Available online at www.sciencedirect.com

SCIENCE‘dDIRECT®

Computers
& Structures

ELSEVIER Computers and Structures 82 (2004) 1685-1693

www.elsevier.com/locate/compstruc

Finite element analysis of superelastic, large
deformation behavior of shape memory alloy helical springs

. . . b
Yutaka Toi **, Jong-Bin Lee ®, Minoru Taya

& Institute of Industrial Science, University of Tokyo, 4-6-1 Komaba, Meguro-ku, Tokyo 153-8505, Japan

Y Center for Intelligent Materials and Systems, University of Washington, Seattle, WA 98195-2600, USA

Received 31 December 2003; accepted 25 March 2004
Available online 17 June 2004

Abstract

Brinson’s one-dimensional constitutive modeling for shape memory alloy (SMA) is extended to consider the
asymmetric tensile and compressive behavior as well as the torsional behavior. The incremental finite element method
using linear Timoshenko beam elements is formulated by the total Lagrangian approach for the superelastic, large
deformation analysis of SMA helical springs. The NiTi helical springs are analyzed and the calculated results are
compared with the experimental results to show the validity of the present computational procedure in actual design of

SMA actuators.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The use of shape memory alloys (abbreviated to
SMA) has been growing in recent years. It is expected
that computational tool will be used more widely in the
design of SMA-based actuators. The shape memory
alloy has the superelastic effect as well as the shape
memory effect. Brinson [1,2] formulated one-dimen-
sional constitutive equation for SMA and applied it to
the finite element analysis. Kawai et al. [3], Trochu and
Qian [4], Auricchio and Taylor [5], Keefe et al. [6],
Tokuda and Sittner [7], Qidwai and Lagoudas [8] also
formulated constitutive equations for SMA and some of
them were applied to the finite element analysis of SMA
devices. However, the computational method has not yet
been established for the superelastic, large deformation
analysis of SMA helical springs, which are used and
expected as actuator devices [9,10].
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Brinson’s constitutive equation [1], which is relatively
simple and phenomenological, is extended to consider the
asymmetric tensile and compressive behavior by using
Drucker-Prager equivalent stress as in Auricchio and
Taylor [5]. It is also extended to the torsional behavior
which governs the deformation of helical springs. The
incremental finite element formulation by the total
Lagrangian approach [11,12] is carried out for the layered
linear Timoshenko beam element [12] equipped with the
extended Brinson’s constitutive equation. The calculated
results for TiNi helical springs under tensile loading and
unloading are compared with the experimental results
given by the CIMS (Center for Intelligent Materials and
Systems) at the University of Washington [13] to show the
validity of the present method.

2. Constitutive equation for shape memory alloy

The mechanical property of SMA is schematically
shown in Fig. 1 [1]. Fig. 1(a) and (b) are the relation
between critical transformation stress and temperature
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Fig. 1. Mechanical property of shape memory alloys: (a) crit-
ical stresses for transformation versus temperature and (b) su-
perelastic stress—strain behavior.

and the superelastic stress—strain behavior respectively,
in which the following symbols are used: T, temperature;
o, stress; &, strain; of and ¢ff, critical finishing and
starting stress of martensite transformation; Cy and Cj,
slope for the relation between critical transformation
stress and temperature; My and M, critical finishing and
starting temperature of martensite transformation; A
and Ay, critical starting and finishing temperature of
austenite transformation. The loading and unloading at
the temperature higher than A¢ occur the superelastic
stress—strain behavior as shown in Fig. 1(b).

The one-dimensional stress—strain relation is gener-
ally written as

0 —0o=E(e— &)+ Q(& — &so) + (T — T) (1)

where E is the Young’s modulus; Q the transformation
coefficient; &g the stress-induced martensite volume
fraction, 6 the thermal elastic coefficient; 7 the temper-
ature. The subscript ‘0’ indicates the initial values. Q is
expressed as

where ¢ is the maximum residual strain. Young’s

modulus £ is a function of the martensite volume frac-
tion &, which is given by

E= Ea + é(Em - Ea) (3)

where E,, and E, are Young’s modulus of austenite
phase and martensite phase, respectively. The total
martensite volume fraction ¢ is expressed as

C=&+¢r (4)

where ¢; is the temperature-induced martensite volume
fraction. ¢, &g and &, are functions of the temperature T’
and the stress . To consider the difference between
tensile and compressive behavior, von Mises equivalent
stress o, in the evolution equations of &, & and &; is
replaced with Drucker—Prager equivalent stress ¢PF de-
fined as

O’?P = 0.+ 3pp (5)

where f is the material parameter and p is the hydro-
static pressure given by

p= 3 (0, + 0, +0.) (6)

In one-dimensional case, the equivalent stress in Eq. (5)
is expressed as

o"F = |o| + Bo (7)

The effect of using Drucker—Prager equivalent stress
instead of von Mises equivalent stress was demonstrated
by Toi et al. [9], in which the small deformation, su-
perelastic bending behavior of a Ni-Ti-10%Cu alloy
beam subjected to 4-point bending are analyzed by using
both Drucker-Prager and von Mises equivalent stress.
The stress—strain relations are assumed, based on the
tensile test result [5]. The calculated load-displacement
curve by using Drucker—Prager equivalent stress, in
which f# = 0.15 is assumed, agrees much better with the
experimental curve given by Auricchio and Taylor [5]
than the result with von Mises equivalent stress.

Substituting Eq. (7) into the evolution equations of &,
&g and &, given by Brinson [1], the evolution equations
for the transformation to martensite phase and austenite
phase are expressed as follows:

(i) transformation to martensite phase

T>M, and o“(1+ B) + Cn(1+ B)(T — M) < 6®F
<of (1 + )+ Cu(l + B)(T — My):

_1-iy i
Cs = 5 Cos{agr(] +ﬂ)—o"f“(1 +p)
x [0 — o' (14 B) — Cm(1 + B)(T 7M5)]}
1+ &5
Tk (8)
Ep =& ,@(5 — &) )
RN TV
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T < M, and 65(1 + ) < 6P < o' (1 + B):

é&s = 1~ cx0 cos{ T
) o (1+ ) — o (1 + B)

1+¢

<o a1 (10)
g éTO z
Er=2Cp0 — (&s — &so) + Are (11)

1 —&so

where M; < T < My and T < T

1 —
Are = Zéro{cos[aM(T - M)+ 1} (12)
otherwise
Ar: =0 (13)

(1) transformation to austenite phase

T > A4 and CA(I +ﬁ)(T—Af) <f< CA(I +ﬁ)
(T — 4y):

.6 f

14 =?°{cos {aA<T—AS—m>] + 1} (14)
b=t =206 -0) (15)
&=t - L0 (16)

where ay and aa are given by the following equa-
tions:

s s
aax =
M, — M N A — A,

ay =

(17)

It is assumed for simplicity that the superelastic shear
deformation behavior is qualitatively similar to the
normal deformation behavior and both are independent
with each other [14]. The evolution equations for the
martensite volume fractions due to the shear stress &,
&g, and &7, are used for the shear deformation. v/3 |1 is
employed instead of ¢F in Eq. (7). The shear stress—
shear strain relation is expressed by the following
equation:

T— 19 = G(y — ) + Q:(Es. — Eso) (18)

where G is the shear modulus, Q. the shear transfor-
mation constant, &g ; shear stress-induced martensite
volume fraction, and 7 the temperature. The sub-
script ‘0’ indicates the initial value. Q, is expressed as
follows:

Q. = _VLGI (19)

where y;, is the maximum residual strain. The shear
modulus G is a function of the martensite volume frac-
tion &, which is given by

G, =G, + &(Gn — Gy) (20)

where G, and G, are the elastic shear modulus of
martensite phase and austenite phase, respectively. The
total martensite volume fraction ¢, is expressed as

ér = 651 + éT’[ (21)

where &7, is the temperature-induced martensite volume
fraction. &,, &g, and &, are functions of the temperature
T and the shear stress 1.

V37| is used as the equivalent stress to express the
evolution equations of the martensite volume fractions
due to shear, which are given by the following replace-
ments in Egs. (8)—~(17):

f - \/§|T‘7 ﬁ = 07 i - ér, 50 - 510,
55 - éS‘H éSO - 55‘1’07 6T - éT‘H éTO - éTt(): (22)
Ach - ATrf

3. Finite element formulation
3.1. Incremental constitutive equation

The layered linear Timoshenko beam element [12] as
shown in Fig. 2 is used in the finite element analysis of
SMA helical springs. The superelastic behavior is as-
sumed for the normal stress (¢)-normal strain (e)
behavior associated with the axial and bending defor-
mation as well as the shear stress (t)-shear strain (y)
behavior associated with the torsional deformation. The
shear deformation associated with the bending defor-
mation is assumed to be elastic and the shear strain
energy due to bending is treated as a penalty term be-
cause the effect of bending is smaller than torsion in
helical springs.

XF’Z i

Fig. 2. Layered linear Timoshenko beam element.
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The total stress—total strain equations given in Egs.
(1) and (18) are expressed in a differential form as fol-
lows:

do = dE(e — &) + Ede + dQ(&

df( éd a—TdT)(s—so)+Eds

dQ dE [ o¢
dE d¢ (

— &go) + QdE + 0dT

o+ 54T ) (65— &)

0l 0l
and

dr =dG(y — o) + Gdy + dQ. (&5, — Esy) + 2:dEs.

_dG (8¢, 6g1
_d_fr(ard aTdT)(y—/o)—i-Gdy

Q.
d dG(ach L0

dG dé oT dT) (gSr CS‘[O)

©£ST aéS‘r
+QT( e+ =2 dT) (24)

The incremental stress—strain relations are expressed as
follows

dEQ:, | dQdEO,, . . 0%
{1 T4 00 ¢ %) TGE 2 50 (&5 T Sw) Q5 |de
B dE 0¢& dQ dE o¢
= Ede + {dé aT(£—£o)+dE i aT(fs—fso)
RIS
+Q 3T }dT (25)
and
dG o¢, dQ, dG 9¢&,
|:1 _dgvt oo (l) - /0) - dG déz ot (éSr - éS‘EO)
655‘1
— Qr¥:|d'f
dG 9¢&, dQ. dG ¢, ,,
— Gar+ [ 52 50— ) + S 55 S 6 = )
Lo %]dr (26)

Therefore the incremental stress—strain relation for the
analysis of helical springs is written in the following
form:

{Ac} = [De]({Ae} — {Aes}) (27)

where
Ao Ee 0 0 0
At.. 0 G 0 0
{Ad} = A, [ DI=10 o 6 o
At 0 0 0 Gy
Ae Aty
= g =] 0 8)
Ay, 0
Ay Ay,

in which 7,. and 7,. (y,, and 7y,,) are the shear stresses
(strains) due to bending. The final form of Eq. (27) is
given in Refs. [9,10].

3.2. Incremental stiffness equation

The effect of large deformation is taken into account
by using the incremental theory by the total Lagrangian
approach in which the non-linear terms with respect to
the displacement in the axial direction are neglected. The
strain increments in the large deformation analysis are
given by the following equations [15]:

dAw  dAG,  dAG,  dudAu , dvdAv
z Ydz " Vdz Tdz dz | dz dz

CRCII

Ae =

dAu
Ay, =—— A
b =g - Ay (30)
dAv
Aj)}z = E + AlOx (31)

dA0.z x du
Ay = /x2 2 I — V) 2
v ¥ +y dz 1/x2+y2 dz

X pdM y v,
NS P
y dAv X dAu

A& e

Y pp A
VX2 + 2 dz

where u, v, w are the translational displacements in the x,
v, z-direction, respectively. 0., 0, 0. are the rotational
displacements about the x, y, z-axis, respectively. Then,
the incremental relation between strains and nodal dis-
placements is written in a matrix form as follows:

{Ae} = [BI{Au} = ([Bo] + [B.]){Au} (33)

where the following symbols are used: [B]; the strain—
nodal displacement matrix, [By]; the strain—nodal dis-

(32)
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placement matrix without the initial displacements, [By];
the strain—nodal displacement matrix containing the

k] = / ([Bo] D[] + [B.]" [D][Bo] + [B.]" [D][B.]) dV®

e

initial displacements, {Au}; the nodal displacement (36)
increment  vector (Luj = |_M1111W1 ()xl0},1021u202wz(9X20},2
9:2J)~ T (0)

The following element stiffness equation in an incre- [ks] = /V [6]"[sl[Glav (37)

mental form is obtained by the finite element formula-
tion based on the total Lagrangian approach [11,12]:

The following symbols are used: [ko|, the incremental

stiffness matrix; [k;], the initial displacement matrix; [kg];
the initial stress matrix; {Af}, the external force incre-
ment vector; {fz}, the unbalanced force vector; [Dy], the
superelastic stress—strain matrix; {Ae}, the superelastic
initial strain vector; [G]; the gradient matrix; [S], the
where initial stress matrix and ¥, the element volume.

The final forms of the matrices [By], [B;], [G] and [S]
(35) for the layered linear Timoshenko beam element are

expressed as follows:

([ko] + The] + Tka]){Au} = {Af} + {fr}
+ / B D{A} AV (34)

o] = / 18] [D][Bo] ¥ ©

A hr h). h
0 0 -t oZ om0 o0t -m mo
-0 0 0 -2 0 oo o -4 0
[B] = i - | - (38)
0 -7 0 —T‘/’ 0 0 0 ;0 2” 0 0
0 0 0 0 0 —MECEE o9 0 0 o Verwr
dng )2 dnNy dN dn; )2 dN dN,
(%) w +F Fu (%) v+ Foe 0
0 0 0
B/ =
1B.] 0 0 0
*\/;Tyl(Nl%nger%ezz) *\/;?(Nl%921+1\’2%922) 0
0 0 0
0 0 0
0 0 0
x dw; ) dn; dN; x dw; , dn,
00 - x2+yleT£u1—7\/;4——}21\/]?21?2101—7\/)@]\[1?22”2—7\/;?]\[1@02
dN; dN, dN dN; dN. dw.
T @+ (G T @+ (G 0
0 0 0
0 0 0
_\/x-;'_ﬂz.(Nl%HZl-i-Nz%sz) —\/;Tyz.(Nl%ezﬁNz%ezz) 0
0 0 0
0 0
0 0 0 (39)
X dN, y dN x dN- ¥y dN
0 0 ——\/m]\b d—Z‘ul _—\/mde_ZIUI ——\/mNz d—Zzuz _—Wde_szz
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where /, b and & are the length, the width and the
depth of the beam element respectively, while ¢, 1 and
A are the corresponding non-dimensional coordinates
(—=1<¢@,n,2<1). Ny and N, are the shape functions,
which are given as follows:

(1=0), M=1(1+0) (42)

N —

N, =

4. Finite element analysis of SMA helical springs

The finite element formulation described in the pre-
ceding chapter has applied to the analysis of the tensile

B
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Fig. 3. SMA helical spring.
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Table 1
Dimensions and material constants of NiTi helical springs

Dimensions (mm) Material constants (MPa)

5 turns E,, = 28500, E, = 34000
L =5 (total length) G = 10690, G, = 12753
d = 1 (diameter) ous = 07 + Oy (T — M) =427.8
D = 7.3 (diameter) oyy = of + Cu(T — M) = 542.8

OAS = CA(T 7143) =210.5
OAf = CA(T _Af) =1104

10 turns g =7y, = 0.047
L =10 (Total length) p=0.15

d =1 (diameter)

D = 7.3 (diameter)

loading and unloading tests of SMA helical springs
conducted at the CIMS of the University of Washington
[13]. The numbers of turns of the helical springs tested
are 5 and 10 as shown in Fig. 3. Fig. 4 shows the com-

32 |=——Present analysis

——Experimental results
28 .
24 | _ _

20 L _ |

Load (N)

0 10 20 30 40 50 ﬁb 70 80
Stroke (mm)

(a) 5 turns

Load (N)
~

—Present analysis
——Experimental results

0 20 40 60 80 100
Stroke (mm)

(b) 10 turns

Fig. 5. Calculated load-stroke curves: (a) 5 turns and (b) 10
turns.

parison between the experimental and the assumed
stress—strain curves for the material of the tested springs
subjected to the long and short stroke. The assumed
material constants are shown in Table 1. Fig. 5 shows
the tensile load—displacement curves for the spring with
5 turns under the stroke of 70 mm and the spring with 10
turns under the stroke of 90 mm. The two springs are
subdivided with 64 and 124 elements respectively. The
numbers of incremental steps used are so large (1060 and
5500, respectively) that the iteration calculation in each
loading step is not done in the present analysis, although
the iteration is effective to improve the accuracy and
efficiency of the incremental analysis as pointed out by
Bathe [12]. The calculated results are in good agreement
with the experimental results, however, there is a little
difference in the shape of curves, which is mainly caused
by the lack of the material test results available under
torsion. The calculated stress—strain curves at some
sampling points in the spring with 5 turns under some
different strokes are shown in Fig. 6. It is seen that the
normal stress—normal strain curves are all elastic while

200
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;E‘? 150 e ]
< #
(%]
2 100 i
>
©
£ o Stroke 40
2 50 = Stroke 50
©  Stroke 60
""" Stroke 70
0
(1] 0.002 0. 004 0.006
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(a) normal stress-normal strain (5 turns, A)
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===== Stroke 40
500 — Stroke 50 -
=== Stroke 60
a00 | — Stroke 70 i
g
= 300 B
(]
g 200 .
K]
& 100 B
[V
=
(2] 0 1 1 1 1

0 0.02 0.040. 060. 08 0.1
Shear strain

(b ) shear stress-shear strain (5 turns, A, B, C, D)
Fig. 6. Calculated stress—strain curves: (a) normal stress—nor-

mal strain (5 turns, A) and (b) shear stress—shear strain (5 turns,
A-D).
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Fig. 7. Calculated stress distributions (5 turns): (a) normal
stress and (b) shear stress.

the shear stress—shear strain curve are superelastic, be-
cause the torsional shear governs the deformation of
helical springs. Fig. 7 shows the distributions of normal
and shear stress on the cross-section of the spring with 5
turns, in which the line A-B and C-D are indicated in
Fig. 3.

5. Concluding remarks

The finite element formulation has been presented for
the analysis of superelastic behaviors of SMA helical
spring in the present study. Brinson’s one-dimensional
constitutive modeling for SMA has been extended to
consider the asymmetric tensile and compressive
behavior and the torsional deformation. The incremen-
tal finite element analysis program has been developed
by using the layered linear Timoshenko beam element
equipped with the extended Brinson’s constitutive
modeling for SMA.

The developed program has applied to the super-
elastic, large deformation analysis of TiNi helical springs

under tensile loading and unloading. The calculated re-
sults have been compared with the test results given by
the CIMS at the University of Washington. The calcu-
lated results have corresponded well with the experi-
mental results. The material test results under torsion
and the consideration of coupling of the superelastic
behaviors under tension—-compression and torsion are
necessary in order to obtain improved results. The
extension to the coupled magneto-superelastic analysis
of ferromagnetic SMA such as FePd is now under way
[16].
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