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The properties of two-fluid flowing equilibria are explored. This is facilitated by limiting attention

to compact toroids in a “stationary-energy” state with uniform density. Flowing equilibria are found
to fall into two classesforce-freeand non-force-free referring to the absence or presence of a
jXB force. The force-free class may have significant flows. Spheromaks are in this class. The
non-force-free class is diamagnetic and has Alfegooloidal flows. Field reversed configurations
(FRCg are in this class. Both classes admit arbitrarily large equilibria. Both classes occupy certain
“allowed” regions in “helicity space,” a two-dimensional parameter map with the electron and ion
helicities as coordinates. Allowed regions for the two classes overlap; in the overlap region the
non-force-free class is energetically favorable. This sheds light on the FRC-spheromak bifurcation
observed in experiments. Two-dimensional analytic equilibria are also found that span both classes.
These may play a role similar to the familiar Hill's vortex and Bessel function models in static,
magnetohydrodynamic equilibria. @001 American Institute of Physics.
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I. INTRODUCTION a realistic geometry, although the general formulation has

been developelBy “realistic” geometry is meant a plasma

In magnetic fusion the need for plasmas that are stqble t0at is(1) large size(2) axisymmetric two-dimension&2D),
global and local magnetohydrodynamiHD) modes is and (3) isolatedfrom its surroundings.

foundational. Stability issues underlie research on beta lim- . present the first detailed analysis of 2D stationary-

its, disruptions, and equilibrium control in tokamaks. Further,energy states of a flowing two-fluid. This includes, impor-

the equilibrium should be controlled so as to minimize the : e . o
: . .“tantly, their classification into two distinct types of equilibria.
energy transport. In this context, an even more impressiv

, %imple analytic solutions are found for a compact toroid ge-
goal would be to findnatural statesof a plasma that are ometry. A compact plasma obiect with comparable fields and
stable to both MHD and microinstabilities and thus have Y- pact p ) P

minimal transport rate. Such states, if they exist, would hav lows might be described as a magnetofiuid vortex. The re-

obvious interest to fusion. Moreover, they might arise Spon_(sjults.prgsented he(;e arr](_a lr']m',tedl',? twohrespe((lﬂI)SURform
taneously in space. Theoreticpieferred states have been _ens_,|ty_ IS assumed, which Simpll les the ana_yézg; tten-
found using reduced plasma models: in the ideal MHption is limited to the region inside the separatrix of a compact
model the lowest-energfprce-freestate(Taylor stat is ab- toroid. Since the self-consistent region outside the separatrix

solutely stablé:2 In fusion, however, force-free states have is not considered, the issue of isolation from the surround-
limited interest because significant plasma pressure is needdS is not addressed. o .
in a practical system. Besides, force-free states appear ex- Analytic solutions are helpful for illuminating the basic
perimentally only in certain arrangementgeversed-field properties of equilibria and for preliminary stability analysis.
pinch, spheromakand then only in the central “core” of the The Hill's vortex or Solov'e equilibria played such a role
plasma. for static-MHD equilibria of field reversed configurations
The possibility of natural plasma states with finite pres-(FRC). The flowing equilibria found here can play a similar
sure has re-emerged in studies of the two-fluid model, whictiole. They are more general than the Hill's vortex because
is more general than the MHD formulatidi° A key feature  they span both FRC and spheromak-like equilibria. Like the
of these states is significant flow. As such they constitute &lill's vortex, they are limited to the region inside the sepa-
new class of plasma. They contrast markedly with standargiatrix. Analytic solutions of flowing equilibria were found
magnetohydrodynamic models of fusion plasmas in whictpreviously but are quite restrictive. Some used 1D analogies
the flow energy is negligible compared with the magneticto FRCs? tokamaks, and reversed field pinch@®©thers that
energy. Some stationary-energy states may be states of mirfdund 2D flowing equilibria were limited to the MHD for-
mum energy. Such states in a two-fluid have been found inmalism and had only a rigid rotatich'’
idealized one-dimensionélD) geometries; but not yet in The outline of the paper is as follows. Section Il reviews
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the basic elements of two-fluid equilibria, including the natu-

ral length scale and the invariants. Section Ill develops the L:f drminru;g. (2
general properties of two-fluid equilibria in a compact toroid. i o

The uniform density, and “stationary state” assumptions ardRelaxation theory postulatgs that weakly d|_SS|pat|ve systems
clarified in Sec. Il A. The flowing-equilibrium equations are @PProach the state of maximuentropyof thf ideal(nondis-
presented in Sec. IIB. In Sec. IlIC the “characteristic” SIPalive system subject to its constrairts.* This is the or-
equation is found and equilibria are shown to separate intg@nized(or coherent energy form as opposed to the disor-
force-free and non-force-free classes with quite differen@@nized or thermal energy form. For massless electrons and
properties. As points of reference, two familiar reduced case§uasineutrality the organized energy form is thagnetofluid

are reviewed in Sec. Ill D. Section IV examines global inte-€N€rgy
grals and finds the functional form of the organized energy of
the system. The properties of force-free and non-force-free WMF:f dr(minuf/2+B?/8m), ()]
classes are explored in Secs. IVB and IV C, respectively. ) o )
Section IV D addresses stability implications, and Sec. Iv EVhereB=VXA is the magnetic field. Stationary values of
shows the selection of preferred states and the tendency t¥mr With constraints orKe, K;, L lead to Euler equations
ward bifurcation. Section V presents a simple analytic equifor the species floWEq. (49) of Ref. 4; Eq.(32) of Ref. €];
librium and gxamines its_ structural properties. Section VI U, =Qr 8+ (c24me?n)VXP, . ()
concludes with a discussion and summary of these results.
Appearing here are the Lagrange multipliers associated with
the electron and ion helicities\(,\;) and the angular mo-
Il. BASIC TWO-FLUID EQUILIBRIUM PHYSICS mentum (). The same Euler equations for the stationary
state arise if the organized energy form is minimized subject

The two-fluid model is a relatively general formulation o ) )
that includes as limits two familiar cases, simple fluids and® the Same constraintsAn important question concerns the

MHD. The relationship between these reduced models anf'99edness of the helicities. While these are not strictly con-
the more general formulation is illustrated in Table | of Ref. Stant in a dissipative plasma, they dess susceptible to
4. A two fluid includes both the flow effects found in a dissipation thaWye and thus should act as regulators of the

simple fluid and the magnetic field effects found in MHD. equilibrium. Several arguments for the ruggedness of the he-

Flow and field effects are linked through the canonical mo-icitiés were advanced in Ref. 4.
The reduced cases of the foregoing are recovered as fol-

mentum for each fluid speciés,=m,u,+q,A/c, whereA . o ) ) . L
is the vector potential, angj,m, u,, are the charge, mass, and lows. The single helicity invariant in a simple fluid is the
flow velocity of speciesa (i =ions, e=electrons, respec- fluid helicity, found by setting the charge=0 in K;. Bel-

tively. A two-fluid plasma with massless electrons has a natulf@mi states are stationary-energy states of a simple fluid. The

ral length scale that appears in the equilibrium formu-Single helicity invariant in MHD is the magnetic helicity

lation”! as well as in stability analysé8,namely the ion found by settingn,=0 in K. Taylor states are stationary-

skin depth energy states of MHD. The organized energy form in a
X o 1 simple fluid is the first terniflow energy in Eq. (3), and in
li=(m;c/4men)™, MHD it is the second ternfmagnetic energy

wheren is the density. The ion skin depth is quite small in ~ An alternative and more intuitive approach to natural
relation to the size of fusion and space plasniass a few states of a two-fluid is the double-Beltrami formulatidef.
cm in fusion plasmas and a few km in the magnetosphere> and Eqs(27) and (28) of Ref. 11]. These states are the
“natural” plasma states is, can they have a scale much |arge$|mple fluid. In fact, double-Beltrami states are identical to
than the natural scale. This question was answered in the the two-fluid stationary staté&q. (18) of Ref. 3; Eq.(49) of
affirmative in Ref. 11. Note that the reduced cases of &€f- 4. The only difference is that the latter account for a
simple fluid and MHD are scaleless. global angular momentum invariafq. (49) of Ref. 4]. The
Natural equilibrium states may be regulated by the ro-Beltrami Coefficientj{Eq. (12 of Ref. 17 are ir! one-to-one
bust global integrals of a two-fluid. A multi-fluid has an ideal correspondence with the Lagrange multipliers associated

magnetofluid invariant for each charge species, the generaf¥ith the constraints in the minimum energy procedivg in
ized helicities Refs. 3, 4, and

Ka=(02/87-rqi)f drP,-VXP,, (1) 1ll. EQUILIBRIUM ANALYSIS

where the integral is over the system volume, with incremenf" Assumptions

d7r. The “species” helicities are composites, linking fluid Static MHD equilibria are governed by a single equation
and field behavior through the canonical momentum. ThéGrad—Shafrangvwith two surface functions. By contrast,
constantc?/8wq? gives the helicities the units of energy the system for two-fluid flowing equilibria is bewilderingly
length. In addition, the global angular momentum is invari-complex. With massless electrons and quasineutrality, it is
ant in axisymmetric systems with suitable boundary condi-composed of a coupled system of three nonlinear equations:
tions. For massless electrons, two second-order partial differential equations for the mag-
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netic and flow stream functions, and a Bernoulli equation for

the density[Egs. (38)—(40) of Ref. 7]. Moreover, there are D(A*)=
no less tharsix arbitrary surface functions. The goal here is

to find meaningful 2D solutions to this complicated system.gng A* =r2y.[(1/2)V] is the familiar Grad—Shafranov
Here 2D means equilibria that depend on botandz (Cy-  gperator. With constant density, the ion skin deptts con-
lindrical coordinatel and have limited dimensions in both  stant. Auxiliary equations give the toroidal field and flow
andz directions. To simplify the problem three assumptionscomponent$Eq. (31) in Ref. 7;

are made: a stationary-energy state is assumed; the conser-

A* +\2—1/17 Aikgt+ 12
— (Nt 112)  NZ(12A* —1)+ 172

(7)

vation of angular momentum is ignored; and uniform density B _ 1 4me g
is assumed. A Netht C il ®
(1) The assumption of a stationary-energy state greatly
simplifies the equilibrium equations. In this case the six sur- 1le 4me i,
; . . Ujg== — | = —— —|. 9
face functions take very simple formsThe only arbitrary r mc DY

guantities remaining are the three Lagrange parameters asso- ] ) ) ) )

ciated with the invariants. The stationary-energy condition ist '€ uniform density form of Bernoulli's equation gives the
related to stability: the lowest energy stdgibject to con- Pressure

straints that are stable to visco-resistive modestisfies a 2/ _

sufficientcondition for stability to all two-fluid modes?2) If pH+min(u;/2=r{uiy) =const. (10
the angular momentum constraint is ignorgy setting()
=0), only two parameters remaix., \;. (3) Finally, sup-
pose that uniform density is assumid in Refs. 5 and 11 The angular momentum constraint is ignored hefe (
which is equivalent to an ideal fluid with infinite adiabatic =0) as discussed in Sec. Il A so that the right-hand sides of
index” This causes the differential equations to become linEgs. (5) and (6) are zero. Then Eq6) is a coupled pair of
ear, and decouples the Bernoulli equation. Although a realistinear partial differential equations that satisfy the modified
tic plasma has varying density, uniform density has been geimholtz equation

common artifice in analyzing the equilibrium and stability of

magnetically confined plasmas. (A* + A {4, hi}=0 11

with the boundary conditiogy= ;=0 at the separatrix. The
eigenvalueA is real and is ageometricproperty determined
The variational principle that extremized the magneto-by the boundary condition's.It should be kept in mind that
fluid energy[Eqg. (3)] subject to constraints on the helicities A cannot be freely chosen once the boundary geometry is
[Eq. (1)] and angular momenturfEq. (2)] leads to Euler fixed. With A* ——A? the differential operator in Eq(7)
equations for the flow of each spec[&). (4)]. For massless pecomes algebrai®— D(—A?). A nontrivial solution re-
electrons these reduce to a coupled pair of differential eqUaquires ||B(—A2)||=0 (the characteristic equatiprwhere

C. Classes of equilibria

B. Equilibrium equations

tions_ for the magnetic field and the ion flow velocity. In |-| denotes the determinant. Since the squard appears
matrix operator form these are in D(—A?), either sign ofA is allowed, corresponding to
VX —N\e -1 cBl/4men (1 left- or right-handedness of the fields or flows, as will be
N (I VX 1) { uj ]_ - 9{1] seen. Note further that [IV| is the length scale; thus large-
' t (5) scale equilibria havgA |I;<1. The characteristic equation is
where VX is the curl operator, and, \;, Q are the [(1+AZ2)2=N2A2 MNZ+ 20N +N2=A%=0 (12

Lagrange multipliers associated with the ion helicity, elec- = . .
. o . which is a relation between the two parametegs \;. Re-
tron helicity, and angular momentum, afids the unit vector L
. . 2 . : . call thatA is fixed by the boundary geometry.
in the azimuthal direction. The first line of E@5) arises . . .
) . ) Two classes of solutions arise. If the off-diagonal terms
from the Euler equation for electron flow using Ampere’s

law to eliminateu, in favor of B; the second line is the Euler 1N D [Ed. (7)] are nonzerg then the field and flow are
equation for the ion flow. For uniform density and no angularc@UP!ed and the flow and magnetic stream functions have a

momentum constraint, EqS) is equivalent to Eq(10) of  Particular proportionality,ys; = — (c/4me)(Ae+A)y. If the
Ref. 5. off-diagonal terms irD arezerq then the field and flow are
In axisymmetric equilibria the poloidalrz) field and ~Somewhat decoupled, and the ratlp/¢ is arbitrary. This
flow can be expressed using stream functiolBg.:(b/r) possibility was mentioned in Ref. 11. Both classes can be
XV and u,=(@nr)xVy, where ¢ is the magnetic expressed using the following relationships. The two stream
ip— ’

stream functiony; is the flow stream function. Then E), functions are related by
becomes

c
i=— —— N\t al)y, 13
- cyldme 1 U= greNetal)y (13)
D(A*) gin, = ey (6) L :
He where thea parameter reflects the arbitrarinessgf ¢ in
using the matrix operator the non-force-free case only. The field and flow vectors are
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o 0
B=aly + XV, (14)

(a)\e-l—A)AlﬁFa-i-()\e-i— al) gXVd;}
(15

Note that the nominal poloidal fieldsubscriptp) is B,
~A|V | and the nominal toroidal field isA; thus « itself

is the nominal ratio of the toroidal to poloidal fields. The
parameters\., \;, « for the two classes are as follows. In
the force-freeclass the ratiay; /¢ is not arbitrary so that
=1, and Eq.12) determines\;:

\ Aot A
IR AN AP

u._
: 4mren

(16)

In this class\e remains a free parameter. In then-force-

free class the vanishing of the off-diagonal termsﬁ(lAz)
combined with Eq(12) determinesdoth A, and\;:

N2=A2+ 107, (173

Ni=—1I\2 (17b

In this classa (the parameter reflecting the arbitrary ratio
i 1) remains free. Note that in Eq$l4) and (15), the
toroidal field component obeys a lefright-) hand rule with
respect to the poloidal field fok positive (negative.

The key properties of thiorce-freeclass are the follow-

Steinhauer, Yamada, Ishida

D. Reduced cases

Before continuing it is useful as a point of reference to
show how two important reduced cases are recovered. In a
simple fluid e-~0 so thatey/m;c—0. The first line of Eq.

(6) is discarded since it reflects Ampere’s law. In the second
line only the “lower-right” element ofD remains and in it
the —\? term is discarded since it is a manifestation of the
toroidal magnetic field component. simple fluidis a re-
duced case of a two-fluid in the limit,— . Then the char-
acteristic equation, Eq12), reduces to

N2=1/(A1?)2. (18)
In the limit A ;.— Eq. (13) shows thati)/ ;— 0, implying
the vanishing of the poloidal fields relative to the flows, i.e.,
a simple fluid. The vanishing d8, is less obvious because
of the product ¢/ in Eq. (8). It can be shown by eliminating
¢ using Eq.(13), which (for A\ l;>1) leads toB o ¢ /\,
—0. Note that although appears in Eq(18), it has actually
disappeared as a length scale because of the grompliﬁg
This is seen by recognition that the dimensional factor in the
ion helicity c?/8me? is equal tonl?/2m;. Thus in the mini-
mization principle where the produktK; appears, the factor
N c?/8me?= ()| )n/2m; appears, i.e., only the combination
)\iliz matters. Thus a simple fluid is scaleless.

The second reduced case is an MiOid, which is re-
covered by discarding the ion helicity constraint by setting

ing. (@ The current density is aligned with the magnetic its Lagrange multiplier to zero,;=0. Then the characteristic

field, j=(c/4mw)AB, as is easily verified using Ampere’s law;
hence the designaticiorce-free (b) Although the magnetic
field is force free, the pressufEq. (10)] may be nonuniform
because of inertial effectgc) The ion flow is also aligned
with the magnetic field(d) The ion flow velocity for large
plasmas |A|—0) is uj=—\JVAB/B where V,
=B/(4mm;n)*? is the local Alfven speed. Thus, depending
on the size of the produat,l;, the flow may be Alfveic. It

is antiparallel (parallel) to the field if the sign ok is posi-
tive (negative.

The key properties of th@on-force-freecase are the
following. (a) The current isnot aligned with the magnetic
field, thus the field igliamagnetic ThejXB/c force density
is | XB/c=(1— a®)A%yV yl4mr?, which is nonzero in this
class @#1). A pure FRC (zero toroidal fieldl hasa=0, in
which case thg XB/c force is maximal.(b) Near FRCs
(small but nonzero toroidal fieldccur whenever is small
but not zero(c) Only the poloidal parts of the flow and field
vectors are alignedd) The poloidal flow speed for large
plasmas [A|—0) is uj,=*V,,, i.e., the poloidal flow is
Alfvenic. (e) The toroidal flow, usingAy~|V | is uj,
~AliVa,. Thus for large plasmas\(;<1) the toroidal flow
is much smaller than the poloiddf) In this class the fields
and flowspartially decouple, i.e., the strict alignment and

equation, Eq(12), reduces to

N2=A2, (19)
Note the disappearance of the length sé¢gld.e., the MHD
case is also scaleless. Further the second line iN@qe-
duces toy— (4melc) g INj=Q(m;c/e)r2. Sincer;—0 the
poloidal flow vanishesy;— 0, although the quotieng; /\;

may be finite. Using this in the first line of E¢G) recovers
the same equation for the magnetic stream function{ Ek).
The toroidal field, flow, and pressure aBg= —\gi/r, U;y

=0, p=const, which is the familiar force-free result.

IV. GLOBAL INTEGRALS
A. Functional form of magnetofluid energy

Given the foregoing solutions, the global integrals, Egs.
(1) and(3), can be found. The objective is to eliminate the
free parametef\ . or «) in favor of the helicities in order to
find the functional formWy,.=Wye(A,K¢,K;); in this form
the last two arguments are the global constraints and the first
is the eigenvalue. The two helicities can be thought of as the

proportionality of magnitudes found in the force-free case iscoordinates in a two-dimensional map of helicity space; on

broken. Even so, if the two separatriadl®w and field co-
incide, as assumed here, then theand B are roughly

this map the domains of the equilibrium types and their prop-
erties can be classified. The functigy:(---) will be dif-

coupled, i.e., nearly aligned with magnitudes nearly in aferent for the force-free and non-force-free classes. This
fixed proportionality. It is unclear whether this relationship is functional format will lead to conclusions about stability and
retained if the two separatrices are not required to coincidethe tendency to select preferred states.
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The helicities, Eq(1), contain the canonical momentum,
which requires the vector potential. A form of the vector
potential that serves both classes of equilibria is

This leads to magnetic field, E¢L4). Note that volume in-
tegrals will appear in two forms, which in fact are identical.
This is the reference energy

1 IVwIZ_Aszz
g7 7 8x) 17

R

That the second integral is identical to the first follows from

an integration by parts, accounting fgi=0 on the bound- 0 - 7
ary, and using Eq(11). The reference energy is positive ex- \\forbldden

cept in the uninteresting case of vanishing magnetic field. force-free\
Using Eqgs(14) and(15) the two helicities and the magnetof- \\ \\\

luid energy are

2Wg FIG. 1. Domains in helicity space.
Ke=—a——, (20)
) 5. 2Wg _ .
Ki=—[1+A(ahe+ MIZ[a+ AN+ aA)lF] - whereV,=B/\4mm;n is the local Alfven speed.

Observe then the following properties fofce-freeequi-
(22) libria. (1) Helicities Both helicities must have the same sign.
Wye={(1+ a?)+[(ahe+ A) 2+ (Nt a’A)Z]liZ}WR- Thus the allowed combinations &f,—K; fill two quadrants
(22 (I and Ill) of the K.—K; plane.(2) Flow. The flow can be
Observe the two groups of terms Wiy, : the (1+ a2) part parallel or ant|pare_1ll_e_l to the field. The flow is quite Ie_lrge
represents the magnetic energy and the rest is the flow erIess the two h(_ahcmes are nearly ?qt(a) Energy part|-.
ergy. tion. The proportlon_s of. magnet|c field and_ lﬂow energies
depends orfA|. Equipartition occurs at a critical valu&
= A that depends on the ratio of helicities.
The two reduced cases discussed in Sec. IlID are limits
As is customary in constrained minimization procedurespf the force-free class. Th@mple fluidlimit is recovered for
the remaining step is to eliminate the free parameters in favox ,— . Then the characteristic equation reduces to(E§).
of the constrained quantities. In the force-free cage () In this limit the ratioK./K;=0 (no electron helicity. The
the quantities to eliminate in EqR0)—(22) are\, andWg. functional form of the organized energy, using E2P), is
Note from Eqs.(20) and (21) with =1, the two helicities 2
must have the same sign. This restricts the “allowed” do- Wie= [Kil/[ A1 (25
main on the helicity map. Then the functional form of the The MHD limit is recovered foi;— 0. Then the character-
organized energWye(A,K,K;) follows: istic equation reduces to E(L9). Here there is no flow and
K| the two helicities are identical. Then the functional form of
i (23)  the organized energy, using E@3), is
I

In fact, two signs of the square rooK(/K.)? are allowed W= |A[[Kel- (26)
here; the positive root is shown since it is energetically fa-  The domain of the force-free class on the helicity map
vorable (lower Wye). The negative square root has a much(K; vs K,) is portrayed in Fig. 1. Mainly the first and fourth
larger value ofe. In Eq.(23) the first and second terms in quadrants are shown, since the second and thigg<(Q) are
the square brackets represent the magnetic and flow energiégentical, although inverted. Force-free equilibria are forbid-

B. Force-free class of equilibria

1
Wye= |A||i+W(VKi/Ke_1)2
I

respectively. At the critical value den in the shaded regiofi$ and IV quadrants Certain lines
of constantk; /K, (rays from the origin have special mean-
Ac=(VKi/Ke= 1)l (24) ing. MHD fluids (Taylor statep lie on K;=K, line, and

the two energies are equal, i.e., energy equipartition. Fosimple fluids(Beltrami stateplie on theK; axis.
|A|> A the magnetic energy is larger and fav|< A the
flow energy is larger. Note thakl; is small only forK;

quite close taK,. The flow velocity is C. Non-force-free class of equilibria

U=—V VKi/Ke—1 E Again, the remaining step is to eliminate the free param-
! A AL B’ eters in favor of the constrained quantities. In the non-force-
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free case the quantities to eliminate in Eq®)—(22) area  values, each representing a unique equilibrium. The lowest-
andWg. Of course\, is given by Eq(17a. From Eqgs(20) |A| eigenvalue has the largest structure, comparable to the

and(21), system size. In interesting fusion and space plasmas, the
lowest{A| is much smaller than /. Equilibria with finer
— / 2__
|a =f/2x (172" -1, structure have largefA|. Suppose the two helicities are
1 Ki/Kg - (27) stable to tearing modes, as was argued in Refs. 16 and 17. If
f= IAJL(1+ AZ%) 12|17 A2 1-2A47]. Wiy is monotonically increasing fdi\|> the lowest eigen-

value, then the largest equilibrium structure has the lowest
Real solutions requird=2. Regions ofK;—K, space in possible energy given the specified valueskgfK; . If so
which f <2 areforbiddento the non-force-free class. In large this equilibrium is absolutely stable to all modes of a two-
plasmas [A|l;<1) the forbidden region on the helicity map fluid plasma, including visco-resistive modes. This is a suf-
is bounded by the linek;~K¢(1+2|All;); this is a narrow ficient condition for stability and is stronger than the crite-
wedge-like shaded region near tkg=K, line. Then the rjon for ideal modes.

functional form of the organized enery=(A,K¢,K;) fol- In the force-free class th@/,,r vs A dependenc¢Eq.
lows: (23)] has aminimumat |A|=A¢, Eq.(24) and is monotoni-
1 K cally increasing fojA|>A¢. If Ac is less than the lowest

= K.J1+A2%Z. (28) |A], then that equilibrium is absolutely stable. Sintgl; is

MRl J1eA2? ' small only for K; quite close toK,, it follows that large

gorce-free equilibria are only stable near te=K, line on
(}he helicity map.

In a simple fluid(K; axis in Fig. 2 the Wy, vs A test
applied to Eq.(25) shows that the lowest energy arises for
|A|— (becauseA —x); thus all Beltrami stateail the

B stability criterion. An MHD fluid lies exactly on thekK,
Uip=—Vagl V1+A2|i2+O(A2| iz)] B_z' (29) =K, line (see Fig. 1; thus Taylor states are stable.

In the non-force-freeclass thewye vs A test is applied

_ A\12 .
where Vap=Bp/(4mmin) "~ is the Alfven speed based on Eq. (28). It is easily shown thatVy,- is @ monotonically
the poloidal field. For large plasmas the square root term is;

close to unity: thus the poloidal flow speed is roughly themcreasmgfunctlon of |A| if the helicity ratio satisfies
Alfvén speed based on the local poloidal field. The square- —1<K;/K.<1.

root radical in Eq.(29), which isAl; in view of Eq. (173,
may have either sign so that the poloidal flow is either par

allel or antiparallel to the poloidal field. | A ibrium isth ibri £ mini
Observe then the following properties nbn-force-free owestiA| equilibrium isthe equilibrium of minimum energy
and therefore absolutely stable. These stable equilibria are

equilibria. (1) Helicities The helicities need not have the . . .
same sign. Moreover, the electron helicity may vanish withearFRCs, i.e., they have a small but nonzero toroidal field.
’ Pure FRCs K;/K.—x) lie outsidethe stable region, and in

out forcing the uninteresting case of no magnetic fields; in-f h ! fon | —oo. Th FRC
deed, pure FRC&ero toroidal field haveK,=0. (2) Flow. act have minimum energy fgn|—c. Thuspure sare

Only the poloidal parts of the ion flow and magnetic field arenot gbsolutely 'stable. Nothing can be said at this point apout
aligned.(3) Energy partition There is an approximate equi- the ideal stability of pure FROsr other non-force-free equi-
partition of energy between the magnetic and flow energiegb”a out5|_de the stable_ sect@rsmce ideal modes are a
for most non-force-free equilibria. more restricted class of instability.

The domain of the non-force-free class is also located on
the helicity map(K; vs K,) in Fig. 1. Again the domains are
bounded by rays from the origin, i.e., lines of constantE. Preferred states and bifurcation
K; /K. Non-force-free equilibria are forbidden only in the

narrow wedge(hashed region in Fig.)1 Evidently, the al- In the unshaded regions in Figeltherequilibrium class
lowed domain for non-force-free eqt;ilibria is mu,ch broaderis allowed. Relaxation processes are likely to select the class

than that for force-free equilibria. Note that pure FRCs lie onW'th lower energy. Using Eq$23) and(28), the expressions

the K, axis, the same line occupied by Beltrami states; of.forWMF in the two classes, itis easily shown that throughout
ts allowed region, the non-force-free class has loWgy: .

course, pure FRCs are in the non-force-free class while Bels] . . )

) . his represents &ifurcation between the two classes. The
trami states are in the force-free class. o , : . B

force-free equilibria is required in the region labeled “for-

bidden (non-force-fre¢’ in Fig. 1, and the non-force-free
equilibria is energetically favorable everywhere else. This

In the preceding two sections the functional form of themay explain the bifurcation between FRC and spheromak-
organized energy foriVy=(A,K¢,K;) has been found. Be- like equilibria observed in the Tokyo Spherom#&kS-3
cause this is the organized energy, its dependence on tlexperiments® The former are highg equilibria of the non-
eigenvalueA has important stability implications. Given the force-free class, and the latter are force-free equilibria of the
boundary geometryd must be one of a discrete set of eigen- force-free class.

Over most of the allowed domain of the non-force-free clas
there is an approximate equipartition between flow and fiel
energies. In the non-force-free clasdy the poloidal parts of
the flow and field vectors are aligned:

These are two broa@uarter plangsectors in the I-IV and
II-11l quadrants of the helicity map. In these sectors the

D. Stability implications
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The boundaries of the non-force-free forbidden region (a) magnetic/flow stream function contours
and the bifurcation lines in Fig. 1 are at their approximate Ly s——y 0o
location for the examplgA|l;~0.2. As will be seen in the ® ‘*\
next section|A|~3.8/a. The radial size parameter S, N $
=al/l;~3.8/A|l;~20 for this example, which is in the typi- o 006 0o
cal range of FRC experiment$.In equilibria relevant to ﬁ
fusion or space plasma$A(|l;<1), the forbidden “wedge”
for non-force-free equilibria becomes narrow, though still 002
centered on th&; =K, line. Thus for large plasmasA|l; 0
<1, the allowed range of non-force-free equilibria spans 0 1 a 2
nearly all the helicity map, and these are energetically pre- , . (b) pressure contours
ferred in nearly all cases.
0.
V. ANALYTIC FLOWING EQUILIBRIA o
Given the boundary geometry, must be one of a set of p—y
discrete eigenvalues, each representing a separate equilib- im
rium. It is useful, however, to treat as a free parameter and ;—\\_56
allow the separatrix boundary to adjust accordingly. By this :?\23\\\\\ °'§
method analytic solutions for the stream function structure 0 o ) N )
a

Y(r,z), ¥i(r,z) are easily found. Both stream functions are
governed by Eq(11). Its solutions therefore apply to both g, 2. contours ofa)  or 4 and(b) pressure for a racetrack-like equi-
force-free and non-force-free equilibria. These classes hav@rium. This example ha&=2, A, a=3.703,A,b=2.913.

the same spatial structure, although they differ in the ratio

il
A separable solution to Eqg.(11) is ¢(r,z) Internal structures of a racetrack-like separatrix example
=rJ((A, r)cos}\;2), where are shown in Figs. 2 and 3. Figuré€aP shows the stream
Af+Af=A2. (30) function ¢ or ¢; ; it applies to either because one is a mul-

tiple of the other. This holds for both force-free and non-
There are an infinite number of these solutions since anyorce-free equilibria. Visually this example resembles static
combination of A, , A, satisfying Eq.(30) is a solution. MHD equilibria found elsewhere. Figure(l8 shows the
Indeed, since Eq11) is linear, these solutions can be addedpressure contours for the same case. Note thatyttand

in an arbitrary way. Thus the superposed form pressure contours are somewhat different. By contrast, in
static MHD equilibria the pressure amdcontours coincide.
w(r,z)er AJ1(A | (r)cosA2) The separatrix shape$or two example equilibria cases
K

are shown in Fig. 3. Case N\ (b=2.913) is the same as Fig.

is also a solution so long as eadh ,, A, combination 2. Case 2 has the maximum value Afb=, for which

satisfies Eq(30). Suppose now that the separatrix crosses théhere is anx-point on the axis. Also shown are curves for a
midplane ¢=0) atr=a, (a,0)=0, and suppose tha true ellipse and a true racetratonstant radius sides joined
points are az==*b, /r?(r=0z=*+b)=0, then the coef- to a spherical endcapCase 1 is close to a true racetrack.

ficients A, satisfy the conditions Case 2, however, does not resemble an ellipse even though
its separatrix is slightly pointed at the end, i.e., the separatrix
E AJy(A,@)=0, (313 radius(r vs z) approaches thg-point at an angle less than
K
> AL Accog A b)=0. (31b
K

Consider the simple case with only two such elements, one
of which hasA =0,

¥=Bar AA [1—cosA,b)] '

whereB,=|B|(r=0,2=0). Here Eq.(319 is already satis-
fied and Eq(31b) is satisfied ifA, ,A, are related by

AJl(ALa) - ALJl(Aa)CO!:(AHb) =0.

r coordinate

0
ilibri i 0 1 2
These equilibria have a closed separatrix fle_sA”b_ 7 coordinate
<. The parameterA | ~3.8/a where the proportionality
constant is near first zero of tlle Bessel function. FIG. 3. Separatrix shape for the same example as in Fig. 2.
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force-free class is diamagnetic and has Affieeflows. The
range of equilibria in each class lie in particulaitowed
regimes in the helicity mapK; vs K.. Over most of the

0.15 4

Hill's vortex allowed range of the non-force-free class, its equilibria are

0.10 1 near FRCs, i.e., the toroidal field is small compared with the
> poloidal. In many cases there is a near equipartition of en-
0.05 | ergy between magnetic fields and flows. The force-free and
’ non-force-free classes overlap in a certain region of helicity
space, and in most of this the non-force-free class has lower

0.00 energy, i.e., a relaxation process would favor it over the

o /a 3 other.

In force-free equilibrium, the lowest-eigenval(largesi
FIG. 4. Radial profile ofys at midplane; two-fluid and Hill's vortex with  state has the lowest organized energy for certain conditions;
E=2 and sam, . in these instances the equilibrium is stable to all two-fluid
modes. In non-force-free equilibria the lowest-eigenvalue

90°. A more elliptical separatrix could be achieved if more (larges! state has the minimum energy in two large sectors

than two terms were used in the solution. For lower values off the helicity map and thus are stable to two-fluid modes
A,b the separatrix becomes more rectangular, and a reciherein. The allowed dom.al.ns of the two classes qf equilibria
angle is reached at b= /2. overlap in part of the hglplt}/ map. In much. of this overlap
The profiles of important quantities at the midplane arethe non-forc_e-free equmbr_|um is energetlcally_ favor_able
shown in Figs. 4 and 5. The profiles for a two-fluid equi- (lower organized energy This may explain the bifurcation
librium and the Hill's vortex with the same elongation and P€tween spheromakéorce-freg and FRCs(non-force-freg

magnetic field at the origin are compared in Fig. 4. ThePPserved in experiments. _ o _
maximum ¢ (poloidal fluX) is lower by about 30% in the Several matters call for future investigation. First of all,
two-fluid equilibrium. A more striking difference appears in €XPerimentally, there is a great need to measure the flows.
the current profiles, Fig. 5. Static MHD equilibrigrad—  Evidently the flows play a important role in stationary-
Shafranoy have j,/r=f(#). In particular, a Hill's vortex ~€Nergy equilibria, contributing to the stability of configura-
has aflat profile j ,/r =const. The two-fluid equilibrium is tions that are quite unstable in a static state. Theoretically
quite different; indeed,/r peaks on the geometric axis and S€Veral tasks are at harid) Although the analysis here fo-
falls monotonically toward the separatrix. A result is that theCUSS€d on compact configurations, it has broader applicabil-

radius of the maximung (Fig. 4) shifts slightly inward from 1ty and might be applied to configurations with a toroidal
alv2. boundary as well. In such cases an additional constraint can

be applied, the toroidal magnetic fluk2) For simplicity
sake, the analysis here ignored angular momentum consider-
ations. If the boundary is axisymmetric, this can be included
as an additional constraint. Each of these additional con-
Compact equilibria of a flowing two-fluid have been in- straints will influence the allowed and forbidden domains
vestigated analytically. This was facilitated by limiting atten- and the stability(3) While the uniform density assumption is
tion to stationary-energy states, and assuming uniform dera widely used artifice in plasma physics, realistical equilibria
sity. Stationary-energy states are of considerable interestave varying density, and in the case of isolated equilibria,
because they have a chance of being stable. Two distingimall density outside the separatrix. Future work should al-
classes of equilibria were found: force-free and non-forcefow nonuniform density(4) The analysis here regarded the
free. Theforce-freeclass is force-free and may have signifi- separatrix as the system boundary. This completely neglects
cant flow. Beltrami stategsimple fluid and Taylor states the effect of an edge layer and the external magnetic field
(MHD) are limiting cases of force-free equilibria. The non- region. Future work should include the region outside the
separatrix(5) Poloidal flows may experience strongoclas-
sical damping?° This needs to be investigated in the context

VI. DISCUSSION

27 of “stationary energy” equilibria, and particularly for FRCs
flowing two-fluid which do not have neoclassical effects in the usual sense.
3
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