
PHYSICS OF PLASMAS VOLUME 5, NUMBER 7 JULY 1998
Relaxation of a two-species magnetofluid and application to finite- b
flowing plasmas
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The relaxation theory of a two-species magnetofluid is presented. This generalizes the familiar
magnetohydrodynamic~single-fluid! theory. The two-fluid invariants are the self-helicities, one for
each species. Their ‘‘local’’ invariance follows from the helicity transport equations, which are
derived. The global forms of the self-helicities are examined in a weakly dissipative system. They
are shown to pass three tests of ruggedness~‘‘relative’’ invariance compared with the magnetofluid
energy!: the cascade test; the selective decay test; and the stability to resistive modes test. Once
ruggedness is established, relaxed states can be found by minimizing the magnetofluid energy
subject to constrained self-helicities. The Euler equations are found by a variational procedure.
Example equilibria are presented that resemble field-reversed configurations~FRCs! and tokamaks.
These states are characterized by finite pressure and significant sheared flows. Throughout the
analysis it is shown how this more general theory reduces to the magnetohydrodynamic
~single-fluid! theory for suitable reducing assumptions. ©1998 American Institute of Physics.
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I. INTRODUCTION

Magnetofluids are often observed to self-organize i
preferred ‘‘relaxed’’ states~see review in Ref. 1!. Such re-
laxations are interesting because they preserve certain g
properties~the ‘‘invariants’’! rather than simply dissipating
the magnetic field. This ordered outcome follows despite
complexity and seemingly chaotic nature of the relaxat
itself. The relaxation theory based on invariant magne
helicity2,3 has had spectacular success in predicting the g
evolution and structure of reversed-field pinch~RFP! and
spheromak plasmas. However, it has had less success
dicting tokamak behavior and does not apply at all to fie
reversed configurations~FRC!. Missing from this theory are
such nearly ubiquitous features as finite plasma pressure
significant flow. These shortcomings indicate the theor
incompleteness and need for extension.

We present a more general relaxation theory based
two-species ~ion and electron! magnetofluid.4 The new
theory synthesizes familiar concepts: the relaxation o
magnetofluid; the two-fluid model of a magnetofluid; cano
cal momenta; helicities as invariants; and characteristic ‘
tegral’’ curves of the invariants. This formulation is mo
realistic than the magnetohydrodynamic~MHD, single-fluid!
model on which the previous theory was based. The follo
ing argument offers motivation for adopting the two-flu
model. Magnetofluid relaxations proceed by reconnection
very thin layers. However, single-fluid behavior only appli
for length scales larger than the collisionless skin depth.

a!Electronic mail: steinhauer@aa.washington.edu
2601070-664X/98/5(7)/2609/14/$15.00
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the small scales in reconnection layers, the ion and elec
responses decouple so that the two-fluid treatment is nee
Thus although the MHD theory may capture some aspect
relaxation, it will fail to predict others.

The invariants of a multispecies magnetofluid are
self-helicities,5–9

Ka5~c2/8pqa
2 !E dtPa•Va , ~1!

wheredt is a volume increment; and the integral is over t
entire system volume. These are composite helicities, c
bining fluid and field behavior through the canonical m
mentum and the generalized vorticity:

Pa5maua1qaA/c, Va5“3Pa . ~2!

HereA is the vector potential of the fields, and each spec
~denoted by indexa! has the charge, mass, density, pressu
and flow velocity,qa , ma , na , pa , ua , respectively. The
dimensional constant,c2/8pqa

2, is chosen to giveKa energy-
length units. The self-helicities have been proposed as inv
ants elsewhere.5–8 They are related to ‘‘hybrid’’ invariants
~that link fluid and field elements!: the cross helicity;10,11

Kx5*u–Bdt ~B5“3A is the magnetic field!, and12 *u
•Vidt. The well-known simple helicities are th
magnetic2,10,12–14Km5*A•Bdt and kinetic10 Kk5*u•vdt
~v5“3u is the fluid vorticity!. There is an obvious resem
blance between the self- and some of the other helicities:
massless electrons,Ke is equivalent toKm ; andKi @expand-
ing Eq. ~1!, and identifyingu5ui# is a particular linear sum
of the simple helicities. Indeed the two-fluid theory conne
the simpler theories of Taylor2 ~MHD! and Moffatt10 ~non-
9 © 1998 American Institute of Physics
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TABLE I. Relationship of relaxation theories.

Fluid
~nonmagnetic!

Two-species
magnetofluid

MHD
~single fluid!

Limits b→` arbitraryb b→0
Local invariants kinetic helicity, self-helicities, magnetic helicit

u•“3u Pa•“3Pa A•“3A
Integral curves vortex lines, generalized vortex magnetic fiel

~tangential to! v5“3u lines, Va5“3Pa lines,B5“3A
Global invariants Kk ←Ki , Ke→ Km

Minimized energy Wf Wm f5Wf1Wm Wm

Cascade normal inverse inverse
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magnetized fluid! as illustrated in Table I. Indeed, the sim
pler theories are reductions of the more general two-spe
theory. Stated another way, the two-species theory form
bridge between the simpler theories. Some properties sh
in Table I will be explained later.

We briefly preview the remainder of the paper. Fo
important questions must be answered in a new relaxa
theory:~1! what are the basic invariants in the ideal syste
~2! are the global forms of these invariants rugged~relatively
durable! in the presence of weak dissipation;~3! what are the
corresponding relaxed states; and~4! do the relaxations and
the resulting equilibria predict experimental observations

Section II addresses the first question. Beginning fr
Maxwell’s equations and the equations of motion for ea
species we derive the helicity transport equations, wh
govern the local evolutions of the helicities. Each local h
licity is associated with infinitesimal bundles of integr
curves~‘‘lines of force’’ ! that convect with a particular spe
cies. The derivation clearly delineates the difference betw
the MHD and two-fluid models by explicitly displaying th
electromechanical coupling~Lorentz! force, the vanishing of
which is assumed in ideal MHD. The cancellation of t
Lorentz force in the self-helicity transport equations in
cates that the self-helicities are natural two-fluid invarian
As such, two-fluid relaxation bridges the gap between pre
ous theories for limiting cases~pure fluid; magnetized, cur
rent carrying medium! as shown in Table I. We also derive
circulation theorem for the self-helicities.

Section III addresses the second question. Although
existence of local helicities is a necessary basis, even w
dissipations unleash processes that compromise the ide
of local helicities. Only the global form of helicity is saf
from topology changes. However, even then it is not assu
that a global helicity will be robust in the presence of no
linear turbulence. Consideration of this question calls fo
quasilinear analysis of wave processes with which tests
invariance can be made~Sec. III A!. Here we introduce the
electromechanical coupling operators as devices for expr
ing the fluid-field coupling. A selection takes place on t
basis of the wave energy: this selection is not only betw
like waves with a different wave number, but also betwe
waves of different type. The energetically favorable wa
type in a two-fluid is theR wave~whistler wave in the higher
frequency range!. We apply each of three ruggedness tes
inverse cascade~Sec. III B!, which is necessary for relax
ation toward larger-scale objects;selective decay~Sec. III C!,
un 2003 to 128.95.104.58. Redistribution subject to AI
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which tests whether a helicity invariant is more durable th
the magnetofluid energy; andstability to resistive modes
~Sec. III B!, which tests whether a helicity decays mo
slowly than the reconnection rate. In MHD the magnetic h
licity passes these tests while the cross and kinetic helic
fail. In a two fluid, both self-helicities pass these tests. I
portantly, although the ion self-helicity is rugged in the tw
fluid model, the MHD model fails to capture this property

Section IV addresses the third question. Global inva
ants that survive the relaxation are suitable constraints in
energy minimization. This procedure leads to three Eu
equations governing the relaxed state: two flow equati
~one for each species! and an equation equivalent to Am
pere’s law. This system of equations is closed by adding
steady equation of motion, which takes the form of a B
noulli equation linking the pressure and flow speed. In
reduced case of MHD~no ion self-helicity invariant! the
electron flow equation reverts to the familiar force-free co
dition.

Section V addresses the fourth question. Assuming o
dimensional geometric analogies it is straightforward to fi
example relaxed states. Force-free states~included in the
two-fluid theory! are well known. We present FRC and to
kamak examples, which are clearly outside the scope
MHD relaxation theory. The FRC example resembles la
ratory plasmas, exhibitinghigh b, no ‘‘toroidal’’ magnetic
field, hollow current profile, significant rotational flow, and
natural plasma edge with thickness comparable to an
gyroradius. The tokamak example resembles the core
reversed-magnetic shear experiments, exhibiting reve
magnetic shear, hollow current profile, and high flow spe
These examples represent aspects of qualitative agree
between the theory and experiment. A more detailed, qu
titative confirmation awaits future work. The paper co
cludes~Sec. VI! with a discussion.

II. INVARIANTS OF ONE- AND TWO-SPECIES
MAGNETOFLUIDS

A. Helicity transport equations

The global invariance was shown for the magnet
helicity,11,13 the kinetic10 and cross helicities,10,15and the ion
self-helicity5,6,8,9in the ideal~dissipationless! case. However,
global invariants must have a local basis, i.e., global inva
ance must spring from some principle of the local evoluti
of a particular quadratic quantity.~For example, a local basi
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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hasnot been established for the frigidity16!. Note that ‘‘lo-
cal’’ is a two-dimensional designation since it applies to
tegral curves in three-dimensional space. The equation g
erning the evolution of a local helicity has been called
helicity transport equation.17 Such equations have bee
found for the kinetic helicity10 and the magnetic helicity.17–19

Here we present the first derivation of the transport equat
for the self-helicities. To clarify the distinction between th
MHD and the two-fluid model we adopt the following ap
proach:~a! begin from a multispecies magnetofluid paradig
in a form that explicitly shows the electromechanical co
pling force;~b! derive expressions for the evolution of vect
quantities referenced to a particular species;~c! combine
these into suitable quadratic invariants~helicity transport
equations!; and finally~d! find local and global invariants in
the dissipationless case for both MHD and a multispec
magnetofluid.

The starting point is the multispecies magnetofluid d
scription~originally suggested by Sudan12! where each pres
sure is scalar and a function of the density,pa5pa(na), i.e.,
the barotropic assumption. We will arrange the basic eq
tions ~Maxwell’s equations, equations of motion! in forms
that ~a! reference the evolution to a particular species
using the total derivative,Da /Dt5]/]t1ua•“ ~following
Moffatt10!; and ~b! replace the electric field in favor of th
Lorentz force on a particle of speciesa:

Fa5qa~E1ua3B/c!, ~3!

whereE andB are the electric and magnetic fields, andc is
the speed of light in vacuum. The Lorentz force is the el
tromechanical coupling force. Note that the simplified fo
of Ohm’s law for ideal MHD is simplyFi50, i.e., no direct
electromechanical coupling between the field and ions.

We express the evolution of fluid and field quantities
companion pairs of equations: the first in each pair expre
the evolution of a vector quantity; and its companion e
presses the evolution of thecurl of that vector. Consider firs
the electric field expressed in terms of the potentials,A and
f: E52“f2(1/c)]A/]t. Modify this to construct the tota
derivative~addua•“A to both sides!; and replaceE in favor
of the Lorentz force using Eq.~3!. Then

DaA

Dt
5ua3B1ua•“A2c“f2

c

qa
Fa . ~4!

The companion field equation arises from Faraday’s la
]B/]t52c“3E. Augment this~as before! to express the
total derivative; subtractB times a form of the continuity
equation@(1/na)Dana /Dt5“•ua#; eliminateE by Eq. ~3!;
and simplify with the identity“3(ua3B)5ua“•B2B
“•ua1B•“ua2ua•“B, recognizing“•B50. Then

na

Da

Dt S B

na
D5B•“ua2

c

qa
“3Fa . ~5!

Consider next the pair of equations for the fluid motion. U
ing the barotropic function,ha[*dpa /mana , the equation
of motion for speciesa is

ma

Daua

Dt
52ma“ha1Fa1

Ra

na
, ~6!
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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whereRa is the friction force density. The companion equ
tion governingva5“3ua , the fluid vorticity, is found as
follows: expand the convective term in the total derivati
Daua /Dt using the identityu•“u5“(u2/2)2u3(“3u);
take the curl of the resulting equation; augment]va /]t to
construct the total derivative; addva times a form of the
continuity equation; and simplify with the identity
“3(ua3va)5ua“•va2va“•ua1va•“ua2ua•“va

recognizing¹•va50. Then

mana

Da

Dt S va

na
D5mava•“ua1“3Fa1“3S Ra

na
D . ~7!

Finally, consider a pair of equations that combine a flu
species and the fields to form the canonical momentum,
its companion the generalized vorticity, Eq.~2!. The evolu-
tion of Pa follows from combining qa /c
•[Eq. ~4!#1Eq. ~6!:

DaPa

Dt
5

qa

c
~ua3B1ua•“A!2“~maha1qaf!1

Ra

na
.

~8!

Its companion follows from combining qa /c
•@Eq. ~5!#1Eq. ~7!:

na

Da

Dt S Va

na
D5Va•“ua1“3S Ra

na
D . ~9!

This equation for the evolution ofVa is preferable to those
derived earlier5,6 in that it references the evolution to a pa
ticular species. Equation~9! implies that generalized vorte
lines convect with the species, as is illustrated for the
fluid in Fig. 1. That the ion generalized vortex lines conve
with the ion fluid was suggested by Turner.6 The Appendix
gives a proof of this for either species. Summarizing,
have three pairs of equations@Eqs. ~4!–~9!# governing the
evolution of the quantities,A, ua , and Pa and their ‘‘spe-
cific’’ curl forms B/na , va /na , andVa /na ~specific mean-
ing per particle!. @The third pair, Eqs.~8! and ~9!, are lin-
early dependent on the other two.# In each case the evolutio
is referenced to a species using the total derivative. In
pairs the electromechanical coupling~Lorentz force,Fa! ap-

FIG. 1. Generalized vortex line and local self-helicity for ions.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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pears explicitly. Significantly, in the third pairFa is absent,
suggesting thatPa andVa /na express the natural fluid-field
coupling.

The next step is to combine these equations to find
pressions for quadratic elements, the local helicities, wh
are candidates for invariance. The specific forms of these
ua•va /na ~kinetic helicity!; A•B/na ~magnetic helicity!;
ua•B/na ~cross helicity!; andPa•Va /na ~self-helicity!. The
results might be called helicity transport equations,16 which
have been derived for the kinetic,10 magnetic,10,17–19 and
cross helicities.10 The kinetic helicity transport equatio
arises as follows: constructva•@Eq. (6)]1ua•[Eq. (7)];
simplify with the identity ua•(va•“ua)5va•“u2/2; and
‘‘integrate by parts’’ the“3Fa , “3(Ra /na), and va

•“(¯) terms. Then

mana

Da

Dt S ua•va

na
D5“•FmaS ua

2

2
2haD va1ua3Fa

1
Ra

na
3uaG12ua•“3Fa

12ua•“3S Ra

na
D . ~10!

The magnetic helicity transport equation is found as follow
construct B•@Eq. (4)#1A•@Eq. (5)#; simplify with the
identity A•(B•“ua)5B•“(ua•A)2B•(ua•“A); integrate
by parts on the“3Fa andB•“(¯) terms, recognizing tha
“•B50. Then

na

Da

Dt S A•B

na
D52“•F ~cf2ua•A!B1

c

qa
A3FaG

22
c

qa
A•“3Fa . ~11!

The cross helicity transport equation is found as follow
constructmaua•@Eq. (5)#1B•@Eq. (6)#; and integrate by
parts the“3Fa andB•“(¯) terms. Then

mana

Da

Dt S ua•B

na
D5“•FmaS ua

2

2
2haDB1

mac

qa
ua3FaG

1
c

qa
Fa•F“3S qaA

c
2mauaD G

1B•
Ra

na
. ~12!

The transport equations for the self-helicities are found
follows: constructVa•@Eq. (8)#1Pa•@Eq. (9)#; simplify
with the identityPa•(Va•“ua)5Va•“(Pa•ua)2Va•(ua

•“Pa); substitute Pa5maua1qaA/c; expand ua•“ua

5“ua
2/22ua3“ua ; and integrate by parts on theVa

•“(¯) and (“3Pa)•Ra terms. Then
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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na

Da

Dt S Pa•Va

na
D5“•F S ua•Pa2

1

2
maua

22maha

2qaf DVa2Pa3
Ra

na
G12Va•

Ra

na

~13!

Physically, the self-helicities represent a measure of the s
linkage, or knottedness, of the generalized vorticity.6 Sum-
marizing, we have four helicity transport equations, E
~10!–~13!. Each references the evolution to a particular s
cies using the total derivative. Each right side is the sum o
divergence term, and force terms for the friction (Ra /na)
and the electromechanical couplingFa . In the event that the
divergence operates on a scalar times a vector, then the
tors define integral curves or ‘‘lines of force’’ associate
with the helicity.

B. Local and global invariance concepts

1. Local invariance

With the helicity transport equations in hand we can n
address the concept of local invariance in the ‘‘ideal’’ ca
(Ra50). Local invariance is related to families of integr
curves defined by the divergence terms in the helicity tra
port equations, Eqs.~11!–~13!. Consider the local self-
helicity. Define a volume defined as a tube of generaliz
vorticity ~bundle of generalized vorticity lines!, so that at its
surfaceVa is tangential to the surface. Suppose further t
the bundle nowhere intercepts the system boundary. I
grate Eq. ~13! over this volume. From continuity
Da(nadt)/Dt50, so the left side becomes (d/dt)*dtPa

•Va , which is the rate of change of the ‘‘local’’ helicity
associated with the bundle. The right side~with Ra50! is
the integral of the divergence of a vector tangential toVa ;
using Gauss’s theorem this converts to a surface inte
*(¯)Va•dS, wheredS is an incremental area element o
the surface of the bundle. SinceVa is tangential to the sur-
face, thenVa•dS50, and the surface integral vanishe
Therefore, the local helicity associated with the bundle
generalized vorticity is constant:

~Ka!bundle[
c2

8pqa
2 E

bundle
dtPa•Va5const. ~14!

This concept of local invariance is illustrated for the ion flu
in Fig. 1. The constancy of (Ka)bundle implies that the local
ion self-helicity is ‘‘frozen in’’ a bundle of generalized vor
tex lines.6 Note that if a field line is ergodic it fills up a
surface; in this case local invariance is associated with
faces rather than lines. The electron self-helicity is simi
except that it is frozen to generalized electron vortex lin
and convects with the electron fluid. Consider next MH
which is the reduced case for a single fluid (a5 i ). Here the
simplified form of Ohm’s law isFi50. Then in each of the
transport equations for the three simple helicities@Eqs.~10!–
~12!#, the right sides become divergences of a scalar tim
the vector which defines the lines of force. By the sa
procedures as before it follows that the local helicities as
ciated with the respective bundles is constant.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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2. Circulation theorems

The local helicities are closely related to the concept
circulation. Define the generalized circulation of speciesa as

Ga~CVa
![ R

CVa

Pa•dx, ~15!

whereCVa
is a closed curve lying entirely within the syste

volume enclosing a specified bundle of generalized vortic
lines, anddx is an incremental length vector alongCVa

.
The rate of changedGa /dt is then the integral of two
terms, DaPa /Dt @given by Eq. ~8!, taking Ra50 in the
ideal case# and Pa•(Da /Dt)dx. In the latter expandPa

5maua1qaA/c and use (Da /Dt)dx5dx•“ua . Then with
the identity, “(u–A)5u3(“3A)1A3(“3u)1u•“A
1(“u)•A, the rate of change simplifies to

dGa~CVa
!

dt
5 R

CVa

dx•“S ua•A2maha1
1

2
maua

22qaf D
50. ~16!

The vanishing is the result of integrating a gradient o
well-behaved function around a closed loop. Thus in
ideal case the generalized circulation associated with a c
convecting with speciesa is constant. In ideal MHD, a simi
lar procedure shows the invariance of the associated circ
tions, GK(Cv)5rCv

dx•u, GX(CB)5rCB
dx–u, andGm(CB)

5rCB
dx–A, where Cv , CB are closed curves enclosin

specified bundles of fluid vorticity and magnetic field line
respectively. Note that the integrands ofGK andGX are the
same, but are integrated on curves with a different ident

3. Failure of local invariance

In the ideal case the lines of force cannot break or c
lesce so that their topological properties, e.g., their helicit
are preserved.2 However, real plasmas are not perfectly ide
having frictional forces,Ra arising from the resistivityh,
and viscosity coefficientn. Unfortunately the convergence
nonuniform so that the ideal case (h,n50) leads to mark-
edly different results than the weakly dissipative case~0
Þh, n!1!.2,3,20 Indeed, ash,n→0 the regions over which
dissipation acts merely get smaller and the gradients co
spondingly large: the rate at which lines of force reconn
does not decrease as fast ash, n, and may not decrease at a
Reconnection causes the individual lines of force to lo
their identity.3,7

4. Global invariance

Reconnections juggle helicity information between t
lines of force. However, for proper surface conditions~Va

andua not intersecting the boundary! then the global helicity
Ka;*Pa•Vadt remains the same, i.e., the global invarian
is independent of interior topological changes. This follo
by a procedure analogous to that which led to Eq.~14! ex-
cept using the system volume rather than the ‘‘bundle’’ v
ume. Then global invariance relies on the vanishing norm
component (Va)n5Va•n̂ at the boundary. If initially
(Va)n50 everywhere on the boundary, and there is no fl
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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through the boundary,ua•n̂50, then (Va)n will always re-
main zero in the ideal~frictionless! case. This is proved us
ing thenormal component of Eq.~9! divided byna . For no
normal flow the left side is]@(Va)n /na#/]t. Initially both
Va /na and ua only have tangential components at th
boundary, the right side vanishes. Therefore (Va)n /na will
not change from its initial zero value. The introduction
dissipation affects the preservation of the helicities not o
at the boundary but throughout the region. WhetherKa ~and
in MHD, KK , KX , Km! are adequately preserved in th
weakly dissipative case is taken up in the next section.

III. RUGGEDNESS OF INVARIANTS IN TURBULENT
MAGNETOFLUIDS

A. Electromechanical coupling

In order for helicity invariants to play a role in definin
relaxed states, they must berugged, i.e., in a relaxation they
must be more durable than the magnetofluid energy, whic
the sum of flow kinetic, magnetic, and electrosta
energies:6,7,10,21

Wmf5E dtS 1

2 (
a

manaua
21

B2

8p
1

E2

8p D . ~17!

Accordingly, a useful relaxation theory rests on three
quirements, which might be called ‘‘ruggedness tests’’
the invariants:~1! inverse cascade, the ‘‘direction’’ of the
relaxation must be toward larger size structures;~2! selective
decay, the helicity invariant must decay more slowly than t
magnetofluid energy; and~3! stability to resistive modes, the
helicity must be stable to resistive modes, i.e., the time sc
for topology change must be faster than that for change
the helicity. These three tests have previously been app
to the magnetic helicity.3,20–23 Applying these to the self-
helicities is more difficult since~unlike with KM!, the fluid-
field coupling cannot be ignored. For this we adopt the we
known paradigm of quasilinear theory, i.e., that t
frequencies and responses of linear theory are retained
though some waves will grow to nonlinear amplitudes. W
apply the three tests of ruggedness in Secs. III B, C, and
Our analysis ignores electron inertia, which excludes hi
frequency phenomena~plasma frequency, electron cyclotro
frequency! and assures quasineutrality,ni5ne5n, and also
makes the electrostatic energy density,E2/8p, negligible.
Hereafter we use the subscriptsi ande to refer to ions and
electrons, when expressions are used that specifically a
to one species but not the other. These simplifications
identical to what is known asincompressible Hall MHD.24

The fluid medium and the fields are combined in t
magnetofluid energy and in some of the helicities. The fi
step then is to establish the fluid-field coupling. All perturb
quantities are Fourier analyzed: e.g.,ua→ũa exp(ik–r
2 ivt), wherev andk are the frequency and wave vector
a mode. For simplicity we regardk as a continuous variable
in a real system with bounded geometry,k assumes discrete
values, the smallest of which is set by the system size8,25

Consider for now a nondrifting, cold, magnetized plasm
The equations of motion in terms of the vector potential
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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maũa57~ uqau/c!Ã6 i ~vca /v!maũa3b, ~18!

where the gyrofrequencies,vca5uqauB0 /mac, are positive
numbers; the upper~lower! signs denote ions~electrons!; b
[B0 /B0 , and the subscript 0 denotes the ambient quan
The mechanical response to the fields can be expressed
an electromechanical coupling operatorsJa :

maũa5sJa•~qaÃ/c!. ~19!

These are more useful than the conventional dielec
function,26 eJ, since they distinguish the mechanical r
sponses of each species. Suppose that the equilibrium m
netic field is in thez direction. Then

sJa5F sa1 isa2 0

2 isa2 sa1 0

0 0 21
G , ~20!

where

sa15v2/~vca
2 2v2!, ~21a!

sa256vcav/~vca
2 2v2!. ~21b!

Retaining the mass ratiom5mi /me@1 as a parameter, thes
elements are

s i15~v/vci!s i25~v/vci!
2@12~v/vci!

2#21, ~22a!

se1'52~v/vci!se2'm22~v/vci!
2. ~22b!

1. Dispersion relation

Ampere’s law with current density,j5Sqanaua , and
the gaugef50 becomes

2k3~k3Ã!5(
a

vpa
2 maũa

qac
1

v2

c2 Ã. ~23!

In terms of the electromechanical coupling operator@Eq.
~19!# this is

2k3~k3Ã!5
v2

c2 F IJ1(
a

vpa
2

v2 sJaG•Ã, ~24!

wherevpa5(4pqa
2na0 /ma)1/2 are the plasma frequencies

a5 i ,e. The term in square brackets is the familiar dielect
function, eJ. Note that unlikeeJ, the coupling operatorssJa

distinguish the responses of each species. Equation~24! can
be expressed as a matrix timesÃ equals zero: the vanishin
determinant of that matrix is the dispersion relation. Co
sider two limiting cases when thek is either parallel or per-
pendicular to the ambient field. Then the dispersion relati
are

parallel ~kib!: ~klc!
25~v/vci!

2@16v/vci#
21, ~25!

perpendicular~k'b!: ~klc!
25~v/vci!

2. ~26!

Here l c5c/vpi is the collisionless skin depth. In the parall
case the upper and lower signs represent right and left po
ized ~R,L! waves. In the perpendicular case the second
has high frequency~approaching infinity form→`! thus is
excluded from this treatment. In deriving Eqs.~25! and~26!
we assumedvpi /vci'0 ~Alfven speed/speed of light!, as
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generally holds in fusion-relevant plasmas. Evidently, wh
high-frequency phenomena are excluded, the natural len
~as shown by Turner6! and frequency scales arel c andvci ,
respectively.

2. Mechanical responses

In the parallel case the frequency~for R and L waves! is

v/vci5klc@6klc/21A11~klc!
2/4#

and the mechanical responses are

mi ũi5
v/vci

16v/vci

eÃ

c
, ~27a!

meũe57m21~v/vci!
eÃ

c
. ~27b!

The base vector in the parallel case@from Eq. ~24!# is Ã
5( x̂6 i ŷ)Ã/&, and has the property that will be useful late

ik•~Ã3Ã* !56kiÃ2. ~28!

For klc,1 the responses are Alfve´n like, while for klc.1
they are the whistler~R! and ion-cyclotron~L! waves. The
familiar MHD model assumes that the very low frequen
behavior,v/vci5klc , holds for all ranges ofk. Note that
since l cvci5vA05B0 /(4pmin0)1/2 ~Alfvén speed! this is
equivalent tov5kvA . Thus the MHD model properly rep
resents low-frequency, low-k phenomena~v!vci , corre-
sponding toklc!1!. It cannot, however, be expected to d
scribe the high-k behavior.

3. Two-fluid energy and helicities

The Fourier-transformed magnetofluid energy for t
low-frequency model is

W̃mf5
1

8p S uk3Ãu21
1

l c
2 usJ i•Ãu2D . ~29!

This compares with the result from the rigorous proced
using the dielectric function,26 modified to express the cou
pling operators:

W̃mf5
1

8p H v2

c2 Ã21uk3Ãu2

1
v2

c2 (
a

vpa
2 Ã* •

d

dv
S sJa

v
D •ÃJ . ~30!

The three terms represent the electric, magnetic, and fl
effects. A tedious but straightforward analysis shows t
excluding high-frequency phenomena~negligible electric en-
ergy! reduces this to Eq.~29!. Using the ion momentum@Eq.
~27a!#:

W̃mf5F S v/vci

16v/vci
D 2 1

l c
2 1k2G Ã2

8p
. ~31!

The upper sign applies to the R wave, and the lower s
applies to the L wave and the magnetosonic wave. T
Fourier-transformed self-helicity is
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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K̃a5
c2

4pqa
2 ik•~P̃a3P̃a* !. ~32!

Using Eq.~2! and the mechanical responses, Eqs.~27a! and
~27b! and noting the property of the base vectors, Eq.~28!,
the self-helicities become

parallel: K̃ i5
k

~16v/vci!
2

Ã2

4p
, ~33a!

K̃e5k
Ã2

4p
; ~33b!

perpendicular: K̃ i5K̃e50. ~34!

Observe that the magnetosonic wave carries self-helicity

4. MHD energy and helicities

MHD corresponds to the limitv/vci!1. Then its mag-
netofluid energy and helicities are

W̃mf52k2
Ã2

8p
, ~35a!

K̃m5kÃ2, ~35b!

K̃x5k2~e/mic!Ã2, ~35c!

K̃k5k3~e/mic!2Ã2. ~35d!

Although the self-helicities are not invariant in MHD, it i
instructive~as well be shown! to show their forms:

K̃ i5k~11klc!
2Ã2/4p, ~36a!

K̃e5kÃ2/4p. ~36b!

The spectral dependences of the energies and helic
for these waves are shown in Fig. 2~two-species magnetof
luid! and Fig. 3~MHD!. Table II shows their limiting trends
for low k (klc,1) and highk (klc.1). In a two-species
magnetofluid@Fig. 2~a!# the magnetofluid energies of th
three waves are roughly the same for lowk, but the R wave
is the energetically favorable~lowest energy! wave for high
k. The selection of the R wave~‘‘whistler’’ for k. l c! as the
energetically favorable wave is consistent with results fr
numerical simulations27 that show the whistler as the activ
wave in two-fluid reconnection. For lowk there is an equi-
partition between the magnetic and kinetic energies, whil
high k, the magnetic energy dominates in the favored wa
Further, the ion helicity is mainly carried by lowk modes,
since K̃ i is very small at highk ~in the favored wave!. In
MHD ~Fig. 3! the magnetofluid energy is not shown becau
it is identical to the low-k behavior in Fig. 2 extended to a
k. Thus in MHD the energy equipartition holds for allk. The
three MHD helicities~magnetic, cross, kinetic! have power-
law scalings withk @Eq. ~35!#. However,K̃ i differs from low
to highk; this will prove significant in considering cascade

The foregoing treatment assumed a nondrifting and c
plasma. Adding drifts introduces a Doppler shift of the fr
quency and corrections mainly at small wave numbers. A
ing ‘‘warm’’ plasma effects introduces a finite sound spe
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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cs . Then the phase velocity of the magnetoacoustic w
increases tov/k5(cs

21vA
2)1/2, and a new wave~slow wave!

appears with phase velocity betweencs and vAcs /(cs
2

1vA
2)1/2, depending on the direction ofk. Since cs

5(b/2)1/2vA ~b is the ratio of the pressure to the magne
pressure! the lower-frequency slow wave has a stronger i
response forb,1. In any case, warm plasma effects sligh
modify the waves of the cold-plasma approximation and
troduce a new wave with similar properties. Having esta
lished the fluid-field coupling, we can now test the rugge
ness of the global invariants.

FIG. 2. Wave energy~A! and self-helicities~B! for a two-fluid. The nor-
malizations areuAu2/16p l c

2 ~energy! and uAu2/4p l c ~self-helicities!.

FIG. 3. Helicities in MHD. The normalizations areuAu2/4p l c ~magnetic!,
(e/mic)uAu2/ l c

2 ~cross!, (e/mic)2uAu2/ l c
3 ~kinetic!, and uAu2/4p l c ~ion self-

helicity!.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Downloaded 16 J
TABLE II. Limiting behavior of waves.

Two-species fluid Lowk(klc!1) High k(klc@1)

Frequency, energy v/vci , 8pW̃mf /uÃu2 v/vci , 8pW̃mf /uÃu2

R wave (ki) klc , 2k2 (klc)
2, k2@11(klc)

26#
L wave (ki) klc , 2k2 12(klc)

22, k4l c
2

Energy partition W̃m;1 W̃m;1
(8pW̃/uÃu2) W̃f;1 W̃f;0

Self-helicities~R wave! K̃ i;k K̃i;0
(8pK̃a /uÃu2) K̃e;k K̃e;k

MHD

Frequency, energy v/vci , 8pW̃mf /uÃu2 v/vci , 8pW̃mf /uÃu2

Alfvén wave (ki) klc , 2k2 same as lowk

Helicities (8pK̃/uÃu2)
Magnetic K̃m5k same as lowk

Cross K̃x5k2(nA /B0) same as lowk

Kinetic K̃k5k3(nA /B0)2 same as lowk

~Ion self! K̃ i;k K̃i;k3l c
2
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B. Inverse cascade

An inverse cascade of helicity is its evolution towar
small wave numbers leading to the generation of a lar
scale magnetofluid object. In a relaxing plasma this is a n
linear process involving two kinds of wave interactions: b
tween waves of different types and between waves of
same type but differentk. Whether the evolution is toward
larger or smaller scale objects depends on the energy
helicity content of waves. In the previous section we o
served that the R-wave has the lowest energy at a givek;
thus this wave type is energetically favored. Here we c
sider interactions between waves of the same type, appl
a theorem based on the spectral properties of the energy
helicity. If they satisfy the inequality

W̃~k!>kK̃~k! ~37!

then the simultaneous transfer of both energy and helicit
small scales is impossible, and aninversecascade of both
helicity and energy is allowed. This was proved using id
triad wave interactions for two-dimensional Navier–Stok
flows,28 and ideal MHD.21 ~See also Ref. 1.! In a two-fluid
we established the inequality@Eq. ~37!# for W̃mf with bothK̃ i

and K̃e ~Fig. 2, Table II!. Therefore both self-helicities pas
the inverse cascade test. This argument contradicts a sug
tion elsewhere@p. 134 of Ref. 7# that Ki is unlikely to sur-
vive because small-scale fluctuations will affect it quite d
ferently from Ke . While the two k dependences diffe
significantly@Fig. 2~b!#, they do so in a way that showsK̃ i to
be even more rugged since it becomes quite small for higk.

Returning to MHD, the Frisch argument assuredlydoes
not applyto the cross and kinetic helicities since~see Fig. 3,
Table II! they do not satisfy the inequality@Eq. ~37!#. For the
cross helicity no cascade is anticipated, and for the kin
helicity a normal cascade~toward higher k! is anticipated
since the inequality isreversed. Note, with respect toK̃ i , the
Frisch inequality@Eq. ~37!# only applies forlow k in MHD
un 2003 to 128.95.104.58. Redistribution subject to AI
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@Eq. ~36a!#. Thus a two-fluid simulation should exhibit rug
ged Ki , but an MHD simulation may completely miss th
property.

C. Selective decay

The second test of ruggedness isselective decay, articu-
lated by Montgomery and associates20,22 and Taylor.3 In the
presence of weak dissipation, is a particular helicitymore
invariant than the magnetofluid energy? This can be a
proached either by a spectral argument or by compariso
actual decay rates. The former arises from the inequa
analogous to Eq.~37!: W̃mf is proportional to a higher powe
of k thanK̃a so that its spectrum should peak at a higherk.
Since dissipation is stronger at higherk ~smaller scale! the
magnetofluid energy should be dissipated faster than ei
self-helicity. Indeed this tendency is accentuated forK̃ i be-
cause of its smallness at highk.

The second form of the selective decay argument co
pares the decay rates of the magnetofluid energy and
self-helicities. The evolution of the specific self-helicity
given by Eq.~13!. The specific friction force,

Ra

na
52qah j1

¹•Pa

na
~38!

includes both resistivity,h5me /e2nte ~te5electron colli-
sion time!, and the viscous stress tensor,Pa . Here we as-
sume a simplified form of the viscous stress,“•Pa

'na¹2ua , wherena is the viscosity coefficient. Multiplying
Eq. ~13! by c2/4pqa

2 and integrating over the system volum
gives the decay of the global self-helicities:

dKa

dt
52

c2

4pqa
2 E dtVa•S 2qah j1

na

n
¹2uaD . ~39!

The decay of the magnetofluid energy includes resistive
viscous dissipation terms:
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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dWmf

dt
5E dtS h j 21(

a
nau¹uau2D . ~40!

Hereafter we neglect the electron viscosity since it is sma
by the mass ratio. The ion viscosity is related to the resis
ity in a simple way,

n i5mtminb ihc2/8p, ~41!

where b i58pnkTi /B2 and mt[mite /met i is a modified
mass ratio: forTi5Te , mt5(mi /2me)

1/2'40 for deuterons.
For shear viscosity, the formn i¹

2ui only holds for ¹
,1/r i wherer i5c(mikTi)

1/2/eB5 l c(b i /2)1/2 is the ion gy-
roradius; therefore the shear stress has the approximate u
bound,un i'¹ui u<n i'uui u/r i . Similarly for the parallel vis-
cosity, the formn i¹

2ui only holds for¹,1/l i , wherel i

5(kTi /mi)
1/2t i is the ion mean free path; therefore the p

allel viscosity has the upper bound,un i i¹ui u<n i iuui u/l i .
Note that accounting for the anisotropy of the ion viscos
coefficient, the two upper bounds are the same:n i'uui u/r i

'n i iuui u/l i .
Now consider largek (klc.1) reflecting the range

where significant dissipation is expected. The limitsk.1/l c

andk.1/r i are roughly equivalent, so that the upper bou
on the viscous stress applies. Further, we use the pertu
magnetic field in the singular layer,B̃5 ik3Ã, as the pri-
mary field quantity. Then the rates of change are

dKe /dt;k
hc2

4p

uB̃u2

8p
, ~42!

dKi /dt;k
hc2

4p

uB̃u2

8p F21
mt

k2l c
2G , ~43!

dWmf /dt;k2
hc2

4p

uB̃u2

8p F11
mt

k2l c
2G . ~44!

Themt terms represents the viscosity, while the other term
the resistivity. Althoughmt'40, it is clear that the predomi
nant decay scalings aredKa /dt}k, and dWmf /dt}k2.
These are the same proportionalities observed by Taylor3 in
comparing the decays ofKm andWm . Thus the energy will
be dissipated more strongly than either self-helicity in th
reconnection layers, i.e., the self-helicities are ‘‘rugged.’’

In the foregoing selective decay argument note the
portance of two factors that apply in singular layers:~1! the
viscous force is bounded;n i'uui u/r i rather than the much
larger ‘‘standard formula’’n i'uui uk; and~2! the ion velocity
takes thehigh-k behaviorũi;k21(eB̃/mic), rather than the
MHD-like ũi; l c(eB̃/mic). If these two factors were ig
nored @p. 134 of Ref. 7#, then the decays proportionalitie
would bedKi /dt}k3, anddWmf /dt}k2. Then selective de-
cay would preferentially dissipate the ion helicity, just as
preferentially dissipates the kinetic helicity in a pure fluid10

D. Stability to resistive modes

Arguments for the ruggedness of the magnetic helic
based on relative time scales has been advanced by
et al.23 and more recently by Edenstrasser and Kassa29

Park addressed the decay of magnetic helicity that occur
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relatively thin reconnection layers, which occupy a sm
fraction of the system volume. Topology changes~reconnec-
tions! are ‘‘rapid’’ if they occur at the ratedcs /dt;hs with
s,1 ~cs is the magnetic flux at thex point of the singular
layer!. Both the Sweet–Parker (s51/2) and Petschek (s
50) scalings represent ‘‘rapid’’ reconnection. If the chan
in an invariant has the scalingdK/dt}h, then it is ‘‘stable’’
to resistive modes, i.e., it is invariant on the time scale of
topology change. This holds for the magnetic helicity,Km ,
as follows

dKm

dt
5E dth j•B;hE

d
dx j;h, ~45!

wherex is the coordinate across the thin singular layer
thicknessd. The same argument can be extended to the s
helicities, in particular the ion self-helicity, for which the ra
of change@from Eq. ~39!# is

dKi

dt
5

c2

4pe E dtS h j2
n i¹

2ui

en D •FB1“3S micui

e D G ,
~46!

wheren i is the viscosity. Consider the additional terms a
pearing in the two factors of Eq.~46! compared with Eq.
~45!. In the first factorh j is augmented by the viscous ter
(n i /en)¹2ui , the magnitude of which can be estimated. E
pressn i /n'mi

3/2me
21/2b ihc2/8p; introduce the bound on the

viscous stressu¹2ui u,uui u/r i
2; and employ the high-k ion

responseui'2eA/mic. Further, 4p j /c5 ikR3B;kR
2A, so

that A;4p j /ckR
2 ~herekR is the inverse length scale assoc

ated with the reconnection layer thickness!. Finally with the
identity, b i /2r i

251/l c
2, these expressions combine to simp

fy the viscous stress term: u(n i /en)¹2ui u
,(mi /me)

1/2(kRl c)
22hu j u. For thin singular layers~specifi-

cally, kRl c.(mi /me)
1/4;8! the viscous stress term is com

parable to or less than the basic termh j . In the square-
brackets factor of Eq.~46!: B is augmented by a vorticity
term “3(micui /e). With ui'2eA/mic as before, this is
“3(micui /e)'“3A'B, i.e., it is comparable to the basi
term. Concluding that since the additional terms in the
self-helicity are comparable to the terms appearing in
magnetic helicity, it follows@from Eq. ~45!# that dKi /dt
;h also. Thus the ion self-helicity should also be stable
resistive modes.

IV. EQUATIONS OF RELAXED-STATE EQUILIBRIA

A. Minimization principal: Euler equations

The theory of relaxation postulates that a weakly dis
pative system approaches the maximal-entropy state of
ideal ~nondissipative! system.16,20 An essential element o
such theories is the adoption of constraints. We have alre
discussed invariant helicities at length. Beside these, a clo
system also has invariant total energy, mass, and a gl
momentum invariant~supposing a symmetric boundary!. An
alternative approach to finding relaxed states is energy m
mization. This minimizes the organized energy form, i.e.,
magnetofluid energyWmf rather than the total energy~which
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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is conserved in a closed system!. These two approaches a
compared and found partially interchangeable.

The maximal entropy state is found by the variation
principle,8,15,16

dS2hdW2mdM2VqdLq2l idKi2ledKe50. ~47!

HereS5*dtn ln(p/ng) is the entropy~wherep is the sum of
ion and electron pressures!; h, m, Vq , l i , and le are
Lagrange multipliers associated with the total energy,W
5Wmf1*dtp/(g21); mass,M5*dt(mana ; global mo-
mentum, Lq5*dt(manaua–q; and self-helicities, respec
tively. Observe that the total energy is the sum of the or
nized (magnetic1flow) and disorganized~thermal! forms.
The vectorq in the momentum depends on the symmet
for an axisymmetric boundary~conserved angular momen
tum!, q5r û; and for a ‘‘cylindrical’’ boundary with an ig-
norable coordinate (z), q5 ẑ. The minimum energy state i
found by the variational principle,2,6,9,14

dWmf2Vq8dLq2l i8dKi2le8dKe50, ~48!

whereVq8 , l i8 , le8 are the Lagrange multipliers associat
with the global momentum, and self-helicities, respective

Evidently adding constraints modifies the resulting
laxed state; further, two invariant helicities fostertwo corre-
sponding Euler equations.6 In terms of variations of the flow
and field variables (ui ,ue ,A) the entropy and energy prin
ciples are equivalent. Taking independent variations,dua

(a5 i ,e) gives

~ua2Vq8q!52la8 ~ l c
2/mi !Va . ~49!

These are consistent with Euler equations fou
elsewhere6–9 although they account for features missing
earlier derivations: electron inertia;6,7 nonuniform ambient
density;6 recognition ofboth self-helicities;9 and conserved
angular momentum.6–9 An advantage of the form in Eq.~49!
is the symmetric treatment of each species and the reco
tion of the natural length scalel c5c/vpi . Thus in a relaxed
state the flow velocity of each species is proportional to
generalized vorticity: the velocity is shifted by the angu
momentum constraint, and the Lagrange multiplier~constant
of proportionality! plays a role like an eigenvalue. Takin
the independent variation,dA, gives

“3B5~c/e!~2l i8V i22le8Ve!. ~50!

If the 2la8Va are eliminated using Eq.~49! then this reduces
to the steady form of Ampere’s law. These three equati
@Eq. ~49! with a5 i ,e, and Eq.~50!# are equivalent to result
from the same three variations applied to the entropy m
mization principle, and the Lagrange multipliers are rela
by la852la /h andVq852Vq /h.

In the reduced case of MHD there is no ion helic
invariant. This invariant can be dropped in the foregoi
formulation simply by setting the associated multiplier,l i ,
to zero. Consequently Eq.~49! with a5 i becomesui

5Vq8q. Recognizingj5en(ui2ue) and “3q50, Eq. ~49!
with a5e then becomes 2le8B5(4p/c) j . This is the famil-
iar equation for a force-free state, which is the relaxed s
in MHD.
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B. Bernoulli equation

The presence of invariants linking the field and flu
elements allows the existence of finite pressure in the rela
state9,15,16 and was demonstrated for the ion helicity b
Turner.6 The pressure is found using the steady equation
motion, (manaua•“ua5“p1((qanaua /c)3B. This can
be placed in an equivalent containing the generalized vor
ity by expandingua•“ua and recognizing thatB5“3A:

“p/n1“S (
a

maua
2/2D 5(

a
ua3Va . ~51!

For a relaxed state this simplifies further: expandui•¹ui

using a vector identity and replacej5en(ui2ue) from Eq.
~49!. Then assuming massless electrons

“p

min
1“S ui

2

2 D 1
Vq8

2l c
2 (

a

ua3q

la8
50. ~52!

This is a Bernoulli equation in that it relates the pressure
the flow velocity without reference to the magnetic field.12,15

Then pressure gradients are maintained only by the Berno
effect, and the only coupling to the magnetic field is throu
the flow velocity. Further, Eq.~52! is an exact derivative and
can be integrated as follows. For a barotropic plasma@p
5p(n), see Eq.~6!# with ha5*dpa /n, the first term is
¹ha /mi . The third term can be simplified by recognizin
that stream functions,ca , must exist because of continuity
For axisymmetry (q5r û), nua5nuauû1“ca3û/r , where
uau , ca5 f (r ,z); then the third term become
2“ b(Vu8/2nlc

2)(ca /la8 c, while for linear symmetry (q
5 ẑ), nua5nuazẑ1“ca3ẑ, whereuaz , ca5 f (x,y); and
the third term is the same exceptVz8 replacesVu8 . Here we
recognizednlc

25const. Then Eq.~52! can be integrated:

(
a

ha1miui
2/22Vq8~2pe2/c2!(

a
ca /la85const. ~53!

This form of the Bernoulli equation differs from its pure
fluid counterpart in that it is global, i.e., theconstantis glo-
bal rather than a function of the particular streamline. Eq
tion ~53! suggests that finiteb needs only a gradient ofui

2

rather than the more restrictive requirement of nonzero g
eralized vorticity.6

Although the pressure is related to the velocity alon
this does not imply force-free states as observed elsewhe15

This is easily seen for an isothermal plasma,ha

5kTa ln pa , with no global momentum constraint. The
pa5const3exp(2miui

2/2kTa) so that the pressurefalls to-
ward the plasma edge if the flow speed rises toward the e
This is the opposite of force-free MHD where~e.g., for rigid
rotation! centrifugal forces cause the pressure torise toward
the edge.

V. EXAMPLE RELAXED EQUILIBRIA

A. Classification of relaxed states

The appeal of a relaxation theory is that the ‘‘relaxed
state can be found given certain initial parameters alone,
the theory has predictive power. In this, the more gene
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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multifluid theory is not fundamentally different from th
MHD theory, only more complex by having a multipl
(M ,W,Lu ,Ki ,Ke) rather than a single (Km) constraint. Con-
sequently, the variety of relaxed equilibria for a two-fluid
much broader than for MHD. Each added constraint~e.g.,
Ki! carries with it one new parameter, its Lagrange multipl
~e.g., l i!. Relaxed states with invariant self-helicities ha
been examined elsewhere6,8,9 including an approach that ex
presses the solution in terms of eigenvectors.6 Here, for the
sake of example, we focus attention on two particular kin
of equilibria, FRCs and tokamaks.

The class of relaxed equilibrium depends on two typ
of conditions: the values of invariants and the boundary c
ditions. These vary from one configuration to another as
lustrated in Table III. Here the size of the self-helicities a
referenced to the productaWB wherea is the nominal sys-
tem dimension~minor radius! and WB is the magnetic en-
ergy. The four classes represent ‘‘pure’’ equilibria. N
shown are intermediate states, e.g., between FRC
spheromak. Also not shown are other invariants (M ,W,Lu)
which are less important in determining the class of equi
rium. Force-free equilibria~RFP, spheromak! are included in
the range of relaxed states~Table III! but are well known and
not presented here. For simplicity we adopt simplified o
dimensional geometries. The one-dimensional analo
used here are the sheet pinch and the straightz pinch. The
general equations governing relaxed states are Eqs.~49!,
~50!, ~53!, and the barotropic equationp5p(n). In addition
to the invariants and boundary conditions~Table III! there
are regularity conditions, i.e., the poloidal magnetic field a
flow speeds~or their geometric analogies! must vanish at the
magnetic axis.

B. FRC relaxed state

FRCs are typically an elongated compact toroid; the
fore we adopt the sheet pinch analogy. Imagine that the m
netic surfaces are elongated infinitely, stretching the m
netic axis into a neutral sheet; then ‘‘cut’’ the azimuth
coordinate and unwind it to straighten out the neutral sh
into a flat plane. This produces a slab equilibrium with o
nonignorable coordinate. In Cartesian coordinatesx,y,z are
analogous to the minor radius~nonignorable!, toroidal, and
poloidal coordinates, respectively, andx50 ~neutral sheet!
represents the magnetic axis. Since a strictly o
dimensional geometry has no magnetic separatrix, the d
nition of the separatrix is arbitrary. We identify the separat
as the system boundary. Size scales in the analogous c

TABLE III. Specifications that classify relaxed states.

Class of equilibrium Ki Ke boundary
~reference toaWB! condition

Toroids
Tokamak small small specifyc toroidal

RFP 0 moderate specifyc toroidal

Compact toroids
Spheromak 0 moderate Btoroidal50
FRC 0 0 Btoroidal50
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drical coordinate geometry are related to the sheet-pinch
nor radius as follows: major radius,R52a; separatrix ra-
dius, r s5A8a; and minor radius coordinate,x5r 2/R221.
The external magnetic field satisfiesn0kT5Bext

2 /8p.
We have computed a representative relaxed FRC e

librium with the following assumptions.~a! It is a ‘‘pure’’
FRC: Ki5Ke50. Further, it has no net global momentum
Lz50; this assumption is insignificant in the sheet pin
which has no centrifugal effect.~b! The averageb inside the
separatrix is determined by theaverage-b condition, as if the
configuration had finite length: in a straight coil this cond
tion relateŝ b& to the ratio of the separatrix to the magne
coil radius.30 Here ^b&50.92 is chosen, which correspond
to a typical separatrix to coil radius ratio of 0.4.~c! The mass
inventory was chosen so as to give the radius parame
S* 5r s / l c0510 ~r s5separatrix radius,l c0 corresponds to
n0!. ~d! Uniform temperature is assumed. The structure
this relaxed-state FRC is shown in Fig. 4. Here the rela
state was extended outside the separatrix~system boundary!.
This example resembles laboratory FRCs in several resp
~1! high b, with a nearly magnetic field-free core;~2!
longitudinal-magnetic field only;~3! hollow current profile,
i.e., current density minimum at the magnetic axis;31 ~4! sig-
nificant rotational flow speeds; and~5! a natural plasma edg
with length scale comparable tol c , which is somewhat
smaller than the plasma size. This edge arises naturally w
out invoking outflow beyond the separatrix.

Although the example in Fig. 4 resembles laborato
FRCs, there is a hidden size-scale difference between
two-fluid model and a more realistic model accounting
finite ion orbit size. This is obscured in the case of FR

FIG. 4. Example of a relaxed-state FRC in a slab equilibrium. Other pr
erties of this example:Vz850.30(kT/mi)

1/2 ~consistent withLz50!; l i→`
~consistent withKi50!; le50.0008/l c0 ~consistent withKe50!; separatrix
density, ns /n050.54; ion flow speed at magnetic axis,uz(0)
50.23(kT/mi)

1/2; minor radius parameter,s5*rdr /r sr i51.04 ~integral
over the minor radius!; and current profile index,h5 j y(x50)/^ j y&50.26.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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~which haveb;1! because the ion gyroradius is compara
to the natural length scale,l c . In an FRC then, the two-fluid
model should predict equilibria with length scales that dif
from that of a finite-gyroradius plasma only by factors
order unity. This factor may be as much as 2–4 based o
comparison of marginal stability conditions in a two-flu
and gyrofluid.32 This discrepancy is somewhat larger in t
kamaks, as will be seen shortly. A further limitation of th
simple example is the absence of field line curvature
toroidal effects. The interplay of adverse field line curvatu
~an inescapable feature of FRCs! and the compensating e
fect of flow shear in a relaxed state calls for investigation

C. Tokamak relaxed state

Tokamaks are stabilized against fast ideal modes b
strong toroidal magnetic field, disabling the fast channel
relaxation. Even so a tokamak with a nonrelaxed equilibri
is not a minimum energy state; it therefore has excess en
available to drive a slower relaxation instability. Althoug
the plasma will attempt to relax toward the minimum ener
state, powerful profile modifying influences~inductive cur-
rent drive, neutral beams, radio-frequency current drive! are
likely to dominate. In the end, the relaxation tendency m
take the form of a microinstability that drives anomalous
rapid transport. Therefore even though relaxed states m
not appear spontaneously in a tokamak, it is instructive
examine what they would look like.

For a roughly circular cross-section tokamak we ad
the straight z-pinch analogy. Imagine here that the toroid
‘‘cut’’ at a particular toroidal angle, and unwound to make
straight magnetic axis with circular magnetic surfaces. T
produces a cylindrical equilibrium with one nonignorable c
ordinate. In cylindrical coordinates,r ,u,z are analogous to
the minor radius~the nonignorable!, poloidal, and toroidal
coordinates, respectively, andr 50 is the magnetic axis
Again, since a strictly one-dimensional geometry has
magnetic separatrix, the definition of the separatrix~minor
radius! is arbitrary. The length of the magnetic axis in th
toroidal geometry then translates toAa, whereA is the as-
pect ratio anda is the minor radius. An example relaxe
state is shown in Fig. 5~Ref. 33!. Again the boundary is
marked by a fiducial and the Euler equations were integra
beyond the system boundary. Observe the following f
tures: ~1! reversed magnetic shear~qA profile!; ~2! hollow
current profile; and~3! high flow speed. While the param
eters chosen for Fig. 5~see caption! are somewhat artificial
a broad range of calculations shows that reversed magn
shear and hollow current profile are natural features
tokamak-like relaxed states.

The example in Fig. 5 resembles the reverse-shear
recently created in two tokamaks.34,35 ~In the example, the
system boundary is analogous to the boundary of the rev
shear region.! The most striking feature of these tokamaks
the spectacular reduction in transport rate in the revers
shear core. That the core may be in a relaxed state is
intriguing possible explanation: in a relaxed state, the f
energy that drives microinstabilities and the attend
anomalous transport is simply absent. Therefore the trans
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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may simply revert to classical~or neoclassical!.
As mentioned in discussing the FRC example, there is

ignored length scale in the simple two-fluid model, name
the ion orbit size. This was not so important in the case of
FRC because ofb;1. However, in alow-b plasma the orbit
size is set by the smaller~poloidal! field and can be much
larger. In Fig. 5 the boundary radius is'0.7l c0 , correspond-
ing to 2–4 cm at the observed densities.34,35The length scale
correction is the ratio of the toroidal-to-poloidal magne
fields ~orbit size over gyroradius!, which is '10 in Fig. 5,
then the boundary radius increases to 20–40 cm; this co
sponds roughly with the observed 15–30 cm radii of t
reversed-shear core. The incorrect length scale may als
responsible for the unrealistically large poloidal flows fou
in this example.

VI. DISCUSSION

We have presented a relaxation theory based on a t
fluid model. This treatment encompasses a much broa
range of relaxed states than the familiar theory based on
reduced case of MHD. In particular, it allows finite pressu
and predicts significantly sheared flows. Several issues n
further examination to place the two-fluid theory on a firm
footing. These are discussed here.

A. Relaxation physics

Extensive studies of the physics of relaxation have b
done using the MHD model, including recently, bo

FIG. 5. Tokamak relaxed states. The reference scales are as in Fig. 4
specifications at the magnetic axis areb05p0 /B2/8p50.10,q0A525 ~q0

is the safety factor at the magnetic axis, see Ref. 33!, uz050.6@kT/mi #
1/2;

and at the boundary (r 5a), uz50, p/p050.4. Other specifications:qA
525 ~magnetic axis!, 10 ~system boundary!; uiz50.6(kT)1/2 ~magnetic
axis!, 0 ~boundary!; current density profile with an axis/boundary rat
'1/4.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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analytical36 and numerical37 approaches. However, one o
the conclusions of our work is that the single-fluid paradig
fails to capture the invariance of the ion self-helicity, whi
is essential for the appearance of finite pressure and she
flows. Evidently two-fluid analyses and simulations a
needed. While some two-fluid simulations have been ma
these have not specifically addressed relaxation. Nota
though, a recent two-fluid simulation of reconnection27 dis-
played an important feature predicted in our two-fluid theo
namely that the whistler is the active wave in the highk
spectral range. The understanding of the relaxation wo
also be facilitated by extending the MHD approaches20,21to a
two fluid.

B. Stability

Certainly there is theexpectationthat two-fluid relaxed
states will have improved stability, and the hope that id
modes, at least, should be stabilized. If the pressure
~toward the edge! as the flow velocity increases, this ma
stabilize ballooning modes;38 and the improvement is mos
pronounced for configurations with closed magnetic fi
lines.39 Sheared flow was shown to have a strong stabiliz
effect on global modes in az pinch.40 An experiment to test
this is presently being constructed by Shumlak and ass
ates at the University of Washington. These expectati
need to be placed on a firmer basis, as has been done i
reduced~MHD! model. There, a theorem~for nonflowing
MHD! has been found stating that maximal entropy assu
stability to all ideal modes.16 Also, a proof of the stability of
force-free states has been given.41 A similar theorem is
needed that links stability to relaxed states of a two-fluid

C. Comparison with experiment

The spectacular prediction of RFP evolution and str
ture was what catapulted the MHD relaxation theory in
prominence.2,3 Similar achievements would advance the tw
fluid theory. This might include the following steps.~1! Find
a correlation between the predicted profiles in FRCs and
perimental observations: this is analogous to the observa
of force-free profiles in RFPs and spheromaks.~2! Show that
a relaxation that preserves the self-helicities correlates w
anomalous magnetic flux dissipation observed in F
startup:42 this is analogous to the observation of magne
helicity conservation in the startup relaxation of RFPs a
spheromaks.~3! Verify the spontaneous appearance of cou
terflow in FRC startup as predicted by the two-fluid theo
this would be analogous to the appearance of spontan
field reversal in RFPs.

D. Finite orbit effects

A barrier to quantitative confirmation between theo
and experiment is an effect that is ignored in the two-flu
theory, the natural length scale of which is the collisionle
skin depth l c . A more realistic model would account fo
finite ion orbits, and may increase the length scale acco
ingly. For b;1 ~comparable plasma and magnetic pre
sures! as in an FRC, the ion gyroradius is comparable tol c so
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that size differences are of order unity. The discrepancy
even larger in a tokamak where the orbit size is based on
smaller of the two field components. Evidently, the two-flu
theory needs to be extended to include finite orbit effec
One approach might be to develop a relaxation theory ba
on a gyroviscous two-fluid. Such a theory is necessary fo
quantitative experimental confirmation of the theory.

E. Effect on transport

Both resistivity and viscosity play a role in dissipatio
Both will drive a plasma away from a relaxed state and
off a ‘‘correction’’ in the form of a relaxation that restore
the relaxed state. This synthesis of dissipative and relaxa
processes may be a critical ingredient in understanding
anomalous transport in tokamaks and FRCs and needs
cal examination.
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APPENDIX: CONVECTION OF GENERALIZED VORTEX
LINES WITH THE FLUID

We prove here that generalized vortex lines convect w
the particular species. Suppose we choose a line that init
is everywhere tangential to the local generalized vortex,
Va3dx50 at t50, wheredx an increment of that line. Sup
pose further that at time advances, that line convects w
speciesa. The evolution of the quantityVa3dx on the mov-
ing line is determined by the total derivative,Da(Va

3dx)/Dt. Expand this; use Eq.~9!; eliminate the density
using continuity,Dana /Dt52na(“•ua); and use the kine-
matic relationDa(dx)/Dt5dx•¹ua . Then

Da~Va3dx!/Dt52~“•ua!Va3dx2dx3~Va•¹ua!

1Va3~dx•¹ua!. ~A1!

Apply the obscure but easily verified identity,

A3~B•“C!2B3~A•“C!

52“C•~A3B!1~A3B!“•C ~A2!

to the second and third terms on the right side of Eq.~A1!;
one of the resulting terms cancels the first term on the ri
side of Eq.~A1!. This leaves

Da~Va3dx!/Dt52¹ua•~Va3dx!. ~A3!

Therefore if the quantityVa3dx is initially zero on the line
composed of incrementsdx, then as that line convects~with
speciesa!, Va3dx will remain zero. Thus the generalize
vorticity remains tangential to that line as it convects w
speciesa, i.e., generalized vortex lines convect with the sp
cies.
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