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Abstract

The classical problem of heat conduction in one dimension on a composite ring is examined. The problem
is formulated using the heat equation with periodic boundary conditions. We provide an explicit solution of
this problem using the Method of Fokas. The location of the interfaces is known, but neither temperature
nor heat flux are prescribed there. Instead, the physical assumption of continuity at the interface is imposed.
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1. Introduction

Interface problems for partial differential equations (PDEs) are initial boundary value problems for which
the solution of an equation in one domain prescribes boundary conditions for the equations in adjacent
domains. In applications, precise interface conditions follow from conservations laws. Few interface problems
allow for an explicit closed-form solution using classical solution methods. Using the Fokas method [, 2]
such solutions may be constructed.

In three recent papers [3} 4, [5] this was done for the classical problem of the heat equation. In [5] the main
application considered is that of heat flow in composite walls or rods while in [3| 4] the heat equation is viewed
as a simplified reaction-diffusion equation describing the spreading of tumors in the brain. Problems in both
finite and infinite domains were investigated in [5] and the method was compared with classical solution
approaches if such exist. Here we extend the method to consider the heat equation with an interface and
periodic boundary conditions. The representation formulae for the solution can be evaluated numerically,
hence the problem can be solved in practice using techniques presented in [6} [7].

Solutions of PDEs with periodic boundary conditions can be easily computed using Fourier series [8]

and using the method of Fokas [9]. The addition of an interface makes finding an explicit solution to
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Figure 1: The heat equation with an interface posed on a ring.

this problem impossible using separation of variables. Rather, separation of variables results in a solution
defined implicitly in terms of eigenvalues which satisfy a transcendental equation. In other words, although
the solution is periodic, it is not useful to assume a solution of the form > °° o0 4 (t)e* since the equation
defined on the whole domain u; = 02(x)u,, with o(z) piecewise constant is no longer diagonal in Fourier
space since o(z) has an infinite-term Fourier series. However, the addition of an interface makes the problem
only slightly more difficult when using the method of Fokas as presented in [5, [9]. Thus, the Fokas method

provides an interesting alternative to this important classical problem.

2. Heat Conduction with Periodic Boundary Conditions

We consider the problem of heat conduction in a ring consisting of two different materials as in Figure[l]

We seek two functions:
u(l)(x,t), x € (xg,21), t>0, u(Z)(x,t), x € (x1,22), t>0,

satisfying the equations, initial, boundary, interface continuity conditions:

ugl) oull), @ (z,0) = uy )(x) x € (zg,21), t >0, (1a)
uff) oZul?), @ (z,0) = u(()z) (x), x € (x1,22), t >0, (1b)
uV (zo,t) = u? (2, 1), Dz, t) = u® (21,1), t>0, (1c)
o2ulD (zo,t) = o2ul? (z, 1), ; )(x1,t) = o2ul® (x1,1), t>0. (1d)

Following the Fokas method [11 2] [5, T0] we have the local relations

(e ket @Rty (D), = (g2emthat(@k)® (U 4 gy D)), 2 € (20, 21), (2a)
(e heH o @), = (oFem M W) 4 iku®)),, x € (1,22). (2b)



Let Ct = {z € C:Im(z) > 0}, C~ = {z € C: Im(z) < 0}. Define D = {k € C: Re(k?) <0} = DT UD".
We define the time transforms of the initial and boundary data and the spatial transforms of u for k£ € C as

follows:

T1 .

ez (g, t) da,
0
T2

e~ ey P (z) dz, W@ (k,t) = ey (2, 1) da,

/ e rug) (@) da, @™ (k1) =

1

¢ ¢ 2 gt
/ ) (21, 5)ds = / e u®(zy,8)ds,  gi(w,t) = [ e*ul)(z1,s)ds = —/ e“sul® (21, 5) ds,
0 0 0

S— T T
Sl

t t 2 gt
ho(w,t) —/ wsu (D (g, 5)ds = / e u® (2g,5)ds,  hi(w,t) = [ e ulV(z0,s)ds = %/ e“sul® (29, 5) ds.
0 0 0

Using Green’s Theorem on the domains [xg, 21] X [0, ], and [21, 2] X [0, t] respectively, we have the global

relations

elo1k)*t (1) k,t) =021 (g1 ((01k)%,t) + ikgo((o1k)?,t
1
— o270 (hy ((01k)2, 1) + ikho((01 k)%, 8)) + 4 (), (3a)
RGO (k1) =2 (02hy ((09k)2, 1) + ikoZho((02k)%, 1))

— ¢~ thm (Jfgl((azk)Q,t) + ikoggo((JQk)Q,t)) + ﬁ(()Q)(k)' (3b)

Both equations are valid for £ € C as is to be expected using the Fokas Method in bounded domains.
Inverting the Fourier transforms in

1 Rl
u(l)(m,t) :27 / ezkx—(olk)ztﬁél)(k) dk
™ — 00

2 e o]
+ ;—1 / MmO R (g (01k)2, 1) + ikgo((o1k)? 1)) dk (4)
T — 00

2 e <] 5
_ 571/ HE=T0) =R () (o1 k)2,8) + ikho((01k)2, 1)) dk.
™ — 00

The integrand of the second integral is entire and decays as k — oo for k € C~\ D~. The third integral has
an integrand that is entire and decays as k — oo for k € C*\ DT. It is convenient to deform both contours
away from k = 0 to avoid singularities in the integrands below. Initially, these singularities are removable,
since the integrands are entire. Writing integrals of sums as sums of integrals, the singularities may, and do,
cease to be removable. With the deformations away from k£ = 0, the apparent singularities are no cause for

concern. In other words, we deform D% to Dj and D~ to D as shown in Figure 2 Thus



Figure 2: The domains Dt and D~ as well as D(')" and Dy which are used for integration in and @

)
u(l)(m’ ) =— / eikz—(alk)2tﬁ(()l)(k) dk
)
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— ﬁ/ etk(z—z1)—(o1k) t(g1((01k)2,t) +ikgo((01k)2,t)) dk (5)
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To obtain the solution ug(x,t) for € (x1,z2) we apply the inverse Fourier transform to and again

deform where appropriate to find

u® (2, 1) _1 /Oo eika—(o20% 5 2) (1 4
27 J_ o
1
o oD
1

2w 3D5

eik(x_ml)_(o-zk)Zt(U%gl((Uzk)2, t) + ZkJ%go((Uzk)Q, t)) dk (6)
k@) =02kt (52h. ((g1k)2,t) + iko2ho((02k)?, 1)) dE.

The pair and their evaluation at —k (using the invariance of w; (k) and wo(k) under k& — —k) give
four equations to solve for four unknowns, go(w,t), g1 (w,t), ho(w,t), and hy(w,t) where one must be careful
to use all the symmetries of the set of dispersion relations, namely k — —k, k — ko1 /oy and k — kos/oy.
Substituting these expressions into (5)) we have equations for u™")(z,t) and u(® (z,t) which involve (") (k, t)
and @) (k,t) evaluated at a variety of arguments but without the factor e“t. Such integrands decay in
the regions around whose boundaries they are integrated. Making extensive use of Jordan’s Lemma and

Cauchy’s Theorem, these integrals are shown to vanish. Thus the final solution is given by
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for x € (xo, z1) where

k2L k2L i i k2L k2L i i
Ay (k) = (0-1 (e thoy®1 _ o=t 62962) (e ikzo 4 o zkzl)_|_0_2 (e haZe | o=t 0212) (6 ikzo _ o zkzl))*

—ikZL —ikZL ; ; —ik2L —ikZL ; ;
(0_1 (6 Zk‘o_le +6 ’Lk‘72$2) (e—zk‘xo _ 6—1,kx1) +0_2 (e lk‘o_le —_e Zka2$2) (ef’Lho +671k}11)) .

For = € (x1,72), the solution u(?(x,t) is found by switching (1) and (2) on a1, o2, uM(-) and u(?(-),

replacing Aq (k) with As(k) = —A; (kog/o1), and interchanging the integration paths ngr and — ng'

Note that Aj(k) = 0 whenever k& = 0, cot (@) tan (%{;12)) = -2, or
cot (%1;”2)) tan (@) = —22 are satisfied. Observe that A;(k) = 0 only for real values of k

for j = 1,2. Thus, through the deformation to Dar and D, we have avoided any singularities and, on the
contours, the quantities needed are evaluated without problem.

We have solved the classical problem of heat conduction on a ring with two domains using the Method
of Fokas. It is straightforward to generalize this work to the problem of n domains with periodic boundary
conditions by combining what was done in [5] and [3, [4] for the heat equation with multiple domains, with

what we present here for periodic boundary conditions.
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