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Two-fluid flowing equilibria of compact plasmas
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The properties of two-fluid flowing equilibria are explored. This is facilitated by limiting attention
to compact toroids in a ‘‘stationary-energy’’ state with uniform density. Flowing equilibria are found
to fall into two classes,force-freeand non-force-free, referring to the absence or presence of a
jÃB force. The force-free class may have significant flows. Spheromaks are in this class. The
non-force-free class is diamagnetic and has Alfve´nic poloidal flows. Field reversed configurations
~FRCs! are in this class. Both classes admit arbitrarily large equilibria. Both classes occupy certain
‘‘allowed’’ regions in ‘‘helicity space,’’ a two-dimensional parameter map with the electron and ion
helicities as coordinates. Allowed regions for the two classes overlap; in the overlap region the
non-force-free class is energetically favorable. This sheds light on the FRC-spheromak bifurcation
observed in experiments. Two-dimensional analytic equilibria are also found that span both classes.
These may play a role similar to the familiar Hill’s vortex and Bessel function models in static,
magnetohydrodynamic equilibria. ©2001 American Institute of Physics.
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I. INTRODUCTION

In magnetic fusion the need for plasmas that are stabl
global and local magnetohydrodynamic~MHD! modes is
foundational. Stability issues underlie research on beta
its, disruptions, and equilibrium control in tokamaks. Furth
the equilibrium should be controlled so as to minimize t
energy transport. In this context, an even more impres
goal would be to findnatural statesof a plasma that are
stable to both MHD and microinstabilities and thus have
minimal transport rate. Such states, if they exist, would h
obvious interest to fusion. Moreover, they might arise sp
taneously in space. Theoreticalpreferred states have bee
found using reduced plasma models: in the ideal MH
model the lowest-energyforce-freestate~Taylor state! is ab-
solutely stable.1,2 In fusion, however, force-free states ha
limited interest because significant plasma pressure is ne
in a practical system. Besides, force-free states appear
perimentally only in certain arrangements~reversed-field
pinch, spheromak! and then only in the central ‘‘core’’ of the
plasma.

The possibility of natural plasma states with finite pre
sure has re-emerged in studies of the two-fluid model, wh
is more general than the MHD formulation.3–5 A key feature
of these states is significant flow. As such they constitut
new class of plasma. They contrast markedly with stand
magnetohydrodynamic models of fusion plasmas in wh
the flow energy is negligible compared with the magne
energy. Some stationary-energy states may be states of m
mum energy.6 Such states in a two-fluid have been found
idealized one-dimensional~1D! geometries,3–5 but not yet in
4051070-664X/2001/8(9)/4053/9/$18.00
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a realistic geometry, although the general formulation h
been developed.7 By ‘‘realistic’’ geometry is meant a plasma
that is~1! large size,~2! axisymmetric two-dimensional~2D!,
and ~3! isolatedfrom its surroundings.

We present the first detailed analysis of 2D stationa
energy states of a flowing two-fluid. This includes, impo
tantly, their classification into two distinct types of equilibri
Simple analytic solutions are found for a compact toroid g
ometry. A compact plasma object with comparable fields a
flows might be described as a magnetofluid vortex. The
sults presented here are limited in two respects.~1! Uniform
density is assumed, which simplifies the analysis.~2! Atten-
tion is limited to the region inside the separatrix of a comp
toroid. Since the self-consistent region outside the separa
is not considered, the issue of isolation from the surrou
ings is not addressed.

Analytic solutions are helpful for illuminating the bas
properties of equilibria and for preliminary stability analys
The Hill’s vortex or Solov’ev8 equilibria played such a role
for static-MHD equilibria of field reversed configuration
~FRC!. The flowing equilibria found here can play a simila
role. They are more general than the Hill’s vortex becau
they span both FRC and spheromak-like equilibria. Like
Hill’s vortex, they are limited to the region inside the sep
ratrix. Analytic solutions of flowing equilibria were found
previously but are quite restrictive. Some used 1D analog
to FRCs,4 tokamaks,4 and reversed field pinches.5 Others that
found 2D flowing equilibria were limited to the MHD for
malism and had only a rigid rotation.9,10

The outline of the paper is as follows. Section II review
3 © 2001 American Institute of Physics
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the basic elements of two-fluid equilibria, including the na
ral length scale and the invariants. Section III develops
general properties of two-fluid equilibria in a compact toro
The uniform density, and ‘‘stationary state’’ assumptions
clarified in Sec. III A. The flowing-equilibrium equations a
presented in Sec. III B. In Sec. III C the ‘‘characteristic
equation is found and equilibria are shown to separate
force-free and non-force-free classes with quite differ
properties. As points of reference, two familiar reduced ca
are reviewed in Sec. III D. Section IV examines global in
grals and finds the functional form of the organized energy
the system. The properties of force-free and non-force-
classes are explored in Secs. IV B and IV C, respectiv
Section IV D addresses stability implications, and Sec. IV
shows the selection of preferred states and the tendenc
ward bifurcation. Section V presents a simple analytic eq
librium and examines its structural properties. Section
concludes with a discussion and summary of these resu

II. BASIC TWO-FLUID EQUILIBRIUM PHYSICS

The two-fluid model is a relatively general formulatio
that includes as limits two familiar cases, simple fluids a
MHD. The relationship between these reduced models
the more general formulation is illustrated in Table I of R
4. A two fluid includes both the flow effects found in
simple fluid and the magnetic field effects found in MHD
Flow and field effects are linked through the canonical m
mentum for each fluid speciesPa5maua1qaA/c, whereA
is the vector potential, andqamaua are the charge, mass, an
flow velocity of speciesa ~i 5 ions, e5electrons!, respec-
tively. A two-fluid plasma with massless electrons has a na
ral length scale that appears in the equilibrium form
lation,7,11 as well as in stability analyses,12 namely the ion
skin depth

l i5~mic
2/4pe2n!1/2,

wheren is the density. The ion skin depth is quite small
relation to the size of fusion and space plasmas;l i is a few
cm in fusion plasmas and a few km in the magnetosph
Thus an important question challenging the relevance
‘‘natural’’ plasma states is, can they have a scale much la
than the natural scalel i . This question was answered in th
affirmative in Ref. 11. Note that the reduced cases o
simple fluid and MHD are scaleless.

Natural equilibrium states may be regulated by the
bust global integrals of a two-fluid. A multi-fluid has an ide
magnetofluid invariant for each charge species, the gene
ized helicities

Ka5~c2/8pqa
2 !E dt Pa•“ÃPa , ~1!

where the integral is over the system volume, with increm
dt. The ‘‘species’’ helicities are composites, linking flu
and field behavior through the canonical momentum. T
constantc2/8pqa

2 gives the helicities the units of energ
length. In addition, the global angular momentum is inva
ant in axisymmetric systems with suitable boundary con
tions. For massless electrons,
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L5E dt minruiu . ~2!

Relaxation theory postulates that weakly dissipative syste
approach the state of maximumentropyof the ideal~nondis-
sipative! system subject to its constraints.13,14 This is the or-
ganized~or coherent! energy form as opposed to the diso
ganized or thermal energy form. For massless electrons
quasineutrality the organized energy form is themagnetofluid
energy

WMF5E dt~minui
2/21B2/8p!, ~3!

whereB5“ÃA is the magnetic field. Stationary values
WMF with constraints onKe , Ki , L lead to Euler equations
for the species flow@Eq. ~49! of Ref. 4; Eq.~32! of Ref. 6#:

ua5Vr û1la~c2/4pe2n!“ÃPa . ~4!

Appearing here are the Lagrange multipliers associated w
the electron and ion helicities (le ,l i) and the angular mo-
mentum ~V!. The same Euler equations for the stationa
state arise if the organized energy form is minimized sub
to the same constraints.4 An important question concerns th
ruggedness of the helicities. While these are not strictly c
stant in a dissipative plasma, they areless susceptible to
dissipation thanWMF and thus should act as regulators of t
equilibrium. Several arguments for the ruggedness of the
licities were advanced in Ref. 4.

The reduced cases of the foregoing are recovered as
lows. The single helicity invariant in a simple fluid is th
fluid helicity, found by setting the chargee50 in Ki . Bel-
trami states are stationary-energy states of a simple fluid.
single helicity invariant in MHD is the magnetic helicit
found by settingme50 in Ke . Taylor states are stationary
energy states of MHD. The organized energy form in
simple fluid is the first term~flow energy! in Eq. ~3!, and in
MHD it is the second term~magnetic energy!.

An alternative and more intuitive approach to natu
states of a two-fluid is the double-Beltrami formulation@Ref.
5; and Eqs.~27! and ~28! of Ref. 11#. These states are th
two-fluid magnetoplasma extension of Beltrami states in
simple fluid. In fact, double-Beltrami states are identical
the two-fluid stationary states@Eq. ~18! of Ref. 3; Eq.~49! of
Ref. 4#. The only difference is that the latter account for
global angular momentum invariant@Eq. ~49! of Ref. 4#. The
Beltrami coefficients@Eq. ~12! of Ref. 11# are in one-to-one
correspondence with the Lagrange multipliers associa
with the constraints in the minimum energy procedure~la in
Refs. 3, 4, and 7!.

III. EQUILIBRIUM ANALYSIS

A. Assumptions

Static MHD equilibria are governed by a single equati
~Grad–Shafranov! with two surface functions. By contras
the system for two-fluid flowing equilibria is bewilderingl
complex. With massless electrons and quasineutrality, i
composed of a coupled system of three nonlinear equati
two second-order partial differential equations for the ma
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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netic and flow stream functions, and a Bernoulli equation
the density@Eqs. ~38!–~40! of Ref. 7#. Moreover, there are
no less thansix arbitrary surface functions. The goal here
to find meaningful 2D solutions to this complicated syste
Here 2D means equilibria that depend on bothr and z ~cy-
lindrical coordinates!, and have limited dimensions in bothr
andz directions. To simplify the problem three assumptio
are made: a stationary-energy state is assumed; the co
vation of angular momentum is ignored; and uniform dens
is assumed.

~1! The assumption of a stationary-energy state gre
simplifies the equilibrium equations. In this case the six s
face functions take very simple forms.7 The only arbitrary
quantities remaining are the three Lagrange parameters a
ciated with the invariants. The stationary-energy condition
related to stability: the lowest energy state~subject to con-
straints that are stable to visco-resistive modes! satisfies a
sufficientcondition for stability to all two-fluid modes.~2! If
the angular momentum constraint is ignored~by settingV
50!, only two parameters remainle , l i . ~3! Finally, sup-
pose that uniform density is assumed~as in Refs. 5 and 11!,
which is equivalent to an ideal fluid with infinite adiabat
index.7 This causes the differential equations to become
ear, and decouples the Bernoulli equation. Although a rea
tic plasma has varying density, uniform density has bee
common artifice in analyzing the equilibrium and stability
magnetically confined plasmas.

B. Equilibrium equations

The variational principle that extremized the magne
fluid energy@Eq. ~3!# subject to constraints on the helicitie
@Eq. ~1!# and angular momentum@Eq. ~2!# leads to Euler
equations for the flow of each species@Eq. ~4!#. For massless
electrons these reduce to a coupled pair of differential eq
tions for the magnetic field and the ion flow velocity.
matrix operator form these are

F“32le 21

l i ~ l i
2l i“321!

G H cB/4pen
ui

J 52Vr ûH1
1J ,

~5!

where “3 is the curl operator, andle , l i , V are the
Lagrange multipliers associated with the ion helicity, ele
tron helicity, and angular momentum, andû is the unit vector
in the azimuthal direction. The first line of Eq.~5! arises
from the Euler equation for electron flow using Ampere
law to eliminateue in favor of B; the second line is the Eule
equation for the ion flow. For uniform density and no angu
momentum constraint, Eq.~5! is equivalent to Eq.~10! of
Ref. 5.

In axisymmetric equilibria the poloidal~r,z! field and
flow can be expressed using stream functions:Bp5(û/r )
3“c and uip5(û/nr)3“c, where c is the magnetic
stream function,c i is the flow stream function. Then Eq.~5!,
becomes

DI~D* !H cc/4pe
c i /l i

J 52Vnr2H1
1J ~6!

using the matrix operator
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DI~D* !5F D* 1le
221/l i

2 l ile11/l i
2

2~l ile11/l i
2! l i

2~ l i
2D* 21!11/l i

2G ~7!

and D* 5r 2
“•@(1/r 2)“# is the familiar Grad–Shafranov

operator. With constant density, the ion skin depthl i is con-
stant. Auxiliary equations give the toroidal field and flo
components@Eq. ~31! in Ref. 7#:

Bu52
1

r S lec1
4pe

c
c i D , ~8!

uiu5
1

r

e

mic
S c2

4pe

c

c i

l i
D . ~9!

The uniform density form of Bernoulli’s equation gives th
pressure

p1min~ui
2/22rVuiu!5const. ~10!

C. Classes of equilibria

The angular momentum constraint is ignored hereV
50) as discussed in Sec. III A so that the right-hand sides
Eqs. ~5! and ~6! are zero. Then Eq.~6! is a coupled pair of
linear partial differential equations that satisfy the modifi
Helmholtz equation

~D* 1L2!$c,c i%50 ~11!

with the boundary conditionc5c i50 at the separatrix. The
eigenvalueL is real and is ageometricproperty determined
by the boundary conditions.15 It should be kept in mind tha
L cannot be freely chosen once the boundary geometr
fixed. With D* →2L2 the differential operator in Eq.~7!

becomes algebraic,DI→DI(2L2). A nontrivial solution re-
quires iDI(2L2)i50 ~the characteristic equation! where
i¯i denotes the determinant. Since the square ofL appears
in DI(2L2), either sign ofL is allowed, corresponding to
left- or right-handedness of the fields or flows, as will
seen. Note further that 1/uLu is the length scale; thus large
scale equilibria haveuLu l i!1. The characteristic equation i

@~11L2l i
2!22le

2L2l i
4#l i

212lel i1le
22L250 ~12!

which is a relation between the two parametersle , l i . Re-
call thatL is fixed by the boundary geometry.

Two classes of solutions arise. If the off-diagonal term
in DI @Eq. ~7!# are nonzero, then the field and flow are
coupled, and the flow and magnetic stream functions hav
particular proportionality,c i52(c/4pe)(le1L)c. If the
off-diagonal terms inDI arezero, then the field and flow are
somewhat decoupled, and the ratioc i /c is arbitrary. This
possibility was mentioned in Ref. 11. Both classes can
expressed using the following relationships. The two stre
functions are related by

c i52
c

4pe
~le1aL!c, ~13!

where thea parameter reflects the arbitrariness ofc i /c in
the non-force-free case only. The field and flow vectors a
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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B5aLc
û

r
1

û

r
3“c, ~14!

ui52
c

4pen
F ~ale1L!Lc

û

r
1~le1aL!

û

r
3“cG .

~15!

Note that the nominal poloidal field~subscript p! is Bp

;Lu“cu and the nominal toroidal field isaLc; thusa itself
is the nominal ratio of the toroidal to poloidal fields. Th
parametersle , l i , a for the two classes are as follows. I
the force-freeclass the ratioc i /c is not arbitrary so thata
51, and Eq.~12! determinesl i :

l i52
le1L

11L~le1L!l i
2 . ~16!

In this classle remains a free parameter. In thenon-force-

free class the vanishing of the off-diagonal terms inDI(L2)
combined with Eq.~12! determinesboth le andl i :

le
25L211/l i

2, ~17a!

l i521/lel i
2. ~17b!

In this classa ~the parameter reflecting the arbitrary rat
c i /c! remains free. Note that in Eqs.~14! and ~15!, the
toroidal field component obeys a left-~right-! hand rule with
respect to the poloidal field forL positive ~negative!.

The key properties of theforce-freeclass are the follow-
ing. ~a! The current density is aligned with the magne
field, j5(c/4p)LB, as is easily verified using Ampere’s law
hence the designationforce-free. ~b! Although the magnetic
field is force free, the pressure@Eq. ~10!# may be nonuniform
because of inertial effects.~c! The ion flow is also aligned
with the magnetic field.~d! The ion flow velocity for large
plasmas (uLu→0) is ui52lel iVAB/B where VA

5B/(4pmin)1/2 is the local Alfven speed. Thus, dependin
on the size of the productlel i , the flow may be Alfve´nic. It
is antiparallel ~parallel! to the field if the sign ofle is posi-
tive ~negative!.

The key properties of thenon-force-freecase are the
following. ~a! The current isnot aligned with the magnetic
field, thus the field isdiamagnetic. The jÃB/c force density
is j ÃB/c5(12a2)L2c“c/4pr 2, which is nonzero in this
class (aÞ1). A pure FRC ~zero toroidal field! hasa50, in
which case thej ÃB/c force is maximal.~b! Near FRCs
~small but nonzero toroidal field! occur whenevera is small
but not zero.~c! Only the poloidal parts of the flow and fiel
vectors are aligned.~d! The poloidal flow speed for large
plasmas (uLu→0) is uip56VAp , i.e., the poloidal flow is
Alfvénic. ~e! The toroidal flow, usingLc;u“cu is uiu

;L l iVAp . Thus for large plasmas (L l i!1) the toroidal flow
is much smaller than the poloidal.~f! In this class the fields
and flowspartially decouple, i.e., the strict alignment an
proportionality of magnitudes found in the force-free case
broken. Even so, if the two separatrices~flow and field! co-
incide, as assumed here, then theui and B are roughly
coupled, i.e., nearly aligned with magnitudes nearly in
fixed proportionality. It is unclear whether this relationship
retained if the two separatrices are not required to coinc
Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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D. Reduced cases

Before continuing it is useful as a point of reference
show how two important reduced cases are recovered.
simple fluid e→0 so thatec/mic→0. The first line of Eq.
~6! is discarded since it reflects Ampere’s law. In the seco
line only the ‘‘lower-right’’ element ofDI remains and in it
the 2l i

2 term is discarded since it is a manifestation of t
toroidal magnetic field component. Asimple fluid is a re-
duced case of a two-fluid in the limitle→`. Then the char-
acteristic equation, Eq.~12!, reduces to

l i
251/~L l i

2!2. ~18!

In the limit le→` Eq. ~13! shows thatc/c i→0, implying
the vanishing of the poloidal fields relative to the flows, i.
a simple fluid. The vanishing ofBu is less obvious becaus
of the productlec in Eq. ~8!. It can be shown by eliminating
c using Eq.~13!, which ~for lel i@1! leads toBu}c i /le

→0. Note that althoughl i appears in Eq.~18!, it has actually
disappeared as a length scale because of the groupingl i l i

2.
This is seen by recognition that the dimensional factor in
ion helicity c2/8pe2 is equal tonli

2/2mi . Thus in the mini-
mization principle where the productl iKi appears, the facto
l ic

2/8pe25(l i l i
2)n/2mi appears, i.e., only the combinatio

l i l i
2 matters. Thus a simple fluid is scaleless.
The second reduced case is an MHDfluid, which is re-

covered by discarding the ion helicity constraint by setti
its Lagrange multiplier to zero,l i50. Then the characteristic
equation, Eq.~12!, reduces to

le
25L2. ~19!

Note the disappearance of the length scalel i , i.e., the MHD
case is also scaleless. Further the second line in Eq.~6! re-
duces toc2(4pe/c)c i /l i5V(mic/e)r 2. Sincel i→0 the
poloidal flow vanishes,c i→0, although the quotientc i /l i

may be finite. Using this in the first line of Eq.~6! recovers
the same equation for the magnetic stream function, Eq.~11!.
The toroidal field, flow, and pressure areBu52lec/r , uiu

50, p5const, which is the familiar force-free result.

IV. GLOBAL INTEGRALS

A. Functional form of magnetofluid energy

Given the foregoing solutions, the global integrals, E
~1! and ~3!, can be found. The objective is to eliminate th
free parameter~le or a! in favor of the helicities in order to
find the functional formWMF5WMF(L,Ke ,Ki); in this form
the last two arguments are the global constraints and the
is the eigenvalue. The two helicities can be thought of as
coordinates in a two-dimensional map of helicity space;
this map the domains of the equilibrium types and their pr
erties can be classified. The functionWMF(¯) will be dif-
ferent for the force-free and non-force-free classes. T
functional format will lead to conclusions about stability an
the tendency to select preferred states.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp



,
or

al.

m

x-
ld

f-

e

es
v

o
e

fa
ch
n
rg

F

n.

e

es

its

-

of

ap
h

id-

-

m-
ce-

4057Phys. Plasmas, Vol. 8, No. 9, September 2001 Two-fluid flowing equilibria of compact plasmas
The helicities, Eq.~1!, contain the canonical momentum
which requires the vector potential. A form of the vect
potential that serves both classes of equilibria is

A52
û

r
c2

a

L

û

r
3“c.

This leads to magnetic field, Eq.~14!. Note that volume in-
tegrals will appear in two forms, which in fact are identic
This is the reference energy

WR[
1

8p E u“cu2

r 2 5
L2

8p E c2

r 2 .

That the second integral is identical to the first follows fro
an integration by parts, accounting forc50 on the bound-
ary, and using Eq.~11!. The reference energy is positive e
cept in the uninteresting case of vanishing magnetic fie
Using Eqs.~14! and~15! the two helicities and the magneto
luid energy are

Ke52a
2WR

L
, ~20!

Ki52@11L~ale1L!l i
2#@a1L~le1aL!l i

2#
2WR

L
,

~21!

WMF5$~11a2!1@~ale1L!21~le1aL!2# l i
2%WR.

~22!

Observe the two groups of terms inWMF : the (11a2) part
represents the magnetic energy and the rest is the flow
ergy.

B. Force-free class of equilibria

As is customary in constrained minimization procedur
the remaining step is to eliminate the free parameters in fa
of the constrained quantities. In the force-free case (a51)
the quantities to eliminate in Eqs.~20!–~22! arele andWR .
Note from Eqs.~20! and ~21! with a51, the two helicities
must have the same sign. This restricts the ‘‘allowed’’ d
main on the helicity map. Then the functional form of th
organized energyWMF(L,Ke ,Ki) follows:

WMF5F uLu l i1
1

uLu l i
~AKi /Ke21!2G uKeu

l i
. ~23!

In fact, two signs of the square root (Ki /Ke)
1/2 are allowed

here; the positive root is shown since it is energetically
vorable~lower WMF!. The negative square root has a mu
larger value ofWMF . In Eq.~23! the first and second terms i
the square brackets represent the magnetic and flow ene
respectively. At the critical value

LC5~AKi /Ke21!/ l i ~24!

the two energies are equal, i.e., energy equipartition.
uLu.LC the magnetic energy is larger and foruLu,LC the
flow energy is larger. Note thatLCl i is small only for Ki

quite close toKe . The flow velocity is

ui52VA

AKi /Ke21

L l i

B

B
,

Downloaded 16 Jun 2003 to 128.95.104.58. Redistribution subject to AI
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whereVA5B/A4pmin is the local Alfven speed.
Observe then the following properties offorce-freeequi-

libria. ~1! Helicities. Both helicities must have the same sig
Thus the allowed combinations ofKe–Ki fill two quadrants
~I and III! of the Ke–Ki plane.~2! Flow. The flow can be
parallel or antiparallel to the field. The flow is quite larg
unless the two helicities are nearly equal.~3! Energy parti-
tion. The proportions of magnetic field and flow energi
depends onuLu. Equipartition occurs at a critical valueL
5LC that depends on the ratio of helicities.

The two reduced cases discussed in Sec. III D are lim
of the force-free class. Thesimple fluidlimit is recovered for
le→`. Then the characteristic equation reduces to Eq.~18!.
In this limit the ratioKe /Ki50 ~no electron helicity!. The
functional form of the organized energy, using Eq.~23!, is

WMF5uKi u/uLu l i
2. ~25!

The MHD limit is recovered forl i→0. Then the character
istic equation reduces to Eq.~19!. Here there is no flow and
the two helicities are identical. Then the functional form
the organized energy, using Eq.~23!, is

WMF5uLuuKeu. ~26!

The domain of the force-free class on the helicity m
~Ki vs Ke! is portrayed in Fig. 1. Mainly the first and fourt
quadrants are shown, since the second and third (Ke,0) are
identical, although inverted. Force-free equilibria are forb
den in the shaded regions~II and IV quadrants!. Certain lines
of constantKi /Ke ~rays from the origin! have special mean
ing. MHD fluids ~Taylor states! lie on Ki5Ke line, and
simple fluids~Beltrami states! lie on theKi axis.

C. Non-force-free class of equilibria

Again, the remaining step is to eliminate the free para
eters in favor of the constrained quantities. In the non-for

FIG. 1. Domains in helicity space.
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free case the quantities to eliminate in Eqs.~20!–~22! area
andWR . Of coursele is given by Eq.~17a!. From Eqs.~20!
and ~21!,

uau5 f /26A~ f /2!221,
~27!

f [
1

uLu l i~11L2l i
2!1/2U Ki /Ke

11L2l i
22122L2l i

2U.
Real solutions requiref >2. Regions ofKi –Ke space in
which f ,2 areforbiddento the non-force-free class. In larg
plasmas (uLu l i!1) the forbidden region on the helicity ma
is bounded by the linesKi'Ke(162uLu l i); this is a narrow
wedge-like shaded region near theKi5Ke line. Then the
functional form of the organized energyWMF(L,Ke ,Ki) fol-
lows:

WMF5
1

l i
U Ki

A11L2l i
2
2KeA11L2l i

2U . ~28!

Over most of the allowed domain of the non-force-free cl
there is an approximate equipartition between flow and fi
energies. In the non-force-free classonly the poloidal parts of
the flow and field vectors are aligned:

uip52VAp@A11L2l i
21O~L2l i

2!#
Bp

Bp
, ~29!

where VAp5Bp /(4pmin)1/2 is the Alfvén speed based o
the poloidal field. For large plasmas the square root term
close to unity; thus the poloidal flow speed is roughly t
Alfvén speed based on the local poloidal field. The squa
root radical in Eq.~29!, which is lel i in view of Eq. ~17a!,
may have either sign so that the poloidal flow is either p
allel or antiparallel to the poloidal field.

Observe then the following properties ofnon-force-free
equilibria. ~1! Helicities. The helicities need not have th
same sign. Moreover, the electron helicity may vanish w
out forcing the uninteresting case of no magnetic fields;
deed, pure FRCs~zero toroidal field! haveKe50. ~2! Flow.
Only the poloidal parts of the ion flow and magnetic field a
aligned.~3! Energy partition. There is an approximate equ
partition of energy between the magnetic and flow energ
for most non-force-free equilibria.

The domain of the non-force-free class is also located
the helicity map~Ki vs Ke! in Fig. 1. Again the domains ar
bounded by rays from the origin, i.e., lines of consta
Ki /Ke . Non-force-free equilibria are forbidden only in th
narrow wedge~hashed region in Fig. 1!. Evidently, the al-
lowed domain for non-force-free equilibria is much broad
than that for force-free equilibria. Note that pure FRCs lie
the Ki axis, the same line occupied by Beltrami states;
course, pure FRCs are in the non-force-free class while B
trami states are in the force-free class.

D. Stability implications

In the preceding two sections the functional form of t
organized energy formWMF(L,Ke ,Ki) has been found. Be
cause this is the organized energy, its dependence on
eigenvalueL has important stability implications. Given th
boundary geometry,L must be one of a discrete set of eige
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values, each representing a unique equilibrium. The low
uLu eigenvalue has the largest structure, comparable to
system size. In interesting fusion and space plasmas,
lowest-uLu is much smaller than 1/l i . Equilibria with finer
structure have largeruLu. Suppose the two helicities ar
stable to tearing modes, as was argued in Refs. 16 and 1
WMF is monotonically increasing foruLu. the lowest eigen-
value, then the largest equilibrium structure has the low
possible energy given the specified values ofKe ,Ki . If so
this equilibrium is absolutely stable to all modes of a tw
fluid plasma, including visco-resistive modes. This is a s
ficient condition for stability and is stronger than the crit
rion for ideal modes.

In the force-free class theWMF vs L dependence@Eq.
~23!# has aminimumat uLu5LC , Eq. ~24! and is monotoni-
cally increasing foruLu.LC . If LC is less than the lowes
uLu, then that equilibrium is absolutely stable. SinceLCl i is
small only for Ki quite close toKe , it follows that large
force-free equilibria are only stable near theKi5Ke line on
the helicity map.

In a simple fluid~Ki axis in Fig. 1! the WMF vs L test
applied to Eq.~25! shows that the lowest energy arises f
uLu→` ~becauseLC→`!; thus all Beltrami statesfail the
stability criterion. An MHD fluid lies exactly on theKi

5Ke line ~see Fig. 1!; thus Taylor states are stable.
In the non-force-freeclass theWMF vs L test is applied

to Eq. ~28!. It is easily shown thatWMF is a monotonically
increasingfunction of uLu if the helicity ratio satisfies

21<Ki /Ke<1.

These are two broad~quarter plane! sectors in the I–IV and
II–III quadrants of the helicity map. In these sectors t
lowest-uLu equilibrium istheequilibrium of minimum energy
and therefore absolutely stable. These stable equilibria
nearFRCs, i.e., they have a small but nonzero toroidal fie
PureFRCs (Ki /Ke→`) lie outsidethe stable region, and in
fact have minimum energy foruLu→`. ThuspureFRCs are
not absolutely stable. Nothing can be said at this point ab
the ideal stability of pure FRCs~or other non-force-free equi
libria outside the stable sectors!, since ideal modes are
more restricted class of instability.

E. Preferred states and bifurcation

In the unshaded regions in Fig. 1eitherequilibrium class
is allowed. Relaxation processes are likely to select the c
with lower energy. Using Eqs.~23! and~28!, the expressions
for WMF in the two classes, it is easily shown that througho
its allowed region, the non-force-free class has lowerWMF .
This represents abifurcation between the two classes. Th
force-free equilibria is required in the region labeled ‘‘fo
bidden ~non-force-free!’’ in Fig. 1, and the non-force-free
equilibria is energetically favorable everywhere else. T
may explain the bifurcation between FRC and spherom
like equilibria observed in the Tokyo Spheromak~TS-3!
experiments.18 The former are high-b equilibria of the non-
force-free class, and the latter are force-free equilibria of
force-free class.
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The boundaries of the non-force-free forbidden reg
and the bifurcation lines in Fig. 1 are at their approxima
location for the exampleuLu l i'0.2. As will be seen in the
next sectionuLu'3.8/a. The radial size parameter is,S*
[a/ l i'3.8/uLu l i;20 for this example, which is in the typi
cal range of FRC experiments.19 In equilibria relevant to
fusion or space plasmas (uLu l i!1), the forbidden ‘‘wedge’’
for non-force-free equilibria becomes narrow, though s
centered on theKi5Ke line. Thus for large plasmas,uLu l i

!1, the allowed range of non-force-free equilibria spa
nearly all the helicity map, and these are energetically p
ferred in nearly all cases.

V. ANALYTIC FLOWING EQUILIBRIA

Given the boundary geometry,L must be one of a set o
discrete eigenvalues, each representing a separate eq
rium. It is useful, however, to treatL as a free parameter an
allow the separatrix boundary to adjust accordingly. By t
method analytic solutions for the stream function struct
c(r ,z), c i(r ,z) are easily found. Both stream functions a
governed by Eq.~11!. Its solutions therefore apply to bot
force-free and non-force-free equilibria. These classes h
the same spatial structure, although they differ in the ra
c i /c.

A separable solution to Eq. ~11! is c(r ,z)
5rJ1(L'r )cos(Li z), where

L'
2 1L i

25L2. ~30!

There are an infinite number of these solutions since
combination ofL' , L i satisfying Eq.~30! is a solution.
Indeed, since Eq.~11! is linear, these solutions can be add
in an arbitrary way. Thus the superposed form

c~r ,z!5r(
k

AkJ1~L'kr !cos~L ikz!

is also a solution so long as eachL'k , L ik combination
satisfies Eq.~30!. Suppose now that the separatrix crosses
midplane (z50) at r 5a, c(a,0)50, and suppose thex
points are atz56b, c/r 2(r 50,z56b)50, then the coef-
ficientsAk satisfy the conditions

(
k

AkJ1~L'ka!50, ~31a!

(
k

L'kAk cos~L ib!50. ~31b!

Consider the simple case with only two such elements,
of which hasL i50,

c5B0r
LJ1~L'r !cos~L iz!2L'J1~Lr !cos~L ib!

LL'@12cos~L ib!#
,

whereB0[uBu(r 50,z50). Here Eq.~31a! is already satis-
fied and Eq.~31b! is satisfied ifL' ,L i are related by

LJ1~L'a!2L'J1~La!cos~L ib!50.

These equilibria have a closed separatrix forp/2<L ib
<p. The parameterL''3.8/a where the proportionality
constant is near first zero of theJI Bessel function.
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Internal structures of a racetrack-like separatrix exam
are shown in Figs. 2 and 3. Figure 2~a! shows the stream
function c or c i ; it applies to either because one is a mu
tiple of the other. This holds for both force-free and no
force-free equilibria. Visually this example resembles sta
MHD equilibria found elsewhere. Figure 2~b! shows the
pressure contours for the same case. Note that thec and
pressure contours are somewhat different. By contrast
static MHD equilibria the pressure andc contours coincide.

The separatrix shapesfor two example equilibria case
are shown in Fig. 3. Case 1 (L ib52.913) is the same as Fig
2. Case 2 has the maximum value ofL ib5p, for which
there is anx-point on the axis. Also shown are curves for
true ellipse and a true racetrack~constant radius sides joine
to a spherical endcap!. Case 1 is close to a true racetrac
Case 2, however, does not resemble an ellipse even tho
its separatrix is slightly pointed at the end, i.e., the separa
radius ~r vs z! approaches thex-point at an angle less tha

FIG. 2. Contours of~a! c or c t and ~b! pressure for a racetrack-like equ
librium. This example hasE52, L'a53.703,L ib52.913.

FIG. 3. Separatrix shape for the same example as in Fig. 2.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp



re
s o
e

r

d
he

in

d
he

n-
n-
e
re
tin
ce
fi-

n-

are
the
en-
and
ity
wer
the

ns;
id

lue
ors
es
ria
p
le

ll,
ws.

y-
a-
ally
-
bil-
al
can

ider-
ed
on-
ns
s
ria
ria,
al-
e
ects
eld
the

xt
s
e.

gy

ol-
Fu-

tion

4060 Phys. Plasmas, Vol. 8, No. 9, September 2001 Steinhauer, Yamada, Ishida
90°. A more elliptical separatrix could be achieved if mo
than two terms were used in the solution. For lower value
L ib the separatrix becomes more rectangular, and a r
angle is reached atL ib5p/2.

The profiles of important quantities at the midplane a
shown in Figs. 4 and 5. Thec profiles for a two-fluid equi-
librium and the Hill’s vortex with the same elongation an
magnetic field at the origin are compared in Fig. 4. T
maximum c ~poloidal flux! is lower by about 30% in the
two-fluid equilibrium. A more striking difference appears
the current profiles, Fig. 5. Static MHD equilibria~Grad–
Shafranov! have j u /r 5 f (c). In particular, a Hill’s vortex
has aflat profile j u /r 5const. The two-fluid equilibrium is
quite different; indeedj u /r peaks on the geometric axis an
falls monotonically toward the separatrix. A result is that t
radius of the maximumc ~Fig. 4! shifts slightly inward from
a/&.

VI. DISCUSSION

Compact equilibria of a flowing two-fluid have been i
vestigated analytically. This was facilitated by limiting atte
tion to stationary-energy states, and assuming uniform d
sity. Stationary-energy states are of considerable inte
because they have a chance of being stable. Two dis
classes of equilibria were found: force-free and non-for
free. Theforce-freeclass is force-free and may have signi
cant flow. Beltrami states~simple fluid! and Taylor states
~MHD! are limiting cases of force-free equilibria. The no

FIG. 4. Radial profile ofc at midplane; two-fluid and Hill’s vortex with
E52 and sameB0 .

FIG. 5. Current profilesj u /r at midplane for a two-fluid and Hill’s vortex.
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force-free class is diamagnetic and has Alfve´nic flows. The
range of equilibria in each class lie in particularallowed
regimes in the helicity map,Ki vs Ke . Over most of the
allowed range of the non-force-free class, its equilibria
near FRCs, i.e., the toroidal field is small compared with
poloidal. In many cases there is a near equipartition of
ergy between magnetic fields and flows. The force-free
non-force-free classes overlap in a certain region of helic
space, and in most of this the non-force-free class has lo
energy, i.e., a relaxation process would favor it over
other.

In force-free equilibrium, the lowest-eigenvalue~largest!
state has the lowest organized energy for certain conditio
in these instances the equilibrium is stable to all two-flu
modes. In non-force-free equilibria the lowest-eigenva
~largest! state has the minimum energy in two large sect
of the helicity map and thus are stable to two-fluid mod
therein. The allowed domains of the two classes of equilib
overlap in part of the helicity map. In much of this overla
the non-force-free equilibrium is energetically favorab
~lower organized energy!. This may explain the bifurcation
between spheromaks~force-free! and FRCs~non-force-free!
observed in experiments.

Several matters call for future investigation. First of a
experimentally, there is a great need to measure the flo
Evidently the flows play a important role in stationar
energy equilibria, contributing to the stability of configur
tions that are quite unstable in a static state. Theoretic
several tasks are at hand.~1! Although the analysis here fo
cussed on compact configurations, it has broader applica
ity and might be applied to configurations with a toroid
boundary as well. In such cases an additional constraint
be applied, the toroidal magnetic flux.~2! For simplicity
sake, the analysis here ignored angular momentum cons
ations. If the boundary is axisymmetric, this can be includ
as an additional constraint. Each of these additional c
straints will influence the allowed and forbidden domai
and the stability.~3! While the uniform density assumption i
a widely used artifice in plasma physics, realistical equilib
have varying density, and in the case of isolated equilib
small density outside the separatrix. Future work should
low nonuniform density.~4! The analysis here regarded th
separatrix as the system boundary. This completely negl
the effect of an edge layer and the external magnetic fi
region. Future work should include the region outside
separatrix.~5! Poloidal flows may experience strongneoclas-
sical damping.20 This needs to be investigated in the conte
of ‘‘stationary energy’’ equilibria, and particularly for FRC
which do not have neoclassical effects in the usual sens
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