PHYSICS OF PLASMAS VOLUME 9, NUMBER 9 SEPTEMBER 2002

Double mode condensates of a flowing plasma as possible relaxed states
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Stationary energySE) states are found for a flowing two-fluid plasma. These are of interest because
quiescent relaxed plasma equilibria, if they exist, should be a subset of the SE states. The platform
for the analysis is a two-fluid flowing plasma, which is more realistic than the single-fluid model
used in most treatments of relaxed plasmas. The two-fluid model is characteriaed Iglicities,

one for each species. Including flow allows for the possibility that flow may be an important
ingredient in relaxed states. The analysis expands the flow and field vectors in a complete basis set
of divergence-free vectors. This reduces the problem to algebra. It leads at once to the prediction of
SE states that are a two-point spectrum of the basis set,doeble-mode condensateEhe
properties of these SE states are shown to depend on their location in helicity space, a
two-dimensional parameter space of the ion and electron helicities. The migration of a SE state as
a result of resistive and viscous dissipation is also shown2002 American Institute of Physics.
[DOI: 10.1063/1.1503068

I. VARIATIONAL PRINCIPLE FOR A TWO-FLUID spontaneously finding the preferred state it wants. Preferred
PLASMA states are important even if the plasma does not relax spon-
taneously. They are desirable because they are quiescent or
“contented” states with low turbulence and hence good con-
Basic magnetofluid stability is the foundational, “zero- finement.
order” issue on which practical magnetic fusion is built. Stationary-energy theory is not the end-all in the quest
Even when it can be assured on the global-scale, stabilityor stapility. There are several questions it does not answer.
remains the foundational issue in beta limits, with strongThe first set of questions concerns self-organization, if it oc-
implications on the economics of fusion energy. Into thiscyrs. which of the many SE states will be chosen by the
arena has entered a growing recognition of the importance gflasma? What are the details of the dynamical process by
flow. Plasma flow, especially sheared flow, adds a whole newhich the SE state is reached? The second set of questions
dimension to the quest. Flow is particularly intriguing be- concerns control. How much do thitial conditions influ-
cause, on one hand it is observed more and more in expergnce the SE state chosen by the plasma? &agrnal con-
ments as improved diagnostics are brought to bear. On thgols be employed to encourage the plasma toward a more
other hand, classical stability theory is particularly ill-suited attractive SE state? The third set concerns stabjilety se
to deal with flow. Even the theory of flowing equilibria raises Can an SE state be satisfactorily metastable even if not ab-
substantial barriers: the system of equations is exceedinglyolutely stable? Is the energy-minimization principle too
complex compared with the simple, single equation for stati¢onservative, thereby excluding interesting SE states that
equilibria. Added to the intrigue is the emerging possibility might appear in a more generous principle? Even though it
that magnetoplasmas with large floye®mparable to the Al-  does not answer these questions, finding SE states is an im-
fvén speedl may benatural statesof a plasma=> This rep-  portant step on the road toward understanding the preferred
resents a clear paradigm shift. In the standard scenario, thgates of a flowing plasma and their stability.

Introduction

major actors are curvatufgood or bagland pressure gradi- The specific method for finding SE states pursued here is
ents, and flow is only a bit player. In the alternate scenarioas follows. The platform for the analysis is the two-fluid
flow becomes a lead actor. plasma model including the two “two-fluid” helicities as in-

The objective of this paper is to find naturalmeferred  variants. To simplify the analysis, an incompressitden-
states of a plasma without a precondition of little or no flow. stant densityplasma is assumed; this linearizes the problem.
Since common stability methods for flowing plasmas remairThe flows and fields are expanded in a complete basis set
murky at best, an alternate approach is adopted, a kind dgigenfunctions of the cuxl this reduces the differential
short-cut, namely the search for stationary-enef@E)  equations to algebra. It also conceals the entire geometric
states. While a particular SE state may not be stable, it isontent in the eigenvalues of the basis set. In general the
certain that a stable plasma is a SE state. Stated another wagsulting SE states are two-eigenvalue states, i.e., the eigen-
the set of stable states lies wholly within the set of SE statesialue spectrum collapses to two points, hence the designa-
At the very least, focusing on SE states greatly simplifies théion double-mode condensat€hus SE states are the set of
difficult task of finding flowing equilibria. all two-eigenvector states with a particular flow-field rela-

The search fopreferred state®ias broader interest than tionship.
simply the possibility of self-organization, i.e., the plasma  The properties of double-mode states, and the simpler
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reduced case of single-mode states can be expressed ag@urth,W,, is a measure of therderedenergy and as such
function of their position in helicity space, the two- pas 3 thermodynamic connotation. Minimizing the ordered
dimensional map whose coordinates are the electron and i%hergy is intuitively equivalent to maximuudisordereden-
helicities. Moreover the evolution of the SE states can b%rgy, of which entropy is the thermodynamic measure. An

found; this produces a migration in helicity space. equivalence between minimizing/,,; and maximizing the
The outline of the paper is as follows. Section Il further gntropy was established in Sec. IV A of Ref. 2.

discusses the foundations for the SE principle employed pgefore proceeding one qualification must be made. The
here, offering a justification for the stationary-energy pri”'analysis here adopts the incompressible plasma paradigm.
ciple (Sec. Il A) and presenting the two-fluid platform and its Thjs js done on the strictly pragmatic grounds that it simpli-
ideal invariantgSec. Il B. Section Il solves the variational fjeg the analysis. In particular, the equations become linear,
problem for SE states, finding expressions for the flow-fieldig which powerful mathematical tools can be applied. It must
relati_onships_ and the energy as a function of the invariantg,g kept in mind though that incompressibility is only an
Section 1V finds the evolution of the SE states caused byifice. An unfortunate result of this artifice is that,, ; be-
dissipative processes. Section V concludes the paper with @mes an ideal invariant. The only ideal transfer mechanism

discussion. between the ordered and disordered energy forms is through
the work term, which is excluded by incompressibility. Thus
Il. FOUNDATIONS OF STATIONARY-ENERGY apart from dissipative process&d,,; cannot change, i.e., it
PRINCIPLE is an ideal invariant, but only artificially so. It should never
A. Rationale for stationary-energy states be regarded as having equal standing with the helicity invari-

. ants, which are genuine invariants of compressible plasma
The search for preferred states of a plasma is not NeWpecies.

The oldest and most venerated approach is the minimum-

energy principle of Woltjer and Tayl4r Unfortunately this

approach predicts states that are force-free and thus have _

zero betaplasma pressure/magnetic pressucensequently B. Two-fluid platform

these states have limited interest in fusion applications. This  The two-fluid plasma model is adopted because it is

unsatisfactory result may be the result of adopting an overlynore general than the single-fluid platform assumed in many
conservative minimization prlnCIp|e. Seyel’a| attempts hav%revious ana|yses_ This broader base is important because
been made to broaden the Taylor—Woltjer energy-based apne limited range of SE states found by the Woltjer—Taylor

cant flows:™>®"In addition, others have investigated ap- namely the singlefluid magnetohydrodynamic(MHD)
proaches based on statistical principfes,minimum  plasma model.

dissipation raté?**and minimum autocorrelation functidf. The magnetofluid invariants in an ideal two-fluid plasma
The energy to be minimized is tloeederedenergy of the  zre the electron and ion helicities
system, the sum of the mechanical flo)(energy of fluid

. . 15 1
motion and the magnetiax() energy® Ke:_f d7A- VXA, )
1 B2 8
_ 2
Wmf_ dT(Eminu +g) (1) 1 m;c m;c
Ki==— [ d7f| A+ —u|-VX| A+ —u]. 3
8w e e

Heredr is the volume element and the integral is over the
system domaim) is the plasma densityn; andu are the ion  HereK, assumes massless electrons. The ideal invariance of
mass and flow velocity, an@ is the magnetic field(For  these was proved elsewhér® The angular momentum may
massless electrons the bulk flow velocity and ion fluid veloc-also be invariant if the system has an axisymmetric boundary
ity are indistinguishablg. The ordered energyV,,; is the  with suitable boundary conditiorf¢! but this case is left for
complementf the disorderedenergy, namely the thermal future investigation. Then the variational problem to be
energy Wy,= fdrp/(y—1). It is the complement in the solved is
sense that the sum of the twl,,s+ Wy, is invariant in a
closed system. In generadl, itself is not an invariant. O(Winr —AeKe=NiKi) =0. @
There are at least four reasoaspriori, for adopting the It is important to clarify the “standing” oK, andK; vis
stationary-energy approach. Fir#t/,; is non-negative and a vis other invariants that have been used, particularly in
thus bounded below. Thus it is meaningful to find a statesingle-fluid MHD analyses. The more conservative Taylor
with minimum W, compared with neighboring states. By theory accepts only a single invariant, the magnetic helicity,
contrast the ideal invariant$o be introduced shortfymay  K,=/[d7A-V XA, which is equivalent to the electron helic-
be positive or negative. Second,,; is notan ideal invariant ity here. More generous theories have also included the cross
in a compressible plasma. As such, minimizing it implies ahelicity K,= fdru-B. However, ideal MHD(single-fluid
dynamical relaxation process in which it can “fall down,” actually has athird invariant, the fluid helicityK;= [d7u
while the ideal invariants change relatively little. Third, SE - V Xu, the same as appears in a simple Euler fluid. That all
states argenuine two-fluid equilibrialt was shown in Ref. three, K, ,K,,K; are ideal invariants in single-fluid MHD
16 that SE states are subclassof two-fluid equilibria.  was also proved in Sec. Il A of Ref. 2. The relationship be-

Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



Phys. Plasmas, Vol. 9, No. 9, September 2002 Double mode condensates of a flowing plasma.. . . 3769

tween the invariants for single-fluid MHD and the more gen-analysis leads to a characteristic equation thguedraticin
eral two-fluid model is shown in the Appendix. It is demon- the eigenvalue withtwo roots A;,A,. Then stationary-
strated there that theK(,,K,,K;) set overstatesthe energy states are the superposition of two eigenvectors, or
invariance, while thel{,,) setunderstatest. double-mode condensatédhese are identical to the double-
Beltrami states investigated in Ref. 3.
In the single-fluid MHD theory only the magnetic vector
potential A appears. Assuming the Coulomb gaugeA
A realistic plasma has dissipative processes that cause( the variational problem can be analyzed by expanding in
both energy and helicities to change. However the relaxatiog divergence-free vector basis set. In the two-fluid theory,
theory that assumes invariant helicities is still valid, at leastwo vectors appea and the flow velocity. If the plasma
approximately, if the helicities are more durable than tth assumed to be incompressibh}:(consb then both vec-
energy that is minimized. However, it is not sufficient for this tors are divergence-free and the vector expansion can again
“durability” to hold in an equilibrium with large length pe used. The entire geometric content of the problem is con-
scale. In turbulent processes, very fine length scales can ariggined in thetwo eigenvalues.
spontaneously, as in reconnections. On a fine scale, a helicity The objective here is to find functional relationship be-
may suffer rapid dissipation. The durability Kf, (the mag-  tween the ordered energy and the two helicity invariants,
netic helicity assuming massless electjois reasonably \, .=F(K;,K,). The standard procedure for a constrained
well established. However, the ion helicity has been chalminimization is followed.(1) The variational principle, Eq.
lenged in Ref. 17 on the grounds that viscosity makes (4) leads to Euler—Lagrange equations ffr,\;,\,) and
evenmore vulnerableo dissipation than the ordered energy. A(r,\;,\,); (2) From these the global integrals are con-
The question of the durability of the helicities was takenstructed, W= fw(hi o). Ki=Fi(Ai Ae),Ke=Ffo(\i ,\o).
up in Ref. 2 using three tests of “ruggedness.” These tests;3) The second and third functions are inverted to find the
which been introduced elsewhere, are the followiig:in-  Lagrange multipliers.;=g;(K; ,Ke) Ae=0e(K; ,Ke). (4) Fi-
verse cascadethe “direction” of the relaxation must be nally these are substituted intofy, to give W,
toward large-scale structure@) selective decay-the helic-  =F(K ,Ko). The same approach was followed less rigor-
ity invariant must decay more slowly than the magnetofluidoysly in Ref. 18.
energy; and(3) stability to resistive modesthe helicities
must be stable to resistive modes, i.e., the time scale for
change in the field topology must be faster than that for )
change in the helicity. The electron helicity was previouslyB- Analysis
shown to pass all three tests. The independent variationsA,du lead to a pair of
Applying these tests td&; is more difficult since the Euler—Lagrange equations
flow-field coupling in a turbulent process must be taken into
account. In Ref. 2 the well-known paradigm of quasilinear (VX)=(hit+Ae) —Ni(VX)
theory was employed, namely that the frequencies and re- N )\i(V><)—1/€i2
sponses of linear theory are retained even though the fluc-

H _ 2 2.~\1/2;
tuations may grow to nonlinear amplitudes. By this the elec/VNere (v x) is the curl operator, ant} = (m;c*/4me"n)~is

tromechanical coupling operator was found, which links the"€ 10N skin depth, which is the fundamental length scale of

flow and field for each kind of fluctuatiofAlfvén, ion- a two-fluid. !n the coqstant—density modé|=constso that
cyclotron, whistler, etg. The lowest-energy fluctuation was [NeS€ equations are linear. o

considered dominant on energetic grounds. Using the flow- Adopt the Coulomb giluga-A—O. With n=cons the
field coupling in a two-fluidK; was found to pass all three CONtinuity equation i/ -u=0. Thus bothA andu are diver-

tests, just as dit, . Note that insingle-fluidMHD the mag-  9€nce free. Expand them in eigenfunctions of the &yl

netic helicity passes the ruggedness tests but the cross helf@/SC_called Beltrami functions which ~satisfy VXY
ity and the fluid helicityfail. =AY\, with eigenvalues\. In three-dimensional geom-

etry, the indexk is three-dimensionak=(l,m,n). The
eigenvectorsY, are orthogonal so thafd7Y,- Y. = S
1. DOUBLE-MODE CONDENSATES where Sy = 8+ S Sy IS @ generalized Kronecker delta.
A. Introduction These eigenvectors form a complete basis for divergence-
free vectors?® Then

C. Durability of the helicities

(VX)A

m;cu/e =0 &

The approach taken by Tayfdiinds the minimum mag-
netic energy states in single-fluid MHD assuming invariant
magnetic helicity. The Euler—Lagrange system is a single A:Ek AY ”:Ek kY ©®)
linear equation. Vector analysis leads to a characteristic
equation that iinear in the eigenvalug\, i.e., it has a single Where A, and u, are the expansion coefficients. Substitute
value for a given solution; thus the stationary-equilibriumthe expanded forms into E¢5) and take the inner product
state is composed of a single “mode,” i.single-mode con- Jd7Y(:--) whereK is arbitrary. Then for everK
densatesin the two-fluid model the problem is more com- L _
plicated. Here the Euler—Lagrange system is a coupd Ak=him e MAk H ArAx ]:
of equations(linear if uniform density is assumgdvector i NiAg—L/e7 ][ micug/e

(7)
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Observe two major simplifications(l) The differential- Eg. (9) with K—1, however,\, need not satisfy Eq(13)
operator matrix in Eq(5) reduces to an algebraic matrix, and since these states use only a single eigenvalue.

the analysis becomes purely algebrai2) The geometric Apply the double-mode solution to the expressions for
content of the problem is contained entirely in the eigenvalthe three global integrals to find the functional forms
uesA . One need not know the structure of tigexceptto  Kg,K; ,W,=f(A1,A2,N\¢,\;). Exploit here the orthogo-

view the spatial structure of solutions. nality of the basis functions and the normalization
Equation(7) has nontrivial solutions only if the determi- [|Y,|?d7=1. Then
nant of the operator matrix is zero. This defines tharac- A2 A2
isti 1 1 2
teristic equation KeIAlgH\zg, (14)
NAZ— (L2 NN A+ (N +\g)/€2=0. (8)

A2
It is quadratic inA and thus has$wo roots, hereafter labeled Ki:A1[1+A1(A1—)\e)fiz]z—l
A1,A,. the subscripts being shorthand for the two indices 8

K, andK, for which Eq.(8) is satisfied. 2

In a fixed “compact”(singly connectedsystem domain +A2[1+A2(A2—)\e)€i2]28—2, (15
the eigenvaluegA,} form a real and discrete s€t.In a m
toroidal (doubly connectedgeometry, the eigenvalues are A2

less restricted. This “discretization” is handled here by view- ~ W= AZ2[1+ (A3 —\)2¢7] #
ing Eqg. (8) as apermissibility condition on the Lagrange

multipliersA¢,\; . Another form of the permissability condi- 2

tion gives the permitted value af; in terms of\, and the +A§[1+(A2_)\e)2€i2]8_;- (16)
eigenvalue

Recall that\ . must be one of the two roots of E@.3). Since

Ni= Ak—Ae 9) K. and K; are the specified invariants, Eq4d.4) and (15)

' 1+AK(AK—)\9)€i2' form a coupled algebraic system for the coefficiefjsand

Note that the samg,, \; must satisfy this equation fdroth Az. Solving these gives

eigenvalues\ |, A,. A2 f(Ay)Ke—K;

Since only two eigenvalues at a time can satisfy the g = A[f(Ay)—F(AD]’ 17
characteristic equatiofB), all other the coefficients in the
infinite sums EQ.(6) must vanish, i.e.A,=0 for all k A3 Ki—f(A)Kg

#K1,K,. Then the general stationary-energy state is a @zAz[f(Az)_f(Al)]’ (18)

double-mode condensate
wheref(A)=[1+ A (A —\)¢Z]%. Observe that sincaZ A3

A=A1Y 1 +AY,, (100 are non-negative, some combinations ®f,A,, Ke,K;,
will be forbidden. These results are substituted into @6)
=u. Y1 +UyYs. 11 . .
U=t T2 (D to find the functional formW,,;=f(A,A,,K¢,K;) for the
The existence of such two-part states was explored in Ref. 3louble-modestationary-energy states

The diamagnetic class of solutions found in Ref. 18 are a A2 A2
- i = 1 2
subset of 'these two-part solutions for .th.e ca%:-f A Wmf:Aig(Al) —+A§g(A2) 2 (19)
Equation (7) connects each coefficient paiAf ,ux), 8m 8m
K=1.2 whereg(A)=1-+ (A —\g)2€2.
cAx For single-mode condensateéke functional form was
Uk =Ax(Ak=Ne) 71 (120 found previously[Eq. (23) of Ref. 18, for which, again,

there are two branches:
i.e., in stationary-energy states the flow and field are coupled

: . o 1 K|
in a particular way. Requiring ¢ ,\; to be the same for both Were=|Al€:+ + VK JK.—1)2| =< 20
eigenvalues\ ;, A ,, it follows from Eq.(9) me=| 1Al |A1|fi( /Ke= 1) € (29

A1+A2 l Al_A22
Ne=—p = 2\

(13) C. Ordered energy vs location in helicity space

By definition, all “successful” magnetically confined
Since Eq.(13) has two roots, there will be two stationary- plasmas in experiments have predominantly large-scale

energy states for each; — A, combination. structure, whether they are quiescent or not. Thus the focus
There is also &hird family of stationary-energy states if here is on the states with the largest-scale structure allowed
one limits attention to solutions withsingleeigenvalueA ; : by the system domain. These are eitl{&y single-mode

A=A;Y; andu=u,Y,. These arsingle-mode condensates stateswith |A;|=A, or (2) double-mode statewith A
The force-free class of solutions found in Ref. 18 are equiva= — A,= A ,i,, where A,;~1/L is the magnitude of the
lent to these. Again the coefficient paiA{,u,) is governed lowest eigenvalues and is the smallest dimension of the
by Eqg. (11) with K—1. The multiplier\; is again given by system domain.
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2. . , organization phase has long since ended. The action of dis-
\ | sipation causes the global integral®{¢,K,K;) to evolve.
\ | — The continuing action of self-organization only serves to
maintain the plasma in an approximately SE state, albeit an
. evolving one. The evolution will cause the plasma tomia
grate in helicity space K¢,K;). The evolution that is con-
sidered here is the slow change aii the ideal invariants
(Wpns,Ke,K;) that results from dissipation. It is not the same
as the rapid “catastrophic” relaxation that may take place in
a newly formed plasma.

Since W,,,; is positive definite its evolution is decay
Thus the exponential decay raManWmf is the appropriate
measure of its evolution. The helicities, however, are not
positive definite. The exponential decay time of, e.g., the ion
helicity K;/|K;| is meaningless in the interesting case which

Angle in helicity space, &/ has K;=0. Better measures of evolution are provided by
FIG. 1. Ordered energy as a function of position in helicity space for single-Ke/| K|’ andK; /| Kl’ Where| K|,: (K§+ K'Z) H2is thehellc,lty
and double-mode statesh;=0.1/;; for double-mode solutionsA, modulus In helicity space|K]| is the radius from the origin.
=—A, is assumed.

mf™i

double

0.5

0 T T T 1
0.00 0.25 0.50 0.75 1.00

B. Dissipation coefficients
In order to portray the energy vs helicity dependence, he diffusivities f . dvi &
define the helicitymodulus The diffusivities for resistive and viscous effects, respec-

tively, are
|K|= \/Kz+ K?. (21

Dres= 77C2/47T7 Dyis=p/min, (23
The normalized energw,,;/|K| can be expressed as a func-
tion of the helicity ratioK; /K. and the eigenvalues. A par-
ticular helicity ratio corresponds to a polar “ray” inelicity
space K vs K. Helicity spacé®is the two-dimensional do-
main of the helicities. The polar angle in helicity space des- o 3 [m\¥? [T,\%?
ignates a particular ray r= 7c2mn = ﬁ( ) '(f)

—ta 1
o=tan “(K;/Ke). (22 The latter form assumes a hydrogen plasma, the Braginskii
Figure 1 shows how the energy varies with polar angleshear viscosityw, — 7} and the perpendicular resistivity
in helicity space. The range @f shown spans the first and — 7, . Here 8;=8mp;/B? is the ion “beta” andT,,T; are
second quadrants of helicity space; the pattern repeats in thiee electron and ion fluid temperatures. For example, a deu-
third and fourth quadrants. The example\;|=|A,]  terium plasma with equal temperatufBs=T; and3=1 (so
=0.1/; is shown: This represents a domain size comparablé¢hat 8;=1/2) has a magnetic Prandtl number of=F3.2. In
to 10 skin depths, which is relevant to many field-reversedthis case the viscous dissipation exceeds but does not domi-
configuration experiments. Observe three poirii3. Both  nate the resistive dissipation. For simplicity hereafter we as-
single- and double-mode states have allowed and forbiddesume a scalap.= 7}, and that both; and u are spatially
regions'® In the single-modes states the forbidden regionsuniform; the latter makes Pr uniform. The small electron
for are the second and fourth quadrants of helicity spaceviscosity is ignored.
This is obscured in Fig. 1 because the single-mode energy Braginskii or Navier—Stokes viscous stress laws are only
goes off scale well before approaching the forbidden revalid if the gradient length scale does not exceed the mean-
gimes. In the double-mode states the forbidden region in théree-path. The interest here, however, is in large-scale plasma
first two quadrants is the range 0.219/7<0.284. This is  structures in which these laws remain valid.
obscured in the figure because the single-mode curve neatly
fills in the gap.(2) The double-mode states have lower en-
ergy than the single-mode states throughout the region wherf@. Rate of change of global integrals for SE states
they are allowed(3) The pointd/ == 1/4 is the Taylor state,
a particular single-mode state.

where 7 is the electrical resistivity ange is the viscosity
coefficient. Themagnetic Prandtl numbeamneasures the ratio
of viscous to resistive effects

e (24)

Selective decay is applied to the single- and double-
mode states. The rates of change of the energy and helicities,

adapted from Eqg39) and (40) of Ref. 2 are
IV. EVOLUTION OF STATIONARY-ENERGY STATES

T . . dWMF
A. Validity of slowly changing stationary-energy at =—Des| d7
states
2
This section investigates the evolution of SE states |V xB|
S . . ———+Prmnu;- [V X(V Xy
caused by dissipation. It is presumed that any rapid self- { 4 Pr-minu [V (VXu)l, (25
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7,K,/K, state
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FIG. 3. Evolution of double-mode state§;=—A,=0.1/;, Pr=3.
FIG. 2. Rates of change of global integrals vs position in helicity space:
Double-mode states with ;= — A,=0.1#; and Prandtl numbet3.

Observe that all three rates of change are generally com-
dKe B-VXB parable in mggnitude. This mer_ely means that no ong of the
y T resj dTT’ (26) global quantities changes precipitously compared with the

others. Moreover, the rates are comparable to the simple re-
dK; V XB m;c sistive timescale, Eq(31). This is partly the result of the
T _Dresf dr] ?+PrmVx(VXui) Prandtl number being not far from unity. If Pr were much
larger than unity, theiW,,; andK; would change more rap-
idly as a result of viscous dissipation.
The rates of change of the two helicities reflects a mi-
gration in helicity space as a result of dissipation. Figure 3

shows arrows representing the chandgs.= KAt, AK;

=K;At. For the most part the evolution is a simple decay,

dWye Ai i.e., toward the center of the map. There is a tendency of
gt~ Dree 2 [1+PHA N FIAK G, (28 " Y

m;C
'(?VXUF"B). (27)

Expand the flows and fields found in Sec. Ill, exploiting the
orthogonality of the eigenvectors. Then

dt states far from the Taylor-state lirg# 7= 1/4 to drift toward

dK it. However, states closer to a Taylor state migrate mostly
i _ 2 parallel to thed/ 7w=1/4 line. In any case double-mode states
——=-D 1+Pr Ax(Ax—No)¥;
dt rESK:El,z[ KAk R 7] retain their identity.
A%
'{1+AK(AK_)\9)€i2}AiE! (29
V. DISCUSSION

dKe 5 A% A variational principle is used to find stati
— = Dy > PR (30) variational principle is used to find stationary-energy
dt k=12 47 (SE) states. The ordered ener@y, s is minimized subject to

where the sum is over the two elements of the double-modgnstraints on the species helicitiss andK;, which are

i : ideal invariants of a two-fluid. This leads to the functional
s_tate. Th_e yard_stlck for the_thre§ ratgs o_f chawgg /W, form W= F(K; Ko, A1, A ,) whereA A, are eigenvalues
Ke/[K|, Ki/[K[ is the resistive diffusion time scale associated with a particular state. Since these statestivave
7o=(DyeA?) L. (31  eigenvalues, they are calledouble-mode condensates

o Single-mode condensates have a single eigenvalue and a dif-
The three rates of change are shown in Fig. 2 as a funGgrent functional formW,, ;= G(K; ,Kq,A1).

tion of position in helicity space for double-mode states.  gqip single- and double-mode states hallewed and
The forbidden gap in the range 0.219/w<0.284 is clearly  forpigdenregions in helicity space. The allowed region for
visible. The ordered energy, of course, always decaygo,ple-mode states is much larger. Where their allowed re-
(negative. Both the electron helicityK.=[K[cos# and its  gions overlap, double-mode states always have lower energy
rate TpK/|K| change sign ab= w/2; thus the electron he- than the single-mode states.

licity always decays as well. This is not the case for the ion  Once the SE states are found, their slow evolution from
helicity. SinceK;=|K|sing it changes sign ap=0,7/2.  one SE state to another can be found. This evolution results
However, 7pK;/|K| changes sign atf/7=0.147 and from the changes i, andK; produced by resistivity and
—0.853. Thus dissipation actually causes the ion helicity toviscosity. It is found that the ordered energy and electron
grow in magnitude in the ranges<00/7<0.147 and—1 helicity always decay as a result of dissipative processes.
< 0/7<—0.853; these correspond to two sectors in helicityHowever, the ion helicity actually grows in certain domains
space. of helicity space. Dissipation also produces a migration in
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helicity space. For most part this is like a decay, although irEuler—Lagrange(EL) equations are found by minimizing

some regions of the helicity map there is a slight tendencyV,,; subject to the invariants, taking independent variations

toward a Taylor-type statéhe lineK;=K,) S6A and éu. Their derivation uses suitable integrations by
This theory does not directly answer the question: Whichparts and assumes zero normal componegts0, B,=0 on

SE state is the preferred state or “natural” state of thethe domain boundary. For a single fluidinvariant

plasma. While the preferred state is certainly an SE state, it iK,,K,,Ky), the EL equations are

unclear which. The rationale pursued here is that the pre-

ferred state is that with the lowest-magnitude eigenvalues. ——vxB—\,B—\,VXu=0, (A2)
This is reasonable because in all successful plasma experi- “7
ments, more or less by definition, the plasma structure is the minu—A\,B— AV Xxu=0, (A3)

largest scale structure that fits within the system domain, at o .
least visually. The question of which SE state is the preferred/here thexm A, A are the Lagrange multipliers associated
state requires a more sophisticated treatment. The most weltith the three constraints.

known selection principle is that the state of absolute mini- ~ Similarly, for a two-fluid(invariantK ,K;) the EL equa-
mum energy is the preferred state. This approach has bedi@ns are

challenged lately by Yoshida and Mahajan, who propose in-

m;c
stead a plasma structure-based criterion, minimizing a “co- VXB—(X¢+\j)B— MT'V Xu=0, (A4)
ercive functional” that measures the structural complexity of
the plasm&?° : m?c?

Two other limitations of the present theory are worthy of ~ MiNU=Xi7—-B—\;7—5VXu=0. (A5)

note.(1) The SE states here ignored the influence of an an- ) )

gular momentum invariant. Many practical system domains ~ While there are obvious resemblances between the EL
are axisymmetric, for which, with suitable boundary condi-Systems for the two models, there is a fundamental differ-
tions, the angular momentum is invariant. This is a subjecENCe. In the specialized case where the two sets of Lagrange
for future work.(2) The model here assumes uniform densityMmultipliers are related as follows:

while realistically the density is nonuniform. The constant

density artifice was useful because it allowed the problem to  Am=7—(Ae+ Ni), (AB)
be treated using analytical methods. Unfortunately, the con-
stant density artifice makes the ordered energy an invariant, m;c
but only artificially. The variable density problem needs to be Ax:m)‘i ' (A7)
investigated, although it is much more difficult. -
m{c
)\f:mhi ; (A8)
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