Finite Volume Methods for Hyperbolic Problems

Randall J. LeVeque University of Washington

DRAFT VERSION November 30, 2001

To be published by Cambridge University Press

© R. J. LeVeque, 2001

1

Contents

Contents i

Preface ix

1 Introduction 1 1.1 Conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Finite-volume methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 Multidimensional problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.4 Linear waves and discontinuous media . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.5 clawpack software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.7 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1 Linear Equations11

2 Conservation Laws and Differential Equations 13 2.1 The advection equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2 Diffusion and the advection-diffusion equation . . . . . . . . . . . . . . . . . . . . . . . . 17 2.3 The heat equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4 Capacity functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.5 Source terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.6 Nonlinear equations in fluid dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.7 Linear acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.8 Sound waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.9 Hyperbolicity of linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.10 Variable-coefficient hyperbolic systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.11 Hyperbolicity of quasi-linear and nonlinear systems . . . . . . . . . . . . . . . . . . . . . 30 2.12 Solid mechanics and elastic waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.13 Lagrangian gas dynamics and the p-system . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.14 Electromagnetic waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Characteristics and Riemann Problems for Linear Hyperbolic Equations 43 3.1 Solution to the Cauchy problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2 Superposition of waves and characteristic variables . . . . . . . . . . . . . . . . . . . . . 44 3.3 Left eigenvectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.4 Simple waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.5 Acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.6 Domain of dependence and range of influence . . . . . . . . . . . . . . . . . . . . . . . . 46

3.7 Discontinuous solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.8 The Riemann problem for a linear system . . . . . . . . . . . . . . . . . . . . . . . . . . 48 3.9 The phase plane for systems of two equations . . . . . . . . . . . . . . . . . . . . . . . . 50 3.10 Coupled acoustics and advection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.11 Initial boundary-value problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4 Finite-Volume Methods 59 4.1 General formulation for conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 59 4.2 A numerical flux for the diffusion equation . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.3 Necessary components for convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.4 The CFL condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.5 An unstable flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.6 The Lax-Friedrichs method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.7 The Richtmyer 2-step Lax-Wendroff method . . . . . . . . . . . . . . . . . . . . . . . . . 66 4.8 Upwind methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 4.9 The upwind method for advection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.10 Godunov’s method for linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.11 The numerical flux function for Godunov’s method . . . . . . . . . . . . . . . . . . . . . 71 4.12 The wave-propagation form of Godunov’s method . . . . . . . . . . . . . . . . . . . . . . 72 4.13 Flux-difference vs. flux-vector splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.14 Roe’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 Introduction to the clawpack software 79 5.1 Basic framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.2 Obtaining clawpack . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 5.3 Getting started . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 5.4 Using clawpack — A guide through example1 . . . . . . . . . . . . . . . . . . . . . . . 83 5.5 Other user-supplied routines and files . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 5.6 Auxiliary arrays and setaux.f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 5.7 An acoustics example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6 High-Resolution Methods 91 6.1 The Lax-Wendroff method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.2 The Beam-Warming method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 6.3 Preview of limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 6.4 The REA algorithm with piecewise linear reconstruction . . . . . . . . . . . . . . . . . . 94 6.5 Choice of slopes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 6.6 Oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 6.7 Total variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 6.8 TVD methods based on the REA Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 100 6.9 Slope-limiter methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.10 Flux formulation with piecewise linear reconstruction . . . . . . . . . . . . . . . . . . . . 102 6.11 Flux limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 6.12 TVD limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.13 High-resolution methods for systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 6.14 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 6.15 Extension to nonlinear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 6.16 Capacity-form differencing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 6.17 Nonuniform grids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

7 Boundary Conditions and Ghost Cells 119

7.1 Periodic boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 7.2 Advection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 7.3 Acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

8 Convergence, Accuracy, and Stability 129 8.1 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 8.2 One-step and local truncation errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 8.3 Stability theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 8.4 Accuracy at extrema . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 8.5 Order of accuracy isn’t everything . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 8.6 Modified equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 8.7 Accuracy near discontinuities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

9 Variable-Coefficient Linear Equations 147 9.1 Advection in a pipe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 9.2 Finite volume methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 9.3 The color equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 9.4 The conservative advection equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 9.5 Edge velocities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 9.6 Variable-coefficient acoustics equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 9.7 Constant-impedance media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 9.8 Variable impedance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161 9.9 Solving the Riemann problem for acoustics . . . . . . . . . . . . . . . . . . . . . . . . . 163 9.10 Transmission and reflection coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 9.11 Godunov’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 9.12 High-resolution methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 9.13 Wave limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 9.14 Homogenization of rapidly-varying coefficients . . . . . . . . . . . . . . . . . . . . . . . . 168

10 Other Approaches to High Resolution 177 10.1 Centered-in-time fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177 10.2 Higher-order high-resolution methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 10.3 Limitations of the Lax-Wendroff (Taylor series) approach . . . . . . . . . . . . . . . . . 180 10.4 Semi-discrete methods plus time stepping . . . . . . . . . . . . . . . . . . . . . . . . . . 180 10.5 Staggered grids and central schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 2 Nonlinear Equations189

11 Nonlinear Scalar Conservation Laws 191 11.1 Traffic flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 11.2 Quasi-linear form and characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194 11.3 Burgers’ equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 11.4 Rarefaction waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 11.5 Compression waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198 11.6 Vanishing viscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198 11.7 Equal area rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 11.8 Shock speed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 11.9 The Rankine-Hugoniot conditions for systems . . . . . . . . . . . . . . . . . . . . . . . . 201 11.10Similarity solutions and centered rarefactions . . . . . . . . . . . . . . . . . . . . . . . . 201 11.11Weak solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202 11.12Manipulating conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203 11.13Nonuniqueness, admissibility, and entropy conditions . . . . . . . . . . . . . . . . . . . . 204

11.14Entropy functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205 11.15Long-time behavior and N-wave decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

12 Finite Volume Methods for Nonlinear Scalar Conservation Laws 213 12.1 Godunov’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 12.2 Fluctuations, waves, and speeds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 12.3 Transonic rarefactions and an entropy fix . . . . . . . . . . . . . . . . . . . . . . . . . . 216 12.4 Numerical viscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 12.5 The Lax-Friedrichs and Local Lax-Friedrichs methods . . . . . . . . . . . . . . . . . . . 218 12.6 The Engquist-Osher method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220 12.7 E schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221 12.8 High-resolution TVD methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221 12.9 The importance of conservation form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223 12.10The Lax-Wendroff Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224 12.11The entropy condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 12.12Nonlinear stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

13 Nonlinear Systems of Conservation Laws 237 13.1 The shallow water equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 13.2 Dam-break and Riemann problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242 13.3 Characteristic structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 13.4 A two-shock Riemann solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 13.5 Weak waves and the linearized problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 13.6 Strategy for solving the Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . . . 247 13.7 Shock waves and Hugoniot loci . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247 13.8 Simple waves and rarefactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252 13.9 Solving the dam-break problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261 13.10The general Riemann solver for shallow water equations . . . . . . . . . . . . . . . . . . 263 13.11Shock collision problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264 13.12Linear degeneracy and contact discontinuities . . . . . . . . . . . . . . . . . . . . . . . . 265

14 Gas Dynamics and the Euler Equations 273 14.1 Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273 14.2 Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274 14.3 The Euler equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 14.4 Polytropic ideal gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 14.5 Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 14.6 Isothermal flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279 14.7 The Euler equations in primitive variables . . . . . . . . . . . . . . . . . . . . . . . . . . 279 14.8 The Riemann problem for the Euler equations . . . . . . . . . . . . . . . . . . . . . . . . 281 14.9 Contact discontinuities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282 14.10Riemann invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282 14.11Solution to the Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283 14.12The structure of rarefaction waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286 14.13Shock tubes and Riemann problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287 14.14Multi-fluid problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289 14.15Other equations of state and incompressible flow . . . . . . . . . . . . . . . . . . . . . . 289

15 Finite-Volume Methods for Nonlinear Systems 291 15.1 Godunov’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291 15.2 Convergence of Godunov’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

15.3 Approximate Riemann solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293 15.4 High-resolution methods for nonlinear systems . . . . . . . . . . . . . . . . . . . . . . . 308 15.5 An alternative wave-propagation implementation of approximate Riemann solvers . . . . 310 15.6 Second-order accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312 15.7 Flux-vector splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315 15.8 Total variation for systems of equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 317

16 Some Nonclassical Hyperbolic Problems 327 16.1 Nonconvex flux functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327 16.2 Nonstrictly hyperbolic problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 334 16.3 Loss of hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338 16.4 Spatially-varying flux functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 343 16.5 Nonconservative nonlinear hyperbolic equations . . . . . . . . . . . . . . . . . . . . . . . 346 16.6 Nonconservative transport equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347

17 Source Terms and Balance Laws 351 17.1 Fractional-step methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352 17.2 An advection-reaction equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353 17.3 General formulation of fractional-step methods for linear problems . . . . . . . . . . . . 359 17.4 Strang splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361 17.5 Accuracy of Godunov and Strang splittings . . . . . . . . . . . . . . . . . . . . . . . . . 362 17.6 Choice of ODE solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363 17.7 Implicit methods, viscous terms, and higher-order derivatives . . . . . . . . . . . . . . . 364 17.8 Steady-state solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365 17.9 Boundary conditions for fractional-step methods . . . . . . . . . . . . . . . . . . . . . . 367 17.10Stiff and singular source terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 369 17.11Linear traffic flow with on-ramps or exits . . . . . . . . . . . . . . . . . . . . . . . . . . 370 17.12Rankine-Hugoniot jump conditions at a singular source . . . . . . . . . . . . . . . . . . 370 17.13Nonlinear traffic flow with on-ramps or exits . . . . . . . . . . . . . . . . . . . . . . . . . 372 17.14Accurate solution of quasi-steady problems . . . . . . . . . . . . . . . . . . . . . . . . . 372 17.15Burgers’ equation with a stiff source term . . . . . . . . . . . . . . . . . . . . . . . . . . 374 17.16Numerical difficulties with stiff source terms . . . . . . . . . . . . . . . . . . . . . . . . . 376 17.17Relaxation systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382 17.18Relaxation schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 386 3 Multidimensional problems389

18 Multidimensional Hyperbolic Problems 391 18.1 Derivation of conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391 18.2 Advection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393 18.3 Compressible flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393 18.4 Acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394 18.5 Hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395 18.6 Three-dimensional systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397 18.7 Shallow water equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 398 18.8 Euler equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400 18.9 Symmetry and reduction of dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401

19 Multidimensional Numerical Methods 405 19.1 Finite-difference methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 405 19.2 Finite-volume methods and approaches to discretization . . . . . . . . . . . . . . . . . . 407 19.3 Fully-discrete flux-differencing methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 408

19.4 Semi-discrete methods with Runge-Kutta time stepping . . . . . . . . . . . . . . . . . . 411 19.5 Dimensional splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 412

20 Multidimensional Scalar Equations 415 20.1 The Donor-Cell Upwind (DCU) method for advection . . . . . . . . . . . . . . . . . . . 415 20.2 The Corner-Transport Upwind method for advection . . . . . . . . . . . . . . . . . . . . 417 20.3 Wave-propagation implementation of the CTU method . . . . . . . . . . . . . . . . . . . 418 20.4 von Neumann stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419 20.5 The CTU method for variable-coefficient advection . . . . . . . . . . . . . . . . . . . . . 421 20.6 High-resolution correction terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423 20.7 Relation to Lax-Wendroff . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423 20.8 Divergence-free velocity fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 424 20.9 Nonlinear scalar conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427 20.10Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 430

21 Multidimensional Systems 435 21.1 Constant-coefficient linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435 21.2 The wave-propagation approach to accumulating fluxes . . . . . . . . . . . . . . . . . . 436 21.3 clawpack implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 438 21.4 Acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 439 21.5 Acoustics in heterogeneous media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 441 21.6 Transverse Riemann solvers for nonlinear systems . . . . . . . . . . . . . . . . . . . . . . 444 21.7 Shallow water equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 445 21.8 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447

22 Elastic Waves 455 22.1 Derivation of the elasticity equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 456 22.2 The plane-strain equations of two-dimensional elasticity . . . . . . . . . . . . . . . . . . 462 22.3 One-dimensional slices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 464 22.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465 22.5 The plane-stress equations and two-dimensional plates . . . . . . . . . . . . . . . . . . . 466 22.6 A one-dimensional rod . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 469 22.7 Two-dimensional elasticity in heterogeneous media . . . . . . . . . . . . . . . . . . . . . 470

23 Finite-Volume Methods on Quadrilateral Grids 477 23.1 Cell averages and interface fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 478 23.2 Logically-rectangular grids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479 23.3 Godunov’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481 23.4 Fluctuation form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 482 23.5 Advection equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483 23.6 Acoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 487 23.7 Shallow water and Euler equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491 23.8 Using clawpack on quadrilateral grids . . . . . . . . . . . . . . . . . . . . . . . . . . . 492 23.9 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493

Bibliography 497

Index 516

Preface

Hyperbolic partial differential equations arise in a broad spectrum of disciplines where wave motion or advective transport is important: gas dynamics, acoustics, elastodynamics, optics, geophysics, and biomechanics, to name but a few. This book is intended to serve as an introduction to both the theory and the practical use of high-resolution finite-volume methods for hyperbolic problems. These methods have proved to be extremely useful in modeling a broad set of phenomena, and I believe that there is need for a book introducing them in a general framework that is accessible to students and researchers in many different disciplines.

Historically, many of the fundamental ideas were first developed for the special case of compressible gas dynamics (the Euler equations), for applications in aerodynamics, astrophysics, detonation waves, and related fields where shock waves arise. The study of simpler equations such as the advection equation, Burgers’ equation, and the shallow water equations has played an important role in the development of these methods, but often only as model problems, with the ultimate goal being application to the Euler equations. This orientation is still reflected in many of the texts on these methods. Of course the Euler equations remain an extremely important application, and are presented and studied in this book, but there are also many other applications where challenging problems can be successfully tackled by understanding the basic ideas of high-resolution finite-volume methods. Often it is not necessary to understand the Euler equations in order to do so, and the complexity and peculiarities of this particular system may obscure the more basic ideas.

In particular, the Euler equations are nonlinear. This nonlinearity, and the consequent shock formation seen in solutions, leads to many of the computational challenges that motivated the development of these methods. The mathematical theory of nonlinear hyperbolic problems is also quite beautiful, and the development and analysis of finite-volume methods requires a rich interplay between this mathematical theory, physical intuition, and numerical analysis. As a result it is a challenging and satisfying field of study, and much of this book focuses on nonlinear problems.

However, all of Part I and much of Part III (on multidimensional problems) deals entirely with linear hyperbolic systems. This is partly because many of the concepts can be introduced and understood most easily in the linear case. A thorough understanding of linear hyperbolic theory, and the development of high-resolution methods in the linear case, is extremely useful in fully understanding the nonlinear case. In addition, I believe there are many linear wave-propagation problems (e.g., in acoustics, elastodynamics, or electromagnetics) where these methods have a great deal of potential that has not been fully exploited, particularly for problems in heterogeneous media. I hope to encourage students to explore some of these areas, and researchers in these areas to learn about finite-volume methods. I have tried to make it possible to do so without delving into the additional complications of the nonlinear theory.

Studying these methods in the context of a broader set of applications has other pedagogical advantages as well. Identifying the common features of various problems (as unified by the hyperbolic theory) often leads to a better understanding of this theory and greater ability to later apply these techniques to new problems. The finite-volume approach can itself lead to greater insight into the physical pheviii Preface

nomena and mathematical techniques. The derivation of most conservation laws gives first an integral formulation that is then converted to a differential equation. A finite-volume method is based on the integral formulation, and hence is often closer to the physics than the partial differential equation.

Mastering a set of numerical methods in conjunction with learning the related mathematics and physics has a further advantage: it is possible to apply the methods immediately in order to observe the behavior of solutions to the equations, and thereby gain intuition for how these solutions behave. To facilitate this hands-on approach to learning, virtually every example in the book (and many examples not in the book) can be solved by the reader using programs and data that are easy to download from the web. The basis for most of these programs is the clawpack software package, which stands for conservation law package. This package was originally developed for my own use in teaching and so is intimately linked with the methods studied in this book. By having access to the source code used to generate each figure, it is possible for the interested reader to delve more deeply into implementation details that aren’t presented in the text. Animations of many of the figures are also available on the webpages, making it easier to visualize the time-dependent nature of these solutions. By downloading and modifying the code, it is also possible to experiment with different initial or boundary conditions, with different mesh sizes or other parameters, or with different methods on the same problem.

clawpack has been freely available for several years and is now extensively used for research as well as teaching purposes. Another function of this book is to serve as a reference to users of the software who desire a better understanding of the methods employed and the ways in which these methods can be adapted to new applications. It is not, however, designed to be a User’s Manual for the package, and it is not necessary to do any computing in order to follow the presentation in the book.

There are many different approaches to developing and implementing high-resolution finite-volume methods for hyperbolic equations. In this book I concentrate primarily on one particular approach, the “wave-propagation algorithm” that is implemented in clawpack, but numerous other methods and the relation between them are discussed at least briefly. It would be impossible to survey all such methods in any detail, and instead my aim is to provide enough understanding of the underlying ideas that the reader will have a good basis for learning about other methods from the literature. With minor modifications of the clawpack code it is possible to implement many different methods and easily compare them on the same set of problems.

This book is the result of an evolving set of lecture notes that I have used in teaching this material over the past 15 years. An early version was published in 1989 after giving the course at ETH in Zürich [276]. That version has proved popular among instructors and students, perhaps primarily because it is short and concise. Unfortunately the same claim cannot be made for the present book. I have tried, however, to write the book in such a way that self-contained subsets can be extracted for teaching (and learning) this material. The latter part of many chapters gets into more esoteric material that may be useful to have available for reference but is not required reading. In addition, many whole chapters can be omitted without loss of continuity in a course that stresses certain aspects of the material. In particular, to focus on linear hyperbolic problems and heterogeneous media, a suggested set of chapters might be 1 – 9 and 18 – 21, omitting the sections in the multidimensional chapters that deal with nonlinearity. Other chapters may also be of interest, but can be omitted without loss of continuity. To focus on nonlinear conservation laws, the basic theory can be found in Chapters 1 – 8, 11 – 15, and 18 – 21. Again other topics can also be covered if time permits, or this can be shortened further by concentrating on scalar equations or one-dimensional problems, for example.

This book may also be useful in a course on hyperbolic problems where the focus is not on numerical methods at all. The mathematical theory in the context of physical applications is developed primarily in Chapters 1 – 3, 9, 11, 13, 14, 16, 18, and 22, chapters that contain little discussion of numerical issues. It may still be advantageous to use clawpack to further explore these problems and develop physical intuition, but this can be done without a detailed study of the numerical methods employed.

To be continued...