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‘We present a new family of stationary solutions to the cubic nonlinear Schriodinger equation with
an elliptic function potential. In the limit of a sinusoidal potential our solutions model a quasi-
one-dimensional dilute gas Bose-Einstein condensate trapped in a standing light wave. Provided
the ratio of the height of the variations of the condensate to its DC offset is small enough, both
trivial phase and nontrivial phase solutions are shown to be stable. Recent developments allow for

experimental investigation of these predictions.

The dilute—gas Bose-Einstein condensate (BEC) in the
quasi-one—dimensional (quasi-1D) regime is modeled by
the cubic nonlinear Schrédinger equation (NLS) with a
potential [1-3]. In particular, the successful trapping of a
BEC in a hollow blue-detuned laser beam [3] shows that
a quasi-1D BEC has been experimentally realized. The
various traps which are used to contain the BEC, among
them cylindrical, harmonic, and toroidal, have spurred
the solution of the NLS with new potentials [2,4,5].

BECs trapped in a standing light wave have been used
to study phase coherence [6] and matter-wave diffrac-
tion [7] and have been predicted to apply to quantum
logic [8] and matter-wave transport [9]. Exact solutions
have been obtained for the Kronig-Penney potential [10]
and some researchers have used a Bloch function descrip-
tion [11]. In this letter, we study new explicit solutions
of the NLS with an elliptic function potential.

We consider the mean-field model of a quasi-1D repul-
sive BEC trapped in an external potential which is given
by the nonlinear Schrédinger equation [1,5]:

ithe = — b + P + V(ah 1)

The quasi-1D regime holds when the transverse dimen-
sions of the condensate are on the order of its healing
length and its longitudinal dimension is much longer than
its transverse ones. In this case the 1D limit of the 3D
NLS is appropriate, rather than a true 1D mean-field
theory, as would be the case for a transverse dimen-
sion on the order of the atomic interaction length or the
atomic size itself. Such an NLS models the quasi-1D or
potentially quasi-1D regime of a number of present ex-
periments, as has been discussed in detail elsewhere [2].

In experiments, the trapping potential is generated by
a standing light wave. In Ref. [6] there was an addi-
tional shallow harmonic potential. The standing light
wave was sufficiently intense so that the condensate was
strongly localized in each well. In addition the appara-
tus was tilted vertically so that gravity caused tunneling

between wells. Here we suggest a complimentary experi-
ment, which does not consider the tight-binding regime,
but rather explores the regime in which the condensate
is free to move between wells. With the advent of truly
quasi-1D, cylindrical geometries [3], an additional har-
monic confining potential is not necessary.

As a model for quasi-1D confinement in a standing
light wave we use the periodic potential

V(z) = —Vo sn’(z,k), 2)

where sn(z, k) denotes the Jacobian elliptic sine func-
tion [12] with elliptic modulus 0 < & < 1. In the limit
k = 0 the potential is sinusoidal and thus V(z) is ez-
actly a standing light wave. For intermediate values (e.g.
k < 0.9) the potential closely resembles the sinusoidal
behavior and thus provides a good approximation to a
standing light wave. Finally, for £ — 17, V(z) becomes
an array of well-separated hyperbolic secant potential
barriers or wells.

We present stationary solutions in closed form and
study their stability analytically and numerically. These
theoretical predictions are of consequence for experi-
ments [3,15]. We begin by constructing solutions to
Eq. (1) which have the form

P(z,t) = r(z) exp(i(O(z) — wt)), 3)
where
r’(z) = (Vo +k?) sn®(z,k) + B, (4a)
o) = c/om%, (4b)
w = %<1+k2+33—kf+v°vo>, (4c)
¢ =B <1+ k2+VO> (k* + Vo + BEk?) . (4d)

B determines a mean amplitude and acts as a DC offset
for the number of condensed atoms. The strength of
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FIG. 1. Regions of validity for trivial phase Jacobian
elliptic solutions. The sn(z,k) and cn(x,k) branches are
found to be unstable while the dn(x, k) branch is stable.

the nonlinearity, which for the BEC is a function of both
the atomic coupling and the number of condensed atoms,
is determined by the parameters V, + k2 and B, as is ap-
parent in the amplitude of the solutions given by Eq. (3).
Note that if z is scaled so that V(z) undergoes only a
single oscillation on the interval under consideration (in
the limit k — 1) the Jacobian elliptic potential provides
a model of a single barrier or well [13]. For simplicity
we focus on two special cases: (1) k arbitrary and triv-
ial phase (c = 0), and (2) £ = 0 with nontrivial phase
(¢ # 0) so that the solutions are trigonometric functions.

Trivial Phase Case — In the limit ¢ = 0, the solutions
given in Egs. (3)-(4) reduce to

o) = Vo + K sn(a, k) exp[—i(1 + K2)t/2], (5)

valid for V; > —k2, and
1
Y(z,t)=+/—(Vo+k?) en(z, k) eXP[i(VoJrk2—5)t] , (6a)

P(z,t)= —(1-{-%) dn(z, k) exp[i(l-l—ﬁ—%)t] , (6b)

%2
valid for Vo < —k? where cn(z, k) and dn(z,k) are Ja-
cobian elliptic functions [12]. These solution branches
are illustrated in Fig. 1 along with their stability prop-
erties found from analytic calculations and observed in
numerical simulation.

We can prove that the dn(z, k) branch of solutions is
linearly stable. To do so, we linearize around the dn(z, k)
solution branch given by Eq. (6b) so that

P(x,t) = (¢o() + ¢(x, 1)) exp(—iwt), (7)

where ¢o(x) exp(—iwt) is the exact solution given by
Eq. (6b) and ¢(z,t) < 1 is a small perturbation to
the exact solution. This leads to the following linearized
eigenvalue problems: L_L; R=X?R and L, L_I= )21,
where ¢(z,t) = (R + il)exp(iAt) is decomposed into
its real and imaginary parts. The operators L_ and
L, are both self-adjoint and periodic differential op-
erators: L. = —102 + ¢o(x)? + V() —w and Ly =
—10243¢o(x)? +V (z) —w. Thus the eigenvalue problem
closely resembles that of soliton solutions of the NLS [14]
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FIG. 2. Evolution of initially perturbed Jacobian ellip-
tic dn(z,k) and sn(x, k) solutions. Panels (a)-(b) corre-
spond to the stable dn(z, k) branch of solutions of Fig. 1
with ¥ = 1/2 and Vo = —1. The wavenumber spectrum
(n) remains constant and consists of the zero mode and
wavenumber one. These reflect the DC offset and strength
of oscillation, respectively. Panels (c¢)—(d) demonstrate the
instability of the sn(z, k) solution with £ = 0 and Vo = 1.
Here the instability is seen to develop around wavenum-
ber unity as predicted analytically. The cn(z, k) branch of
solutions exhibits the same instability.

with the additional difficulty of V(z) being a periodic
potential.

We are able to prove stability for the whole dn(z, k)
branch of solutions and instability for the cn(z, k) and
sn(z, k) branches near their emanation point Vo = —k?
(see Fig. 1). In contrast to the dn(z, k) solutions, nu-
merical experiments suggest that all en(z, k) and sn(z, k)
solutions are linearly unstable. Although we have been
unable to show this for the whole solution branch, we
have shown this perturbatively for Vo + k2 << 1 using
the same technique as outlined above for the dn(z, k)
branch of solutions. In this limit, the dispersion relation
for small disturbances near Vy + k2 = e << 1 is

w? = i (n) + er(n)u(n), (8)

where 7 is the spectral parameter, u(n) the eigenvalue of
L_ and r(n) is a explicit constant. From this it follows
that a small band of eigenvalues near (but less than)
zero becomes unstable under perturbation. This band
corresponds to spatial wavenumbers near that of the sta-
tionary solution. Numerical experiments show that this
unstable band persists for all ¥y and grows as Vp + k2
becomes large. We emphasize that the stable dn(z, k)
branch of solutions consists of oscillations about a non-
zero mean value, while the unstable cn(z, k) and sn(z, k)
branches have zero mean, suggesting that the offset has
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FIG. 3. Evolution of perturbed trigonometric solutions
(k = 0) with nontrivial phase. In panels (a)-(b), B =1 so
that the solution is dn(z, k)-like, leading to a stable evo-
lution. The initial amplitude and phase are depicted in
the top right. For B = 1/2, the solution is unstable, as
seen in (c). Its initial phase and amplitude are depicted in
panel (d). This indicates that a sufficiently high DC offset
is required to stabilize the evolution.

an important effect on the stability properties. Rig-
orous proofs of the linear stability calculations will be
considered elsewhere [13].

Figure 2 illustrates numerical solutions of Eq. (1) for
initial conditions consisting of the exact sn(z,k) and
dn(z, k) solutions perturbed with a small amount of ini-
tial stochastic white noise, along with the corresponding
Fourier spectra. Figures 2(c) and 2(d) depict the evolu-
tion of an sn(z, k) initial condition perturbed by noise.
For this simulation, V5 = 1 and k = 0 so that the solution
is a simple sinusoid (see Fig. 1). The solution is unsta-
ble, and diverges rapidly from the exact solution given
in Eq. (6). Similar behavior is observed for the cn(z, k)
branch of solutions. Figures 2(a) and 2(b) depict the
evolution of the stable dn(z, k) branch of solutions which
is initially perturbed by white noise. In this simulation
Vo = —1 and k = 1/2. This solution branch is stable, and
stays close to the exact solution for all time. Note that
the Fourier spectrum is dominated by the zero mode,
which determines the DC offset, and the wavenumber
one, which determines the oscillation strength.

The Nontrivial Phase, Trigonometric Limit — For
k =0, sn(z,0) = sin(z). The governing evolution Eq. (1)
reduces to

W=~ see +WPY - VoS0 (9)

Note that by the trigonometric identity 2sin®(z) = 1 —
cos(2z) this potential is sinusoidal. The solutions reduce
to

Y(z,t)=1/Vysin® z + Bexp[i(©(z)—(1/2 + B)t)] (10)

where
tan(0(z)) = £+/1 + Vp/Btan(z) (11)

determines the nontrivial phase provided that B > —V;
for Vo <0 and B > 0 for V4 > 0.

The results of the previous section imply that the triv-
ial phase solutions without offset are unstable. Oscilla-
tions about some mean value is qualitatively similar to a
dn(z, k) solution, which suggests that solutions with suf-
ficiently large B might be stable. Oscillations with |B|
small are qualitatively like ¢n(z, k) and sn(x, k) and are
expected to be unstable. Numerical experiments confirm
this. We note that a linear stability analysis in this case
is more complicated than for the trivial phase case since
the linearized operators do not decouple.

In Fig. 3 we depict the evolution of a pair of initial con-
ditions of the form given by Eq. (10) plus initial white
noise. Figures 3(c) and 3(d) depict the initial ampli-
tude and phase along with the evolution of the density
|¢(z,t)|? for the parameter values Vo = 1.0, B = 0.5. It
is clear from the graph that this stationary solution is
unstable. Figures 3(a) and 3(b) depict the initial am-
plitude and phase and the evolution of the density for
parameter values Vo = 1.0, B = 1.0. In this case the so-
lution appears stable. The solution with the perturbed
initial condition stays close to the stationary solution for
long times, which for our time scaling is longer than the
lifetime of typical trapped BECs [2].

The numerical and analytical results imply that in
order to obtain a stable condensate it is necessary to
have solutions which are sufficiently in the nonlinear
regime. To quantify this, we note that from Egs. (9)
and (10), the number of particles per well n is given by
n = (fy [¥(z,t)|*de)/m = Vo/2 + B. In the context of
the BEC, and for a fixed atomic coupling strength, this
means a sufficient number of condensed atoms per well
n is required to provide a DC offset on the order of the
potential strength. This ensures stabilization of the con-
densate.

Adiabatic Growth — To demonstrate the physical appli-
cability of our results we perform numerical simulations
consistent with recent and planned experiments on the
BEC [3,6,15]. In particular, we consider a fixed num-
ber of condensed atoms with an initially constant DC
profile. This models either a quasi-1D cigar-shaped ge-
ometry, with a slowly varying density in the longitudinal
direction, or a quasi-1D cylinder, with a constant density
in the longitudinal direction except at the end caps. Asin
experiments [6], the sinusoidal periodic potential is adia-
batically ramped up linearly from zero to a fixed poten-
tial strength V4, and both initially trivial and nontrivial
phase profiles on the uniform condensate are considered.



For the initially trivial phase profile the solution de-
forms as depicted in Fig. 4(a). This adiabatic process
generates a stable solution which is close to the
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FIG. 4. Stable growth of periodic condensate with DC
offset of one with (a) initial trivial phase and (c) nontrivial
phase. A sin?(x) potential was adiabatically grown from
Vo=0att=0to Vo =0.5 at t = 50. Figure (b) shows the
difference in the final state of the system given an initial
trivial phase (black line) and initial nontrivial phase (gray
line). The development of phase structure on an initial lin-
ear phase profile is depicted in (d). Here the initial linear
phase profile has been subtracted to give the initial (black
line) and final (gray line) phase profiles.

dn(z, k) solution branch given by Eq. (6b) and depicted
in Fig. 2(a). In contrast, an initial nontrivial phase pro-
file only results in a stable solution when the DC offset is
sufficiently large in comparison to the potential strength
Vo. For Vy = 0.5 and an initial DC offset of one, the adi-
abatically grown solution is stable with larger amplitude
fluctuations than those of the trivial phase case (Fig. 4b).
As the condensate evolves, the initial linear phase pro-
file is deformed as shown in Fig. 4(d), where the initial
linear phase is subtracted out from the initial and final
phases. This phase deformation is necessary in order
for the solution to remain stationary. In particular, a
linear phase profile induces a group-velocity shift in the
direction of growing phase. This is in contrast to phase
jumps or transition regions which can cause motion op-
posite the direction of a positive jump [2,5]. The sta-
tionary solutions generated here suggest that these two
opposite actions effectively balance each other in order
for the solutions to remain localized and stationary in
their respective troughs. Finally, we note that for V5 =1
the potential is sufficiently strong so as to destabilize the
adiabatically grown solution. The instability mechanism
is similar to that observed in Fig. 3(c).

In conclusion, we have presented a new family of solu-
tions which models a repulsive BEC trapped in a stand-
ing light wave in a quasi-1D geometry. Our results sug-
gest that such solutions are physically observable and
that a sufficiently large number of condensed atoms (DC
offset) is required to form a stable, periodic condensate.
Recent developments [3,15] allow for direct experimental
investigation of our predictions.
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