PHYSICS OF PLASMAS VOLUME 5, NUMBER 7 JULY 1998

Relaxation of a two-species magnetofluid and application to finite- B
flowing plasmas

L. C. Steinhauer®
Redmond Plasma Physics Laboratory, University of Washington, Seattle, Washington 98195-2250

A. Ishida
Department of Environmental Science, Faculty of Science, Niigata University, Ikarashi, Niigata 950-21,
Japan

(Received 11 November 1997; accepted 26 March 1998

The relaxation theory of a two-species magnetofluid is presented. This generalizes the familiar
magnetohydrodynamigsingle-fluig theory. The two-fluid invariants are the self-helicities, one for
each species. Their “local” invariance follows from the helicity transport equations, which are
derived. The global forms of the self-helicities are examined in a weakly dissipative system. They
are shown to pass three tests of ruggedgssative” invariance compared with the magnetofluid
energy: the cascade test; the selective decay test; and the stability to resistive modes test. Once
ruggedness is established, relaxed states can be found by minimizing the magnetofluid energy
subject to constrained self-helicities. The Euler equations are found by a variational procedure.
Example equilibria are presented that resemble field-reversed configurdiR€9 and tokamaks.

These states are characterized by finite pressure and significant sheared flows. Throughout the
analysis it is shown how this more general theory reduces to the magnetohydrodynamic
(single-fluig theory for suitable reducing assumptions. 1©98 American Institute of Physics.
[S1070-664%98)00407-9

I. INTRODUCTION the small scales in reconnection layers, the ion and electron
responses decouple so that the two-fluid treatment is needed.

Magnetofluids are often observed to self-organize intoThus although the MHD theory may capture some aspects of

preferred “relaxed” stategsee review in Ref. 1 Such re-  relaxation, it will fail to predict others.

laxations are interesting because they preserve certain global The invariants of a multispecies magnetofluid are the

properties(the “invariants”) rather than simply dissipating self-helicities>~®

the magnetic field. This ordered outcome follows despite the

complexity and seemingly chaotic nature of the relaxation Ka=(02/877qi)f d=P,-Q,, 1)

itself. The relaxation theory based on invariant magnetic

helicitf'3 has had spectacular success in predicting the groSgnered~ is a volume increment; and the integral is over the
evolution and structure of reversed-field pindRFP) and  gntjre system volume. These are composite helicities, com-

spheromak plasmas. However, it has had less success pigning fluid and field behavior through the canonical mo-
dicting tokamak behavior and does not apply at all to field-mentum and the generalized vorticity:

reversed configurationdRC). Missing from this theory are
such nearly ubiquitous features as finite plasma pressure and Po=M.U,+q,AlC, Q,=VXP,. 2
significant flow. These shortcomings indicate the theory’
incompleteness and need for extension.

We present a more general relaxation theory based on

*HereA is the vector potential of the fields, and each species
(denoted by indexx) has the charge, mass, density, pressure,
L . &hd flow velocity,q,, M,, N,, Ps, Uy, respectively. The
two-species (ion and electron magnetofluid The new dimensional constam,2/87-rq§, is chosen to givé, energy-

theory sytheS|zes fam!llar goncepts: the relax.atlon of ,qength units. The self-helicities have been proposed as invari-
magnetofluid; the two-fluid model of a magnetofluid,; canoni- o .o alsewhera8 They are related to “hybrid” invariants
cal momenta,; helicities as invariants; and characteristic “in-(that link fluid and field elementsthe cross helicity®1!
tegral” curves of the invariants. This formulation is more —[u-Bdr (B=VXA is the magnetic field and? ,fu
realistic than the magnetohydrodynané¢HD, single-fluid -&X)-dr. The well-known simple helicites are the
model on which the previous theory was based. The f°”°W'ma|gneti6’1°'12‘14Km=fA- Bdr and kinetid® K, = [u- wdr

ing argument offers motivation for adopting the two-fluid (w=Vxu is the fluid vorticity. There is an obvious resem-
model. Magnetofiuid relaxations proceed by reconnections i ance petween the self- and some of the other helicities: for
very thin layers. However, single-fluid behavior only applies ,ossless electronk, is equivalent tK,: andK; [expand-

for length scales larger than the collisionless skin depth. Ol'i‘hg Eq. (1), and identifyingu=u;] is a particular linear sum

of the simple helicities. Indeed the two-fluid theory connects
E|ectronic mail:  steinhauer@aa.washington.edu the simpler theories of TayldoMHD) and Moffatt® (non-
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TABLE I. Relationship of relaxation theories.

Fluid Two-species MHD
(nonmagnetig magnetofluid (single fluid
Limits B—» arbitrary 8 B—0
Local invariants kinetic helicity, self-helicities, magnetic helicity,
u-Vxu P, VXP, A-VxA

Integral curves vortex lines, generalized vortex magnetic field

(tangential to w=Vxu lines, Q,=VxP, lines,B=VxA
Global invariants Ky —K;, Ke— Km
Minimized energy Ws W= Wi+ W, W,
Cascade normal inverse inverse

magnetized fluig as illustrated in Table I. Indeed, the sim- which tests whether a helicity invariant is more durable than
pler theories are reductions of the more general two-specighe magnetofluid energy; anstability to resistive modes
theory. Stated another way, the two-species theory forms €ec. lll B), which tests whether a helicity decays more
bridge between the simpler theories. Some properties showsiowly than the reconnection rate. In MHD the magnetic he-
in Table | will be explained later. licity passes these tests while the cross and kinetic helicities
We briefly preview the remainder of the paper. Fourfail. In a two fluid, both self-helicities pass these tests. Im-
important questions must be answered in a new relaxatioportantly, although the ion self-helicity is rugged in the two-
theory: (1) what are the basic invariants in the ideal systemfluid model, the MHD model fails to capture this property.
(2) are the global forms of these invariants ruggedatively Section IV addresses the third question. Global invari-
durable in the presence of weak dissipatidB) what are the ants that survive the relaxation are suitable constraints in an
corresponding relaxed states; a@d do the relaxations and energy minimization. This procedure leads to three Euler
the resulting equilibria predict experimental observations? equations governing the relaxed state: two flow equations
Section Il addresses the first question. Beginning fromone for each specig@nd an equation equivalent to Am-
Maxwell's equations and the equations of motion for eachpere’s law. This system of equations is closed by adding the
species we derive the helicity transport equations, whiclsteady equation of motion, which takes the form of a Ber-
govern the local evolutions of the helicities. Each local he-noulli equation linking the pressure and flow speed. In the
licity is associated with infinitesimal bundles of integral reduced case of MHONo ion self-helicity invariant the
curves(“lines of force”) that convect with a particular spe- electron flow equation reverts to the familiar force-free con-
cies. The derivation clearly delineates the difference betweedition.
the MHD and two-fluid models by explicitly displaying the Section V addresses the fourth question. Assuming one-
electromechanical couplind.orent? force, the vanishing of dimensional geometric analogies it is straightforward to find
which is assumed in ideal MHD. The cancellation of theexample relaxed states. Force-free stdiesluded in the
Lorentz force in the self-helicity transport equations indi- two-fluid theory are well known. We present FRC and to-
cates that the self-helicities are natural two-fluid invariantskamak examples, which are clearly outside the scope of
As such, two-fluid relaxation bridges the gap between previMHD relaxation theory. The FRC example resembles labo-
ous theories for limiting case@ure fluid; magnetized, cur- ratory plasmas, exhibitingigh 8, no “toroidal” magnetic
rent carrying mediumnas shown in Table I. We also derive a field, hollow current profile, significant rotational flow, and a
circulation theorem for the self-helicities. natural plasma edge with thickness comparable to an ion
Section lll addresses the second question. Although thgyroradius. The tokamak example resembles the core of
existence of local helicities is a necessary basis, even weakversed-magnetic shear experiments, exhibiting reversed
dissipations unleash processes that compromise the identitgagnetic shear, hollow current profile, and high flow speed.
of local helicities. Only the global form of helicity is safe These examples represent aspects of qualitative agreement
from topology changes. However, even then it is not assurebetween the theory and experiment. A more detailed, quan-
that a global helicity will be robust in the presence of non-titative confirmation awaits future work. The paper con-
linear turbulence. Consideration of this question calls for acludes(Sec. V) with a discussion.
quasilinear analysis of wave processes with which tests of
invariance can be mad&ec. Il A). Here we introduce the || INVARIANTS OF ONE- AND TWO-SPECIES
electromechanical coupling operators as devices for expresstAGNETOFLUIDS
ing the fluid-field coupling. A selection takes place on the
basis of the wave energy: this selection is not only betwee
like waves with a different wave number, but also between  The global invariance was shown for the magnetic
waves of different type. The energetically favorable wavehelicity,!***the kineti¢® and cross helicitie¥'®and the ion
type in a two-fluid is theR wave (whistler wave in the higher self-helicity’52in the ideal(dissipationlesscase. However,
frequency range We apply each of three ruggedness testsglobal invariants must have a local basis, i.e., global invari-
inverse cascadéSec. lll B), which is necessary for relax- ance must spring from some principle of the local evolution
ation toward larger-scale objectglective decagSec. Il O, of a particular quadratic quantityfor example, a local basis

ﬁ\. Helicity transport equations
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hasnot been established for the frigidify). Note that “lo-
cal” is a two-dimensional designation since it applies to in- “lines of force”
tegral curves in three-dimensional space. The equation gov- tangential to

erning the evolution of a local helicity has been called the Qi = VxPj
helicity transport equatiol. Such equations have been Z‘;’:,‘gfaﬁ;ed
found for the kinetic helicit}® and the magnetic helicitly/~*° focal self helicity vortex lines
Here we present the first derivation of the transport equations j drP -,

bamdle

for the self-helicities. To clarify the distinction between the
MHD and the two-fluid model we adopt the following ap-
proach:(a) begin from a multispecies magnetofluid paradigm
in a form that explicitly shows the electromechanical cou-
pling force;(b) derive expressions for the evolution of vector
quantities referenced to a particular speciég; combine
these into suitable quadratic invariangselicity transport
equationg and finally(d) find local and global invariants in
the dissipationless case for both MHD and a multispecies
magnetofluid. whereR,, is the friction force density. The companion equa-
The starting point is the multispecies magnetofluid de-+tion governinge,=Vxu,, the fluid vorticity, is found as
scription (originally suggested by Sudth where each pres- follows: expand the convective term in the total derivative
sure is scalar and a function of the densfiy=p,(n,), i.e.,  D_,u,/Dt using the identityu- Vu=V (u?/2)—ux(Vxu);
the barotropic assumption. We will arrange the basic equatake the curl of the resulting equation; augmeéas,, /Jt to
tions (Maxwell's equations, equations of motjoin forms  construct the total derivative; ad@, times a form of the
that (a) reference the evolution to a particular species bycontinuity equation; and simplify with the identity,
using the total derivativeD ,/Dt=4d/dt+u,-V (following  Vx(u,Xw®,)=u,V-w,—®,V-u,+®, Vu,—u, Vo,
Moffatt'®); and (b) replace the electric field in favor of the recognizingV- w,=0. Then
Lorentz force on a particle of species

convection

FIG. 1. Generalized vortex line and local self-helicity for ions.

F.=q,(E+u,xB/c), 3) mon %(&
a''a t

n =m,w, - Vu,+VXF,+VXx
o

Ra)
n )

whereE andB are the electric and magnetic fields, anés

the speed of light in vacuum. The Lorentz force is the elecfinally, consider a pair of equations that combine a fluid
tromechanical coupling force. Note that the simplified formgpecies and the fields to form the canonical momentum, and

of Ohm’s law for ideal MHD is simplyF;=0, i.e., no direct  jts companion the generalized vorticity, E&). The evolu-
electromechanical coupling between the field and ions.  tion of P, follows from combining q,/c

We express the evolution of fluid and field quantities as.[gq. (4)]+Eq. (6):
companion pairs of equations: the first in each pair expresses
the evolution of a vector quantity; and its companion ex- D_P, q,

presses the evolution of tloairl of that vector. Consider first Di ~ ¢ (UaXBFUa VA)=V(Mmh,+q.h)+ n—a
the electric field expressed in terms of the potentialgnd ?8)

¢: E= -V ¢—(1/c)dAldt. Modify this to construct the total
derivative(addu,- VA to both sides and replacé in favor  Its companion follows from combining q,/c

of the Lorentz force using Ed3). Then -[Eq. (5)]+Eq. (7):
DA c
—* +u.- — ——F .. D, [(Q, R,
ot ~UaXBHU, VA-CV¢ @ F. (4) N o n_>zga.Vua+v>< n_) 9

The companion field equation arises from Faraday’s law,

dBlgt=—cVXE. Augment this(as beforg¢ to express the This equation for the evolution &, is preferable to those

total derivative; subtracB times a form of the continuity ~derived earliet® in that it references the evolution to a par-
equation[(1/n,)D,n,/Dt=V-u,]; eliminateE by Eq.(3); ticular species. Equatio(®) implies that generalized vortex

and simplify with the identityVx(u,xB)=u,V-B—B lines convect with the species, as is illustrated for the ion
V.-u,+B-Vu,—u,- VB, recognizingV-B=0. Then fluid in Fig. 1. That the ion generalized vortex lines convect
D c with the ion fluid was suggested by Turrfefhe Appendix
n, — (_) =B-Vu,— — VXF,. (5) gives a proof of this for either species. Summarizing, we
Dt \n, Qo have three pairs of equatiofi§gs. (4)—(9)] governing the

Consider next the pair of equations for the fluid motion. Us-évolution of the quantitiesp, u,, andP, and their “spe-
ing the barotropic functionh,= fdp,/m,n,, the equation cific” curl forms B/n,, w,/n,, andQ,/n, (specific mean-

a’a

of motion for speciesy is ing per particle. [The third pair, Eqs(8) and (9), are lin-
early dependent on the other twin each case the evolution
D.u R . . : .
m, —2%— _mvVh +F +—-% (6) is referenced to a species using the total derivative. In two
¢ Dt YN, pairs the electromechanical couplifigorentz force F,) ap-
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pears explicitly. Significantly, in the third palt, is absent, D, [P, €, 1 5
suggesting thaP, andQ,/n, express the natural fluid-field N B¢ n, =V Uy Py— 5 Mol ™ MaNg
coupling.

The next step is to combine these equations to find ex- —q ¢)Q _p x&

pressions for quadratic elements, the local helicities, which “« “ % n, o

are candidates for invariance. The specific forms of these are (13)

u,-w,/n, (kinetic helicity); A-B/n, (magnetic helicity,

u,-B/n, (cross helicity; andP,,- Q,/n, (self-helicity). The  Physically, the self-helicities represent a measure of the self-

results might be called helicity transport equatidhshich  linkage, or knottedness, of the generalized vortigium-

have been derived for the kineﬁ%,magnetié;oll7_lg and mariZing, we have four hellClty transport equations, Eqs

cross helicities® The kinetic helicity transport equation (10)—(13). Each references the evolution to a particular spe-

arises as follows: construeb,-[Eq. (6)]+u,-[Eq. (7)]; cies using the total derivative. Each right side is the sum of a

simplify with the identityu, - (e, Vu,)=w,-Vu?/2; and divergence term, and force terms for the frictioR,(n,)

“integrate by parts” the VxF,, Vx(R,/n,), and w, and the electromechanical couplifg. In the event that the

-V(---) terms. Then divergence operates on a scalar times a vector, then the vec-
tors define integral curves or “lines of force” associated
with the helicity.

R,
+2Q, -
n

m,N, —=; =V m,| -—h,|w,+u,xF
Dt ng “2 e e e B. Local and global invariance concepts
R, 1. Local invariance
+— Xu,|+2u, - VXF . . . .
n, ¢ “ “ With the helicity transport equations in hand we can now

address the concept of local invariance in the “ideal” case
&) (10) (R,=0). Local invariance is related to families of integral

curves defined by the divergence terms in the helicity trans-
port equations, Eqs(11)—(13). Consider the local self-
The magnetic helicity transport equation is found as follows:N€licity. Define a volume defined as a tube of generalized
construct B-[Eq. (4)]+A-[Eq. (5)]; simplify with the vorticity (bgndle of ggnerallzed vorticity lingsso that at its
identity A- (B-Vu,)=B-V(u,-A)—B-(u,-VA): integrate surfaceQ,, is tangential to the surface. Suppose further that

by parts on théV xF, andB- V(- -+) terms, recognizing that the bundle nowhere intercepts the system boundary. Inte-
V.B=0. Then “ grate Eq. (13) over this volume. From continuity,

D,(n,d7)/Dt=0, so the left side becomesl/dt)[drP,,
-Q,, which is the rate of change of the “local” helicity

+2u,- VX

a

o D, (A.B) — V.| (co—u, A)B+ iAxFa associated with the bundle. The right sileith R,=0) i§
Dt\ n, d, the integral of the divergence of a vector tangentialXp;
using Gauss'’s theorem this converts to a surface integral
—22 A-VXF,. (12) J(--)Q,-dS, wheredS is an incremental area element on
Udo the surface of the bundle. Sin€®, is tangential to the sur-

face, thenQ,-dS=0, and the surface integral vanishes.

The cross helicity transport equation is found as follows: T herefore, the local helicity associated with the bundle of

constructm,u,-[Eq. (5)]+B-[Eq. (6)]; and integrate by ~9eneralized vorticity is constant:

parts theVxF, andB-V(---) terms. Then c?
(Ko bundi= =—= f drP,- Q,=const. (14
8mq%, Joundie
2
mon & (Ua'B):V {m (E—h B+ U.XF This concept of local invariance is illustrated for the ion fluid
Dt on, “\2 « in Fig. 1. The constancy ofK,)punaie IMplies that the local
c QA ion self-helicity is “frozen in” a bundle of generalized vor-
+—F,|V ( i _maua) tex lines® Note that if a field line is ergodic it fills up a
O ¢ surface; in this case local invariance is associated with sur-
R faces rather than lines. The electron self-helicity is similar
+B- n—“ (12 except that it is frozen to generalized electron vortex lines
“ and convects with the electron fluid. Consider next MHD,

which is the reduced case for a single fluid=i). Here the
The transport equations for the self-helicities are found asimplified form of Ohm’s law is=;=0. Then in each of the
follows: constructQ,-[Eq. (8)]+P,-[Eqg. (9)]; simplify  transport equations for the three simple helicifiegs.(10)—
with the identityP,-(€,-Vu,)=Q,-V(P,-u,)—Q,-(u, (12)], the right sides become divergences of a scalar times
-VP,); substitute P,=m,u,+qg,A/c; expand u,-Vu, the vector which defines the lines of force. By the same
=Vu§/2— u,XVu,; and integrate by parts on th&, procedures as before it follows that the local helicities asso-
-V(--+) and (VxP,)-R, terms. Then ciated with the respective bundles is constant.

Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



Phys. Plasmas, Vol. 5, No. 7, July 1998 L. C. Steinhauer and A. Ishida 2613

2. Circulation theorems through the boundary,-A=0, then €,), will always re-
The local helicities are closely related to the concept ofmain zero in the idealfrictionles9 case. This is proved us-

circulation. Define the generalized circulation of speciess  ing thenormal component of Eq(9) divided byn, . For no
normal flow the left side is)[ (Q,),/n,]/dt. Initially both
I',(Co )= f# P,-dx, (15 Q./n, and u, only have tangential components at the
“ Ca, boundary, the right side vanishes. Therefofk, ), /n, will
not change from its initial zero value. The introduction of
. . _ . dissipation affects the preservation of the helicities not only
volume enclosing a specified bundle of generalized vorticity,; 1o boundary but throughout the region. Whetdgr(and
lines, anddx is an incremental length vector alor(gﬂa. in MHD, Ky, Ky, K,) are adequately preserved in the
The rate of changell',/dt is then the integral of two \eakly dissipative case is taken up in the next section.
terms, D P, /Dt [given by Eq.(8), taking R,=0 in the
ideal cas¢ and P,-(D,/Dt)dx. In the latter expandP,
=m,u,+q,Alc and use D,/Dt)dx=dx-Vu,. Then with  |Il. RUGGEDNESS OF INVARIANTS IN TURBULENT
the identity, V(u-A)=ux(VxA)+AX(VXu)+u-VA MAGNETOFLUIDS
+(Vu)-A, the rate of change simplifies to

dr',(Cq,)
dt

WhereCQa is a closed curve lying entirely within the system

A. Electromechanical coupling

In order for helicity invariants to play a role in defining
relaxed states, they must bagged i.e., in a relaxation they
must be more durable than the magnetofluid energy, which is
=0. (16)  the sum of flow kinetic, magnetic, and electrostatic

H ,7,10,21
The vanishing is the result of integrating a gradient of aenergies:
well-behaved function around a closed loop. Thus in the (1 B2 EZ2
dr| =

1
= dx~V<ua-A—maha+—maui—qm)
CQu: 2

ideal case the generalized circulation associated with a curve  Wmi= > E mananJf 8 + 8l (17
convecting with speciea is constant. In ideal MHD, a simi- “

lar procedure shows the invariance of the associated circul@ccordingly, a useful relaxation theory rests on three re-
tions, I'c(C,) =$¢ dx-u, I'x(Cg) =$c dx-u, andl'(Cg) quirements, which might be called “ruggedness tests” for
=§c dx-A, where C,, Cg are closed curves enclosing the inv_ariants:(l) inverse cascade_the “direction” of the
specified bundles of fluid vorticity and magnetic field lines, relaxation mu_sF be_z tow_ard larger size structuesselective
respectively. Note that the integrandsIaf and T’y are the decay the helicity invariant must decay more slowly than the

: ; ; : .. magnetofluid energy; an@) stability to resistive modeshe
same, but are integrated on curves with a different Identlty'heli%ity must be stgzle tr:() r)esistiveymodes T tieme scale

for topology change must be faster than that for change in

i ) the helicity. These three tests have previously been applied
In the ideal case the lines of force cannot break or coaz, the magnetic helicit§:2-23 Applying these to the self-

lesce so that their topological properties, e.g., their helicitiesygjicities is more difficult sincéunlike with K ), the fluid-

are preservefiHowever, real plasmas are not perfectly ideal,fg|q coupling cannot be ignored. For this we adopt the well-
having fricfcional fo_rc_es,Ra arising from the resistivitys,  known paradigm of quasilinear theory, i.e., that the
and viscosity coefficient. Unfortunately the convergence is grequencies and responses of linear theory are retained even
nonuniform so that the ideal case,('=0) leads to mark-  hoygh some waves will grow to nonlinear amplitudes. We
edly dlfferezngzgesults than the weakly dissipative cd8e 45y the three tests of ruggedness in Secs. Il B, C, and D.
#7, v<1).">“Indeed, asy,v—0 the regions over which 5+ ‘analysis ignores electron inertia, which excludes high-
dissipation acts merely get smaller and the gradients COMMrequency phenomeri@lasma frequency, electron cyclotron
spondingly large: the rate at which lines of force reconnechequency and assures quasineutrality,=n,=n, and also
does not decrease as fastag, and may not decrease atall. ,5kes the electrostatic energy densE#8m, negligible.
Reconnection causes the individual lines of force to 10S8ygreafter we use the subscriptande to refer to ions and

their identity™’ electrons, when expressions are used that specifically apply
to one species but not the other. These simplifications are
identical to what is known amcompressible Hall MHG*
Reconnections juggle helicity information between the  The fluid medium and the fields are combined in the
lines of force. However, for proper surface conditidis, magnetofluid energy and in some of the helicities. The first
andu, not intersecting the boundarthen the global helicity step then is to establish the fluid-field coupling. All perturbed
K,~ /P, Q.,d7remains the same, i.e., the global invariancequantities are Fourier analyzed: e.gi,—U, exp(k-r
is independent of interior topological changes. This follows—iwt), wherew andk are the frequency and wave vector of
by a procedure analogous to that which led to Bdl) ex- a mode. For simplicity we regatdas a continuous variable;
cept using the system volume rather than the “bundle” vol-in a real system with bounded geometkyassumes discrete
ume. Then global invariance relies on the vanishing normavalues, the smallest of which is set by the system %fZe.
component ,),=€Q,-n at the boundary. Ifinitially Consider for now a nondrifting, cold, magnetized plasma.
(Q,),=0 everywhere on the boundary, and there is no flowThe equations of motion in terms of the vector potential are

3. Failure of local invariance

4. Global invariance
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m,U,= I(|qa|/c)z\ii(wca/w)maﬁaxb, (18  9enerally holds in fusion-relevant plasmas. Evidently, when
high-frequency phenomena are excluded, the natural length

where the gyrofrequenciesic,=[d./Bo/m,c, are positive (a5 shown by Turnéy and frequency scales atgand ,, ,
numbers; the uppeifower) signs denote iongelectrong; b regpectively.

=B,/B,, and the subscript 0 denotes the ambient quantity.

The mechanical response to the fields can be expressed using )

an electromechanical coupling operaidy: 2."Mechanical responses

In the parallel case the frequen@pr R and L waveyis

L= -+ / 2
These are more useful than the conventional dielectric @l oci =Kl =Klc/2+ 1+ (kle)%/4]

function?® €, since they distinguish the mechanical re-and the mechanical responses are
sponses of each species. Suppose that the equilibrium mag-

Mly= Go- (QLA/C). (19)

netic field is in thez direction. Then m_g:& eA 273
U ltwlog €
Ta1 [ 042 0 ~
- . - eA
Tg,=| — 1042 Oa1 0 , (20) MU= + ,ufl(w/wci) T . (27b)
0 0o -1 -
where The base vector in the parallel calfeom Eq. (24)] is A
=(x=iy)A/v2, and has the property that will be useful later:
22 2 - ~ ~
a1 = 0 (w5 07, (213 ik-(AXA*) =2 kA2, (29
_ 2 2
T02= T el (0g,— ©). 210 por kl.<1 the responses are Alfweike, while for kl.>1
Retaining the mass ratjp=m, /m,>1 as a parameter, these they are the whistlefR) and ion-cyclotron(L) waves. The
elements are familiar MHD model assumes that the very low frequency
5 _— behavior,w/ w;;=kl;, holds for all ranges ok. Note that
oi1= (0l o) o= (0 o) T1— (0l (228 since | wei=va0=Bo/(4mming) 2 (Alfvén speed this is
= (ol O N PRY 290 equivalent tow=kv . Thus the MHD model properly rep-
Te1 (0l gi) 0o~ p (@l wg) (220 resents low-frequency, lok-phenomenaw<w.;, corre-
1. Dispersion relation sponding tokl.<1). It cannot, however, be expected to de-

Ampere’s law with current densityj,=2q,n,u,, and scribe the higtk behavior.

the gaugep=0 becomes

mi. - 3. Two-fluid energy and helicities

9. tZ A (23 The Fourier-transformed magnetofluid energy for the
“ low-frequency model is

—kx(kxA)=2 02,

In terms of the electromechanical coupling operdig.
S ~ 1 ~ 1 -
(19)] this is Wini=g— [k xA|2+ T |G- A% (29)
2 2 c
~ - w ~
—kx(kxA)= — [T+ P2z LA, (24)  This compares with the result from the rigorous procedure
¢ a @ using the dielectric functiof® modified to express the cou-

wherew,, = (4mq%n,0/m,)*/? are the plasma frequencies forPling operators:

a=i,e. The term in square brackets is the familiar dielectric 1 (w2
function, €. Note that unlikee, the coupling operators-, Wiy=—— 1 —5 A%+ |k xA|?
distinguish the responses of each species. Equéfidgncan 8w |C
be expressed as a matrix tim&sequals zero: the vanishing 2 d (&
. L . . : ® ~ Oo\| -~
determinant of that matrix is the dispersion relation. Con- +— E w,zmA*' — (_) AL (30)
sider two limiting cases when theis either parallel or per- C” a do | @

pendicular to the ambient field. Then the dispersion reIationsrhe three terms represent the electric, magnetic, and fluid

are effects. A tedious but straightforward analysis shows that

parallel (klib): (kl.)?=(w/w:)[1* w/w] ™t (25 excluding high-frequency phenomegreegligible electric en-
ergy) reduces this to Eq29). Using the ion momentufEq.

perpendicular(kLb):  (kl.)?=(w/w¢)?. 26)  (273]:
Herel.=c/w; is the collisionless skin depth. In the parallel _ wlog |21 A2
case the upper and lower signs represent right and left polar- W= (m) |—2+ k? Fpe (31
- Cl C

ized (R,L) waves. In the perpendicular case the second root
has high frequencyapproaching infinity foru—) thus is  The upper sign applies to the R wave, and the lower sign
excluded from this treatment. In deriving E¢85) and(26)  applies to the L wave and the magnetosonic wave. The
we assumedv,;/wc~0 (Alfven speed/speed of lightas  Fourier-transformed self-helicity is
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2

-
(=]
Q
o

~ L
Ka_4ﬂ_qi Ik (Paxpa)' (32) (A) Qoef
; . ¥ S
Using Eq.(2) and the mechanical responses, EG3g and 2 T 5\‘}
(27b and noting the property of the base vectors, &), 6 S e
the self-helicities become € + o
% o
~ K A2 u N &~
. R i o1k g
parallel: K; Az wlo)? 4n (333 5 w
W
_ St
= _— @)
Ke=k an’ (33b g ?\@
perpendicular: Ri=Re=0. (39
Observe that the magnetosonic wave carries self-helicity. 0 °°g 0 o , '
4. MHD energy and helicities < 30 .
MHD corresponds to the limi/w.;<1. Then its mag- g 1o ®
netofluid energy and helicities are e
< z T
W= 2k? —, (359 I
" 8m 5 oal S
K = kA2 ®0.03 ' l !
Km=kA%, (35D 0 0.03 0.1 1 10 30
K, =k2(e/m,c)A?, (350 WAVE NUMBER, k¢
sz k3(e/mic)2,z\2. (350 FIG. 2. Wave energyA) and self-helicitiegB) for a two-fluid. The nor-

malizations aréA|%/16ml2 (energy and|A|%/4xl (self-helicities.
Although the self-helicities are not invariant in MHD, it is
instructive (as well be shownto show their forms:

Ki=k(1+Kkl,)2A%/ 4, (363

~ ~ cs. Then the phase velocity of the magnetoacoustic wave

Ke=kA%/4. (36D i creases tas/k= (c2+v3)*2 and a new wavéslow wave

The spectral dependences of the energies and helicitiegppears with phase velocity between and vace/(c?
for these waves are shown in Fig(&vo-species magnetof- +y3)'2 depending on the direction ok. Since c
luid) and Fig. 3(MHD). Table Il shows their limiting trends = (3/2)Y% , (B is the ratio of the pressure to the magnetic
for low k (kl;<1) and highk (klc>1). In a two-species pressurgthe lower-frequency slow wave has a stronger ion
magnetofluid[Fig. 2a)] the magnetofiuid energies of the response fog<1. In any case, warm plasma effects slightly
three waves are roughly the same for lewbut the R wave  mqgify the waves of the cold-plasma approximation and in-
is the energetically favorablgowest energywave for high  qquce a new wave with similar properties. Having estab-

k. The selection of the R wavgwhistler” for k>1I¢) asthe |ished the fluid-field coupling, we can now test the rugged-
energetically favorable wave is consistent with results from,oq< of the global invariants.

numerical simulatiorf$ that show the whistler as the active
wave in two-fluid reconnection. For low there is an equi-
partition between the magnetic and kinetic energies, while at
high k, the magnetic energy dominates in the favored wave.

Further, the ion helicity is mainly carried by lok modes, 30
sinceK; is very small at highk (in the favored wave In o or ‘\é\@ s
MHD (Fig. 3) the magnetofluid energy is not shown because & (\,,e\"/
it is identical to the lowk behavior in Fig. 2 extended to all S 1 /\°/
k. Thus in MHD the energy equipartition holds for &ll The g // <
three MHD helicities(magnetic, cross,~kinet)ichave power- 01 éo‘*" 4§
law scalings withk [Eq. (35)]. However K; differs from low 0.03 . ; :
highk; this will prove significant in considering cascades ” o1 ! 10 %0
to highk; p g g - WAVE NUMBER, k¢,

The foregoing treatment assumed a nondrifting and cold
plasma. Addlng d”fts mtroduces a Doppler shift of the fre- FIG. 3. Helicities in MHD. The normalizations am\2/4wlc (magnetig,
quency and corrections mal_nly at small wave numbers. Addre/m c)|A[2/12 (cross, (e/mc)2|A|%/13 (kinetic), and|A|%/4xl . (ion self-
ing “warm” plasma effects introduces a finite sound speedhelicity).
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TABLE II. Limiting behavior of waves.

Two-species fluid Lowk(kl.<1) High k(kl.>1)
Frequency, energy ol wg;, 8TWpn /| A2 wlwg, 8TWoy/|A|2
R wave ;) kl,, 2k (k102 K1+ (k) ~®]
L wave (k) ke, 2Kk? 1-(kl) 72, k42
Energy partition W,~1 Wp~1
(87WI|A|?) Wi~1 W;~0
Self-helicities(R wave K~k K;~0
(87K, /|A?) K~k Ke~k
MHD
Frequency, energy wlwg; , 8T Wiy /|A|? wlog , 8TWi/|Al?
Alfvén wave ) klg, 2k? same as lovk
Helicities (8wK/|A|?) _
Magnetic K=k same as lovk
Cross K =k3(v5/Bg) same as lovk
Kinetic Ke=k3(va/By)? same as lovk
(lon self Ki~k Ki~k312
B. Inverse cascade [Eqg. (36@]. Thus a two-fluid simulation should exhibit rug-

An inverse cascade of helicity is its evolution towardsged Ki, but an MHD simulation may completely miss this
small wave numbers leading to the generation of a Iargeproperty.
scale magnetofluid object. In a relaxing plasma this is a non-
linear process involving two kinds of wave interactions: be- )
tween waves of different types and between waves of th&- Selective decay
same type but differerk. Whether the evolution is toward The second test of ruggednesséective deca}articu-
larger or smaller scale objects depends on the energy angted by Montgomery and associg®¥ and Taylor® In the
helicity content of waves. In the previous section we ob-presence of weak dissipation, is a particular helicitgre
served that the R-wave has the lowest energy at a given invariant than the magnetofluid energy? This can be ap-
thus this wave type is energetically favored. Here we conproached either by a spectral argument or by comparison of
sider interactions between waves of the same type, applyingctual decay rates. The former arises from the inequality
a thgorem based on the spectral properties of the energy a%alogous to Eq37): \7me is proportional to a higher power
helicity. If they satisfy the inequality of k thanK , so that its spectrum should peak at a higker

= - Since dissipation is stronger at highler(smaller scalgthe
W(k)=kK(k) (87 magnetofluid energy should be dissipated faster than either
then the simultaneous transfer of both energy and helicity tself-helicity. Indeed this tendency is accentuatedKpibe-
small scales is impossible, and @versecascade of both cause of its smallness at high
helicity and energy is allowed. This was proved using ideal = The second form of the selective decay argument com-
triad wave interactions for two-dimensional Navier—Stokespares the decay rates of the magnetofluid energy and the
flows?® and ideal MHD?* (See also Ref. 1In a two-fluid  self-helicities. The evolution of the specific self-helicity is
we established the inequalitiq. (37)] for Wi, with bothK;  given by Eq.(13). The specific friction force,

andRe (Fig. 2, Table 1). Therefore both self-helicities pass R V.10
the inverse cascade test. This argument contradicts a sugges- n—a= —,7it+ = z (38
tion elsewherdp. 134 of Ref. T thatK; is unlikely to sur- « “«

vive because small-scale fluctuations will affect it quite dif-includes both resistivity;y=m,/e?n7z, (7,=electron colli-

ferently from K. While the two k dependences_differ sion timg, and the viscous stress tensbl, . Here we as-

significantly[Fig. 2(b)], they do so in a way that showg to ~ sume a simplified form of the viscous stresg,-II,

be even more rugged since it becomes quite small for kigh =~ v.V?U,, wherev,, is the viscosity coefficient. Multiplying
Returning to MHD, the Frisch argument assuredbes  Ed. (13) by c?/4mg? and integrating over the system volume

not applyto the cross and kinetic helicities sintsee Fig. 3, gives the decay of the global self-helicities:

Table Il) they do not satisfy the inequalif§eq. (37)]. For the c2

cross helicity no cascade is anticipated, and for the kinetic d_taz by f drQ,-

helicity a normal cascadetoward higher K is anticipated Tla

since the inequality iseversed Note, with respect t&; , the  The decay of the magnetofluid energy includes resistive and

Frisch inequality{Eq. (37)] only applies forlow k in MHD  viscous dissipation terms:

s e g2
Ao+~ VU, | (39)
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relatively thin reconnection layers, which occupy a small
fraction of the system volume. Topology chan@esconnec-
tions) are “rapid” if they occur at the ratels/dt~ % with

Hereafter we neglect the electron viscosity since it is smallei-<1 (i is the magnetic flux at the point of the singular
by the mass ratio. The ion viscosity is related to the resistiviayer). Both the Sweet—Parkers1/2) and Petscheko(

ity in a simple way,
(41)

where B,=8xnkT;/B? and u,=m;7./me7; is a modified
mass ratio: forT;=T,, w,=(mi/2me)*?~40 for deuterons.
For shear viscosity, the form;V2u; only holds for V

<1lp; wherep;=c(mKkT;,)Y¥eB=I.(5/2)"? is the ion gy-

vi= ., mnB;nc’/8m,

roradius; therefore the shear stress has the approximate upper dt - f droj-B~ nfgdxl~ 7

bound,|v;, Vui|<w;,|u;|/p;. Similarly for the parallel vis-
cosity, the formy;V2u; only holds forV<1/\;, where\;

=(kT;/m;)¥27 is the ion mean free path; therefore the par-

allel viscosity has the upper boungly; Vu;|<v;|u;|/\;.

Note that accounting for the anisotropy of the ion viscosity

coefficient, the two upper bounds are the samelu;|/p;
~ vy |uil/X; .

Now consider largek (kl.>1) reflecting the range

where significant dissipation is expected. The linkits 1/

=0) scalings represent “rapid” reconnection. If the change
in an invariant has the scalirt/dt« 5, then it is “stable”

to resistive modes, i.e., it is invariant on the time scale of the
topology change. This holds for the magnetic helicKy,,

as follows

dK,,
(45

wherex is the coordinate across the thin singular layer of
thicknessé. The same argument can be extended to the self-
helicities, in particular the ion self-helicity, for which the rate
of chang€from Eq.(39)] is

dKi _ C2

J’d . ViVZUi BLV m;Cu;
at ame ) O\ Ten PV T )

(46)

andk>1/p; are roughly equivalent, so that the upper boundwhere; is the viscosity. Consider the additional terms ap-
on the viscous stress applies. Further, we use the perturb@garing in the two factors of Eq46) compared with Eq.

magnetic field in the singular layeB=ik XA, as the pri-
mary field quantity. Then the rates of change are

(45). In the first factoryj is augmented by the viscous term
(v;/en)V2u;, the magnitude of which can be estimated. Ex-

pressv; /n~m¥’m_ g, c?/8x; introduce the bound on the

dK. /dt~K 77_(32@ (42) viscous stres$V2u;|<|u;|/pZ; and employ the higtk- ion

© 4 8w’ responseu;~ —eA/m;c. Further, 4rrj/c=ikaB~k§A, SO
2 1S12 thatA~47rj/Ck§Z (herekg is the inverse length scale associ-

e 1C ﬂ M7 ated with the reconnection layer thickngssinally with the
dK;/dt~k 2+ >, 43 ) 2 2 ) ; o
41 8 kg identity, B;/2p;7=1/;, these expressions combine to simpli-

~ fy the viscous stress term: |(v;/en)VZy|

7c? |BJ? Hr <(m;/mg)Y(kgl o) “27lj|. For thin singular layergspecifi-

AW /dt~k? —— —— [ 1+ 5| (44) i1Me) “AKRlc) - n sing yerssp

47 8w kele cally, kgl .>(m; /my)~"*~8) the viscous stress term is com-

SEarable to or less than the basic temm. In the square-
rackets factor of Eq(46): B is augmented by a vorticity
term VX (m;cu;/e). With u;~—eA/m;c as before, this is
Vx(micu;/e)=~VxA=~B, i.e., it is comparable to the basic
term. Concluding that since the additional terms in the ion

be dissipated more strongly than either self-helicity in thinse'f'he",City are comparable to the terms appearing in the
reconnection layers, i.e., the self-helicities are “rugged.” magnetic helicity, 't. follows[frqm Eq. (45)] that dK; /dt
In the foregoing selective decay argument note the im-~ 7 also. Thus the ion self-helicity should also be stable to

portance of two factors that apply in singular laygs: the resistive modes.

viscous force is bounded v;, |u;|/p; rather than the much

larger “standard formula’y;, |u;|k; and(2) the ion velocity

takes thehighk behaviorli;~k~*(eB/mic), rather than the V. EQUATIONS OF RELAXED-STATE EQUILIBRIA

MHD-like uj~I.(eB/mic). If these two factors were ig- A Minimization principal: Euler equations

nored[p. 134 of Ref. 7, then the decays proportionalities _ o
would bedK; /dteck®, anddW,,/dteck?. Then selective de- The theory of relaxation postulates that a weakly dissi-
cay would preferentially dissipate the ion helicity, just as itPative system approaches the maximal-entropy state of the

. .. . . .. . H el H 6,20 :
preferentially dissipates the kinetic helicity in a pure fifid. ideal (nondissipative systgnﬁ An essential element of
such theories is the adoption of constraints. We have already

discussed invariant helicities at length. Beside these, a closed
system also has invariant total energy, mass, and a global

Arguments for the ruggedness of the magnetic helicitymomentum invarianfsupposing a symmetric boundanAn
based on relative time scales has been advanced by Paakernative approach to finding relaxed states is energy mini-
et al? and more recently by Edenstrasser and Ka$ab.mization. This minimizes the organized energy form, i.e., the
Park addressed the decay of magnetic helicity that occurs imagnetofluid energyV,,; rather than the total enerdgwhich

The u , terms represents the viscosity, while the other term i
the resistivity. Althoughu ,~40, it is clear that the predomi-
nant decay scalings ardK,/dtck, and dW,/dtek?.
These are the same proportionalities observed by Tairor
comparing the decays &, andW,,. Thus the energy will

D. Stability to resistive modes
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is conserved in a closed systerihese two approaches are B. Bernoulli equation
compared and found partially interchangeable.

Th imal ent tate is found by th iational The presence of invariants linking the field and fluid
€ Eﬂgﬁma entropy state 1s tound by the vanationale|ements allows the existence of finite pressure in the relaxed

principle, staté'1>1® and was demonstrated for the ion helicity by
8S— W= M — V6L — N\ 0K;—N0Ko=0.  (47) Turner® The pressure is found using the steady equation of
) ] motion,>m,n,u,-Vu,=Vp+=(g,n,u,/c)xB. This can
HereS= [d7n In(p/n) is the entropywherep is the sum of e placed in an equivalent containing the generalized vortic-

Lagrange multipliers associated with the total energy,

=W+ fd7mp/(y—1); massM=[dr=m,n,; global mo- Vp/n+V
mentum, L,=fd7=m,n,u,-q; and self-helicities, respec-
tively. Observe that the total energy is the sum of the Ofgar - o relaxed state this simplifies further: expandVu;
nized (magneti¢flow) and disorganizedtherma) forms. using a vector identity and replacj:eren(u-—.u ) from qu
The vectorg in the momentum depends on the symmetry:(49) Then assuming massless eIectronsl © '
for an axisymmetric boundargconserved angular momen- '

tum), g=r6; and for a “cylindrical” boundary with an ig- Vp V(U-Z) Vé E Uy Xq

|
norable coordinatez), q=2z. The minimum energy state is mn 2 + 2|§ R W
%?,9,14

> muu3/2

=> u,xQ,. (51)

0. (52
found by the variational principl o . o )
This is a Bernoulli equation in that it relates the pressure to
W=V 0Lg— N 5K =\ ;8Ke=0, (48 the flow velocity without reference to the magnetic figid®
Then pressure gradients are maintained only by the Bernoulli
effect, and the only coupling to the magnetic field is through
the flow velocity. Further, Eq52) is an exact derivative and
can be integrated as follows. For a barotropic plagma
=p(n), see Eq.(6)] with h,=fdp,/n, the first term is
Vh,/m;. The third term can be simplified by recognizing
that stream functions),, , must exist because of continuity.
For axisymmetry §=r 6), nu,=nu,z0+V ¢,X6/r, where
Uyg, @,=T(r,2); then the third term becomes
(ua—véq):z)\;(@/mi)ga_ (49) —Y[(V;Ianﬁ)Zzga/x;J, vyhile for linear symmetry
. . _ =2), nu,=nu,,z+Vi,xz, whereu,,, ¥,=f(x,y); and
These are consistent with Euler equations foundne third term is the same except replacesV),. Here we
elsewherf® although they account for features missing i”recognizemlzzconst Then Eq(52) can be integrated:
earlier éjerivations: electron inerttd; nonlélniform ambient ¢ ' '
density; recognition ofboth self-helicities; and conserved 219\ 272 r_
angular momenturf-® An advantage of the form in E@49) ; Mot miui/2—Vo(2metc )Ea: Val\y=const. (53
is the symmetric treatment of each species and the recog

tion of the natural length scalg=c/wp;. Thus in a relaxed fluid counterpart in that it is global, i.e., tlwnstantis glo-

state thg flow ve_Ic_)city of each _spgcies.is proportional to itSDal rather than a function of the particular streamline. Equa-
generalized vorticity: the velocity is shifted by the angular,[ion (53 suggests that finitg needs only a gradient af?
I

momentum constraint, and the Lagrange multipl@mstant T .
. . . . . rather than the more restrictive requirement of nonzero gen-
of proportionality plays a role like an eigenvalue. Taking : -
eralized vorticity?

the independent variatioA, gives Although the pressure is related to the velocity alone,
VXxB=(c/e)(2\{ Q;— 2\ Q). (50) this does not imply force-free states as observed elsevhere.
This is easily seen for an isothermal plasmh,
If the 2)\:190[ are eliminated Using E(ﬁ49) then this reduces :kTa In Pas with no g|oba| momentum constraint. Then
to the steady form of Ampere’s law. These three equationg, —const<exp(-mu?/2kT,) so that the pressurialls to-
[Eq. (49) with a=i,e, and Eq.(50)] are equivalent to results ard the plasma edge if the flow speed rises toward the edge.
from the same three variations applied to the entropy minihjs js the opposite of force-free MHD whefe.qg., for rigid
mization principle, and the Lagrange multipliers are relatedotatior centrifugal forces cause the pressureise toward
by M= —N,/n andVg=—Vy/7. the edge.
In the reduced case of MHD there is no ion helicity
invariant. This invariant can be dropped in the foregoing
formulation simply by setting the associated multipligr, V. EXAMPLE RELAXED EQUILIBRIA
to zero. Consequently Eq49 with a=i becomesuy;
=V(’]q. Recognizingj=en(u;—u,) and Vxqg=0, Eq. (49

whereVg, A/, \; are the Lagrange multipliers associated
with the global momentum, and self-helicities, respectively.

Evidently adding constraints modifies the resulting re-
laxed state; further, two invariant helicities fostes corre-
sponding Euler equatioridn terms of variations of the flow
and field variables ,u.,A) the entropy and energy prin-
ciples are equivalent. Taking independent variatiofis,
(a=i,e) gives

“his form of the Bernoulli equation differs from its pure-

A. Classification of relaxed states

with a=e then becomes®,B=(4x/c)j. This is the famil- The appeal of a relaxation theory is that the “relaxed”
iar equation for a force-free state, which is the relaxed statstate can be found given certain initial parameters alone, i.e.,
in MHD. the theory has predictive power. In this, the more general
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TABLE lll. Specifications that classify relaxed states.

Class of equilibrium K; Ke boundary density
(reference taWg) condition

Toroids

Tokamak small small speci i .

RFP 0 moderate s‘;ecffﬁz:::jz: c(l:;rzei::uc:gglsal)ty
Compact toroids

Spheromak 0 moderate Bioroiga™= 0 magnetic ‘

FRC 0 0 Boroiga=0 |- axis magnetic field

"separatrix"

multifluid theory is not fundamentally different from the 0
MHD theory, only more complex by having a multiple 0 minor radius coordinate 1 12
(M,W,L,,K;,Kg) rather than a singlel(,,) constraint. Con- 1 - - //
sequently, the variety of relaxed equilibria for a two-fluid is (ngi:m;)%/ v
much broader than for MHD. Each added constréag., »
K;) carries with it one new parameter, its Lagrange multiplier O ——
(e.g., \j). Relaxed states with invariant self-helicities have
been examined elsewh&f’ including an approach that ex- A

presses the solution in terms of eigenvecfortere, for the

sake O_f_ egample, we focus attention on two particular kind%IG. 4. Example of a relaxed-state FRC in a slab equilibrium. Other prop-

of equilibria, FRCs and tokamaks. erties of this exampleV,=0.30KT/m;)¥2 (consistent with_,=0); \;—o
The class of relaxed equilibrium depends on two typegconsistent withK;=0); \,=0.0008/., (consistent withK,=0); separatrix

of conditions: the values of invariants and the boundary condegszi;{l;T?r;/ ;‘10/2:_ Orfiﬁgr ig:jiugo\évarasrgzteedrs E}trd?;?gnetilc O4a>(<iistléé(r);|

iti i i il Y i) = sPi= 4.

referenced to the produetWg wherea is the nominal sys-

tem dimension(minor radiug and Wy is the magnetic en-

ergy. The four classes represent “pure” equilibria. Notdrical coordinate geometry are related to the sheet-pinch mi-

shown are intermediate states, e.g., between FRC amtbr radius as follows: major radiuR=2a; separatrix ra-

spheromak. Also not shown are other invariarii, {V,L ,) dius, r¢=\/8a; and minor radius coordinate=r?/R?>—1.

which are less important in determining the class of equilib-The external magnetic field satisfiagk T= ngll&r.

rium. Force-free equilibri#gRFP, spheromakare included in We have computed a representative relaxed FRC equi-

the range of relaxed stat€Bable Ill) but are well known and librium with the following assumptionda) It is a “pure”

not presented here. For simplicity we adopt simplified one+RC: K;=K =0. Further, it has no net global momentum,

dimensional geometries. The one-dimensional analogiek,=0; this assumption is insignificant in the sheet pinch

used here are the sheet pinch and the straighinch. The  which has no centrifugal effectb) The averages inside the

general equations governing relaxed states are BB,  separatrix is determined by tlaerageg condition, as if the

(50), (53), and the barotropic equatign= p(n). In addition  configuration had finite length: in a straight coil this condi-

to the invariants and boundary conditiofi&able 1ll) there tion relates(8) to the ratio of the separatrix to the magnetic

are regularity conditions, i.e., the poloidal magnetic field anccoil radius®® Here (8)=0.92 is chosen, which corresponds

flow speedgor their geometric analogigsmust vanish at the to a typical separatrix to coil radius ratio of 0(4) The mass

magnetic axis. inventory was chosen so as to give the radius parameter,

S, =rg¢/l,o=10 (rs=separatrix radius)., corresponds to

ng). (d) Uniform temperature is assumed. The structure of

this relaxed-state FRC is shown in Fig. 4. Here the relaxed
FRCs are typically an elongated compact toroid; therestate was extended outside the separdsystem boundajy

fore we adopt the sheet pinch analogy. Imagine that the magrhis example resembles laboratory FRCs in several respects:

netic surfaces are elongated infinitely, stretching the mag¢l) high B, with a nearly magnetic field-free cord?2)

netic axis into a neutral sheet; then “cut” the azimuthal longitudinal-magnetic field only(3) hollow current profile,

coordinate and unwind it to straighten out the neutral shedite., current density minimum at the magnetic aXi¢4) sig-

into a flat plane. This produces a slab equilibrium with onenificant rotational flow speeds; aiifl) a natural plasma edge

nonignorable coordinate. In Cartesian coordinatgsz are  with length scale comparable t, which is somewhat

analogous to the minor radiysonignorablg toroidal, and smaller than the plasma size. This edge arises naturally with-

poloidal coordinates, respectively, are-0 (neutral shegt out invoking outflow beyond the separatrix.

represents the magnetic axis. Since a strictly one- Although the example in Fig. 4 resembles laboratory

dimensional geometry has no magnetic separatrix, the defFRCs, there is a hidden size-scale difference between the

nition of the separatrix is arbitrary. We identify the separatrixtwo-fluid model and a more realistic model accounting for

as the system boundary. Size scales in the analogous cylifinite ion orbit size. This is obscured in the case of FRCs

B. FRC relaxed state
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(which haveB~ 1) because the ion gyroradius is comparable 2 -
to the natural length scalg,. In an FRC then, the two-fluid flow velocity v,(tor)
model should predict equilibria with length scales that differ 0 e
from that of a finite-gyroradius plasma only by factors of ve(pol)
order unity. This factor may be as much as 2—4 based on a -2 —
comparison of marginal stability conditions in a two-fluid 2 m——
and gyrofluid®? This discrepancy is somewhat larger in to- M
kamaks, as will be seen shortly. A further limitation of this 0 L g
simple example is the absence of field line curvature and - ja(pol)
toroidal effects. The interplay of adverse field line curvature _p_Surrent density
(an inescapable feature of FRCand the compensating ef- 25

gA (safety factor-aspect

fect of flow shear in a relaxed state calls for investigation. ”
ratio product)

C. Tokamak relaxed state

Tokamaks are stabilized against fast ideal modes by a
strong toroidal magnetic field, disabling the fast channel for density
relaxation. Even so a tokamak with a nonrelaxed equilibrium
is not a minimum energy state; it therefore has excess energy
available to drive a slower relaxation instability. Although o .
the plasma will attempt to relax toward the minimum energy 0 0.68 1
state, powerful profile modifying influencdésductive cur- \ .. minorradius, r
rent drive, neutral beams, radio-frequency current drare magnetic axis
likely to dominate. In the end, the relaxation tendency mayg|G. 5. Tokamak relaxed states. The reference scales are as in Fig. 4. The
take the form of a microinstability that drives anomalously specifications at the magnetic axis @g=p,/B%87=0.10,qoA=25 (g
rapid transport. Therefore even though relaxed states migfift the safety factor at the magnetic axis, see Ref, 83=0.6kT/m]**

; ol ; nd at the boundaryr&a), u,=0, p/py=0.4. Other specificationggA
not appear spontaneously in a tokamak, it is instructive t@zzs (magnetic axis 10 (system boundaly u;,—0.6(T)"? (magnetic

examine what they W0U|d look like. _ axis), 0 (boundary; current density profile with an axis/boundary ratio
For a roughly circular cross-section tokamak we adopt1/4.

the straight zpinch analogy. Imagine here that the toroid is

“cut” at a particular toroidal angle, and unwound to make a ) ) )

straight magnetic axis with circular magnetic surfaces. Thign@ Simply revert to classic4br neoclassical ,
produces a cylindrical equilibrium with one nonignorable co- ~ AS mentioned in discussing the FRC example, there is an
ordinate. In cylindrical coordinates, 6,z are analogous to 'gnored length scale in the simple two-fluid model, namely

the minor radius(the nonignorable poloidal, and toroidal the ion orbit size. This was not so important in the case of an
coordinates, respectively, and=0 is the magnetic axis. FRC because g8~ 1. However, in dow-S plasma the orbit

Again, since a strictly one-dimensional geometry has ngiZ€ i set by the smallgpoloida) field and can be much
magnetic separatrix, the definition of the separatrhinor  arger- In Fig. 5 the boundary radlus_ﬂtl??gsﬂ co, correspond-
radiug is arbitrary. The length of the magnetic axis in the "9 t0 2—4 cm at the observed densiti€s’The length scale

toroidal geometry then translates A, whereA is the as- correction is the ratio of the toroidal-to-poloidal magnetic
pect ratio anda is the minor radius. An example relaxed fi€lds (orbit size over gyroradiyswhich is ~10 in Fig. 5,
state is shown in Fig. 5Ref. 33. Again the boundary is then the boundary radius increases to 20—40 cm; this corre-

marked by a fiducial and the Euler equations were integratePOnds roughly with the observed 15-30 cm radii of the

beyond the system boundary. Observe the following fegreversed-shear core. The incorrect length scale may also be

tures: (1) reversed magnetic sheqA profile); (2) hollow resppnsible for the unrealistically large poloidal flows found

current profile; and3) high flow speed. While the param- " this example.

eters chosen for Fig. ee captiopare somewhat artificial,

a broad range of calculations shows that reversed magnet‘f@' DISCUSSION

shear and hollow current profile are natural features of We have presented a relaxation theory based on a two-

tokamak-like relaxed states. fluid model. This treatment encompasses a much broader
The example in Fig. 5 resembles the reverse-shear colieinge of relaxed states than the familiar theory based on the

recently created in two tokamaR&3 (In the example, the reduced case of MHD. In particular, it allows finite pressure,

system boundary is analogous to the boundary of the reversend predicts significantly sheared flows. Several issues need

shear region.The most striking feature of these tokamaks isfurther examination to place the two-fluid theory on a firmer

the spectacular reduction in transport rate in the reversedeoting. These are discussed here.

shear core. That the core may be in a relaxed state is axl

intriguing possible explanation: in a relaxed state, the free™

energy that drives microinstabilities and the attendant Extensive studies of the physics of relaxation have been

anomalous transport is simply absent. Therefore the transpotione using the MHD model, including recently, both

-

Relaxation physics
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analyticaf® and numerical approaches. However, one of that size differences are of order unity. The discrepancy is
the conclusions of our work is that the single-fluid paradigmeven larger in a tokamak where the orbit size is based on the
fails to capture the invariance of the ion self-helicity, which smaller of the two field components. Evidently, the two-fluid
is essential for the appearance of finite pressure and sheartdteory needs to be extended to include finite orbit effects.
flows. Evidently two-fluid analyses and simulations areOne approach might be to develop a relaxation theory based
needed. While some two-fluid simulations have been maden a gyroviscous two-fluid. Such a theory is necessary for a
these have not specifically addressed relaxation. Notablguantitative experimental confirmation of the theory.

though, a recent two-fluid simulation of reconnectiodis-

played an important feature predicted in our two-fluid theory,E. Effect on transport

namely that the whistler is the active wave in the high-
spectral range. The understanding of the relaxation woul%
also be facilitated by extending the MHD approacfiésto a ot
two fluid.

Both resistivity and viscosity play a role in dissipation.
h will drive a plasma away from a relaxed state and set
off a “correction” in the form of a relaxation that restores
the relaxed state. This synthesis of dissipative and relaxation
. processes may be a critical ingredient in understanding the
B. Stability anomalous transport in tokamaks and FRCs and needs criti-

Certainly there is th@xpectatiorthat two-fluid relaxed —cal examination.
states will have improved stability, and the hope that ideal
modes, at least, should be stabilized. If the pressure fallaACKNOWLEDGMENTS
(toward the edgeas the flow velocity increases, this may

stabilize ballooning mode§; and the improvement is most self-helicities as invariants, and also M. R. Brown, W. Park,

pronounced for configurations with closed magnetic fieIdM J. Schaffer, and the referee for helpful comments
lines®® Sheared flow was shown to have a strong stabilizing” = ’ '

effect on global modes in apinch:” An experiment to test oo\ 1y coNVECTION OF GENERALIZED VORTEX
this is presently being constructed by Shumlak and assoc|-

. . . . INES WITH THE FLUID
ates at the University of Washington. These expectations
need to be placed on a firmer basis, as has been done in the We prove here that generalized vortex lines convect with
reduced(MHD) model. There, a theorertfor nonflowing  the particular species. Suppose we choose a line that initially
MHD) has been found stating that maximal entropy assurets everywhere tangential to the local generalized vortex, i.e.,
stability to all ideal mode&® Also, a proof of the stability of Q,xdx=0 att=0, wheredx an increment of that line. Sup-
force-free states has been giVenA similar theorem is pose further that at time advances, that line convects with
needed that links stability to relaxed states of a two-fluid. Speciesx. The evolution of the quantitf2,, X dx on the mov-
ing line is determined by the total derivativd® ,(Q,
xdx)/Dt. Expand this; use Eq9); eliminate the density

o _ using continuityD ,n,/Dt=—-n,(V-u,); and use the kine-
The spectacular prediction of RFP evolution and strucmatic relationD ,(dx)/Dt=dx-Vu,. Then

ture was what catapulted the MHD relaxation theory into

prominencé® Similar achievements would advance the two- D a({2aXdX)/Dt=—(V-U,) QX dx—dxX(Q,-VU,)
fluid theory. This might include the following stepd) Find +Q,%(dx-Vu,). (A1)
a correlation between the predicted profiles in FRCs and ex- ) o )

perimental observations: this is analogous to the observatiofiPPly the obscure but easily verified identity,

of force-free profiles in RFPs and spheromas.Show that A x(B-VC)—Bx(A-VC)

a relaxation that preserves the self-helicities correlates with

anomalous magnetic flux dissipation observed in FRC =—VC-(AXB)+(AxB)V.-C (A2)

startup*? this is analogous to the observation of magneticiy the second and third terms on the right side of &dq.);

helicity conservation in the startup relaxation of RFPs anthne of the resulting terms cancels the first term on the right
spheromaks(3) Verify the spontaneous appearance of coun-sjje of Eq.(A1). This leaves

terflow in FRC startup as predicted by the two-fluid theory;

The authors thank R. N. Sudan who suggested to us the

C. Comparison with experiment

this would be analogous to the appearance of spontaneous D o(2,XdX)/Dt=—Vu,- (Q,xdx). (A3)

field reversal in RFPs. Therefore if the quantity2, xdx is initially zero on the line
composed of incrementix, then as that line convectaith

D. Finite orbit effects speciesa), ,xdx will remain zero. Thus the generalized

vorticity remains tangential to that line as it convects with

A barrier to quantitative confirmation between theorys eciesy, i.e., generalized vortex lines convect with the spe-
and experiment is an effect that is ignored in the two-fluid b €. g P
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