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Abstract

A modified classical lamination theory (CLT) to account for piezoelectric coupling terms under applied electric field
was developed. CLT is capable of predicting the stress field and out-of-plane displacement of laminated piezoelectric
layers. CLT was applied to predict the stress and out-of-plane displacement of different types of piezoelectric actuators.
A standard piezoelectric bimorph and a newly proposed piezoelectric functionally graded microstructure (FGM) bi-
morph were analyzed using CLT. The FGM piezoelectric laminates are composite materials whose electroelastic
properties are varied through their thickness. The electroelastic properties of an FGM are made to vary in a linear or
non-linear manner through the thickness to achieve the maximum displacement of the actuator while minimizing the
induced stress field. The CLT results were verified using the finite element method. © 2001 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

Piezoelectric composites have been used in a wide variety of applications including vibration control and
actuators. Vibration control can be achieved by incorporating a thin piezoelectric layer into a structural
system as analyzed by Tzou and Garde (1989) for the case of a thin laminate coupled with piezoelectric shell
actuator. Crawley and Anderson (1990) distinguish the uniform strain bending from Bernoulli-Euler
bending. Zhou and Tiersten (1994) used a variational method of elementary flexure and extension of
composite plates to analyze a thin piezoelectric film incorporated in a structural system. Tauchert (1992)
demonstrated the piezoelectric effect to suppress the thermally induced flexure of the laminate using clas-
sical lamination theory (CLT), however, the electroelastic properties were not reduced from 3-D to 2-D to
account for the plane stress condition.

Several different kinds of piezoelectric actuators have been designed. Uchino et al. (1987) fabricated a
monomorph made from semiconductive piezoelectric ceramics. A rainbow type actuator was developed by
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reducing one surface of a PZT wafer (Haertling, 1994). Wu et al. (1996) fabricated a piezoelectric actuator
where the electrical resistivity was graded through the plate thickness leading to a graded poling of the
material. However, stress concentration at the interface between the layers reduce the lifetime of these
devices.

Functionally graded microstructure (FGM) in a ceramic/metal composite has been found to reduce the
otherwise high thermal stress field at the interface between ceramic and metal plates (Taya et al., 1997). The
concept of FGM can be applied to a piezolaminate plate by stacking piezoelectric composites of different
compositions on top of each other. Chatterjee et al. (1999) have developed a multi-layered rainbow type
actuator with graded piezoelectric properties through the thickness.

Each lamina within an FGM piezolaminate can be composed of either a uniform piezoelectric material
or a composite of piezoelectric fillers and a piezoelectric or non-piezoelectric matrix. If the laminae in the
FGM piezolaminate are composed of composites, then the electroelastic properties of each lamina must be
accurately predicted. Micromechanical models to predict the electroelastic properties have been established
(Dunn and Taya, 1993a,b).

In this paper, a modified CLT to account for piezoelectric coupling terms under applied electric field is
developed. Mechanical and piezoelectric properties are reduced to a 2-D case from the original 3-D stiffness
and piezoelectric matrices. CLT is then applied to predict the out-of-plane displacement and stress field of
different types of actuators such as the standard bimorph and the FGM bimorph. Stress fields and out-of
plane displacement for a laminated plate and a laminated cantilever beam were both investigated. The
laminated plate is analyzed using CLT while the cantilever beam is analyzed using a reduced CLT for a 1-D
model. The out-of-plane displacement and stress field were then verified against an finite element method
(FEM) model.

2. Lamination model

A piezoelectric laminate consists of n laminae, each being a piezoelectric material with specified elec-
troelastic properties. The constitutive equations of a piezoelectric material in the absence of temperature
effects are given by

0ij = Cijier — emijbm, (1)

where g;;, & are the stress and strain tensor components, respectively, E,,, the electric field vector com-
ponent, C;;,, the elastic stiffness tensor, and e,,;;, the piezoelectric coefficients. The electroelastic constants of
each lamina may be computed from some micromechanical model such as the Eshelby type method as
outlined by Dunn and Taya (1993a,b).

2.1. Laminated plate

CLT, as found in any composite textbook such as Gibson 1994, assumes a state of plane stress along the
z-axis, where g, = 0,. = g,. = 0. The constitutive equations of a piezoelectric lamina, Eq. (1), under applied
electric field in the z-direction only (E;), and under the assumption of plane stress along the z-axis, reduce to

Ox Qll @12 0 82 + zKy 0 0 ey 0
Oy 0 =10y Opn O ‘32 tzKky 2 =10 0 &3 0 ¢ (2)
Oy 0 0 O], L1 +2ry 0 0 O E.

where
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Fig. 1. Schematic view of piezoelectric plate.
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It is noted here that Q,, e; are the reduced stiffness constants and reduced piezoelectric constants, re-
spectively, that are modified by the assumption of plane stress and where ¢, &%, and sf‘ are the in-plane
strain components at mid-plane, z = 0 as shown in Fig. 1, «,, x,, and k., are the curvatures of the plate.
These reduced properties can be obtained as explained in Appendix A. It is noted that Tauchert (1992) did
not use the reduced stiffness and piezoelectric matrices, but he instead used the properties from the 3-D
stiffness and piezoelectric matrices in a 2-D analysis, and that will lead to an incorrect solution.

The resultant in-plane forces and bending moments are defined by

{N,M} = Z/ {0}(dz,zdz). (4)

Carrying out the integration through the plate thickness of h, the resultant forces and bending moments can
then be written as

o= )] ®

[4,B,D] Z/h " [0],(dz,zdz,7 dz), (6a)

i=1

/ €] {E}(dz,zdz), (6b)

where /;_; and /; are the distance from the bottom of the plate to the bottom and top interfaces of the ith
lamina, respectively, with i = 1,2,...,n. Hence the thickness of the ith lamina is then /#;—#4;_;. Under the
applied electric field or temperature change only, i.e. M = N = 0 in Eq. (5), the in-plane strain and cur-
vature can be solved as
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Under a given electric field throughout the laminate, one can then predict the stress and displacement field
of each layer as well as the out-of-plane displacement of the composite plate.

2.2. Laminated cantilever beam

In a laminated cantilever beam, an additional state of plane stress is assumed along the y-axis such that
o, = gy, = 0. The constitutive equations in a piezoelectric lamina under applied electric field and uniform
temperature then reduce to

o, =E; (sg + z;cx) —ekE., (8)

where

2
Ciz
C (Cl *—C13)
E= (Cu —C—BCB) S N ;
33

C
(Cl ~ C”) <C13 ) <C13 )
e —=—F————— | €3 —€3|] — | €33 — €13

(cu-ecn)

and ¢ are the mid-plane strain components at z = 0, while , is the curvature of the beam. It is noted here
that E and e are the reduced stiffness and piezoelectric constants, respectively, that have been modified by
the assumption of 1-D beam theory model, as described in Appendix B. Following the same procedure
outlined in the previous section and by substituting E and e instead of the O and @ matrices, the mid-plane
strain and curvature can then be obtained.

3. Results

As an example of piezoelectric laminates, we shall consider piezoelectric laminates with a FGM, shown
in Fig. 2, where the electroelastic properties of the laminae are varied smoothly from layer to layer. Four
cases of piezoelectric laminate have been investigated. The first case is a standard bimorph where the top
and bottom layers are both piezoelectric with either opposite polarity or opposite applied electric field as
shown in Fig. 3(a). The second case represents a one-sided FGM laminate consisting of five distinct pi-
ezoelectric layers and in this case, the electric field is applied through the thickness of the entire laminate as
shown in Fig. 3(b). The last two cases are a combination of a standard bimorph and an FGM by combining
two FGM laminates to create a symmetric FGM bimorph (Fig. 3(c)). The reason for this is to increase the
out-of-plane displacement by using a bimorph and also to decrease the stress concentration by using the
concept of FGM. The two types of FGM bimorph studied were the type A as shown in Fig. 4(a), where
the electroelastic properties increase toward the middle of the plate, and the type B (Fig. 4(b)), where the
electroelastic properties decrease toward the middle of the plate. The distribution of the mechanical and
piezoelectric properties were assumed to vary throughout the FGM plate as shown in Fig. 5, where the case
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Fig. 4. Electroelastic properties distribution in FGM-bimorph.

of linear distribution in a one-sided FGM plate is illustrated schematically. The distribution starts with the

each layer having constant properties throughout its thickness. The elastic and piezoelectric properties of
and expressed as

lowest stiffness and least piezoelectric layer and increases linearly toward the highest stiffness and most
the piezoelectric composites were arbitrarily chosen as a linear function of the pure piezoelectric material

piezoelectric layer. There are five layers within the FGM and therefore five distinct layers are presented with
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Fig. 5. The distribution of mechanical and piezoelectric properties in the FGM.

Table 1
Elastic and piezoelectric properties

Cn (GPa) Ci; (GPa) Ci; (GPa) Cs; (GPa) Cu (GPa) ey (C/m?)  e5 (C/m?) Eis (C/m?)

PZT-5A 121 75.4 75.2 111 21.1 —54 15.8 12.3
Au 101.43 41.63 41.63 101.43 29.9 0 0 0

e; = [0.6 +0.1(i — 1)]epzr, P=L2m, o

where C; and e; are the elastic and piezoelectric properties of the ith layer, respectively. Cpzr and epzr are
the mechanical and piezoelectric properties of the pure piezoelectric material. The distribution of the FGM
properties is chosen for comparison reasons within this paper only, and it may not represent the real
distribution within an actual FGM as this will be subjected to fabrication capabilities. The electroelastic
properties of the piezoelectric material and the gold layer at the mid-plane are given in Table 1.

3.1. Laminated plate

The analysis of the laminated plate is based on CLT under a state of plane stress along the z-axis. The
stresses and displacement fields for each case that has been studied are presented in Table 2. The results are
for a laminated plate clamped at one end and free at the other end (cantilever). The out-of-plane dis-
placement was predicted for a plate length of 50 mm and a thickness of 0.5 mm for all cases. The thickness
of each lamina within the FGM bimorph is 41 um. The thickness of the mid-plane gold layer, which also

Table 2

Comparison of analytical results for out-of-plane displacement and in-plane stress of various types of piezocomposite clamped plates
Type of FGM microstructure Standard bimorph, FGM one-sided, Bimorph FGM, Bimorph FGM,

Fig. 2(a) Fig. 2(b) Fig. 4(a) type A Fig. 4(b) type B

Electric field (V/mm) 1000 1000 1000 1000
Applied voltage (V) 208 500 208 208
Laminate thickness (mm) 0.5 0.5 0.5 0.5
No. of layers 2 5 10 10
Layer thickness (mm) 0.208, Au = 0.082 0.1 0.0416, Au=0.082  0.0416, Au = 0.082
Curvature (1/m) 0.99 0.99 2.15 0.773
Maximum o, (MPa) 12.18 8.5 9.8 9.36
Deflection (mm) for plate length 1.24 1.245 2.7 0.97

of 50 mm
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serves as the central electrode, is 82 um in all of the bimorphs. The electric field applied in all cases is 1000
V/mm.

The one-sided FGM plate was found to have the minimum in-plane stress of 8.5 MPa while the standard
bimorph has maximum in-plane stresses of 12.1 MPa. The highest out-of-plane displacement was found to
be 2.7 mm in the FGM bimorph, type A, where the properties increase toward the middle of the plate. This
was about 120% higher than the 1.24 mm found in the standard bimorph, while at the same time, the in-
plane stresses of 9.8 MPa in the FGM bimorph, type A, are 30% less than was found in the standard
bimorph. The stress field profile of each case is presented in Fig. 6. In both the standard and FGM bi-
morphs, the magnitude of the in-plane stress increased toward the mid-plane as was expected. The inter-
laminar shear stresses associated with the in-plane stresses will be found by using a more accurate model
such as FEM, since the lamination model cannot treat the interlaminar shear stress.

The FGM bimorph, type A, was the best choice among the cases that have been investigated. The use of
linear versus non-linear distribution of the FGM properties is now considered. Three different distributions
of the FGM properties as illustrated schematically in Fig. 7 are studied.

(1) Linear as in the previous case, Fig. 7(a)

C; = [0.1+0.225(i — 1)]Cpzr,
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Fig. 6. In-plane stress field profile in the laminated plate throughout the plate thickness (z/h).
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(2) Convex Quadratic distribution, Fig. 7(b)

C = Ll —09(—-025(i—1)+ 1)2J Crzr,

i=1,2,...,n, (12)
0 — [1 —0.4(— 025 — 1)+ 1)2} epzr,
(3) Concave Quadratic distribution, Fig. 7(c)
Cr = 10.1+0.9(0.25( — 1))*| Cpzr,
L J T I S (13)

e = [0.6 £ 0.4(0.25(i — 1))2} -

In each case, the properties were arbitrarily chosen as linear, convex quadratic, or concave quadratic
functions. The first and last layer of each case have the same electroelastic properties while the middle layers
follows their respective distributions. The out-of-plane displacement and maximum stress, o, in the FGM
bimorph with these types of distribution of electroelastic properties through the plate thickness have been
predicted and are presented in Table 3. The in-plane stress field profile, g,, through the thickness of the
FGM bimorph for these different distributions of the electroelastic properties are shown in Fig. 8. The out-
of-plane displacement of 2 mm for the FGM bimorph with convex quadratic distribution has shown a
reduction of about 25% from that of the FGM bimorph with linear distribution, while the in-plane stress is
9.5 MPa which is a reduction of only 3%. The FGM bimorph with concave distribution has the highest out-
of-plane displacement at 4 mm, which is an increase of about 30%, while the in-plane stress has also in-
creased to 14.65 MPa, or about 35% higher than found in the FGM bimorph with linear distribution. The
stresses generated by the FGM bimorph with concave distribution are even higher than found in the
standard bimorph case. It then becomes a design issue of whether the higher deflections of the concave
distribution warrant the acceptance of the higher stress levels or whether the reduced stress is more

Table 3
Comparison of analytical results for out-of-plane displacement and maximum o, of FGM bimorph clamped plates with three types of
distributions of electroelastic properties

Type of FGM microstructure Linear FGM Fig. 6(a) Convex quadratic FGM Concave quadratic FGM
Fig. 6(b) Fig. 6(c)

Electric field (V/mm) 1000 1000 1000

Applied voltage (V) 208 208 208

Laminate thickness (mm) 0.5 0.5 0.5

No. of layers 10 10 10

Layer thickness (mm) 0.0416, Au = 0.083 0.0416, Au = 0.083 0.0416, Au = 0.083

Curvature (1/m) 2.15 1.67 3.23

Maximum o, (MPa) 9.8 9.5 14.65

Deflection (mm) for plate 2.7 2.09 4.04

length of 50 mm
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Fig. 8. The in-plane stress field profile in the piezoelectric FGM bimorph plate with different material property distributions.

important. Within these goals of reduced stress and increased displacement, there should be room for
optimization.

3.2. Laminated cantilever beam

The reduced lamination theory, 1-D model, is used to solve the stress field and out-of-plane displacement
of a cantilever beam where a state of plane stress along the y-axis is also assumed. Two cases are studied,
standard bimorph and FGM bimorph. The same dimensions and boundary conditions, except for sim-
plifications from the reduction to beam theory, and electric field as in the previous section are used. The
predicted out-of-plane displacements as well as the stress field of the cantilever beam are presented in Table
4. The FGM bimorph gives rise to a higher out-of-plane displacement at 2.7 mm as opposed to the 1.24 mm
of the standard bimorph, while the normal stress has been reduced from 7.93 MPa in the standard bimorph
to 6.93 MPa in the FGM bimorph. It is noted that the out-of-plane displacements of the cantilever beam
are about the same as those of a plate clamped at one end as expected. However, the normal stress of the
cantilever beam is less than that of clamped plate as expected due to the additional assumption of plane
stress along the y-axis.
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Table 4
Comparison of analytical results for out-of-plane displacement and in-plane stress for standard and FGM bimorph cantilever beams
Type of FGM microstructure Standard bimorph, Fig. 2(a) Bimorph FGM, Fig. 4(a) type A
Electric field (V/mm) 1000 1000
Applied voltage (V) 208 208
Laminate thickness (mm) 0.5 0.5
No. of layers 2 10
Layer thickness (mm) 0.208, Au=0.082 0.0416, Au=0.082
Curvature (1/m) 0.99 2.15
Maximum o, (MPa) 7.93 6.93
Deflection (mm) for plate length of 50 mm 1.24 2.7

4. Finite element method analysis

The analytical predictions of piezoelectric laminates need to be verified with some other mathematical
computational model such as the FEM. For verification, the FGM bimorphs analyzed analytically in the
previous section have also been analyzed using the ANsys finite element software package. One of the
primary reasons for the use of the FEM analysis was to find the shear stress between the layers which could
not be found from the lamination model, and also for verification of the analytical results based on the
lamination model. The FEM analysis was done on a piezoelectric plate using a 3-D FEM model for
the standard bimorph only and also on a piezoelectric cantilever beam case a 2-D FEM model for both the
standard bimorph and also the FGM bimorph.

4.1. Piezoelectric plate

A standard bimorph piezoelectric plate was modeled in 3-D to validate the analytical model (Fig. 9). The
plate analyzed in this section was assumed to have free edges as opposed to the clamped plate previously
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Fig. 9. FEM model for standard piezoelectric bimorph plate.



A. Almajid et al. | International Journal of Solids and Structures 38 (2001) 3377-3391 3387

Table 5
Comparison of ANsys FEM results with the analytical values based on the lamination theory for a laminated plate with free edges
Maximum displacement (mm) g, Max (MPa)
Bimorph (analytical) 0.618 12.18
Bimorph (FEM ) 0.573 16.7

mentioned. This was done to avoid confusion from the extraneously high stresses induced at the clamped
surface near the edges of a wide clamped plate due to the compound curvature produced by the applied
electric field. For comparison with this case, the analytical model was also modified to predict the stress and
out-of-plane displacement of a free edge plate. The dimensions for the free edged plate as modeled here
were an overall length and width of 50 mm. All other dimensions and the applied field were the same as
used in the rest of this work. One quarter of the plate was modeled and the symmetry conditions were then
applied to model the whole plate, with free edges. The electric field caused the laminate to have an out-of-
plane displacement in both x- and y-directions, creating a dome shape in the plate. Table 5 compares the
stresses and out-of-plane displacements of a piezoelectric plate of the standard bimorph type based on
analytical and FEMs. The out-of-plane displacement of 0.618 mm from the analytical model is very close to
the 0.574 mm from the FEM model with only about a 7% difference. The analytical model predicts the
stress field found in the FEM model by 25%. The difference in the stress field could be accounted for by
considering the moment generated by the out-of-plane displacement that is not included in the current
model.

4.2. Laminated cantilever beam

As we mentioned before, two cases are studied here, standard bimorph and FGM bimorph with linear
distribution. Models of these cases were made using 2-D FEM with the plane stress condition assumed. The
same dimensions, boundary conditions and applied electric field as specified in the previous section for
the analytical models, are also used in the FEM models. It is noted that this plane stress assumption (in the
FEM work) is for planes stress along the y-axis. (It is further pointed out that due to limitations within the
ANSYs package for 2-D analyses, models are created in the x—y plane. For this reason, it was necessary to
swap the y- and z-axes so that the former global z-axis becomes the ANSYS y-axis.) Normal stress, g, shear
stress, 7,,, and out-of-plane displacement are investigated. The maximum out-of-plane displacement and
the stress profile of standard and FGM bimorph are shown in Figs. 10 and 11, respectively, where (A) and
(B) are the distribution of the normal stress, g,, and that of interlaminar shear stress, t,., respectively. The
results from the FEM analyses are compared to the analytical results based on the reduced lamination
theory for 1-D in Table 6. It can be concluded from Table 6 that the analytical predictions are very close to
the FEM results for both standard and FGM bimorph. In the case of standard bimorph, the reduced
lamination theory gives rise to 1.24 mm out-of-plane displacement compared to 1.21 mm in the FEM model
for a difference of about 7%. In terms of stress field, reduced lamination theory gives a normal stress of 7.93
MPa as opposed to 8.82 MPa by FEM, or a difference of 10%.

The FGM bimorph has a better agreement between the analytical and FEM. In the FEM model of the
FGM bimorph, the out-of-plane displacement is 2.68 mm as opposed to 2.7 mm from the analytical model
which are almost identical, while the FEM gives a normal stress of 7.4 MPa which is about 6% off of the
6.93 MPa from the analytical model. The magnitude of the shear stress is reduced from 2.65 MPa in
the standard bimorph to 1.93 MPa in the FGM bimorph which is a reduction of approximately 30%. The
reduction in the shear stress is important, as it is the shear stress, which often leads to the separation of the
top and bottom of the bimorph resulting in failure, limiting its life.
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Fig. 10. FEM model for standard piezoelectric bimorph beam.

5. Conclusion

The CLT developed here for the piezoelectric case provided results that agreed quite well with those
found from FEM models. The analytical predictions based on the lamination model for a laminated plate
were very close to the 3-D FEM results in terms of out-of-plane displacement, while they were off by about
25% in terms of stress field. These errors in the stress field are believed to be due to moments generated by
the plate deflection and future modeling efforts will be aimed at reducing these errors. The analysis of
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Fig. 11. FEM model for FGM bimorph beam with linear material property distribution.

Table 6
Comparison of ANsYs 2-D FEM results with the analytical values based on the lamination theory for a laminated cantilever beam
Tip displacement (mm) g, Max (MPa) 7. Max (MPa)
Bimorph (analytical) 1.24 7.93 -
Bimorph (FEM 2-D) 1.21 8.82 2.65
FGM bimorph (analytical) 2.7 6.93

FGM bimorph (FEM 2-D) 2.68 7.4 1.93
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cantilever beams, using the reduced lamination theory gave very close results when compared to the 2-D
FEM models.

Among the different cases of FGM profiles that were investigated, the linear profile has the best per-
formance in terms of higher out-of-plane displacement and moderate stress field, while the concave dis-
placement gave a larger out-of-plane displacement, but at the cost of higher stresses. With this in mind, it
will be possible to optimize the material property gradient profile within the FGM to provide higher out-of-
plane displacements than standard piezoelectric bimorphs while still maintaining moderate stress levels.
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Appendix A. Reduced stiffness and piezoelectric properties for plane stress

The constitutive equation of piezoelectric material, under applied E. only, are expressed as

O Ci Cp Cp & 0 0 e
gy C22 C23 0 Ex 0 0 €23 0
o. | _ Cs; el |0 0 e
Oxz a C44 Exz 0 ey 0 E(v) (A 1)
[ sym Css &y e;s 0 O ‘
Oxy C66 Exy 0 0 0
the assumption of plane stress in z-axis, where ¢. = 7. = 0, = 0, leads to
g, = C138x + C238y + C3382 — €33Ez =0. (AZ)
The strain in the z-axis then becomes
1
¢z =—(— Ci3&x — Cn3g, + ex3Ey) (A.3)
Cs3

and by substituting Eq. (A.3) into Eq. (A.1), the constitutive equations of piezoelectric materials under the
applied electric field, and under the assumption of plane stress in z-axis, reduce to

Oy Ch —g—éicls Cp —%CB 0 83 0 0 %5633 —en3 0
Oy = | Cn— g—; Cyn Cp— %‘;CB 0 83‘ —10 0 %jesa — €3 0 . (A'4)
O-XY 0 0 Cé() ’))xy O 0 0 Ez

Eq. (A.4) can then be simplified as presented in Eq. (2).

Appendix B. Reduced stiffness and piezoelectric properties for 1-D beam theory model

The constitutive equations of piezoelectric materials, under applied E, only, and under the assumption of
plane stress in z-axis are presented in Eq. (2) as

Ox O, O, O & + 2K, 0 0 e 0
Oy ¢=10u O»n O etz 5 =0 0 @y 0 ¢, (B.1)
Oy 0 0 O], L1 +2ry 0 0 O E,

where
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_ C,
0y = Cij — C_; Cps

e (B.2)
€ij = C—Ben — €ij;

the assumption of further plane stress along the y-axis, where ¢, = g,, = 0, leads to
0y = Optx + Oty — €nE. =0 (B.3)

and the strain in the y-axis then becomes

1
y ==~ Opec + enk) (B.4)
0y
and by substituting Eq. (B.4) into Eq. (B.1), the constitutive equations of piezoelectric materials under the
applied electric field, and under the assumption of plane stress in z-axis, reduce to

Ox = (@11 gz Qu) - (%2532 _531>Ez- (B-S)

Eq. (B.5) can then be simplified to Eq. (8), where

2
Cph—=2C
E= <@11 4 Q12> <C11 —CHCB) —u
[o C (Cu*—cm) (B.6)
B.

_ C
o (Be, o (@) e, N
= @22 32 31 - (Clli&cn) C33 33 13 C33 33 13 |-
C33
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