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Abstract

We report in this paper a set of nine Green'’s functions for the Laplace equation for an infinite 3-layer medium in which a layer of finite
width is sandwiched between two semi-infinite domains. Typical 3D plots of these Green'’s functions are computed and presented. Taking an
offshore platform as a prime example of a structure in a 3-layer medium (atmosphere, ocean and soil), we work out the boundary element
integrals using macro elements such as the tubulars. Constant elements reduce several of these boundary integrals to analytical forms. As al
application, we discuss the cathodic protection modelling of offshore structures using the ‘boundary element 1@cthe@’ Elsevier
Science Ltd. All rights reserved.
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1. Introduction require putting any fictitious enclosure to take care of the
conditions at infinity.

Green’s functions are central to the Boundary Element The paper is organised as follows. In Section 2, we
Method (BEM) [1-5]. For the isotropic medium, the presenta set of nine Green'’s functions for the Laplace equa-
Green’s functions associated with the Laplace equationtion in a 3-layer medium and also provide their 3D plots.
are known to ber/2), (1/2mw) In(Ur) and(1/4xwr) for one, Section 3 contains a panorama of boundary element inte-
two and three dimensions, respectively. Green’s functions grals for a tubular structure embedded in a 3-layer medium.
for the Laplace equation and associated boundary elemenWe discuss in Section 4 an application to cathodic protec-
integrals are reported in this paper for a 3-layer medium in tion modelling of offshore structures.
which a layer of finite width is sandwiched between two
semi-infinite domains. This problem is characterised by
the multi-layered nature and the infinite geometry of the
solution space. One way of dealing with the multi-layers 2. Green’s functions
is that of zones wherein the problem is solved separately
in each zone and the solutions are matched at the zone The 3-layer medium consists of a layer of widthsand-
boundaries. However, the Green’s function approach haswiched between two other semi-infinite layers. Our Green's
the following benefits. The Green’s functions have the functions satisfy the differential equation
matching conditions already built into them. Consequently,
these Green's functions and the associated boundaryV(KVG) = —8(X = X)8(y — y9)8(z — Z) D
element integrals need to be computed only once and can . o
be re-used through iterations and for changed boundary@nd obey the equations of continuity f@& and KVG at

conditions. In addition, the present approach does notPhase boundarie& = K(y) is a piece-wise constant func-
tion exhibiting a simple discontinuity at the phase bound-

aries aty=y, andy=y_4. Fig. 1 represents a 3-layer

_— medium (for purposes of this papéd€, will be interpreted
* Corresponding author. Tel+91-4565-22368; fax:91-4565-37779. as the electrical conductivity).
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! Present address: Department of Chemical Engineering University of Eq. (1) is non-homogeneous because of the singularity at

South Carolina. the source point(xs, Vs, Z). However, if the field point
% Gates Computer Science, Stanford, CA 94305, USA. (x,y,2) is away from this singularity it reduces to the
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Table 1
Green'’s functions for the 3-layer medium

1. ysis in the middle layer
@

TO<Y=Yy,

Jo(hr)

2m detA dn

G= JO [(ko + ky) exp(—h(ys — y)) + (ko — ky) exp(—h(2y; — ys — Y))]

where
detA = (kg + ky)(kg + k_1) + (Kg — k_1)(ky — ko) exp— 2hA

A=y -y,

and

r=yx=x)?+@z- 27

(b)

Yy-1<Y=W1

=+ [ iko — koko — (24 + v, — Y1 + (ko — ko)(ko + K1) exp— hizys — ys — 11— g
—m ,[0 [( 1)( —1) €xp [ Ys — Y]+ ( 1)( —1) exp—h[2y; —ys W]m

[ ko - Kon)(ko + ko) exp— hiys — 2y_1 + Y] + (ko — ko)(ko — K —hi2a +y -yl —20__ gy

Jo [(ko — k-1)(Ko + k1) exp— hlys — 2y_1 + y] + (ko — kp)(ko — k-1) exp— h[ y yS]]m

where

R=yr?+y -y’

(©

yp <y<<oo

6= Itk -k —hlys+y — 2y_1] + (ko + k ~hty -y 1 =—00_g,

—JO [(ko —k-1) exp—hlys +y = 2y_1] + (ko + k1) exp— hly = ysll 5= r

Il. ys is in the bottom layer:

(@)

O <Yy=Yyg

G= 1+ [ Lo + ks — —hi2y_1 — Y — Y] + (ko — kp)(ko + K —hizys - ys - yl—2M0__g,
—m JO [(ko + k(K1 — ko) exp [2y-1 = Ys = Y] + (ko — ky)(ko —1) €Xp [2y1 — Vs ynm

(b)

ya1<y=wy

G=Jm[(ko—k)exp—h[2y — Yo — Yl + (Ko + ky) €xp — hly — yell Jo(hr) dh
0 ' o ! U 2n detA

@]

yp <y<oo

_( o o2 Jothn

G_JokOEXp hly yS]~;-rdetAOIh
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Table 1 ¢€ontinued

Il ysis in the top layer
@

—o0o <y<Yy 4

Jo(hr)

™ detAdh

6=, koexp —hiy: ~y

(b)
Y1 <Y=Wn

g= -k r" exp — hlys —2y_; +y]
2 0

yl
A Jo(hr) dh

Jochry dh + Fo KD r exp — hiys —
2w

0 detA

(©).

y1 <y<oo
= Mk + ke - — hlys — 2y + Y] + (ko + k(Ko — k — hlys — + Jo(hr)
= W jo [(ko ~1)(ky — ko) exp [ys = 2y1 + ¥l + (K (Ko ~1) eXp [Ys —2y-1 Y]]m .
homogeneous equation at the source point irrespective of whether the source point
) is at the phase boundary or not. In this paper singularities are
V'G=0. 2 taken care of either by analytical integration or by the proper

Hence, the method of finding consists in finding the choice of the position of the source point.

general solution to this homogeneous equation and a parti-

cular solution of the non-homogeneous part Y :TJFOO

KsV?G = —8(x — X)8(y — Y53z — 2) 3 K=K o

whereKg is the conductivity of the layer where the source

point (xs, Ys, Zo) is located. D25 7EE G Y S

G is a function of the source poiris, ys, Z)) and the field
point (X,y, 2). There are three major cases corresponding to
the placement of the source point in one of the 3-layers, in
turn. To each one of these cases there corresponds three
further cases depending on the placement of the field K
point in one of the 3-layers, in turn. Thus, there are totally
nine cases to be distinguished. In order to conserve space,
the detailed derivations of the Green’s functions are
omitted. We merely list in Table 1 the set of nine Green’s
functions. Their 3D plots are presented in Figs. 2 and 3for y=y, [
typical settings of the source point and selected ranges for
the field point. [ \
Fig. 2a exhibits first order discontinuities at the phase K—K
boundaries, while they disappear if the conductivities are Bottom
equalised as in Fig. 2b. The singularities are also to be
noted. In general a Green'’s function may have two parts, l Y
one singular and the other non-singular. The part which
involves the Bessel functiody is not singular except y=—ow X
when the source point is at one of the phase boundaries.
Hence to avoid this singularity source point should be

placed a little distance away from the phase boundary. fig. 1. A symbolic representation of a 3-layer medium of three different
However the(1/R) part of the Green'’s function is singular  conductivitiesky, Ko, K_;.
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Fig. 2. @)y, =
5, K_1 =

0,y-1=-100%x=0,ys=
1.25 First order discontinuities t= 0 andy = —100 are to be
noted; (b) parameters same as that of (a), exkgpt Ko = K_; = 5.

—50,z = 0; Ky = 0.5, Ko =

3. Boundary element integrals for a tubular structure in
a 3-layer medium
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Fig.3.(@y1 =0,y_; = —100 X, = 0,ys =

-110z = 0K, =
5, K_; = 1.25 A first order discontinuity ay =

05Ky =
—100 is to be noted. (b)
—-110 z=0; K; =05, Ky=5,
1.25 A first order discontinuity ag = 0 is to be noted.

y1=0, y 1 =-100 =0, ys=
K_1:

radius, each spherical element will be characterised by its

A general tubular structure consists of a set of tubes, central co-ordinateéx, Yo, Z) and its radius.

which may be of different diameters and a set of nodes

If the structure is divided int?N boundary elements, the

where the tubes meet. A natural choice of boundary discretised BEM equation is

elements for the tubular structure would be to use tubular

elements for the tubes and spherical elements (with suitablyc

chosen effective radii) for the nodesurther, we employ

only constant elements for their analytical advantage. None-
theless, our Green’s functions can be used to compute

higher-order boundary element integrals also. To sum up,
in this work we discretise the structure into two types of
macro boundary elements: tubular and spherical elements.

While each tubular element will be characterised by its G

terminal co-ordinates(Xg, Yo, Z9) and (Xq,¥4,z) and its

3 Micromeshing, though it could provide a more realistic representation
of the nodes, is beyond the scope of this paper.

<5 +§1Hua9—¢w:j_§leud 4
where
d= K% (5)
”G(i,j) ds ®
g
Hy = J j KIAVG. j)] ds @
g



Table 2

A panorama of BEM integrals for the source point located in the (2a) bottom, (2b) middle and the (2c) top layers
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2b G
1 Bottom Sphere i =] 4w]|;,1f3 4 kot izllq)T(::ll — ko) fy(—Py) + (ko — Iillq)T(li:1 + ko) P
2 Bottom Sphere | # ] 4w1k,1 - (ko + |111)T(||(<:11 — ko) fL(=Py) + (ko — |111)T(|l<:11 + ko) f.(Py)
3 Bottom Cylinderi =] 41T]|;71 - (ko + |Z11)T(I|<<:11 — ko) fo(—Py) + (ko — E;(::f + ko) £2(Py)
4 Bottom Cylinderi # 4;71 . (ko + |111)T(||(<:11 — ko) fy(—Py) + (ko — |111)T(|l<:11 + ko) £(Py)
5 Middle Sphere i#] (ko f(P)+ (k0+ 1)” P
6 Middle Cylinderi # ] (ko k1> (P + (ko kl)f (—P1)
7 Top  Sphere |#] %H(*Pl)
8 Top Cylinder1 # | %fz(—Pl)
2b o
9 Bottom Sphere i 7] (ko + k1) f(Py) + (ko k1) f.(Py)
10  Bottom Cylinderi # ] (ko + k1>f Py + (ko (ko — k) ¢ Py
11 Middle Sphere i=] (ko = kﬁlz V¢ (P + (ko — k;jr(rl;.;+ K 1) f(Py) + (ko — k;;)lioko + ky) f2(Pa)
—k 1
¢ bzl ley) 2)('2 fa(Pe) + 7 fa
12 Middle Sphere i#j (ko "Z)('l‘(’; Vi Py + Ko kﬁkkf Ki)p p, + KoK ;T)liok" Kt ey
-k 1
—(ko Z)(IIZ f1(Ps) + —— = ko
13 Middle Cylinderi =] (ko — kz):z— kfl)fz(Ps) L o- kz)q(:;c;‘*‘ k71)f2(P2) L o- kz—l;)lioko + ky) f,(Pa)
-k
+ o m ko —koy) Z)q(T'IZ BPs) + 5 ko
14 Middle Cylinderi # ] (ko — kﬁkkc; Vg L(Ps) + (ko — kﬁkszr k-1) fo(Py) + (ko — k;;)éoko + ko) f,(Pa)
—k
%Q(PS) + mﬁ
15 Top  Sphere i#] (Ll SYP (P + (ko o+ k) =Py

2
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Table 2 ¢€ontinued

2b G
16 Top  Cylinderi # ] (ko f(P)+ (ko f( P
2c
L
17  Bottom Sphere i # ] %fl(Pl)
18  Bottom Cylinderi # | %fz(Fﬁ)
i i #j —k_ + ko

19  Middle Sphere i#]j (ko - ) f,(Py) + (ko - 1) f.(Py)
20  Middle Cylinderi # ] (ko — 2 f(P)+ (ko f(P)
21 Top  Sphere i=] 1 (ko + kog)(ki — ko), (ko + ki)(ko —

a2 drky fa(=P2) + 4k, 1Py
22 Top  Sphere i #]j (ko T kpky — ko), (ko + kp)(ko — k-1)

4m'k1 fs + Tk, fi(=P2) + Tk, f1(P4)
23  Top  Cylinderi=] 1 (ko T kopky — ko). (ko + k)(ko —

= fo + T dmkg, fo(=P2) + —4 K fz(P4)
24  Top  Cylinderi #]j 1., otk —k) fy(—Py) + (ko + ka)(ko — k1) t,(Pa)

Ak, 7 Ak,

Ak,

wherei andj are labels of boundary elements and each vary following general form:
from 1 toN.

The extra variablep,(the potential at infinity) is to be
found by extending th&l X Nset of equations into afN +
1) X (N + 1) set by including the total charge conservation
condition whose discrete version is

00 n 00
Gi=> G exp(—h@ + by + 2nA)Johr) dh  (11)
n=0 Cilo

where

F=yx— %2+ 2- 22 (12

andJ; is the Bessel function of the zeroth order.
Using an identity [6], this is further reduced to the follow-
ing form:

N
Z = ®)

where, Ajis the area ofth Boundary Elementgis current

density on thgth Boundary Element. This condition ensures > Ch 1
that no charge flux escapes to infinity. Z C, R, (13
In general the Green'’s functio® can be split into two "~
terms, one corresponding to the isotropic Green’s function Where
1 R, = \/(x — %)% + (@ + by + 2n4)? + (z — z)? (14

Go = R 9

where The boundary integralbljs andG;s are now classified
depending on whethar=j or i # j and whether the field
point (integration poinf) ranges over a tubular or a sphe-

R= \/(X — X2 (YY) + (Z2— 2%)? (10 rical element. Also, the integration over tfig part and the

G, part of the Green’s function must be treated separately.
and another corresponding to a sum of integrals of the As there are nine types of Green’s functions (cf. Section 2),
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Table 3
The list of the seven function routings andf s and the five parametepss

783

Function ﬁ

fi=—— C1 an

n=0

- 4 / ! /
ZT&,%_[ (X = X)X = X) + b'(ys — Yo)(@ + b'y + 2nd) — (z — 2)(z — 2)]

where
x— X=X %
L
— Yor
y= (Ys LYO) v
Z:(Zsle)r + 2

L=/ = %92 + (o — yo? + (% — )2

and

R, = \/(x — X% + @ + by + 2nA)? + (z - z)?

Function $
O[:,‘Jzﬂln 2VA+BL+L2+2L+B de
0 2\/3\ +B
J (BVA—(@2L +BWA+BL+L2— 2B+ L))..)dd
0 (2(A+ BL+ L2) + (2L + B)W/A + BL + L2)(2A + BVA)
where

)

r r r r r

— ! / _ _ 2 / / 2
(___):(al(xs X) , @ +byy+2nd)  aszm-z) (X —X)© (@ +DbYo+2n4)

A=a+a3+a2
B = 2(a;b; + ayb, + azhs)
= (Xs — Xg) + r(—cos6 + c(1 — cos¢)(ccosh + asin 6)
b, = —csin¢g
a, =a + b'yy + 2nA — b'r sin ¢(c cos + asin 6)
b, = b’ cos¢
a3 =2Z — Zy + r(sin® — a(1 — cos¢)(ccosh + asin )
by =asin¢

_ —(z — %) oo X~ X
V@ — )7 + (% — %0)? V@ — 27 + (% — %0)?

)
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cosg = 20 andL = \Jox — 30 + (1~ Y0 + (@ — 207

Function §
f3 = 4mr

fh=—4m

Function

[ 8mr? i cs

T C & WA+B+JA-B)
f,=0

where

A=r%+ @ + by + 2nA)?

B = 2rb/(a’ + b'y, + 2n4)

Function §
fs = 4mr?/]

fi=0

where

I=\/(XO_XS)2+(YO_YS)2+(ZO_ZS)2

Function §

L L—0%>+r?
fg = 27r In
° ( -1+ +r?

1 1 1 1

fg= 2mr? _

L=l+J=-02+r2 JL-12+r2  —1+/12+r2 /12412
where

I =0 = X7 + (Yo — Y9 + (% — 22

L= /00 — %2 + 0 — Yo + (21 — 2

Function §
2m VA+BL+L%2+2L+
f7:rJ‘ n 2VA+BL+L 2L+B d0
0 2JA+B

fo=

or rﬂ (BVA— (2L + B)WA+BL + L2 — 2L(B + L)(...)
0 (2(A+ BL+ L2) + (2L + B)WA + BL + L2)(2A + BVA)

where
()= (a1<xs—><o) T i O T ) B Gl S Sl (25—20)2)
r r r r r r

A=al+a3+a3

B = 2(a;b; + ayb, + asby)
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a = (X — Xg) + r(—cosé + c(1 — cos¢)(ccosh + asin 6))
b, = —csin¢g

a, = (Ys — Yo) + rsin ¢(ccos6 + asin 6)

b, = —cos¢

a3 =2z — Z + r(sin® — a(1 — cos¢)(ccosh + asin )

by = asin¢

a— —@&—2) ) c— X1~ %o
V@ — 297 + (% — %0)? V= 207 + (% — %)

cosg = 1% [ Y and L= /0 — 0% + (1 — Yo + (@ — 2)?

Parameters
P, a b

Prys -1

P 2y1—ys —1
Py 24+y. -1
Py yvs—2y4 +1

P5 2A — Ys +1

there is a further classification according to the placement of follows. Take eaclG;, replace every; by f{ and multiply

the source pointi jndex) and the field poinf {ndex) among throughout by the conductivity of the layer in which the
the three layers denoted top, middle and bottom (Fig. 1). A boundary elemeritis located. The derivative functiorigs
complete enumeration of all relevant combinations leads are also listed along with thigs in Table 3.

eventually to 24 cases for thg;s and a corresponding 24

cases for théd;s. The mathematics required for a conveni-

ent evaluation of this plethora of boundary integrals is quite

tedious and involve transformations to local frames of refer- 4. Application to cathodic protection modelling of

ences and symmetry arguments, the details of which we offshore structures

omit for the sake of brevity. A full panorama of ti@&s is

provided in Tables 2. In each table, the first column repre- Cathodic protection is a well-known method of protecting
sents the location of the field point, the second column metallic structures against corrosion. A fairly extensive
indicates the boundary element type over which the integra- literature is available on the application of the BEM to
tion is performed and the third column tells i j ori # j. cathodic protection problems [7—11]. Offshore structures
Entries in the tables involve seven functions/routifi¢s= play an important role for the oil and gas industry. These
1-7) (There are eight cases in principle, but two are alike.) are huge metallic structures made of tubular members and
Some of these functions have an argunfeithe argument  installed in deep oceans with parts exposed to the atmo-
P is actually a pair of parametea$, b’) which assumes one  sphere at the top and parts running into the ocean mud at
of the five valued;s (i = 1-5). These seven functions and the bottom. Being in a marine environment, these structures
the five argument values are listed separately in Table 3.are prone to corrosion. The 3-layer medium consisting of
This completes the panorama Gfis. From this, a corre-  atmosphere, ocean and soil and an offshore structure placed
sponding panorama dfiys can be easily constructed as in these environments provide a typical example of
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problems where the results of the present paper are applic-india. Permission to publish this work is gratefully acknowl-
able. edged.

The basic problem in cathodic protection is to solve the
Laplace equation
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