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Tilt mode stability scaling in field-reversed configurations with finite
Larmor radius effect
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The marginal stability of a static plasma with finite-Larmor-radius~FLR! effects depends on a
combination of the FLR effect and the ideal magnetohydrodynamic~MHD! potential energy. For
the tilt mode in a field-reversed configuration~FRC! previous computations of these two factors led
to a prediction of stability forS* <(325)E where S* is the macroscale parameter~separatrix
radius/ion skin depth! and E is the elongation~separatrix half length/separatrix radius!. This
prediction explained the observed stability of most experiments. However, recent computations of
actual MHD eigenfunctions indicate that the MHD growth rate has a much weaker scaling with
elongation than previously believed. As a consequence, most of the long-lived, stable FRC
experiments lie in the region predicted to be unstable. It appears then that the stability of FRC
experiments is not explained by FLR effects in a static equilibrium. ©2000 American Institute of
Physics.@S1070-664X~00!00803-X#
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I. CONVENTIONAL CALCULATIONS OF TILT
STABILITY

Field-reversed configurations~FRCs! have proved
grossly stable with lifetimes limited by the resistive decay
the magnetic configuration. The notable exception is a ro
tional mode that can be stabilized by weak multipole fiel
By now it is accepted that the explanation for this lies o
side the standard magnetohydrodynamic~MHD! model ap-
plied to static equilibria. The stability has usually been
cribed to ion finite-Larmor-radius~FLR! effects. The most
feared mode, because of its potential for disrupting confi
ment, is the tilt mode. The FLR effect on tilting has be
modeled using gyroviscous1,2 as well as hybrid models~ki-
netic ions, fluid electrons!.3–5 The fluid-based gyroviscou
model is particularly useful for determining marginal stab
ity conditions because it can give the actual eigenvalue
the mode while requiring only modest computations.

The dispersion relation for a static equilibrium includin
FLR effects is

v21CFLRV*v1gMHD
2 50, ~1!

wheregMHD is the ideal MHD growth rate. The middle term
is the FLR effect:V* is the drift frequency, andCFLR is a
coefficient of order unity which depends on the particu
mode and the equilibrium. TheCFLR andgMHD are routinely
computed for the tilt mode in FRC using the gyrovisco
model. This has been done by solving the equivalent va
tional problem1 using the Rayleigh–Ritz technique.1,2 A
small basis set of three elements was used for the displ

a!Graduate School of Science and Technology.
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ment vector field; the basis elements were chosen intuitiv
These results predicted an ideal MHD growth rate of roug

gMHD'VA0 /aE, ~2!

wherea is the separatrix radius,VA05Be /(4prm)1/2 is the
reference Alfven speed~based on the external fieldBe and
the maximum densityrm) and E is elongation5separatrix
length-to-diameter ratio. For typical FRCs the drift fr
quency isV* 'VA0l r /a2, where l c5c/vpi is the ion skin
depth~based on the maximum density!. From typical results2

CFLR'5. Combining these, FLR stability~non-negative dis-
criminant! is achieved if

S* <3E. ~3!

It has been observed that the stability of nearly all FRC
periments could be explained if the constant of proportion
ity in Eq. ~3! was in the neighborhood of 5. Approximate b
more insightful models have yielded similar results.6 In short
then, the FLR theory of static equilibria gave a reasona
explanation for the tilt stability of FRCs.

II. MHD GROWTH RATE WITH TRUE EIGENVECTORS

Recently, the algorithm for a Rayleigh–Ritz solution
the variational problem has been improved to allow a la
basis set. This improvement allows the completeness of
basis set to be verified by a convergence test. Applying
to the ideal MHD problem has allowed computation
growth rates for actual eigenmodes of ideal MHD.7 In MHD
the growth rate is g252W/D. The inertia is D
5*dtruju2: r is the mass density;j is the displacemen
vector field; and the integral is over the system volume. T
MHD potential energy isW5*dtw, where the integrand
~potential energy density! can be expressed in various way
© 2000 American Institute of Physics
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TABLE I. FRC data digest.

Device/log
p0

~mtorr! n̄/1015 cm23
Tt

~eV!
Te

~eV!
r c

~cm!
r s

~cm!
l s

~cm!
tf

~msec!
tEp

~msec!
tN

~msec!

FRX-B #1 17 3.3 310 100 12.5 5.4 70 50 52 39
FRX-C #1 5 1.9 800 175 25 9 130 250 60 67
FRX-C #2 20 4.7 250 100 25 10 150 180 135 155
LSM #1 2 0.69 670 165 35 16 109 144 57 161
LSM #2 3 0.78 516 154 35 15.2 143 210 79 175
LSM #3 4 1.1 431 140 35 16.6 133 157 78 160
LSM #4 3 0.83 443 120 35 11.1 152 120 42 106
LSM #5 3 0.72 521 158 35 15.4 144 214 82 185
LSM #6 3 0.60 582 194 35 18.6 132 132 69 181
TRX-1 #1 10 3.4 450 ¯ 12.5 6.3 45 75 45 75
TRX-1 #2 15 3.7 350 ¯ 12.5 7 52 85 68 100
TRX-1 #3 20 6.6 300 ¯ 12.5 4.2 53 35 30 55
TRX-2 #1 3 2.4 500 ¯ 12 4.8 51 20 21 50
TRX-2 #2 7 6.4 750 ¯ 12 3.8 33 20 13 20
TRX-2 #3 7 4.9 900 ¯ 12 4.6 29 27 21 29
TRX-2 #4 10 7.4 550 ¯ 12 4.4 33 30 24 37
TRX-2 #5 11 8 475 ¯ 12 4.1 38 30 25 35
TRX-2 #6 10 4.8 550 ¯ 12 4.8 41 25 23 35
TRX-2 #7 10 4.3 400 ¯ 12 5.2 41 32 27 85
TRX-2 #8 12 6 400 ¯ 12 4.7 40 40 34 65
TRX-2 #9 12 2.1 225 ¯ 12 7 63 57 62 130
TRX-2 #10 15 5.2 225 ¯ 12 5.3 60 68 47 87
TRX-2 #11 20 4.8 150 ¯ 12 5.6 66 85 53 80
TRX-2 #12 15 5.4 310 ¯ 12.5 6.8 69 80 ¯ 171
TRX-2 #13 20 7.5 165 ¯ 12.5 7.3 56 90 ¯ 252
OCT #1 ¯ 1.8 200 ¯ 6.5 4.6 150 150 70 100
PIACE #1 ¯ 2.2 250 100 7.4 4.7 80 70 ¯ 53
PIACE #2 ¯ 5.2 580 150 7.4 3.2 80 51 ¯ 42
NUCTE #1 ¯ 6.2 190 ¯ 17 6.8 45 ¯ ¯ ¯

NUCTE #2 10 2.6 280 ¯ 17 5.7 70 80 ¯ 80
FIX #1 ¯ 0.07 68 ¯ 40 14 310 ¯ ¯ 220
LSX #1 0.7 0.9 1500 500 45 14.3 135 135 63 110
LSX #2 0.7 0.95 1800 ¯ 45 12.4 120 100 ¯ 70
LSX #3 1.3 1.1 1300 ¯ 45 14.8 140 115 65 170
LSX #4 2.5 1.4 950 300 45 15 150 160 100 220
LSX #5 5 1.8 430 175 45 14 260 300 155 280
LSX #6 1.3 0.9 560 ¯ 45 17.5 170 180 114 250
LSX #7 2.5 1 400 ¯ 45 15.8 260 185 110 170
LSX #8 4.5 1.4 300 ¯ 45 17.8 340 360 180 600
LSX #9 5.5 1.5 280 ¯ 45 19 310 450 245 650
LSX #10 5.8 1.1 300 ¯ 45 21.8 380 475 240 550
LSX #11 8 1.3 280 ¯ 45 24 380 535 345 685
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For example, for FRCs~no current term! and incompressible
modes~“•j50!, w5wQ1wp . The pressure drive term i
~Ref. 8, Eq. 5!

wp52 i lp 8~c!B•~j3j* !2p9~c!uj•¹cu2, ~4!

and the magnetic compressibility term iswQ5u¹3(j
3B)u2/4p. Here c is the magnetic flux function,B is the
magnetic field,p is the pressure, and the prime denotes
derivative. Based on the new computational results,7 wp is
the dominant part ofw.

The scaling ofWp /D with elongationE is an important
question. This scaling has been investigated for various
amples of FRC equilibria.7 Two examples are shown in Fig
1: ~1! Elliptic/flat equilibria have elliptic separatrix shap
and flat current profile (j u /r 5const).~2! Racetrack/flatequi-
libria have racetrack separatrix shape~relatively straight
sides with roughly circular shape near the ends! and flat cur-
rent profile. The figure shows the dependence ofWp /D on
un 2003 to 128.95.104.58. Redistribution subject to AI
e

x-

elongation. The elliptic/flat equilibria has the scalingWp /D
}E27/4. This is roughly consistent with the approximate pr
diction of the growth rate@Eq. ~2!# that leads to the familiar
FLR stability prediction@Eq. ~3!#. However, the racetrack
flat equilibria shows a quite different tendency: whileWp /D
falls at first for increasingE, it levels off for E.3. This
difference arises from changes in the structure ofj(r ,z). In
elliptic/flat equilibria the displacements spread more or l
evenly throughout the entire region inside the separat
This broadly spread structure occurs for any elongation
contrast, in racetrack/flat equilibria withE.3, the displace-
ments concentrate within about one or two plasma radi
the ends. As a result, the inertiaD does not continue to
increase asE increases; consequentlyWp /D ~andW/D) lev-
els off.

Further computations7 show that equilibria with hollow
current profile (j u /r has a minimum near the magnetic axi!
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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933Phys. Plasmas, Vol. 7, No. 3, March 2000 Tilt mode stability scaling in field-reversed . . .
exhibit the same trend as the racetrack example in Fig
This is true for bothelliptic/hollow and racetrack/hollow
equilibria. Based on inferences from measurements, mos
periments are characterized by hollow current profile.9 Thus
the stability scaling@Eq. ~3!# of elliptic/flat equilibria appears
to beatypical. An approximate scaling expression that tak
into account the leveling off with larger elongation would

S* <3E; E,3,
~5!

S* <9; E.3.

III. COMPARISON WITH EXPERIMENTAL DATA

The significance of the correctedS* –E scaling becomes
apparent in reviewing the experimental data base~see Table
I!. Figure 2 is anS* vs. E diagram showing the correcte
FLR stability prediction@Eq. ~5!# as a solid line. Also shown
are experimental examples taken from a compendium
long-lived, stable FRCs~see the Appendix!. Nearly all ex-
perimental examples fall in the regime predicted to be

FIG. 1. Elongation scaling for the tilt mode for elliptic and racetrack se
ratrix shapes. All examples have flat current profile.

FIG. 2. Tilt stability diagram comparing the corrected gyroviscous the
~solid line! with the experimental data compendium.
Downloaded 15 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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stable by the corrected theory, which is a marked cha
from the earlier understanding.2,6 It now appears that the
FLR of static FRC theorydoes notaccount for the observed
stability. This result was found by making corrections in t
MHD potential energy; it needs to be confirmed by applyi
the Rayleigh–Ritz/variational algorithm to the full gyrovis
cous model. In any case, it would appear that the tilt stabi
of FRCs depends on additional effects not included in
FLR static equilibrium theory.
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APPENDIX: FRC DATA COMPENDIUM

Table I shows a compendium of data from several F
experiments. It extends a small compendium assembled
lier with a number of new data.10 Its purpose is to facilitate
the comparison of experiment with theories that predict gr
plasma behavior, e.g., confinement times. The data set
tains only results from FRCs formed inu-pinch facilities.
Each record is for ‘‘well-behaved’’ experimental condition
i.e., results that could be achieved repeatedly for a given
of experimental settings. In most cases a record repres
the averageof results for a given setting. The data base
limited to quiescent examples, excluding instances of con
ued dynamical behavior due to a protracted formation ph
or a rapid postformation relaxation. The time interval
which the quoted quantities apply varies from one record
another. Some examples have shaped coils or mirrors a
ends, which affect the equilibrium. All examples but o
have a deuterium plasma. Other specifics are as follo
FRX-B #1 is from Ref. 10, whileTt , Te are from Ref. 11.
FRX-C #1 and 2 are from Ref. 10, whileTe is from Ref. 11.
FRX-C/LSM ~denoted as ‘‘LSM’’! #1–3 are from Ref. 12;
#4–6 are from Ref. 13. In all ‘‘LSM’’ examplesl s is inferred
from the quotedr s and plasma volumeVp using the relation
Vp5pr s

2l s . In all ‘‘LSM’’ examples the quoted values fo
tEp are actually fortE , i.e., the work done by the externa
field on the plasma is accounted for. TRX-1 #1–3 are fro
Ref. 10. TRX-2 #1–11 are from Ref. 10, while #12 and
are from Ref. 14; #13 is the lone example using hydrog
OCT #1 is from Ref. 15. PIACE-II~denoted as ‘‘PIACE’’!
#1 and 2 are from Ref. 16. NUCTE #1 is from Ref. 17, a
#2 is from Ref. 18. FIX #1 is from Ref. 19. LSX #1–11 a
from Ref. 20.

The log number is for reference and does not represe
‘‘shot’’ number. Thefilling pressure p0 is only reported for
examples using a quasi-static initial fill of molecular deu
rium ~or hydrogen!. The external magnetic fieldis Be . The
total temperature, Tt , is inferred from pressure balanc
(kTt5Be

2/2m0nm); the average densityn̄ is generally in-
ferred in experiment using interferometer signals*n dx in
combination with excluded flux probes; the peak densitynm

is inferred from it using the relationshipn̄5nm(12r s
2/5r c

2)

-

y

P license or copyright, see http://ojps.aip.org/pop/popcr.jsp



h-

-
ce
ed

x

o

-
e

las

dy
J

E.
ht,

E.
ht,

H.

-

, T.

,

ys.

,
n

934 Phys. Plasmas, Vol. 7, No. 3, March 2000 Iwasawa, Ishida, and Steinhauer
which is valid for rigid-rotor-like profiles. Theelectron tem-
perature Te is only reported when it was measured by T
omson scattering. Thecoil radius is r c : in one instance
~TRX-1! an effective value~larger than the actual coil ra
dius! is used to correct for significant external inductan
The separatrix radius rs is assumed equal to the measur
excluded flux radius at the midplane. Theseparatrix length
l s is usually inferred from an axial array of excluded flu
probes. Thepoloidal flux decay timetf is inferred assuming
a rigid-rotor-like internal profile. Theenergy decay timetEp

is inferred from the time history ofBe , r s and l s ; it differs
from the actual energy loss time because the effect of w
on the plasma boundary is ignored. Theparticle inventory
decay time, tN , is inferred from the time histories of inter
ferometer signals,r s , l s and excluded flux radius, and th
decay rates of*n dx, r s , and l s .

1L. C. Steinhauer and A. Ishida, Phys. Fluids B2, 2422~1990!.
2A. Ishida, A. Kanno, and L. C. Steinhauer, Phys. Fluids B4, 1280~1992!.
3Z. Mikic and E. C. Morse, Phys. Fluids30, 2806~1987!.
4R. Horiuchi and T. Sato, Phys. Fluids B2, 2652~1990!.
5K. Nishimura, R. Horiuchi, and T. Sato, Phys. Plasmas4, 4035~1997!.
6H. Ji, M. Yamada, R. Kulsrud, N. Pomphrey, and H. Himura, Phys. P
mas5, 3685~1998!.

7N. Iwasawa, A. Ishida, and L. C. Steinhauer, ‘‘Ideal Magnetohydro
namic Stability of Static Field Reversed Configurations,’’ to appear in
Phys. Soc. Jpn.~2000!.

8R. Kanno, A. Ishida, and L. C. Steinhauer, J. Phys. Soc. Jpn.64, 463
~1995!.
Downloaded 15 Jun 2003 to 128.95.104.58. Redistribution subject to AI
.

rk

-

-
.

9L. C. Steinhauer and A. Ishida, Phys. Fluids B4, 645 ~1992!.
10A. L. Hoffman and J. T. Slough, Nucl. Fusion26, 1693~1986!.
11R. E. Siemon, W. T. Armstrong, D. C. Barneset al., Fusion Technol.9, 13

~1986!.
12D. J. Rej, G. A. Barnes, M. H. Baron, R. E. Chrien, S. Okada, R.

Siemon, D. P. Taggart, M. Tuszewski, R. B. Webster, and B. L. Wrig
Nucl. Fusion30, 1087~1990!.

13D. J. Rej, G. A. Barnes, M. H. Baron, R. E. Chrien, S. Okada, R.
Siemon, D. P. Taggart, M. Tuszewski, R. B. Webster, and B. L. Wrig
Phys. Fluids B2, 1706~1990!.

14J. T. Slough and A. L. Hoffman, Nucl. Fusion28, 1121~1988!.
15M. Tanjyo, S. Okada, Y. Ito, M. Kako, S. Ohi, S. Goto, T. Ishimura,

Ito, Y. Nogi, S. Shimura, T. Ikawa, and S. Hamada, inPlasma Physics and
Controlled Nuclear Fusion Research, Proceedings 10th Conference, Lon
don, 1984~International Atomic Energy Agency, Vienna, 1985!, Vol. 2, p.
523.

16S. Okada, Y. Kiso, S. Goto, and T. Ishimura, Phys. Fluids B1, 2422
~1989!.

17T. Ishimura, Y. Ueda, S. Sugimoto, S. Okada, Y. Ito, S. Ohi, S. Goto
Takahashi, S. Shimamura, Y. Nogi, and S. Hamada, inPlasma Physics
and Controlled Nuclear Fusion Research, Proceedings 12th Conference
Nice, 1988~International Atomic Energy Agency, Vienna, 1989!, Vol. 2,
p. 705.

18M. Urano, Y. Ohkuma, T. Takahashi, K. Suzuki, and Y. Nogi, J. Ph
Soc. Jpn.64, 4077~1995!.

19T. Ohtsuka, M. Okubo, S. Okada, and S. Goto, Phys. Plasmas5, 3649
~1998!.

20J. T. Slough, E. A. Crawford, A. L. Hoffman, R. D. Milroy, R. Maqueda
and G. A. Wurden, inPlasma Physics and Controlled Nuclear Fusio
Research, Proceedings 14th IAEA Conference, 1992~International
Atomic Energy Agency, Vienna, 1993!, Vol. 2, p. 627.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp


