The following is the analytical solution for the diffusion in composite spherical geometry: (For more
{ details refer to "Lithium Intercalation in Core-Shell Materials—Theoretical Analysis" )
> restart:with(plots) :Digits:=15:with (RootFinding) :with (IntegrationT
{ ools) :
>
[ > #User defined parameters:
| Description of parameters: beta"2=D2/D1, alpha=R1/R2, kappa=c1*/c2* delta=current density
> constants:=[beta=2,alpha=0.5,gamma=1000,kappa=2,delta=-.25];
constants =[f=2,0=0.5,y=1000,x=2,5=-0.25]
| Number of eigenvalues to be used (Higher the better!!!)
[ > NN:=20:
>
[ > #solution:
[ > paraml:=[theta[n]=alpha*lambda[n]*beta,phi[n]=1lambda[n]* (alpha-1)]

4

paraml :==[0,=a i B,¢, =7, (aa—1)]
| > param2:=[theta[n]=alpha*lambda*beta,phi[n]=lambda* (alpha-1)];
param2 :=[0,=a A B, ¢, =A(a—1)]
| Eigenvalue Equation
[ > eigeneqgn:=subs (param2, (1/gamma+beta*2*alpha”“2*lambda”“2+1/gamma*alp
ha*lambda“2-alpha*kappa+t+beta”“2*alpha) *sin (theta[n]) *sin(phi[n])+ (-
beta*2*alpha”“2*lambda+beta*2*alpha*lambda-alpha*lambda*kappa+1l/gam
ma*lambda-1/gamma*lambda*alpha) *cos (phi[n]) *sin(theta[n])+ (beta*al
pha“2*lambda*kappa-1/gamma*beta*lambda*alpha-1/gamma*beta*lambda”3
*alpha”2) *sin(phi[n]) *cos (theta[n] )+ (beta*alpha”“2*lambda”*2*kappa+l
/gamma*beta*lambda*2*alpha”~2-1/gamma*beta*lambda”“2*alpha) *cos (thet
a[n]) *cos(phi[n])) ;
2

; L 2 2,2 @ 2 . :
eigeneqn =| —+pB o A"+ —oaKk+p alsin(arB)sin(A(a—1))
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' Function to return Eigenequation (necessary for using Nextzero function of Maple) The following

| eqution is hardcoded (copy pasted from above), this is the only way I can make the nextzero work.

> KKK:=lambda->(1l/gamma+beta”2*alpha”“2*lambda*2+1/gamma*alpha*lambda
~2-alpha*kappat+beta”2*alpha) *sin (alpha*lambda*beta) *sin (lambda* (al
pha-1) )+ (-beta*2*alpha”“2*lambda+beta”*2*alpha*lambda-alpha*lambda*k




1

appa+l/gamma*lambda-1/gamma*lambda*alpha) *cos (lambda* (alpha-1)) *si
n (alpha*lambda*beta) + (beta*alpha”2*lambda*kappa-1/gamma*beta*lambd
a*alpha-1/gamma*beta*lambda*3*alpha”2) *sin(lambda* (alpha-1)) *cos (a
lpha*lambda*beta) + (beta*alpha”2*lambda*2*kappa+l/gamma*beta*lambda
~2*alpha~2-1/gamma*beta*lambda”2*alpha) *cos (alpha*lambda*beta) *cos
(lambda* (alpha-1)) ;

2

KKK == |~ 4 B o? 22+ 22 o s i
=1 y+B(xk+ —axk+B a|sin(airP)sin(A(a—1))

2 2 2 A kaj .
+|-B oA+ ak—akx+;——?—cmﬂ(a—lﬂ&ﬂakﬁ)

. Bra B%3azj |
+| o Ak-— » - sin(A (aa—1))cos(ar )
2 2 2
; Bazxzmmya —BtaJcos(aAB)cos(x(a—l))

> ChiParam:=

[

chi[l] = cos(theta[n])*theta[n]-sin(theta[n]),

chi[2] = phi[n]*cos(phi[n])+(-alpha*lambda[n]*2-1)*sin(phi[n]),
chi[3] = -theta[n]+cos(theta[n])*sin(theta[n]),

chi[4] =

cos (phi[n]) *sin(phi[n]) * (-lambda[n] *2+1) +2*1lambda[n] *cos (phi[n]) *2
-phi[n]*lambda[n] *2+ (-alpha-1) *1lambda[n]

1;
ChiParam = [, =cos(0,) 0, —sin(0,), x, = ¢, cos(¢, ) + (—a an — 1) sin(¢, ),
1o =—0 +cos(0,)sin(8 ), 1, = cos(d, ) sin(d,) (<A + 1)+ 24 cos(d ) —d A +(—a—1)%,
]

>

> Aneqn:=A[n] =
2*chi[l] *delta*kappa*lambda[n]/ (beta”*3*chi[2]*2*chi[3]-kappa*chi[l
172*chi[4]);

2%, 0K A,

Aneqn = A, = . 5
B %o 3= KX A4
> OtherParam:=[

k[1]
k[2]

-3*kappa*delta/ (alpha”3*kappa-alpha”3+1),
-3*delta/ (alpha”3*kappa-alpha”3+1),



a[l] =

1/10* (-5*alpha~5*beta*2-3*alpha*5+(3*alpha*5*beta*2+5*alpha*5-15*a
lpha~3+10*alpha”2) *kappa+15*alpha®3-15*alpha“2+5*alpha*2*beta*2+3)
*delta*kappa/ (alpha*3*kappa-alpha”3+1)~2+1/10* (10*alpha*4-10*alpha
) *delta*kappa/ (alpha*“3*kappa-alpha*3+1) “2/gamma,

a[2] =
-1/10/ (alpha”6*kappa”2+(-2*alpha”6+2*alpha”3) *kappat+alpha”~6-2*alph
a*3+1) * (10*kappa”“2*alpha”5+( (2*beta”*2-30) *alpha”5+15*alpha“3) *kapp
a+l18*alpha~5-15*alpha~3-3) *delta+l/ (alpha”“6*kappa”2+ (-2*alpha”6+2%*
alpha”3) *kappat+alpha”~6-2*alpha”3+1) *kappa*alpha“4*delta/gamma
1;

3K0 3%

OtherParam :=| k, = — N 3 ky=— 5 4=
aK—o +1 aK—o +1
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t> HHEHH A H SR F SRS

| Final Solution

| x2 #partl=without infinite sum, part2 term in the infinite sum
>

[ > xlpartl:=1/6*k[1] *beta*2*x*2+a[1]+k[1]*t;

1
xUmﬁh=ghB%f+q+kM

(-lambda[n] *2*t) ;

2
-\t

sin(L, Bx)x, 4, B’ e
A, X

xIpart2 .= —

>
| x2 #partl=without infinite sum, part2 term in the infinite sum
> x2partl:=1/6*k[2] *x"*2- (-delta-1/3*k[2])/x+a[2]+k[2] *t;

> xlpart2:=-sin(lambda[n] *beta*x) *chi[2] *A[n] *beta”*2/lambda[n]/x*exp



—5——k,

1 2
| x2partl :=gk2x —T+a2+k2t
[ > x2part2:=-(lambda[n] *cos (x*lambda[n]-lambda[n])+sin(x*lambda[n]-1la
mbda[n]))/lambda[n] /x*chi[l1] *A[n] *exp (-lambda[n]*2*t) ;

2
S
(A, cos(x A, —A, )+sin(xA, —X))y 4,e

A, X

x2part2 = —

t> HHAHHHHAHG RS H S SRR H S
B

Calculation of x1 and x2 expressions using numerical
eigenvalues

| First Eigenvalue

| > Lam[1] :=NextZero (subs (paraml,constants,lambda[n]=1lambda,eval (KKK) )
,0);

| Lam, :=2.93420083104756

| All eigenvalues till NN

[ > for i from 2 to NN do

Lam[i] :=NextZero (subs (constants,eval (KKK)) ,Lam[i-1]) ;od:

| List of all the eigenvalues

[ > ListLambda:=[seq(lambda[i]=Lam[i],i=1..NN)]:

| Check if the k1 k2 and al and a2 are calculated numerically

[ > evalf (subs (constants,OtherParam)) :

| Computation of Expressions for x1 and x2
> exprll:=0:expr22:=0:
for i from 1 to NN do

NumChiparam:=evalf (subs (paraml,h n=i,ListLambda, constants,ChiParam))
NumAn :=evalf (subs (paraml,n=i,ListLambda,constants,NumChiparam,Aneq
n));

exprll:=exprll
+subs (paraml ,n=i ,NumChiparam,6 ListLambda, NumAn,OtherParam,constants
, Xlpart2):

expr22:=expr22
+subs (paraml ,n=i,NumChiparam, ListLambda, NumAn,OtherParam,constants
, X2part2):




| od:

| > exprl:=exprll+subs (OtherParam,constants,xlpartl):
[ > expr2:=expr22+subs (OtherParam,constants, x2partl) :
> paraml;

[6,= 0k, B, o, =%, (a=1)]

>

>

| Plot of curves

| > p3:=plot(evalf (subs(t=0,exprl)) , x=0..eval (alpha,constants)) :p4:=pl
ot (evalf (subs (t=0,expr2)) ,x=eval (alpha,constants)..1l) :display (p3,p

4) ;
7>
[ > gl:=plot3d(exprl,x=0..subs (constants,alpha),bt=1/4000..0.1,axes=box
| ed):
[ > g2:=plot3d(expr2,x=subs (constants,alpha)..1l,t=1/4000..0.1,axes=box
ed) :

> with (plots):
> display(ql,q2);




e
B
e
Rt e e
(oSS
SR

S
e e

%
%
i
o)
i
4

s
1
4

%
e
/
%
5

7
%
7
7
i
%
S
:
i
’

7
)
A
0
l’f
%
5
fp'f
%
"l

5
s
(7
%

i
¢
7
%
v
s
i
%
%
)
i

(/)

i

i

i

(AL

s
i
i
G
s
%
%

>

Backcheck (Mass Conservation)

Integral of concentration over x int( x*c1(x),x=0..alpha)+int(x c2(x),x=alpha..1)

> IntC:=int (x*2*exprl,x=0. .eval (alpha,constants))+int (x*2*expr2, x=ev
| al (alpha,constants) ..1):

| Integration of Flux up to that point

> IntF:=-subs (constants,delta*t);

L IntFF=0.25¢
[ > ppl:=plot(IntC,t=0..1,style=point,color=black, symbolsize=20) :
|



=3,color=red) :

.1,thickness

=0.

[ > pp2:=plot (IntF,t

0.8

04

Plot of both integration (Both plots should be identical, if not increase the number of eigenvalues to be
0.251
0.2
0.154
0.11
0.054

used)
> display (ppl,pp2) ;




