
���������
	�����
�������������	��������! "���#�%$'&(��)��*���+�
)-,.��)�/0�1)��#�2���1�3�
)4�657��89���:/���;�57�<���+)��=���<	

>9?A@�?AB�CEDGFAH�I�JLKNM9O�?=PQ?R@TSGC
CVUWM9B�?=P�XZY[D*F=J\F9YVI�]�M9>A?=^_?9`ba=c
dZ]'eGM=S�F9f7`g?=h�CEDGigJjH�k\DWl:m
nEo�prqGsZt�uwv_p
x*u�y{z�|}sZu\~#p
vbsZuw�L�E�����9x#�\�Zp
t
���juw�Qy{z��
�j� �jx�yZ�j���AtE��sZx�sZ���R~*s�vTqGsZ���Zx*���9tV��sZx�sZ���{���'�Z���'�[���9�G�

� o�prqGsZt�uwv_p
x*u�y{z��2~������L�E�����9x#�\�Zp
t
���juw�Qy{zg��sZ�{~��jx��Zu�y�x#�+�=p�sZuwuL��p
�����!�Z���N�' N�¡�N W�N�����9�G�
¢ o�prqGsZt�uwv_p
x*u�y{z���qNq�� ��p�£b|�sZu\~#p
v¤s�uw�L�E�����9x#�j�Zp
t����juw�Qy{zg�gs���~W�jx��Zu�yZx*�1��p�sZuwuL��p
�����!�N�W�N�' N�L¥[¦*¥G�[���9�G�
§ o�prqGsZt�uwv_p
x*u�y{z�|}sZu\~*p
v¤sZuw�L�E���1�#�jvbyZxQ¨9t�s��Vp
t©�9x#�j�Zp
t����juw����ª�«�t�x�s'�E���+ª�¬��1¬��<�R��­���o��¯®% °�±���=�
²�³#´_µV¶*·#¸¹µ_º#»Nº*¼¹¸�º*´°½�¾¤¿Gµ�³*¾[À»NÁ*¸¹º#ÂZ´E¾�´VÃ�¶#½�Ä�¸¹»Nº(Å�¸ÆÄ�³7¾�´VÇ*¶#¼¹È�¸¹É'´Qº*»Nº*¼�¸¹º*´°½�¾�¸ÆÄ¡Ê7½Zº#Á(½Zº(´V¼¹¼¹¸¹Ç*Ä�¸¹µQË\¶#º#µ
Ä�¸�»Zº

Ç�»ZÄ�´Eº�Ä�¸�½�¼RÌ¤»�Á*´E¼�È�½bÃW¶#½ZÈ�¸ÆÍ�»Nº#´
Í¡ÁG¸¹Ì¤´Vº#È�¸¹»Nº#½Z¼=¾�´VÇ#¶*¼¹È�¸�ÉN´:Á*¸¹¼¹¶*Ä�´:ÂN½ZÈ�Î2»NÈ�´
ÏWÐ+¸¹º*È{Ä�´V¸¹º�µE»Nº�ÁG´Vº#È�½[Ä�´�Ä�¾�½ZÇ*Ç�´°Á�¸¹º
½_È{Ä�½Zº�ÁG¸¹º#Â_¼¹¸�ÂZ³WÄTÅ<½°É'´ZÑTÒ�´EÅÓËj½ZÌ¤¸¹¼¹¸�´EÈ�»ZË1È{Ä�½�Ä�¸¹»Nº#½�¾�Ê©È�»Z¼�¶GÄ�¸¹»Nº#È�½�¾�´�Ç*¾�´VÈ�´VºWÄ�´°Á=Ñ:¿�»NÌ¤´0»ZË+Ä�³#´EÈ�´�È�»Z¼�¶GÄ�¸¹»Nº#È
³�½°É'´2º#´V¸ÆÄ�³#´
¾�½Zº�½Zº�½�¼¹»NÂ:¸¹º�Ä�³*´�¼¹¸¹º#´°½[¾�¿�µ
³G¾[À»'ÁG¸�º*ÂN´E¾�´VÃ�¶#½�Ä�¸¹»Nº�º#»�¾�¸¹º�Ä�³#´2¸�ºWÄ�´VÂ�¾�½Z·*¼�´2º#»Nº*¼¹¸�º*´°½�¾2¿�µ
³G¾[À»'Á*¸¹º*ÂN´E¾
´°ÃW¶�½[Ä�¸¹»NºAÑ�²�³#´V¸Æ¾1È{Ä�½Z·#¸¹¼¹¸ÆÄ¡Ê�¸�È�´EÔ*½�Ì¤¸�º*´°Á�¶*È�¸¹º#Â0½Zº#½Z¼ÆÊ�Ä�¸¹µ�½Zº�Á�ºG¶*Ì¤´E¾�¸¹µ°½Z¼GÌ¤´EÄ�³*»�Á*ÈVÑ�Õ�¼¹¼GÄ�¾�¸¹É�¸�½Z¼ÆÍ�Ç#³�½�È�´�È{Ä�½Z·#¼¹´
È�»N¼¹¶GÄ�¸�»Zº#È�½�¾�´�Á*´EË\»Z¾�Ì_½�Ä�¸¹»Zº#È<»ZËAÄ�³#´�ÂZ¾�»N¶*º�Á_È{Ä�½�Ä�´�»�ËRÄ�³*´T¼¹¸¹º#´°½[¾�¿Gµ�³*¾[À»'ÁG¸¹º#ÂN´
¾<´°ÃW¶�½[Ä�¸�»ZºAÑ1ÖT¶G¾�¾�´VÈ�¶#¼ÆÄ�È<È�³*»[Å
Ä�³�½[Ä�½<¼�½�¾�ÂZ´2º�¶#Ì�·�´E¾9»ZËGµV»Nº#Á*´Vº*È�´°Á0½�Ä�»ZÌ¤ÈA¸¹È%È�¶G×¤µV¸¹´VºWÄAÄ�»<Ë\»Z¾�Ì�½<È{Ä�½�·#¼¹´NØ�Ç�´E¾�¸¹»�Á*¸¹µ2µE»Nº�ÁG´Vº#È�½[Ä�´NÑ�Ù�³WÊGÈ�¸�µV½Z¼¹¼ÆÊWØ
Ä�³#¸¹È�¸¹Ì¤Ç#¼¹¸¹´VÈ�È{Ä�½Z·*¸�¼¹¸ÆÄ¡ÊQ»ZË%È{Ä�½�Ä�´VÈ�º#´°½[¾�Ä�³#´:²�³*»NÌ_½ZÈ¡ÏWÚ#´E¾�Ì¤¸=¼¹¸¹Ì¤¸¹Ä°Ñ

Û�Ü+Û
ÝgÞ�ß_àbá�âäã�Þ�ÛVà¤Ý

å:XZY�X�F#cQX�æ�çRX�CEJ\i�XZF#cEHQDGFèf�J\k\a�c
X[é#ê*S*H�BTD*H
X[ë�ì�J\F9H�c
XZJíF�Y[D*F�ë
f�XZF9H
S�c
XNH�îrBTì�@THEï<ð9S'ñGX0ê*X�F=XZCES�c
XNfgêGCEXZSWc�JíF#c
XZC
XNH�cTJíF�igS*Y[CED�ë
HEY[DGç9J\Y¤ò#a9SGF*cEa=ióç=ð=X�F9DGigX�F9Sõô�ö*M ÷Wø+JíF(ùRD�cEð(c
ð9X¤c
ð=XZDGCEX[cEJ\YZS�k
S�FAf_X[æ�çRX�CEJíigXZF*cVS�k#ç=ð�ú�H�JjY�H2Y[D*i�iQa=F=Jíc�úG?<û�a9YVð�BTì�@TH1SGC
X�X[æ�ë
çRX�CEJíigX�F#cVS�k\kíúbCEXZS�k\J\d�XZf_l:ð=X�F�Y�X�C
cESGJíF_ê#SGH
XZH1S�CEX�H
a=çAXZC�ë�Y[D�D*kíXNf
ùRX�k\DWl!SgY[CEJ�cEJ\YZS�kRc
XZigçAXZCES�c
a=CEX¤S�F9f}c
CVS�ç9çAXNf�J\F}XZkíXNY°cEC
D*igSGê�ë
F=X�c
JjY7ü9X�kjf=H.ô ý�ø¡?ÿþ S�F�ú3B�ì�@�X�æ�çRX�CEJ\i�XZF#cEHäa9H
X(ð9SGC
igDGF9J\Y
Y[D*F�ü9F=XZigX�F#cZ? å:XNY[X�F#cEkíú*M:ð=DWl�XZñGXZCZM�c
ð=XZC
X ðASGHäùRX�XZF i�a9YVð
J\F*cEX�CEXZH�c�J\FõH
JíF�a9H
DGJjf=S�k�Y[D*F�ü9F=XZigX�F#c�D � C
XZç=a=kjH�J\ñGX�B�ì�@TH�a9H�ë
J\F=ê3H�cESGF9f�J\F=ê k\Jíê*ð*c}lTS'ñ*XZHZ? û�a9YVð B�ìT@TH�ð9S'ñGX(ùRX�XZF a9H
XZf
c
D}H�cEa9f�ú ç=ð9SGH
X�Y�DGð=XZC
XZF9Y[X©ô �Wé���ø2SGF9f7iäSWc�cEX�C
ë¡l�S'ñGX¤f�J��%CES*Y°ë
c
J\DGF(ô��Nø{?
	�ð9X�ú_ð9S'ñ*X:S�kjH�DbùRX�X�Fgç=CEXZf=J\Y[c
XZf�c
D_SGç=ç=k\ú¤c
D_ò#a9SGF�ë
c
a9iók\DGê*J\Y�ô �9M ��ø¡MAigS�c�cEX�C
ë¡l�S'ñGX�c
CVS�FAH�çRDGC
cQôíö�
Wø{MASGF9f7iäSWc
c
X�C
ë
l�S'ñGX�ê*CES�c
J\F=ê*HZ?���FõcEð=JjH�çAS�çRX�CNM�l�XgY[D*F9H�Jjf�XZC�cEð=Xäf�ú�F9S�igJjY�H
S�FAfäH�cVS�ù=J\kíJíc�ú�D � C
XZç=a=kjH�J\ñGX0B�ì�@TH�c
CVS�ç=çRXZfgJ\F©H�cES�FAf�JíF9ê_kíJ\êGð#c
l�S'ñGXZHZ?
� i�XNS�F�é#ü9X�kjf f=XZHEY[CEJíç�cEJíD*F � D*C c
ð=X iäSGY�C
D#H
Y�DGç=JjYèB�ì�@

l�S'ñGX � a9F9Y°cEJíD*F}JjH:Y[D*F9H�cEC
aAY°c
XNf©a9H
J\F=ê�cEð=X���SGC�cEC
XZX°é��9D�YVIgSGç�ë
ç=CED'æ�JíiäSWcEJíD*Fäô�ö*ö[ø*SGF9fbC
XNH�a9k�cVH�J\Fbc
ð=X���C
D#H
H�ë{h�J�cVS�XZñ�H
I�JíJ'XNò*aASWë
c
J\DGF�ôíöN÷=MíöNýWø{?�	�ð9X_f�JíigXZF9H�J\DGFAH�D � c
ð=X_B�ìT@ ç=kjS'ú�S�F7J\i�çRDGC
ë
cESGF#c�CEDGk\X�� öNP�M�÷GP�M<S�FAfèýGP B�ìT@TH�S�k\kTùAXZð9S'ñGX JíFÓS CVSGf�Jíë
Y�SGkík\ú"f�J��%X�CEX�F#c�igSGF=F=XZC ôíö��AMíö��'ø{?���F�c
ð=X ò#a9SGH
J�ëVöZP C
XZêGJ\igXGM
c
ð9X ��CED*HEH�ë�h�JícESGX�ñ�H�I�J\J�XZò#a9S�c
J\DGF(CEXZf�aAY[XZH0c
D�c
ð=X öZP6F=DGF9kíJ\F�ë
XZSGC�û�YVð=C�!D*f�J\F=ê*X�CTXZò#a9SWcEJíD*F îr^�O2û=ï�l:Jíc
ð(S�F X[æ�c
XZC
FAS�k%çADGc
XZF�ë
c
JjS�k¡?"	�ð9J\HbCEX�ê*JíigX�ð=DGkjf=H�l:ð=X�F.c
ð9XQcECESGF9H
ñGX�CVH
XQf�J\igX�F9H
JíD*F9H
D � c
ð=XäY�DGF9f�XZF9HESWc
XgS�CEX�DGF.c
ð=XgDGCVf�XZC�D � JícEHbð=XNS�k\JíF9ê}k\X�F=êGc
ð
S�FAfõcEð=X©k\DGF=ê*J�cEa9f�J\F9S�kTf�J\i�XZF9H
JíD*F JjH_iQa9YVð"kíD*F=êGXZC¤c
ðAS�F"J�cVH
c
CVS�FAH�ñ*X�CVH�X�f=JíigX�FAH�J\DGF9H7ôíö��9Míö#�Nø{?$��Fèc
ð=JjH�C
XZêGJ\igX�cEð=X B�ì�@
CEX�iäS�J\F9H�ç=ð9S*H�X_Y�DGð=XZC
XZF#c:SGF9f}c
ð=X¤ê*DWñGXZC
F=J\F=ê�XZò#a9S�c
J\DGF9H:SGC
X
DGF9X[ë�f�JíigXZF9H�J\DGFAS�k¡?
	�ð=JjH�J\H�JíF}Y[DGF#cECES*H�c�cEDQS_c
CEa=kíú7öNP igXZSGF�ë
ü9XZk\f}c
ð9X�DGCEú©l:ð=JjYVð7C
XNò#a=JíCEXZHTcECESGF9H
ñGX�CVH
X�f�J\igX�F9H
J\DGF9H�D*F}cEð=X
DGCVf�XZCTD � D*C�kíXNH
H�cEð9S�F}c
ð9X_SWc
D*igJ\Y�J\F*cEX�CVSGY[c
J\DGF kíXZF=ê�cEð�?
	�ð=X�CEXZY�X�F#c2c
CVS�ç=ç=J\F=ê�D � S�B�ìT@.J\FQS�ð=DGk\kíDWl�ù9kía=X�ë{f=X[c
a9F=XZf

kjSGH
X�C�ùRXZSGi ô ÷GýWø¤f�X�igD*F9H�cECES�c
XNHäc
ðASWc(Sèò#a9SGH
JíëEöNP B�ìT@4JjH
X[æ�çRX�CEJíigXZF*cVS�k\kíú CEXZSGkíJ\dZSGù=k\XG? � ñWS�CEJíX�c�ú±D � DGc
ð=XZC"X[æ�çAXZC
Jíë

igXZF*cVH�ôíöGM\ö��9Míö%�=MÆ÷�ý'é*÷��Wø�SGC
X�SGk\H
D(igD�f�X�k\XZf�ù�ú.c
ð=X.öZPó^�O2û
l:Jíc
ð"S�F.X[æ�c
XZC
FAS�k2çADGc
X�F#cEJ\SGkr?'&�çAD*F.CEXZHEY�SGkíJ\F=êAMAcEð=XgêGDWñ*X�CEF�ë
J\F=êgX�ñ*DGk\a�c
J\DGF JjH�êGJ\ñGX�F ù�ú

(*)�+�,.- ö÷ )0/%/2143 )53 U )$176 î98Rï );: î�öNï

l:ð9X�CEX ) î98 :=< ï�J\H+c
ð9X�iäSGY�C
D#H
Y�DGç=JjY2lTS'ñ*X � a=F9Y°cEJíD*F_D � cEð=X�Y�DGF�ë
f=X�F9HESWcEX�S�FAf 6 î98Rï�J\H�S�F�X[æ�çAXZC
J\igX�F#cESGkík\úgêGXZF=X�CVSWcEXZfgiäSGY�C
DGë
HEY[D*ç=JjY�çADGc
X�F#cEJ\SGkr?2@�D*F�ü9F=XZigX�F#c+J\F_S:H�cVS�F9f�J\F=ê:k\Jíê*ð#c�lTS'ñ*X2CEX[ë
H
a=kícEH2J\F 6 î98Rï+ùAXZJíF9ê�çRX�CEJíD�f�JjY�?
��FQS�C
XNY[XZF*c2X[æ�çRX�CEJíigX�F#c:ô �AM �Wø¡M
S�H�ð9SGkík\DWlÿð9S�CEigDGF=JjY¤çRD�c
XZF#c
JjS�k2lTS*H0S�ç=ç9kíJ\XZf(J\FõS*f=f�Jíc
J\DGF7c
D
SõH�cVS�F9f�J\F=ê k\J\êGð#c�l�S'ñGXG?�	�ð=X H�cVS�F9f=JíF=êõkíJ\êGð#c�l�S'ñGXäJ\F�c
ð9J\H
YZSGH
X�l�SGHbH
a?>©Y[J\X�F#c
k\ú(JíF#cEX�F9H
X�H
D}c
ð9S�c�cEð=XäY[D*F9f�X�FAH
S�c
X�l�SGH
H�c
CEDGF9êGk\úäkíD�Y�SGkíJ\d�XNf�J\F XZSGYVð lTX�k\kr?@	�ð=JjH�JjH�C
X � X�CEC
XNf©cEDgS*HTc
ð=X
cEJíê*ð#c�ë{ù=JíFAf�JíF9ê C
XZêGJ\igXG? � f=f�Jíc
J\DGFAS�k\kíú*M�c
ð=X S�ç=ç9SGCES�c
a9Hgl�SGH
cEJíkíc
XNf�ñGX�C
c
JjY�SGkík\ú�H
D�c
ð9S�c�êGCVS'ñ#Jíc�ú¤Y�SGa9H�XNf_cEa=F=F=XZkíJ\F=ê¤ùRX[c�lTX�XZF
lTX�k\kjH�? A�a9C�cEð=X�D*C
X�c
JjY�SGk1üAF9f�J\F=ê*HbY[D*F9H
J\f�XZC�cEð=XäY[D*i�ç9kíJ\igX�F�ë
cVS�CEú©X[æ�çRX�CEJíigXZF*c:J\F7l:ð=J\YVð}c
ð9X_Y[DGFAf�X�F9HESWcEXbJ\H � CEX�X�cED�igDWñ*X
ùRX[c�lTX�XZF lTX�k\k\HZ?CB Jíc
ð(cEð=XQS*f�ñGXZF*c�D � ò#a9SGH
JíëEöNP�MRY[ú�kíJ\F9f�CEJjY�S�k
ê*X�D*i�X�c
CEJíXNH7ô ÷GýWø{M�SGf=f=J�cEJíD*F9S�k:ð9SGC
igD*F=J\Y Y[D*F�ü9F=XZigX�F#cäJ\HgF=D
k\DGF9êGX�CTF=XNY[XZHEHES�CEúgSGF9fäcEð=X¤B�ìT@Óf�ú�F9SGi�JjY�H�Y�DGF9H
J\f=X�CEXZf©ð9X�CEX
SGC
XbS�ç9ç=kíJjY�SGù=k\XG?
	1D igD�f=X�k_cEð=X3ò#a9S*H�JíëVöZP Y�DGF�ü9F9X�igX�F#c.ç9C
D�f�a9Y�XZf±ù�ú±S

H�cESGF9f�J\F=êgkíJ\êGð#c:l�S'ñGXGM�lTX¤a9H
X�cEð=X¤çRX�CEJíD�f�JjY�çADGc
X�F#cEJ\SGk

6 îD8Rï ,E-26GF H�F U îD8 :IH ï îr÷Gï

l:ð9X�CEX.H
F+îD8 :IH ï}f�X�F9D�c
XNH©cEð=X">*S*Y[DGù9J\SGF X�k\kíJ\ç�c
JjY H�J\F=X � a9F9Y°ë
cEJíD*F ô ÷��Nø�l:Jíc
ð�X�k\k\Jíç�cEJ\YgigD�f�a=k\a9H"
;J H J4öG?K��F c
ð9XäkíJ\igJ�c
HL, 
:c
ð9X�çRD�cEX�F#c
JjS�k�JjH1H
JíF�a9H
DGJjf=SGk*S�FAfbc
ð�a9H 6 î98Rï+J\H�S�H�cVS�F9f�ë
J\F=ê.kíJ\êGð#cQl�S'ñGX*?;�=D*CQJ\F#c
XZC
igXZf=J\S�c
X�ñWSGkía=XNH}î�XG? ê9? HNM 
GO �#ï
cEð=XõçRD�cEX�F#c
JjS�kbY[k\D*H
X�k\úÓC
XNH�XZi�ù=k\XZH©c
ð=X"H�J\F�a9H
DGJjf=S�k�ùAXZð9S'ñ�JíD*C
SGF9f"cEð#aAHQç9C
DWñ�Jjf�XZHQS êGD�D�f SGç=ç=CED'æ�J\iäSWcEJíD*F"c
D.S H�cES�FAf�JíF9ê
k\J\êGð#cQl�S'ñGX*?$�2J\F9S�k\kíú*M � DGC HNP ö�Q�M 6 îD8RïQùRXZY�DGigXZH�S�FèSGC�ë
CVS'ú_D � lTX�k\k�ë�H
X�ç9SGCES�c
XZfQð�ú�çAXZC
ùRDGk\J\Y:H
XZYZS�F#c�çRD�c
XZF#c
JjS�k=ù9SGC
CEJ\X�CVH
D*C�lTX�k\kjH�?�	�ð=X�çADGc
X�F#cEJ\SGk1JjH�ç=kíDGc�cEXZf J\FR�2J\ê9?�ö � D*C�ñWSGkía=XNH�D �
HS, 
 : 
GO � : 
TO ���U��SGF9f�
TO ���U�����U�=?VA�F=k\ú � D*C H ñGXZC
ú}F=XZSGC0DGF9X
î�XG? ê9? HSW 
GO �U���#ï�f�D�XZH�cEð=X¤H�D*kía�cEJíD*F}SGç=çAXNS�CTñ�J\H
Jíù9kíú©XZkík\J\ç�c
JjY�?

ö



0 π
2K(k)x/π

0.0

0.2

0.4

0.6

0.8

1.0
|V

(x
)/

V
0|

=
sn

2 (x
,k

)

k=0
k=0.9
k=0.999
k=0.999999

k=0

k=1

2π

Ú�����Ñ��NÑ�²�³*´�È�º ���	��
���
 È{Ä�¾�¶#µEÄ�¶G¾�´<»ZË�Ä�³*´<Ç�»ZÄ�´VºWÄ�¸�½Z¼GËj»Z¾2ÉN½[¾�Ê�Í
¸¹º#Â:ÉZ½Z¼¹¶#´VÈ1»ZË � Ñ�ÒT»�Ä�´�Ä�³#½�Ä+Ä�³#´ � Í�µV»W»�¾�Á*¸¹º�½[Ä�´�³#½ZÈ2·�´E´Vº¤È�µ°½Z¼¹´°Á
·WÊ�Ä�³#´7Ç�´E¾�¸¹»�Áè»ZËbÄ�³*´7´V¼¹¼¹¸�ÇGÄ�¸¹µ7Ëj¶#º*µEÄ�¸¹»Nº9Ñ¯²�³#¸¹È©Ç�´E¾�¸¹»�Á�½ZÇGÍ
Ç*¾�»N½Zµ�³#´VÈ¤¸¹º��#º#¸ÆÄ¡Ê(½ZÈ ��� �NÑ�¿G¸¹º#µV´QÈ�º �	��
���
 ¸¹È¤Ç�´E¾�¸¹»�ÁG¸�µ�¸�º� Å�¸ÆÄ�³�Ç�´E¾�¸¹»�Á���� ����
�� ������� ��  "!$#�% ��& � � È�¸¹º � ! Ø�' �	�(
 ¸¹ÈÇ�´E¾�¸¹»�Á*¸¹µ:¸¹º � Å�¸ÆÄ�³gÇ�´E¾�¸¹»�Á*)+� ����
 Ñ
	�ð=X � C
XZXZf�D*i J\F YVð=D�D*H
J\F=ê H S�k\k\DWl0H�a9H c
D Y�DGF9H
J\f=X�C
i�aAYVð¯igDGCEX êGXZF=X�CVS�k©çRD�cEX�F#c
JjS�kjHèc
ð9SGF¯Y[DGFAH�Jjf�X�CEXZf ç9C
XZñ#Jíë
DGaAH�k\ú ô ÷ �'é�ý=ö[ø0SGF9f�S�k\kíDWl0H � DGCäê*C
XNSWc-,9X�æ�J\ù=J\kíJíc�ú J\F Y[DGFAH�Jjf�ë
X�CEJ\F=êäSQl:Jjf�X¤ñWS�CEJ\X[c�úäD � ç=ð�ú�H�JjY�SGkík\úäCEXZS�k\J\dZS�ù9kíXbçRD�c
XZF#c
JjS�kjH�?
	�ð=X�ç9S�çRX�C�JjH�DGa�cEkíJ\F=XZf�SGH � D*kík\DWl0H��+JíFQc
ð=X�F=X�æ�c�H
XZY[c
J\DGF�l�X

f�XZC
J\ñGX�SGF9f Y�DGF9H
J\f=X�C�ñ'SGC
J\DGaAH0ç=CEDGçRX�C
c
J\XZH�S�F9f(k\J\i�JícEH�D � c�l�D
c�ú�çAXNH�D � X�æ�ç=kíJjY[JícTH
DGk\a�cEJíD*F9H<D � ì�òR?9î�ö'ï<l:Jíc
ðõî¡÷Gï°?�û�XNY°cEJíD*FL�=�=�
f�XZñGX�k\DGçAHbc
ð=X S�F9SGkíú#cEJ\Y � CVS�igX�lTDGCEI � D*C_c
ð9X©kíJ\F=XNS�CQH�cESGù=J\kíJíc�ú
ç=CEDGçRX�C
c
J\XZHbD � cEð=X©F=XZl H
DGk\a�cEJíD*F9H¤D � û�XNY�? � �°? 	�ð=X�H�cESGù=J\kíJíc�ú
CEXZH
a=k�cVH�S�CEX:Y[D*F�ü9CEi�XNf�ù#úQF�a=igX�CEJ\YZS�k9Y�DGigç=a�cVSWc
J\DGFAH�?
��FäY[X�C
ë
cESGJíF�Y�S*H�XNH�MNc
ð9XTH�cESGù=Jík\Jíc�ú_S�F9SGkíú�H
J\H+J\H2J\F*cECES*Y°cVS�ù=k\X�SGF9f_lTX�CEX�k\ú
H
DGk\X�k\ú©DGF7H�J\i�a9k\S�c
J\DGF9HTcEDgf=X[c
XZC
igJ\F=X_H�cES�ù9Jík\J�c�ú*?
B.X(Y[D*F9Y[k\a9f�X�c
ð=X7ç9SGçAXZCgJíF�û�XZYG?
��. l:Jíc
ð�S ù=CEJ\X � H
a=i�ë

iäS�CEú SGF9f ð9Jíê*ð=kíJ\êGð#cVH0D � cEð=X�ç=C
J\iäS�CEú}CEXZH
a=kícEH�D � cEð=XQçAS�çRX�C
S�FAfõcEð=X�J\CQY�DGF9H
XZò#a=XZF9Y[XNH � DGC�B�ì�@ f�ú�F9SGigJ\YZH_S�F9f"Y�DGF�ü9F9X[ë
igX�F#cZ?

Û°Û[Ü0/AÞ21:Þ�ÛVàbÝ-1Qß435/%à762â�Þ�Û°àbÝ8/
ì�ò#a9SWcEJíD*F î�ö'ï©l:Jíc
ð 6 î98Rï , 
èJjH7S�F!JíF#c
XZêGCVS�ù=k\X XNò*aASWë

c
J\DGF SGF9f"iäS�F�ú X[æ�ç=k\J\Y�J�cQH
DGk\a�cEJíD*F9H_Y[D*C
CEXZH
çRDGF9f�J\F=ê c
Dõñ'SGC
Jíë
DGaAHQùRDGa9F9f=S�CEú Y[D*F9f�Jíc
J\DGF9HgSGC
X I�F=DWl:F�? � Y�DGigç=CEX�ð=XZF9H�J\ñGX
DWñGXZC
ñ�J\X�l D � cEð=XZH
X_H
DGk\a�c
J\DGF9H0J\H � D*a=F9f J\F"ô ý*÷Wø¡? � � 6 îD8Rï:9, 
=M
c
ð9X�^�O1û_J\H2a9H
a9S�k\k\ú¤F=D�c<J\F*cEX�ê*CESGù=kíX*? ��FQc
ð=JjH�Y�SGH
XGMWD*F=k\ú_H�iäS�k\k
Y[kjSGHEH
XZH0D � X[æ�ç=k\J\Y�J�cbH�D*kía=c
J\DGF9H�Y�S�Fõi�D#H�c�kíJ\IGXZkíú ùRXQD*ù�cESGJíF=XNf�?
A�a=C�YVð=DGJjY[X_D � çADGc
XZF*cEJ\SGk!î¡÷Gï:JjH�i�DGc
J\ñWSWc
XNf(ù�ú�cEð=X � D*C
ióD �
c
ð9X�H�cVSWcEJíD*F9S�CEú H�D*kía=c
J\DGF"D � c
ð9X©^�O1û l:Jíc
ð 6 îD8%ï , 
=? � F
DWñGXZC
ñ�J\X�l±D � c
ð=XNH�XgH�cESWcEJíD*F9S�CEú(H�D*kía=c
J\DGF9H�S�F9f c
ð=XZJíC¤ç9C
D*çAXZC�ë
c
J\XZH�J\H � DGa=FAfäJíF ôíö���ø¡? � c�ç9C
XNH�XZF*cNMGlTX0CEXZH�c
CEJ\Y[c�DGa=CTSWc�cEX�F#c
J\DGF

cED H�cES�c
J\DGF9SGC
ú"H
DGk\a�c
J\DGF9HQD � ì�òR?Tî�öNï[M ( O ;�O : H
DGk\a�cEJíD*F9H�l:ð9D*H
X
cEJíigX�ë{f�XZçAXZF9f�XZF9Y[X¤JjH�C
XNH�cEC
JjY°cEXZf�c
D

) î98 : < ï ,=< î98Rï X[æ�ç+î - (?>@< 1 (�@ îD8%ï�ï O î�ý*ï
� � @ /BA 
9MWc
ð=XZF�c
ð=X0H
DGk\a�c
J\DGFQJ\H�C
X � X�CEC
XNf¤c
D¤S*H�ð9S'ñ�JíF=ê�c
CEJ\ñ#JjS�k
ç9ð9SGH
X�SGF9f lTXgYVð=D�D*H
X @ î98Rï , 
=?�û�a=ù9H�c
Jíc
a�cEJíF=ê cEð=XäS�F9HESWcEd
ì�òR?=î�ý*ï1J\Fäì�òR?=î�ö'ï1SGF9fgf�J\ñ#Jjf�J\F=êbDGa�c�cEð=X:X[æ�çRDGF=XZF*cEJ\SGk � SGY[c
DGC
CEXZH
a=kícEH�J\F c�l�DgXZò#a9S�c
J\DGF9H���DGF=X � CEDGi¯c
ð=X¤CEXZSGk�ç9S�C
c0S�F9f DGF9X
� CEDGi cEð=X JíiäS�ê*JíFAS�CEú çAS�C
cZ? 	�ð=X7H�XNY[D*F9f�XZò#a9S�c
J\DGFÓY�S�F3ùAX
J\F#c
XZêGCVSWc
XNf �

@ îD8%ï ,DCFE /F G 8IH< U îD8 H ï : îD�#ï

l:ð9X�CEX C J\H�SäY[DGFAH�cVS�F#c0D � J\F*cEX�ê*CES�c
J\DGF�?T^0D�cEX¤c
ðASWc @ î98Rï0J\H�S
igD*F=D�cEDGF=D*a9H � a=F9Y[c
J\DGF D � 8+?�û�a=ùAH�cEJ�cEa�c
J\DGF D � c
ð=JjH�CEXZH
a=kíc�J\F
cEð=X¤CEX�iäS�J\F=J\F=êQXNò#a9SWcEJíD*F}ê*Jíñ*XZH

>J< m îD8%ï , C U
÷ -

< ]#îD8%ï < H H�îD8Rï
÷ 1�<"K îD8Rï - 6GF H
F U î98 :IH ï < m îD8Rï O

î �Gï
	�ð9X � DGk\kíDWl:J\F=ê�H
a=ù9H
XZY°cEJíD*F9H©f�XNH
Y�C
J\ùRX(c�l�D Y�k\S*H
H
XZHgD � H�D*kía�ë
cEJíD*F9H�D � c
ð9J\H:XNò#a9SWcEJíD*F�?

ÞMLIN$O*1
�=D*Cäc
ð9XZH
XõH�D*kía=c
J\DGF9HZM < U*î98RïäJjH�Sèò*aASGf�CVSWcEJ\Y � a=FAY°c
J\DGF D �

H
F+î98 :IH ï � < U î98Rï ,DP H�F U îD8 :IH ï 1RQ O î9�*ï
û�a=ù9H�c
Jíc
a�cEJíF=ê�c
ð=JjH�S�F9HESWcEd¤JíF ì�òA?2î �*ï0S�FAf7XZò#a9SWcEJíF9êgc
ð=X�Y[D�ë
X�>©Y[J\X�F#cEH¤D � XZò#a9S�k�çADWlTX�CVHbD � H�F1îD8 : H ï¤CEXZH
a=kícEH¤J\F"C
XZk\S�c
J\DGF9H
SGigDGF=ê�cEð=X.H
DGk\a�cEJíD*F ç9S�CVS�igX�c
X�CVH >C:SC#:TP S�F9f Q S�FAf�c
ð=X
XNò#a9SWcEJíD*F}ç9SGCESGigX[c
XZCEH 6 F S�F9f H ?@	�ð=XNH�X_SGC
X

> , ö
÷�U ö 17H U 1 ý QE- Q 6 F

6GF 17H UIV : î*�WS#ï

C U ,WQ U ö 1 Q
6 F 17H UXVZY 6TF�1 H U 1RQ H U\[ : î*�'ùAïP , 6TF 17H U O î*�WYZï

�9DGCäS.êGJ\ñGX�F3çADGc
XZF*cEJ\SGk 6 îD8%ï°MTc
ð9J\HäH
DGk\a�c
J\DGFÓY[kjSGHEH�ðASGHgDGF9X
� CEX�X�ç9SGCESGigX[c
XZC Q l:ð=JjYVð�ç=k\S'ú�H1c
ð9X:C
D*kíXTD � S�Y�DGF9H�cESGF*c�ù9S*YVI*ë
ê*C
D*a=F9fbk\X�ñ*X�k¡?
	�ð=X � C
XZXZf�D*i JíFQYVð=D�D*H
JíF=ê�c
ð=XTçRD�c
XZF#c
JjS�k#êGJ\ñGXZH
SQcED�cESGk�D � c
ð=CEX�X � CEX�X¤ç9SGCESGigX[c
XZCEH�� 6 F M H S�F9f Q ?
	�ð=XQC
XNò*a9JíCEX�igX�F#cVH:c
ðASWcbùADGc
ð < U#îD8Rï�SGF9f C UQS�CEX�çRD*H
J�cEJíñ*X

J\igçAD#H�XNH:Y[D*F9f�Jíc
J\DGF9H�D*F�cEð=X_f�DGiäSGJíF7D � c
ð=XNH�X¤çAS�CVS�igX[cEX�CVH��
6 F^] -2H U :_Q ] 
 : DGC î �GS#ï

6GF J -2H U : - î 6GF�17H UNï J Q J - U ö 1 6GFH UIV O�î ��ùAï
	�ð9X©C
XZêGJ\DGF"D � ñWSGkíJjf�Jíc�ú.D � cEð=XZH
X}H
DGk\a�cEJíD*F9H¤JjHQf�JjH
ç=k\S'ú*XZf J\F
�2J\ê9?9÷=?

÷



0��������������������������������������������������������������������
��
��
��
��
��
��
��
��
��
��

V
2

B

0

0
22

0
2

B=-(V +k  )/k

B=-(V +k  )

-k
Ú�����Ñ()WÑb²�³*´b¾�´VÂN¸¹»Zº(»ZË<ÉZ½Z¼¹¸�Á*¸ÆÄ¡Ê}»ZË2Ä�³#´¤È�»N¼¹¶GÄ�¸�»Zº#È�»ZË�²�Ê*Ç�´

Õ�¸¹È:Á*¸¹È�Ç#¼�½VÊW´°ÁäÈ�³#½NÁ*´VÁ�Ëj»Z¾:½B�*Ô*´VÁgÉN½�¼�¶*´0»ZË � Ñ�²�³#´�´°Á*ÂZ´VÈ�»ZË
Ä�³#´VÈ�´�¾�´VÂN¸¹»Nº*È�µV»Z¾�¾�´VÈ�Ç�»Zº�ÁQÄ�»�ÉN½[¾�¸¹»N¶#È<Ä�¾�¸¹É�¸�½Z¼9Ç#³�½�È�´�È�»N¼¹¶GÄ�¸�»Zº#ÈVÑ

�=DGC�c�ú�ç=JjY�SGk�ñWS�k\a=XZH�D � 6GFU: H SGF9f Q M�c
ð9X_S�ùRDWñGX�XZò#a9SWcEJíD*F9H
êGJ\ñGX�C
JjH
X0c
D�H�D*kía=c
J\DGF9H�D � ì�òR?Rî�öNï�l:ð=J\YVð S�CEX�F=DGcTçRX�CEJ\D�f=J\Y�JíF
8 � < î98Rï+J\H1çRX�CEJíD�f�JjY<l:Jíc
ð¤çRX�CEJíD�f�÷��èî H ï°MNl:ð=X�CEXZS*H�X[æ�ç+î (?@ îD8Rï
ï
JjHQçRX�CEJ\D�f=J\Y�l:J�cEðèçRX�CEJíD�f�� , @ Q�KWîr÷��+ï°? ��F3êGX�F9X�CVS�k�cEð=XZH
X
c�lTD_çAXZC
J\D�f=H�÷��èî H ï<S�FAf	� S�CEX:F=D�c�Y[D*i�igXZF9H�a9CESGù=kíX*?
	�ð�a9HZM
CEXZò#a=J\C
J\F=ê�çAXZC
J\D�f�J\YbH
DGk\a�c
J\DGFAH�C
XNH�a=kícEH�J\F7S�F=DGc
ð=XZC0Y[DGFAf�J�cEJíD*F�M
F9SGi�XZkíú_÷��èî H ï�
�� ,�
 
���M � D*C+c�lTD�çRD*H
J�cEJíñ*X�J\F#c
X�ê*X�CVH 
 S�FAf���?
	�ð=X0igD#H�c�Y�DGF�ñGXZF=JíXZF#c�lTS'ú¤cED_X[æ�ç=CEXZHEH2c
ð9J\H�ç=ð9SGH
X�ò#a9SGF*cEJídNSWë
c
J\DGF_Y�DGF9f=J�cEJíD*F_J\H�c
D�S*H
H
a=igX<cEð=X�çRD�c
XZF#c
JjS�k%î ( O ;�O :%6 F SGF9f H ï�JjH
êGJ\ñGXZF�M�S�FAfbc
DbY[D*F9H�Jjf�XZC1ñWS�k\a=XNH1D � Q � DGC2l:ð=J\YVð�c
ð=X:ò#a9SGF*cEJídNSWë
c
J\DGF7Y[D*F9f�Jíc
J\DGF J\H�HESWcEJ\H�ü9XZf�?0��F*cEC
D�f�aAY[J\F=ê�� ,DQ 
=î 6 F 1 H UZï[M
lTX�üAF9f

� % ��î�ö 1 �1ï�î�ö 17H U �1ï
� E��������F G 8H
F+îD8 :IH ï U 1 � ,



� O î �*ï

	�ð=JjH�XZò#a9S�c
J\DGF�JjH�H�D*kíñ*XZf � DGC���M*S � c
XZC2l:ð9J\YVð Q , ��î 6 F 1KH U�ï[?
�=D*C0F�a=igX�CEJ\YZS�k2H�J\i�a=kjSWcEJíD*F9HZM�c
ð=XQF�a=i�ùRX�C0D � çAXZC
J\D�f=H0D � cEð=X
çRD�c
XZF#c
JjS�k+JjH�H�X�cZ?C	�ð=JjH�f=X[c
XZC
igJ\F=XZH���MAk\J\i�Jíc
J\F=ê�c
ð=XQF#a9i�ùRX�C
D � H
DGk\a�cEJíD*F9H�D � ì�òR?�î9�*ï[?bû�DGk\a�c
J\DGF9H�l:Jíc
ð cEð=XgH
SGi�XQçAXZC
J\D�f�ë
JjY[Jíc�ú�SGHTcEð=X¤çADGc
XZF*cEJ\SGk�CEXZò#a=J\C
X 
 
�� , öG?
^0D�cEX:c
ðASWcTH
DGk\a�cEJíD*F9H�D � 	�ú�çAX � CEXZf�a9Y�X:c
D�H�cVSWcEJíD*F9S�CEú�H
D�ë

k\a�c
J\DGF9HQD � ì�ò�H�?Tî�öNï�S�F9f îr÷Gï_l:J�cEð 6 F , 
9?;�=a9C�cEð=X�CEigDGCEXGM
S�k\k9H�cES�c
J\DGF9SGC
ú�H�D*kía�cEJíD*F9H<D � cEð=X�J\F#c
X�ê*CESGù=k\XTXNò#a9SWcEJíD*FgSGC
X:D*ù�ë
cESGJíF9XZf7SGH�k\JíigJícEH:D � H
DGk\a�c
J\DGFAH�D � 	�ú�çRX � ?
B�úÓXZò#a9S�c
J\F=ê C , 
=M0H
DGk\a�c
J\DGF9H©l:J�cEð c
CEJíñ�JjS�k�ç=ð9SGH
XõSGC
X

DGù=cES�J\F=XNf(S�F9f cEð=XQSGùADWñ*X � DGCEi�a=kjSGH0H
J\i�ç9kíJ � ú7êGCEXZSWcEkíú*?0û�JíFAY[XC UQð9SGH�c
ð9C
XZX � SGY[c
D*CEH�l:ð=JjYVðõS�CEX�k\JíF9XZS�C�J\F Q îrH�XZX�ì�òR?2î*��ï�ï[M
c
ð9X�CEX�SGC
XTcEð=C
XZX:YVð=DGJjY[XNH�D � Q � D*C<l:ð=JjYVðQcEð=JjH�D�YZY[a=CVH�� Q , 
=MQ ,.- î 6 F 1RH UZï�S�F9f Q ,E- î 6 F 1RH UZï�
 H U�?0	�ð=XNH�X�çAD#H
H
J\ù=Jíkíë
Jíc
J\XZH:S�CEX0cEð=CEX�X�D � cEð=X � DGa=C�ùRDGa=FAf=S�CEúäkíJ\F=XNH�D � c
ð9X�CEX�ê*JíD*F©D �
ñWS�k\J\f=J�c�úQJíFL�2JíêA?*÷�?�^0DGc
X:cEð9SWc<cEð=X0CEX�iäS�J\F=J\F=êbùAD*a=F9f=SGC
ú�kíJ\F=X
î 6GF5,.-2H U�ï�Y�DGCEC
XNH�çRDGF9f9H�cED < U#îD8%ï ,=Q MGl:ð=JjYVð�êGJ\ñGXZH2CEJ\H
XTc
D
S7ç=kjS�F=Xäl�S'ñGXäH
DGk\a�c
J\DGF+?S&�H
J\F=ê >*S*Y[D*ù=J\SGF.XZkík\J\ç�c
JjY � a=F9Y[c
J\DGF
Jjf�X�F#c
Jíc
J\XZH:ô ÷U�'ø¡M'D*F=X�üAF9f=H�ñWS�CEJíD*a9H2H�J\igç=kíJíü9XNf�H
DGk\a�c
J\DGF � DGCEigH��Q , 
Qê*Jíñ*XZH

< îD8%ï , % 6GF 17H U H�F1îD8 : H ï : > , ö 17H U
÷ O î�ö%
*ï

Q ,.- î 6GF 1 H UZïTêGJ\ñGXNH

< î98Rï , % - î 6 F 1 H U ï�Y[F1îD8 : H ï : > , ö
÷ - 6 F - H U : î�öGö'ï

l:ð9X�CEX_Y[F+î98 :IH ï:f�X�F9D�c
XNH:cEð=X�>#SGY[D*ù=JjS�F X�k\kíJ\ç�c
JjY_Y�D*H
JíF=X � a9F9Y°ë
cEJíD*F�?�O+S*H�cEkíú*M Q , - î 6 F 1 H UNï�
 H U�êGJ\ñGXZH

< îD8Rï , % - î 6GF 17H U ïH f=F+îD8 :IH ï :D> ,E- ö - 6 FH U 1 H U÷ :
î�öN÷*ï

l:ð9X�CEXgf=F+îD8 :IH ï¤f=X�F=DGc
XZH�cEð=Xgc
ð9JíCVf">*S*Y[DGù9J\SGFõX�k\k\Jíç�cEJ\Y � a9F9Y°ë
cEJíD*F�? û�DGk\a�c
J\DGF î�ö�
#ï¤JjH�ñWS�k\Jjf � DGC 6 F ] -2H U�M<l:ð9X�CEXZSGH_c
ð=X
DGc
ð=XZC�c�lTD�H
DGk\a�c
J\DGF9H�î�ö*öNï<SGF9f î�öN÷Gï�S�CEX0ñWS�k\J\f � DGC 6 F J -2H U�?
	�ð9X_S�igç=k\J�cEa9f�X¤D � c
ð9XZH
XbH
DGk\a�cEJíD*F9H0SGH:S � a=FAY°c
J\DGF7D � çRD�cEX�F�ë
cEJ\SGk�H�cEC
XZF=ê�cEð 6 F JjH:H�ð9DWl:F}J\F��1J\ê9?Aý=?
BTD�cEð Y�F+îD8 :IH ïbSGF9f.H
F�îD8 :IH ï�ðAS'ñGX�d�X�CED7S'ñGX�CVS�ê*XQS*H � a9F9Y°ë

cEJíD*F9H�D � 8 S�F9f}kíJ\XbJíF"ô - ö : ö�ø¡?@A�F}c
ð=X¤DGc
ð=XZCTðAS�F9f�M=f=F+îD8 :IH ï
ðASGH�F=DGF9d�X�CED}S'ñ*X�CVS�ê*XG?5�{cEH�CESGF=êGXQJ\Häô � ö - H U : ö�ø¡?"�=a=C
c
ð=XZC�ë
igD*C
X*M�Y�F+îD8 :IH ï�SGF9f H�F+î98 : H ïTS�CEX�çRX�CEJíD�f�JjY�JíF 8(l:Jíc
ð çAXZC
J\D�f
�!�èî H ï°M�l:ð9X�CEXZSGHbf�F1îD8 : H ï�JjHbçAXZC
J\D�f�J\Y�l:Jíc
ð"çRX�CEJíD�f"÷��èî H ï°?
	�ð9XZH
X�ç=CEDGçRX�C
c
J\XZH2iäSWc
c
XZC2ê*C
XNSWcEkíú � D*C1cEð=X:H�cVS�ù=J\k\J�c�ú_SGF9S�k\ú�H�JjH�M
S*H0l:J\kík2ùRXQH
X�X�F(J\F.û�XNY°cEJíD*Fõý=?�û�D*igXQH
DGk\a�c
J\DGF9H�l:J�cEð(c
CEJ\ñ#JjS�k
ç9ð9SGH
X¤S�CEX�H
ð=DWl:F JíF��2JíêA?T�9?

−k
2 0−1 V0

m
ax

|ψ
|

cn(x,k)

dn(x,k) sn(x,k)

Ú�����Ñ#"�Ñ�²�³*´¤½ZÌ¤Ç*¼¹¸¹Ä�¶#Á*´�»ZË�Ä�³*´�Ä�¾�¸¹É�¸í½�¼1Ç*³�½�È�´bÈ�»N¼¹¶*Ä�¸¹»Zº#È0»ZË
²�ÊGÇ�´:Õ3É'´
¾�È�¶#È<Ä�³#´�Ç�»�Ä�´VºWÄ�¸�½Z¼9È{Ä�¾�´Vº#Â�Ä�³8' �%$

0 2K(k) 4K(k)
x

0

−(V0+k
2
)

−(1+V0/k
2
)

0 2K(k) 4K(k)

0

−V0

r
2
(x)=(V0+k

2
) sn

2
(x,k)

V(x)

−V0V(x)

r
2
(x)=−(1+V0/k

2
) dn

2
(x,k)

r
2
(x)=−(V0+k

2
) cn

2
(x,k)

V0+k
2

Ú�����Ñ �*Ñ�²A¾�¸¹É�¸�½Z¼�Ç#³#½ZÈ�´�È�»N¼¹¶*Ä�¸¹»Zº#È�Ëj»�¾ �7��& $ ' Ñ0' �	�X
 ¸¹È�¸¹º�ÁG¸¹ÍµV½�Ä�´°Á�Å�¸ÆÄ�³©½bÈ�»N¼¹¸�Áä¼¹¸�º*´NÑ�Ú#»�¾�Ä�³*´:Ä�»NÇ-��ÂZ¶*¾�´ ' � � �NÑ�Ú*»Z¾�Ä�³#´
·�»�Ä�Ä�»NÌ �#ÂN¶*¾�´ ' � � & �ZÑ

ý



0
0

1

(c) V0=−1, B=3
0

−1

0

1

(a) V0=1, B=1

0
0

1

(d) V0=−1, B=1.1
0

−1

0

1

(b) V0=1, B=0.1

2π 2π

2π2π

Ú�����Ñ ' Ñ�Ù+³#½ZÈ�´©½�º�Á ½�Ì¤Ç#¼¹¸ÆÄ�¶�ÁG´�»ZËTÄ�³#´�Ä�¾�¸¹ÂN»Zº#»ZÌ¤´EÄ�¾�¸¹µäÈ�»ZÍ¼¹¶*Ä�¸¹»Nº*ÈVÑ Ú#»�¾Ó½�¼¹¼ Ä�³#´VÈ�´ �#ÂN¶G¾�´VÈVØ7Ä�³#´ È�»Z¼¹¸íÁ�¼¹¸¹º#´ ÁG´Vº#»�Ä�´VÈ' �	�(
�� &4' � È�¸¹º �\�	�X
 Ø�Ä�³*´bÁ*½ZÈ�³#´VÁ�¼¹¸¹º#´�¸�È�� �	�X
 ½Zº�ÁgÄ�³*´bÁ*»�Ä�ÍÄ�´°Á(¼¹¸�º*´g¸¹È�� �	�(
 # � )�� 
 Ñ��T´
¾�´�� �\�	�X
7� ' � È�¸¹º ���	�X

	�� ½�º�Á
Ä�½Zº � � �	�X
�
 ��
 % � 	 ' � # � Ä�½Zº �	�X
 Ñ%Ò�»ZÄ�´<Ä�³�½[Ä�� �	�X
 ·�´VµV»NÌ¤´EÈ
Ç#¸¹´VµV´
Å�¸�È�´�µV»Zº#È{Ä�½ZºWÄ°Ø�½�È � ½ZÇ*Ç*¾�»'½�µ
³*´VÈ0Ä�³#´¤·�»N¶*º�Á*½�¾�Ê}»ZË<Ä�³#´
¾�´VÂN¸¹»Zº�»ZËRÉN½�¼¹¸íÁG¸ÆÄ¡ÊWÑ�Ú�½[¾�½VÅ<½VÊ_Ë\¾�»NÌ!Ä�³#¸¹È�·�»N¶*º�Á*½�¾�ÊWØ�� �	�(
 ¸¹È�´VÈ{Í
È�´VºWÄ�¸�½Z¼¹¼ÆÊ0¼�¸¹º*´°½�¾°Ñ�Ò�»ZÄ�´�Ä�³�½[Ä%º#»�Ç*³�½ZÈ�´1ÃW¶�½�º�Ä�¸��°½[Ä�¸¹»Nº0¸¹ÈR¾�´°ÃW¶#¸Æ¾�´°Á
¸¹ºQÄ�³#¸¹È�µ°½�È�´NÑ

� F=DGc
ð=XZCTJ\F#c
XZC
XNH�cEJíF=êQkíJ\igJ�c:D�Y�Y�a=CVH�l:ð=XZF H , 
9M�C
XNH�a=kíc
J\F=ê
J\Fbc
CEJíê*DGF=D*i�X�c
CEJ\Y<H
DGk\a�cEJíD*F9H�? 	�ð=XZH
X�H
DGk\a�c
J\DGF9H+S�CEX<Jík\kíaAH�cECES�c
XZf
J\F;�2JíêA? ��?�B ð=XZF HS, öGMAH
DGk\a�cEJíD*F9H�SGC
X¤X�æ�ç9C
XNH
H
XZf J\F(c
XZC
iäH
D � ð#ú�çRX�CEùAD*kíJjY � a9F9Y°cEJíD*F9H�? ��F_cEð=J\H�YZSGH
X�c
ð9X�çRD�cEX�F#c
JjS�k#C
XNf�a9Y�XZH
c
D�S0H
JíF=ê*kíX�l�XZkík*DGC+çRXZSGI�SGF9fbcEð=X�H
DGk\a�c
J\DGF¤JjH2S0H�D*kíJícESGC
ú�lTS'ñ*XG?
�=D*C�ñWSGkía=XNH�D � H Y�kíD#H�X�c
D�ö*M#c
ð=X�çADGc
X�F#cEJ\SGkRJjHTS¤c
CVS�J\F�D � l�XZkíkíë
H
X�ç9SGCES�c
XZf lTX�k\k\H�DGC�çAXNS�I�H�M%S�FAf c
ð=X�H�D*kía�cEJíD*F9H�SGC
X_c
CVS�J\F9H:D �
H
DGk\J�cVS�CEú�l�S'ñGXNH�l:Jíc
ðQX[æ�çAD*F=X�F#cEJ\SGkík\ú¤H�iäS�k\k�JíF#cEX�CVSGY°cEJíD*F9HZ? 	�ð=X
H
DGk\J�cVS�CEúälTS'ñ*X�k\JíigJíc0J\H0Jík\kíaAH�cECES�c
XZf}J\F �2J\ê9?G�9?

ÞMLIN$O��
�=DGC c
ð=XNH�X6H�D*kía�cEJíD*F9HZM < U#îD8Rï JjH k\JíF=XNS�C!JíF Y�F+îD8 :IH ï DGC

f�F+î98 : H ï°?0�2JíCVH�c�l�X:f�JjH
Y�a9HEH2c
ð=X:H
DGk\a�c
J\DGF�l:J�cEðäY[F+î98 :IH ï°?0	�ð=X
ò#a9S�F#cEJ�cEJíXNH_SGHEH�D�Y�J\S�c
XZf l:Jíc
ð"cEð=J\HQH�D*kía=c
J\DGF"l:Jík\k�ùRX�f�XZF=D�cEXZf
l:Jíc
ð3S.H�a9ù=JíFAf�X[æ ö*? 	�ð9X}ò#a9S�F#cEJ�cEJíXNH�S*H
H
D�Y[JjSWcEXZf"l:Jíc
ð cEð=X
f�F+î98 : H ï:H
DGk\a�c
J\DGF C
XNY[XZJíñ*X�SgH
a=ù=J\F9f�X[æ(÷�?
û�a=ù9H�c
Jíc
a�cEJíF9ê

< UK î98Rï ,�� K Y�F+îD8 :IH ï 1�� K : î�öNý*ï

J\F}ì�òR?%î �*ï�SGF9fäXZò#a9S�c
J\F=êQf=J��%X�CEX�F#c�çADWlTX�CVH�D � Y[F+î98 :IH ï�ê*Jíñ*XZH
c
ð9X¤C
XZk\S�c
J\DGF9H��

6 F , - ý� H U : î�ö��#S*ï

> K , ö
� î�ö 17H U ï 1

� � U KH U : î�ö��GùAï

C U K , � U K� H K î�ö�� � U K - H m ï�î�ö%� � U K 1 H U - H m ï : î�ö��*YNï

� K , � � U KH U O î�ö��*f9ï
	�ð9X©Y[kjSGHEH¤D � çADGc
XZF*cEJ\SGk\HQì�òR?�îr÷*ïbJjH_CEXZH�c
CEJ\Y[c
XZf.ù�úõcEð=Xgü9CVH�c
D � cEð=XZH
X C
XZk\S�c
J\DGF9H�H
Dÿc
ð9S�c 6TF JjH�J\F c
ð=X F9SGC
CEDWl CVS�F=ê*X
- ý H U%
 � J 6TF J 
9? 	�ð=X�H
DGk\a�c
J\DGF Y�k\S*H
H�F=DWl�f�X�çRX�FAf=H_D*F
D*F=X � CEX�X S�igç=k\J�cEa9f�X�çAS�CVS�igX[cEX�C � K SGF9f"cEð=X � CEX�X}XZò#a9SWcEJíD*FçAS�CVS�igX[cEX�C H ?
	�ð=X�C
XZêGJ\DGF©D � ñWS�k\J\f=J�c�úäD � c
ð=JjH�H�D*kía=c
J\DGF�JjHZM�S*H�ùRX � D*C
X*M�f�X[ë

cEX�CEigJíF=XNf ù#ú©c
ð=X¤CEXZò#a=J\C
XZigX�F#cEH C U K ] 
gS�F9f < UK î98Rï ] 
T�
3 � K 3 ] H U� O î�ö%�*ï

	�ð9X�çRX�CEJíD�f7D � < K î98Rï0J\H�c�l:J\Y�X_cEð=X�çRX�CEJíD�f7D � c
ð=XQçADGc
X�F#cEJ\SGkr?å0XZò#a=J\C
J\F=ê¤çRX�CEJíD�f�JjY[Jíc�úQJ\FL8©D � cEð=JjH<ü9CVH�cTH�D*kía�cEJíD*FäD � 	�ú#çRX0B
ê*Jíñ*XZH

� % î � UK -'H U ï[î � UK 1 ö -'H U ï� � E U �������F G 8��� K 1 H Y�F+îD8 :IH ï
, 


� O î�ö��#ï
�9DGC0ê*Jíñ*X�F H SGF9f7JíF#cEX�êGXZCEH 
 M ��MAc
ð9J\H�XZò#a9SWcEJíD*F(J\H�H�D*kíñ*XZf � DGC
� K M � CEDGi l:ð=J\YVð � K , � K H 
��9?
	�ð=X¤f�F2îD8 : H ï�H
DGk\a�c
J\DGF9H:SGC
X � D*a=F9f ù�ú�H�a9ù9H�cEJ�cEa�c
J\F=ê< UU îD8Rï ,�� U f�F1î98 : H ï 1�� U : î�ö��Gï

J\F©ì�òR?9î �Gï[?�ì�ò#a9SWcEJíF=ê_f=J��%X�CEX�F#c�çRDWl�XZCEH�D � f�F+î98 :IH ï<J\i�çRD*H
XZH
cEð=X � DGk\k\DWl:JíF=êgY[D*F9H�c
CVS�J\F*cVHTDGF c
ð=X¤çAS�CVS�igX[cEX�CVH��

−5 0 5
0

2

(c) V0=−2, B=1
−5 0 5

0

1

−1

(a) V0=1, B=1

0−4K(k) 4K(k)

0

1

2

−1

(d) V0=1, B=2, k=1−10
−16−5 0 5

0

1

−1

(b) V0=1, B=0.1

Ú�����Ñ��GÑ�¿G»Z¼¹¶*Ä�¸¹»Nº*È.Å�¸ÆÄ�³�� � � � ½�Ø ·AØ µ 
 »�¾ � � � � Á 
 Ñ
²�³*´6È�»Z¼¹¸íÁ ¼¹¸¹º#´6Á*´Vº*»ZÄ�´VÈ ' �	�X
 � &4' � Ä�½�º#³ ���	�X
 ØèÄ�³#´
Á*½ZÈ�³*´°Á ¼¹¸¹º#´�¸�È�� �	�(
 ½�º�Á.Ä�³*´�Á*»ZÄ�Ä�´VÁ"¼�¸¹º*´�¸¹È�� �	�X
 # )���Ñ Ú#»Z¾� ½�Ø · 
 Ø�� ���	�X
 � � ' � 	 � 
 Ä�½�º#³ ���	�(
�	 � ½Zº#Á!� �	�X
 �
% � # � ' � 	 � 
F�"	 ½[¾�µEÄ�½Zº$# % � ' � 	 � 
 # � Ä�½Zº#³ �	�X
&% Ñ+Ú*»Z¾ � µ 
 Ø� �	�X
�� % & � ' � 	 � 
 È�´Vµ�³ �	�X
 ½Zº�Á'� �	�X
2� & Ñ �rº � Á 
 Ø9½¤ÉZ½Z¼¹¶#´
»�Ë �:� �2& � &�( n*) Å<½ZÈ�¶#È�´VÁ9Ñ

�



−5 −2.5 0 2.5 5
x

0

0.5

r(x), a=0.3

r(x), a=−0.3
V(x)

θ (x), a=−0.3

θ(x), a=0.3

Ú�����Ñ���ÑTÕ�Ì¤Ç*¼�¸ÆÄ�¶#Á*´:½�º�ÁgÇ#³#½ZÈ�´�»ZË+È�»N¼¹¸ÆÄ�½�¾�Ê�Å<½°É'´0È�»N¼¹¶*Ä�¸¹»Zº#È
»ZË_²�ÊGÇ�´7Î�ÑT²�³#´7Ç�»�Ä�´VºWÄ�¸�½Z¼ ' �	�X
 � "�Ä�½�º#³ �	�X
�� #�� ¸¹È�¸¹º#Á*¸ÆÍµ°½�Ä�´VÁäÅ�¸ÆÄ�³}½¤È�»N¼¹¸�Á}¼¹¸¹º#´NÑ �T´E¾�´ � � �	�(
2� ��� � 	 ��È�´Vµ
³ �	�X
 ½�º�Á
� �	�X
�� 
 ��� � ��� � &7� # )�	�½�¾�µEÄ�½�º # % � ���+&$� 
 # � ��� 	 � 
 Ä�½Zº*³ �	� # ) 
 % Ñ²�³#´<Á*½ZÈ�³*´°Á�¼¹¸¹º#´<È�»Z¼�¶GÄ�¸¹»NºbµV»�¾�¾�´VÈ�Ç�»Nº#Á*È�Ä�»
� ��& $ "GØNÄ�³#´<ÁG»ZÄ�Ä�´°Á¼¹¸�º*´�Ä�»�� � & & $ "GÑ

6TF., - ý� H U : î�ö��*S*ï

> U , ö
� î�ö 1 H U ï 1 � � UU : î�ö%��ùAï

C UU , � UU� î�ö%� � UU - öNï[î�ö�� � UU 17H U - öNï : î�ö��*YZï
� U , � � UU O î�ö%�Gf9ï

	�ð=X�Y[kjSGHEH2D � çRD�cEX�F#c
JjS�kjH�îr÷Gï1JjH2C
XNH�cEC
JjY°cEXZf_S*H � D*C2c
ð=X�ç=CEX�ñ�J\DGa9H
H
DGk\a�c
J\DGFäù�ú_cEð=X0üACEH�c�D � c
ð9XZH
X0C
XZk\S�c
J\DGF9HZ?�	�ð=X�H
DGk\a�c
J\DGFäY[kjSGHEH
S�ê#S�J\F f=X�çRX�F9f=H_DGF DGF=X � CEX�XäS�igç=k\Jíc
a9f�XäçAS�CVS�igX[cEX�C � U S�F9fc
ð9X � C
XZX�XNò#a9SWcEJíD*F}ç9SGCESGigX[c
XZC H ?
	�ð=X�CEX�ê*JíD*F©D � ñ'SGkíJjf�Jíc�úäD � cEð=JjH:H�D*kía�cEJíD*F�JjHTDGF9Y�X�igDGCEX�f=X[ë

c
XZC
igJ\F=XZf ù�úäcEð=X¤C
XNò#a=JíCEX�igXZF*cVH C UU ] 
äSGF9f < UU îD8%ï ] 
T�
3 � U 3 ] ö

� DGC 
 J � U J � ö - H U
� O î�ö%�*ï

	�ð=XäçAXZC
J\D�f D � < U îD8Rï¤J\H¤XNò#a9S�k<cED7c
ð=XäçRX�CEJ\D�f D � cEð=X©çRD�ëc
XZF#c
JjS�k¡?2å:XNò#a=JíCEJ\F=ê¤çAXZC
J\D�f�JjY[Jíc�ú�J\FL8©D � c
ð=JjH�H
XZY�DGF9fgH
DGk\a�c
J\DGF
D � 	�ú#çRX¤B ê*Jíñ*XZH

� % î�ö%� � UU - ö'ï[î�ö%� � UU 1 H U - ö'ï� E��������F G 8� � U 1 f�F�î98 : H ï ,


� O7îr÷�
*ï

�=D*C�ê*Jíñ*X�F H S�F9f JíF#c
XZêGXZCEH 
 M ��MRc
ð9J\H�XZò#a9S�c
J\DGF.F=X�XNf=H0cED}ùRX
H
DGk\ñGXZf�c
Däf�X�c
XZC
igJ\F=X � U ?��F Y�DGF#c
CVSGH�c�cED H
DGk\a�c
J\DGFAH�D � 	�ú�çAX � M�H
DGk\a�c
J\DGFAH�D � 	�ú�çAX
B f�D7F=DGc�ð9S'ñ*X�S}F=D*F*cEC
J\ñ�J\SGk+cEC
J\êGD*F=DGigX�c
CEJ\Y�kíJ\igJ�cN?'��F � SGY°cNM
� DGC�H�D*kía�cEJíD*F9H<D � 	�ú�çAX0B�MGc
ð=JjH�k\JíigJíc�JjH�Jjf�X�F#c
JjY�SGk�c
D_c
ð=X0k\J\i�Jíc
J\F�l:ð=JjYVð©cEð=XbçADGc
X�F#cEJ\SGkRH�c
CEX�F=êGc
ð 6 F , - ý H U�
#�QS�ç=ç=CED*S*YVð=XZH
d�XZC
DA?2	�ð�a9H0JícbJ\H�Y[k\XZSGC:c
ð9S�c�cEð=XQH
DGk\a�cEJíD*F9H0D � 	�ú�çRXQBÿð9S'ñGX
F=D�SGF9S�k\DGê*a=X�JíF_c
ð=X�J\F#c
XZêGCVS�ù=k\X<F=DGF9kíJ\F=XZSGC1û�YVð=C�!D*f=JíF=ê*X�C�XNò*aASWë
c
J\DGF+? ��DWl�XZñGX�CNM�D�cEð=X�C�JíF#c
XZC
XNH�cEJíF9êäkíJ\igJ�cVH�f�DäX�æ�JjH�c���H
DGk\JícES�CEú
l�S'ñGX¤H�D*kía=c
J\DGF9H0SGC
X � D*a=F9f � DGC H , öG?�	�ð=X�ú S�CEX¤Jík\kíaAH�cECES�c
XZf
J\F �2J\ê9? ��?

	1C
J\ñ�J\SGk�ç=ð9S*H�X H�D*kía=c
J\DGF9H Y[D*C
CEXZH
çAD*F9f=H©c
D C , 
9? 	�ð9J\H
D�YZY[a=CVH¤ç=CEXZY�J\H
X�k\ú.S�c¤c
ð=X}ùAD*a=F9f=SGC
J\XZH¤D � cEð=X�CEX�ê*JíD*F9HbD � ñWSWë
k\Jjf�J�c�ú*?4�=D*Cgc
ð=X ü9CEH�c©H�D*kía=c
J\DGF�D � 	�ú�çRX(B�M�c
ð=XZC
X SGC
X c�lTD
çRD*HEH
Jíù=J\k\J�cEJíXNH�� � K , H U 
#�}D*C � K , -2H U�
��A?_B�ú(CEX�ç9k\S*Y[J\F=êS8
ù�ú 8 1 ÷��3î H ï[M2D*F=X}H
X�XNH_cEð9SWcQc
ð=XNH�X}c�lTD çAD#H
H
J\ù=Jík\Jíc
J\XZH�S�CEX
Y�DGigç=k\X[cEX�k\ú XZò#a=J\ñWS�k\X�F#cZM+H
D7DGF=k\ú(cEð=X�ü9CEH�c_DGF9XQF=XZXZf=H¤c
D7ùAX
Y�DGF9H
Jjf�X�CEXZf �

< UK îD8%ï , H U� î�ö 1 Y[F1îD8 : H ï�ï : > K , ö
� 1

H U
÷ O î¡÷�ö'ï

�9DGC<cEð=X�H
XZY�DGF9fäH
DGk\a�c
J\DGF+M�c
ð9X�CEX�S�CEX � DGa=C�çAD#H
H
Jíù9Jík\J�cEJíXNH�� � U ,ö�
��AM � U , - ö�
��AM � U , 
©SGF9f � U , � ö - H U 
��9?C	�ð9X¤c
ð=J\CVf
D*F=XäD � c
ð9XZH
XäC
XNH�a=kícEH_JíF�S7d�XZC
D(H
DGk\a�c
J\DGF+? 	�ð=X©DGc
ð=XZCEHbê*Jíñ*X
J\F#c
XZC
XNH�cEJíF=ê�cEC
J\ñ�J\SGk�ç=ð9SGH
X¤H�D*kía=c
J\DGF9HZ?0�=DGC � U , ö�
#�9M

< UU îD8%ï , ö
� î�ö 1 f�F+î98 : H ï�ï : > U , ö

÷ 1
H U
� O î¡÷G÷*ï

	�ð9XbYZSGH
X � U ,.- ö�
#�Qê*Jíñ*XZH

< UU îD8%ï , ö
� î�ö - f�F+î98 : H ï�ï : > U , ö

÷ 1
H U
� O î¡÷�ý#ï

�2J\F9S�k\k\úGM � DGC � U , � ö - H U 
��AM

< UU îD8%ï , � ö -'H U
� î�f�F+î98 : H ï 1 % ö -'H U ï :D> U , ö -'H U

÷ O î¡÷#��ï

	�ð9XZH
XbH
DGk\a�cEJíD*F9H:S�CEX¤H�ð=DWl:F}JíF��2J\ê9?G�9?

0 4K(k)2K(k)
x

0

0.5

0 4K(k)2K(k)
0

0.5

0 4K(k)2K(k)
0

0.5

(2)
   

(2)

(2)

(1)

(1)

(1)

(3)

(3)

(3)

(4)

(4)

(4)

Ú�����Ñ � Ñ�¿G»Z¼¹¶*Ä�¸¹»Nº*È<»ZË�²�Ê*Ç�´TÎ.Å�¸ÆÄ�³QÄ�¾�¸¹É�¸�½Z¼=Ç#³#½ZÈ�´NÑ1²�³#´4��ÂZÍ¶G¾�´VÈ�µV»�¾�¾�´VÈ�Ç�»Nº#Á�Ä�»GØ9Ëí¾�»NÌ Ä�»ZÇ}Ä�»�·�»ZÄ�Ä�»ZÌgØ �-� & $ ' Ø �*� & $ �½�º�Á �:��& $ ����� Ñ1²�³*´�Ç�»ZÄ�´VºWÄ�¸�½Z¼�¸¹È�¸¹º#Á*¸¹µ°½�Ä�´VÁ_Å�¸ÆÄ�³Q½�È�»N¼¹¸�Á_¼�¸¹º*´NÑ²�³*´�»ZÄ�³*´E¾�µV¶G¾�É'´VÈ�½�¾�´�
 � � 
�� � n �	�X
�� Å�¸ÆÄ�³�� � �R� � # �*Ø � ) 
 � � �	�X
Å�¸ÆÄ�³�� � � � # �*Ø � " 
�� � � �	�(
�� Å�¸ÆÄ�³�� � � & � # �©½Zº�Á � � 
 � � �	�X
Å�¸ÆÄ�³�� � � � �J& � � # �*Ñ
�



Û°Û°Û�Ü�/AÞ21 ��ÛT62ÛEÞ 3
B.Xbð9S'ñ*X � DGa9F9f}SQkjS�CEêGX�F�a=iQùAXZC�D � F9X�l H
DGk\a�c
J\DGFAH�cED�cEð=X

êGDWñ*X�CEF=J\F=ê_ì�ò�HZ?Aî�ö'ï�SGF9f îr÷*ï°?0�0DWlTX�ñ*X�CNMGD*F=kíúäH
DGk\a�c
J\DGFAH<c
ðASWc
S�CEXäH�cVS�ù=k\X©Y�SGF"ùAX©D*ù9H
X�CEñGXZf.J\F X�æ�çAXZC
J\igX�F#cEHZ? ��F"cEð=J\H�H�XNY°ë
c
J\DGF+M�l�XgY[D*F9H�Jjf�XZC�cEð=X�H�cESGù=J\kíJíc�ú(D � cEð=Xäf�J��RXZC
XZF*c¤H
DGk\a�c
J\DGF9HZ?
BTD�cEð"SGF9S�k\ú#c
JjY�SGk�S�F9f F�a=igX�CEJ\YZS�k�CEXZH
a=kícEH¤SGC
Xgç=CEXZH
X�F#c
XNf � DGC
c
ð9X0H�D*kía�cEJíD*F9H�l:Jíc
ðgc
CEJ\ñ#JjS�k�ç9ð9SGH
XG?
��FäY[DGF#cECES*H�cNM�DGF=k\ú_F�a=igX�C
ë
JjY�S�k�CEXZH
a=kícEH:SGC
Xbç=CEXZH
X�F#c
XNf � D*C�c
ð=X¤F9DGF#c
CEJíñ�JjS�k%ç=ð9S*H�X¤YZSGH
XZHZ?
B.XTü9CVH�c<Y[D*F9H
J\f�XZC+cEð=X�kíJ\F=XNS�C�H�cVS�ù=J\kíJíc�ú¤D � c
ð=X�H
DGk\a�c
J\DGF î�ý*ï[?

	1D_f�D�H
D9M*Y�DGF9H
Jjf�X�C<çRX�C
c
a=CEù9S�c
J\DGF9H<D � c
ð=X0X�æ=SGY°c�H
DGk\a�cEJíD*F9H<D �
c
ð9X � DGCEi

) î98 :=< ï , î < î98Rï 1���� îD8 :=< ï
ï�X[æ�ç1ô ( î @ î98Rï - >@< ï{ø îr÷U�Gï
l:ð=XZC
X ��� öäJjH_S7H
igSGkík�ç9S�CVS�igX[cEX�CN?}@�DGk\kíXNY°cEJíF=ê7cEX�CEiäH_SWc� î � ï�ê*Jíñ*XZH�c
ð9X�k\J\F=XZSGC
J\d�XNfõXNò*aASWc
J\DGF+? ��F.c
XZC
iäHbD � cEð=XgC
XNS�k
S�FAfQJ\iäS�ê*JíF9SGC
ú¤çAS�C
cEH�� , î
	 K : 	 U ï + , î��7;�ô � ø :�
�� ô � øwï + cEð=X
k\JíF=XNS�CEJídZXZf}X�ñ*DGk\a�c
J\DGF J\H�ê*Jíñ*X�F ù�ú �

� +@,���� � ,�� U ��� -��� � Q V � : îr÷��*ï

l:ð=XZC
X

� � , - ö÷ U�� U/ - C U< m îD8Rï V 1 ý < U î98Rï 176 î98Rï - >C: îr÷U��S*ï
� Q , - ö÷ U � U/ - C U< m îD8Rï V 1�< U îD8%ï 176 îD8%ï - >C: îr÷��'ùAï

� , C< î98Rï � / ö< îD8%ï : îr÷U��YZï

S�FAf � , U 
 - ö
ö 
 V J\HgSõH
IGXZlTé�H
ú�i�igX�c
CEJ\YäiäS�c
CEJ�æ�? 	�ð=X

DGçRX�CVSWcEDGCVH � M ��� S�F9f � Q S�CEX'��X�CEi�Jíc
JjS�Fõl:ð=Jík\X � J\H�S�F#cEJ¹é
�0XZC
igJíc
JjS�F�?ä@�DGF9H
Jjf�X�CEJíF9ê}H
DGk\a�c
J\DGF9H�D � c
ð=X � D*C
i�� îD8 :=< ï ,�� îD8Rï�X[æ�ç1î
� < ï�ê*Jíñ*XZH�c
ð9X¤X�J\êGX�F�ñWS�k\a=Xbç=CEDGù=k\X�i

 �� , � �� : îr÷��*ï
l:ð=XZC
X  ,!��� S�FAf"� JjH�Y�DGigç=k\X[æ�? � � S�k\k#�.S�CEX¤JíiäSGêGJ\F9S�CEúGM
c
ð9X�F"kíJ\F=XNS�C_H�cES�ù9Jík\J�c�úõJ\HbXNH�cVS�ù=k\J\H
ð=XNf�? ��F Y�DGF#c
CVSGH�cZM�J � c
ð=XZC
X
JjH�S�c�kíXNSGH�c�D*F=X_X�J\êGXZF�ñ'SGkía9X_l:J�cEðõS©çRD*H
Jíc
J\ñGX_CEXZSGk+ç9SGC�cNM9cEð=X�F
J\F9H�cVS�ù=J\k\J�c�ú}C
XNH�a=kícEHZ? &�H�J\F=êgc
ð9X¤ç=ð9SGH
X¤J\F#ñWSGC
JjS�F9Y�X )%$P ;'&)( )
D � ì�òR?�î�öNï°M=^�D�X[c
ð9X�C+* H�cEð=X�D*C
XZi ô ýGýWø�ê*Jíñ*XZH

 U 
< îD8Rï V , 
 : îr÷��*ï

l:ð=JjYVð3J\igç=k\JíXNHgc
ð9S�c � Q < îD8%ï , 
TO@	�ð�a9H,� , 
õJjHäJ\FècEð=X
H
çAXNY°c
CEa=i D � � Q ?��9DGC_ê*X�F=XZCESGk�H�D*kía�cEJíD*F9H¤D � cEð=X � D*C
i î�ý*ï[M
f�X�c
X�CEigJíF9JíF=ê�cEð=X3H
çRXZY°cEC
a9i D � cEð=XèSGHEH
D�Y�J\S�c
XNf k\JíF9XZS�CEJ\d�XZf
X�J\êGXZF�ñ'SGkía9Xäç=C
D*ù=k\X�i îr÷ �#ïbJjH_ùRX�úGD*F9f c
ð9X�H
Y�DGçRX©D � Y�a=C
CEX�F#c
igX[cEð=D�f=H�?��0DWlTX�ñ*X�CNM=H�D*igX_Y�SGH
XZH0D � c
CEJíñ�JjS�k�ç=ðASGH
X_H�D*kía�cEJíD*F9H
î CC, 
*ïTS�CEX¤S�igX�FAS�ù=k\X�c
DäS�F9SGkíú�H
J\HZ?
	�ð=X �0XZC
igJíc
JjS�F7DGçRX�CVSWcEDGCVH �.- SGC
XbçRX�CEJíD�f�JjY_û�YVð=C�!D*f=JíF=ê*X�C

DGçRX�CVSWcEDGCVH�S�F9f}c
ð�a9H0c
ð=XQH�çRXZY[c
CVSQD � cEð=XZH
X_D*çAXZCES�c
DGCVHTJ\H0C
XNS�k

SGF9f Y�DGF9H
J\H�cEH�D � ùAS�F9f=H�D � Y�DGF#c
J\F�a=DGaAH�H
çAXNY°c
CEa=i Y�DGF#cESGJíF=XNf
J\F ô � -�:�/ ï_ô ý*ýWø{? ��X�CEX0� - f=X�F=DGc
Xbc
ð9X�êGCEDGa9F9f}H�cES�c
X_XZJíê*X�F�ë
ñWSGkía=XNH�D � ��- C
XNH�çRXZY[c
J\ñGXZkíú*?�	�ð9X�ú�SGC
XbêGJ\ñGXZF}ù�ú

� - , JíF �1324165 K�7 ��3 � - 3 �985: îrý�
#ï

l:ð9X�CEX;: � : U , 7 �
3 �98 ?��=CEDGiÿcEð=X�CEX�kjSWcEJíD*F � � ,<� Q 1 ÷ < U î98RïJíc � D*kík\DWl0H�c
ð9S�c;� �4W � Q ? � kjH
D=� Q J 
�H
JíF9Y�X>� , 
äJjH�SGFXZJíê*X�F�ñWS�k\a=X�D � � Q ?� � � � W 
9M2c
ð=XZF � � JjH�çRD*H
J�cEJíñ*XGM<H
D l�X}Y�S�F f=X[ü9F=X�c
ð=X
çRD*H
Jíc
J\ñGXäH
ò#a9SGC
XgCED�D�cZM �>?@� M+ñ�JjS}c
ð=X©H
çAXNY°cECESGk<c
ð=XZDGCEX�i ô ýGý�ø¡M
SGF9f©ð9X�F9Y�X�cEð=X��0X�CEigJ�cEJ\SGF�D*çAXZCES�c
DGC.A ,<� ?@� � Q � ?@� Y�S�F}ùAXY�DGF9H�c
CEa9Y[c
XZf�?
	�ð=X�X�J\êGXZF�ñ'SGkía9X0ç=CEDGù=k\X�i � DGC  J\F}ì�òR?Aîr÷��*ï�J\H
cEð=X�F7XNò*a9JíñWS�k\X�F#c�c
D

îBA 1 � U ïDC , 
 : îrý=ö'ï

l:Jíc
ð"C ,E� ?@� �	 K ?�P�X�F=DGc
X¤cEð=X_k\X � c
ë¡igD*H�c0çRDGJ\F*c�D � c
ð=X_H
çAXNY°ëcEC
a9i D � A4ù#ú�F F ?�� � F F:] 
�c
ð9X�FG�AU M 
¤SGF9f_cEð=X:X�J\êGXZF�ñ'SGk�ë
a9XZHTD �H SGC
X�JíiäS�ê*JíFAS�CEúgSGF9f©k\J\F=XZSGC�H�cESGù=J\kíJíc�úäC
XNH�a9k�cVH�?�û�J\F9Y[X
A ,��I?@� � Q �I?@� S�F9f �I?@� J\H�çRD*H
J�cEJíñ*XGMJF F ] 
�J � SGF9f(D*F=kíú7J �� Q JjHbF=D*F�ë¡F9X�ê*S�c
J\ñGX*?'��F�Y[D*F*cECES*H�cNM�J � F F M 
�cEð=X�F��AU W 
SGF9f  ð9S*H�S�c�k\XZS*H�cbDGF9X�ç9SGJíCbD � C
XNS�k2X�J\êGX�F�ñWS�k\a=XNH�l:Jíc
ð DGç�ë
çRD*H
Jíc
X¤H�J\êGF+?@	�ð=J\H�H�ð=DWl0H�cEð=X¤X[æ�JjH�cEX�F9Y�X¤D � S�ê*C
DWl:J\F=ê�i�D�f�X
k\XZS*f�J\F=ê�c
DgJíFAH�cVS�ù=J\kíJíc�ú�D � cEð=X_H�D*kía=c
J\DGF�?
	�ð=CEX�X¤f�JjH�cEJíFAY°c�Y�S*H�XNH:S�CEX�çRD*HEH
Jíù=k\X � DGC0k\J\F=XZSGC�H�cESGù=J\kíJíc�ú

K � � < î98Rï W 
�c
ð9X�F < îD8Rï�J\H<c
ð=X:ê*C
D*a=F9f�H�cVSWc
X:D � � Q ô ýGý�ø¡MS�F9f3ì�òR?�îr÷ �#ï¤J\igç=kíJ\XZHL� Q , 
õS�FAf ð=XZF9Y[XM� � W 
=?	�ð�a9H�c
ð9X_H�D*kía�cEJíD*F îrý*ï�JjH:kíJ\F=XNS�CEkíú�H�cESGù=k\XG?

K � � < îD8%ï ð9S*H3S d�X�CED9M Jíc3JjHèF=D kíD*F=êGXZC c
ð9X êGCEDGa9F9f
H�cVSWcEXgô ýGý�ø+S�F9fM� Q M 
=?0	�ð�a9HTcEð=X�CEXbX[æ�J\H�cEH:S ) F H
a9YVðc
ð9S�c 7 ) F 3 � Q 3 ) F 8 M 
=?"� � J\F S*f=f�Jíc
J\DGFN� � W 
=M�c
ð=XZFl�X�Y�SGF�Y[D*F9H�c
CEa9Y°c � ,<� Q ?@� ) F 
�: � Q ?@� ) F :�l:ð=J\YVð�êGJ\ñGXZH
7 ��3 A 3 �J8 M 
=?��0XZF9Y[XOF F M 
�SGF9f  ðASGH2çAD#H�Jíc
J\ñGX*M�CEXZS�kX�J\êGXZF#ñWSGkía=XNHbH�D}c
ð9S�c�cEð=XäH�D*kía=c
J\DGF3îrý*ï�JjHbkíJ\F=XZSGC
k\ú7a=F�ë
H�cVS�ù=k\XG?

K �=D*C�� Q SGF9fL� � ùRD�c
ðäF9X�ê*S�c
J\ñGXTc
ð9X0H�Jíc
a9S�c
J\DGFgJjH<JíFAf�X � ëJíF9J�cEX�SGF9fäDGa9C�igX[cEð=D�f=HTS�CEX0JíFAH�a?>©Y�JíXZF*cTc
D�f�X[cEX�CEigJíF=X
kíJ\F=XNS�C0H�cES�ù9Jík\J�c�ú}DGC�J\F9H�cVS�ù=J\k\J�c�ú*?

��F7l:ð9S�c � DGk\k\DWl0H�M�cEð=XZH
X_CEXZH
a=k�cVH0S�CEX¤S�ç=ç9kíJ\XZf}c
D©c
ð=X'	�ú�çAX �
SGF9f¤B.c
CEJíñ�JjS�k�ç9ð9SGH
X�H
DGk\a�c
J\DGF9H1Y[D*F9H�cEC
aAY°c
XNfbJíF_c
ð=X�ç=C
XNY[XNf�JíF9ê
H
XZY[c
J\DGF�? û�çRXZY[JíüAYZS�k\kíú*M�l�X�Y�DGF9H�c
CEa9Y[c c
ð9X4D*çAXZCES�c
DGCVH � QSGF9f � � � DGC XZSGYVð H
DGk\a�cEJíD*F�M0l:ð=JjYVð S�k\k\DWl0H©a9H�c
D3a9H�X DGF9X
D � cEð=XäS�ùRDWñGXgY[CEJ�cEX�CEJ\S9?'	�ð=XäS�F9SGkíú#cEJ\YZS�k�C
XNH�a9k�cVH¤S�CEXQSGYZY[D*iQë
çAS�F=J\XZf(ù�ú(f�J\C
XNY°cbY[DGigç=a=cESWcEJíD*F9H�DGF(cEð=X�F=D*F=k\JíF=XNS�C�êGDWñ*X�CEF�ë
J\F=ê�ì�ò�H�?+î�öNï:SGF9f�îr÷*ï°? �=D*C�S�k\k1Y�DGigç=a�cVSWcEJíD*F9S�k+H
J\i�a=kjSWcEJíD*F9H�M
c�lTX�k\ñGX H�çASWc
JjS�k�çRX�CEJíD�f=HgSGC
X}a9H�XNf�? ��DWl�XZñGX�CNM2c
D"ùRX[c�cEX�CgJ\k�ë
k\a9H�c
CVSWcEX_c
ð9X�f�ú�F9SGigJ\YZH�MRc�ú�ç=JjY�S�k\k\ú � D*a=CbH�ç9S�c
JjS�k2çAXZC
J\D�f=H�S�CEX
ç9kíDGc�c
XNf�?�þ DGCEX�DWñGXZCZM�SGkík+Y�DGigç=a�cVSWcEJíD*F9H0S�CEX¤çRX�C � DGCEi�XNf l:J�cEð
l:ð9J�cEX¤F=DGJjH�XbJ\F9Y[k\a9f�XNf JíF c
ð9X¤JíF=Jíc
JjS�k1f=SWcVS=?

�



λ

(k -1)/22 k /22 Re(   )λ

L Im(   )

sn(x,k)

-1/2 0

dn(x,k) cn(x,k)

Ú�����Ñ � Ñ�²�³#´©È�Ç�´VµEÄ�¾�¶*Ì-»ZË�� ( Ëj»�¾QÄ�³*´©²+ÊGÇ�´©Õ µVº �	��
���

Ä�¾�¸¹ÉG¸�½�¼AÇ*³�½ZÈ�´:È�»Z¼¹¶*Ä�¸¹»Nº9Ñ

1©Ü�Þ��������
	���
���	�� O��:ÞMLIN$O*1
�N¬T�Ex��	��
���


�=DGC�cEð=X_Y[F1îD8 : H ï�H
DGk\a�c
J\DGF c
ð9X ��- DGçRX�CVSWc
D*CEHTS�CEX
��� , - ö÷ � U/ - î¡÷ 6GF 1 ý H U ïZY[F U î98 : H ï 17H U -

ö
÷ î�ý*÷GS*ï

� Q , - ö÷ � U/ - H U Y�F U î98 : H ï 17H U -
ö
÷ : î�ý#÷WùAï

l:Jíc
ð 6 F M -2H U#O+^0DGc
X�c
ðASWc � Q M�l:ð=JjYVð JjHbJ\F9f�X�çRX�FAf�X�F#c_D �6 F M=JjHTc
ð9X_Y[kjSGHEH�JjY�SGk<ö[ë{ê*S�ç O+SGi��X�D*çAXZCES�c
DGC ô ý#÷'ø{?@	�ð=X_H
çAXNY°ë
c
CEa=iÿD � � Q YZS�F¤ùRX�Y�SGk\Y�a=kjSWc
XNfbX[æ�ç=k\J\Y�J�cEkíú*? 	�ð=X�êGCEDGa=F9f¤H�cES�c
XX�J\êGXZF�ñ'SGkía9X�JjH � Q , î H U - öNï 
�÷¤l:Jíc
ð(S*H
H
D�Y[JjSWc
XNf©XZJíê*X�F � a=FAY°ë
c
J\DGF�f�F+î98 :IH ï°?0	�ð=XTX�k\kíJ\ç�c
JjY � a=F9Y[c
J\DGF9H0Y�F�î98 :IH ï1SGF9f H�FTîD8 : H ï
S�CEX0S�kjH
D¤X�J\êGX�F � a=F9Y°cEJíD*F9H<D � � Q ?0	�ð=X�úgS�CEX�c
ð=X0ü9CEH�c�S�FAfäH�XNY°ëDGFAfgX[æ=Y[Jíc
XNfäH�cVSWc
X�S�F9fgð9S'ñ*X�X�J\êGX�F�ñWS�k\a=X2
¤SGF9f H U 
�÷�CEXZH
çAXNY°ë
c
J\ñGXZkíú*? 	�ð=XZH
X�S�CEXbc
ð9X�DGF9kíú X�J\êGXZF#ñWSGkía=XNH0S�FAf c
ð=X�H
çRXZY°cEC
a9i
Y[D*F9H
J\H�cEH}D � cEð=X.ùAS�F9f=H ô\î H U - ö'ï�
G÷ : 
�ø��!ô H U 
G÷ : / ï°? 	�ð=X
H
çAXNY°c
CEa=i4J\H�J\kík\a9H�c
CVSWcEXZf JíF �2JíêA?G�=?
û�JíFAY[X�f�FTîD8 :IH ï W 
gS�F9f � Q , î H U - öZï�
G÷ M 
Qc
ð9X_S�CEêGa�ë

igX�F#cEH�D � c
ð=X�ç=C
XZñ�JíD*a9H�H�XNY°cEJíD*F�J\igç=k\ú�cEð9SWc�cEð=X�Y�F+îD8 :IH ï%l�S'ñGX
JjHQa9F9H�cVS�ù=k\X l:ð=X�F=XZñGXZCQcEð=X DGçRX�CVSWc
D*C ��� W 
=? �{cgJ\HgY�kíXNS�C
� CEDGi ì�òA?<îrý*÷�S#ï�c
ð9S�c ��� JjHbçAD#H�Jíc
J\ñGXgJ � 6GF M - î H U 1 ö�
��#ï
S�FAf H U W ö�
�÷=?;	�ð�a9HZM�c
ð=X Y[F+î98 :IH ï_l�S'ñGX©JjHQa=F9H�cES�ù9kíX � DGC
ç9SGCESGi�X�c
XZCQñWS�k\a=XNHgJíF3c
ð=JjHgCEX�êGJ\DGF+?3þ(D*C
XZDWñGX�CNM�c
ð9J\HgCEX�ê*JíD*F
Y�SGF"ùAX©XZF=kjS�CEêGXZfõc
D 6 F M - î H U 1 ö'ï�
�÷7SGF9f H U W ö�
�÷}ù�ú
DGùAH�XZC
ñ�J\F=êäc
ðASWcbc
ð=X�êGCEDGa9F9f H�cESWcEXQXZJíê*X�F�ñWS�k\a=X�D � S�F.DGçRX�CVSWë
c
D*C � F 1�� � K J\H�S�Y�DGF�ñGX�æ � a=FAY°c
J\DGF.D � � ��� ,�� î � ï[? 	�ð=JjH� DGk\k\DWl0H � C
D*i¯c
ð9X � SGY[c:c
ð9S�c0c
ð=X�êGCEDGa=F9f H�cESWcEX¤X�J\êGXZF#ñWSGkía=X¤JjH
c
ð9X©igJíF=J\igJídZX�CQD � c
ð=X å0S'ú�kíXZJíê*ð�ò*a9D�c
J\X�F#cN?7O+X[c���� ô 
 : ö[ø{M
c
ð9X�F

� î�� � K 1 î�ö - ��ï � U ï
, J\F �1324165 K 7 ��3 �Tî � F 1�� K � K ï 1 î�ö - ��ï[î � F 1�� U � K ï 3 �J8] ��J\F �1324165 K 7 ��3 � F 1 � K � K 3 �98 1 î�ö - ��ïAJíF �1624165 K 7 ��3 � F 1 � U � K 3 �98
, � � î � K ï 1 î�ö - �2ï � î � U ï O î�ý*ý*ï

^0DWl Y�DGF9H
Jjf�X�C�c
ð=X�êGCEDGa9F9f(H�cVSWcEXQXZJíê*X�F�ñWS�k\a=X�� � ,!� � î 6 F ï
S�FAfäF=D�cEX�cEð9SWc ��� î -2H UZï , î H U - öNï�
G÷_SGF9f �.� î - ý H U%
�÷*ï ,
H U - ö�
�÷=?C	�ð=X�k\JíF9X¤c
ð=CEDGa9êGð7c
ð9XZH
X_c�lTD©çAD*JíF#cVH0JjH�ê*Jíñ*X�F(ù�ú
�.� î 6GF ï ,.-26TF - î�ö 1 H UNï�
G÷�M=H
D�ù�ú�Y�DGF�ñGX�æ�J�c�ú �.� î 6GF ï ]

0

|ψ|

t

x

40

2

20

1

0

13.5
−13.5 0

2

Ú�����ÑI� & Ñ�"Tº*È{Ä�½Z·#¼¹´�´VÉ'»N¼¹¶GÄ�¸�»Zº »�Ë�½�²�Ê*Ç�´bÕ µVº �	��
���
 È�»N¼¹¶GÍ
Ä�¸¹»Zº�ÂN¸¹É'´Eº�·WÊ�Ð1Ã�Ñ � ��� 
 »[É'´E¾J� & Ä�¸�Ì¤´�¶#º*¸¹Ä�È�Å�¸ÆÄ�³ �7��& $ ' ½Zº#Á' � � & � $ & Ñ

0

t

0-1 wave number1

50

100

Ú�����Ñ(���NÑ$#7½[ÉN´�º�¶#Ì�·�´
¾<È�Ç�´VµEÄ�¾�¶*Ì ´VÉ'»N¼¹¶GÄ�¸�»Zºg»ZË+½�²+ÊGÇ�´0Õ
µEº �	��
���
 È�»N¼¹¶GÄ�¸�»Zº_ÂN¸¹É'´Vºb·WÊ�Ð+Ã�Ñ � ��� 
 »[É'´
¾4� & & Ä�¸¹Ì¤´<¶#º*¸¹Ä�È�Å�¸ÆÄ�³�-� & $ ' ½Zº�Á�' � � & & $ '%' Ñ¤²�³*´�Ì¤»�Á*½Z¼�´VÉ'»Z¼�¶GÄ�¸¹»Nº�È�³#»°Å�È:Ä�³#´·#½Zº#Á�»�Ë=¶#º#È{Ä�½�·#¼¹´�Ì¤»�ÁG´VÈ%Å�³#¸¹µ�³�¾�´VÈ�¶#¼ÆÄ�Ëí¾�»NÌ È{Ä�½�¾�Ä�¸¹º#Â�Å�¸¹Ä�³�Ä�³#´
¶*º#È{Ä�½�·#¼¹´0µVº �	��
���
 È�»N¼¹¶*Ä�¸¹»ZºAÑ:²�³*¸¹ÈTÈ�³#»°Å�ÈTÄ�³#½�Ä�Ä�³#´�¸¹º#È{Ä�½Z·*¸¹¼�¸ÆÄrÊ
»WµEµV¶*¾�È<¸¹ºg½�º#´V¸¹ÂN³�·�»�¾�³#»W»�Á�»�Ë%Ä�³#´TÁ*»NÌ¤¸¹º#½ZºWÄ�Å<½°É'´TºG¶*Ì�·�´E¾2»ZË
Ä�³*´�È{Ä�½�Ä�¸¹»Zº�½�¾�ÊQÈ�»N¼¹¶GÄ�¸�»ZºAÑ

-26GF�- î�ö 14H UNï�
G÷ � DGC 6GF �±ô - ý H U 
G÷ :�-2H UEø¡?�	�ð�a9HZM � � ,
� î 6GF ï ] 
gJ � 6GF J - î�ö 1 H UZï�
G÷�?
� � H U M ö�
G÷�M�k\XZHEH�JjH�I�F=DWl:F+? �0DWlTX�ñ*X�CäcEð=XõCEXZH
a=kícEH©D �

B X�J\F9H�c
XZJíF±S�F9f!`bX�k\kíXZC�ô ý���ø¤H�ð=DWl c
ð9S�c}cEð=X"êGCEDGa=F9f H�cVSWc
X
XZJíê*X�F�ñWS�k\a=XgêGCEDWl0H�S*H � �&% îr÷9î�ö -7H UNï 3 6TF?3 ï
K('
U 1 H U - ö�
G÷
� D*C -26TF*) ö*?"��X�F9Y�X � D*C H UKJ�ö�
�÷äJ\F9H�cESGù=Jík\Jíc�ú D�Y�Y[a9CEH � DGC
H
a?>©Y[J\X�F#cEkíú©F9X�ê*S�c
J\ñGX 6GF ?
	�ð=X_igD#H�c�a=F9H�cES�ù9kíX_igD�f�XNH0D � cEð=X�Y�F+îD8 :IH ï�H�D*kía=c
J\DGF Y�SGF

ùRX:f�X[cEX�CEigJíF=XNf_çRX�C
c
a=CEù9S�c
J\ñGX�k\ú¤l:ð=XZF,+ ,.- ÷=î 6 F 1LH U ï � öG?
	�ð9J\H.Y[DGCECEXZH
çAD*F9f=H7cED S H
DGk\a�c
J\DGF l:Jíc
ð H�iäS�k\kQSGigç=kíJíc
aAf�XG?
û�JíF9Y�X ��� , � Q 1 +9Y[F2UGî98 :IH ï°M�Jíc � D*kík\DWl0H�c
ð9S�c ��� J\HQF=D�c
F9XZY[XNH
HES�CEJ\kíú�çAD#H�Jíc
J\ñGX*M#f=J\HES�k\kíDWl:J\F=ê¤cEð=XbY[DGFAH�cEC
a9Y[c
J\DGFäD � A-J\F

�



ì�òR?Tî�ý=ö'ï°?;��DWl�XZñGXZCZM � C
D*i ì�òR?�îr÷��*ï[M ��� � Q �	 U , - �AU �	 U Ml:ð=JjYVð D �%X�CVH�SGF S�kíc
XZC
F9S�c
J\ñGXgcED.ì�òR?Tî�ý=ö'ï�c
D Y�SGk\Y�a=k\S�c
XäcEð=X
H
çAXNY°c
CEa=i±D � ì�òA?#îr÷��*ï°?2O�X�c#� , (�� 1 + � K SGF9f �	 U , ����1 + � K Ml:ð=XZC
X � J\H_SGF.XZJíê*X�F�ñWS�k\a=X�D � � Q SGF9f ��� JjHbJ�cVH_SGHEH
D�Y�J\S�c
XNfF=D*C
iäS�k\J\d�XZf XZJíê*X�F � a=FAY°c
J\DGF+? 	�ð=XZF S�ü9CVH�c�D*CEf=X�C0Y�SGk\Y�a=kjSWc
J\DGF
a9H
JíF9êQcEJíigX�ë¡J\F9f�XZçAXZF9f�X�F#c�çRX�C
c
a9C
ù9S�c
J\DGF}c
ð=XZDGCEú©êGJ\ñGXNH

� U ,E-�� U - + ����� � 3 Y[F U îD8 :IH ï 3 � �	� O î�ý��#ï

	�ð�a9HZM;�AU W 
3DGF=k\ú J � - + � � � 3 Y�F1UGî98 : H ï 3 � � �4M
� M 
=?
�0XZF9Y[X*M9D*F=kíú igD�f�XZH � � l:J�cEð � JíF7cEð=J\H�ù9SGF9f7F=XZSGC0d�XZC
DäSGC
X
a=F9H�cESGù=k\XG?��=DGC1c
ð9XZH
X�a=FAH�cVS�ù=k\X�igD�f�XNH�MWcEð=XTX�J\êGX�F � a=F9Y°cEJíD*F � �
JjH�S�ç9ç=C
D'æ�J\iäSWc
XZkíú�c
ð=X�d�XZC
D¤igD�f�XgY[F�î98 : H ï°?@	�ð�a9H�c
ð=X�DGF9H
X[c
D � J\F9H�cESGù=Jík\Jíc�úQJ\Fäc
ð9X �=D*a=CEJíXZC�f�DGiäSGJíF©D�YZY[a=CVH<F=XNS�C�cEð=X�l�S'ñGX
F�a=i�ùRX�CVH¤D � cEð=XõY[FTîD8 :IH ï¤H
DGk\a�cEJíD*F�? 	�ð=JjH¤JjH_YVð9S�CVSGY[c
XZC
JjH�cEJ\Y
D � S�igD�f=a=k\S�c
J\DGF9SGk�JíFAH�cVS�ù=J\kíJíc�ú
	+D©J\k\kía9H�c
CVSWcEX_cEð=J\H�J\F9H�cVS�ù=J\k\J�c�ú*MAlTX�f�JjH�ç9k\S'ú JíFR�1J\ê9?1ö�
gcEð=X

X�ñ*DGk\a�c
J\DGF!D � S3Y�F+îD8 :IH ï7H
DGk\a�cEJíD*F!DWñ*X�C c
ð=X cEJíigX�J\F*cEX�CEñWS�k
< �óô 
 : �U
Wø � DGC 6 F , - ö�O 
�S�F9f H , 
GO �=? 	�ð=X.H
DGk\a�c
J\DGF
êGD�XNH�ò#a=JjYVI#k\ú�a=F9H�cES�ù9kíX�l:J�cEðäc
ð=X�J\F9H�cVS�ù=J\k\J�c�úgêGXZF=X�CVSWcEXZf�F=XNS�C
c
ð9X©ü9CVH�cQlTS'ñ*X�F�a=iQùAXZCZ? 	�ð9J\HQS�êGCEX�XNHbl:J�cEð�c
ð9X�S�F9SGkíú#cEJ\YZS�k
ç=CEXZf�JjY°cEJíD*F�?��{c�JjH�Jík\k\a9H�cECES�c
XNf(JíFõc
ð=X�X�ñ*DGk\a�c
J\DGFõD � cEð=XQl�S'ñGX
F�a=i�ùRX�C�H�çRXZY[c
CEa=i6J\FK�2JíêA?9ö*öG?��0X�CEX0S¤Y[k\D*H
X[ë{a=çgD � cEð=X�H
çAXNY°ë
c
CEa=i F9XZS�Cbl�S'ñGXQF#a9i�ùRX�CbDGF=X�JjH¤H�ð=DWl:F+?'	�ð=JjH¤H�ð=DWl0H�c
ðASWc
c
ð9X JíFAH�cVS�ù=J\kíJíc�úÓJíF9f=X�XZf�D�YZY[a=CVHäJ\F S�F=X�J\êGð�ùRDGCEð=D�D�fèD � cEð=X
f�D*i�J\F9SGF*c:l�S'ñGX�F�a=i�ùRX�C0D � cEð=X_H�cVSWcEJíD*F9S�CEú©H�D*kía=c
J\DGF�?

¥G¬���x��	��
 ��

�=DGCbcEð=X©H
F+îD8 :IH ï¤H
DGk\a�cEJíD*F9H�c
ð=X �.- D*çAXZCES�c
D*CEHbS�CEX�êGJ\ñGX�F

ù�ú

� � , - ö÷ � /%/ 1 îrý H U 1 ÷ 6 F ï�H
F U îD8 : H ï -
ö 1 H U
÷ : î�ýU�GS*ï

� Q , - ö÷ � /%/21 H U H
F U îD8 : H ï -
ö 17H U
÷ O î�ý��WùAï

� ê#S�J\F � Q J\H�S�ö[ë{ê*S�çQO+S�i �X�DGçRX�CVSWc
D*CZMWf�J��%X�CEJíF=ê � CEDGi � Q � DGCc
ð9XgY�F+îD8 :IH ï�H
DGk\a�c
J\DGF DGF9kíú(ù�ú S Y[DGFAH�cVS�F#cZ? 	�ð=X�H
çRXZY°cEC
a9i
JjH:êGJ\ñGXZF}ù�úõô -2H U 
G÷ :�- ö�
�÷Wø �.ô 
 :�/ ï[?0�{c�S�ê#S�J\F � D*kík\DWl0H � C
D*i
c
ð9X0l�D*C
I¤D � B.XZJíF9H�c
XZJíFäSGF9fä`bX�k\kíXZC0ô ý���ø�cEð9SWc � D*C�H�aT>äY�JíXZF#c
k\ú
kjS�CEêGXäñWS�k\a=XZH�D � 6GF cEð=X�ê*C
D*a=F9f"H�cVSWcEX©X�J\êGXZF#ñWSGkía=X�D � � Q JjH
S�ç9ç=C
D'æ�J\iäSWc
XZkíúäê*Jíñ*X�F ù�ú

� � % îr÷ 6 F ï ?@ - ö 1 H U
÷ î�ýU�*ï

S�FAf c
ð�a9H � � JjH0çRD*H
J�cEJíñ*X�f�X[üAF=J�cEX � D*C�H
a?>©Y[J\X�F#c
k\ú k\SGC
ê*X 6 F ?
	�ð=JjH�M%J\F cEa=C
F+M�Jíigç=k\JíXNH�JíF9H�cESGù=J\kíJíc�ú7D � cEð=X�H
F+î98 :IH ï�H
DGk\a�c
J\DGF
� DGCbH
a?>©Y[J\X�F#c
k\ú7k\SGC
ê*X 6 F M�l:ð=JjYVðõY[D*C
CEXZH
çRDGF9f=H0c
D}k\SGC
ê*X�S�i�ë
ç=k\J�cEa9f�X�H
DGk\a�cEJíD*F9H�? 	�ð=X_H
F+îD8 :IH ï:H
DGk\a�cEJíD*F ê*D�XZH0ò#a=JjYVI�kíú©a9F�ë
H�cES�ù9kíX©J\FèS.H�J\igJíkjS�C � SGH
ð=JíD*F"c
Dõc
ð=X"Y[FTîD8 : H ï_H
DGk\a�cEJíD*F î�H
X�X
�2JíêA?�ö�
#ï°?

0 0

|ψ|

x

t

2

−13.5

80

13.5

2

1

0

40

Ú�����Ñ�� )WÑ¤¿WÄ�½Z·*¼�´¤´EÉ'»N¼¹¶*Ä�¸¹»Zº7»ZË<Ä�³*´_²+ÊGÇ�´_ÕÿÁGº �	��
���
 È�»N¼¹¶GÍ
Ä�¸¹»Zº#È+ÂN¸¹É'´Vº¤·WÊ¤Ð+Ã�Ñ � � ) 
 »[É'´
¾ � & Ä�¸¹Ì¤´<¶*º#¸ÆÄ�È+Å�¸ÆÄ�³ �7��& $ ' ½Zº#Á' � � & � $ & Ñ

� ¬T£Zx��	�I
 ��

�=CEDGi c
ð=Xäç=CEX�ñ�J\DGa9H
k\ú(XZH�cES�ù9kíJjH�ð9XZf.C
XNH�a=kícEHZM+k\J\F=XZSGC_H�cVS�ù=J\k�ë

Jíc�ú � D*CQcEð=X(f�F+î98 :IH ïgH�D*kía�cEJíD*F9H � DGk\kíDWl0H�J\igi�XNf�JjSWc
XZkíú3H�J\F9Y[X< î98Rï W 
=M<ùRXZYZS�a9H
X}f�F1îD8 : H ï�ð9SGHQF=D dZX�CED*HZ?R	�ð�a9HQJíFèY�DGF�ë
cECES*H�c�c
D}c
ð9X�Y�F+îD8 :IH ïbSGF9fõH
F+îD8 :IH ï�H
DGk\a�c
J\DGFAH�MRc
ð9Xgf=F+îD8 :IH ï
H
DGk\a�cEJíD*F9H�ê*Jíñ*X�Fäù�ú©ì�òR?%î�ö'÷Gï�SGC
X�kíJ\F=XNS�CEkíúgH�cVS�ù=k\XG?0�2J\êGa=CEX�ö'÷
f=J\H
ç=kjS'ú�H1cEð=X�X�ñGD*kía=c
J\DGF�D � S�f�F+î98 : H ï�H�D*kía=c
J\DGF�DWñGX�C1c
ð9X�c
J\i�X
J\F#c
XZC
ñWS�k < � ô 
 : �U
Wø � DGC 6 F , - ö�O 
èSGF9f H , 
GO �=? � k�ë
cEð=DGa9êGð F=D*J\H
X_l�SGH�SGf=f�XNf7c
D�c
ð=X�J\F=J�cEJ\SGk2f9SWcES9M9cEð=XgH�D*kía�cEJíD*F
H
ð9SGçAX.çAXZCEH
J\H�cEH S�FAf�c
ð=X"H
DGk\a�c
J\DGF JjH H�cVS�ù=k\XGM�S*H�ç9C
XNf�J\Y[c
XNf
SGF9S�k\ú#c
JjY�SGkík\úG? �=D*CQcEð=JjH�YZSGH
XGM�cEð=X}l�S'ñGX�F#a9i�ùRX�CäH�çRXZY[c
CEa=i
JjHgH�a9ç=çAD*C�cEXZf�ç9C
J\iäS�CEJík\ú"ù#ú"cEð=CEX�X i�D�f�XNH��©c
ð=X d�XZC
D.i�D�f�X
l:ð9J\YVð7f�X[cEX�CEigJíF=XNHTc
ð=X¤D��%H
X[cNM=S�F9f�c�lTD�DGc
ð=XZC�i�D�f�XNH�l:ð=JjYVð
f=X[c
XZC
igJ\F=X_cEð=X�D*HEY[J\kíkjSWcEJíD*F � C
XNò*a9X�F9Y�ú D � c
ð9X�f�F1îD8 : H ï�H�D*kía�ë
cEJíD*F�?�ì�ñ*X�F�l:Jíc
ðÓk\SGC
ê*X©çAXZC�cEa=CEù9SWcEJíD*F9H�M�cEð=JjHQH
DGk\a�c
J\DGF3çAXZC�ë
H
JjH�cVH�? 	�ð=J\H_JíF9f=J\YZSWc
XNHbc
ðASWc_cEð=X©D ��H
X[c_D � S(H
DGk\a�c
J\DGF"JjH¤Jíi�ë
çRDGC
cESGF#c � DGC0JícEH�H�cVS�ù=J\k\J�c�ú*? 	�ð=JjH0D*ù9H
X�CEñ'S�c
J\DGF7JjH:C
XNY[D*F�ü9CEi�XNf
� D*C:D�cEð=X�C0H�cESGù=kíX¤H
DGk\a�c
J\DGFAH�ùAXZkíDWl¤?

��Ü�Þ�� �
� �
	 � 
���	 � O �0ÞML N$O��
�'¬T�Ex��	��
 ��


	�ð=X4	�ú�çAX!B cEC
J\ñ�J\SGk©ç=ð9S*H�X H
DGk\a�cEJíD*F JjH D*ù�cESGJíF9XZf � DGC� K , � H U�
�� S�F9f4Y[DGCECEXZH
çAD*F9f�J\F=ê6SGi�ç9kíJíc
a9f=X 3 < îD8%ï 3 ,
î H 
�÷*ï % ö 1 Y�F�î98 :IH ï[?
	�ð=X�H
DGk\a�c
J\DGF < îD8%ï�JjH�F=DGc+H�cEC
JjY°cEkíú�çAD#H�ë
Jíc
J\ñGX*?@	�ð=XbDGçRX�CVSWcEDGC � � J\H
��� ,;- ö÷ � U/ 1

H U
� -

ö
� 1

ý
� H U H�F U îD8 :IH ï 1 ý � K Y[F�î98 : H ï O�îrý��Gï

	�ð�a9H�lTX�ü9F9f}c
ðASWc:c
ð9X_H�Jíc
a9S�c
J\DGF7JjH�JíF9f=X[c
XZC
igJ\F9SWcEXG?
^0a9i�XZC
JjY�SGk�H
JíiQa=k\S�c
J\DGF9H � D*Cäc
ð9X;	�ú�çRX B4Y�F+îD8 :IH ï©H�D*kía�ë

cEJíD*F9H�êGJ\ñGXZF}ù�ú�ì�òR?�îr÷�ö'ï�S�CEX�J\k\kía9H�c
CVSWcEXZf J\F �2J\ê9?�öNý=?0	�ð=JjH

�



2

0 0

0 0

|ψ|

|ψ|

x

t

t

2

x

27

0

1

400

−36
36

−27

200

800

400

0

1

Ú�����ÑI� "GÑ "�º#È{Ä�½Z·*¼¹´�´VÉ'»Z¼¹¶*Ä�¸¹»Nº}»ZË�Ä�³*´b²+ÊGÇ�´�ÎÓµVº �	�I
 ��
 È�»ZÍ
¼¹¶*Ä�¸¹»Nº*È�ÂZ¸¹É'´Vº�·WÊ3Ð1Ã�Ñ � ) � 
 Ë\»Z¾ � � & $ ' � Ä�»NÇ�Ç#½Zº*´V¼ 
 ½�º�Á�:��& $ ����� � ·�»ZÄ�Ä�»ZÌ Ç�½Zº*´V¼ 
 Ëj»Z¾ � n � �*� # �_½Zº�Á ' � � & " �*¢ #�� Ñ
ü9ê*a=C
X�f�JjH�ç=kjS'ú�H<cEð=X�XZñGD*kía�cEJíD*FäD � cEð=X�Y�F+îD8 :IH ï�ù=CVS�FAYVðäD � H
D�ë
k\a�c
J\DGF � DGC H , 
TO��3îwc
D*çèç9SGF=X�kwï�S�F9f H , 
TO ���U�èîLùRD�c
c
D*i
ç9SGF=X�kwï:DWñ*X�C:cEð=X_cEJíigX�J\F#c
XZC
ñWS�k < �èô 
 : ��
U
Wø1SGF9f < �Óô 
 : �U
U
Wø
CEXZH
çAXNY°c
J\ñGXZkíú � DGC 6GF7, - ý H U%
#�9? �9DGC©ùRD�cEð H , 
TO��"S�F9f
H , 
TO ���U� c
ð=X H�D*kía=c
J\DGF9HQS�CEX©a=F9H�cESGù=kíX*M�ù=a�c�c
ð=JjH�J\F9H�cESGù=Jíkíë
Jíc�ú�iäSGF=J � XNH�cVH�JícEH
X�k � D*F=kíúgS � cEX�C�H�XZñGXZCESGk=ð�a=F9f�CEXZfgcEJíigX�a=F=JícEHZ?
�2Jíê*a=CEX�ö��äH�ð=DWl0HTcEð=X¤X�ñ*DGk\a�c
J\DGF7D � c
ð9X_lTS'ñ*X�F�a=iQùAXZC�H
çAXNY°ë
c
CEa=i � DGC}ùADGc
ð cEð=XZH
XõY�S*H�XNH�?E�=D*C HE, 
GO �=M�cEð=XõD*F9H
X[c©D �
J\F9H�cVS�ù=J\k\J�c�úäD�Y�Y�a=CVH�F=XNS�CTlTS'ñ*X0F�a=i�ùRX�CTDGF=X�SGH�J\H�cEð=X�YZSGH
X0D �
	�ú#çRX � H
DGk\a�c
J\DGFAH�? � � cEX�C���
U
äcEJíigX�a=F=JícEHZM%c
ð=X�lTS'ñ*X�F�a=i�ë
ùRX�CVH<ð9S'ñGX:D*F=k\ú���a9H�c�ùRX�ê*a=Fgc
D_H
ç=CEXZSGf�M*Y�SGa9H
JíF=êbcEð=X�H
DGk\a�c
J\DGF
c
D(f�XNH�cVS�ù=J\k\JídZXG?K�=D*C HR, 
GO �U���9M%c
ð=X©H
DGk\a�c
J\DGF"JjH¤Y[D*i�çRD*H
XZf
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JjH�JíF9Y�DGF9Y�kíaAH�J\ñGX*?
	�ð=XZH
XäS�F9SGkíú#c
JjY�ç=CEXZf�JjY°cEJíD*F9HbS�CEXgY�DGF�üAC
igXZfõJíF �2J\ê*HZ?<ö%�Né

ö��9? ��F �2JíêA?*ö���c
ð=X�X�ñGD*kía=c
J\DGF¤D � S:f�F1îD8 : H ï1H�D*kía�cEJíD*FbJ\H1H�ð=DWl:F
� DGC � U , ö�
��(SGF9f H$, 
GO �U���9? � H¤ç=CEXZf=J\Y[c
XZf"SGF9S�k\ú#c
JjY�S�k\k\úGM
c
ð9J\H<çAS�CVS�igX[cEX�C�C
XZêGJ\igXTJjH�H�cESGù=kíX � D*C�S�k\k H ñWSGkía=XNH�?�	�ð=JjH�H
Jíi�ë
a=kjSWcEJíD*F�DGFAY[X�SGê*SGJíFäJ\kík\a9H�c
CVSWcEXZH�c
ð=X�J\i�çRDGC
cESGF9Y[X�D � SGF©D ��H
X[c
� DGC©H�cESGù=J\kíJ\d�J\F=ê c
ð=X Y�DGF9f=X�F9HESWcEX"ô ÷ 
�ø¡?N��F Y[D*F#c
CVSGH�c�cED c
ð=JjH
H�cES�ù9kíXbX�ñ*DGk\a�c
J\DGF+M�c
ð=X¤Y�S*H�X � U ,.- ö�
��QJ\H0a=F9H�cES�ù9kíX¤SGH�J\k\kía9H�ë
c
CVSWcEXZf�JíF �2JíêA?Rö%�=?�	�ð=XbkíJ\F=XNS�C�H�cVS�ù=J\kíJíc�úäCEXZH
a=k�cVHTJíF}c
ð=JjH�Y�S*H�X
S�CEX_J\F9f�X�c
X�CEigJíFASWc
X*? �0DWlTX�ñGXZCZM9c
ð=X�F�a=igX�CEJ\YZS�k2H�J\i�a=kjSWcEJíD*F9H
Y[D*F9Y[k\a9H
Jíñ*X�k\ú H�ð9DWl c
ð=XgXZñGDGk\a�cEJíD*F c
D7ùRXga=F9H�cES�ù9kíX � DGC_SGkík H
ñWS�k\a=XZHZ?V�9DGC:cEð=JjH�Y�S*H�X*M�c
ð9X¤D ��H�X�c�D � c
ð=XQH�D*kía�cEJíD*F7J\H:J\F9H
a?>gë
Y[J\X�F#c�c
DgH�cES�ù9Jík\JídZX�c
ð=X¤Y[D*F9f�XZF9H
S�c
X*?
B XbF=D�cEX�c
ð9S�c � D*C:H�iäS�k\k
ñWS�k\a=XZHQD � H M<c
ð=X}DGF9H
X[c�D � J\F9H�cESGù=Jík\Jíc�ú D�YZY[a=CVHQS � c
XZC�SõñGX�CEú
k\DGF=êäcEJíigX*? �0J\êGð9X�C�ñ'SGkía9XZH0D � H CEXZH
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