CrossMark
JOURNAL OF MATHEMATICAL PHYSICS 54, 011503 (2013) @ o

Global existence for a coupled system of Schrodinger
equations with power-type nonlinearities

Nghiem V. Nguyen,' Rushun Tian," Bernard Deconinck,? and Natalie Sheils?
' Department of Mathematics and Statistics, Utah State University, Logan,

Utah 84322-3900, USA

2Department of Applied Mathematics, University of Washington, Seattle, Washington
98195-2420, USA

(Received 20 June 2012; accepted 17 December 2012; published online 14 January 2013)

In this manuscript, we consider the Cauchy problem for a Schrédinger system with
g+ Auj o+ 3 ajeluel Pl )P =
uj(x,0) = ¥jox),

uj iRV xR —> C, ¢jo: RN - C forj=1,2,..., mand ay = ay are positive
real numbers. Global existence for the Cauchy problem is established for a certain
range of p. A sharp form of a vector-valued Gagliardo-Nirenberg inequality is
deduced, which yields the minimal embedding constant for the inequality. Using
this minimal embedding constant, global existence for small initial data is shown
for the critical case p = 1 + 2/N. Finite-time blow-up, as well as stability of
solutions in the critical case, is discussed. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4774149]
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power-type nonlinearities { where

. INTRODUCTION
The nonlinear Schrodinger (NLS) equation
i, + Au+ |ulPu =0, (1.1)

where u is a function of (x,7) € RY x R, arises in many situations. Equation (1.1) describes
the evolution of small-amplitude, slowly varying wave packets in a nonlinear medium.’ Indeed,
it has been derived in such diverse fields as waves in deep water,”® plasma physics,”’ nonlinear
fiber optics,'> '3 magneto-static spin waves,*® and many other settings. Similarly, the m-component
coupled nonlinear Schrédinger (CNLS) system with power-type nonlinearities

m

.0 2
zguj+Auj+k2:;ajk|uk|P|uj|P u; =0, (1.2)
with x e RV, and j = 1, ..., m, where u; are complex-valued functions of (x, 1) € RY x R and

ajx = ay; are positive real numbers, arises under conditions similar to those described by Eq. (1.1).
CNLS models physical systems in which the field has more than one component. For example, in
optical fibers and waveguides, the propagating electric field has two components that are transverse
to the direction of propagation. The CNLS system also arises in the Hartree-Fock theory for a two-
component Bose-Einstein condensate, i.e., a binary mixture of Bose-Einstein condensates in two
distinct hyperfine states. In almost all of these applications, N = 1 and p = 2. Readers are referred
to various other works™ % 132829 for the derivation and applications of this system.
The energy E and the component mass Q for the system (1.2) are defined, respectively, as

| — 1 &

E(ui,...,up) = EZ/R |Vu;(x, )] dx — o Z ajk /R ujCe, O ug(x, )7 dx,  (1.3)
Jj=1 J.k=1

Q(u,-)=/RN |uj(x, £)]* dx, (1.4)
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forj=1,2,...,m. Their conservation is an important ingredient for our proof of the global existence
of solutions.

Notation: For 1 < p < oo, we denote by L? = LP (RY) the space of all measurable functions f
1

on R¥ for which the norm || f1I, = (g~ | f17 dx)? is finite for 1 < p < oo and ||f]|« is the essential
supremum of |f] on RY. Whether we intend the functions in L? to be real-valued or complex-valued
will be clear from context. H'(R") is the usual Sobolev space consisting of measurable functions
such that both £ and its first spatial derivative are in L2. We define the space

H™ = H' RY) x ... x H'[RY).

m

If T > 0 and Y is a Banach space, we denote by C([0, 71, Y) the Banach space of continuous
maps f: [0, T] — Y, with norms || f |lcqo,71.v) = SUp;cjo.77 IS Olly-

We study the well-posedness of the Cauchy problem for system (1.2) in the space H. In other
words, for a certain range of p, we examine the existence and uniqueness of solutions to

Y = -2
i—u;+ Au; +Zajk|uk|”|uj|” u; =0,

ot P (1.5)
uj(x,0) =yjo(x),
whereu; : RY xR - C, Yo : RY — Cforj=1,2,...,mand ajx = ay; are positive real numbers.
This is analogous to the case of the single (focusing) NLS equation
;9 A ) =0
{lgv—}— v+ [v]™v =0, (1.6)
v(x, 0) = ¥(x),

forv:RY x R — C and ¥ : RY — C. It is well known that the local critical exponent for the H'
local well-posedness of Eq. (1.6) is « = 2/(N — 2).%7 Indeed, one can use a contraction mapping
technique based on Strichartz estimates®” or Kato’s fixed-point method'* to prove that Eq. (1.6) is
locally well posed in H'(RY) for 0 < a < 2/(N — 2), (0 < a < oo if N =1, 2). To establish a
global result, the conservation of

_ 1 2 _ 1 20+2
E(v) = [Vo(x, )% dx [uCx, )24+ dx
2 Jrw 200 + 2 Jrw

is used to obtain an a priori estimate for extending the unique solution by a continuation argument
in the case 0 < o < 2/N. In the critical power case o = 2/N, Weinstein?’ showed that the local
well-posedness result can be extended to a global one, provided that the L?>-norms of the initial
data are small enough. More precisely, it was shown that the minimal constant C = C,, y for the
interpolation estimate due to Gagliardo and Nirenberg

2a+2 2a+2 N 24a(2—N)
IFI3E5 < C2PUV £ f 7™, (1.7)

forO0<a <2/(N —2)if N>3,and0 <o <o0if N=1,2is

1
a+1 2042
Cov = %) . (1.8)
(||¢|iz)

where ¢ is the ground state (positive solution of minimal L?-norm?’) solution of

aN o Qb1
7A¢_(1+§(2_N)>¢+¢ 1,

Using this minimal constant, Weinstein showed that for « = 2/N, a sufficient condition for the
global existence of solutions to Eq. (1.6) is

¥l < 11 Pllz2s
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where & is the unique, positive, radial solution of
4
Au—u+uvtt =0.

It is useful to point out that the constant C,_ y is related to the L?>-norm of any ground-state
solution of Eq. (1.1), and that it depends only on the dimension N and power «. Thus, it is easily
estimated numerically.

Another question relevant for nonlinear systems such as system (1.2) is the existence and stability
of nontrivial solutions (uy, ..., u,), that is, solutions with m nonzero components. Such solutions
are referred to as co-existing or vector solutions. For system (1.2), there are many semitrivial
(or collapsing) solutions, which are vector solutions with at least one, but not all, components
identically zero. In these cases, the system collapses into a system with fewer components. For
example, Nguyen and Wang'® show that for a 2-component coupled system (m =p =2 and N = 1),
there are obstructions to the existence and stability of nontrivial solutions with all components
positive (a solution of (1.2) is called positive if each component is of the form ¢*'R(x) with R(x) a
real-valued positive function). Roughly speaking, in order to have positive nontrivial solutions, the
nonlinear couplings have to be either small or large. In this situation, multiple solutions of system
(1.2) exist and it is nontrivial to classify and distinguish solutions. Many works'~? 15-18,21,22,25,26
concern 2-component systems or systems with small couplings. Despite the partial progress made
so far, many questions remain and little is known for m-component systems with m > 3.

It is the aim of this paper to establish the well-posedness result as well as to investigate the
analogous properties of solutions mentioned above for the m-component coupled system (1.2). The
case m = 2 has been studied"»?>'%11:23 and standard scaling arguments suggest the local critical
exponent for the local well-posedness in H™ is p = N/(N — 2). Indeed, it is well-known that for
the equation

iu, + Au+ [u|*u =0

the critical nonlinearity is @ = 4/(N — 2). (See, for example, Refs. 6 and 7) Due to the L?, H'-scalings
of u;, exact same calculation gives p = N/(N — 2) as the critical exponent for our system. (See also
Remark 1.1 below.) Thus, the methods mentioned above for establishing local existence for Eq. (1.6)
in H', namely, the contraction mapping technique based on Strichartz estimates,*’ or Kato’s fixed
point method,'* can be used to establish local well-posedness of system (1.2) in H"™ for p < N/(N
— 2). The following bounds for the nonlinear terms are crucial. Let u = (uy, u», .. ., u,,). Equate

m
i) =" ajilugPlu|"?u;.
k=1
For every K > 0, there exists L(K) < oo such that for almost all x € RY and all u, v such that
lujl, vl = K,

18 (@) = g;(M] < et L(K) Y g — vgl, (1.9)
k=1

where ¢ is a positive constant and

L(K) € C([0,00), with2 <p<oo if N=1,2,
L(K) < K*72, with 2<p<3 if N=3.

To derive Eq. (1.9), we have used

2p-2 2p-2 22 |, (2p—2
;177 72u; — ;PP ~2v;| < max{|u; 1?7772, [v; [P 72 Hu, — v;l, (1.10a)

) _2 -2 -2
el 1o 172 = ol o 1P~ 20| < max{lu] P aeg 1772, (ol P Lo 1772} fuj = v (1.10b)

< K2p72|uj — Uj|.
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Remark 1.1: The use of (1.10b) necessitates 2 < p in order to use the contraction mapping
technique based on Strichartz estimates;®” and when coupled with p < NI(N — 2), it is implied that
2 <p < 3 when N = 3. This condition puts a restriction on the applicable range of p for dimension
1 < N < 3 for the proof of local existence and for N = 1 for the proof of global existence.

Remark 1.2: It is worth pointing out that there are cases when 1 < p is allowed. For example, if
u; = Aju for some real constants A;, then the system (1.2) is uncoupled and the result follows directly
from Cazenave,® provided the initial data are related accordingly.

One technical point deserves some comments here. It was claimed by Fanelli and Montefusco!!
and Song?* that the local well-posedness result for m = 2 follows from the contraction mapping
argument for 1 < p < N/(N — 2) (the power has been re-scaled here for comparison). While it is
true that there are instances when 1 < p is acceptable as mentioned above, it appears the range for p
cannot be extended to include p < 2 in general due to Remark 1.2 and thus the claim is doubtful. It
may be possible that other methods allow for the local well-posedness when 1 < p < N/(N — 2)in
which case results in this paper hold for all dimensions N.

Recall the following inequality due to Gagliardo and Nirenberg:>°

1 m
P o b= 3 2 e [P b

jk=1
(=N N-p(N-2) (1.11)
m 2 m 2
2 2
<c| D IVl > ailvils
j=1 j=1
This allows the use of the conserved quantity E(u, uz, ..., u,) associated with the system

(1.2) to obtain an H"-bound on the solutions in order to obtain global existence in the case p < 1
+ 2/N. (See, for example, Theorem 6.1.1 in Cazenave.”)

Theorem 1.1: Let p < 1 + 2/N. For any (Y10, - . ., Ymo) € H"™, there exists a unique solution
(U1, ..., Uy) € C([0, 00); H"™) and the Cauchy problem (1.5) is globally well posed in H™.

Remark 1.3: To extend the local existence result to a global one, we require p < 1 + 2/N as
the nonlinear terms can then be controlled by the H' —norm of the solution, a sufficient condition
for a continuation argument (see, for example, Theorem 6.1.1 of Ref. 7). Recall that for the local
existence, the contraction method we used above requires that 2 < p to have Lipschitz continuity.
The conditionp < 1 + 2/N when coupled with2 < p < N/(N — 2) for local existence implies that N
= 1. Thus, we refrain from putting the restriction 2 < p in the above Theorem since if other methods
allow for 1 < p in local existence (which we know is true for at least one case as mentioned in the
Remark 1.2) then global existence follows, so long asp <1 + 2/N.

The manuscript is organized as follows. Section Il summarizes progress that has been made for
system (1.2) as well as its associated elliptic system (2.1) and gives a statement of our contribution.
A sharp form of the vector-valued Gagliardo-Nirenberg inequality is established in Sec. III. This
yields an a priori estimate needed for global existence of solutions in the case p < 1 + 2/N, along
with the minimal embedding constant for the Gagliardo-Nirenberg inequality. Using this minimal
embedding constant, global existence for small initial data is shown for the case p = 1 + 2/N
in Sec. IV. Finite-time blow-up and stability of solutions in the global critical power case (p = 1
+ 2/N) are discussed in Sec. V.
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Il. STATEMENT OF RESULTS

Consider standing wave solutions of the form u(t, x) = e'*i'y;(x), with A; > 0. Substituting
this into the first equation of (1.5), one obtains the associated elliptic system

m
-2
=AY+ Ay = Y apl Yl 1P 2.1)
k=1
When p = 2 or m = 2, much is known about this system.1’3’4’9’15‘18’21’22’ 25.26 Tp these references,
various methods were employed to construct solutions for various parameter regimes. In particular,
Wei and Yao?* studied the associated elliptic system whenp =m =2, a;; = p1, ap, = as; = B, an
=2, A=Ay =At

_ 3 2
{Au A+ pwuw’ + Buv® =0, 2.2)

Av — Av 4 upv® + Buv =0
with N < 3. Complete classifications in the case of N = 1 and partial answers in the case N = 2, 3
were given in by Wei and Ya0.2* When p=m=2and N < 3, there exists A > 0, depending on A,
ajx > 0, such that system (2.1) has a vector ground-state solution provided a, > A2 The case p=2,
Aj = A, N < 3 and general m were studied by Bartsch and Wang.?

Since we will discuss the elliptic system (2.1) for which the restriction 2 < p is not required,
and since, as pointed out in the Introduction, there are cases when 1 < p allows for local existence,
we will assume henceforth that 1 < p unless otherwise stated.

First, we show that the minimal constant Cy  4,,.1; in the vector-valued Gagliardo-Nirenberg
inequality(1.11) is achieved through a minimization problem and

CN,p.ajk.A,- = P(’l/’ik, w;’ MR ] w:,)

with (¥, ¥J, ..., ¥, ) being minimizer (see Lemma 3.2). Using this minimal embedding constant,
we deduce that the Cauchy problem (1.5) is also well posed in the critical power case p =1 + 2/N
provided the initial data are sufficiently small. More precisely,

Theorem 2.1: Let (Y19, . . ., Ymo) € H™ and C = CN.pays;-Ifp=1 + 2/N, then there exists
a unique solution (uy, . .., uy) € C([0, 00); H"™) of the Cauchy problem (1.5) so long as

N
2

> alvl3 < (%) : 2.3)
Jj=1

Theorem 2.2 gives sufficient conditions for blow-up of solutions of system (1.5).

Theorem 2.2: When 1 + 2/N <p < N/(N — 2), there exists 0 < T < oo such that

lim Vu;|, = +o0o,
rir.z]” ujll =+
J=

provided any of the following three holds:
(i) E<O;
(11) E= O, and Im /I;N ;(x . Vl//j())l[fjo dx < 0;

(i) £ 0.and 1m [ S 70x- VU0l jod < —y2E - VOO)
=1

Even though the minimal constant Cy  4,,.1; can be expressed in terms of P(y{", ¥5, ..., ¥),
the description of minimizers in general is difficult. This is due to the fact that not much is known
about the associated elliptic system (2.1) when m > 3 (even for the case p = 2).

We make the following two assumptions,
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(P1): (symmetry condition) Aj = A, ajj = pj,ap = BG# k) forj,k=1,2,...m;
(P2): (existence condition) the coupling coefficient 8 > 0 is either

(1) sufficiently small, or
(i) B >max{u, u2},ifm=2,p=2.

Notice that the assumptions (P1)-(P2) lead to a focusing model. Without loss of generality,
assume that A = 1. The system takes the form

=AY+ Y = PTG+ B Y WP 1P (2.4)
k#j

with m > 2 and N < 3. Let w be the unique positive radial solution of
—Aw+ o = w?P, (2.5)

where x € RY and o(|]x|) — 0 as |x| — oo.

Theorem 2.3: For 8 > 0 small enough, there exists a unique positive vector solution to system
(2.4).

Theorem 2.4: Let w be defined as above. Then system (2.4) has a positive vector solution W*
that can be written in terms of w, provided any of the following two hold:

(i) p=2and0<p <minj<j<n{;}orBp >max<;<n{i};
(i) 1 <p#2,foranyp.

Remark 2.1: The case m = p = 2 has been proved many times before.>'-** Theorems 2.3
and 2.4, proved in Sec. Il guarantee existence of a positive vector solution whose components are
constant multiples of w. Moreover, when B > 0 is small enough, the positive vector solution is
unique. Thus, any ground-state solution has identical components equal to the scalar solution.

It follows immediately from Theorems 2.2, 2.3, and 2.4 in the critical power case p =1 + 2/N
that the solutions for the m-system (1.2) are unstable. Therefore, the condition in Theorem 2.1 is

sharp.

Theorem 2.5: Assume (P1) holds and A = 1, then the minimal constant in the vector Gagliardo-
Nirenberg inequality (1.11) is

1. for B > O sufficiently small

. p(N _ p(N _ 2))1\/(131)—2
CN,p = mln{/“l‘lv ] Mm} N(p—1) 2[,72
2IN(p = 1) 7 el

2. whenm=p=2,8>max{u, 12},

it —2@-N)T
mipa =B NY ||}

Cy

Remark 2.2: The above Theorem generalizes the results obtained by Fanelli and Montefusco'!
in a couple of aspects. They only discussed the case m = 2 (the 2-system); moreover, the discussion
was restricted to the super-symmetric situation where 1| = [, = 1. Here, we study the general
m —system where the [; are not necessarily the same. In particular, our constants Cy, , generalize
those obtained in Theorem 2 by Fanelli and Montefusco'' for the super-symmetric 2-system.

Theorem 2.6: Let p = 1 + 2/N, and suppose that (P1) and (P2) h(id. Then the H"™ -solution
of (2.4) is unstable for the m-system (1.2) in the following sense. Let ¥ = (Y1, ..., Ym) € HO,
(¥ # 0) solve system (2.4). Then, for any § > 0, there is an m-vector function & with ||E — |, < 6,
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such that for (ui(t, x), . . ., up(t, x)) the solution of system (1.5) with u;(x, 0) = &; attains
li Vu;:(|, =
Jim ; 1V (0)ll2 = oo,

for some 0 < T < o0.

Note that this theorem follows immediately from Theorem 2.2.

lll. MINIMAL CONSTANT FOR THE VECTOR-VALUED GAGLIARDO-NIRENBERG
INEQUALITY

First, we present the proof of Theorem 2.3, which guarantees the uniqueness of a positive vector
solution to system (2.4) when 8 > 0 is sufficiently small.

Proof: Define the following functional ®4 : H™ — R,

1 1 [« ,
P, Y =5 D (VY513 + 191D - o ZM;II¢;II§§,+/3/N D vnl? dx
e P\ RY ja=1.jk
3.1

It is well known that ® has a unique positive and radial solution®’

1 2p]72 1 21;172
W), o Y (x) = ((—) w(x), ..., (—) w(x)> ,
1231 HKm

where o is the unique positive radial solution to equation (2.5). Moreover, the Hessian
Gy, ..., ) is invertible. By the implicit function theorem, there exist 8o > 0, ry > 0 and
amap ¢ : (—Bo, Bo) = Br(¥f, ..., ¥) C H™ such that for any B € ( — Bo, Bo), @Y1, ...,
Y¥,) = 0 has a unique solution (Y1, ..., ¥,,) = @(B) in B, (Y, ..., ¥r).

To complete the argument, one needs to show that the set of positive radial solutions to system
(2.4) is compact for bounded B. The method used here is borrowed from Dancer and Wei.® By
standard regularity theory, ¥} € C*(R) for each j = 1, ..., m. Here, we consider the Vi’s as

functions of one variable. Thus, on any finite interval the solution sequence {(wf, A 1111)}[21 has a
convergent subsequence. In order to show compactness, it suffices to show the sequence of solutions
uniformly vanishes as r — oo.

Claim: For any € > 0, 1 <j < m, there exists r. > 0, such that
Z Yhire) < e, vl € N. (3.2)
j=1

Note that 1//; is positive and decreasing in r so (3.2) indicates the uniform decay of the sequence in

L*. Suppose that the claim is false, then there exists a subsequence (still denoted by {(w{, b
and o > 0, such that

@ =Yl + Y + .+ Y. (3.3)

By shifting the origin to r; and letting € — 0, one obtains a nontrivial solution (1, ¥o, ...,
Y¥m) on R of the system

=V = =i DB 34
k#j
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where j, k= 1,2, ..., m, and Z’f:] ¥;(0) = a. Note ¥; > 0 are bounded and decreasing on R.
Denote

yi = lim (), Y7 = lim ().
r—00 r—>—00
Then (wfr, o Whyand (Y, ..., ;) both solve the equations

V=T Y Wl jk=1.2....m.
k)
Since 27;1 w;’ < o, by choosing « arbitrarily small, we see that 1//;r = 0. If | does not van-
ish identically, then ¥~ > 0 and 1 = w1 (y;)** 7% + B Y_",(¥;)P. Hence, Y1 (=14 (Y1) > +
B Z;f’:z(w 1)) < 0on R and therefore ¥ > 0 on R. Consequently, ¥, is strictly concave up and
bounded on R, which is impossible. Thus, the claim holds and Theorem 2.3 follows. O

Remark 3.1: Notice that Theorem 2.3 does not require p; = |i.

Theorem 2.4 provides sufficient conditions for the existence of a positive vector solution to (2.4)
whose components are constant multiples of w, where w is defined as in (2.5). We prove it now.

Proof: Case (i). System (2.4) becomes

— AV APy = il P+ B Y Il m =2, (3.5)
k#j

If 0 < B <min{y;} or B > max {u;}, a direct calculation shows the above system has solutions of
the form

U= Y ) = (VAW T A, VA ) G6)

where
wr B ... B 1
B w2 ... B 1
r=ft. . . i A= (.7
B B - Hm 1

and (I' 1A)j denotes the jth component of the m-vector. Therefore, Lemma 2.4 is proved in this
case.

Case (ii). We use mathematical induction. First, let us look at the case m = 2. Assume (x)
= Aw(x), ¥2(x) = Bw(x) solve system (2.4) for some A, B > 0. Then, one has the following algebraic
system:

W A2 4 BAPTIBP = 1, (3.82)

M2B2p_2 + ﬁA”B”_Z =1. (38b)

Subtracting Eq. (3.8a) from Eq. (3.8b) and letting = B/A, one arrives at the following continuous
function:

g(t) 1= pot® 2 — 1P + BtP2 — ;.
One can claim that for fixed 1 < p and p # 2, there exists 7y > 0 such that g(zy) = 0. Indeed:

(@ Ifp>2,theng(0)= —pu; <0andg(l) = ur, — wy > 0, thus there exists 7y € (0, 1) such
that g(#p) = 0.
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(b) Ifl<p<2,theng(l)=pur — u; > 0and g(M) < 0 for some M > 0, thus there exists #y > 1
such that g(tp) = 0.

Substituting B = 1A into Eq. (3.8)

1 P
A= (—p> ,and
n1 + B

1 )
B =1 (—) .
w1 + Bty

Consequently, the solution of (2.4) can be represented as

1
Yi(x) = ———w(x),
(1 + Bi)
fo
Ya(x) = — @(x).

(1 + Bi) 7

Thus, case (ii) is proved for m = 2.

As it is shown above, the key step is finding solutions of (3.8). Notice that solving system (3.8)
for A and B is the same as finding the positive zeroes of the auxiliary function g. This idea can be
generalized to m equations.

In the case m = 3, one needs to solve

w1 A2P=2 4 BAP~XH(BP +CP) =1,
w2 B*=2 + BBPT2(AP +CP) =1, (3.9)
usC*=2 + BCP=2(A? + BP) = 1.
Subtracting the first equation from the second and the third equation separately, and setting ¢
=B/A, s = C/A,
pat? 72 4 B2 (1 4 57) = g + PGP + 57,
uas? =2 4 BsP 2L+ 17) = py + B(t? + sP). (10

Denote

gi(t,s) = pat? 2 4 BtP (1 + s7) — g — PP + 5P),

go(t,s) = u3s™ 2 + BsP 2 +17) — g — PP +s7).

One needs to find 7y, so > 0 such that g (7, so) = 0 and g»(%y, so) = 0.
Due to the symmetric structure of (3.9), without loss of generality, let us assume that:

(i) ifl <p <2, then pu; > max {ua, ;3};
(i) ifp > 2,then u; < min{pz, u3}.

In subcase (i), for each s € [0, 1],

g1(l,s) =2 — 1 <0,

B\
Ty = .
’ (Ml-l-ﬁ)

Thus, there exists ¢, € (Tp, 1) such that g; (¢, s) = 0. Define
S = {(tSﬂ S)|S E [T()’ 1]}9

and g(7Ty, s) > 0, where
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then S C [Ty, 1] x [Ty, 1] is a continuous curve, and

g, 1) =u3 —u; <0, &gy, To) > 0,

i.e., the function g, changes sign along S. Since g, is also continuous, there exists a point on this
line (#s,, So) such that g,(z,, so) = 0. Consequently, system (3.9) is solvable.

In subcase (ii), for each s € [0, 1], g1(0, s) = —u; — Bs” <Oand g;(1,5) =, — u; > 0.
Thus, there exists ¢, € (0, 1] such that g, (¢, s) = 0, and

S :={(t,, s)|s € [0, 1]}

is a continuous curve. On the other hand, g,(#y, 0) = —pu; — ,Bt(‘;’ < Oand gy(ty, ) =3 — ;> 0.
Hence, the function g, changes signs along S. Since g, is also continuous, there exists a point on
the line (fy,, So) such that g(t;,, so) = 0. Thus, system (3.9) is also solvable in this case.

Consider next the system of (m + 1) equations,

AT AN AL =1, (3.11)
k#j
withj=1,2, ..., m + 1. The proofs for | < p < 2 and p > 2 run parallel to the arguments

shown above and thus, we omit the details for case 1 < p < 2 and only discuss the case p > 2.
Without loss of generality, assume that (¢, < mins << ,{x;}. One now has at hand m continuous

functions g1(#1,...,tn), - .-, &u(t1, . .., ty). The zeros of these m functions will yield a solution of the
system (3.11).

By induction, for each fixed s € [0, 1]and 1 <j <m — 1, g;|;,=s has aroot ((t1, ..., tm — 1)s
s). Thus,

S={t1,...,tm-1)s,5),s €0, 1]}
is a continuous curve on which the first (;n — 1) functions are identically zero. On the other hand,
gm((t1, -y tm—1)0, 0) <0,
and
gn((ti, ..oy tm—11, 1) > 0.
Continuity of g,, implies there exists s € (0, 1] such that
gm((t1, oo tm—1)sy» S0) = 0.
Since ((t1, ..., tu—1)sy S0) € S,
git, .o tu—t)sy»80) =0 forj=1,...,m—1.

Therefore, there exists a zero for the m functions, which in turn yields a solution to the system
(3.11). Hence, case (ii) is proved. Thus, Theorem 2.4 is proved. O

Remark 3.2: As a special case of Theorem 2.4, when uj = u for all j, the system takes the form

—AY = WP B Y Wl 1Py

j=1 K

with m > 2, and straightforward calculations show that it has a positive vector solution

(lpl(x),...,lﬁm(x))_ ((u—i—(m—l)ﬂ) a)(x),...,(u_i_(m_l)ﬁ) a)(x)).

Next, we turn our attention to finding the minimal constant in the vector-valued Gagliardo-
Nirenberg inequality that corresponds to the system (1.5), i.e., the constant Cy p 4, 2, in inequality
(1.11). This is established using the framework outlined by Weinstein.?’
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Let J : H™ — R be defined as
" 0¥
(Zrivwi) " (S 20w 13) .
P(I/fl,l/f27~--,1/fm) ’ .

A minimal constant is determined by the equation

[N-p(N-2)]/2

JW, Yoo Y =

W= = inf TWs.ee s Y). (3.13)
CN,p,a/-k,)Lj (/27 Y )EH ™

Lemma 3.1: The minimum value for Eq. (3.13) is achieved and the minimizer (y{, .

. Yr) can
be selected such that

SIVErE=1=Y_xllvil3. (3.14)
j=1 j=1

Proof: For y; € H' and any v, v > 0 let w;’“(x) = vy (ux). Then,

B2 _ 2, 2N 2 M2 _ 2 =N 2
IVl = v M IV, 15l = w2 s,

2 2p,,—N 2 , , 2p,,—N
1w 1 = v Ml 19w 10 = v N g

Therefore, J(Y,", ..., Yyw") = J(W1, Y2, ..., Yu), forany (Y1, ..., ) € H™.
Let {(y{, ¥3, ..., ¥;)} be a minimizing sequence for Eq. (3.13). Set

(S aslwgiz) ©
(i ivwsR)”
S Al IR
MHs = N v 12
S VU,

By the above scaling invariance, {((/{)" s, (y3)"*, ..., ()" #)} is also a minimizing sequence.
Moreover,

vy =

o=

V@™ 5 =1,

Nt

~
I

DM@ =1
j=1

for each s € N.

By Schwarz symmetrization,”” one can take (i)™ H(x) = ()" (lx]). According to the
properties of symmetrization, the sequence of radial functions is also a minimizing sequence
and is bounded in H"". Therefore, there exist Wy, ..., ¥r) € H and a subsequence, denoted
()it oo, () #)}), such that

(D)™t @)™ =~ (s oY)
in H". For p < NI(N — 2),

(D", W)™ ) = (YY)

inl® x ... x L*.
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Strong convergence is implied by Strauss’s Compactness Lemma.?’ Since the L?-norm is weakly
lower semi-continuous,

m m
SV <1, > allris < 1
j=1 j=1

The strong convergence in L% implies

PO, ()™, () ™) = PO, ).

Hence,
1
a <JW, ... Yy) < ———————— = Lim J((Y)™", ()", @) ) = a.
! P(Wi, ..., f)  s—o0 ! 2
Therefore,
(p—l)% N—p(2N—2>

m m
IV > a3 1,
j=1 j=1

and consequently

m m
2 2
SV =1, S orlvsE=1.
j=1 j=1
Combined with weak convergence, one concludes that

()™t (W)™ ) = (Y, )
in . Thus, o = Jf, ..., ¥r) and Eq. (3.13) holds. O

Remark 3.3: It follows from the above that the components of this minimizer are nonnegative. On
the other hand, some, but not all, of its components may be identically zero. For instance, if m = 2,
Aj=1,and aiy = ar; = B € (a1, axn) then the Euler-Lagrange equations corresponding to Eq.
(3.13) do not have a positive vector solution, i.e., a solution with two positive components.>

Indeed, the minimal embedding constant Cy, puaje.n; €an be represented in terms of minimizer
(Wi, ..., ¥}) as follows.

Lemma 3.2:
CN.papa, = PO 05, 0.
Proof: Minimizer (¥, ..., ¥, ) satisfies the following Euler-Lagrange equations:
—N(p = DAYS + (N = p(N =200 95 = a Y aplyi "1y 172y, (3.15)
k=1
where j = 1, ..., m. Multiplying both sides of the jth equation by v}, integrating over RY and

adding the resulting equations,

N(p =D IVYIIE+ N = p(N =2) Y MlvilE=a > apllvivilin. (3.16)

j=1 j=1 jik=1

Similarly, multiplying both sides of the jth equation by (x - Vw;f), integrating over RV and
adding the resulting equations,

3 apllviwiin. (317

Q=N)p— DY IVYIIE [N — p(N =21 a3 = —%
j=1 jk=1

j=1
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Combining (3.16) — (3.17), 1 /oo = Py, ¥5, ..., ¥,). Thus, the minimal embedding constant
is
CN’anjkq)» P(wl ’ wZ’ cee wm)
and (¥, ¥, ..., ¥,) is minimizer of Eq. (3.13). O

Even though the minimal constant Cy  4,,.1; can be expressed in terms of P(y{", ¥5, ..., ¥),
the description of minimizers in general proves to be a difficult task. This is due to the fact that not
much is known about the associated elliptic system (2.1) when m > 3 (even for the case p = 2). The
rest of this section is devoted to this.

The minimal constant of Gagliardo-Nirenberg inequality is explicitly calculated first under
conditions (P1) and (P2). As the arguments being used are slightly different for the cases p = 2 and
p # 2, the results are presented separately.

Lemma 3.3: Let w be the unique positive radial solution of Eq. (2.5) and p = 2.

(@) Forany m > 2, if B > 0 is sufficiently small, the minimizer of Eq. (3.13) has exactly one

nontrivial component and the minimal constant can be computed explicitly as
. 4-N"7
Cy = min(uy, pg, -+ s i} —5———.
2 loll3

(b) Inthe case m =2 and B > max {p1, ua},

f+ s —28 (4 —N)'T

Cy = .
pipe = B* N7 ||}

Proof: Case (a). According to Theorem 2.3, when S > 0 is small enough Eq. (3.6) gives the
unique positive solution of system (2.1). Thus, one needs only to compare the value of J at ¥* with
its values at the semitrivial solutions of system (2.4).

Observe

r'A);, = ||
(C'A); =T gwk B) = |F|(4 N)]"[(uk B).

Using the scaling invariance of J, one obtains

(S 1vwi)” (2 1¥15)

T - Ym) = R
. 4 (S T s — ) Vel ilel;™
Z?:l K l_[k#(uk - B +28 HT (i —B) ||0)||2
Denote
(S T = )
= ik —
FulB) = i

S Tl (e — B2 + 28T (1 — B)
One can rewrite J(W*) as
4 Vol o)y ™"

JWi, ooy ¥m) = fu(B) 4
el

(3.18)

It is easy to see that

(ZT=1 Hkm;éj(ﬂk - )2

m(0) = == m
In(© Zj:l M Hk#,'(.uk B)? +28 l_[, (mj — ﬂ)‘ﬁ =0

/l’u
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i) 4—N 4 — N
(x) = w x),
! o N
wherej=1,2,...,m.

(Notice that as 2 = p < N/(N — 2), one has N < 4 and the square roots are well defined.) Each
©, ..., ¥, ...,0)is acritical point of J, and

On the other hand, let

N 4-N
4Voly lwl;

(3.19)
uillol

J(W;,0) =

Comparing Egs. (3.18) and (3.19),

JWri, .o Y) > max{J(Y1,0,...,0), -+, J(O,...,0, ¥}
By iterative arguments, one sees that

Ty > Max{Tyu_1, T2, ..., T2} > Min{T,_1, Tn_2, ..., T2} > Tq,

where 7; = min {J(\Ilj )} such that W/ solves (3.5) with exactly j nontrivial components.
Therefore, the minimal constant is given by

4 - N)'=

CsziIl{/L],,LLL"'aMm} N )
N2 lwll;

Case (b). When m = 2, the unique positive solution of system (3.5) (Ref. 24) can be represented

YH(x) = Ma) 4_—Nx , W= p |/ 4- Nx . (3.20)
pipa — B2 N pipa — B2 N

Thus, one needs to compare the values of J at W* with the values at semitrivial critical points.
It suffices to show that f>(B8) < min{ul_l, pcz_l} when B > max {1, uz }. This point is clear since

as

1 (n1 — B)?
- = <0and
12P) wi (i — B?) o
(n2 — B

1
LB —— = < 0.

o pa(pipe — B

(]

Remark 3.4: The explicit representation of Cy when B is large and m > 3 remains an open

question. Since results on the uniqueness of a positive solution are not known, the comparison above
cannot be used.

Lemma 3.4: Let w be the unique solution of (2.5), p # 2. Then provided B > 0 is sufficiently
small, the minimizer of Eq. (3.13) must have exactly one nonzero component. Moreover, the minimal
constant in this case is given by

. p(N — p(N —2))™7
Cnp=min{py,..., p} oD a2
2AN(p — 1)) 5 ol

(3.21)

Proof: Notice that from Theorem 2.4, the Eq. (2.4) has a positive vector solution W* that can
be written in terms of w, provided that 8 > 0 is small enough.
First, consider the case m = 2. Since J is scaling invariant, we evaluate J at (V{, ¥5),

N(p—1) N—p(N-2)
Vol, " - lloll, "

T ) = 2pA° + B :

2p
looll5"
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where A, B are solutions of (3.8). Denote f> ,(8) = (A% 4+ B*y ~ '.1tis clear that

(1 + P! A+t 1
[ = — > —

f2.p(0) = .
i’ ,U«1+.3t(§) =0 M1 25

Similarly, one has f> ,(0) > 1/u», i.e., the unique positive solution has higher energy than the
semitrivial solutions. Thus, the minimizer must have one trivial component. Straightforward calcu-
lation using the known semitrivial solution gives the advertised minimal constant.

Next, the general case m > 3 follows from induction. Consider the minimizer of J with m
components (Y, ..., ¥).

N(p—1) N—p(N-2)
IVol, " - ol ™"

JWT - Y) =2pfmp(B)

2p
loll3?
where w;.‘(x) =Ajw (‘ / %x), with the A;’s as given in Theorem 2.4, and

P
(2-149)
- .
Yo AT+ BY o AT AL

fm,p(ﬂ) =

Denote Aj/A; =tijforj=2,..., m, then

(1+%=0)
(14 X0 3) + B 1)

fm,p(ﬁ) =

’

where F is polynomial in the #;’s. Therefore,

p—1
(1 +2 = 62) 1
fm,p(o) = > —.
231 Mni1

Explicit calculation gives f;, ,(0) > max {1/u, ..., 1/, }. For semitrivial solutions, similar in-
equalities can be established in a straightforward manner. Thus by the continuity of the f,, , for
small 8, the minimizer of J has only one nonzero component, and the minimal constant takes the
form (3.21). O

IV. GLOBAL EXISTENCE IN THE GLOBAL CRITICAL POWER CASE

Theorem 2.1 assures that the Cauchy problem (1.5) is well posed in the critical power case p
=1 + 2/N provided the initial data are sufficiently small. We present a proof of this now.

Proof: Denote the energy functional by

1 m
EG oY) = 5 2 IV O = PGAO). . 0. (@.1)

j=1
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Using the minimal constant C = C . 4,,.,, obtained above withp =1 + 2/N,
m
S IVY O3 = 2E + 2P (1), ..., Yiu(0)
j=1
(—D% et

<2E+2C | ) VY3 > o xilwls
j=1

j=1

Z|e

m

=2E+2C [ DIV | | 2o milvls
j=1

j=1

This implies

2o

=20 [ D alvsol3 || Do 1V13 < 2E. (4.2)

j=1 j=1

Therefore, if the initial data Z;f'zl X;ll¥joll3 are chosen small enough, namely

i)»‘||¢‘o||2< L
P J JUII2 2C ’

the H'-seminorm will be uniformly bounded. A standard continuation argument (see, for example,
Theorem 6.1.1 in Cazenave’) establishes the global existence of solution for system (1.5). (]

iz

Remark 4.1: Under conditions (P1) and (P2), the bound on the initial data is the same as that
given by Weinstein.”’

Remark 4.2: The condition in Theorem 2.1 is sharp, that is, the bound given in Theorem 2.1 is
the smallest possible. This can be seen by considering the case where the initial data are exactly a
solitary wave. A direct calculation shows that E(Yrq, ..., ¥,,) = 0.

V. FINITE TIME BLOW-UP OF SOLUTIONS AND INSTABILITY RESULT FORp=1 + 2/N

For 2/N < a < 2/(N — 2), N > 3, it has been proved?’ that the L>-norms of the gradient of
solutions can blow up in finite time without restriction on the initial data. More precisely, we have:

Lemma 5.1: Let f be such that |x|f and Vf belong to L*(RN). Then f is in L>*(RN) and the
following estimate holds:

2
1713 < A A CIETAE

To show the #'-semi-norm blow-up, it suffices to show that the functional variance
vm:f D12, ) d (5.1)
RY P

vanishes as t — £* for some * < oo.

Lemma 5.2: Let (Y1, ..., ¥m) be a solution to the system (1.5) on an interval I. Then for each t
€ I, the variance satisfies the following identities:

V'(t) =4 Im / D (e - VY)T; dr, (5.2)
RN =1
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” = 2 4N(p—1) i P P

Viy=8 | Y IvyPdr — ——— | > aply;|"|yul” dx. (5.3)

RY 5o p RY k=1

J Js
Proof: Multiplying the jth equation of (1.5) by 2y ; and examining the imaginary parts,

9 — —
o [WilP = =2y Ay) = =2V - (Imy7; V) (5.4)
with j = 1, ..., m. Multiplying these m equations by |x|> and integrating by parts, one arrives at

Eq. (5.2).
On comparing Eqs. (5.2) and (5.3), it is clear that one needs only prove

d — N(p—1) -
([ evuian) =2 [ vwpa- ”T/I;N;ajkwkv’wjv’, 55

for 1 <j < m. Fixing j and integrating by parts,

d — _ _
% <Im/ (x - VY)Y, dx) =Im/ (- VY¥j, + (x - V) ;) dx
t RN RN
=Re/ i(x-ij)wj,—Nlm/ Ejlpj,dx—lmf (x - VY )y
RN RN RN

=2Re/ i(x- ij)'(ﬁjz +NRe[ iijjt-
RY RN

(5.6)
It is easy to see Eq. (5.3) holds by substituting the following two equalities into Eq. (5.6):
Re/RN i VU = Re/RN@-Wj) (—Aw,- —Za,»kwkvww,w"‘zw,»)
k=1
N _ 2 / 5 N m
=—-—— V| +—/ ajl el P11 7.
2 RN / 2p RN k; J J
Re/ iy = Re/ v; (—Aw, - Zajkwpw”w,)
RV RV =1
= [ |Vy;P —f ajil vl 19517
/RN J RN; J J
O

Remark 5.1: Equation (5.3) can be rewritten as

V'(t) =8 IVY,1I3 —8N(p — DP(is .., Yim)

j=1
=16E —8(N(p = 1) =2)P(Y1, ..., ¥m).
Moreover, in the global critical power case p =1 + 2/N, one has V' (t) = 16E.

The blow-up result for solutions of system (1.5) is given in Theorem 2.2 and is now proved.

Proof: There exists t* < oo such that lim,_,,+ V() = 0 provided v; remains in H'(R") and
V(¢) is defined as in Eq. (5.1). In cases (i) and (ii), it is easy to see that the claim is true. In case (iii),
Lemma 5.2 implies V" (¢) < 16E. Integrating twice,

V(t) < 8Et* + V'(0)t + V(0). (5.7)
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That is, V is bounded above by a quadratic function in ¢. Under the assumptions
Im fR > (x V) jodx < —2EV(0),
j=1

one has V'(0) < —4,/2E - V(0). Then (5.7) has a nonnegative minimum value, which is attained at
f = —V'(0)/16E. Therefore, there exists a t* < 7 such that the claim holds. The conclusion follows
from Lemma 5.1. U

It has been shown in Sec. III that under the assumption (P1) and A = 1, the solutions of (2.4)
must have exactly one nonzero component. Theorems 2.5 and 2.6 thus follow immediately.

ACKNOWLEDGMENTS

Bernard Deconinck and Natalie Sheils acknowledge support from the National Science Founda-
tion (Grant No. NSF-DMS-1008001). Natalie Sheils also acknowledges this material is based upon
work supported by the National Science Foundation (Grant No. NSF-DGE-0718124). Any opinions,
findings, and conclusions or recommendations expressed in this material are those of the authors
and do not necessarily reflect the views of the funding sources.

' A. Ambrosetti and E. Colorado, “Bound and ground states of coupled nonlinear Schrodinger equations,” Acad. Sci., Paris,
C. R. 342, 453-458 (2006).
2 A. Ambrosetti and E. Colorado, “Standing waves of some coupled nonlinear Schrodinger equations,” J. Lond. Math. Soc.
75, 67-82 (2007).
3T. Bartsch and Z.-Q. Wang, “Note on ground states of nonlinear Schrédinger systems,” J. Partial Differ. Equ. 19, 200-207
(2006).
4T. Bartsch, Z.-Q. Wang, and J. Wei, “Bound states for a coupled Schrodinger system,” J. Fixed Point Theory Appl. 2,
353-367 (2007).
5D. . Benney and A. C. Newell, “The propagation of nonlinear wave envelopes,” J. Math. Phys. 46, 133-139 (1967).
0T. Cazenave, An Introduction to Nonlinear Schridinger Equations, Textos de Métodos Matemdticos Vol. 22 (Instituto de
Matemadtica—UFRJ, Rio de Janeiro, 1989).
7T. Cazenave, “Semilinear Schrodinger equations,” AMS-Courant Lect. Notes 10 (2003).
8E. N. Dancer and J. Wei, “Spike solutions in coupled nonlinear Schrédinger equations with attractive interaction,” Trans.
Am. Math. Soc. 361, 1189-1208 (2009).
9E. N Dancer, J. Wei, and T. Weth, “A priori bounds versus multiple existence of positive solutions for a nonlinear
Schrodinger system,” Ann. Inst. Henri Poincaré, Anal. Non Linéaire 27, 953-969 (2010).
107, Fanelli, S. Lucente, and E. Montefusco, “Semilinear Hamiltonian Schrédinger systems,” Int. J. Dyn. Sys. Diff. Equ.
3(4), 401-422 (2011).
1L Fanelli and E. Montefusco, “On the blow-up threshold for weakly coupled nonlinear Schrodinger equations,” J. Phys.
A 40, 14139-14150 (2007).
12 A Hasegawa and F. Tappert, “Transmission of stationary nonlinear optical pulses in dispersive dielectric fibers I. Anomalous
dispersion,” Appl. Phys. Lett. 23, 142-144 (1973).
13 A. Hasegawa and F. Tappert, “Transmission of stationary nonlinear optical pulses in dispersive dielectric fibers II. Normal
dispersion,” Appl. Phys. Lett. 23, 171-172 (1973).
14T Kato, “On nonlinear Schrodinger equations,” Ann. Inst. Henri Poincare 46, 113-129 (1987).
I5T_C. Lin and J. Wei, “Ground state of N coupled nonlinear Schrodinger equations in R”, n < 3,” Commun. Math. Phys.
255, 629-653 (2005).
16T C. Lin and J. Wei, “Spikes in two coupled nonlinear Schrodinger equations,” Ann. Inst. Henri Poincaré, Anal. Non
Linéaire 22, 403-439 (2005).
177. Liu and Z.-Q. Wang, “Multiple bound states of nonlinear Schrédinger systems,” Commun. Math. Phys. 282, 721-731
(2008).
8., A Maia, E. Montefusco, and B. Pellacci, “Positive solutions for a weakly coupled nonlinear Schrodinger system,” J.
Differ. Equations 229, 743-767 (2006).
19N. V Nguyen and Z.-Q. Wang, “Orbital stability of solitary waves for a nonlinear Schrédinger system,” Adv. Differ. Equ.
16, 977-1000 (2011).
20L. Nirenberg, “Remarks on strongly elliptic partial differential equations,” Commun. Pure Appl. Math. 8, 648-674
(1955).
21 A. Pomponio, “Coupled nonlinear Schrédinger systems with potentials,” J. Differ. Equations 227, 258-281 (2006).
22, Sirakov, “Least energy solitary waves for a system of nonlinear Schrodinger equations in R”,” Commun. Math. Phys.
271, 199-221 (2007).
23 X. Song, “Sharp thresholds of global existence and blowup for a system of Schrodinger equations with combined power-type
nonlinearities,” J. Math. Phys. 51, 033509 (2010).


http://dx.doi.org/10.1016/j.crma.2006.01.024
http://dx.doi.org/10.1016/j.crma.2006.01.024
http://dx.doi.org/10.1112/jlms/jdl020
http://dx.doi.org/10.1007/s11784-007-0033-6
http://dx.doi.org/10.1090/S0002-9947-08-04735-1
http://dx.doi.org/10.1090/S0002-9947-08-04735-1
http://dx.doi.org/10.1016/j.anihpc.2010.01.009
http://dx.doi.org/10.1504/IJDSDE.2011.042938
http://dx.doi.org/10.1088/1751-8113/40/47/007
http://dx.doi.org/10.1088/1751-8113/40/47/007
http://dx.doi.org/10.1063/1.1654836
http://dx.doi.org/10.1063/1.1654847
http://dx.doi.org/10.1007/s00220-005-1313-x
http://dx.doi.org/10.1016/j.anihpc.2004.03.004
http://dx.doi.org/10.1016/j.anihpc.2004.03.004
http://dx.doi.org/10.1007/s00220-008-0546-x
http://dx.doi.org/10.1016/j.jde.2006.07.002
http://dx.doi.org/10.1016/j.jde.2006.07.002
http://dx.doi.org/10.1002/cpa.3160080414
http://dx.doi.org/10.1016/j.jde.2005.09.002
http://dx.doi.org/10.1007/s00220-006-0179-x
http://dx.doi.org/10.1063/1.3299309

011503-19  Nguyen et al. J. Math. Phys. 54, 011503 (2013)

24J. C Wei and W. Yao, “Uniqueness of positive solutions to some coupled nonlinear Schrédinger equations,” Commun. Pure
Appl. Anal. 11, 1003-1011 (2012).

253, C. Wei and T. Weth, “Nonradial symmetric bound states for a system of coupled Schrodinger equations,” Atti Accad.
Naz. Lincei, Cl. Sci. Fis., Mat. Nat., Rend. Lincei, Mat. Appl. 18, 279-293 (2007).

263, C Wei and T. Weth, “Radial solutions and phase separation in a system of two coupled Schrodinger equations,” Arch.
Ration. Mech. Anal. 190, 83—-106 (2008).

2TM. Weinstein, “Nonlinear Schrodinger equations and sharp interpolation estimates,” Commun. Math. Phys. 87, 567-576
(1983).

28V, E Zakharov, “Stability of periodic waves of finite amplitude on the surface of a deep fluid,” Sov. Phys. J. Appl. Mech.
Tech. Phys. 4, 190-194 (1968).

29y, E Zakharov, “Collapse of Langmuir waves,” Sov. Phys. JETP 35, 908-914 (1972).

30 A. K Zvezdin and A. F Popkov, “Contribution to the nonlinear theory of magnetostatic spin waves,” Sov. Phys. JETP 2,

350 (1983).


http://dx.doi.org/10.3934/cpaa.2012.11.1003
http://dx.doi.org/10.3934/cpaa.2012.11.1003
http://dx.doi.org/10.4171/RLM/495
http://dx.doi.org/10.4171/RLM/495
http://dx.doi.org/10.1007/s00205-008-0121-9
http://dx.doi.org/10.1007/s00205-008-0121-9
http://dx.doi.org/10.1007/BF01208265
http://dx.doi.org/10.1007/BF00913182
http://dx.doi.org/10.1007/BF00913182

