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Abstract
We consider the dynamical stability of periodic solutions of integrable equations with 2x2 Lax pairs.
We construct the eigenfunctions and hence the Floquet discriminant for such Lax pairs. The boundedness
of the eigenfunctions determines the Laz spectrum. We use a connection between the Lax spectrum and
the stability spectrum to show that the subset of the real line which gives rise to stable eigenvalues is
contained in the Lax spectrum. This subset is the full spectrum for self-adjoint members of the AKNS
hierarchy. For non-self-adjoint members of the AKNS hierarchy admitting a common reduction, the real
line is always part of the Lax spectrum and maps to stable eigenvalues of the stability problem. We

demonstrate our methods work for a variety of examples.

1 Introduction

A surprisingly large number equations of physical significance possess a Lax pair [3,4]. An important feature
of equations with a Lax pair is the Lax spectrum: the set of all Lax parameter values for which the solution
of the Lax pair is bounded. For our purposes, this is important for determining the stability of solutions
of a given integrable equation [7, [8, @ 10, 12l 14} 15, 16l 19, 28] B1]. Until recently, the Lax spectrum has
only been determined explicitly for decaying potentials on the whole line or for self-adjoint problems with
a finite domain. For problems with periodic coefficients, the Floquet discriminant [2} @, [I8], [19] 23] 2§] is a
useful tool for numerically computing and giving a qualitative description of the Lax spectrum, but it is not
used generally to get an explicit description of the Lax spectrum. A full description of the Lax spectrum
can allow one to prove the stability of solutions to integrable equations with respect to certain classes of
perturbations [16].

In this paper, we construct a function defined by an integral whose zero level set determines the Lax
spectrum for 2 x 2 Lax pairs. We show that the subset of the real line which gives rise to stable eigenvalues
in the stability problem is always contained in the Lax spectrum. Next, we show that the Lax spectrum
of self-adjoint members of the AKNS hierarchy consists only of this subset of the real line. Conversely, for
non-self-adjoint members of the AKNS hierarchy admitting a common reduction, we show that the real line
is always part of the Lax spectrum and always maps to stable eigenvalues of the stability problem. Our
construction determines all unbounded components of the Lax spectrum and of the stability spectrum. We
finish by providing examples of equations that fit the framework presented as well as some examples that do
not immediately fit, but for which similar conclusions may be drawn.

2 Setup
We consider an integrable evolution equation of the form
ur = N(u, ug, ..., Ung), (1)
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where A is a nonlinear function of u and IV of its spatial derivatives. The function u may be real or complex
valued. Since is integrable, it possesses a Lax pair (we use this as our definition of integrable). We
focus on equations which possess a 2 x 2 Lax pair, i.e., there exists a pair of two linear ordinary differential
equations (ODEs),

a(z, t:¢) B, () )
¢x(xata C) - (’y(as,t, C) —Oé(.l?,t; C)) ¢(I,t, C) - X¢7 (23’)
w0 = (o) R statio) = o, (20)

such that the compatibility of mixed derivatives 0y, = 0,¢; holds if holds. Here ¢ € C is the Lax
parameter, assumed to be independent of z and ¢t. The compatibility of defines the evolution equations [3]

o — Ay =B - BC, (3a)
Bt — B, =2(BA—aB), (3b)
v —Cp=—-2(vA—aC). (3¢)

Equation (1)) is equivalent to (3) upon making specific choices for P = {a, 8, 7, A, B, C}. We make the
following assumptions on the elements of P.

Assumption 1. All elements of P are bounded for all x € R.
Assumption 2. The elements of P are autonomous in t.

Assumptions |1] and [2| hold for many equations (see Section @, including all frequently studied members of
the AKNS hierarchy (Section [5).

We define the Lazx spectrum op, as o, = {¢ € C: ¢ is bounded for x € R, including as © — +oo}. The
Lax spectrum depends on the solution to , which determines the coefficients of X and T. Of course,
oy, depends on which norm of ¢ is used. In this paper, we are interested in the Lax spectrum when |u]
is periodic with period P. For studying the stability of u, one typically writes the equation in a frame in
which w is stationary with respect to the temporal variable. In what follows, we assume that has already
been put in a frame such that the solutions of interest are independent of time. In the stationary frame, the
conditions become

A, = BC — B, (4a)
B, =2 (aB — BA), (4D)
Cp =—2(aC —~A4), (4c)

by Assumption

3 Motivation: the nonlinear Schrodinger equation

The nonlinear Schrodinger (NLS) equation is
. 1 2
z\I/t—&—i\I'm—f@\I/|\If| =0, (5)

where ¥(x,t) is a complex-valued function and k = —1 and k = 1 correspond to the focusing and defocusing
equations respectively. The Lax pair for the NLS equation [32] is given by with

o= _Z<7 5 = \Ilv Y= ’{\Il*, (63’)
A=—i®—ir|¥* /2, B=(U+iV,/2, C = (rU* — kW% /2. (6h)
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Here and throughout ¥* is the complex conjugate of ¥. Equating ¥(z,t) = e~ “)(z,t), where w € R is
constant, we obtain the NLS equation in a frame rotating with constant phase speed w,

i+ St — i U = 0. 7

Equation is obtained from the compatibility of the new t-equation,

=i =ik [P 2+ w2 Ctp + ithy /2 B w
¢ = ( CR* — ik /2 iC2 4 ik |y /2 — iw/2> 0= (T B 2TO) ¢ (8)

where

(o %), ®

and the x equation, which is unchanged. The elliptic solutions of the NLS equation are solutions of with
periodic amplitude and ¥y = 0.

The stability of the elliptic solutions of the defocusing and focusing NLS equation was studied in [8] and
[16] respectively. To study the stability of the elliptic solutions, linearize about a stationary solution
¥(x) by letting 1 (z,t) = ¥(x) + eu(z,t) + O(e2). This results in

U 10?2 — 2ik V|2 +iw —itp? U
Ut = - 2 ~ | | . ~ = ENLSU- (10)
Ku* ), ih*? —20% + 2ik|YP—iw ) \ku*

Since Ln1s does not depend explicitly on ¢, we may separate variables with

U, t) = < “(‘"”’t))> - eM( v(z) ) — MV (2), (11)

ru*(z,t Kv*(x)
resulting in the spectral problem
AV = LyisV. (12)

We define the stability spectrum ory; o ={X € C:V is bounded for x € R}. Since the NLS equation is
Hamiltonian [32], the stability spectrum has a quadrafold symmetry: if A € Lnrs, then =\, A*, — X\* €

Orng- Lherefore z/;(a:) is spectrally stable if oz ;o C ‘R. For the NLS equation and other integrable

equations, oz < can be determined by using the squared-eigenfunction connection. The eigenfunctions of
LnLs are given by ([8], see [3] for the original ideas leading to this)

¢F
U(z,t) = , 13
o) <¢%> "

where ¢ = (¢1, ¢2)T is an eigenfunction of . Since is homogeneous in ¢, it may be solved by separation
of variables. With

¢z, t) = eMp(z) (14)

we obtain

Q= (T-5T) ¢ = Tuop, (15)
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Figure 1: The real vs. imaginary part of the Lax and stability spectrum (left and right of each panel,
respectively) for an elliptic solution of (a) the defocusing NLS equation and (b) the focusing NLS equation.
The real component of o; and its image under €2 is colored blue. The rest of oy is in black. The Lax
spectrum is computed analytically [8, [15] and the stability spectrum is the image under Q.

and the eigenfunctions of Lypg are given by

1 i)
Uz, t) = eMV(z) = = 2 . 16
o) o <¢%> <@%($)> 1o

The major insight from is that A = 2Q(¢) when ¢ € or,. Since A € iR corresponds to stable elements of
the spectrum, we are interested in finding ¢ such that Q(¢) € iR. Since 2 is defined by the 2 x 2 eigenvalue
equation , Q€ iR if ¢ € o and Ty is skew adjoint. For both the focusing [16] and the defocusing cases
B, (o NR) C iR, see Figure [2l The elliptic solutions of the defocusing NLS equation are stable since
o, ={C eR:Q(() € iR} [7, see Figure The Lax spectrum for the elliptic solutions of the focusing NLS
equation is more difficult to find since it is not just a subset of the real line (see Figure [Lbland Appendix [Al).
However, for the focusing NLS equation, the elliptic solutions are stable only with respect to a special class
of perturbations which gives rise to only real ¢ [16].

While investigating the stability for elliptic solutions of the focusing NLS equation in [I6], we observed
that the imaginary elements of the stability spectrum for other integrable equations also originate from the
real part of the Lax spectrum. This includes the defocusing mKdV equation (see [I4] and Section and
the sine-Gordon equation (see [12] and Section . This leads to the conjecture that solutions of integrable
equations are stable if and only if ( € R. This conjecture is proven here for members of the AKNS hierarchy
with r = +¢* (see Corollary E[) In the rest of the paper, we generalize this idea for equations with more
general Lax pairs . Although finding the Lax spectrum is an interesting and important problem in its
own right, we are interested in finding the Lax spectrum to determine the stability of stationary solutions
to integrable equations. Since the squared-eigenfunction connection gives

A =29(¢), (17)

we are especially interested in finding o, when Q(¢) € iR, since integrable equations are Hamiltonian and
the stability spectrum possesses a quadrafold symmetry. Thus the only option for stability is to have the
spectrum confined to the imaginary axis.

4 Computing the Lax spectrum

With A, B, and C t-independent, may be solved by separation of variables. Equating

¢, t) = eMp(x), (18)



becomes a 2 X 2 eigenvalue equation for 2:
Qp =Te. (19)
Using the expression for T,
0% = A% + BC. (20)

Lemma 3. () is independent of x and t.

Proof. Independence of ¢ is by Assumption Multiplying by C' and by B and adding the resulting
equations yields

0= 0,(BC)+2A(BC — vB). (21)
Using ,

0 = 0,(BC + A?) = 0,(9%), (22)
so Q2 is independent of x. O

As a result of Lemma Q = Q(¢) is a function only of ¢ and the solution parameters. The eigenfunctions
of may be written as either

o) =) (L DO e et =) (M), (23)

Here the scalar functions y;(z) and ya(z) are determined by the requirement that ¢(x,t) not only solves
(b)), but also (2a)), since (2h-b) have a common set of eigenfunctions. Substitution in gives

— By} — Byyy = (—aB+ B(A—Q))y1, (A= Qi + Asyy = (=B — a(A — Q))y1, (24a)
(A+Qys + Azye = (a(A+ Q)+ BC)y2,  Cyy + Caye = (v(A+ Q) — aC)ye, (24b)
so that different (but equivalent) representations for y; (z) and yo(z) are obtained from the first or second
equation of (2al):
. aB - 3(A—-Q) — B, N B+a(A—Q)+ A,
y1 =1 exp / A ) dz |, y1=giexp —/ 8 ( ) dz |, (25a)
. B x A—-Q
. alA+ Q)+ 8C — A, . A+Q)—aC—-C,
Ya = U €Xp (/I ( A)—I—(BZ dx) , Y2 =Yg exXp (/I gl )C dx) , (25b)

where g1, §1, 2, and g are constants of integration. Since A, B, and C' are bounded in z by Assumption [I]
in order for ¢ € oy, it must be that the exponential part of ¢(x, t) is bounded in z. To bound the exponential
growth, we consider the real part of the exponential. The integrands may be rewritten using (4)):

aB-BA-Q) B, 1B,  fQ

B ~ 3B T B (262)
YB+a(A—-Q)+ A, BC
54_9) :O[—Fm, (26b)
a(A+Q)+pC - A, ~B
AT 0 I R (26¢)
YA+ Q) —aC - C, 1C, 0
( )C =—seto (26d)



In order for ¢ € oy, each of the following should be bounded for x € R, including as |z| — oo,

I = Re/ (a - % log(B) — MA;Q)) dz, (27a)
L= Re/ (a + S log(A - ) + A”_BQ> da, (27b)
I = Re/ (a - % log(A — Q) + A’i%) da, (27¢)
Iy = Re / (—a _ % log(C) + ”(ACTQ)) dr, (27d)
Is = Re / (—;fmbg(f;) + i?) dz, (27¢)
Is = Re/ (a + A”B_CQ) dz, (27f)
I; = Re / (a + Avfg) dz, (27¢)
Iy = Re / (—;iplog(()) 4 72) da. (27h)

The boundedness of any of the expressions I, defines o,. For some problems, it is sufficient to analyze the
boundedness integral condition without calculating the integral explicitly [7, [8 14l [3T]. For other problems,
only part of the spectrum can be found without calculating the integral explicitly [12] [I5, [16] (see Section
4.1). When the solutions of interest are given by elementary or elliptic functions, the integral may often be
calculated explicitly [12] [T5], [16] and used to determine oy, [16].

4.1 The Lax spectrum for imaginary 2

The results in this section hold only for those solutions and parameter values for which Assumptions [f] and
hold.

Assumption 4. «a € iR.
Assumption 5. The quantities BC/A, and yB/A are periodic in x with the same period P as the solution.
With Assumptions [4| and [5| the boundedness conditions for the integrals I become

(2=, s

vB

b
2

Re< —
Re< pC

+

=0, (28h)

(28c¢)

b
2

i
Re <7(AC+Q)> —0, (28d)
L 59
Re <&> =0, (28f)
Re < A”f Q> =0, (28¢g)
Re 'Yéz> =0, (28h)



where () = % fOP - dx is the average over the period of the solution. Using and , the conditions ([28))
are all equivalent. It follows immediately from (28h)) that {¢ € C: Q({) =0} C 0.
We consider the special case of v = k8" where kK = £1. We let

B(x;¢) = n(x; Q)@ y(2;¢) = wn(x; (e @0, (29)

where 7 and 6 are real-valued functions with n(x; ) > 0. Introducing the isospectral transformation

67i6/2¢
o= (2= ), (30)
(1)2 610/2¢2
the Lax pair becomes
a B A B
o, = ) d, = | 4 I O] 1
e B)e enE B N
where
& =a—if,/2, f=pe " =, i =ne =, (32)
A=A, B=e¢"B, C=e'cC. (32b)

Assumptions and |4] are satisfied in the hatted variables if they are satisfied in the original variables.
Further, € is unchanged by this transformation, see .

Lemma 6. If o € iR, A € iR, and v = kf8*, where k = £1, then C = kB*.
Proof. The compatibility conditions in the hatted variables give

0 = Re(A,) = kRe(C — kB), (33)
so that Re(C') = k Re(B). Equations and give
Cy — KBy = —26(C + kB) + 4knA. (34)
Since a € iR implies & € iR, the only real term in the above equation is equated to zero:
Re(—2a(C + kB)) = 0. (35)
As long as & # 0, Im(C) = —x Im(B). If & = 0, then

9.(C + kB) = 0. (36)

Since Im(C' + kB) = 0 for & # 0, it must be zero for all z. Therefore C' = kB* and C' = kB*.

Theorem 7. Assume that A is periodic in x. Let O = {¢ € C: A € iR and f* = —~}, then Q(O) C iR
and O C op,.

Proof. Let ¢ € O. By Lemmal[g] C* = —B and
0*(¢) = A*—|BI* <0, (37)
thus Q(0) C iR. By ({a),
A, = 2iIm(80), (38)
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so that

pC _ Im(gC) A, 1d
1T a- 10" 2ALN) 2dxlog(A—i—Q). (39)

Re

It follows from (28f)) and the periodicity of A that O C o,. O

Theorem 8. Assume that A is periodic in x. Let O ={( € C: A€iR and B =~*}, S={C € C:Q(() €
iR}, andU = {( € C: Q(() € R\{0}}. Then O C SUU and ONS C or. Additionally, if Arg(5) = Arg(B)
then ONU ¢ of.

Proof. Let ¢ € O. By Lemmal6] C* = B and
0°(() = 4>+ |B|* €R, (40)
so either (€ Sor ( eUU. When ( € ONS,

B 1 B *B*
Rev _(’y +W >

A-—Q 2\A-Q " A -
(41)
L (aBZACy A 1d g
“o\A—q )T a0 2dr B '

It follows from (28b]) and the periodicity of A that ONS C oy.
Next, let ¢ € ONU. The integral conditions induced by the Lax pair are given by in the hatted
variables. Further, C* = B implies that C* = B*. Condition (28h)) becomes

¥ Q ~
e L2 = EPCRe B (42)
¢ |BP?
In order for € R\ {0},
0< A? < —|B]* = —|B. (43)

If Arg(B) = Arg(p), then EB) € R. Since |B| is nonzero, Re(B) is nonzero. Equations and (28h)) imply
that ¢ ¢ o, so that ONU & oy,. O

5 The AKNS hierarchy

The AKNS hierarchy [3] contains a variety of physically important nonlinear evolution equations. For the
Lax pair which are members of the AKNS hierarchy

a=—i(, B =q(z,t), v =rxt), (44)

where r(z,t) and ¢(z,t) may be complex-valued functions. The compatibility conditions (3]) become

A, =qC —rB, (45a)
q: = By + 2i¢(B + 2Aq, (45b)
ry = Cp — 2iCC — 2Ar. (45c¢)



Equation is equivalent to (45b)) and (45dc|) by relating ¢ and r to u. In what follows we examine stationary
solutions so that ¢; = r, = 0 and the compatibility conditions are

A, =qC — 1B, (46a)
B, = —2iCB — 2Aq, (46b)
Cy = 2i¢C + 2Ar. (46¢)

The z-equation of the Lax pair (2all44]) may be written in terms of a problem with spectral parameter ¢,

10, —iq
o= (" g )o=1o (47)
The operator L is self adjoint if and only if » = ¢*. When L is self adjoint, o, C R. Determining oy when
L is not self adjoint is significantly more complicated.

Assumptions|Ifand [2 are satisfied by «, 8 and ~y, by construction. Also, a € iR is constant with respect to
z for ¢ € R, which satisfies Assumption [ and the first part of Assumption[5} The t-equation for equations in
the AKNS hierarchy may be found by assuming A, B and C have power series representations. A recursion
operator is used to find A, B, and C [2I, Chapter 2]. The recursion operator depends and acts only on
homogeneous combinations of ¢ and r. Therefore, it gives rise only to homogeneous combinations of ¢, r, and
their derivatives, i.e., terms of the form ¢/ _qF . where n, m, j, k € N and j +k is even. Thus Assumptions
and [2] are also satisfied for A, B and C. If ¢ and r are related by

r=kKq", (48)
where k = +1, then
q(z) = ew(m)Q(x), and r(z) = /{e_w(z)Q(x), (49)

where @ and 6 are real-valued functions and |g| = Q. Assuming |q| is periodic with period P, it follows that
A has period P by the above arguments. Using , Assumption |5| is satisfied. The reduction is a
common reduction for members of the AKNS hierarchy (see Sections [3| and [6.1]). The condition is the
same as that studied in Section F1l

Theorem [8] applies to the entire Lax spectrum for problems with self-adjoint Lax pairs since oy, C R. In
particular,

oL ={CER:Q(C) € iR}. (50)

Theorem [7| applies to non self-adjoint Lax pairs with »r = —¢* and for ¢ € o N R such that «(¢) € iR. In
particular, R C o1, and Q(R) C iR.

It is clear that the real line is an important part of the Lax spectrum for members of the AKNS hierarchy.
In fact, we have the following corollary.

Corollary 9. Q(or NR) C iR for members of the AKNS hierarchy satisfying .

In other words, any eigenmodes of the stability problem of that are parameterized by real
¢ € o1, do not give rise to instabilities.

6 Examples

Many equations fit the above description, i.e., Theorems|[7]and [8|can be applied directly. For other equations,
Theorems [7] and [§| cannot be applied directly, but the spectrum has a similar structure and can be found
in a similar way. We begin with two equations in the AKNS hierarchy for which the results in Section
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apply directly. We provide one example which is not in the AKNS hierarchy but for which Theorems [7] and
[8 apply directly. Finally, we provide three examples for which Theorems [7] and [§] do not apply directly but
for which the spectrum is analyzed in a similar way.

6.1 The modified Korteweg-de Vries equation

The modified Korteweg-de Vries equation (mKdV) is given by
U — 65U Uy + Ugpe = 0, (51)

where u is real valued and k = —1 and k = 1 correspond to the focusing and defocusing cases respectively.
Equation is a member of the AKNS hierarchy (Section [5) with [3]

A= —4i®—2iCqr, B=4Cq¢+2¢°r + 2iCqs — Quas  C =4C%r + 2qr% — 2iCry — T4, (52)
and r = kq = ku. Letting (y,7) = (x — ct,t), where ¢ € R is constant, gives mKdV in the traveling frame,
Uy — ety — 6Kuty + tyy, = 0. (53)
The Lax pair given by
by = X9, ¢r = (T + cX)o. (54)

The elliptic solutions of mKdV are found upon equating u, = 0 [I4]. Theorem [7| applies when x = —1 and
Theorem [§] applies when k = 1. The squared-eigenfunction connection for the mKdV equation is the same as
for NLS (13). Since A = 2Q(¢) where ¢ € o, = {¢ € R: Q(() € iR}, the elliptic solutions for the defocusing
mKdV equation are spectrally stable [14]. For the focusing mKdV equation, the elliptic solutions are stable
with respect to perturbations which correspond to ( € R. To determine the full stability spectrum, one must
compute oy, off the real line. To do so, one may use the integral condition or the Floquet discriminant
(Section . Plots of the Lax spectrum for the defocusing case can be found in [14] Figures 7 and 8] and for
the focusing case in [I4, Figures 9 and 13]. Plots of the stability spectrum for the defocusing case can be
found in [I4], Figures 3 and 5] and for the focusing case in [14], Figures 10 and 14].

6.2 The sine- and sinh-Gordon equations
The sine-Gordon (s-G) equation in light-cone coordinates is given by
Ugy = sinwu, (55)

where u(&,n) is real valued. Equation is a member of the AKNS hierarchy (Section [5) with [3]

A= Rcos( u), B= 4—Csm( u), C= Rsm( u). (56)

We write (£,7n) instead of (z,t) to distinguish between the light-cone coordinates (£,7) and the space-time
coordinates (z,t). Equation is equivalent to the compatibility of mixed derivatives, 0,ve = O¢vy, by
requiring that r = —¢ = u, /2. Since r = —gq, is not self adjoint. A self-adjoint variant of s-G is the
sinh-Gordon (sh-G) equation,

Ugy = sinhu. (57)
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Equation is a member of the AKNS hierarchy (Section [5)) with [3]

A= 4%‘C08h(u)’ B= 7414 sinh(u), C= %sinh(u)7 (58)

and is equivalent to the compatibility of mixed derivatives under the reduction r = ¢ = u, /2.

Assumptions hold for both the s-G equation and the sh-G equation if { € R and v is periodic. Since
r = g, the sh-G equation is a self-adjoint member of the AKNS hierarchy, so o7, C R and Theorem [§| applies.
Theorem (7| applies to the s-G equation, i.e., R C or. To transform from light-cone to laboratory
coordinates, we let (z,t) = (n+ &, — &) to obtain

Ut — Ugy + Sin(u) =0. (59)
The same coordinate transformation on gives
Ut — Uggy + Slnh(u) =0. (60)

The Lax pair for both systems is

1 N 1 .
u;w:i(T—i—X)w:Xw7 wtzﬁ(T—X)w:Tw. (61)

We move the s-G equation and the sh-G equation to a traveling frame by letting (z,7) = (z — V't,t) for
constant V' € R and find

(V2 = Duy, — 2V, + trr +sin(u) = 0, (62)
and
(V? = Du., — 2V, + urr + sinh(u) = 0, (63)
respectively. The new Lax pair is given by
w, = Xw, wy = (T + VX)w = Tw. (64)

Stationary solutions are found by letting u, = 0. The s-G equation and the sh-G equation in lab coordinates
do not fit into the AKNS hierarchy. However, when ¢ € R and u is periodic, Assumptions [T}{4] hold for
both equations in lab coordinates. Theorems [7| and |8 apply to and respectively. Theorems |7| and
apply in both light-cone and lab coordinates since the transform to lab coordinates is isospectral: the
eigenfunctions of are bounded if and only if the eigenfunctions of the problem in light-cone coordinates
are bounded. We continue to study the spectral problem for pedagogical purposes.

The Lax pair defines a quadratic eigenvalue problem (QEP),

Q(O)w = (M + N¢+ K)w=0. (65)

There are two choices for M, N, and K:
(1 0 _ (—2i0, g _ (ia b
M= (o 1> ’ M= < —ir Qiax) ’ K= (ic ia) ’ (66a)

(1 0 (200, g _(ia b
M2_<0 —1)’ N2_< ir —2@)’ KZ_(—Z'C ia)’ (660)
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where
a=CA, b=(B, c=(C. (67)

Then ¢ € C is an eigenvalue of @ if Q({)w = 0 for all bounded w. A QEP is classified as self adjoint if
M, N, and K are self adjoint [33]. The eigenvalues for self-adjoint QEPs are either real or come in complex-
conjugate pairs. If Mj, Nj, and K; are chosen, then Q(\) is self adjoint if » = ¢*, a* = —a, and ¢* = b,
which is the case for the sh-G equation. If My, Na, and K5 are chosen, then Q(\) is self adjoint if r = —¢*,
a* = —a, and ¢* = —b, which is the case for the s-G equation. It follows that for either equation, the Lax
spectrum consists of real or complex-conjugate spectral elements. This confirms what we know from the
isospectral transform to light-cone coordinates. The whole real line is part of the Lax spectrum for the s-G
equation and the Lax spectrum for the sh-G equation is a subset of the real line. To determine the subset
of oy, off the real line, one may use the integral condition or the Floquet discriminant (Section (see
[12]). Plots of the Lax spectrum for the s-G equation can be found in [I2, Figures 7 and 8]. Plots of the
stability spectrum for the s-G equation can be found in [I2, Figures 6 and 8.

6.3 Derivative nonlinear Schrodinger equation

The derivative NLS (dNLS) equation,
ity = ~qeo +in(lg]* @)ay K =EL (68)

was first solved on the whole line using the Inverse Scattering Transform in [24]. The Lax pair for is
given by (2) with [24]

o = 77:427 B = qC? Y= 7(7 (693’)
A= =2i¢* —i¢%rq, B =2¢*q +i(q. + (r?, C =2¢%r —iCre + (riq. (69b)

where r = rq* € C. Using q(x,t) — e~ *!q(z,t) where w is a real constant, becomes

i = —qze +ir(|q]% @)z — wa, (70)
and A — A+ iw/2; otherwise remains the same. Stationary solutions satisfy

~ o + 5 (|g” @) —wg = 0. (71)

Quasi-periodic elliptic solutions to the stationary problem were found in [22].
The Lax pair defines a QEP . There are two choices for M, N, and K,

(10 (0 g _[(—=id, 0

M= (0 1)’ M= (—ir o) ’ K= ( 0 i@m)’ (722)
(1 0 (0 g _[—id, 0

M; = <0 1>’ Ny = (ir 0)’ Kz = ( 0 z'c?m)' (72b)

If My, Ny, and K are chosen, then Q(A) is self adjoint if r = ¢*. If M3, N3, and Ky are chosen, then Q(\)
is self adjoint if r = —q¢*. It follows that eigenvalues are real or come in complex-conjugate pairs for either
choice of k.

Since Assumptions hold for ¢ € RU R and |g| periodic, Theorems [7| and [§| apply in some cases.
Theorem [7] applies when 8* = —v, i.e., when * = —y if ( € Rand kK = —1 or ( € iR and k = 1.
Theorem [§] applies when * = v, i.e., when 8* =y if ( € Rand K = 1 or ¢ € iR and k = —1. Defining
Q; = {(eC: Q) €iR}, RU (2 NiR) C o, and QR U (Q; NiR)) C iR for K = —1 (see Figure 2a)). If
k=1 iRURNQ) C oy and QMR U(RNQ;)) C iR (see Figure 2b). To compute the spectrum off of the
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Figure 2: The real vs. imaginary part of the Lax and stability spectrum (left and right respectively) for
a periodic solution of (a) the focusing ANLS equation and (b) the defocusing dNLS equation. The Lax
spectrum is computed numerically using [I1] and the stability spectrum is the image under 2. The Lax
spectrum on the real and imaginary axes are colored blue and red respectively. Their image under the map
Q is colored in the stability spectrum accordingly. The Lax Spectrum off the real and imaginary axes is
black.

real or imaginary axes, one must examine the integral conditions (27 or construct the Floquet discriminant

(Appendix [A)).
6.4 The Korteweg-de Vries equation
Perhaps the best-known integrable equation is the Korteweg-de Vries (KdV) equation [4],
Ug + 66Uty + Uppr = 0, (73)

where u is a real-valued function of x and ¢. The KdV equation is a singular member of the AKNS hierarchy:
it is obtained using the AKNS Lax pair with » = —1 [3]. When r is constant, the Lax pair can be
rewritten as an eigenvalue problem with spectral parameter ¢2. With r» = —1,

CPvg = —(q + 02)vy = Liav v. (74)

The operator Likgqy is self adjoint, so the KdV equation is said to have a self-adjoint Lax pair even though
the Lax operator L is not. Since Liqv is self adjoint, ¢ € R.
Defining (y,7) = (z — ct,t), we obtain the KdV equation in the traveling frame,

Uy — ClUy + Buty + Uyyy = 0. (75)

The periodic stationary solutions of are the cnoidal waves which are defined in terms of Jacobi elliptic
functions [I, [10]. In the traveling frame, the Lax pair is given by with

o= _ZCa 6 =u, Y= _17 (763‘)
A= —4iC® + 2iuC —uy —icC, B =4ul?®+ 2iCuy — 2u® — Uupy +cu, C=—4+2u—c. (76b)

Using and with u, =0,

02 =20 — (c+ 4C?)(—=k + % + 4¢Y), (77)
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where
kE=3u?—cu+uy and 2a=uy, — 2ku+ 2u® — cu? (78)

are constants found from integrating with u, = 0. Assumptions hold for ¢ € R if u is periodic.
Since v and C are real valued for ¢ € R, ¢ € RNoy if Q(¢) € iR (28h). The analysis of the Lax spectrum
for the cnodial waves of the KdV equation can be found in [I0] including plots of the real Lax spectrum [I0,
Figure 4] and of the imaginary stability spectrum [I0, Figure 1].

6.5 Vector and matrix nonlinear Schrodinger equations

The Manakov system or two-component Vector NLS (VNLS) equation is given by

0 0

T L TN (g, + Jga)ar =0,

22 0% (10 + ol = 0
ot | 0x2 ! 2042 =5

where ¢; and ¢y are complex-valued functions. The system was shown to be integrable in [30]. Its
finite-genus solutions (including its elliptic solutions) were explicitly constructed in [I7]. Its Lax pair is

T T
vz<: i)va, vt<g BD>UTU, (80)
with
a = _ZC, ﬁ =4q, Y= _q*7 p= iQ-IQa (813.)
A= -2 +iq7q", B = 2(q + iq,, C = -2(q* +iq}, D = 2iC’I, —ig*qT, (81b)

and ¢ = (g1, ¢2)T. The compatibility conditions are

A, =p7C — BTy, (82a)
B, = 2aBT — 2487, (82b)
Oy = 2pC + 29A, (82¢)
D, =~BT — CAT. (82d)

As before, 2 is found by separation of variables and satisfies

(A ¢ ) D —B;UQ) @;) =0, (83)

for nontrivial eigenvectors ¢ = (¢1, $2)T. Note that  does not have the form . Instead, €2 satisfies

Ozdet<A—Q BT ):{(A—Q)det((D—QIQ)—CBT/(A—Q)), Q¢ o(A), ”

¢ D-Ql det(D — QL) ((A— Q) — BT(D — QL)"'C), Q¢ a(D),

where o(L) represents the spectrum of L. As usual, (¢) defines a Riemann surface. In the genus-one
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case [I7], it is represented by

F(GQ) = (24 2i¢%) (2 — 2i¢%)% + (2A2€ + A3) (2 — 2i¢?) + po = 0, (85a)
Ao = —i(q 3> — 1), (85b)
A3 =q1q + (¢79)%, (85¢)
Ho =1]q1,2q2 — (J2,x¢11|2 . (85d)
Since
det(D — QL) = (2 — 2i¢*)(A + Q), (86)

we use the second expression in only when Q = 2i¢? or A+ Q = 0. But Q = 2i¢? satisfies only
if ¢ and ¢ are proportional, and Q = A satisfies only if |q1|* + |g2|* is constant. In the first case,
reduces to two uncoupled NLS equations, for which the spectrum is known. In the second case
reduces to two uncoupled linear NLS equations, for which the spectrum is known. Therefore, we assume
that D — Q15 is invertible.

The eigenfunctions of are

)= @) (g ) (57)
where a € C is an arbitrary scalar. The scalar function y; (z) is determined by substitution in the z equation
(80):

vy = (a=BT(D = QL) ~C) y1, (88)
so that
Y1 = U1 exp (/ (a—BT(D— QL) 'C) dm) , (89)

where ¢ is a constant. Thus, ¢ € oy, provided that

’Re/w (a—BT(D—QL)"'C) dz| < o0 (90)

is bounded for all x € R. For periodic potentials and ¢ € R, this becomes
Re (BT(D — QL)~'C) = 0. (91)
For ¢ € R,
At = —4, ct =BT, Dt =D, (BT =—, (92)

where FT = (F*)T is the conjugate transpose of F. It follows that T defined by is skew-adjoint and
Q € iR. Further,

(D — QL) = —(D - QL). (93)
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It follows that

RefT(D — QL)7'C = - [BT(D — QL) 'C + CT((D — QL) H)T(87)1]

[
[

N RN NN~

_ 139, det(D — Q1)
2 det(D — Q)

= —%890 log det(D — Q13),
so that
Re (BT(D — QL,)~'C) =0, (95)

and Q(¢) € iR for ¢ € R, as illustrated in Figure
The work above can be generalized to the Matrix NLS (MNLS) equation,

tUs + Upe — 26UUU =0, (96)
where U is an 1 x {5 matrix, and K = —1 and kK = 1 correspond to the focusing and defocusing cases
respectively. The Lax pair for the MNLS equation is given by

—i¢ly, @

v, = v V=XV 97
Q- o7
A B
U, = =TV b
=(o p)e-Tv, (97)
A= —2iC*I,, —iQR, B =2(Q +iQ,, C =2(R —iR,, D = 2i¢*I,, +iRQ. (97c)

Here, Q and R are ¢; x {5 and ¢5 X 1 complex-valued matrices respectively and I,, is the n x n identity
matrix. The z equation may be written as a spectral problem,

o iI£1az 7iQ _
U = ( e —mﬁm) =LV (98)

L is self adjoint if R* = @, hence o, C R if R* = . The compatibility conditions are the same as (82d)).

6.6 PT-symmetric reverse space nonlocal NLS equation

The PT-symmetric reverse space nonlocal NLS equation is given by [5]
1
iUy (z,t) + §\I!m(x7t) — kU (z,t)?U* (—z,t) = 0, (99)
where k = £1. This equation is a member of the AKNS hierarchy (Section [5)) with [5]

Az, t) = —i¢* —iqr/2, B =(q+iq./2, C = (r—irg/2, (100)
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Figure 3: The Lax spectrum (Re(¢) vs. Im(¢)) for the Manakov system with initial condition
q1(z,0) = 4cos(z), ga2(x,0) = 10cos(x). The real line is colored blue. The Lax spectrum is computed nu-
merically using the method described in [I1].

and r(z,t) = kg*(—z,t) = k¥*(—x,t) € C. Solutions of (5] with

U(z,t) = U(—ux,t), (101)

are also solutions of (99). Thus all even solutions of [f] examined in [8] for k = 1 and in [I6] for k = —1
are solutions to . These solutions, and other periodic and quasi-periodic solutions of , were first
reported in [26]. Almost every solution found in [20] is even in x, except for one which is odd. For the even
solutions, the Lax spectrum remains unchanged since ¥(z,t) = ¥(—=x,t). For x = 1, the Lax pair is not self
adjoint, and oy, is not necessarily a subset of R. With the equation written in a uniformly rotating frame so
that all components are time independent, we see that for ( € R, Assumptions hold,

A*(—z) = —A(z), and C*(—x) = kB(z). (102)

It follows that ¢ € oy, if any of the conditions hold. With ¢ € R,

Q%) = A(2)* + B(2)C(x) = A(-2)* + B(~2)C(~x)

) (103)
= (A*+ BO)" = (2*(¢))",
so Q(R) C RUIR.
It O(C) € iR,
P (a(x)C(x) _ 1 [ [T q(x)C(x) P g (2)C* ()
re [ (Ga) </ do—n 9t ] To-a d“”)
1 [(Pa@C@) [TF g (—2)C*(~x)
_2</0 Ay —a /0 Ar(—z) — O d)
1 [Pa@Cw) [0 R
_2</0 Aw - ¢ +/_P A+ 0 d) o
1 (P e P g (—2)C" (=)
_2</0 A(x)_szd“/o “Az) 1 0 d)
_ 1 [T a@)C(z) — g*(~2)C*(~2)
2 (/0 A(z) — Q d )



since A is periodic when ¢ and r are. It follows that {¢ € R: Q(¢) € iR} C oy, for k = £1.

7 Conclusion

The stability spectrum and the Lax spectrum for solutions of many integrable equations on the whole line
have been characterized for some time. The same level of understanding for the periodic problem does
not exist. One reason the whole line problem is more straightforward to study is the ability to do spatial
asymptotics to find the essential spectrum which contains the unbounded components of the spectrum. In
this work, we have given a complete characterization of all unbounded components of the Lax
spectrum for a number of integrable equations.

We have shown that for a number of members of the AKNS hierarchy, real Lax spectra corresponds to
stable modes of the linearization. We have also shown how this might occur for non-AKNS equations. We
have given two theorems with easily verifiable assumptions (7| and [8) for determining this. The methods
described in this paper can be applied to other equations not mentioned in Section [} Some examples
include: Hirota’s equation (or the mixed generalized NLS-generalized mKdV equation) [20] 27], the Modified
Vector ANLS equation [13], the Massive Thirring Model [25], the O4 nonlinear o-model [29], the complex
reverse space-time nonlocal mKdV equation [6], and the reverse space-time nonlocal generalized sine-Gordon
equations [6].

Appendix A The Floquet discriminant

A common tool for characterizing the Lax spectrum for periodic potentials is the Floquet discriminant
[2, @ 18, 28]. The Floquet discriminant is typically approximated numerically since the eigenfunctions of
the = equation are unknown for generic potentials. In our setting, we have explicit expressions for the
eigenfunctions (23)). Since () is defined by its square, defines two different values of Q) for every value
of ¢ for which Q(¢) # 0. Hence defines the two linearly independent solutions of except for when
Q(¢) = 0. When Q(¢) = 0, only one solution is generated by and a second solution is found using the
method of reduction of order. The solution found by reduction of order is algebraically unbounded so it is
not an eigenfunction. For Q({) # 0, the two eigenfunctions of are

bulint) = =) () (10)

We use one choice of and one choice of y;. The following computations proceed similarly for the other
choices. A fundamental matrix solution (FMS) of is given by

oo ~B@y.(2) —B(z)y_(z)
V@ = ((age) S rnte) (Ao ) (106)

where dependence on ¢ has been omitted. The FMS normalized to the identity is given by
M (z;20) = M~ (z0) M (). (107)

To simplify notation, we define

Ii(x;¢) = —/ (a + ABC;L_L) dz. (108)

In this section we use Assumption [I0] instead of Assumption [

Assumption 10. « is periodic in x with the same period P as the solution.
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Under Assumptions [5| and each of the integrands in is P-periodic, and we may use any of the
representations for I. It follows that

Ii(z + P;¢) = I (w5€) + I+ (P5 Q). (109)
Then
ye (@ + P) = yo(2)e =@l =y ()T L (P), (110)
and
M(z + P;xo) = M~ (z0)M (z + P) = M~ (x0) M (2)[(P) = M (z; 20)T(P), (111)
where

[(P) = <F+(§P) F_?P)> (112)

is the transfer matrix. In order for solutions to be bounded in space, it must be that the eigenvalues of the
transfer matrix have unit modulus. Thus,

Re (I (P;¢)) = 0. (113)
If Assumption [10| holds, this is equivalent to . The Floquet discriminant is defined by
A(Q) = tr(D(P)) = T4 (P) +T_(P), (114)
and
oL ={CEC: M(AQ) =0 and [ACQ)<2}. (115)

Both definition (115 and require numerical computation or the use of special functions. We prefer
working with directly, but we present the Floquet discriminant because of its popularity.
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