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Transient and quasisteady behavior with rotating magnetic field
current drive
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The time-dependent behavior of rotating magnetic field~RMF! current drive is investigated using a
two-fluid model. The important new factor is the addition of transverse ion mobility in contrast to
rigid-ion models of the past. The equations simplify conveniently, allowing the behavior on each
surface (r 5const) to be isolated, which permits a quadrature solution for the ion fluid rotation. A
rapid transient phase leads to quasisteady behavior that evolves on the relatively slow diffusion
timescale. The fast transient timescale is set by the ion inertia. Unless there is an ion momentum
source to balance the electron drag on the ion fluid, there is no quasisteady current drive effect.
Collisions with neutrals offer such a momentum source in some experiments, notably rotamaks and
the Star Thrust Experiment. Other sources of ion momentum are essential for RMF current drive in
hotter, fusion-relevant plasmas. The properties of the quasisteady state are found, including the
self-consistent ion fluid rotation rate and radial electric field, and RMF corrections on the pressure
balance. ©2001 American Institute of Physics.@DOI: 10.1063/1.1377613#
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I. INTRODUCTION

Rotating magnetic fields~RMFs! that penetrate the
plasma are a promising method by which to drive a ste
current in magnetic fusion systems. RMF can be genera
by simple antennas, operate at low frequency~,MHz!, and
may be very efficient because they drive current in the b
electrons. Steady field-reversed configuration~FRC!-like
plasmas have been formed and sustained by this me
~see, e.g., Refs. 1–5!. These experiments, commonly calle
‘‘rotamaks’’ produced nearly spherical, relatively cold pla
mas that were sustained as long as many msec. Currently
RMF driven facilities are in operation. The Star Thrust E
periment~STX! has somewhat higher RMF antenna pow
it forms FRCs that are more elongated than in previo
experiments.6 Another facility, the Translation, Confinemen
and Sustainment~TCS! Experiment, has recently been co
verted to include RMF antennas; there RMF current dr
will eventually be applied to a hot FRC initially created by
field-reversed theta pinch.7

The objective of this article is to investigate transie
RMF phenomena on intermediate timescales that are as
ated with the ion fluid inertia. These are faster than the
fusion time but slower than timescales associated with
electron inertia~plasma frequency, electron cyclotron fr
quency!. Intermediate frequencies are bracketed above
below by high- and low-frequency phenomena as shown
Table I, which shows conditions for the two active expe
ments as well as for a projected fusion plasma.~See Appen-
dix A for a listing of plasma parameters for these example!
There are seven or more orders of magnitude between
high- and low-frequency phenomena in which intermedi
timescale phenomena can take place.

Previous theoretical analyses made various reducing
sumptions that either exclude or strongly modify the int
3361070-664X/2001/8(7)/3367/10/$18.00
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mediate timescale behavior, e.g., the assumption of ste
state8–10 or the rigid-ion assumption,1,11–14which have been
the standard models of RMF. The approach here is a sys
atic treatment of the time-dependent two-fluid equations
motion for ion and electron fluids together with Maxwell
equations. The model allows variation on the slow, diffus
timescale, including slow evolution of the equilibrium qua
tities ~density, pressure, ambient magnetic field!. Since the
transient penetration of the RMF into the plasma is on
diffusive timescale,13–16 the model here allows for the slow
evolution of the RMF amplitude as well. The model exclud
high-frequency phenomena by assuming massless elect
The model also only considers the fluid picture of RMF e
fects; it does not address essentially kinetic phenom
which may be important in weakly collisional plasmas.17 The
principle conclusion is that the ion fluid is highly mobile an
quickly spins up to cancel the RMF current drive effectun-
lessthere is an ion momentum source, such as friction or
externally applied source such as a neutral beam.

An outline of this article with a preview of results is a
follows. In Sec. II A the basic assumptions including ho
various quantities are either averaged or resolved in the
muthal~u! direction are explained. In Sec. II B the quiver~z!
motion of both species in the RMF and the resulting qu
dratic terms in the Lorentz force are given. Introduced her
the important intermediate timescale associated with tra
verse ion inertia. In Sec. II C the transverse~r, u! dynamics
of both ions and electrons are examined using the H
magnetohydrodynamic~MHD! format. This leads to a 737
system of equations. A separation between quantities w
intermediate and slow timescale variations leads to a g
simplification in which the azimuthal equation of motio
separates from the others and can be solved in quadra
form ~Sec. II D!. Section II E focuses on the quasistea
7 © 2001 American Institute of Physics
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phase. Simple expressions are found for the radial force
ance, slip frequency, radial force balance, and radial d
Section II F contains a physical interpretation of what ha
pens during the transient and quasisteady phases in term
the azimuthal forces on each species. This includes a tr
ment of the RMF torque that is applied to the ion fluid ind
rectly through friction and Lorentz forces. In Sec. III th
consequences ofno ion momentum source, as would be th
case in a hot plasma without externally applied sourc
namely, that there is no RMF current drive are discussed
Sec. IV some possible ion momentum sources are con
ered. In Sec. IV A simple friction against a stationary bac
ground is considered and the resulting ion fluid rotation, s
frequency, radial drift, and corrections to radial force balan
are found. This is applied to the case of friction against n
trals. In Sec. IV B ion viscous friction as an ion momentu
source is considered. There is a brief review of other poss
momentum sources in Sec. IV C. The article is concluded
Sec. V with a summary and discussion of the results.

II. ANALYSIS

A. Basic assumptions and terminology

An idealized FRC equilibrium and RMF geometry a
adopted as have been widely used. The equilibrium assu
an infinitely long plasma with no dependence onz, no toroi-
dal field, and no poloidal flow. The idealized RMF assum
an infinitely long antenna~the wave vector is purely azi
muthal!. In this case the RMF produces no compressibi
effect and can be described entirely using the axial com
nent of the vector potential.11,13,16 ~The adopted gauge as
sumes zero scalar potential.!

The several variables are Fourier resolved into their a
muthal componentse2 i l u. In the idealized geometry eac
variable has a Fourier expansion involving either evenl

modes alone, or odd-l modes alone. The even-l variables
are the transverse~r, u! components of the flow velocities fo
both ion and electron species, the radial electric field co
ponent, and the axial~z! magnetic field component. For thes
evenvariables, the lowest order mode,l 50, is axisymmet-
ric. The odd-l variables include the axial flow velocity com
ponent for both species, the axial electric field compone
and the transverse magnetic field components. The app
mation adopted here is to retain only thelowestorder mode
terms for each type of variable, i.e., thel 50 axisymmetric
component of theevenvariable, and thel 51 component of
the odd variables. In effect the evenl are ‘‘surface aver-
aged’’ to select only their axisymmetric component. T
RMF effect appears as quadratic terms involving the prod

TABLE I. Bounds on the intermediate frequency range.

Frequency STX TCS Fusion

High frequency
Plasma frequency,vp ~rad/s! 1.331011 831011 1.431012

Electron cyclotronvce ~rad/s! 1.83109 2.631010 5.331011

Low frequency
Classical diffusion 1/tD ~s21! 230 100 1.831023
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of odd-l variables; thus these products have even-l symme-
try and are treated in the same way as the even-l variables,
i.e., they too are surface averaged. The truncation of Fou
expansions inu has been used in all RMF modeling, until
recent study15 that included higher harmonics in the RM
‘‘potential’’ Az . There, the higher harmonics were found
be unimportant unless the RMF antenna structure itself g
erated a large harmonic content.

The terminology adopted in this article is as follows.~1!
Cyclotron frequenciesfor the electrons and ionsvce

5eBz /mec, vci5eBz /mic are based on theambientmag-
netic field Bz , whereme and mi are the electron and ion
masses, respectively,e is the magnitude of the ion~hydro-
gen! and electron charge, andc is the speed of light. This
differs from several previous papers which based the cy
tron frequencies on the RMF field amplitude.~2! The eivt

factor in odd-l quantities is understood.~3! The slip fre-
quencyv8 is the difference between the RMF frequencyv
and the electron fluid rotation frequency:

v85v2ueu /r ,

whereueu is the electron fluid rotational velocity. Theelec-
tron magnetizationin the rotating frame isv8/nei wherenei

is the electron collision frequency~with ions! associated
with motion parallel to the ambient magnetic field. The an
ticipated limit of interest isv8/nei!1, i.e., the electrons are
weakly magnetized in the frame rotating with the RMF.~4!
The radial gradient of the RMF is described usings
[(r /Az)dAz /dr where Az is the component of the vecto
potential associated with the RMF. Therefore the radial co
ponent is Br5 iAz /r . The azimuthal componentBu

52dAz /dr can thus be expressed in terms of the radial

Bu5 isBr . ~1!

For fully penetrated RMFs51, while for partial penetration
usu.1. Sinces is determined by the transient penetration
the RMF, it varies on the diffusive timescale. In general it
complex: the real partsR gives spatialevanescenceof the
RMF, and the imaginary parts1 one gives cyclic radial
structure.

B. Quiver motion

An axial ‘‘quiver motion’’ of both ion and electron spe
cies arises because of the RMF field. This is derived in A
pendix B using the terminology defined earlier. The quiv
velocities are

meuez5
v8~v* 2v8!2 i ~me /mi !neiv*

~ inei1v8!~v* 2v8!2~me /mi !v8nei

eAz

c
,

~2a!

miuiz5
2v8~v* 2v8!1 ineiv*

~ inei1v8!~v* 2v8!2~me /mi !v8nei

eAz

c
,

~2b!

where the diamagnetic frequency~an equilibrium quantity! is

v* [~uiu2ueu!/r 52
c

4pen

]Bz

r ]r
; ~3!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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3369Phys. Plasmas, Vol. 8, No. 7, July 2001 Transient and quasisteady behavior . . .
the latter expression arises from the surface-averagedu com-
ponent of Ampere’s law. Using the approximationsme /mi ,
andv8!v* 'v ~weakly magnetized electrons!:

uez'2
v8

nei
r

eBr

mec
, ~4!

uiz'2 ir
eBr

mic
. ~5!

The former is equivalent to Eq.~7! of Ref. 9 for weak mag-
netization. The latter is consistent with Refs. 8 and 18. N
that the ion motion is nearly 90° out of phase~the i factor!
with Br and thus in phase withBu . The part of the ion quiver
motion in phase withBr , smaller thanuez by a factor of
2me /mi , is ignored. As observed elsewhere the small m
of the electrons causes their quiver motion to be frict
dominated; on the other hand, the large inertia of the i
makes their quiver motion inductive, or ‘‘reactive.’’8,9,12

Note that the amplitude of the ion quiver motion is ve
likely larger than the electrons depending on the magnet
tion v8/nei .

The quiver motion leads to quadratic terms in the tra
verse equations of motion, which represent the RMF eff
on the equilibrium quantities. Here, it is convenient to intr
duce an intermediate frequency scale~to be justified later!,

n int[
e2uBr u2

2memic
2nei

, ~6!

whereuBr u denotes theamplitudeof Br ~independent ofu!.
Physicallyn int is a ratio of RMF-to-ion ‘‘inertia’’ forces. It
depends only on quantities that vary on the diffusive tim
scale. Its values for experimental and projected fusion p
mas are shown in Table II. Comparing with Table I note th
n int is one or more orders of magnitude slower than the h
frequencies andfive or more orders of magnitude faster tha
the low frequency associated with classical diffusion. Eve
the diffusion has a significant anomaly factor compared
the classical, say, 20, the diffusion rate is still much slow
Note further that the intermediate rate is significantly fas
than even radial acoustic rates~acoustic speed/separatrix r
dius! which are 2.53105, 1.33106, and 53106, rad/s for
STX, TCS, and the fusion example, respectively.

In terms of the intermediate time constantn int}uBr u2 the
quadratic terms are

uizBu5sR

mec

e
rn intnei , ~7!

uizBr522
mec

e
rn intv8, ~8!

j zBu /c52s1minrn intv8, ~9!

j zBr /c5minrn intv8. ~10!

TABLE II. Intermediate frequency.

STX TCS Fusion

n int ~s21! 1.33108 3.63107 2.231010
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Heren is the electron and hydrogen ion density, andj z is the
axial current density. Weak collisionalityv8/nei!1 is as-
sumed as before. Note that these are surface-averaged q
tities ~even-l symmetry!. Equations~9! and ~10! anticipate
the Hall-MHD format. This is equivalent to the two-flui
format: Ohm’s law follows from the electron motion equa
tion but uses the current rather than the electron fluid ve
ity; the fluid motion equation is the sum over the species

C. Transverse motion

The r andu components of the equation of motion an
Ohm’s law determine the species drifts and electric fiel
Eliminate the quadratic terms using Eqs.~7!–~10!; then all
the remaining variables are axisymmetric. The surfa
averagedr, u equations of motion then become

mi

]uir

]t
52

1

n

]p

]r
1

j uBz

cn
1n intr ~mis1v82mesRnei!,

~11!

mi

]uiu

]t
52

j rBz

c
1mirn intv81Fiu , ~12!

wherep is the pressure andj r and j u are components of the
current density. In the middle term on the right side of E
~12! 122me /mi→1. The terms here are~left side! inertia
and ~right side! pressure gradient~r only!, j 3B force, and
RMF force. Theu component includesFiu , an unspecified
azimuthal force on the ion fluid; this may arise from visco
ity, friction with neutrals, or neutral beam injection. No
also that three convective inertia terms on the left side h
been neglected. Droppingmiuir ]uir /]r in Eq. ~10! is war-
ranted if the diffusion timescale is long. Dropping the ce
trifugal effect 2miuiu

2 /r in Eq. ~11! is warranted if the ion
fluid rotation is low enough not to significantly affect th
equilibrium. Droppingmiuir ]uiu /]r in Eq. ~12! is less obvi-
ous; this convective inertia effect is the ‘‘radial flow.’’8 This
effect is investigated in Appendix C where it is found to
usually negligible. The surface-averagedr, u Ohm’s laws are

05Er1
1

c
uiuBz2h' j r1

1

enF]pe

]r
2

j uBz

c G2s1

mi

e
rn intv8,

~13!

05Eu2
1

c
uir Bz2h' j u1

j rBz

cen
2

mi

e
rn intv8. ~14!

Here the perpendicular resistivity ish'5mene' /e2n and
ne' is the electroncollision frequency associated with mo
tions perpendicular to the magnetic field. The terms i
Ohm’s law are the electric field,u3B force, resistive force,
diamagnetic effect~r component only!, Hall effect, and RMF
force. The left sides are zero since the electron inertia
negligible at intermediate frequencies.

The system of equations is completed by Ampere’s l
and an auxiliary equation for the slip frequency. The surfa
averagedr, u Ampere’s laws are

j r50, ~15!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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j u52
c

4p

]Bz

]r
. ~16!

The displacement current is ignored, consistent with the
glect of high-frequency phenomena. Note that“ÃB has no
radial component in the standard RMF geometry. Equa
~15! implies that the radial motion is ambipolar once hig
frequency effects are excluded. The slip frequency in te
of the ion fluid rotation is

v85v1v* 2
uiu

r
, ~17!

where the diamagnetic frequency is as given in Eq.~3!. The
system, Eqs.~11!–~17! can be viewed in the following way
The quantities varying on the diffusive time scaletD are the
equilibrium variables,p, n, Bz , andv* , and the RMF quan-
tities uBr u, sR , ands1 . Their evolution is governed by th
time-dependent continuity equation, energy conserva
law, and thez component of Faraday’s law. The seven r
maining variables thatmay exhibit intermediate timescal
effects areuir , j r ,Er ,uiu , j u ,Eu , andv8. The separation of
quantities into slow (1/tD) and fast (n int) is not assumeda
priori but is evident from the solution that will be foun
shortly.

This system of equations can be simplified considera
Eliminate the currents using Eqs.~15! and~16! and eliminate
the slip frequencyv8 in favor of uiu using Eq.~17!. Then the
surface-averaged azimuthal equation of motion, Eq.~12!, be-
comes

]uiu

]t
1n intuiu5n intr ~v1v* !1

Fiu

mi
. ~18!

This is solved foruiu in Sec. II D. The radial equation o
motion, Eq.~11!, becomes

]uir

]t
1s1n intuiu5s1rn int~v1v* !2

1

min

]

]r S p1
Bz

2

8p D
2sR

me

mi
rn intnei . ~19!

This can be solved foruir by simple integration sinceuiu

was already found using Eq.~18!. All that remain are the two
components of Ohm’s law, Eqs.~13! and ~14!, which are
purely algebraic,

Er1
1

c S Bz1s1n int

mic

e Duiu

5
1

c
Bzrv* 1s1n int

mic

e
~v1v* !2

1

en

]pe

]r
, ~20!

Eu2
1

c
Bzuir 1

mi

e
n intuiu5

mi

e
rn int~v1v* !1

me

e
rne'v* .

~21!

Equation~20! gives the radial electric field~uiu having al-
ready been found!, and Eq.~21! gives the azimuthal electric
field ~uiu , anduir having already been found!. The last term
on the right side of Eq.~21! is the resistance effect.
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D. Quadrature solution

Equation~18! is a linear first order differential equatio
for the ion fluid rotation and can be solved in quadratu
form:

uiu5uiu0 expS 2E
0

t

n int~ t8!dt8D
2E

0

tFn intr ~v1v* !1
Fiu

mi
GexpS 2E

t8

t

n int~ t9!dt9D dt8,

where uiu0 is the initial (t50) value of uiu . Note in the
square brackets thatn int , v* , andFiu are all functions oft8.
Expand these in a Taylor series about the current timet; e.g.,
n int(t8)5n int(t)1(t82t)(dn int /dt) t1... . Introduce another
time ‘‘constant’’ that reflects the rate that a combination
these quantities changes,

nequ[
d

dt
lnS n int

Fiu
D5O~1/tD!.

Then the rotational velocity is

uiu5F r ~v1v* !1
Fiu

min int
G S 12

nequ

n int
1O~nequ

2 /n int
2 ! D

1expS 2E
0

t

n int~ t8!dt8D H uiu02F r ~v1v* !1
Fiu

min int
G

3@11O~nequ/n int!#J . ~22!

The first group of terms is thequasisteadypart, and the sec-
ond group decays on the fast timescale 1/n int . Since this
transient time is so short~see Tables I and II!, the rotation
very quickly assumes the quasisteady value, which then
ies on the slowtD timescale. Likewise, the other quantitie
with intermediate timescale variationuir , Er , andEu have a
fast transient phase followed by quasisteady evolution.

E. Quasisteady behavior

The quasisteady ion fluid rotation (t@1/n int) for slowly
varying equilibrium quantitiesnequ!n int from Eq. ~22! is

uiu5r ~v1v* !1Fiu /min int . ~23!

The quasisteady radial ion flow follows by a simple integ
tion of Eq. ~19! and the quasisteady forms of the other va
ables follow from the algebraic relations, Eqs.~20! and~21!.
The surface-averagedradial force balanceequation results
from eliminatinguiu in Eq. ~19!:

]

]r S p1
Bz

2

8p D 5rnn int~s1miv82sRmenei!, ~24!

where the RMF correction appears on the right side. Thes1

term arising from theBu component has been noted in pr
vious work.19–21 Sincen int}uBr u2/8p it might be imagined
that this is a pressure effect from the RMF. In fact it is n
because it does not arise from a pressure gradient,
“uBr u2/8p. In fusion applications the corrections to the r
dial force balance should be very small, otherwise a la
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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RMF circulating power is implied. As will be seen shortl
these corrections are not small in current experiments.
slip frequency follows from Eqs.~17! and ~23!,

v852
Fiu

min intr
. ~25!

The electron fluid rotation speed follows at once fromueu

5r (v2v8). The self-consistentradial electric fieldfollows
from Eqs.~20! and ~23!,

Er52S vci

n int
1s1D Fiu

e
2rv

Bz

c
2

1

en

]pe

]r
. ~26!

Define thenet radial drift as the radial flow relative to the
ambient magnetic field lines,uD5uir 2cEu /Bz ; this follows
from Eqs.~21! and ~23!,

uD5
cFiu

eBz
2

ne'

vce
rv* , ~27!

where the first term is the RMF drive effect and the secon
the resistive diffusion.

It has been customary to suppose that one is free
choose all equilibrium properties. Among these is the
fluid rotation speed, which is often conveniently set to ze
However, the results here show that the ion fluid rotation a
the self-consistent electric field rapidly relax to a particu
value set by the quasisteady properties, Eqs.~23! and ~26!.
Since the transition to quasisteady state is so rapid, an a
trary initial choice of the ion fluid rotation is therefore n
meaningful.

Note that the RMF (v,Br ,sR ,s1 ,n int) does not appea
explicitly in the net radial drift, Eq.~27!. This raises the
question whether the RMF plays any role at all other th
causing the electron fluid to rotate at a certain speed
adjusting the ion fluid rotation speed accordingly. Furth
from Eq.~25! it appears that the slip frequency is unbound
if the RMF strengthuBr u gets small, sincen int}uBr u2. These
questions are resolved by retaining terms of the order
v8/nei which is the electron magnetization in the frame r
tating with the electron fluid. In the quiver velocity, Eq.~4!,
a factor of 1/(11v82/nei

2 ) was dropped; by restoring it, Eq
~25! becomes

v8

11v82/neii
2 52

Fiu

min intr
. ~28!

The left side has a maximum ofnei/2 atv85nei . Thus for a
given momentum source there is a minimum value of
RMF for which a solution to Eq.~28! exists. If the RMF falls
below this minimum, a quasisteady solution does not ex
The same correction factor 1/(11v82/nei

2 ) appears in each
quadratic RMF term, Eqs.~7!–~10!. All but one, Eq. ~8!,
have the factorv8/(11v82/nei

2 ) as in Eq.~28! so that the
expressions foruiu , Er , and uD , Eqs. ~25!–~27!, are un-
changed. The only modification is in the RMF pressure te
in Eq. ~24! where a factor of 1/(11v82/nei

2 ) should be
added. These corrections are usually unnecessary s
v8/nei!1 generally holds in practice.
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F. Interpretation of transient and quasisteady phases

Figure 1 illustrates the transient and quasisteady pha
in terms of the forces and drifts occurring in each. In t
initial state (t50) suppose the ion fluid is nonrotating an
the slip frequency is larger than the electron fluid drift. In t
example@Fig. 1~A!# the RMF force is large enough to excee
the drag on the electron fluid. During thetransient phasethe
azimuthal force on the ion fluid is unbalanced and it
sponds by spinning up. In so doing it modifies the rad
electric field so as to cause an exact equal spin up of
electron fluid. This happens without changing the curr
}uiu2ueu . The ion fluid spin up is inertial and lasts abo
an inertial time;1/n int , hence the term transient phas
What the transient phase does is to bring the total azimu
forces on the two species into equality: the moment
source1resistive force on the ion fluid becomes equal~but
opposite in sign! to the RMF1resistive force on the electro
fluid. This is the nature ofF3B drifts, uda

5(c/qa)Fua /Bz

where qa and Fua are the charge and azimuthal force o
speciesa ~ion, electron, respectively!. Equal and opposite
forces on the two species give equal~ambipolar! drifts.

The quasisteady phasefollows. Here, the long-term ef-
fects of radial drifts come into play. This modifies th
current}uiu2ueu , and causes the equilibrium to evolve o
the diffusive timescaletD . The direction of the evolution
depends on thesign of the azimuthal forces. If the force o
the electron fluid is positive~ion fluid negative! as in Fig.
1~B!, both will drift inward, tending to increase the intern
magnetic flux. If the force on the electron fluid is negati
~ion fluid positive!, both will drift outward, causing a deca
of the equilibrium. Throughout the quasisteady phase

FIG. 1. Evolution of the RMF effect.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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equal magnitude of the forces on the species is maintain
Since the transient spin up is rapid, an obvious ques

arises: Is the RMF adequate to supply the required torq
This question is addressed in Appendix D where it is sho
that torque is transmitted through atwist of the RMF, and
that the degree of twist to cause the predicted spin-up ra
quite modest.

Note that the timescale for the transient phase 1/n int

~Table II! is shorter than the RMF time, 1/v ~Table V!. Thus
the RMF force, Eqs.~7!–~10!, may introduce higher harmon
ics not contained in this or in other models that truncate
Fourier expansion inu after l 51. These missing details d
not alter the claim that a quasisteady state is reached
time exceedingly short compared with the diffusion time.

III. RMF CURRENT DRIVE WITHOUT AN ION
MOMENTUM SOURCE

In the event that there are no appreciable momen
sources the current drive behavior is quite different. Figur
also illustrates this case. The transient phase brings the m
nitude of the total forces on each species into equality
there is no momentum source, then the only force on the
fluid is resistive. Since the resistive forces are equal
opposite, the only way the forces on the ion and elect
fluids can have equal magnitude is if the RMF force is ze
In this case the slip frequency is exactly zero and there is
current drive effect after an exceedingly short transi
phase.

There is a slight qualification on the claim that the s
frequency falls exactly to zero. If the convective inertia
included ~see Appendix C! the quasisteadyv8 is nonzero
even without a momentum source@Eq. ~C4!#. However the
RMF diffusion drift @Eq. ~C5!# is only a small fraction of the
resistive drift and can generally be neglected.

The conclusion that there is no steady RMF current dr
without an ion momentum source confirms previous work10

In the steady state analysis of Ohnishi and Ishida,8 a particle
source or friction with neutrals allows a steady current dr
effect; however the steady state is lost if both effects
missing@compare their Eqs.~17! and~24! and note trends in
their Figs. 1 and 2#. A particle source acts as a momentu
source~or sink! if the ion fluid is rotating and the injection
particles have no rotation as injected. The steady state an
sis of Hoffman reaches the same conclusion@see his Eq.
~9!#.9 The simulations of Milroy,14 which predicted steady
FRCs in effect have a momentum source. These simulat
assumed that the ion fluid rotation is continuously rese
zero, which is equivalent to an artificial momentum sour
Therefore, the new conclusion here isnot that the current
drive without a momentum source turns off but that it tur
off extremely fast, in Dt;1/n int rather than in the relatively
long diffusion timetD .

An important question concerns therate of ion spin up.
Since the electrons are maintained at a fixed rotationueu

5rv by the RMF, changes in the current come from ion s
up or spin down. It has been suggested4 that the ion fluid
spin-up time arises from the mutual friction force, and sin
the ions have larger inertia than the electrons by the m
Downloaded 13 Jun 2003 to 128.95.33.55. Redistribution subject to AIP
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ratio, the spin-up time ist5mi /(mene'), which is relatively
slow. If so, the RMF would act as apartial current drive,
significantly slowing down the decay of the configuratio
However, the theory here shows that ion spin up arises fr
both the friction forceand the Lorentz force~Appendix D!.
The RMF force@second term on the right side of Eq.~12!#
gives a spin-up rate of](uiu /r )/]t5n intv8. Compare this
with the spin-up rate needed in quasisteady state to kee
with evolution of the equilibrium, found by taking the de
rivative of Eq. ~23!, ](uiu /r )/]t5]v* /]t;nequv* where
1/nequ is the nominal timescale for evolution of the equilib
rium. Equating these gives the slip frequency which supp
the torque for spin up,v85v* nequ/n int .

IV. FRICTIONAL MOMENTUM SOURCES

A. Friction against a stationary background

Suppose the ion momentum source~or sink! arises from
friction against a stationary background,

Fiu52min i0uiu ,

where n i0 is the ion collision frequency against the back
ground. In a simple fluid this would cause a simple expon
tial decay of the rotation with decay constantn i0 . Then the
azimuthal motion, Eq.~18!, becomes

]uiu

]t
1~n int1n i0!uiu5n intr ~v1v* !.

For n i0!n int ~verifiable a posteriori! and quasisteady stat
(t.1/n int) the ion fluid rotation, slip frequency, and RM
part of the radial drift@first term in Eq.~27!# are

uiu5r ~v1v* !, v85
n i0

n int
~v1v* !,

~uD!RMF52
n i0

vci
r ~v1v* !.

Apply these results to steady state, i.e., allow the eq
librium to evolve on the slowtD timescale. This causes th
diamagnetic frequencyv* ~a equilibrium property! to evolve
to the state where the net radial drift is zero, i.e., the t
terms in Eq.~27! add up to zero. It is convenient here
introduce a parameter that is nominally the ratio of fricti
forces on the ion fluid: friction with background/friction wit
electrons,

x[min i0 /m3ne' .

Then in terms ofx and the RMF frequency,

v* 52
x

11x
v, ~29!

uiu

r
5

1

11x
v, ~30!

v85
me

mi

ne'

n int

x

11x
v. ~31!

In the limit x@1 ~large ion friction with neutrals! the so-
called ‘‘rigid-ion’’ assumption is approximately valid, i.e
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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the ion rotation is small compared with both the RMF a
diamagnetic frequencies. These expression will be applie
a practical example shortly.

A comment is in order about the commonly usedg pa-
rameter, which is the nominal ratio of the RMF torque to t
resistive friction torque assuming rigid ions.21,22This param-
eter is useful in experiments, such as STX, where the rig
ion assumption is approximately valid. Howeverg is not
meaningful in the absence of a significant ion moment
source.

These results can be used to evaluate corrections to
radial force balance. In the absence of RMF effects Eq.~24!
integrates into the familiar pressure balance expressiop
1Bz

2/8p5Be
2/8p, whereBe5const is the external~vacuum!

magnetic field. Both RMF and centrifugal effects repres
corrections to this. The centrifugal term,minuiu

2 /r , was left
off the right side of Eq.~24!. The magnitudes of these co
rections are evaluated as follows: integrate Eq.~24! on 0
<r<a and divide by the ‘‘total’’ pressureBe

2/8p; then the
corrections appear as fractions.

f centr5
8p

Be
2 E

r 50

a minuiu
2

r
dr,

f RMF5
8p

Be
2 E

0

a

rnn int~s Imiv82sRmenei!dr.

Calculate the integrals as follows. Factor out the density
treating it as an average density. Estimate the field pene
tion parameters assR52s15a/dRMF where dRMF is the
penetration depth of the RMF. The minus sign on t
‘‘twist’’ s1 is consistent with the evolution equations of Re
13. Use the steady expressions forv8 and uiu in Eqs. ~30!
and ~31!. Finally, note thatn int}uBr u2}exp@2(r2a)/dRMF# in
view of the penetration depth. Then

f centr5S av

l ivci0

1

11x D 2

,

f RMF52
a2

l i
2vci0vce0

S 2ne'v
x

11x

a

dRMF
1n intnei D ,

where vci0 and vce0 are based onBe and n int here is the
value at the edger 5a. Note that the centrifugal correction i
positive and the RMF correction is negative.

Friction against neutrals is likely an important effect
the STX experiment6 where the plasma is relatively cold an
in close proximity to the wall. The ion collision frequenc
with neutrals is

n i05nns i /n~kTi /mi !
1/2,

wherenn is the neutral density ands i /n is the cross section
Typically s i /n;5310215cm2 and is weakly dependent o
temperature. The neutral density in STX has not been m
sured, so a range of neutral densities should be consider
making a comparison. However, measurements of the p
sure and magnetic field profiles have been made.6 These in-
dicate that the total pressurep1Bz

2/8p is lower on the out-
side (r;a) than on the axis (r 50) by ;20%–30%. This is
indicative of a RMF correctionf RMF somewhat stronger tha
Downloaded 13 Jun 2003 to 128.95.33.55. Redistribution subject to AIP
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the centrifugal effectf centr. Two examples are shown in
Table III: the low and high neutral density cases correspo
to ;83% and;33% ionization, respectively. The predicte
f RMF is consistent with the220% to 230% correction ob-
served in STX. The predicted correctionf centr is very sensi-
tive to neutral density; it is small only for quite high neutr
density. It is unlikely that such a high density of neutrals
present in STX. It bears repeating that in fusion applicatio
the corrections to the radial force balance should be sma
avoid a large RMF circulating power.

B. Viscous momentum source

The ion momentum source from ion viscosity is

Fiu5
1

nr2

]

]r Fh1r 3
]

]r S uiu

r D G , ~32!

whereh1'nkTi /vci is the Braginskii shear viscosity coe
ficient ~magnetized limit!. The momentum source depend
on the second order operator in Eq.~32!. An estimate is
made here rather than solving a differential equation. S
pose the length scale in the operator is the velocity ‘‘sh
length’’ is Lsh; then the momentum source is

Fiu /mi;2
h1

min

uiu

Lsh
2 .

The sign here corresponds to the case where the ion rota
is fastest~positive! at the edge and lags in the interior of th
FRC. Substitute this into Eq.~27! and assume the steady ca
whereuD50. Then steady state requires

uiu

r
52

men

h1
Lsh

2 ne'v* .

Table IV shows the required ion fluid rotation rate to accou
for steady state, where the velocity shear length is assu
to be comparable to the minor radius of the plasma. T
required rotation rate in the STX case is moderate (f centr

;11%) and is roughly consistent with observations. Th
the steady state in STX is approximately accounted for
the viscous friction effect. In the two other examples, t

TABLE III. STX example of ion friction with neutrals.

Neutral density,nn ~cm23! 1012 1013

Anomaly ne' /(ne')classical 20 20
Friction parameter,x 2.2 22
Ion fluid rotation,uiu /r ~rad/s! 16.93105 19.63104

Centrifugal correction,f centr 1320% 6%
RMF correctionf RME 223% 230%

TABLE IV. Rotation rates required for steady state.

STX TCS Fusion

h1 /men ~cm2/s! 2.63109 6.43107 3.93104

Velocity shear length,Lsh ~cm! 5 4.5 25
Collision frequencyne' ~s21!
~anomaly factor520!

8.23106 1.23108 1.93105

Ion fluid rotationuius /r ~rad/s! 1.33105 8.53106 2.53108
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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TABLE V. Experimental and fusion parameters.

STX TCS Fusion

Ion temperature,Ti ~eV! 2 150 20 000
Electron temperature,Te ~eV! 50 100 15 000
Density,n ~cm23! 531012 231014 631014

Separatrix radius,a ~cm! 20 18 100
Confining coil radius,r c ~cm! 25 45 100
External magnetic field,Be ~G! 100 1500 30 000
RMF amplitude,uBr u ~G! 25 50 50
RMF frequency,v ~rad/s! ;2.23106 ;13106 ;83104

Diamagnetic frequency,v* ~rad/s! 29.63105 22.33105 28.33104

Classical diffusion timescale,tD5pa2/c2h' ~cgs! 4.3 ms 9.9 ms 560 s
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rotation rates required for steady state are enormous.
dently viscous friction is much too weak to produce stea
state in TCS or the fusion example.

C. Other ion momentum sources

Other natural momentum sources might be conside
The gyroviscous force does not give an azimuthal source~in
the simple RMF geometry!, although it affects the radia
pressure balance. The thermal force appears to produc
azimuthal source. Further investigation is needed to asce
if any of these is appreciable.

An ion momentum source can also be generated by
ternal means. Neutral beam injection can couple a signific
momentum to the ion species. This can also be done
generating a second RMF field, as was proposed
Clemente.20 If effective, this would involve a negligible
complication to RMF current drive since the same ante
structure could be used to drive both the RMF signal for
electrons and the signal for the ions.

V. SUMMARY AND DISCUSSION

A full treatment of the ion~as well as of the electron!
mobility shows the critical shortness of an ion spin-up pha
The duration of this transient phase is orders of magnit
shorter than the diffusion time. This contradicts earlier wo
that suggests the transient time may last as long as or lo
than the diffusion time. Thus, effective RMF requires t
quasisteady state to have adequate current drive. In
without an ion momentum source of some kind, no persis
current drive can exist. A momentum source~or sink! has
been provided in current experiments by collisions with n
trals and possible ion viscosity. These appear to explain
eral features of these experiments. However, in fusion ap
cations some other momentum source, such as neutral b
injection, is needed. A momentum sink would also be s
plied if there is refueling.

The analysis here establishes a system of quasist
equations that can be used to model the time-dependent R
effects, including the penetration of the RMF into the plas
and the evolution of the equilibrium, while circumventin
the very fast ion spin-up transients. Existing computatio
models integrate thefull time-dependent equations; the
computations must take exceedingly short time steps in v
of the shortness of the inertial time 1/n int . The analysis here
also shows the inaccuracy of models that assume rigid i
un 2003 to 128.95.33.55. Redistribution subject to AIP
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this assumption is doubtful even in current experime
which have a large population of neutrals; it is complete
invalid in the case in which neutrals are absent. The anal
here may also enable other issues to be investigated, inc
ing the effect on thermal loss from the oscillation and t
breaking of magnetic surfaces.
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APPENDIX A: RMF RELEVANT PARAMETERS IN FRC
EXPERIMENTS

Plasma properties characteristic of two current RM
experiments6,7 and projected fusion conditions are shown
Table V.

APPENDIX B: QUIVER MOTION OF ION AND
ELECTRON SPECIES

The equation of motion for each species is

ma

daua

dt
52

“pa

n
1qaS E1

1

c
uaÃBD1

Ra

n
, ~B1!

wherea5 i ,e ~ions, electrons! denotes the species;ua , pa ,
qa , and Ra are the velocity, pressure, charge, and fricti
force, respectively;n is the common particle densit
~quasineutrality!; and the species-specific total derivative
da /dt5]/]t1ua"“. If interspecies friction provides the
dominant friction force, thenRe52Ri5men(ui2ue)ne .

Assume no equilibrium poloidal flow, i.e., the surfac
averaged (l 50) part ofuaz vanishes. The nonzero surfac
averaged velocities areuar and uau ; the latter ~rotational
drift! dominates the former~radial diffusion!. Assume a cy-
clic variation of the l 51 quantities, e.g., uaz

5ûaz(r )exp(il u2 ivt); hereafter the caret and the exp
nential factor will be understood. Then the total derivativ
are

de /dt52 i ~v2ueu /r ![2 iv8,

di /dt52 i ~v2uiu /r ![2 i ~v82v* !,
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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wherev* is the diamagnetic frequency as defined in Eq.~3!.
Finally assume the ideal, infinitely long geometry (]/]z
50). This implies that the vector potential has onlyl 51
symmetry and only an axial componentAz . Then adopting
the gaugef50 ~f5scalar potential!, the electric and mag
netic fields areE5 i (v/c)Az , B5( i r̂2sû)Az /r , where the
radial gradient parameter iss[(r /Az)dAz /dr.

Consider now the axial component of the equations
motion, Eq.~11!, which govern the axial quiver motion o
each species caused by the RMF. These can be express
a compact matrix format as

F iv82nei ~me /mi !nei

nei iv82 iv* 2nei
G Hmeuez

miuiz
J 5 i H v8

v82v*
J eAz

c
.

Here theuarBu term in the Lorentz force was neglected
small compared touauBr sinceuar!uau ; the pressure gra
dient vanishes at]/]z50; and theparallel collision fre-
quency nei is distinguished since anomalous effects m
cause anisotropy in the effective collisionality. Note that t
axial equations of motion for the quiver motion havedecou-
pled from the other components. Solving this matrix equ
tion leads to the quiver velocities of each species, Eq.~2!.

APPENDIX C: RADIAL CONVECTIVE INERTIA
EFFECT

The radial convection inertia effect was included in t
steady state model of Ohnishi and Ishida.8 Their Eqs.~17!
and ~24! can be expressed in the form

uer5
ne'

vce
~ueu2uiu!2rv8

v2

2vcene'
, ~C1!

uir 5
ne'~ueu2uiu!

vce

1

11k
, ~C2!

where no particle source and no friction with neutrals
assumed in order to be consistent with the assumption o
ion momentum source. Here the convective inertia eff
miuir ]uiu /]r is represented by the parameter

k5
1

rvci

]~ruiu!

]r
. ~C3!

This was neglected in Sec. II@Eq. ~11!#, which is equivalent
to settingk50. The two radial flows must be equal in vie
of quasineutrality@radial Ampere’s law, Eq.~14!#, which de-
termines the steady state slip frequency,

v852
ueu2uiu

r

ne'
2

v2

k

11k
. ~C4!

This is nonzero if the convective inertia~represented byk! is
accounted for. Then the RMF contribution to the radial flo
i.e., the second term in Eq.~C1!, becomes

~ur !RMF5
ne'~ueu2uiu!

vce

2k

11k
.
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The first factor is identical to the resistivity contribution
radial flow, i.e., the first term in Eq.~C1!. Thus the impor-
tance of the convective inertia effect depends on the sign
magnitude ofk.

The convective inertia parameterk can be estimated fo
a rigid rotor profile with rigid rotation. A reasonable ‘‘high’
value of rotation would arise if the ion fluid carried all th
current, uiu5(1/enBz)]p/]r . Then uiu /r'24Kvcil i

2/a2

5const, whereK;1 is the profile shape parameter, andl i

5c/vpi is the ion skin depth. Using this in Eq.~C3!:

k528Kl i
2/a2. ~C5!

Note the familiar radial size parametera/l i which is@1 for
typical FRCs; thusuku!1, even in the rapidly rotating cas
in which the ion fluid carries the current. An exception is t
STX experiment wherea/l i;1.4; however, it is believed
that the ion fluid rotation in STX is small, as discussed
Sec. IV.

Finally, if the ion fluid rotation is in the expected~posi-
tive! direction, as it would be if the ion fluid were spun up b
the RMF, thenk, Eq. ~C5!, is positive. Therefore the RMF
contribution to radial flow, Eq.~C5! is inward, i.e., the radial
convective inertiaaugments the current drive, although
weakly so.

APPENDIX D: TORQUE FOR ION FLUID SPIN UP BY
RMF

The transient spin up is rapid, which raises questions
how much torque is required, and can it be transmitted by
RMF. First, a possible misapprehension needs to be avoi
The azimuthal force on the fluid in the Hall-MHD forma
minrn intv8 in Eq. ~12! suggests a direct RMF force on th
ion fluid, which is misleading. This is resolved in the tw
fluid format, the total azimuthal forces on the two fluids a

~Fu! ion5eEu2eurBz /c22menrn intv82mene'~uiu2ueu!,

~Fu!electron52eEu1eurBz /c1minrn intv8

1mene'~uiu2ueu!,

whereur5uer5uir from quasineutrality. However when th
forces on the two species are added, as in the Hall-M
equation of motion, the Lorentz and friction forces canc
out and only the RMF force remains, which is predominan
the RMF force on the electrons. Thus the RMF force on
electron fluid is transmitted to the ion fluid through the Lo
entz and friction forces.

Suppose that as the RMF penetrates into the plasma
fluid is spun up layer by layer by an amountDuiu5 f rv* ,
i.e., a fractionf of the diamagnetic drift speed. The penetr
tion occurs on a timescale13 of tDi'a2/16(h i/4p), so the
incremental penetration distance in a timeDt is Dr
'(a/tDi)Dt, or

Dr'
16

a

menei

4pe2n
Dt.

The rate of change of the angular momentum per unit len
of plasma is

min f rv* 2prDr /Dt, ~D1!
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which is balanced by the torque.
The torque imparted by the RMF can be analyzed us

the Maxwell stress tensor,PIM5@BB2(B2/2) II#/4p. The
force on a volume elementdt is dF5“•PI Idt. The torque
imparted by this force isdTz5 ẑ"(r3dF)5r û"dF. The
torque per unit length isTz85*r û"“"PI Idt8, where dt8
5rdrdu is the volume increment per unit length.

Consider a control volume of fixed radiusr and apply
Gauss’s theorem, which converts the volume integral t
surface integral. Then the torque per unit length is

Tz85r 2E
0

2p

~BrBu/4p!du.

With Eq. ~1! the torque is

Tz852pr 2s1uBr u2/4p. ~D2!

Combining Eqs.~D1!, ~D2!, ~6! gives the ‘‘twist’’ of the
RMF to impart the required torque,

s1'216f v* /n int .

If f 5 1
2, the twists in the three examples are 3.4°~STX!, 2.9°

~TCS!, and 0.017°~fusion!.

1H. A. Blevin and P. C. Thonemann, Nucl. Fusion Suppl.1, 55 ~1962!.
Downloaded 13 Jun 2003 to 128.95.33.55. Redistribution subject to AIP
g

a

2W. N. Hugrass, I. R. Jones, and M. G. R. Phillips, Nucl. Fusion19, 1546
~1979!.

3G. Durance, B. L. Jessup, I. R. Jones, and J. Tendys, Phys. Rev. Let48,
1252 ~1982!.

4A. J. Knight and I. R. Jones, Plasma Phys. Controlled Fusion32, 575
~1990!.

5H. R. Zwi, A. Kuthi, A. Y. Wong, and B. Wells, Phys. Fluids B3, 126
~1991!.

6J. T. Slough and K. E. Miller, Phys. Plasmas7, 1945~2000!.
7P. Euripides, R. L. Brooks, J. T. Slough, and A. L. Hoffman, Bull. Am
Phys. Soc.44, 43 ~1999!.

8M. Ohnishi and A. Ishida, Nucl. Fusion36, 232 ~1996!.
9A. L. Hoffman, Phys. Plasmas5, 979 ~1998!.

10W. N. Hugrass and M. Ohnishi, Plasma Phys. Controlled Fusion41, 955
~1999!.

11I. R. Jones and W. N. Hugrass, J. Plasma Phys.26, 441 ~1981!.
12W. N. Hugrass, J. Plasma Phys.28, 369 ~1982!.
13M. Ohnishi, A. Ishida, Y. Yamamoto, and K. Yoshikawa, Trans. Fusi

Technol.27, 391 ~1995!.
14R. D. Milroy, Phys. Plasmas7, 4135~2000!.
15R. D. Milroy, Phys. Plasmas6, 2771~1999!.
16W. N. Hugrass and R. C. Grimm, Plasma Phys.26, 455 ~1981!.
17S. A. Cohen and A. H. Glasser, Phys. Rev. Lett.85, 5114~2000!.
18W. N. Hugrass, Aust. J. Phys.51, 859 ~1998!.
19G. A. Collins, G. Durance, and J. Tendys, J. Plasma Phys.40, 127~1988!.
20R. A. Clemente, J. Phys. Soc. Jpn.67, 3450~1998!.
21A. L. Hoffman, ‘‘Rotating magnetic field current drive of FRCs subject

equilibrium constraints,’’ Nucl. Fusion~submitted!.
22W. N. Hugrass, Aust. J. Phys.38, 157 ~1985!.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp


