - #40(0,9) s,
0

/ e—ikw+w2tq(2) (x, t) dr = / e—ikxq(g?) (l‘) dz
0 0

t
_ / 203 (42(0,5) + kg (0,5) = k242(0,5)) ds.
0

Let Ct = {2 € C: Im(z) > 0}. Similarly, let C~ = {z € C : Im(z) < 0}. Define k = kg + ik;



where kg, kr € R. We define the following:

0
g (k,t) = / e kg (2, t) da, kr >0, 0<t<T,
1 0
Q" (k) = / g (2) da, k1 >0,
—00
qP(k,t) = / e kg (z, 1) da, kr <0, 0<t<T,
0
i) = [ et @) d, ki <0,
0
t o
gn(w,t):/e e (1)(0 s)ds, n=20,1,2, 0<t<T,
0
t on
hn(w,t) = / ews—q@)(o, s)ds, n=20,1,2, 0<t<T,
0 8.%'”
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i)’ (92(w1>t) + ikgl(wht) - kQQO(wlvt)) ) k[ > 07 (73‘)
2 (k) — 03 (halwa, t) + ikha (wa, t) — K2ho(wa, 1)) kr<0.  (7b)
We wish to transform the global relations so that ¢,(-,t) and hy,(-,t) for n = 0,1,2 depend on a

common argument, ik3 as in [3, 13]. Noting ik? is invariant under the transformations k — ak and
k — a2k where a = ¢%™/3 and evaluating at ¢t = T we have the following six global relations:

. Jk Jk A
TG (O‘,T) =gV <O‘> (0392 (iK%, T) + icd kot g (ik®, T) — ¥ ko190 (ik*, T))
o1 g1 (83‘)
o1 Im(a’k) > 0,
k3T 5(2) ﬂ ) _ ~2) <O‘k) 3 j 3 251.2 3
e T | = Sho(ik®,T) + i’ koshq (ik?, a“k“oohg(ik’,T)) ,
0 (S5) = a7 (5F) — (thatib®. T) ¢ il ko, T) = P Wbt 1))
oy Im(a’k) < 0,
for 7 =0,1,2
Inverting the Fourier transform in we have the solution formulas
1 [ .
¢V, t) = o~ / ghe=entgl) (k) dk
e (99)
+ 2711_/ eZkEE—Uﬂt (92(W1>t) + ikgl(wlvt) - kQQO(wlvt)) dka
1 > ikx—wat o
(e, t) = 5= / eihe—eat g (1)
s e (9b)
— 2i / M2t (hy(wa, t) + ikhy (wa, t) — k2ho(wa, 1)) dE,
™ —00



for t € (0,T) and = € (—00,0) and x € (0, 00) respectively. Next, we transform the second integral
in each of the previous equations so that g, (-,¢) and hy,(-,t) depend on ik? for n = 0,1, 2.

1 [ i
WWﬁ_%/ et (k) i
1 % o (10a)
+o- et T (0790 (ik, t) + ikor g1 (kP 1) — k?go(ik?, 1)) dk,
m —0o0
1 [ ot
q(Q)(:r,t):%/ etk th[()Q)(k)dk
-0 (10b)

1 e} k13
—g | et T (03ha(ik?, 1) + ikoahy (K2, 1) — K2ho(ik3, 1)) dk,
m —00
Let D = {k € C: Re(ik?) < 0} = DD UD® U DO as in Figure |3, The parenthetical numbers
in the superscript of D represent an enumeration of the sectors of the complex plane, in contrast to
the parenthetical numbers in the superscript of ¢ (and I', below), which represent the two half-line
domains (—o00,0) and (0,00). Let

Drp={keC:keDand |kl >R} =Dy uDP uDY,

where R > 0 is a positive constant as shown in Figure Let T be the contour 0{k € Dp :
(=1)7ojk; > 0}, oriented so that Dg) and Dg’) lie to the left, and Dg) lies to the right of any I'(¥)
to which they are adjacent. Note that whether I'¥) is the boundary of Dg) U Dg) or DE;L.S) depends
not only on j but also upon the sign of o;. The integrand of the second integral in is analytic
and decays as k — oo from within the set bounded between R and '™ and the integrand of the
second integral in is analytic and decays as k — oo from within the set bounded between R

and I'®. Hence, by Jordan’s Lemma and Cauchy’s Theorem, the contours of integration can be
deformed from R to '),

1 > itkx—wit 5
¢ (z,t) = 27T/ etka=wrt gD oy
N i B g —ik3t (11a)
o o €7 (01g2(iR%,1) +ikorga (iR, 1) — Kgo(ik®, ) dk,
T

|

1_00 ik —ikt (11Db)
o elmt (U%hz(ik‘s,t) + ikoghy (ik3,t) — k‘2h0(ik‘3,t)) dk.

T Jr®

We replace ¢ by T' in the arguments of g; and h; by noting that this is equivalent to replacing the
integral fg eik’ %q(j) (0, s) ds with fOT ek’ %q(j) (0, s) ds—ftT ek’ %q(j)(O, s) ds. Using analyticity
properties of the integrand and Jordan’s Lemma, the contribution from the second integral is zero
and thus,

1 oo
q(l)(l',t) — 27[—/ 6Zkil‘—w1th(()1)(k) dkj
1_00 ik k3t (]_Qa)
o [ @ (oR (i, T) 4 ihorga (8, T) — K go ik, 7))
I



Figure 3: The evenly distributed regions D), D& D®) where Re(ik?®) < 0.

Figure 4: The regions Dg), Dg), DS) where Re(ik®) < 0 and |k| > R.



1 [
q(2)(x7t):27r/ ezkx gtq(g?)(k) dk

1
27 Jr@

(12b)
.k .
€7 M (03ha(ik®, T) + ikoaha (iK%, T) — Kho(ik?, T)) dk.

While Equation makes the functional dependence of the solution more complicated than in
Equation , it is useful for doing long time asymptotics, i.e. taking the limit as ¢t — oo.
Equation is useful for checking that the expression satisfies the equation. While the integrands
of these expressions are different, the integrals are equal and thus one may switch between them
whenever convenient.

In Section 5] we show how it is possible to obtain expressions for all six spectral functions g;,
h; in the relevant domains by solving a linear system. Indeed, for any r € {1,3,5}, if k € Eﬁf{) (the
closure of Dg)), then a certain number, say m, of the global relation equations are valid for k.
We must supplement these equations with 6 — m interface conditions to obtain a solvable system.
Given the coefficients of g;, h; in , it is clear that the determinant of the linear system must be
a polynomial in k. The criteria of Propositions identify the cases in which this determinant is
not identically 0, that is the system is full rank. For such a full rank system, it is always possible
to choose R > 0 sufficiently large that D contains no zeros of the determinant, which is essential
in the proof of Proposition [4, We denote this linear system by

AX =Y + % Ty, (13)

where
X = (go(ik®,T), g1 (ik®, T), ga(ik®, T), ho(ik®, T), by (ik®, T), ho(ik?, T)) . (14)

The right-hand side of is expressed as the sum of Y, which includes expressions that are known

explicitly (i.e., q(()] )(-), j = 1,2 and non-homogenous terms from the interface conditions) and Y
which includes unknown expressions (i.e., ¢U)(-,T), j = 1,2).

5 Results

In each of the following propositions, we assume that the interface conditions are not such that the
problem reduces to a pair of BVP. It is a matter of trivial linear algebra to determine whether any
particular problem has this property, and its well-posedness and solution are then known [8, 22].

In the case o1 > 0 and o9 < 0, the phase velocity for z < 0 is positive and the phase velocity
for x > 0 is negative. Thus, information from the initial conditions propagates toward the interface
as in Figure [f] In this case we expect the minimal number of interface conditions to be necessary
for a well-posed problem.

Proposition 1. Assume o1 > 0 and o2 < 0. Equation 1s solvable for X if and only if two
interface conditions are given. These conditions must be of the form

Br1gV(0,8) 4 B12gM (0, 1) + Bi3qtH (0, 1) + Brag@(0,8) + 152 (0,1) + B164!2 (0, 1) = f1(t),

(15a)
Bo1qM(0,1) + Bazg VP (0,) + Bazqll) (0, 1) + B2agP(0,) + Basq @ (0, 1) + Ba6q{2 (0, 1) = falt).
(15b)



o1 >0 o9 <0

AN

¢ (z,0) q@ (x,0) ’

Figure 5: Information from the initial conditions ¢(*) (x,0) and q? (z,0) propagates toward the
interface.

The solution to is full rank, that is, solvable for X, whenever at least one of the following
holds

1. BraPar # P11P24,

o1(Br15P21 — Bu1P2s) # 02(B12824 — PraPaz,

0%(B16B21 — B11P26) + 0102(B15822 — Pi2B25) + 05 (B14B2a — B13B24) # 0,
o1(Bi6B22 — Bi2B26) # 02(B13B25 — B15623),

516523 7& ﬁ13526 .

Proof of Proposition [ In the case o1 > 0 and o2 < 0, the second integrals of both (10a)) and (10b])
can be deformed from ffooo -dk to — | ap® -dk. We rewrite the global relations as
R

Gvo e e

o3 ak . ak . . . .
em3tq(1) <01, ) — q(()l) (ﬂ) = U%gg(lkg,T) + zaka%gl(zk?’,T) - (ak)Zalgo(zk?’,T), (16a)

eHtg® <O"“T) — g (“’“‘) = — o3hy(ik3, T) — iako2hy (ik, T) + (ak)2o2ho(ik®, T), (16b)
g9 ()]
" 2k 2k
eF’tgm) (iT) — gV <a> = 03 go(ik®, T) + ia’ko?gi (ik®, T) — (&2k)201g0(ik®, T), (16¢)
k3t ~(2) o’k ~(2) o’k 37 (1.3 02 2y (13 272 3
et —.T ) =4y’ | — | = —o5ha(ik”, T) —ika”o5hi (ik°, T) + (a“k)“o2ho(ik”, T, (16d)
g ag

which are all valid for k € 5(5). Evaluating for t = s, multiplying by eik%, and integrating
from 0 to t one obtains

2
hj(ikga T) + Z ﬁj+1,5+lgl(ik37 T) = fj-‘rl(ik?’? T)a JE {07 1, 2}7
{=0

where

T
Fi(w,T) = /0 e fi(s)ds, j e {0,1,2),

10



which is valid for k € D" (the closure of D).

In order to solve the full 6 x 6 system it is clear we must impose two “interface conditions,” since
the global relations provide exactly four of the necessary six equations. If there is one boundary
condition relating ¢'*) and ¢? and their spatial derivatives then one can solve the problem on the
left (right) and use the solution and remaining interface conditions to solve the problem on the
right (left). The half-line problem is well posed [8, 22] and its solution will not be considered here.
Hence, “interface conditions” of the type are all we need to consider.

The above argument only fails if det(.4) = 0 since all singularities are outside DS). Examining
det(A) = 0 one obtains a polynomial in k. Since we need this to hold for all k, we consider the
coefficients of each power of k. Requiring at least one coefficient to be nonzero gives the conditions

stated in Proposition . O

In the case 01 > 0 and oo > 0, the phase velocity for £ < 0 and = > 0 is positive. Thus,
information from q(()l)(x) propagates toward the interface but information from qéz) (z) propagates
away from the interface as in Figure [6] Hence, we expect that more interface conditions are
necessary for a well-posed problem than in the case when o1 > 0 and o2 < 0 as in Proposition
Notice that the case of 01 < 0 and o2 < 0 could be considered in this case by letting * — —x.

Hence, we consider only the case where o1 > 0 and g9 > 0.

t
o1 >0 / o9 >0

L
¢(z,0) ¢?(z,0)

x

Figure 6: Information from the initial condition ¢")(z,0) propagates toward the interface while
information from ¢(® (x,0) propagates away from the interface.

Proposition 2. Assume o1 > 0 and o9 > 0. The square matriz A in is solvable for X if and
only if three interface conditions of the following form are given.

B11¢ (0, ) + Br2glP(0,1) + B13qlt) (0, 1) + ¢P(0,8) = f1(2), (17a)
Ba1g (0, 1) + BazgtM (0, 1) + Bzl (0,1) + ¢{2(0,1) = fo(t), (17b)
831400, 1) + B2tV (0, 1) + Ba3qtR (0,8) + ¢{2(0,) = f3(t). (17c)

The solution to is solvable for X whenever one or more of the following is satisfied:
1. B31 # 0,
2. 01021 + 0232 # 0,
3. 0311 + 0109822 + 03833 # 0,

11



4. 01P12 + 02323 # 0,
5. P13 # 0.

Remark. It may be possible to rewrite the interface conditions so that one is a boundary
condition for ¢ and still have an interface problem. However, a single boundary condition for ¢(*)
or a pair of boundary conditions for ¢ implies that the problem separates into a pair of BVPs.

Proof of Proposition[d In the case o1 > 0 and o3 > 0, the second integrals of (L10a)) can be deformed
from [ -dk to —faDg -dk. The second integral of (10b) can be deformed from [ -dk to

f@D(l) -dk + faD(B) -dk. We rewrite the global relations for each r € {1,3,5} as
R R

. "k "k
et (‘;T> — iy (O;l) = obgu(ik’, T) + ika"o?gi (i, T) — (ko or90(ik°, T).  (18a)

. r+2k 7”+2k
¢kt 5D <a ,T) O (a ) _
o1 o1 (18b)
03 go(ik3, T) + ika" P20lgi (ik?, T) — (ka"t?)%01g0(ik>, T),
) r+1k r+1k.
ezk3t(j(2) <a ,T> _ q(()2) (0‘ ) _
p) 02 (18c)

— 03ha(ik3,T) — ika" o3 hy (ik3, T) + (ka" 1) 200ho (ik3, T),

which are all valid for k € E(T). Evaluating for t = s, multiplying by eik%, and integrating
from 0 to t one obtains

2
hj(ikga T) + Z ﬁj+1,g+1g4(ik3, T) = fj-‘rl(ik?’? T)7 VES {07 1, 2}7
/=0

where

~ T
fiw,T) = /0 e fi(s)ds, je€{0,1,2},

which is valid for k € .

In order to solve the full 6 x 6 system it is clear we must impose three “interface conditions”,
since provides just three equations. We must now examine the cases where one or more of
these conditions decouples into a boundary condition on either ¢!) or ¢(2). If there is one boundary
condition relating ¢ and its spatial derivatives, then one can solve the problem on the left and
use the solution and remaining interface conditions to solve the problem on the right. Solving the
half-line problem is well posed [8, 22] and is not considered here. Hence, “interface conditions” of
the type are all we need to consider.

Examining det(.A) = 0 in this case, one obtains a polynomial in k. Since we need this to hold for
all k, we consider the coefficients of each power of k. Since we want conditions on det(.A) # 0 we need

at least one of the coefficients to be nonzero. This gives the conditions stated in Proposition (2)).
O

12



In the case o1 < 0 and o2 > 0, the phase velocity for z < 0 is negative and the phase velocity for
x > 0 is positive. Thus, information from the initial conditions propagates away from the interface
as in Figure [7] Hence, we expect that more interface conditions are necessary for a well-posed
problem than in the previous cases.

H~

o1 <0 o9 >0

W/

q(l) (z,0)

Figure 7: Information from the initial conditions ¢")(z, 0) and q(z) (x,0) propagates away from the
interface.

Proposition 3. Assume o1 < 0 and g2 > 0. Equation 18 full rank if and only if four interface
conditions are given. These conditions must be of the form

g (0,) + BragP(0,¢) + B15¢'2 (0,1) + P16 (0, 1) = f1(2), (19a)
g (0,) + BaaqP (0, 8) + Ba5¢'2 (0,1) + B26a2 (0, 1) = fa(t), (19b)
a5 (0,1) + B3ag® (0, 1) + Bssal? (0, 1) + Bssq2) (0,1) = f3(t), (19¢)
B4 (0,1) + B15¢%) (0,8) + Basal (0,8) = fa(t). (19d)

The solution to is full rank whenever one or more of the following is satisfied:
1. B35B44 # Bs3afus,

2. 01(B34B16 — B36Paa) # 02(B24s — B25Paa),

3. 01 (B358a6 — BaePas) + 0102(Bas s — B2aBas) + 05 (B14B15 — Bisfaa) # 0
4. 01(B26B15 — PasPas) # 02(B16814 — P14Bas),

9. Pr6Pas # P1sPas-

Remark. As four interface conditions are required, it must be possible to write (at least)
two as boundary conditions. If there are two boundary conditions for either ¢! or ¢(?), then the
problem separates into a pair of BVP, so we only consider the case where there is precisely one
boundary condition for each of ¢(Y) and ¢(?). However, for the purposes of stating the result, it is
more convenient to write the conditions in the form .
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Proof of Proposition[3 In the case o1 < 0 and oy > 0, the second integrals of both (10a]) and (10b))
can be deformed from ffooo -dk to faD(l) -dk + faD(g) -dk. The appropriate global relations can be
R R

rewritten for r € {1, 3} as

) r+1L r+1g
(51 (a ,T> o (a ) _
o1 o1 (20a)
0392 (ik®, T) + ika" ol g (ik®, T) — (ka™ ™) %01g0(ik3, T),
) r+1 r+1
elkth(Q) (Oé k7T> B qA((JQ) <Oé k’) _
092 o) (20b)

— oshg(ik3,T) — ik T ashy (ik3, T) + (ka" 1) 2o9hg(ik>, T),

which are all valid for k € E(r). Evaluating for t = s, multiplying by eikgs, and integrating
from 0 to t one obtains

go(ik3, T) + Bishy (ik3,T) + Bisho(ik®, T) = f1(ik>,T),
g1(ik3, T) + Boshy (ik3,T) + Bagho(ik®, T) = fa(ik>,T),
92(ik®, T) + Bsshy (iK%, T) + Bagho(ik3, T) = f3(ik3, T),
ho(ik3, T) + Bashi (ik®, T) + Bagho(ik3, T) = f4(ik>3,T),

where

T
fi(w.T) = /0 () ds, j € {1,2,3,4),

which is valid for k € D",

In order to solve the full 6 x 6 system we must impose four “interface conditions,” since
gives only two equations. We need to examine the cases where one or more of these conditions
decouples into a boundary condition on either ¢(') or ¢(?). Using elementary linear algebra it is
clear that at least one of these conditions must be a boundary condition. If there are two boundary
conditions relating g (q(Q)) and its spatial derivatives then one can solve the problem on the left
(right) and use the solution and remaining interface conditions to solve the problem on the right
(left). Solving the half-line problem is well posed [8, 22] and will not be considered here.

There must be precisely one boundary condition of the form . It is then elementary linear
algebra to see that the remaining three conditions can be written as interface conditions in the
form —.

Examining det(.4) = 0 one obtains a polynomial in k. We need this condition to hold for all &
and we consider the coefficients of each power of k. Since we want conditions on det(A) # 0 we need
at least one of the coefficients to be nonzero. This gives the conditions stated in Proposition (3)). [

Proposition 4. Assume A in is full rank. A solution to is given by where g;(ik>,T)
and h; (ik3,T) for j =0,1,2 are the solution to the linear system AX =Y where A, X, and Y are
given in and the surrounding paragraph.

Proof of Proposition[f. Consider A;, which is the matrix A with the 4% column replaced by ek Ty,
We solve AX = Ty using Cramer’s Rule [5]. If we show that the contribution to the solution

14



1.3 . o . .
from e*"TY is zero, then we have proved the proposition. The terms we are concerned with

from are

el BT Bt (02ga (i, T) + ikorgy (ik°, T) — k2o (ik®,T)) dk.
™ Jr)

and
1

.k .
o €7 (02 (i3, T) + ikoaha (ik®, T) — K2ho(ik®, T)) dk.
T Jr®

Using Cramer’s Rule and our factorization these become

1 Sk (T-) ( pdet(As) | 1det(A2) - deet(Al)) dk (21a)

o Udet(A) "7V det(A) det(A)
i i%:p+ik3(T7t) Qdet(.AG) . det(A5) B 2det(.A4)
o7 Jon © <"2 det(A) M ey " ey ) (21b)

We would like to show these integrand terms are analytic and decay for large k inside the
domains around which they are integrated. Note that det(A) # 0 since is full rank.

Case 1. 01 < 0,09 > 0: For oy <0 and o9 >0, 'V =73 = aDg) U 8Dg). Using the form of Y
in this case each term of the integrand in (21al) is of the form

1 ke . r+1 r+1
— [ e <c1(1<:)q<1> <O‘ k,T) + ea(k)g® (O‘ kT)) dk
27 Jra o1 02

1 ’L ikz 0 —ika"t1
= k3 (T—t)+ 2 c1 (k) </ @Yy, T)e” 1 y> dk dy
T Jr —00
1 7, ikx o 7ikar+1
+— RO (k) (/ ¢ (y, T)e =2 y) dk dy,
27 Jrm 0

where r € {1, 3} depending on which region one is integrating around (Dg) or Dg’)) and ¢ (k)
and cy(k) involve the constants 3;, which are O(1) as k — oo from within I'") and analytic
for all k € Dg). For k£ — oo with k € E(T) the expression inside the parenthesis decays by
the Riemann-Lebesgue Lemma. Thus, by Jordan’s Lemma, these integrals along a closed,
bounded curve in the complex k plane vanish for x < 0. In particular We consider the closed
curves LB = .CD<1> ULy and L£B) = = L) UL where L) = 8D e {k : |k| < C} and
Loy =1k € D :|k| = C}, see Flgure

Since the integrals along £~y and L) vanish for large C, the integrals must vanish since the
contour L) becomes aDg) as C' — oo. The same argument holds for £3) and 8Dg). The
uniform decay of the expressions in parentheses for large k is exactly the condition required
for the integral to vanish using Jordan’s Lemma. Hence, is zero. A similar argument

holds for (21bj).
Case 2. 0; > 0,09 > 0: For 01 > 0 and 09 > 0, I} = GDE’) and I'® = 8Dg) + aDg’). Using
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Figure 8: The contours L) and L) are shown as red solid lines and the contours £,y and
L) are shown as red dashed lines. The contour L) is shown as a green solid line and the
contour L) is shown as a green dashed line. An application of Cauchy’s Integral Theorem using
these contours allows elimination of the contribution of ¢(M(-,¢) and ¢ (-,t) from the integral

expressions .

the form of ) in this case each piece of the integrand in (21a)) is of the form

1 ik _ 2
1 e%”W”<mmw(33T)wwwm<%ﬂj>M
27 Jray o1 01

L ei%+ik3(T—t)c3(k)qA(2) (£7T> dk
2 rm g2

]. i — ikx 0 —ika?
o Jro € SIS e (k) (/ ¢V (y,T)e = y) dk dy
™ Jr@) —00

1 i )4 ikz 0 —ikay)
+—/<f““ﬁmmU‘WWﬂe#>%@
27 Jra

—00

1 ik3(T—t)+ k2 - ="
i e KT =)+ c3(k) (/ q(2) (y,T)e 02y> dk dy,
27 Jra 0

where ¢;(k), ca(k), and c3(k) are O(1), analytic in D), and involve the constants j3;. For

k — oo with k € 5(5) the expression inside the parentheses decays by the Riemann-Lebesgue
Lemma. Thus, we can apply Jordan’s Lemma and Cauchy’s Theorem as in Case 1, using
curves shown in Figure [8| Hence, (21a)) is zero. Again, a similar argument holds for (21b)).

Case 3. 01 > 0,09 < 0: For 01 > 0 and o9 < 0, F(l),I‘(z) = ﬁDg). Using the form of Y in this
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case each piece of the integrand in (21a)) is of the form

L[ gty <cl(k)q( ) (O‘k ) + ¢a(k)§® (O‘kT)) dk
27 Jra) o1 02
1 iz k3 (T— .
4o [ T <63(k‘)q(1) <O‘ d T> +ea(k)d <2>( k >> dk
01 g

27 Jra
_ L[ et e ik
. — o1 cl(kj) q ( T)e 71 d/-cdy
27 Jra —o
]_ 7, ikx oo ikay
+— RO (k) </ 4P (y, T)e o ) dk dy
27T (1) 0

1 ik _ ikx 0 —ik’oz2.
ST / ¢ (y, T)e = y) dk dy

_|_
21 Jrw ( RS

1 o ike > —ika®y
BOrey / ¢ (y, T)e ) dk dy,
0

it o1 ea(k
27 | 1 cy(k)
where ci(k), ca(k), c3(k) and c4(k) are O(1), involve the constants (3;,, and are analytic for

k e DO, For k — oo with k € E(E)) the expressions inside the parentheses decays by the
Riemann-Lebesgue Lemma. As before we apply Jordan’s Lemma to the appropriate curves in

Figure and use Cauchy’s Theorem. Thus, (21a)) is zero. A similar argument holds for (21bj).
]

Remark. We show in Proposition (| that is a solution of problem . It remains to show
that this solution is unique in order to establish well posedness. In an attempt to show uniqueness,
we assume there exist two solutions to (). Let u(z,t) be their difference. Then u(z,t) satisfies
with homogenous initial and interface conditions. A standard energy argument shows

d [>® /o 2 on otz g+l 2
7 — = = M (1) (1)
at ) . <axn“(m)> dz = oy (2 St (0 t) 5 mu(0,¢) — < sl (O,t)) )

for any nonnegative integer n. If the interface conditions given are such that the right-hand side
of is always negative then, because u(x,0) = 0 and the left-hand side of is always non-
negative, we have u(z,t) = 0. Thus, one suitable choice of interface conditions is those that satisfy
this relationship. For various signs of o1, 09, which we consider here, it is not clear how to establish
that the solution is unique in general.

6 Examples

In this section we give solutions to for different signs of o1 and oy with “canonical interface
conditions.” That is, we prescribe that the function and its first /N spatial derivatives are continuous
across the interface where 1 < N < 3 depends on the signs of o1 and os.
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Example 1. 01 < 0,02 > 0: This example requires four interface conditions. We impose that the
function, as well as its first, second, and third derivatives are continuous across the boundary.

gM(0,t) = ¢(0,1),
¢M(0,1) = ¢{?(0,1),
1) (0,1) = ¢2(0,1),
q{2,(0,1) = ¢{2,(0,1),

The first three conditions can be imposed directly. The condition on the third spatial deriva-
tive can be imposed by applying the equation and integrating in ¢ to give @ Applying the
t transform to @ we have

1 1 FT_1 (1 ¢ 1 (o

—go(ik3, T) — = ho(ik?, T) = ——~— [ =4{"(0) — =¢{?(0) ) . 23

SR T) = —ha(if,7) = =t (S50 0) = a0 (23)
Using elementary row operations, we have in the notation of Proposition I, fi(t) = fo(t) =

f3(t) =0, fa(t) = % ( SQ(() )(0) — 3q0 (& P25 = P36 = —1, and the remaining f;, = 0.
(13

Using these interface condltlons and solvmg ), Equation ([11] . becomes

q(l)(x,t) _ 1/ ez’km—wﬁq(()l)(k) dk

27
/ a0 — oy 6%—%37&@(1) o’k m
aD(l) 27Ta20'1 0‘1 — 0-2) 0 o1
(a—1) —ik3t (1)
—1l)e 0) dk
" /BDU) 27Ta2k0102((71 — 09) (e e gy’ (0)

_I_

/ o?(a? —1) e“flw —ik3t q() Ozik dk
D 2ma2o3(oy — 02) 0 lop

iof(a — 1) ikt ke (g
— e 0) dk
/8D W 2ra’kol (o) — 02)(6 Jet gy (0)

a0l — 09 ikx _ ;13¢ (1) ak
4 — | dk
/@D(3> 2nkaoy (o] — og)e 1 L <01
21 - ike
+ —Z(a 3 (1) a5 (0) dk
oD\ 27ra02 o1 — 02) oy

iof(a® — 1) — ikt % (2 ) (0
—1)e~ dk
/aD(3> 2rnoyak(oy — o2) (e Jerag (0) dk,

)

_l’_

_l’_
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q(2) (x’ t) — 271_/ eikfoJth(()Q) (k) dk

202 ; 2
]_ ikx _ 1.3 ,IC
/ 022((21 ) ¢ o2 ik t(j(()l) <a > dk
oDV 2na’oi (o1 — 02) o1

il — 1) (o2 — aoy + ao2) , _3, ikz (1)
P _1eve 0) dk
+ /aDg) 2ralkod (o1 — 02) (e Jer2qp (0)

2 ; 2

Qo9 — 0 ikz ;13 a‘k

+/ 3 2 L oo F tq((]Q) <> dk
ap(h) 2raloy(o1 — 02) o9

- W —1e- 0) dk
/(‘)Dg) 2ra2kos(oy — 02) (e Je2qq (0)

2(—1 ke 13 k
+/ agga ) o ik t(j((]l) <Oé> dk
op®) 2maoi(o1 — 02) o1

_ / Z‘(04 - 1)(02 + aal) (e—ik3t N l)e%q(l) (O) dk
oD 0

2raok(oy — o2)

+/ ’ Qo — 01 eg—sztq(()Q) (O[k?) dk
oD 2raoy(o) — 03) 09

il —1)(o2+ao1), i3 ik (g
- Wt —1)e- 0) dk.
/6D§§) 2rakos (o1 — 02) (e Jerzqg (0)

Remark. Combining @ with the first interface condition of Example 1 and the mutual

compatibility of q(()l) (z) and qéQ) (z) with respect to the interface conditions, we find that

q(0,1) is constant in time. That is, for all t > 0, ¢(1(0,t) = q[()l)(O) = q((]2) (0) = q(()2) (0,%). Note
that this property of the interface problem is obtained without any reference to a solution
method or any appeal to the first or second order interface conditions. The compatibility
condition q(()l)(O) = qéz) (0) could also be used to simplify (23). We avoid this simplification
because even without a smooth initial condition the formulae obtained in this paper are valid
for ¢ > 0 and the short time asymptotics can be analyzed as in [4].

Example 2. o1 > 0,02 > 0: This example requires three interface conditions. We impose that the
function, as well as its first and second derivative are continuous across the boundary. That
is,

gt"(0.t) = ¢{?(0,1), (24)

In the notation of Proposition [2| f1(t) = fa(t) = f3(t) = 0, f11 = Pa2 = B33 = — 1, and
the remaining 3;, = 0. Using the interface conditions and solving , Equation
becomes
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¢V t) = — [ errentgD gy qp

271'00

+/ (01 — 02)(01 + a0y + aoy) ¢or ~H D) ok dk
6D<5) 2racy (o1 — aog)(o1 + 02 + ao2) 7

— 7,ka: 3 2]{/'
/ o9 — 01 oo —ik3t q((]) <a> dk,
oD 2oy (o1 + o2 + ao?) 01

303 ik g3y k
_/ ) 2mo9(0] — 1 < q(()) <> A
aD¢ 2(01 — aog)(01 + 02 + aoy)

_|_

@@= [

zkx 0.)2t (2) k) dk
5 (k)

—0o0

/ o2(0? + o109 — 03) lk?’tq( V([ dk
op) 2107 (07 + a(l + a)oros — U%) " o

+/ oa(oa(o1 + 02) + a(al + 02)) —ik3t (1) aik dk
opY 27ra01 o +a(l+ a)oiog — 2) g1
/ (1 + a)oro9 — aos ei:; ik3t (2) o’k dk
aph) 277@02 o2 +a(l +a)oiog — 03) 0P
o9(0% + 0109 — 02 ikr k3¢ (1 k
+/ - 2(1 2) e CI(())<> dk
op( 2moi(aoi(l+a) +oz(o1 + 02)) o1
+/ o9(aoy (o9 — 01) + o2(01 + 02)) eﬁ‘—;—ik?’tdén <Oé2/€> dk
oD% 2raoc?(aoi(l + ) + oa(o1 + 02)) o1
(14 a)o? + o109 + ol ihe i3t () [ ok
_ 5 e o2 do dk.
oD\ 2raos(aoi(1+ «) + o2(01 + 02)) op)

Example 3. o1 > 0,02 < 0: This example requires two interface conditions. We impose that the
function and its first derivative are continuous across the boundary. That is,

¢M(0,1) = ¢ (0,1), (25)
g5"(0.) = ¢ (0.t
In the notation of Proposition (1| f1(t) = fa(t) = 0, 515 = f25 = — 1, and the remaining

Bj,e = 0. Using the interface conditions and solving , Equation becomes
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1 [ee) — ik _; k
gD () = — / ehe =t gl (1) dk + / LT A0 =02 ikt (a) dk

27 J_ oo oD\ 2raoy(oy + 03) o1

+/ 09+ aoy — 01 ei:—l’”—ik%q(l) R *k dk

oD 2raoi (o1 + 03) 0 o1

/ 012+ a) e’f—f—ik?’t (2) (ak dk
oD% 2o (o1 + 02) L 09

/ 01(2+ a) R C) o’k dk,
8D(5) 27‘1’0[0‘2 o1 +02) L 09

00 eikx—“’th(Q)(k) dk—/ 02(2 + ) eif—;fik%q(l) ak Ak
oo 0 oY 2raoy (o1 + 02) 0 o1

(2 ke ;13 2k
+/ 02(2 +a) ¢ 7 =) Ll
oD 2raoy (o1 + 02) o1
— ike ;1.3 k
/ o2+ 00y — 01 ke ik @ ok Gk
8D(5) 271'04(72 0'1 +0’2) 09

_ ike ;1.3 2k
_/ 01+ aoy — o2 ooy ik t(j(()Q) <04> dk.
ap® 2raoy(oy + 03) 09

_|_
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