Convolution: /#g(x)= [ f(«)g(x—a)d e

Image Enhancement |l

Spatial Fi
Filtering = Convolution

(Opposite of cross-cor

Fourier

« Basic idea:

BE 244 Lecture 2
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Transforms

Any periodic function can be decomposed into sine and cosine functions
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Ideal Discrete Function

* How much magnitude for each frequency?
* How much phase shift for each frequency?

-->You can figure it out
by Fourier transformation.

Image Enhancement Il

» Spatial Filter (continued)

« Fourier Transforms (1D and 2D)

« Discrete Fourier Transform (1D and 2D)
« Properties of Fourier Transform

« Sampling

» Low-pass and High-pass Filters

Spatial Filtering—continued

« Famous linear kernel functions:

Gaussian Sinc (‘ideal’) Rectangle Delta (impulse)
s - \\ (!\\
/ N 1
/ \\ } ‘
ya sy \\u,"\ﬂ o~

- And Kalman filter, Wiener filter

* Nonlinear filters:
- Median filter

- Particle filter etc.

Fourier Transforms

Fourier Transform:
Inverse Fourier Transform:

FT using Euler's Formula:

.
[F@)] =|R @)+ 1 @)

Fourier Spectrum
(magnitude)

¢ (u)|=tan""|

F(u) = }/(x)expl» 2 mxdx

F(x) = ]‘F(u)expl 2 mxdu

F(u) = }/(x)[coszmx» Jsin 2 zua]dx

= 1_[/()()[(:05 2 - }/(x)[sin 2 7] dx

=R@u)- jI(u)
F(u)=|F(u)lexp|j(u)]

I(u)

R(u)

Phase Angle
(phase)

1P| =|F )

Spectral Density
(power spectrum)




Fourier Transform (1D Example) Fourier Transform (2D)

1D Fourier Transform:  F(u) = f/(x)EXp[> j2mx]dx
A for-32<x<32 HA foru =0 ”
fo=f TR P =lsin w0 oo -
00 otherwise " 1D Inverse Fourier Transform:  f(x) = fF(U)EXIJl/'Z mxldu
Space Domain Fourier Domain (magnitude)
«

o ‘ 2D Fourier Transform: ~ F(u,v) = ff/()f' expl- j2atux +vy)dvdy
e o \ B

2D Inverse Fourier Transform:  /(x,») = _[_[F(u,v)exp[jzm(uxﬂ;v)]dudv

w il
‘ w | ®
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Fourier Spectrum, Phase Angle, and Power Spectrum are all
calculated in the same manner as the 1D case

Fourier Transform (2D Example) Fourier Transform (2D Example)

Fourier Transform (2D Example) Discrete Fourier Transform

Sampled Continuous /() = (). S5, + A5,/ (5, #2850, S (5, + (N - DY)

(Discrete) Function:
S@) =, +355) whx=0,1,2,..,N-1
w1 )
Fourier Transform: F(u)= Zf(.x)exp\—j”Tw‘\ foru=0,1,2,...N-1
=1
¥

L
N
=)
: ! Inverse Fourier Transform: f(x)=Y F(uj)exp\jZT]’v“"\ forx=0,1,2,...,N-1
. =0
High spatial
frequencies
bl
V
1 wh Jxand Juare sampling intervals in the
NA“:E spatial and frequency domains, resp.

_
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Discrete Fourier Transform (2D)

Mo1N-1

= 1 foru=012,..,M-1

DFT: Flwv=gm 2 2 Jx e J’"(_+N] v=0,1,2"N-1
Mot Nt / \

. 1 \ . ux W forx=0,12,...M-1

2D IFT: f(.t,_v):m“:n Z F(u,v)exp j2W[ﬁ+'ﬁ) y=0,1.3. N-1

1 1 The sampling intervals have the same
MA T NA\':E relationship as in the 1D case

13
Properties
Translation:
R SRS UoX Vu,Vy . ux vy
F(U*UU.V*VU)ZW;U ZU f(x, y)exp| j2m| = |ex */2"(ﬁ+g
,/(x,y)ewﬁjZﬂﬁ%+%§ﬁb F(u-u,v-v,) Shifting Property
Famxp.y- y) e F(u,v)expﬁ— j2ﬂﬁ%+%ﬁu
Special Case: foru, 7M/2 epo]Z 7Hu Al v”’% Useful for
=2 centering FT or
IFT at th igil
S0 e rﬁu- % V- gﬁ at the origin
N
15

Properties

High spatial
frequencies

190/5/1396

Discrete Fourier Transform

N=512 samples (plxels) N=128 pix
K=64 pixels patiads
Ax=25/512 N o Ax25128 v
=0.05 mmipixel )| . =0.2 mmipix
S mwm < o >

K Matab doos rotapy 1N fo o)

Au=1NAx |
o =125

Subsampling changes peak height (OC value) of FT (Matlab only) but he ate of zero crossings
is the same for both. 14
Functions are the same, but represented by a different number of frequency points => loss of

high frequency information.

Properties

2D Function (Image)

FT of Image

Shifted FT of Image

(back of 'moon blade’ shown i FT)

Properties

T 1 M 0 . ux vyD -
S bility: F = 3 2 A+ 2 foru=0,12,.,M-1
eparability:  F(u,v) W%Z Jeoney j ﬂﬁM+.7\/@IH oru:O -

J2myll

i

=Sl 'M HLNZD fix, y)epo-
J2mxll

:721"()( V)EXPH' B 1D row FT

where  F(x,v) 772/0 y)epo— mﬁ 1D column FT

(Spokes in spatial domain and wrapping (aliasing; Moire patern) shown)



Properties

Periodicity: F(u,v) 7722 f(x, y)epo— ]24H vy@'ﬁ foru = u+M

V= v

Flu- M.v- N) *fZZ H/(X L V)exp 2 4H—+ @,Hepo— 2 ~H“X L%

=0

el ./(x,y>epor A % Faw)

Conjugate -
Symmetry: Flu,y) =F"Cu-v)
Magnitude

Syr?\metw: [FGuv)| =|F(-u,-v)|

Convolution in Fourier Domain

Convolution: /(x)*g(X)—_f/ e(x- D)da

Convolution Theorem: f(x)*xg(x) = F(u)G(u)
f(0)g(x) = Fu)yxGu)

Convolution in Fourier Domain

Discrete Functions: FO) = FO), W), f @) f(A- 1)

2(x) = 2(0),2(1),8(2),... g(B- 1)
To perform a convolution, we assume f(x) and g(x) are periodic with a period P >4+B- 1
The resulting convolution will have the same period (P) and the individual
periods will not overlap, ie no aliasing

<x<4-1 <x <B-1
f(x) = D/(X)' 0=x g = Dg(x), 0=x Zero-padded functions
0;  A=<x=<P-1 B<x<P-1

S *g(x) Z%S,/ (ple(x-p) forx=0,1,2...,P-1

Convolution Theorem: F*g () e Fu)Gw)

f g = FuyxGw)

Properties

Rotation:  y =,¢os 4 #=wcos ¢  polar coordinates

y=rsing v=wpsing

Distributivity: ~ 3[f,(x, )+ /5(x, )| =31, (x,»)]+| /,(x, »)]  Addition YES!

S/ p) o S £20 )] Multiplication NO!

Scaling: W) = aFu) Flavhy) ‘L |

ab| Qla’ b0

1 e 0 . P w
s Fauy)=—3 3 ) 271 +
Average Value: F(u,v) ) ,/(x',v)EXpH' J /‘ﬁM + NEIH

foru=v =0 (origin) F(0,0) :Lgf f(x,y)  Theaverage of f(x,y) is the
MN 5% value at the center of the
frequency matrix

(Think what ‘zero frequency’ means—it's flatl)

Convolution in Fourier Domain

Recall, if the FT is used to
compute the convolution
(ie product of the FT of
f(x,y) and g(x,y)) the
assumption is that f and g
are periodic. If the images
are not padded to extend
the FT computation
window, wrap error will
occur as shown.

Convolution in Fourier Domain

Continuous 2D Convolution: f(x,»)*g(x.») = [ f(a Ag(x- awy- Adad
Discrete 2D Convolution:

(x.y), 0=<x<A1 & 0<y=<B-1
fixy) =

(xy); 0=<x=<C1 & 0<y=<D-1
gixy) =

S ey)kg (x, )77 Al (x- y for x=0,12...,P-1
ety %; Pl prrg y=0,12...,Q1

Convolution Theorem: ¢ (x, )xg (x,y) & F(u,v)G(u,v)

S g,y e Fu,v)*Gu,v)

fr - @)= Fo. - §)

20
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Convolution in Fourier Domain

Dirac Delta Function, & (x): [x- x,)ds = [a(x- x,)ds =1

Sampling is
simply a * .
coneglution with Jre0 8- xp)dx = (x,) Sifting Property
an impulse o
function ¢ (x - x,)
fla) g( ) - comb filter 00"
X
a T T T aT

Under periodic boundary,
pixel size (Ax, space) determines bandwidth (N Au=1/ Ax, Fourier)
#of pixels (A,B, space) = # of samples (C,D, Fourier) 25

Sampling Distortion

Finite sampling with a window function:

+Window function that is finite in space (eg rect 0
function) has infinite frequency components F \
« Infinite window function, H(u), and finite sampled A\
function, s(u)*F(u), introduces distortion [
« Limits full recovery of original function, f(x), from a XU atiasodt signal
finite number of samples g/
+ Complete recovery is only possible if f(x) is band- -
limited and periodic with a period X where i % “'5
P Stmgort o pass tr s
2 ‘o pravent alasny atfacts
g
Spatial Domain: NAr =x e
. — \ I\
Frequency Domainy | / \ \
b‘) NA“’ fw fs 25 3fs :
Narrow down the bandwidth (reduce sample #) too much
> Aliasing!
27
2D Function (Image)
o -
Shifted FT of Image
29

(back of moon blade’ shown in FT) (Spokes in spatial domain and wrapping (aliasing; Moire pattern) shown )

Sampling Distortion

Band-limited Functions:

«Infinite in spatial domain
+Only defined on the frequency interval [-W,W]
*Must be sampled at the Nyquist rate to avoid aliasing: ~ Ax < 1/(2W)

f(x) F(u)

26
Sampling Distortion
» How can we avoid aliasing?
- By suppressing high-frequency structures.
(or, by smoothing the image)-->Gaussian filtering
‘allgm of bricks.ipg . ‘Imrp fimages/Moir ‘m = ! i
Moire Pattern
28
:_pattern_of_bricks.jpg
0
‘Siemens Star’ http://www.imatest.com/docs/testcharts.htm|
(Or, http://www.youtube.com/watch?v=Dyisg9-Mwjw
to see how sampling can distort what you see.) 30



Frequency Domain Filters

Frequency filter H(u,v) suppresses certain frequency components in an image
*  Low-pass filters smooth images by suppressing high frequency components (rapidly
changing intensities)

High-pass filters highlight edges by

ppressing low frequency c
constant intensities)

P s (near-

Spatial filters are applied to the image with a 2D convolution. By the convolution
theorem

S y)xh(x, ) & F(u,v)H(u,v) where the prime indicates
that the images are padded appropriately
PRO: Filtering in the frequency domain is often more intuitive,

Faster if your kernel image is big (O(N?) vs O(N log N) for FFT)
CON: Slower if your kernel image is small

Decide on the filter characteristics in the frequency domain but perform the filtering
in the spatial domain

Frequency Domain Filters

Basic Matlab steps in DFT filtering to image f

1. Compute the transform F(u,v) : ft2(f)

2. Generate a filter function H(u,v) of size A+C-1, B+D-1 using fspecial and freqz2. Use
fitshift, if necessary, to be consistent with position of F(u,v)
(*. freqz2 is not available in OCTAVE.)

3. Multiply the transform by the filter G(u,v) = H(u,v)F(u,v): G = H.*F

4. Obtain the real part of the inverse FT of G(u,v): g = real(ifft2(G))

5. Crop the top left rectangle to the original size of f: g = g(1:size(f,1), 1:size(f,2))

Low Pass Filters

Find the appropriate H(u,v) to suppress high frequency components in F(u,v) and
generate G(u,v) with smoother intensities and/or reduced noise

G(u,v) =F(u,v)H (u,v)

Ideal low-pass filter  7(u,v) :HI:D(u,v) <D,

where D, is a specified cutoff frequency
00: D(u,v) > D,

i Tl

ahe
FIGURE 4.10 |

er dislaycd os oa

Frequency Domain Filters

Gaussian-based filters

H(u) =Aexp <

> h(x) =~ 2/'m46xp(- 2u® azxz)
Hu
i N

« Gaussian filters are real in both the frequency | \

and spatial domains, ie computation is i \ \\
simpler than other filters

« We use Gaussian functions often in [

analyzing biological data because it best / \\ Y\
describes the normal distribution of /

observations that scientists make during an
experiment. Because of this, the properties
of the Gaussian are more intuitive to us (as

iix) Analogous hiz)
scientists) than other functions. spatial filters i

+ Because these two functions form an FT pair,
their behavior is reciprocal

Correspondences

Famous linear kernel functions:

Gaussian Sinc (‘ideal’) Rectangle Delta (impulse)

N Ty

4 o ey \pees

« Correspondences in Fourier domain:

H
4 N /;/\/\\/ NIV

Y

(Imagine squeezing sinc to 0)

34

‘(deal’ Low Pass Filter

2d o
T

anaaaaadd cconml

- oy | md
FIGURE 4.11 {a) An image of size 300 3¢ 500 pixels and (5) its Fourier spectrum. 15 |
e T AP e O S (T ‘
416,950 08.0, e respectively / |
Recall reciprocal behavior with h(x,y). AaMLRAS | panunad |
Narrowing in frequency is widening in

space (eg larger smoothing kernel).
Both result in increased blur.

ccxmEl -
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ILPFs are not ideal!

Ringing occurs in the spatial domain due to
truncation artifacts




‘Ideal’ LPF

Source of ringing in images
filter with ILPF

n 37
b i s e g Qo g e o
of e pixs.(d) Corvouien of () and 6 in he patial domin
Butterworth LPF
Effect of 2nd order BLPF et -
nd order
witﬁcsaome cut?)ffseshown see a ,‘
for ILPF 3
” T =
aaaaaadadad o
No ringing!
Ll ] ccamml
ad s [«d
N
+s44284 |.aaaaaad
coxmEE coxmEE
d v end
T TR
naaaaadd  a.aaaaaad
B »

Gaussian LPF

Gaussian LPF H(u,v) =expl]- D(u,v)” —expl]- D(u.v)*
20 2D,
) )
1oy,
R Note how lower values of
D, approximate ILPF.

N
NP
Y

=4 How do you expect
bt these filters to
compare with BLPF?

abe
FIGURE 4.17 (2) Perspective plot of a GLPF transfer functicn, (k) Filter displayed as an image. (c) Filter
rudial cross sections for virious vilues of Dy.

D, is the standard deviation of the Gaussian distribution, therefore, it is defined
at 67% of maxH(u,v)

Butterworth LPF

Butterworth LPF of order n H(u,v) = 1 _
1+ D(u,v)/ D,|™"

o
i ahsy, Note how higher orders
f \ yx approximate ILPF.
\
Jii e as \\ What do you think is
g0 happening in the
spatial domain?

Ditv)

abe
FIGURE 4.14 (a) Pc
imepe. (@) Filter rad

e plot of a Butte worth lowpass filier teanster function. (b) Filter displayed as an
Sof nrders 1 thromph

« Smoother transition band
« Typically define cutoff (D,) as the value when the function is a certain fraction of

the maximum value (eg D, is defined at H(u,v) = 0.5 in the figure)

38
Butterworth LPF
i i fi
//\ ,/ | // \\
A |/ \L ] \ o \\ o
i R
EKGZRI ;.H: () (0) Spatial representution ol BLPFs of vrder 12,5, and 20, und correspor
profiles 1hreugh the center of the filters (all filters have a eutelf frcqueney of 53 Note that increas.
asa functon of £ 4
40
Gaussian LPF
cxnmml R ]
Y R N
11T
:naaaaaad
«emmn conmml
% | 2
LTI 1Y
sa4MBA2A ||.aaaaaaa
cexmEE coammEE
wed ol
(| =
'naaaadd snaaaaad
42



High Pass Filters

Find the appropriate H(u,v) to suppress low frequency components in F(u,v) and

generate G(u,v) with sharper intensity transitions (edges)
G(u,v) =F(u,v)H (u,v)

(o .
Ideal
A common method for deal
generating a HPF is . i
to take the inverse of
alLPF oun
* )
o a e
— S Butterworth i /
H yp(u,v) =1 H p(u,v) HPF . w |
!
//
* Hi
Hn) 1)
Gaussian . = g
HPF 5
o

Ideal HPF

00; D(u,v) <D,
H(u,v) =]
0% D(u,v) > D,

Ideal HPF

Ringing at small
D,

1ada

A1) with Dy = 13, 30, and 80,

abe
FIGURE 4.24 Resulls of ideal highpass
respeetively. Prablems with rinping aire quite
Small spot size in frequency
means large spot size in
space
45

Gaussian HPF

Gaussian HPF H(u,v) =1- expE.

abe
FIGURE 4.26 Resulis of highpass fltering the i
30.and 80, respeative . Compare wit

of Fig. 4.1 1(a) using 2 GHPE of order 2 with D, - 15

Minimal ringing and cleaner edges at small D, than BHPF

HPF - Spatial Representations

IHPF still
has ringing
artifacts

BHPF can
have ringing
artifacts also

abe

Fom Y // \\ /(
\
J/ JL

entations of typital (1) ideal, () Butterworth, and () Gay

al repres:
ters and carrespanding pray-level profiles.

FIGURE 4.23 Spati
ers anc

domain highpsss 7l

Butterworth HPF of order n

Butterworth HPF

I e

be
FIGURE 4,25 Resulls of Lighpass filloring the inage in Fig. £11%) using
30.and 80, respectively. These results are much smoother than those obtaine

Smoother behavior (less ringing) than IHPF
blurred at smaller D,

ussian [requenncy

1
H(u,v) = T
14| D,/ D(u,

BHPF uf order 2 wilh D, = 15,
d with an [LPT.

but edges are still

46



