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A numerical study of rotating magnetic fields as a current drive for field
reversed configurations
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A fixed ion model has been developed to study the use of a Rotating Magnetic Field~RMF! as a
current drive mechanism in a Field Reversed Configuration~FRC!. This model is used to investigate
the physics of RMF current drive in a parameter range of interest to two experiments at the
University of Washington. Empirical expressions are found to characterize the critical RMF
magnitude required for full penetration and the rate of RMF penetration. It is shown that in the
presence of a strong anisotropic plasma resistivity, the direction and magnitude of the axial bias field
can have a strong influence on the penetration of an RMF. Calculations that include the effects of
realistic RMF antennae at finite radius are used to find the effects of coil spacing and positioning.
© 1999 American Institute of Physics.@S1070-664X~99!01507-4#
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I. INTRODUCTION

There are two experiments at the University of Washin
ton designed to investigate the use of a Rotating Magn
Field ~RMF! as an azimuthal current drive mechanism fo
Field Reversed Configuration~FRC!. In the star thruster ex
periment ~STX!,1 the RMF is being employed during th
formation phase to reverse an initial forward bias field a
form an FRC, using a methodology similar to previo
Rotamak2 and FRC3,4 experiments. A major goal of this ex
periment is to investigate the use of RMF as an altern
formation method for FRCs. In the translation, confineme
and sustainment~TCS!5 experiment, an RMF will be applied
to an existing FRC. The plasma configuration will be form
conventionally and then translated into a sustainment ch
ber where an RMF will be applied. The primary goal of th
experiment is to use an RMF to overcome the resistive
of trapped flux, and demonstrate flux buildup in an exist
FRC.

To drive an azimuthal current in a cylindrical plasm
antennae are used to generate an external magnetic fie
the form BRMF5Bv cos(vt)x̂1Bv sin(vt)ŷ. The frequency
of the applied field is in the rangevci!v!vce , where
vci5eBv /mi is the ion cyclotron frequency with respect
the rotating field strength, andvci5eBv /me is the electron
cyclotron frequency with respect to the rotating fie
strength. Under these conditions, the electrons are tied to
rotating field while the ions are unaffected, and an azimut
electron current is generated.

In the past, most experiments were designed with
RMF magnitude comparable to that of the induced ax
field. Both of the University of Washington experiments a
designed to demonstrate the induction and sustainmen
axial magnetic fields significantly greater than the RMF c
rent drive fields. To achieve this, higher temperatures~lower
plasma resistivity! must be reached. An objective of this p
per is to extend previous theoretical6 and computational7,8

work into this new parameter range where the classical s
depth for the RMF is small compared to the plasma radius
2771070-664X/99/6(7)/2771/10/$15.00
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numerical model similar to those of Hugrass and Grimm7

and Ohnishiet al.,8 has been developed and applied to th
problem. Empirical relationships have been developed
predict the conditions required for RMF penetration and
rate of penetration. In addition, the effects of anisotro
plasma resistivity have been investigated. It has been fo
that while the imposed axial bias field has no effect when
assumed plasma resistivity is isotropic, it can have a la
effect on the RMF penetration when the resistivity is anis
tropic. Calculations that include the effects of RMF antenn
at finite radius are used to find the effects of coil spacing a
positioning.

A full three-dimensional magnetohydrodynamic~MHD!
code that includes the Hall term in its Ohm’s law is requir
to get a thorough understanding of RMF current drive in
FRC. This study is only a first step in that quest: howev
this simplified model provides essential insight into some
the complex physical phenomena introduced when R
fields are added to an FRC.

The physical model employed in this study is discuss
in Sec. II, along with a brief description of the numeric
procedure. Section III presents the results of the study,
lowed by a summary and conclusions in Sec. IV.

II. PHYSICAL MODEL

A fixed ion computer model has been developed to stu
the interaction of an RMF with a cylindrical plasma. In th
model, the plasma is represented as an infinitely long cy
der of radiusR, surrounded by a vacuum. The model a
sumes the electrons move through a uniform density of
tionary ions, and electron inertia is neglected.

A. Model equations

With these assumptions, the relevant equations are

]A

]t
5u3B2hJ2

1

en
@~J3B!2¹Pe#, ~1!
1 © 1999 American Institute of Physics
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B5¹3A, ~2!

J5
1

mo
¹3B, ~3!

whereA is the magnetic vector potential,u is the ion fluid
velocity, B is the magnetic field strength,J is the electric
current density,h is the plasma resistivity, andPe is the
electron pressure.

Equations~1! to ~3! are solved numerically in ther 2u
plane assuming no axial variation (]/]z50). The ions are
assumed to have a fixed background densityn5No , with
zero velocityu50. The electron pressure is assumed unifo
(¹Pe50). It is convenient to Fourier expand the variabl
in u so that each quantityQ~u! can be expanded as

Q~u!5Q01S (
n51

N

Qneinu1c.c.D . ~4!

Boundary conditions at the outer radius,r 5R, must be ap-
plied to all three components ofA. The combination of
boundary conditions onAr and Au are arranged to setBz

5Bz0 , whereBz0 is the applied axial bias field independe
of u. The applied boundary conditions onAr andAu are

]Ar ,n50

]r
50,

1

r

]

]r
~rAf,n50!5Bz0 , Ar ,n.0,

50,
]

]r
~rAf,n.0!50. ~5!

The boundary conditions applied toAz are more complex
since they must accurately represent both the external r
ing magnetic field and the effects of internal screening c
rents. It is assumed that there is no net axial current, so
the n50 component the conditionBu,n5050, or equiva-
lently, (]/]r )Az,n5050 is applied. Except for calculation
with anisotropic resistivity, this boundary condition is n
important sinceAz50 for even harmonics, includingn50.
For higher mode numbers the boundary conditions deri
by Hugrass and Grimm7 are applied. In the vacuum regio
around the FRC,Az must satisfy the equation

¹2Az50, r>R.

The solution to this equation can be expressed as

Az5(
n

Az,neinu, where Az,n5an~r /R!n1bn~r /R!2n,

where the first term~with thean coefficient! accounts for the
field produced by external currents, and the second t
~with the bn coefficient! accounts for the field produced b
internal plasma currents. Since the magnetic field is cont
ous across the plasma boundary,

]Az,n

]r U
r 5R

5
n

R
an2

n

R
bn .

The above two equations can be combined to yield7

Az,n52an2S R

n D ]Az,n

]r U
r 5R

. ~6!
at-
r-
or

d

m

u-

The numerical model has two options for representing
RMF. The first option, which is used for most of the calc
lations, assumes an idealizedn51 single mode externa
field. The second option accurately accounts for discr
coils at finite radius. For the idealized single mode field,
magnitude ofan is adjusted to give the desired external RM
magnitude,

a15
RBv

2
e2 ivt, an>250, ~7!

whereBv is the magnitude of the RMF in the vacuum regio
when the plasma is absent. This formulation correctly
counts for plasma screening currents, which tend to incre
the vacuum field magnitude near the plasma boundary
calculations that include the finite radius coil geometry of
experiment, the coefficientsan>2 are nonzero, as shown i
the next section.

As an initial condition,Br50, Bu50, andBz5Bz0 is
applied throughout the plasma region. Except for calcu
tions with an anisotropic resistivity, the solution is indepe
dent ofBz0 , and a value of 0 is used.

B. Scaling

Hugrass9 has shown that this system can be charac
ized by two important dimensionless parameters;l5R/d,
where d5(2h/mov)1/2 is the classical skin depth, and b
g5vce /vei , wherevei5h(ne2/me) is the electron–ion col-
lision frequency. Expressed in terms of fundamental va
ables, these two dimensionless parameters are

l5RS mov

2h D 1/2

, ~8!

g5
1

e S Bv

nh D . ~9!

These parameters can be used to write Eqs.~1! to ~3! in a
dimensionless form. Each quantityq is transformed to a di-
mensionless variableq̃ using f̃ 5q/q0 . The scaling param-
eters are defined asto51/v, r o5R, uo5Rv, Ao

5RBv /gv , Bo5Ao /R, and Jo5(1/mo)Bo /R. With these
definitions, and neglecting the¹Pe term, Eqs.~1! to ~3! can
expressed as

]Ã

] t̃
5~ ũ3B̃!2

1

2l2
~ J̃1~ J̃3B̃!!, ~10!

B̃5¹̃3Ã, ~11!

and

J̃5¹̃3B̃, ~12!

with a boundary condition

Ãz11
]Ãz1

] r̃
5ge2 i t̃ . ~13!

If the RMF is fully penetrated and the electrons are rotat
at an angular velocity ofv, the induced swing in the axia
field betweenr 50 andr 5R is
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DBz5
monev

2
R2.

In dimensionless units, this can be expressed asDB̃z5l2.
This means that for an FRC with zero pressure at the s
ratrix, the axial field swings from1l2/2 at r 5R, to 2l2/2
at r 50.

Clearly, the problem can be completely defined throu
the specification ofl and g, wherel is a measure of the
diffusivity, andg is a measure of the RMF strength.

C. Numerical method

The equations are solved numerically using a finite d
ference mesh in ther-direction and by Fourier expanding i
the u-direction. This technique is found to be very efficien
especially in situations where few azimuthal mode numb
are required to accurately represent the model. For mos
the problems studied in this paper, only then51 mode needs
to be included, since the calculated magnitudes of hig
order modes are found to be small. However, an arbitr
number of modes can be included, and for some of the n
linear calculations that include anisotropic resistivity or re
istic coil geometry, up to 42 azimuthal modes are include

Temporally, the equations are advanced using
predictor-corrector algorithm, which has two basic optio
The first option is a straightforward explicit algorithm th
can advance each time step very quickly, but with a v
restrictive time-step stability condition. The second option
a semi-implicit algorithm that is unconditionally stable f
any time-step size, but takes somewhat longer for each
step. Accuracy requirements demand a relatively small t
step for the semi-implicit algorithm.

III. RESULTS

A. Penetration condition and penetration rates

Hugrass and Grimm7 first studied the time-dependen
penetration of the RMF into a plasma column with a mo
very similar to that presented here. They showed that
magnitude of the external-driving field must exceed a cer
critical value before much current is driven in the plasm
column. Their measure of the current drive is the param
a, which is defined as the ratio of the driven current divid
by the current obtained if all of the electrons rotate synch
nously with the RMF. From Ampe`re’s law the actual driven
current per unit length is given by

I uD5
1

mo
~Bz~r 50!2Bz~r 5R!!.

If all the electrons were driven synchronously with the RM
the current density per unit length would be

I u0521/2nevR2.

Thus,a can be expressed as

a5
2

monevR2 ~Bz~r 5R!2Bz~r 50!!.
a-
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Hugrass and Grimm7 found that the steady-state value ofa
~expressed asas! is quite small for values ofg below a
threshold value, but wheng exceeds this threshold,as jumps
to a value near 1. Later, Hugrass9 extended these results
showing the existence of nonunique solutions to the stea
state problem. The fundamental meaning of these resul
that for values ofl greater than about 6, the RMF will no
fully penetrate untilg ~or equivalentlyBv! exceeds a given
threshold value. Nevertheless, once it has penetrated,Bv can
be reduced significantly below this value before the RM
will be expelled and efficient current drive lost.

Figure 1 shows the calculated evolution of magne
field lines into a plasma column with parameters relevan
the STX experiment~R510 cm, n50.33331020m23, Bv

5100 G, v52.23106 sec21, Te55 eV, l511.07, andg
516.6!. Here time is labeled in the dimensionless unitT
5(2p)/v, or 2.856msec. The RMF is rotating in a counte
clockwise direction and the field lines are distorted as th
attempt to drag the electrons with them. For this case,
steady normalized azimuthal current is found to beas

50.98, with full penetration achieved att540T.
If this calculation is repeated with the RMF magnitud

reduced by 10% toBv590 G, org514.9, we find that com-
plete penetration is never achieved and the steady nor
ized azimuthal current is onlyas50.42. The equilibrium
field lines for this case look very much like those att55T,
in Fig. 1. If, on the other hand, the RMF magnitude is i
creased by 10% toBv5110 G, or g518.2, we find that
complete penetration is achieved byt527T, compared tot
540T for the case withBv5100 G. This is illustrated
graphically in Fig. 2, which showsa as a function of time
during penetration for these three calculations. Clearly,
magnitude of the RMF must exceed a critical value bef
the field can fully penetrate the plasma column, and after
critical field is reached, the rate of penetration is a stro
function of the field strength.

If the RMF is reduced below a critical value after it ha
fully penetrated, the force on the electrons will not be su
cient to overcome the electron–ion drag. Then the curr

FIG. 1. Evolution of magnetic field lines as the RMF penetrates a plas
column.
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drive level will drop back to a level consistent with an RM
that is not fully penetrated. Figure 3 shows the magnetic fi
lines for the same calculation illustrated in Fig. 1, excep
t550T, Bv is suddenly reduced from 100 to 70 G~g is
reduced to 11.6!. As the RMF field magnitude drops in th
plasma column, the rate of electron rotation slows. Since
magnetic field lines are tied to the electron fluid, field lin
rotate more slowly at the column center than at the outs
This leads to an antiparallel configuration causing quick fi
annihilation, and a rapid reduction in current drive.

There are three key questions concerning RMF pene
tion that this study attempts to answer. First, what is
critical RMF magnitude required for full penetration, an
how does it scale withl? Second, what is the time require
to achieve full penetration when the RMF magnitude
above its critical value? Finally, what efficiency can
achieved when the RMF magnitude is below the criti
value and the current drive is restricted to a region near
separatrix?

A procedure similar to that of Hugrass9 is used to find
the critical RMF magnitude. A calculation is started wi
small subcritical RMF magnitude. It is run long enough
establish a constantas value for this field, after which the
field is incremented to the next level where a newas is
established. This is done repeatedly until the field le

FIG. 2. Azimuthal current time history for three different RMF magnitud

FIG. 3. Evolution of magnetic field lines as RMF is expelled from a plas
column.
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reaches the critical value and full penetration is achiev
After this, the field level can be decremented in steps unt
reaches a level where the RMF is expelled from the plas
establishing the critical value for field expulsion. Figure
showsgc , which is the critical value ofg required to achieve
complete RMF penetration, plotted as a function ofl. These
results agree with Hugrass’ observation9 that for values ofl
less than about 6.5, the critical value ofg required to achieve
penetration is the same as that for expulsion. It is found to
approximately

gc51.12l, for l<6.5. ~14!

For larger values ofl it has been found that the following
empirical formula is a good fit to the numerical calculatio

gc51.12l~1.010.12~l26.5!0.4!, for l.6.5. ~15!

The point at which the field is expelled from the plasm
remains the same (gc51.12l) for all values ofl. For large
values ofl, a larger RMF magnitude is required to achie
complete penetration than is required to maintain it after p
etration is achieved.

An estimate of the time required for the RMF to pe
etratetP has been made by running several calculations w
various values ofg.gc . From the form of Eq.~10!, it is
expected thattP should scale asl2. SincetP becomes infi-
nite at g5gc , it is expected thattP should vary with a
normalized form ofg that is a measure of the differenc
betweeng andgc . This measure is defined as

gN[
g2gc

gc
. ~16!

Figure 5 shows the penetration time vsgN for three series of
calculations withl5100,l511, andl56.5. The numerical
data are compared with the simple curve

tP5
l2

2AgN

, ~17!

which is seen to be a reasonable approximation to the
over a very wide range ofg andl. Clearly, when designing
an experiment that requires full penetration, the design p
g should be significantly greater thangc .

Next, we examine the steady-state level of current dr
that can be achieved when the RMF magnitude is below
critical value. Several calculations have been made whel
is held constant whileg is slowly incremented in steps. Th

.

FIG. 4. Critical value ofg vs l.
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time between each increment is long enough to allow
current drive parametera to reach its steady-state valueas .
The results of this series of calculations are summarize
Fig. 6, where curves forl56.5, 11, 32, and 100 are show
The dotted lines in this figure show an empirical fit to t
numerical data,

as5
1.6

Al
expS 24S gc2g

gc
D .8D . ~18!

This fit is accurate to approximately 20% for .2<g/gc

<.95. Clearly, for large values ofl, the current drive effi-
ciency is very low forg,gc .

B. Anisotropic resistivity effects

In all of the calculations reported above, an isotrop
resistivity has been assumed. For a hot plasma with clas
resistivity, the ratio of perpendicular to parallel resistivity
h' /h i51.96. In FRC experiments, the transport is observ
to be consistent with an anomalous perpendicular resisti
larger than classical. However, in the absence of a toro
magnetic field, the plasma current is perpendicular to
field and no measurement of the parallel component of re
tivity has been made. For other toroidal plasmas it is fou
that the ratio ofh' /h i is considerably greater than 2.
To account for anisotropic resistivity in this study, Eq.~10!
is modified to

FIG. 5. RMF penetration time vsgN .

FIG. 6. Calculated current drive vsg for l56.5, 11, 32, and 100.
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]Ã

] t̃
5~u>̃3B̃!2

1

2l2 S J̃'1
h i

h'

J̃i1~ J̃3B̃!D , ~19!

where J̃i5( J̃•B̃)/B̃2, J̃'5 J̃2 J̃i , and l5R(mov/2h')1/2.
Figure 7 shows the time history of the azimuthal current,
a set of calculations with different forms of anisotropic r
sistivity. All of the calculations have the same basic para
eters ~R510 cm, Bv5120 G, Bz05350 G, v52.2
3106 sec21, Te55 eV, n50.33331020m23, l511.07, g

519.2, andB̃z05l2/2! similar to those of Fig. 1, but with a
higher value ofBv , and consequentlyg. Also, it should be
noted that since the resistivity is now dependent on the m
netic field direction, these calculations are now dependen
the axial bias field. InitiallyBz5Bz0 uniformly throughout
the calculation region, and subsequently this value is app
as a boundary condition atr 5R. All of the calculations in
Fig. 7 have the same value forh' , but h i varies from 1 to
1
4 of that value. For two of the curves in Fig. 7 the paral
direction is assumed to be thez-direction, while the others
correctly employ the local direction ofB to specify the par-
allel and perpendicular directions. When the parallel dir
tion is assumed to be in thez-direction, decreasingh i leads
to a slower rate of penetration as expected,7 since the resis-
tive skin depth decreases with decreasing resistivity. Ho
ever, it is found that when the local value ofB is used to
specify the parallel direction, the penetration rate does
slow with decreasingh i , and in fact increases.

To understand these results consider the schemati
Fig. 8. AssumeBz is positive, pointing out of the page. Thi
field combined with the RMF is upward and pointing out
the page. The RMF field~shown as vertical lines in Fig. 8! is
rotating counterclockwise, dragging the electrons in the sa
direction. If J tends to follow the field lines, it flows into the
page on the right-hand side~RHS!, and out of the page on
the left-hand side~LHS!. This is the same direction as th
current in the RMF coils, and will thereforeenhancethe
rotating magnetic field. IfBz is negative~pointing into the
page!, the effect is reversed and the induced axial curr
will opposethe penetration of the RMF.

An axial bias field ofB̃z05l2/2 was assumed for the
calculations of Fig. 7. For these conditions and when

FIG. 7. Azimuthal current time history for different values of parallel res
tivity. For ~ii ! and~iii !, parallel resistivity is in thez-direction. For~iv! and
~v!, parallel resistivity is in the local direction ofB.
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RMF is fully penetrated, the induced current sustains
axial magnetic field profile withB̃z5l2/2 at the outer
boundary, decreasing to2l2/2 by r 50. Thus in the outer
regions whereBz is positive, the anisotropic resistivity lead
to the induction of axial currents which enhance the RMF
the inner region whereBz is reversed, the induced axial cu
rents oppose the penetration of the RMF.

Clearly, with the inclusion of anisotropic resistivity e
fects, the calculations become dependent on the magni
and direction of the applied axial bias field. If a bias field
zero is applied (Bz050), the induced axial field is negativ
so the anisotropic resistivity induces axial currents wh
oppose the RMF throughout the entire plasma volume.

Figure 9 shows the steady normalized current as a fu
tion of g for three different parameter sets. In all three curv
l511.07. These curves are generated by running the cod
a constantg until a reaches a steady-state value. The para
eter g is then changed by a small amount and the code
again run untila reaches a new constant value. The curv
are double-valued because the full penetration thresh
value ofg is larger wheng is increasing than the thresho
value where the RMF is expelled wheng is decreasing. The
curve labeledh i5h' corresponds to the parameters of F
1. As expected, the curve withBz050 shows that a much
higher value ofg is required to achieve full penetration, an
it displays much less hysteresis. The curve withB̃z05l2/2
has a wider hysteresis profile, as a higher value ofg is re-

FIG. 8. Schematic of plasma current in the presence of the rotating mag
field.

FIG. 9. Steady-state current drive as a function ofg.
n
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quired to achieve full penetration wheng is increasing, andg
drops to a lower value before the RMF is expelled when i
decreasing.

Figure 10 shows the steady-state radial profile of
RMF field for the three calculations of Fig. 9 at points on t
curves with full penetration. They-axis, which is labeled
Bu /Bv , is the normalized magnitude of then51 component
of Bu . The curve labeledB̃z05l2/2 shows an amplification
of Bu relative to the boundary value as it penetrates in
outer regions whereBz is positive. As it penetrates furthe
into regions of negativeBz , the magnitude ofBu decreases.
On the other hand, the curve labeledB̃z050 rapidly and
monotonically decreases from the boundary value as it p
etrates the plasma. In this case, the inducedBz is always
negative, so the axial currents induced by the anisotro
resistivity always oppose the penetration of the RMF fie
The curves do not begin~at the outer radial boundary! with a
value of 1 as may be expected, because the applied boun
conditions~see Sec. II! correctly account for the effects o
the induced internal plasma currents. When the internal c
rents screen~or oppose! the penetration of the RMF the
amplify the RMF at the boundary. On the other hand, if t
internal currents enhance the penetration of the RMF, t
reduce the magnitude of the RMF at the boundary. This
also illustrated in Fig. 11, which shows the calculated stea
state magnetic field lines for the same two anisotropic re
tivity calculations.

Figures 10 and 11 show that when an FRC bias fi
(B̃z05l2/2) is applied, a net amplification of the RMF i

tic
FIG. 10. Steady-state radial profile for three calculations withl511.07: ~i!

h i5
1
4h' , B̃z05l2/2, and g516.6; ~ii ! h i5h' , and g516.6; ~iii ! h i

5
1
4h' , B̃z050, andg536.5.

FIG. 11. Steady-state magnetic field lines for the anisotropic calculat
illustrated in Fig. 10.
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realized. The amplification in the outer regions is sign
cantly greater than the shielding of the inner region. The
effect is that the rotating field atr 50 is more than 20%
greater than the external field far removed from the plas
and more than 50% greater than the rotating field at
plasma boundary. It is interesting to note that Blevin a
Thonemann3 observed a 500% amplification of the rotatin
field in some of their pioneering experiments. They attr
uted the amplification to three-dimensional end effects bu
is possible that anisotropic resistivity effects also contr
uted.

In Fig. 9, the curve withB̃z05l2/2 has a relatively flat
region whereas'.5 for 15,g,21. In this region, the char
acter of the RMF penetration is markedly different from th
of previous cases. It is found that RMF penetration proce
normally at the start of the calculation, with the axial cu
rents induced by the anisotropic resistivity enhancing the
of penetration. However, after the RMF has penetrated ab
half way in, the magnetic field lines begin to tear and
closed field-line structure forms inside the plasma. T
structure rotates with the RMF, but not as fast. Figure
shows the calculated evolution of induced closed field-l
structure during one revolution of the RMF for a calculati
with g516.6. ~Here, the structure appears to rotate cloc
wise, but this is because in this paper the graphs are plo
in a rotating frame of reference that makes the external R
appear stationary.! When the RMF is in this mode, it deve
ops anas of about 0.5. The electron velocity profile is a
proximately that of a rigid-rotor, but there is significant sli
page at the outer radial boundary. Figure 13 shows thn
50 component of theu-current profile at the same four time
that are illustrated in Fig. 12. This figure shows that t
current profile varies significantly during a single rotation
the RMF field, and that there is significant slippage at
outer radial boundary. Presumably, the magnetic field st
tures that form inside the plasma force an almost rigid ro
tion of the electrons. When there is full penetration, the c
rent profile is a straight line~rigid-rotor! as illustrated by the
‘‘Full Penetration’’ line in Fig. 13.

As shown in Fig. 9, wheng is increased beyond 21, th

FIG. 12. Evolution of magnetic field lines for calculation withl511.07,

g516.6,h i /h'5
1
4, andBz05l2/2.
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RMF has sufficient power to overcome this mode, leading
normal full penetration. It is interesting to compare the cur
~iv! of Fig. 7 with theh i /h'5 1

4, Bz05l2/2 curve of Fig. 9.
It has the same basic parameters and its value ofg519.2 is
below the threshold for penetration in Fig. 9, but here p
etration is even faster than it was for the comparable iso
pic case. The key difference is that this calculation star
out with g519.2 and the mode structures illustrated in F
12 never formed, while the other calculations started wit
small value ofg which was then slowly increased. Once th
structures have formed, a larger value ofg is required to
achieve full penetration.

C. Finite radius coil effects

The applied boundary conditions for all of the calcul
tions reported above correspond to an ideal puren
51 RMF. Hugrass10 has studied the effects of realistic co
geometry, but using a simplified model where the elect
motion is forced to have a rigid-rotor velocity profile. H
showed that in addition to the desiredn51 RMF, coils at
finite radius produce undesired odd spatial harmonics. Th
undesirable effects can all be minimized by moving the co
out to a larger radius, by using two conductor coil pairs,
by using a three-phase system to generate the RMF. Here
extend these results to examine the influence of these a
spatial harmonics on RMF penetration, and without the ri
electron motion constraint. In general, we find agreem
with Hugrass’ earlier work.

In a vacuum, the vector potential due to a set of infinite
long dipole coils arranged on a cylindrical surface of rad
Rc can be expanded as10

Az5
moI

4p (
n5odd

1

n S r

Rc
D n

cos~n~u2w!!, ~20!

wherew is the angular position of the coil set, andI is the
current flowing in them. In the presence ofI c polyphase coil
sets, each with currentI i5I sin(vt2ji), the vector potential
is

Az5
moI

4p (
n5odd

F1

n S r

Rc
D n

(
i 51

I c

@cos~n~u2w i !!•sin~vt2j i !#G .

~21!

FIG. 13. Radial profile of then50 component of azimuthal current for th
calculation shown in Fig. 12.
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Thus finite coil radius effects can be included in the calcu
tion by specifyingan in Eq. ~6! as

an5
moI

8p S r

Rc
D n 1

n (
i 51

I c

$sin~vt2j i !e
2 inw i%, n5odd,

~22!
an50, n5even.

The simplest RMF coil arrangement consists of a two-ph
system with a single coil pair per phase and each coil p
separated byp/2 in space and phase. Ifw150 and w2

5p/2, andj15p andj252p/2, the vacuum vector poten
tial can be expressed as10

Az52
moI o

p (
n5odd

F1

n S r

Rc
D n

sin~vt1~21!~n11!/2nu!G .
~23!

The resulting field consists of the desiredn51 component
rotating with an angular frequencyv, as well as odd harmon
ics which rotate at a frequency of (21)(n21)/2(v/n). It has
been found that these have a harmful effect on the cur
drive and need to be minimized. Increasing the coil radiusRc

is an obvious way to reduce the relative magnitude of
harmonics. However, this is not practical experimenta
since the required energy to reach the same magnitude
the fundamentaln51 field scales withRc

2.
Using two coils for each phase of the antenna can a

reduce the harmonics. For a two-phase system with two c
per phase, the vacuum vector potential can be expressed10

Az52
2moI o

p (
n5odd

Fcos~ 1
2 nac!

n S r

Rc
D n

3sin~vt1~21!~n11!/2!nu)G , ~24!

whereac is the angular separation between two coils in
same phase. This expression shows that each of the h
order modes is reduced by the factor cos((1/2)nac)/
cos((1/2)ac) relative to the primaryn51 component.
Choosing ac560° eliminates the third harmonic, whil
choosingac536° eliminates the fifth harmonic. It will be
shown thatac545° is a good compromise, in agreeme
with previous studies.10

The harmonics can be reduced even further using a th
phase system with two coils per phase. Here the vacu
vector potential can be expressed as10

Az52
3moI o

p (
n5odd

Fcos~ 1
2 nac!

n S r

Rc
D n

3gn sin~vt1bnnu!G , ~25!

whereg151, g350, g551, andgn165gn , andb151, b5

521, andbn165bn . For this configuration the 3rd, 9th
and 15th harmonics are not present and the 5th, 11th,
17th harmonics rotate counter to the primary. The fifth h
monic can be eliminated by setting the coil separation to 3
leaving the seventh as the first harmful harmonic.
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Figure 14 shows the azimuthal current time history
three calculations withl511.07, and the simplest coil ar
rangement~two-phase with a single coil set per phase!. The
ratio k[r /Rc varies from 0.7 to 0.5 for these calculation
Equations~20! to ~25! show this ratio is important becaus
the boundary values ofA, and henceB, for the higher order
modes are attenuated by the factor (r /Rc)

n. The three calcu-
lations with k50.7 haveg519.9, 24.9, and 33.2, respec
tively, all well above the critical value ofgc515.1. Full
penetration is never achieved for the curve labeled~i!, while
the curve labeled~ii ! with g524.9 andk50.7 is very close
to the criticalgc . Both this curve and curve~iii !, which has
a much largerg533.2, exhibit large oscillations in the
driven current. For the curve labeled~iv!, the coil radius has
been increased, reducingk to 0.5, andg519.9 has been re
duced back to the level of curve~i!. Here the RMF penetra
tion is relatively quick and the oscillation magnitude is r
duced. The curve labeled~v! is for comparison and is from a
calculation where idealn51 boundary conditions are ap
plied ~i.e., finite radius coil effects are not included!. Experi-
ments with a two-phase antenna system and a single coi
phase should have the antenna at a large enough radi
ensure that the parameterk is not greater than 0.5.

Figure 15 shows the magnetic field lines at eight tim
during a quarter rotation of the RMF for the calculation co
responding to curve~iii ! of Fig. 14. The plots are drawn in

FIG. 15. Magnetic field lines during
1
4 revolution of RMF from~iii ! of Fig.

14 starting att570.25T.

FIG. 14. Azimuthal current time history.~i! g519.9,k50.7; ~ii ! g524.9,
k50.7; ~iii ! g533.2,k50.7; ~iv! g519.9,k50.5; and~v! g519.9; ideal
n51 mode only.
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rotating frame of reference so the idealn51 component of
the RMF is vertical for all eight plots, and the coils appear
rotate. Clearly, the field lines inside the plasma region c
tinue to oscillate after the RMF has fully penetrated. Furth
more, the electron velocity profile does not evolve to t
stationary rigid-rotor profile observed in calculations that n
glect effects of having coils at finite radius. Figure 16 sho
the radial profile of then50 component ofJu from the same
calculation and times as Fig. 15. The velocity profile chan
rapidly with relatively large excursions from the ideal rigi
rotor profile, with a periodicity of14 of an RMF cycle. The
profile oscillations are not confined to the edge of the plas
and the magnitudes do not dampen as you move in rad
from the outer boundary where the driving force exists.

If two coils are used for each phase of the antenna,
harmonic content driving these oscillations is reduced,10 as
shown by Eq.~24!. Figure 17 shows the azimuthal curre
time history for three calculations with a coil separati
specified byac536, 45, and 60°. The calculations at 36 a
60° suppress then55 and n53 modes, respectively. Th
calculation withac545° is a compromise where both th
magnitudes of bothn53 andn55 modes are partially sup
pressed by a factor of 0.414. All three calculations havel
511.07,g519.9, andk50.7; the same parameters as cur
~i! of Fig. 14, where complete penetration was ne
achieved. Clearly, employing two conductors per ph

FIG. 16. Radial profile of then50 component ofJu for calculation illus-
trated in Fig. 15.

FIG. 17. Azimuthal current time history for a two-phase antenna with t
coils per phase, andl511.6,g519.9, andk50.7.
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yields a dramatic performance enhancement, but the res
are insensitive to the exact angle between conductors.
calculation with ac545° has the most rapid penetratio
with the penetration time history approaching that of t
ideal n51 calculation. However, the calculation withac

560° has the smallest oscillations in driven current.
Figure 18 shows the azimuthal current time history fo

similar set of calculations, except the coils are assumed to
closer to the plasma, by increasing the parameterk from 0.7
to 0.8. As expected, this has a deleterious effect on the R
performance. Only the calculation withac545° achieves
complete penetration, and for that calculation, the rate
penetration is much slower than it was fork50.7, as shown
in Fig. 17. Experiments with a two-phase antenna and
coils per phase should have the antenna at a large en
radius to ensure that the parameterk is smaller than 0.7.

Finally, a set of calculations has been made to inve
gate the effects of employing a three-phase antenna that
two coils per phase. Equation~25! shows that for this type of
antenna, the 3rd, 9th, 15th,... harmonics are absent, so th
and 7th are the first harmful harmonics. If the coil separat
parameterac is set to 36°, the 5th harmonic is eliminate
leaving the 7th as the first harmful harmonic. Ifac is set to
30°, both the 5th and 7th harmonics are attenuated by a
tor of approximately 0.27. Hugrass10 found that for a three-
phase system with two coils per phase withac set to 30° and
k50.8, higher harmonics had a negligible effect on the s

FIG. 19. Azimuthal current time history for a three-phase antenna with
coils per phase, andl511.6, andg519.9.

FIG. 18. Azimuthal current time history for a two-phase antenna with t
coils per phase, andl511.6,g519.9, andk50.8.
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tem. Figure 19 shows the azimuthal time history for a se
calculations withl511.07, g519.9, k50.8 and 0.9, and
ac530 and 36°. Fork50.8 the penetration rate is almost
fast as for the idealn51 calculation, in stark contrast to th
similar two-phase calculations of Fig. 18. Whenk is in-
creased to 0.9, however, the penetration rate slows cons
ably. The calculations withk5.9 show a clear advantage o
ac530°, overac536°. It is better to attenuate both the 5
and 7th harmonics, rather than eliminate the 5th harmo
without attenuating the 7th. Figure 20 illustrates the evo
tion of the magnetic field lines during penetration for t
calculation withk50.8, andac530°.

It is noted that for calculations with larger values ofk,
higher order harmonics become more important and mus
included in the numerical solutions. For these calculatio
all harmonics up ton521 are included fork50.8, and up to
n542 are included fork50.9. Harmonics up ton510 are
included for calculations withk<0.7.

IV. SUMMARY AND CONCLUSIONS

The penetration of an RMF into a plasma column h
been studied with a numerical model. Several empirical f
mulas have been established by curve-fitting the result
multiple calculations. In particular these empirical relatio
ships predict~1! the conditions required for RMF penetra
tion, ~2! the point at which the RMF field will be expelle
from a plasma column,~3! the time it takes for an RMF field
to penetrate, and~4! the current drive efficiency when th
penetration condition is not met.

It was found that an anisotropic resistivity can have

FIG. 20. Evolution of RMF field lines during penetration for calculatio
with a three-phase antenna, two coils per phase,l511.6, andg519.9, k
58, anda530°.
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strong effect on RMF current drive for an FRC, affectin
both the penetration and final equilibrium configuration. T
underlying physical mechanism was shown to result from
induced axial current. This current can be in the same dir
tion ~phase! as the current in the external RMF coils and th
enhance the RMF, or it can be in the opposite direction a
retard the penetration of the RMF. The phase of the indu
current depends on the direction of the local axial magn
field Bz , so RMF penetration becomes strongly depend
on the imposed bias on the axial magnetic field. With
axial bias field consistent with an FRC, the magnitude of
RMF is significantly amplified at the center (r 50) as com-
pared to its magnitude at the outer plasma boundary.

The effects of using a realistic coil set at a finite radi
have been investigated. These results are in agreement w
previous study by Hugrass10 based on an equilibrium mode
that assumed a rigid-rotor electron velocity profile: howev
dynamic effects and the effects on penetration were a
studied in this paper. It was found that the harmonics int
duced by utilizing coils at finite radius can seriously impe
the RMF penetration unless the coils are sufficiently far fro
the plasma. For a two-phase coil system that utilizes t
coils per phase, the coil radius should be at least 1.4 tim
the plasma radius to minimize these effects. The optim
angle between the two coils in a single phase is found to
about 45°. If a three-phase coil system with two coils p
phase is employed, it is found that the coils can be as c
as 1.25 times the plasma radius before the higher harmo
displays serious effects on RMF penetration. Here the o
mal angle between two coils of the same phase is about
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