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ABSTRACT
We study the fields in and around inclusions and inhomogeneities in
anisotropic solids exhibiting full coupled-field behaviour using Eshelby’s
pioneering approach. Explicit expressions are obtained for the generalized
Eshelby tensors, as are a class of shape-independent relations for the Eshelby
tensors. These can be used in the same manner as Eshelby’s tensor for elastic
inclusions.

§ 1. INTRODUCTION

Eshelby’s (1957, 1959) classical analyses of the stress and strain fields in elastic
solids containing ellipsoidal inclusions and inhomogeneities are widely recognized
for both their elegance and wide-ranging applicability. In micromechanics analysis of
heterogeneous solids, a theoretical framework has emerged where exact expressions
for effective properties and internal fields can be obtained in terms of concentration
factors that relate the average fields in the phases to uniform applied fields. It is at
this point that an exact analysis typically ceases and approximate schemes must be
introduced to estimate the concentration factors. In most micromechanics schemes,
the reinforcement is modelled as ellipsoidal and recourse is made to Eshelby’s solu-
tion. Eshelby’s solution is used for at least three reasons: (i) the general ellipsoidal
shape can be used to model a wide range of microstructural geometries; (ii) explicit,
closed-form expressions exist for the stresses and strains in the ellipsoidal inhomo-
geneity; (iii) the elastic fields in the ellipsoidal inhomogeneity have the remarkable
property that they are uniform, rendering the computation of average fields in the
inhomogeneity trivial. Numerous examples of, and references to, such applications
can be found in the authoritative texts of Mura (1987) and Nemat-Nasser and Hori
(1993).

Perhaps the most widely used result of Eshelby’s analyses is his closed-form
expression for what is now known as Eshelby’s tensor: a fourth-order tensor that
is a function only of the elastic moduli of the matrix and the shape of the inclusion.
With explicit expressions for Eshelby’s tensor in hand, solutions to many problems
involving inclusions and inhomogeneities are reduced to algebraic tensor manipula-
tion. Although he only provided explicit results for inclusions in isotropic solids,
Eshelby laid the groundwork for the study of inclusions in anisotropic solids which
was taken up by subsequent researchers (Hill 1961, Willis 1964, Walpole 1967, 1977,
Kinoshita and Mura 1971, Lin and Mura 1973, Asaro and Barnett 1975, Bacon et al.
1978, Withers, 1989). In addition, Eshelby’s basic ideas have been extended to treat
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other uncoupled-field problems such as heat conduction, electrostatics and magne-
tostatics (Hatta and Taya 1988).

The emphasis of this work is on partial and full coupled-field problems pertain-
ing to inclusions and inhomogeneities in anisotropic media. By partial coupling we
mean phenomena such as uncoupled thermoelasticity where elastic and thermal
phenomena are coupled, but modelled in such a way that a temperature change
induces a change in strain, but a change in strain does not induce a temperature
change. Thus, temperature enters the mechanical problem as a parameter through
the constitutive equations and the temperature distribution can be computed simply
by the theory of heat conduction. Static poroelasticity also falls into this category
when one recognizes the mathematical analogy between poroelasticity and thermo-
elasticity (Norris 1992). Inclusion and inhomogeneity problems in media exhibiting
partial coupling between elastic and other fields can be treated using Eshelby’s
results (or the corresponding results for anisotropic media) directly, and treating
the coupling term as a transformation strain (in Eshelby’s terminology) or an eigen-
strain (in Mura’s terminology). Such examples in the context of thermoelasticity are
discussed in detail by Mura. Full coupling, on the other hand, presents more of a
challenge. Here we are referring to phenomena such as piezoelectricity where not
only does a change in the electric field induce strain, but also strain induces a change
in the electric field. In this case, Eshelby’s results cannot be directly applied, but his
ideas can be. Specifically, one can solve the inclusion problem for full coupling
between two or more fields using a generalization of his elegant cutting—straining—
welding approach.

The motivation for this work is the study of heterogeneous media with coupled
fields, and the belief that inclusion and inhomogeneity problems play a key role in
the analysis of such materials. In particular, the phases can be modelled as inhomo-
geneities. When combined with a rigorous micromechanical framework, substantial
progress can be made toward understanding the complicated microstructural-level
fields in heterogeneous media with coupled fields. This has been demonstrated for
piezoelectric media by Deeg (1980), Wang (1992), Benveniste (1992), Dunn and Taya
(1993), Chen (1993a,b), Dunn and Wienecke (1996, 1997), and the many references
contained therein. Interesting composite materials consisting of combinations of
piezoelectric and piezomagnetic phases have already been studied both experimen-
tally and theoretically (Harshe er al. 1993a,b Avelleneda and Harshe 1994, Nan
1994, Benveniste 1995). These materials have been shown to exhibit the phenomena
of magnetoelectricity, a phenomena that does not appear in the individual phases
themselves.

In this study we consider the general case of inclusions and inhomogeneities in
media exhibiting full coupling between multiple fields. The key to the solution is the
generalized Eshelby tensor. We show that the fully coupled problem can be treated in
a very general way, completely analogous to the treatment of anisotropic elasticity.
This realization emerges naturally when the problem is cast using a convenient
notation introduced in the context of piezoelectricity by Barnett and Lothe (1975),
extended to piezoelectromagnetic media by Alshits e al. (1992), and used by Alshits
et al. (1995), Chung and Ting (1995) and Kirchner and Alshits (1996). The focus here
is on static behaviour; the corresponding dynamic case is more involved as each field
reacts differently to dynamic effects. While we emphasize the treatment of general
coupled fields, we give explicit results for the special case where full coupling exists
between elastic, electric and magnetic fields. The generalized Eshelby tensor is
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expressed in terms of a surface integral over a unit sphere, which can be evaluated
numerically. The integrals are evaluated in closed form for special shapes when the
medium is transversely isotropic. The results can be used immediately in the micro-
mechanics analysis of heterogeneous media. We also show that when full coupling
exists between two or more fields and, in addition, partial coupling exists, the treat-
ment of the partial coupling proceeds in a manner analogous to that for elastic
inclusions.

§ 2. BASIC EQUATIONS

A three-dimensional Cartesian coordinate system is employed where position is
denoted by the vector X or Xi. We consider materials that exhibit linear, static,
anisotropic coupled-field phenomena. These phenomena are described by three
sets of equations: constitutive equations, divergence equations and gradient equa-
tions. To clearly illustrate, we explicitly consider piezoelectromagnetic media, but we
emphasize that the formalism is valid for more general coupled-field problems where
the basic equations have the same structure. In full index form, the field equations
(constitutive, divergence and gradient) are:

cij = Gijauk) + €iji¢ ) + qijio g,
Di = et = Kig ) = aie j, (1)

Bi = gy - aigy - Hie g,

cijj = 0,
Dy, =0, (2)
Bi,i =0

gij = 3(uij + )
Ei=-4 (3)
Hi=-0;

In equations (1)—(3), ojj, &;j and u; are the elastic stress, strain and displacement
respectively; D;, Ei and ¢ are the electric displacement, field, and potential respec-
tively; Bi, Hi and ¢ are the magnetic flux, field, and potential respectively. Ciu, Ki
and py are the elastic stiffness, the dielectric, and the magnetic permeability tensors.
They directly connect like fields, e.g., stresses to strains. Elastic fields are coupled to
the electric and magnetic fields through the piezoelectric ejq and piezomagnetic g
coefficients respectively. Finally, electric and magnetic fields are coupled through the
magnetoelectric coefficients aj;. The symmetry conditions satisfied by the moduli are
given by Nye (1957).

In the analysis to follow, it is convenient to treat the elastic, electric, and magnetic
variables on an equal footing. To this end, the notation introduced by Barnett and
Lothe (1975) for piezoelectric analysis and generalized to incorporate magnetic
coupling by Alshits e al. (1992) is utilized. This notation is identical to conventional
indicial notation with the exception that lowercase subscripts take on the range 1-3,
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while uppercase subscripts take on the range 1-5 and repeated uppercase subscripts
are summed over 1-5. With this notation, the field variables take the following forms:

Un emn = 3 (Ump + Upm) Sam M =1,2,3
Uv =9 ¢ Zyn=<q -En=9¢n Sm=9 Dy M=4 (4)
¢ -Hh =9, B, M=5
The moduli are expressed as:
(" Cijmn IM=1,23
€ijn M=41=1,23
Jijn M=51=1,273
€imn J=4M=1,23
Eiomn = § - Kin J=4M=4 (5
- ap J=4M=5
Qimn J=5M=1,273
- in J=5M=4
L~ Hin J=5M=5.

With this shorthand notation, the divergence, gradient, and constitutive equations,
can be written as:

2yi=0 Zyvin = Ump, 2y = EimnZmn. (6)

9

§ 3 INCLUSION AND INHOMOGENEITY PROBLEMS

Consider an infinite solid D containing an ellipsoidal inclusion, the volume of
which is denoted by © with a surface denoted by |Q| The inclusion has the same
moduli, Ejjym, as the matrix, but is allowed to undergo a uniform transformation.
We denote by Zf, the uniform transformation that would occur if © were uncon-
strained by D - Q. In the elastic case, the physical interpretation of the transforma-
tion strain is well known. In a more general setting it is not so clear. For example, in
the case of magnetostatics, Z¥, can be interpreted as a volume distribution of
magnetic dipoles in Q. The same interpretation can be attached to analogous field
problems such as heat conduction and electrostatics. Despite the different physical
interpretations of Z1,, we can still appeal to the imaginary cutting, straining, and
welding operations of Eshelby (1957) to calculate the actual (constrained) fields, and
this leads to:

Unm(x) =J Gwy (x- x)Z{in; dS(x’) - J.'[J.GMJ(X' X))z dV(x)

= - EuanZis J. J. J. Gy j(x- x7) dV(x). (7)

Q

In equation (7) Gwmy(X) are generalized Green’s functions, £ = EijmnZ¥m, and
the differentiation is with respect to X. When we differentiate Uy with respect to X,
after substantial manipulation we can write Um inside the inclusion as:

Unma(X) = - EabZ2s J.J.J. G jn(X = x) dV(x). (8)

Q
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The manipulations required to get from equation (7) to equation (8) follow
exactly those outlined by Bacon et al. (1978) in the context of anisotropic elasticity
and Deeg (1980) in piezoelectricity. Following Eshelby (1957) we write:

Znn = SmnabZ Xb, (9)
where:
(ol p2n
j j [Guwin(2) + Guin(2)] d6 d& M =1,2,3
-1)o
1 1 2n
Smnap = o Eirany ZJ. J. Gusin(2) dOd& M =4 (10)
-1)o
1 e2n
2J. J. stin(Z) d@d&} M =5.
L J-1)o

In equation (10) z1 @ [a gno sum on i), and EJ and % can be expressed in terms of
& and O by § = E}Z) "2 c0s 6 and &= sin 6. In addition, Gujin =
ZIZnKM]( Z) where KMR is the inverse of Kjr = ZIZnEIJRn

Formally Smnab is a generalization of Eshelby’s tensor. In the case of piezo-
magnetoelectricity, Smnap 1S a collection of nine tensors: one fourth-order, four
second-order and four third-order. Smmab is a function only of the moduli Eijk
and the shape of the inclusion. If the Eshelby tensors Symap are known, then for
prescribed eigenfields Z 1, the constrained fields in the inclusion can be expressed as:

Xy = EiJMn[ZMn - Zf\kfln]. (11)

As shown by Deeg (1980), Benveniste (1992) and Dunn and Taya (1993), the fields in
the ellipsoidal inclusion are uniform.

Once the solution for the ellipsoidal inclusion (a transformed region with the
same moduli as the matrix) is obtained, the solution for the ellipsoidal inhomogene-
ity (a region with different moduli from the matrix) easily follows. As shown by
Eshelby (1957) in the elastic case, the inhomogeneity can be simulated by an equiva-
lent inclusion. To fix ideas, consider the infinite solid D with moduli Ejjmn, which
contains an ellipsoidal inhomogeneity () with moduli Effyy,. In the absence of an
applied load, the fields in both the 1nhomogenelty and matrix are zero. When sub-
jected to a far-field uniform load X, the fields £{ + Xy in the inhomogeneity can be
written as:

Z% + Z‘iJ = EﬁMn[Zlo\/[n + ZMn] = EiJMn[ZR/[n + ZMn = Zi\k/[n] (12)

In (12), Zn is the uniform field that would exist in the absence of the inhomogeneity
(Z?J = EIJMnZMn) and Zyp, is the disturbance of the uniform fields due to the pre-
sence of the inhomogeneity. The first right-hand side of equation (12) represents the
fields in the actual inhomogeneity while the second one represents the fields in an
inclusion of the same shape and orientation as the inhomogeneity and with eigen-
fields Zfn, i.e. an equivalent inclusion. The simulation of the inhomogeneity by the
equivalent inclusion is possible if an appropriate Zf, can be found to enforce the
second equality of equation (12) (where equation (9) holds in the equivalent inclu-
sion). Substituting equation (9) into (12) and solving for Zf, gives

Zi!;q = - Al_)(iiJ [EfTMn = iJMn]ZR/In, (13)
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where Aijap = |Efivn - EiJMn]tSMnAb + Eijap. Once Ziin(Zim) is obtained from equa-
tion (13), it can be used with equations (9) and (12) to obtain the fields in the
inhomogeneity due to the applied load.

An inhomogeneous inclusion is an inhomogeneity with prescribed eigenfields
qu. Consider the infinite solid D with moduli Ejy, that contains an ellipsoidal
inhomogeneity (Q with moduli Efim, and eigenfields qu. The fields in the inhomo-
geneous inclusion are:

Ty + 2y = Efwn[Zn = Zui| = Eoma[Zun = Zamn = Ziih] = Einno[Zata = Z
(14)

In equation (14) Z¥m = Zwym + Z35, where Z3f% are fictitious eigenfields and
Zvn = SmnavZ Xb.

The above results for the interior fields can be used to obtain the fields just
outside an inclusion (and thus of course also an inhomogeneity) by making use of
the continuity conditions on Zy, and the jump conditions on Uy at the inclusion—
matrix interface. The fields just outside the inclusion can be expressed as:

Zf}m = Zi? + Eixi [— EpQMan\k/[nK(_gIl(npnl + Zﬁl] (15)

In equation (15) the interior fields X are obtained by the approach discussed above
and K{gIl( is the inverse of Kyjx = Kyx3 = nyn Ejjx; where 1y is the outward normal from
the inclusion surface.

Also important are energy calculations for heterogeneous systems. Consider a
solid containing an inhomogeneitg subjected to far-field loads X U ;. These loads
would result in a uniform fields X;; in a homogeneous solid. The total free energy
of the inhomogeneous solid can be expressed as:

1 1
W==| ZhUl;dv+=| =hzidv - | =hnU?dsS (16)
2 D ’ 2 Q S
where V and S denote the volume and surface of the solid respectively and © denotes
the volume of the inhomogeneity. The interaction energy between X O and the
inhomogeneity is then:

1 1
AW=w-wW'= EJ. 7% dv - J'S Uy dS = - Ezﬁzﬁvg (17)
0

where the volume of the ellipsoid is Vo, = $najasa;. Other energy expressions can be
readily calculated from these results.

We close this section by presenting two interesting and useful results regarding
the fields in and around an ellipsoidal inclusion. First, consider two ellipsoidal
domains V| and V; that are of the same shape and orientation as V, and surround
Vi so that V, V) V. If we integrate Zm, of equation (9) over the annular
ellipsoidal region V, - V; we find:

J. Zyvn dV = 0. (18)
V,-V,

This result is a generalization of the Tanaka—Mori (1972) theorem regarding volume
integrals of elastic fields around ellipsoidal inclusions. This result has been used
advantageously by Hori and Nemat-Nasser (1993) to analyse the complicated elastic
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fields in double inclusions. It has also been used by Dunn and Ledbetter (1995) to
model the elastic moduli of composites reinforced by multiphase particles.

The second result concerns invariant shape-independent relations for the general-
ized Eshelby tensors. We can couple equations (8) and (9) with the formal definition
of the coupled Green’s functions Gyyy to obtain:

SMnMn = 5, Smnmn = 3, S4n4n = SSnSn =1. (19)

These relations are independent of the shape of the ellipsoidal inclusion. They extend
the results of Chen (1994) for ellipsoidal inclusions in piezoelectric media.

§4. EXPLICIT RESULTS

For a general ellipsoidal shape and general material anisotropy, the Eshelby
tensors can be obtained by evaluating the integrals in equations (10) by numerical
integration. A convenient algorithm for this purpose is given by Gavazzi and
Lagoudas (1990) in the context of elasticity. The extension to coupled-field material
behaviour is straightforward. For certain material symmetries and inclusion shapes,
the integrals in (10) can be evaluated in closed form. In the context of piezomagne-
toelectricity, we have carried out such calculations for two inclusion shapes in trans-
versely isotropic media: a thin disc and an elliptical cylinder. In both cases the a3
semi-axis of the inclusion is aligned with the unique material axis. For transversely
isotropic piezoelectromagnetic solids, the independent components of the moduli
consist of: five elastic coefficients, Ci;, Cia, Ci3, Cs3 and Ca; three piezoelectric
coefficients, e3;, €33, €15; three piezomagnetic coefficients, qs1, qs3, qis; two dielectric
coefficients, ki1, K33; two magnetoelectric coefficients, a;;, as;; and two magnetic
permeability coefficients, p;, p3;. Below we list explicitly the nonzero components
of Symap for two cases of technological importance.

4.1. Elliptical cylindrical inclusion
For an elliptical cylindrical inclusion, we have a; — 00 and we define the in-plane
aspect ratio o= a, fa;. The nonzero Symap are:

Sip = [(3 +20)Cyy + Clz]Ot
2(1+ OL)ZCU

[(1 +200)Cpa - Cn]Ot

21+ a)’Cyy ’

Siin =

2+ 10)Cp2 - aCyy
Al+o’Cy

Sy = (2+ 30()C112+ aCp
1+ )Gy

S = Ci
233 —(1+0()C11’

Swi =

_ _ _ __ 1
S2323 = S2332 = S3223 = Sz = 21+’ (20)
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~ B _ o
St1313 = S1331 = S3113 = Sa3131 = 21+’
1+ o+ od)Cy - o
S1212 = S1221 = So112 = Sou21 = ( 2(1+ ()x);é:n E
Qpupp = —2E3L
143 = 1 0y ?
G o
28 1T Cy,?
G O
153 =+ oGy, °
S T
2% = 1T Cpy ?
oL
Sq41 = (1+0)°
1
Sapa = 1+
oL
Ss151 = 1+’
1
Ssos2 = 1+ o

Two extreme cases of the elliptical inclusion are particularly important: a circular
cylindrical inclusion (ov= 1) and thin-disc inclusions (o.—>0 or o.— 00). Explicit
results for these cases immediately follow from equations (20). In addition, one
can use these results to model slit cracks by expanding Symab in a Taylor series in
o and then retaining the lowest order terms. We mention this because one cannot
just set oo = 0, but in general must retain the leading terms in oin order to proceed
with the analysis.

4.2. Thin-disc inclusion
For a thin-disc inclusion we have a; = a; and a.= a3 fa; — 0. The nonzero Symab
are:
_ KuQgs t usesiens + Ciakipss - axlanCis + enqa + engs)
= 2 2 2
K333z T M33e33 T Caksapsz - a33Cs3 - 2as3essqs

S3311 = S33m ,

_ _ _ _ _ _ - _1
S2323 = S2332 = S323 = S3232 = S1313 = S1331 = S3113 = Sz131 = 3,

_ _ - _ S5
S2342 = S3242 = S1341 = S3141 2Cn°
Sy = Spsr = Siast = Syis1 = —ai- R (21)
2Cus

_ _ an(Cxuga - Ciagss) + gslennqa - enqas) = u3s(Cses - Cizess)
Saz11 = Sazm = 3
ussless + Caskas) - ass(asCas + ennqas) - gulaness - Kigs)
Seri = Seryy = an(Cxes = Cisess) - exnslenqa - e31qs) = K33(Caags = Ciagss)
5311 = S5z =
H33(e§3 + Cy3k33) - azla;Cy + 633%3) - q33(a33e33 - K33Q33)

S3333 = Sa343 = Ss353 = L.
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Note that for both elliptical cylinder and thin-disc inclusion shapes, there are no
coupling terms for the Eshelby tensor between the electric and magnetic fields, i.e.
Sais1, Sa252, Sa3s3, Ss141, Ssoa2 and Sszaz are identically zero. This is despite the fact
that constitutive coupling exists, i.e. aj; and a3 are nonzero.

§ 5. CONCLUSION

We have used Eshelby’s (1957) approach to analyse the fields in and around
inclusions and inhomogeneities in anisotropic solids exhibiting full coupled-field
behaviour. Explicit results are given for coupling between elastic, electric and mag-
netic fields. The key results of this study are the expressions for the generalized
Eshelby tensors that can in general be evaluated by a simple numerical integration
over the surface of a unit sphere. For certain inclusion shapes in transversely iso-
tropic media, closed-form expressions were obtained for the Eshelby tensors. The
explicit expressions for the generalized Eshelby tensors can be used in the same
manner as Eshelby’s tensor for elastic inclusions to solve a wide range of problems
in the mechanics and physics of heterogeneous media. These include the study of
internal fields, effective moduli of heterogeneous media, cracks and phase transfor-
mations. Furthermore, the results presented here can serve as the backbone for
micromechanically based nonlinear constitutive modelling of ferroelectric and ferro-
magnetic media.
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