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Formalism for multi-fluid equilibria with flow
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A formalism is developed for flowing multifluid equilibria. In the standard reduced case~massless
electrons, quasineutrality! this system simplifies to a pair of second-order partial differential
equations for the magnetic and ion flow stream functions plus a Bernoulli equation giving the
density. Each species has its own characteristic surfaces, which are the drift surfaces, and three
arbitrary surface functions associated with each species. In the case of minimum energy equilibria,
the surface functions are no longer arbitrary. The flowing equilibrium system is a generalization of
the familiar Grad–Shafranov system for magnetostatic equilibria. ©1999 American Institute of
Physics.@S1070-664X~99!04007-0#
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I. INTRODUCTION

A. Motivation

In the many experimental studies of magnetically co
fined plasmas over several decades, one of the less app
ated phenomena has been flow, that is, until recent ye
Now it appears that significant flows are a common feat
of magnetic plasmas, and not only in instances where
driven externally, e.g., by neutral beams. Further, vari
favorable effects have been attributed to flows, including
stabilization of ballooning modes by sheared flow, and
duced transport rate~H-mode or high confinement mode!.
The latter has been associated with sheared radial ele
field, which is the concomitant of sheared flow. Theoreti
studies of equilibria of flowing plasmas date to the 195
but most have been in the last two decades~see citations in
Ref. 1!.

In view of the growing interest in flowing equilibria, it is
appropriate to develop a suitable formalism for describ
them. This will facilitate understanding of the principal fe
tures of flowing equilibria, e.g., characteristic surfaces a
surface functions; it will foster intuition about such state
and it will produce a well-defined set of equations for n
merical computation of two-dimension states. Once th
states are found, then the purported stability and trans
advantages of flows can be investigated in detail. In shor
is needed to generalize the well-known system govern
axisymmetric magnetostatic equilibria, namely the Gra
Shafranov~GS! equation. In brief, the GS system gover
axisymmetric equilibria of an ideal magnetohydrodynam
~MHD! fluid with no flow. It is composed of a single secon
order partial differential equation for the magnetic stre
function,c. The characteristic surfaces are the magnetic s
faces withc5const. There are two arbitrary surface fun
tions~of c!, one related to the toroidal field, and the other
the pressure.

Here we develop a formalism for flowing equilibri
based on the two-fluid model. In addition to being more g

a!Electronic mail: steinhauer@aa.washington.edu
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eral than MHD, which is a single-fluid treatment, the tw
fluid model has other notable attributes. A two fluid has
broader range of stability than MHD, which can be analyz
by a symmetric treatment of electrons and ions.2 Further, the
two-fluid model led recently to a generalization of the fam
iar MHD relaxation theory and the prediction of finite-b
minimum energy states.3,4

B. Basic properties of a two fluid

It is useful then to review the important properties of
two fluid2–4 from which clues can be drawn for developin
two-fluid equilibria. The elementary building blocks for
multifluid are the canonical momentumPa5maua

1qaA/c, and the generalized vorticityVa5“3Pa ~or
a-vorticity! where ma , ua , qa are the species mass, flo
velocity and charge, anda5 i ,e denotes the species, andA is
the vector potential. The quadratic invariants of a multiflu
are the self helicities, or ‘‘a-helicities,’’ the ‘‘density’’ of
which is Pa•Va . Thea-helicities are generalizations of he
licities that appear in a simple fluid and in MHD. For va
ishing electron mass the electron helicity reduces to the
miliar magnetic helicity, which is an invariant in ideal MHD
The evolution of thea-helicities is governed by the helicity
transport equations, derived from Maxwell’s equations a
the equations of motion. This requires no reducing assu
tions, so that finite electron mass, non-neutrality, and dist
species flows are allowed.

The form of the helicity transport equations i
naDa(Pa•Va /na)/Dt5“•@(¯)Va#1 f r iction, wherena

is the species density. The generalized vorticity in the div
gence term implies the existence of a ‘‘local’’a-helicity as-
sociated with these lines,Ka5(c2/8pqa

2)*CdtPa•Va ,
where C is the volume occupied by a bundle ofa-vortex
lines. The constant factor givesKa the convenient units of
energy length. The total derivativeDa /Dt implies that the
local a-helicity convects with its own species. If ana-vortex
line does not intersect the system boundary, then in
strictly ideal ~frictionless! case, the associateda-helicity is
constant. There is an associated circulation theorem,Ga

5*CPa•dx whereC is the generalized vortex line, anddx is
4 © 1999 American Institute of Physics
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a differential length vector along that line. Note that ea
species has its own set of generalized vortex lines, its o
local a-helicities, and its own circulation theorem.

In the realistic case with frictional dissipation, visc
resistive instabilities drive reconnections that break in
vidual a-vortex lines and destroy their identity. This is a
instance of nonuniform convergence, where even a min
friction is sufficient to rule out the ideal state of preserv
local a-helicities. The only quantities immune to these top
ogy altering events are the globala-helicities, Ka

5(c2/8pqa
2)*VdtPa•Va , where V is the system volume

Even global invariants may not berugged in the sense tha
they aremore ‘‘invariant’’ than the organized energy form
which is the magnetofluid energyWm f5*Vdt(Smanaua

2

1B2/8p), composed of the flow energy and the magne
energy~the sum is over species!. The ruggedness of the glo
bal a-helicities has been supported by three arguments.~1!
Selective decay: Wm f decays more rapidly thanKa in thin
reconnection layers. Properly applied, this argument m
account for limits on viscous friction coefficients for sha
gradients.~2! Inverse cascade:The fluctuation spectrum o

W̃m f(k) and K̃a(k) satisfy the necessary conditions for
cascade toward larger scale objects~k is the wave number o
the disturbance!. ~3! Stability to resistive modes: Ka is less
affected thanWm f by resistive modes. Each of these is t
generalization of arguments previously applied to verify
ruggedness of the magnetic helicity in weakly dissipat
MHD.

A minimum energy state is found formally by minimiz
ing Wm f subject to invarianta-helicities, and~given axisym-
metric system boundary! the global angular momentum,Lu

5*dtrSmanauau . The variation with respect todua leads

to the flow equations:na(ua2Vr û)5(la /mil c
2)Va where

la ,V are the Lagrange multipliers associated with invari
a-helicities and angular momentum, andl c5c/vpi

5(mic
2/4pne2)1/2 is the length scale. An entropy maxim

zation procedure subject to invariantKa , Lu , and total en-
ergy (Wm f1thermal) leads to the same equation. In additi
a global Bernoulli equation links the pressure to the flow
a relation that applies throughout the system volume. N
that an important feature of a two-fluid minimum ener
state is the length scalel c . A two fluid may or may not relax
to the minimum energy state depending on whether the
mechanisms have been stabilized.

The outline of the remainder of this paper is as follow
Section II develops the equations for multifluid equilibri
First ~Sec. II A! the various continuity equations describin
the fields and flows are replaced in favor of scalar variab
~stream functions, etc.!. The remaining equations for th
fields ~electromagnetic, gravitational! are expressed in term
of the scalar variables~Sec. II B!. The equations of motion
are simplified ~Sec. II C! by two actions: introducing the
classical thermodynamic enthalpy; and expressing the L
entz force in terms of the generalized vorticity. Finally~Sec.
II D ! the three principal components of the equation of m
tion are examined, leading to the identification of the ch
acteristic surfaces~and surface variables! for each species
This also leads to the identification of three arbitrary surfa
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functions for each species. The result of Sec. II is a clo
system of equations describing axisymmetric, multiflu
equilibria. Section III presents three reduced cases. The
~Sec. III A! is the standard reduced case of a two fluid w
massless electrons and quasineutrality. This leads to a sy
of two second-order equations for the magnetic and
stream functions plus an auxiliary ‘‘Bernoulli’’ equation fo
the density. The second reduced case~Sec. III B! is the mini-
mum energy state of a two fluid; its main feature is that
arbitrary surface functions take on specific forms. The th
reduced case~Sec. III C! is single-fluid magnetostatics; thi
familiar case is considered to verify that the general sys
reduces to the GS equation in the proper limit. The pa
concludes with a discussion of the properties of two-flu
equilibria ~Sec. IV! and a summary~Sec. V!.

II. ANALYSIS OF MULTIFLUID FLOWING EQUILIBRIA

A. Continuity equations: Scalar functions

The steady electromagnetic fields satisfy Maxwel
equations, two of which are Gauss’ law of magnetism a
the steady Faraday’s law,“•B50 and“3E50, whereB
andE are the magnetic and electric fields. These, which
as continuity equations for the fields, imply the existence
certain scalar functions. In an axisymmetric system they
be expressed as

E52“VE , ~1!

B5 ûf/r 1~ û3“c!/r , ~2!

where VE is the electrostatic potential,c is the magnetic
stream function, andf is related to the azimuthal magnet
field; all are functions ofr,z only ~cylindrical coordinates!.
The continuity equations of the fluid species are“•(naua)
50, wherena is density,ua is the fluid velocity, and the
subscripta denotes the species. These also imply the e
tence of scalar functions such that

naua5 ûfa /r 1~ û3“ca!/r , ~3!

where ca is the stream function, andfa is related to the
azimuthal flow.

B. Field equations

The remaining Maxwell’s equations are Gauss’ law a
the steady Ampere’s law. In view of Eq.~1!, “•E
54pSqana ~sum over species!, becomes the Poisson equ
tion

“

2VE524pSqana . ~4!

With Eq. ~2!, the latter,“3B5(4p/c)Sqanaua , becomes
two scalar equations

D* c5
4p

c (
a

qafa , ~5!

f52
4p

c (
a

qaca , ~6!
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representing the toroidal and poloidal components, resp
tively. HereD* 5r 2¹•@(1/r 2)¹# is the familiar GS operator
and D* c5(4p/c)r j u , where j u is the azimuthal curren
density. The gravitational potential is governed by the gra
tational field equations

“

2VG54pGSmana , ~7!

where2ma¹VG is the gravitational force density, andG is
the universal gravitational constant. In each of the field eq
tions, Eqs.~4!–~7!, the right sides are the influence of spec
properties on the fields.

C. Equations of motion: Equation of state

The steady equation of motion for a fluid species is

maua•“ua1
“pa

na
52ma“VG2qa“VE1

qa

c
ua3B.

~8!

The terms on the left side are fluid effects, while the terms
the right side are the gravitational force~first term! and the
electromagnetic force~second and third terms!, i.e., the Lor-
entz force. Closure of the fluid species equations require
further relationship, an equation of state that relates ther
dynamic quantities such as the pressurep, the densityn, the
temperatureT, and perhaps other quantities.

Previous treatments of flowing equilibria have adop
various equations of state:incompressible, n5const ~e.g.,
Refs. 1, 5, and 6!; isothermal magnetic surfaces6,7 T
5T(c), where c is the magnetic stream function
barotropic8 p5p(n); and isentropic magnetic surface9

p/ng5 f (c), whereg is the adiabatic index. The most flex
ible equation of state proposed to date10 is p5p(n;c),
which might be called themagnetic surface barotropicequa-
tion of state. Here, in the context of a multifluid model, w
propose a further generalization in which each species is
ject to a barotropic relationship associated with the cha
teristic surfaces for each species,Ca5const, here calleda
surfaces. ~The surface variableCa remains to be defined!.
Then the thermal equation of state, here calleda-surface
barotropic, is pa5pa(na ,Ca).

The a-surface barotropicequation of state arises from
classic thermodynamic arguments. Suppose there exists
each species, a specific enthalpy~enthalpy per particle! with
the canonical form

ha5ha~pa ,Sa!, ~9!

with conjugate variablespa andSa . HereSa plays the role
of an entropy and is constant on a drift surface of the spe
in the ideal fluid case. The partial derivatives are

1/na5]ha /]pa , ~10!

Qa5]ha /]Sa , ~11!

whereQa is a thermal variable that plays the role of a te
perature. From Eqs.~9! and ~10! it follows that 1/na

5]ha /]pa5J(pa ,Sa), where J is some function, orpa

5K(na)L(Sa), whereK,L are functions. The latter is simpl
the thermal equation of state for asurface-barotropicfluid,
i.e., one in which the pressure is a function of density on
c-

i-
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surfacesSa5const. This is a generalization of the equati
of state suggested by Hameiri@1983# in that it is species
specific and the surfacesSa5const may not be magneti
surfaces.

An important example of ana-surface-barotropic fluid is
an ideal fluid, in which case the canonical form of the e
thalpy is

ha5
g

g21
pa

~g21!/g~CstSa!1/g, ~12!

whereg is the adiabatic constant andCst is a dimensional
constant. From this equation of state the pressure and t
mal variables follow:

pa5Cstna
gSa , ~13!

Qa5
Cst

g21
na

g21. ~14!

It will be convenient also to use the expression for the
thalpy in terms of density and the entropy variable

ha~na ,Sa!5
gCst

g21
na

g21Sa . ~15!

The thermodynamic entropy issa5@k/(g21)# ln Sa1const,
where k is the Boltzmann constant. Familiar limits of a
ideal gas include the following.~1! Isothermal(g→1), ha

5Sa ln(pa /Sa), pa /na5Sa , Qa5 ln na21. Here the con-
ventional temperaturekTa5pa /na5Sa is uniform on the
surfaces,Sa5const. ~2! Incompressible(g→`), ha5pa ,
na5const,Qa50. In these two limits, only the product (g
21)sa is defined. In a hot fusion plasma, the parallel th
mal conductivity is large, leading to nearly isothermal su
faces, i.e.,g'1. In astrophysical plasmas, the size scale is
large that parallel thermal conduction does not domina
Then g.1 is determined by other factors such as radiat
transfer.

D. Surface functions

Important simplifications of the equations of motion@Eq.
~8!# follow from considering their components in certain d
rections. This procedure was fruitful in the case of magne
static equilibria. There the principal directions are the a
muthal û, ‘‘parallel’’ B, and ‘‘perpendicular’’“c;û3B.
Note that second and third directions are not orthogona
general. These choices led to the surface functions of m
netostatic equilibria,p5p(c), and f5f(c). In multispe-
cies flowing equilibria, the principle directions are the a
muthal û, ‘‘parallel’’ Va ~generalized vorticity!, and
‘‘perpendicular’’ û3Va . The significance ofVa in the two-
fluid model has been noted elsewhere where it was fo
that Va defined ‘‘tubes’’ of local self helicity.3,4 Herein lies
a notable difference between magnetostatics and a flow
multifluid: In the latter case each species has its own se
principal directions.

SinceVa is the curl of a vector, it has its own continuit
relation,“•Va50, and therefore, can always be express
in forms analogous to Eqs.~2! and ~3!. Using these
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Va5
qa

c
F û

r S f1
mac

qa
Dn* caD1

û

r
3“CaG , ~16!

where thea-surface variable~units of magnetic flux! is

Ca5c2
mac

qana
fa . ~17!

Here the density-weighted Grad–Shafranov operator is

Dn* 5r 2
“•@~1/nr2!“#.

Note thatDn* ca5rvau , i.e., the azimuthal component of th
kinetic vorticity (“3ua).

The a-surface functionCa is physically significant be-
cause it is identical torPau , the canonical angular momen
tum. In an axisymmetric geometry, the particle motion p
serves rPau so that Ca5const are the drift surfaces
Therefore, the entropy-like variable introduced earlier is
function ~arbitrary! of the drift surface function

Sa5Sa~Ca!. ~18!

Another important property concerns theparallel thermal
conduction~coefficientK ia!, which is the conductionalong
the direction of free particle motion. In hot plasmasK ia is
large so that the surfacesCa5const are isothermal~corre-
sponding tog→1!.

Return now to the equation of motion, Eq.~8!. From the
equations of state Eqs.~9!–~11!, the pressure gradient can b
expressed as

“pa /na5“ha2Qa“Sa .

Further simplifications arise by introducing thea-vorticity,
Va5ma“3ua1qaB/c. Using the identityu•“u5“u2/2
2u3“3u, the equation of motion becomes

“Ha2QaSa8“Ca5ua3Va , ~19!

where the speciestotal enthalpyis

Ha5ha1maua
2/21qaVE1maVG . ~20!

This is a generalization of the total enthalpy of a simple flu
in that it is species specific and it also accounts for elec
static and gravitational energy forms.

Consider the components of the equation of motion,
~19!. The azimuthal component, using Eqs.~3! and ~16!
leads toVa•“ca50. This implies thatca is constant along
Va and, therefore, on the surfacesCa5const. Thusca is a
surface quantity

ca5~c/4pqa!Ga~Ca!, ~21!

whereGa is an arbitrary function. The convenience fact
c/4pqa givesGa the units of magnetic flux/length. Sinceca

is the stream function, this equation is consistent with
earlier observation thata-surfaces are drift surfaces. Con
tinuing, the ‘‘parallel’’ (Va) component, usingVa•“Ca

50 @from Eq. ~16!# leads at once to the equationVa•“Ha

50; thus the total enthalpy@Eq. ~20!# is also a surface func
tion

Ha5Ha~Ca!. ~22!
-

a

-

.

e

This is a Bernoulli equation in that it regulates the ener
and flow along a stream line of the flow. It generalizes th
Bernoulli relation for a simple fluid in that it is species sp
cific and accounts for electrostatic and gravitational energ
Finally, consider theperpendicular component (û3Va

;“Ca). Simplify using Eqs.~21! and ~22!, and replace
ua ,Va using Eqs.~3! and~16!. Then the Eq.~19! reduces to
a scalar times“Ca equals zero. The resulting equation is

mac2

4pqa
2 Ga8 r 2

“•S Ga8

nar 2 “CaD 52Ga8f1
4pqa

c
fa

14pnar 2~Ha82QaSa8 !. ~23!

The variables and equations are summarized as follo
There are four scalar functions for the fields,f,c,Ves,Vg ;
and seven scalar variables for each species,fa , ca , Ca ,
ha , na , pa , andQa . This system is closed by the followin
equations. The various continuity equations are autom
cally satisfied in view of the existence of the scalar functio
The remaining equations then are the two components
Ampere’s law @Eqs. ~5! and ~6!#, Poisson’s@Eq. ~4!#, and
gravitational potential@Eq. ~7!#. Equations for each specie
include the definition of thea surface variable@Eq. ~17!#;
three equations of state@Eqs. ~12!–~14!#; and three compo-
nents of the equation of motion@Eqs. ~21!–~23!#. Some of
these equations contain second-order differential opera
and others are simply functional relationships. The syst
contains three arbitrary surface functions for each spe
Ga ,Ha ,Sa @Eqs.~18!, ~21!, and~22!# which are functions of
the surface variablesCa . Considerable elimination can b
done to simplify this system. The next section considers
simplifications for three classes of reducing assumptions

III. REDUCED MODELS

A. Standard reduced model

The standard reduced model is a two fluid of hydrog
ions and massless electrons~each of which is an ideal fluid!,
with quasineutrality (ne'ni5n), and negligible gravity.
Then Poisson’s and the gravitational equations are unne
sary. For massless electronsCe→c. Also, Qa5Q(n). The
electrostatic potential is eliminated at once by summing
two Bernoulli equations@Eq. ~22!#; the enthalpies are ex
pressed in terms ofn andC i or c @Eq. ~15!#. Then the sys-
tem of equations simplifies to

Dc* 5
4pe

c
~f i2fe!, ~24!

f52Gi2Ge , ~25!

gCst

g21
ng21~Si1Se!1

1

2
miui

25Hi1He , ~26!

l c
2Gi8nr2

“•S Gi8

nr2 “C i D 52Gi8f1
4pe

c
f i14pnr2@Hi8

2Q~n!Si8#, ~27!
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052Ge8f2
4pe

c
fe14pnr2@He82Q~n!Se8#, ~28!

where the density-dependent collisionless skin depth
been introduced,

l c
25mic

2/4pe2n.

The arbitrary functions arec i5Gi(C i), ce5Ge(c),
Hi(C i), He(c), andSi(C i), Se(c). In the isothermal limit
Q→ ln n21 in Eqs.~27! and ~28!.

By eliminating variables these reduce to a system of t
second-order equations forC i andc(5Ce) and an algebraic
Bernoulli equation forn

mic
2

4pe2 Gi8r
2
“•S Gi8

nr2 “C i D
5

c2C i

l c
2 1~Gi1Ge!Gi814pnr2@Hi82Q~n!Si8#, ~29!

Dc* 5
c2C i

l c
2 2~Gi1Ge!Ge824pnr2@He82Q~n!Se8#, ~30!

hi~n,Si !1he~n,Se!1
1

8pnlc
2r 2 @~c2Ci!

21~nlc
2!2Gi8

2u“Ciu2#

5Hi1He , ~31!

where the species enthalpies are known functions as in,
the case of an ideal gas@Eq. ~15!#. Note the repeated appea
ance of the term (c2C i)/ l c

2; this will prove significant later.
The other variables are given by algebraic relations in te
of C i , c, andn

c i5
c

4pe
Gi~C i !, ce52

c

4pe
Ge~c!,

f52~Gi1Ge!, f i5
en

mic
~c2C i !.

This is the generalization of the Grad–Shafranov system
two-fluid flowing equilibria, and of the one-fluid flowing sys
tem @Eqs.~6! and ~7! of Ref. 10#.

B. Minimum energy equilibria

A particularly important subset of flowing equilibria ar
those for a minimum energy state. In the case of magn
static plasma the minimized quantity is the magnetic ene
and the constraint is on the magnetic helicity.11 Then the
surface functions are no longer arbitrary but must have
form f(c)52lc, and p(c)5const where l is the
Lagrange multiplier associated with the invariant magne
helicity. Thus the constrained minimization procedure
quires special forms of the surface functions that depend
the Lagrange multiplier. In the more general case of a flo
ing multifluid,3,4 the minimized quantity is the magnetoflu
energy, which includes the magnetic and flow energies.
constraints are the self helicities for each species and~sup-
posing an axisymmetric system boundary! the mechanical
angular momentum. This leads to the relaxed flow equati
for each species@from Eq. ~49! of Ref. 4#
as

o

g.,

s

r

o-
y

e

c
-
n
-

e

s

naS ua2Vr 2
û

r
D 5la

c2

4pqa
2 Va , ~32!

wherela , V are the Lagrange multipliers associated w
the constraints on the self helicities and the angular mom
tum.

Physically, a relaxing system probably approaches
state of maximal entropy. In this case the invariants inclu
~in a closed system! the total energy. The total energy is th
sum of the magnetofluid energy~the organized energy form!
and the thermal energy~the disorganized energy form!. The
variational principle for maximal entropy with constraine
total energy leads to exactly the same relaxed flow equa
@Eq. ~32!# as was discussed in Ref. 4. Evidently, relaxati
corresponds to the conversion ofsomeof the organized en-
ergy to disorganized energy.

The relaxed flow equation, Eq.~32!, implies particular
forms of the components of a species equation of moti
Expressua ,Va in terms of surface functions@Eqs. ~3! and
~16!#. The toroidal component of Eq.~32! is

la

c

4pqa
maDn* ca52la

c

4pqa

qa

c
f1

qa

c
fa

2nar 2V
qa

c
,

comparing this with Eq.~23! shows that for minimum energy
equilibria two of the surface functions must take the spec
forms

Ga85la , ~33!

Ha82Q~n!Sa852V
qa

c
. ~34!

The poloidal component of Eq.~32! is

û

r
3Ga8“Ca5la

û

r
3“Ca .

This is consistent with Eq.~33!, which integrates at once to

Ga~Ca!5laCa1const. ~35!

In Eq. ~34! the density appears; sinceHa ,Sa are functions of
Ca a separation of variables requiresSa850, or

Sa~Ca!5const. ~36!

Then the pressure relation@Eq. ~13!# is pa /na
g5Sa5const.,

i.e., a global constant. In the isothermal case,g→1, this
implies a globally uniform temperature. Finally then, the t
tal enthalpy functions are

Ha~Ca!52V
qa

c
Ca1const. ~37!

Finally then the system for minimum energy equilibr
of an ideal two fluid@from Eqs.~29!–~31!# are
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l i
2nr2

“•S“C i

nr2 D
5

1

l c
2 Fc2C i

l c
2 1l i~l iC i1lec!2V

r 2

l c
2

mic

e G , ~38!

D* c5
c2C i

l c
2 2le~l iC i1lec!2V

r 2

l c
2

mic

e
, ~39!

hi~n,Si !1he~n,Se!1
1

8pnlc
2r 2 @~c2C i !

2

1l i
2~nlc

2!2u“C i u2#2V
e

c
~c2C i !5const. ~40!

Equations~38! and ~39! are a coupled pair of second-ord
equations forc(5Ce) andC i , and Eq.~40! is a algebraic
Bernoulli equation forn. In the state of minimum energy, th
surface functions are no longer arbitrary but must take
special forms@Eqs.~35!–~37!#.

C. Magnetostatic system

In the case of a magnetostatic plasma~one fluid, no
flow! the standard reduced Eq.~29!–~31! reduce to the fa-
miliar Grad–Shafranov system as follows. For no flowf i

50, c i5Gi50. Then the ion surface function isC i5c.
ReplaceGe52f(c) using Eq.~25!. The ion flow equation
@Eq. ~29!# reduces to

05Hi82Q~n!Si8 . ~41!

The magnetic stream function equation@Eq. ~30!# reduces to

D* c52ff824pnr2@He82Q~n!Se8#. ~42!

The Bernoulli law~no ion flow! is

hi~pi ,c!1he~pe ,c!5Hi~c!1He~c!.

Take thetotal derivative with respect toc and account for
ideal fluids and the properties of the canonical form of
enthalpy, ]ha /]pa51/na and ]ha /]Sa5Qa . Then the
term on the right side of Eq.~41! and the term in parenthes
in Eq. ~42! arepa8 /n for a5 i ,e, respectively~the prime de-
notes the derivative with respect toc!. Then with p5pi

1pe , the sum of Eqs.~41! and ~42! is

D* c52ff824pr 2p8, ~43!

which is the familiar Grad–Shafranov equation.

D. Flowing MHD system

The MHD system assumes the ideal Ohm’s law, a
duced form of the electron equation of motion where el
tron inertia and pressure are neglected, and the ion velo
replaces the electron velocity in the Lorentz force~no Hall
effect!. These effects are retained in the general two-fl
model, althoughme→0 in the ‘‘standard reduced model
~Sec. III A!. In terms of equations of state, MHD has on
one ~for the ions! since the electron pressure is neglected
Ohm’s law. Here an inconsistency of sorts is sometimes
e

e

-
-
ity

d

n
l-

erated since finite electron pressure is allowed in the M
equation of motion~which is the sum of the electron and io
equations!.

Reducing the two-fluid system to flowing MHD is muc
less straightforward than it was for magnetostatics. This
duction is examined in comparison with derivations of t
flowing MHD system in the literature.1,10 There the authors
derive components of the equation of motion in the para
~B! direction, i.e., a Bernoulli equation, and in the perpe
dicular ~“c! direction. In so doing an expression for th
azimuthal magnetic field,Bu , is derived; that arises from th
u component of the equation of motion. In a two fluid th
equation can be placed in the form

B•“S Ge8

n
f i1

e

c
f D 52S û

r
3“f D •“~ruiu!. ~44!

The left side is the MHD part, and equals zero in the MH
approximation@text equation just preceding Eq.~5! in Ref.
10#. The right side is the two-fluid correction. If two-fluid
effects are neglected, then the parenthetic term on the
side is a function ofc alone. This leads shortly to an expre
sion for Bu @Ref. 10, Eq.~5!#

Bu5FF~c!2
c2

e2 r 2Ge8He8G Y S 12
c2Ge8

2

4pe2nD , ~45!

using the present terminology, whereF is an arbitrary func-
tion. Herein emerges the importance of the MHD appro
mation. The denominator of Eq.~45! is equal 12uip

2 /cs
2

whereuip is the ion poloidal flow speed,nA is the Alfven
speed, and their ratio is the Mach number. The possibility
shocks in consequence was recognized in Refs. 1, 10,
elsewhere.

Two-fluid effects may modify this behavior. From th
poloidal component of Ampere’s law@Eq. ~6!# and the defi-
nition of the ion surface function@Eq. ~17!# the right side of
Eq. ~44! takes a new form

B•“S Ge8ruiu1
e

c
f D5~uip2uep!•

“~c2C i !

l c
2 . ~46!

Since the ion and electron velocities generally differ, t
MHD approximation is valid if the term (c2C i)/ l c

2 is neg-
ligible. This quantity, which appears in all three of Eq
~29!–~31! @as well as Eqs.~38!–~40!#, represents the two
fluid effect. Thus the two-fluid system is reduced to MHD b
dropping the (c2C i)/ l c

2 terms in these equations.
A peculiarity remains in the reduction to MHD. Drop

ping the (c2C i)/ l c
2 terms still leaves a coupled pair o

second-order equations forc andc i . @Sincec i;Gi(C i) one
can replaceGi8“C i can be replaced by (4pe/c)“c i .# If it
were possible to eliminate one of these variables, sayc i ,
then a fourth-order equation forc would remain. Yet the
MHD treatments in Refs. 1 and 10 produce a singlesecond-
order equation forc. The explanation of this is unknown
although it is certainly connected in some way with t
MHD approximation.
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IV. PROPERTIES OF TWO-FLUID EQUILIBRIA

A. Deviation between magnetic flux and ion surfaces

Expand the magnetic stream function in the express
for the ion surface variable, Eq.~17!, as c5c01u“cud,
whered is a perpendicular displacement relative to a m
netic surfacec5c05const. SinceC i5const on an ion drift
surface and with f i5rnuiu it follows that d
5micuiu /eBp , whereBp5u“cu/r is the poloidal field. In-
troducing the Alfven speed based on the poloidal field,nAp

5Bp /(4pmini)
1/2, the displacement is

d5 l c~uiu /nAp!. ~47!

Thus if the toroidal flow speed is comparable to the poloi
Alfven speed, the excursion of an ion from a magnetic s
face is comparable to the collisionless skin depth.

B. One- and two-fluid effects

The one-fluid model adopts the ideal Ohm’s law. Th
leads10 to the equilibrium relationshipui•“c50 ~using our
terminology!, which implies that the ions flow strictly on
magnetic surfaces. Therefore, the one-fluid model beco
inaccurate whenever the two-fluid model predicts signific
ion excursions@Eq. ~46!# from magnetic surfaces. The two
fluid effect was identified with the (c2C i)/ l c

2 term. This is
illuminates the physical meaning of the MHD approxim
tion. Sincec5const is a magnetic surface andC i5const is
an ion drift surface, MHD assumes simply that deviation
ions from magnetic surfaces is ignored.

One consequence of this concerns the conjecture~Ref.
10 and elsewhere! that the equations of flowing equilibri
may be hyperbolic in high flow cases. This contrasts with
usual elliptical form as appears; e.g., in the GS equation@Eq.
~43!#. The transition to hyperbolic behavior arises because
the factor 12uiu

2 /nA
2 in the equilibrium equation@Eq. ~7! of

Ref. 10# and also in Eq.~45! here. Hyperbolic behavior ma
arise for super-Alfvenic flow. However, according to th
two-fluid model, if uiu /nAp is comparable to unity, the ion
orbits depart significantly from magnetic surfaces; furth
and sincenAp,nA , this threshold is reached beforeuiu /nA

51. Therefore, it is unclear whether hyperbolic behavior w
arise when two-fluid effects are properly taken into accou

C. Implications of the Bernoulli relation

Pressure rises and falls ona-surfaces in more or less th
same way as in a simple fluid, i.e., according to a Berno
relation. In this sense the plasma pressure decouples from
magnetic field. This agrees with intuition since, unlike t
electric field, the magnetic field does not modify the ene
of a particle. In effect, the Bernoulli equation is a statem
of parallel energy flow. This should not be construed
meaning that the plasma is decoupled from the magn
field, which would preclude the possibility of finiteb ~finite
plasma pressure relative to the magnetic pressure!. Instead,
the plasma-magnetic field coupling is through theperpen-
dicular component of the equation of motion. Thus, t
n
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plasma pressure may be higher on inner surfaces and lo
on outer surfaces, as is the case in finite-b magnetically con-
fined plasmas.

D. Minimum energy equilibria

In general, the total enthalpies,Hi ,He , vary from one
drift surface to another. However, in a minimum ener
state, they vary from surface to surface in a very particu
way, Ha;qaVCa1const, with opposite signs for the tw
species. When the species Bernoulli equations are summ
this cancels, so that in effect the total enthalpy is globaliz
The implication for a minimum energy state is that a finiteb
configuration with peak pressure in the center and fall
toward the edgemusthave rising velocity toward the edge
This implies the necessity of velocity shear in a finiteb
minimum energy state.

A second property of minimum energy states is the u
formity of the entropy-like variableSa . This is significant
for magnetic fusion where isothermal drift surfaces are
pected at fusion temperatures. Theng'1, andSa5kTa so
that a minimum energy state has uniform temperature. Th
for all the favorable attributes of a minimum energy state
practical fusion plasma must depart from it at some poin
order for the temperature to fall at the plasma edge.

V. SUMMARY

The multifluid description of a plasma has been appl
to develop the system of equations governing flowing mu
fluid equilibria. Each species has its own characteristic s
faces~a surfaces! defined by the generalized vorticityVa

which accounts for the ‘‘field’’ as well as the fluid vorticity
and is the curl of the canonical momentum. Thea surfaces,
defined byCa5const, are the drift surfaces of a specie
IndeedCa5const is equivalent to the constancy of the c
nonical angular momentum. In defining an axisymmet
equilibrium, there are three arbitrary surface functions
each species: One giving the entropy structure; one giv
the relationship between the stream function and thea sur-
face variableCa ; and one giving the enthalpy structure.
an important reduced case~two fluid of hydrogen ions and
massless electrons, with quasineutrality and the ideal fl
equation of state!, the equilibrium system reduces to a pair
second-order partial differential equations for the ion stre
function and the magnetic stream function, plus a Bernou
like equation which determines the density. This system
duces to the Grad–Shafranov equation in the limit of no
flow. An important subset of flowing equilibria are thos
representing a state of minimum energy. Here the three
face functions~per species! are no longer arbitrary but tak
special forms that depend on the Lagrange multipliers t
enter the minimization procedure. Two important propert
of minimum energy states are that they can only have finitb
~pressure! if the flow speed rises toward the plasma edg
and that they are isothermal~assuming that the parallel the
mal conductivity is large!.

These results suggest several topics for future invest
tion. ~1! A numerical solver is needed for computing 2
~two-dimensional! ~r,z! equilibria. A possible approach is th
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successive over-relaxation technique. Another is an ex
sion of the variational approach introduced by Shafranov
magnetostatic equilibria.12 These computed equilibria wil
then be useful for testing stability and other properties.~2!
Missing from the two-fluid model is allowance for finite o
bit effects, such as might be represented by a gyrovisco
This will alter the length scale by a factor of perhaps seve
compared with the collisionless skin depth,l c . The length
scale adjustment may be even more in the case of con
rations with a large toroidal field where the neoclassical o
size is set by the somewhat smaller poloidal field.~3! The
possibility of minimum energy equilibria is intriguing be
cause it suggests that equilibria may exist that are stabl
all two-fluid instabilities ideal and nonideal, and that m
consequently have very low transport. The fact that s
states~with finite b! have strongly sheared flows suggest
connection between the stabilizing effect of flow shear, t
has been investigated in several places. Further, the fact
minimum energy states~with large parallel thermal conduc
n-
r

y.
al

u-
it

to

h
a
t
at

tion! have uniform temperatures suggests a connection w
ion and electron temperature gradient instabilities that pla
major role in driving anomalous transport.
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