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A formalism is developed for flowing multifluid equilibria. In the standard reduced @asssless
electrons, quasineutralitythis system simplifies to a pair of second-order partial differential
equations for the magnetic and ion flow stream functions plus a Bernoulli equation giving the
density. Each species has its own characteristic surfaces, which are the drift surfaces, and three
arbitrary surface functions associated with each species. In the case of minimum energy equilibria,
the surface functions are no longer arbitrary. The flowing equilibrium system is a generalization of
the familiar Grad—Shafranov system for magnetostatic equilibria.1989 American Institute of
Physics[S1070-664X99)04007-Q

I. INTRODUCTION eral than MHD, which is a single-fluid treatment, the two-
fluid model has other notable attributes. A two fluid has a
broader range of stability than MHD, which can be analyzed
In the many experimental studies of magnetically con-by a symmetric treatment of electrons and iéf&urther, the
fined plasmas over several decades, one of the less appregio-fluid model led recently to a generalization of the famil-
ated phenomena has been flow, that is, until recent yeargar MHD relaxation theory and the prediction of finig-
Now it appears that significant flows are a common featureninimum energy statet*
of magnetic plasmas, and not only in instances where it is
driven externally, e.g., by neutral beams. Further, variou
favorable effects have been attributed to flows, including th
stabilization of ballooning modes by sheared flow, and re- It is useful then to review the important properties of a
duced transport ratéH-mode or high confinement mode two fluid®™* from which clues can be drawn for developing
The latter has been associated with sheared radial electriero-fluid equilibria. The elementary building blocks for a
field, which is the concomitant of sheared flow. Theoreticalmultifluid are the canonical momentumP,=m,u,
studies of equilibria of flowing plasmas date to the 1950s,+d.A/C, and the generalized vorticitf),=VxP, (or

but most have been in the last two decatie=s citations in  a-vorticity) wherem,, u,, g, are the species mass, flow
Ref. 1. velocity and charge, and=1,e denotes the species, aAds

In view of the growing interest in f|0W|ng equi"bria, itis the vector pOtentiaL The quadratic invariants of a multifluid

appropriate to develop a suitable formalism for describing?re the self helicities, or &-helicities,” the “density” of
them. This will facilitate understanding of the principal fea- Which isP,- £, . The a-helicities are generalizations of he-
tures of flowing equilibria, e.g., characteristic surfaces andiCities that appear in a simple fluid and in MHD. For van-
surface functions; it will foster intuition about such states,'Shing electron mass the electron helicity reduces to the fa-
and it will produce a well-defined set of equations for nu-Miliar magnetic helicity, which is an invariant in ideal MHD.

merical computation of two-dimension states. Once thosél—he evolution of thea-helicities is governed by the helicity

states are found, then the purported stability and transpoFL"’mSport equations, derived from Maxwell's equations and

advantages of flows can be investigated in detail. In short, i‘. € equatlons.of motion. This requires no redycmg assump-
is needed to generalize the well-known system governin@ons’ so that finite electron mass, non-neutrality, and distinct

axisymmetric magnetostatic equilibria, namely the Grad— pecies flows are allowed.

. . The form of the helicity transport equations is,
Sh_afranov((_BS) eq_u_atl_on. In bn_ef, the GS system govem.snaDa(Pa~Qalna)/Dt=V-[(---)Qa]+friction, wheren,,
axisymmetric equilibria of an ideal magnetohydrodynamic. . . . S .
(MHD) fluid with no f It d of a sinal d is the species density. The generalized vorticity in the diver-
q u':' ;N:j.ﬁno ?WI IS c?mp?setho asing ei'secton " gence term implies the existence of a “locai*helicity as-
;)r etr. par |aTh| ehren '6,: _eqt_ua |or; or the rtr;agne Ic St_reamsociated with these IinesKa=(c2/87rqf,)fcdrPa-Qa,
unc |on:¢. € characteristic surtaces are the magnetic Sulynere ¢ js the volume occupied by a bundle afvortex
faces withi=const. There are two arbitrary surface func-

) f lated to th idal field. and the other f lines. The constant factor givé§, the convenient units of
:Ir?:sp(rce)ssl//&,rgne related to the toroidal field, and the other Orenergy length. The total derivative, /Dt implies that the

. . ... local a-helicity convects with its own species. If anvortex
Here we develop a formalism for flowing equilibria jine goes not intersect the system boundary, then in the
based on the two-fluid model. In addition to being more genyicyy ideal (frictionless case, the associatagthelicity is
constant. There is an associated circulation theorEp,
dElectronic mail: steinhauer@aa.washington.edu = [cP,-dx whereC is the generalized vortex line, ami is

A. Motivation

:B. Basic properties of a two fluid
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a differential length vector along that line. Note that eachfunctions for each species. The result of Sec. Il is a closed
species has its own set of generalized vortex lines, its owsystem of equations describing axisymmetric, multifluid
local a-helicities, and its own circulation theorem. equilibria. Section 1l presents three reduced cases. The first
In the realistic case with frictional dissipation, visco- (Sec. Il A) is the standard reduced case of a two fluid with
resistive instabilities drive reconnections that break indi-massless electrons and quasineutrality. This leads to a system
vidual a-vortex lines and destroy their identity. This is an of two second-order equations for the magnetic and ion
instance of nonuniform convergence, where even a minutstream functions plus an auxiliary “Bernoulli” equation for
friction is sufficient to rule out the ideal state of preservedthe density. The second reduced céSec. Il B) is the mini-
local a-helicities. The only quantities immune to these topol-mum energy state of a two fluid; its main feature is that the
ogy altering events are the globak-helicities, K,  arbitrary surface functions take on specific forms. The third
=(c?%87q2)[ydP,- Q,, whereV is the system volume. reduced cas€Sec. Il Q is single-fluid magnetostatics; this
Even global invariants may not breggedin the sense that familiar case is considered to verify that the general system
they aremore “invariant” than the organized energy form, reduces to the GS equation in the proper limit. The paper
which is the magnetofluid enefngFfvdT(Emanan concludes with a discussion of the properties of two-fluid
+B%8), composed of the flow energy and the magneticequilibria (Sec. IV) and a summarySec. .
energy(the sum is over specigsThe ruggedness of the glo-
bal a-helicities has been supported by three argumdijs.
Selective decay: W decays more rapidly thak, in thin Il. ANALYSIS OF MULTIFLUID FLOWING EQUILIBRIA
reconnection layers. Properly applied, this argument musk_ Continuity equations: Scalar functions
account for limits on viscous friction coefficients for sharp
gradients.(2) Inverse cascadeThe fluctuation spectrum of

Wn(k) and K (k) satisfy the necessary conditions for a
cascade toward larger scale objetss the wave number of

The steady electromagnetic fields satisfy Maxwell's
equations, two of which are Gauss’ law of magnetism and
the steady Faraday’'s laW,-B=0 andV X E=0, whereB

. I o o andE are the magnetic and electric fields. These, which act
the disturbance (3) Stability to resistive modes: Kis less as continuity equations for the fields, imply the existence of

agﬁztrz(ljiztt?;/vg; ;er l;re;qsé‘:’ﬂ\s/e :28;1 iss'l ESCh"ZLTOe\S/(;:S ttr;fecertain scalar functions. In an axisymmetric system they can
9 9 P y app fy be expressed as

ruggedness of the magnetic helicity in weakly dissipative
MHD. E=-VVg, 1)
A minimum energy state is found formally by minimiz- N A
ing W, subject to invariant-helicities, andgiven axisym- B=0¢/r+(6xXVy)lr, @
metric system bounda)ythe global angular momenturh,,  where V¢ is the electrostatic potentialy is the magnetic
=fdrr¥m,n,u,,. The variation with respect téu, leads stream function, ana is related to the azimuthal magnetic
to the flow equationsna(ua—Qr@)=(>\almiI§)Qa where field; all are functions of,z only (cylindrical coordinates
\,,Q are the Lagrange multipliers associated with invariantThe continuity equations of the fluid species &e(n,u,)
a-helicites and angular momentum, andc:C/wpi =0, wheren, is density,u, is the fluid velocity, and the
=(m,c?/4mne?)*’? is the length scale. An entropy maximi- subscripta denotes the species. These also imply the exis-
zation procedure subject to invariaft,, L,, and total en- tence of scalar functions such that
ergy (Wy,:+thermal) leads to the same equation. In addition, _ -
a global Bernoulli equation links the pressure to the flow by Nalla= 0o /1 +(OXV )T, &)
a relation that applies throughout the system volume. Notavhere ¢, is the stream function, ang, is related to the
that an important feature of a two-fluid minimum energy azimuthal flow.
state is the length scalg. A two fluid may or may not relax
to the minimum energy state depending on whether the fast
mechanisms have been stabilized. B. Field equations
The outline of the remainder of this paper is as follows.

Section Il develops the equations for multifluid equilibria. the steady Ampere’s law. In view of Eq(l), V-E

First (Sec. Il A) the various continuity equations describing =4m73.q,n, (sum over specigshecomes the Poisson equa-
the fields and flows are replaced in favor of scalar variable?l on ae

(stream functions, etc. The remaining equations for the

fields (electromagnetic, gravitationahre expressed in terms VA= —473q,N,. (4)
of the scalar variablegSec. 11B. The equations of motion With Eq. (2), the latter,V X B=(4/c)3q
are simplified(Sec. I1Q by two actions: introducing the two scalar equations “
classical thermodynamic enthalpy; and expressing the Lor-
entz force in terms of the generalized vorticity. Final8ec.
[ID) the three principal components of the equation of mo-
tion are examined, leading to the identification of the char-
acteristic surfacesand surface variablggor each species. b= 4_772 Q.0 (6)
This also leads to the identification of three arbitrary surface c T Y

The remaining Maxwell's equations are Gauss’ law and

n,u,, becomes

4
A 9=23 Qude, ©)
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representing the toroidal and poloidal components, respegurfacesS,=const. This is a generalization of the equation
tively. HereA* =r?V -[(1/r?)V] is the familiar GS operator, of state suggested by Hame[1983 in that it is species

and A* y=(4m/c)rj,, wherej, is the azimuthal current specific and the surfaceS,=const may not be magnetic
density. The gravitational potential is governed by the gravisyrfaces.

tational field equations An important example of an-surface-barotropic fluid is
V2 =47G3m,n @) an ideal fluid, in which case the canonical form of the en-
o thalpy is

where—m,VV is the gravitational force density, arlis
the universal gravitational constant. In each of the field equa- h = Y p I S,V (12)
tions, Eqs(4)—(7), the right sides are the influence of species “oy=17e sthal

properties on the fields. where y is the adiabatic constant ar@, is a dimensional

constant. From this equation of state the pressure and ther-

C. Equations of motion: Equation of state mal variables follow:
The steady equation of motion for a fluid species is P.=Csn’S,, (13
Vp, O Cq
maua'vua+ n —_maVVG_anVE+ FUQXB @ :_Sn'y*l' (14)

8
The terms on the left side are fluid effects, while the terms o
the right side are the gravitational foréfirst term and the
electromagnetic forcésecond and third termsi.e., the Lor- vCst y—1
entz force. Closure of the fluid species equations requires a ha(Ng.Sa) = yTna Sa- (19

1
further relationship, an equation of state that relates thermo- . L
dynamic quantities such as the presspiréhe densityn, the Q”;]e thirmoiyn%m;:: entropy %I[kt/hl;_ 1.)|:,“n Sl'?‘+.:;0nsft’
temperatureT, and perhaps other quantities. wherek 1s the boltzmann constant. Familiar imits ot-an

Previous treatments of flowing equilibria have adopted'ijesallgaS /lgclude /the_chSIIowgg_E)l IsothelrmHaI(y—;hl), h,
various equations of staténcompressiblen=const (e.g., =~ % N(Pe/S)), Pa/Na=S,, O,=Inn, L. nere the con-
Refs. 1, 5, and % isothermal magnetic surfaces T ventional temperaturéT,=p,/n,=S, is uniform on the
=T(¥), where ¢ is the magnetic stream function; surfaces,S,=const. (2) Incompressible(y—), h,=pa.
barotropié p=p(n); and isentropic magnetic surfales ”a:CO"_‘St'fO- In these two limits, only the producty(
p/n?=f(), wherey is the adiabatic index. The most flex- —1)s, is defined. In a hot fusion plasma, the parallel ther-
ible equatiéjn of state proposed to ddtés p=p(n;y) mal conductivity is large, leading to nearly isothermal sur-

which might be called thenagnetic surface barotropiequa- :‘aces,tlr.le.t,y~ L. Illn laf;rophylsmal glastmasathe Slzi S(;:ale' IS tso
tion of state. Here, in the context of a multifluid model, we arge that paraflel thermal conduction does not dominate.

propose a further generalization in which each species is qu—hen ¥y>1 is determined by other factors such as radiative

ject to a barotropic relationship associated with the charact—ranSfer'

teristic surfaces for each speciék, = const, here calledr
surfaces (The surface variabl& , remains to be defined
Then the thermal equation of state, here caltedurface
barotropic, is p,=p.(N, . ¥,). Important simplifications of the equations of motidfy.

The a-surface barotropicequation of state arises from (8)] follow from considering their components in certain di-
classic thermodynamic arguments. Suppose there exists, foections. This procedure was fruitful in the case of magneto-
each species, a specific enthalythalpy per particlewith ~ static equilibria. There the principal directions are the azi-
the canonical form muthal 6, “parallel” B, and “perpendicular”V y~ 6 B.

h,=h,(p.,S,), (9) Note that second and third directions are not orthogonal in

general. These choices led to the surface functions of mag-
with conjugate variablep, andS,. HereS, plays the role  netostatic equilibriap=p(), and ¢=¢(). In multispe-
of an entropy and is constant on a drift surface of the speciegies flowing equilibria, the principle directions are the azi-
in the ideal fluid case. The partial derivatives are muthal 9, “parallel” Q, (generalized vorticity and

1/n,=éoh,/ldp,, (10 “perpendicular” Hx Q,. The significance of} , in the two-

® —oh /oS (11) fluid model. has been noted eIsewhere_ \_Nhere it was found
a” Tal 0% that Q, defined “tubes” of local self helicity** Herein lies

where® , is a thermal variable that plays the role of a tem-a notable difference between magnetostatics and a flowing

perature. From Eqgs(9) and (10) it follows that 1h, multifluid: In the latter case each species has its own set of

=oh,/ldp,=I(P.,S,), whereJ is some function, omp,  principal directions.

=K(n,)L(S,), whereK,L are functions. The latter is simply Since(},, is the curl of a vector, it has its own continuity

the thermal equation of state forsairface-barotropidiuid, relation, V-Q,=0, and therefore, can always be expressed

i.e., one in which the pressure is a function of density on then forms analogous to Eq$2) and(3). Using these

It will be convenient also to use the expression for the en-
rIhalpy in terms of density and the entropy variable

D. Surface functions
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where thea-surface variabldunits of magnetic fluxis

Q AL, , (16)

[e3

-

m,C
qana
Here the density-weighted Grad—Shafranov operator is

A¥=r2V.[(1nr?)V].

V,=¢- ba- 7

Note thatA} #,=rw,y, i.e., the azimuthal component of the
kinetic vorticity (VXu,).

The a-surface functior? , is physically significant be-
cause it is identical toP ,,, the canonical angular momen-
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This is a Bernoulli equation in that it regulates the energy
and flowalong a stream line of the flow. It generalizes the
Bernoulli relation for a simple fluid in that it is species spe-
cific and accounts for electrostatic and gravitational energies.

Finally, consider theperpendicular component @xQ,

~VW,)). Simplify using Egs.(21) and (22), and replace
u,,Q, using Eqs(3) and(16). Then the Eq(19) reduces to
a scalar time& W, equals zero. The resulting equation is

!
a

nr2

a

2
2G;rZV-(

[e3

47q,
C

m,C
4q

V‘I’a) =—G.¢+ ba

+4mn,%(H,—0,S)). (23

The variables and equations are summarized as follows.

tum. In an axisymmetric geometry, the particle motion pre-1here are four scalar functions for the fields,i,Ves,Vy;

servesrP,, so that ¥ ,=const are the drift surfaces.
Therefore, the entropy-like variable introduced earlier is
function (arbitrary) of the drift surface function

Sa=Su(V,). (18)

Another important property concerns tiparallel thermal
conduction(coefficientK,), which is the conductiomlong
the direction of free particle motion. In hot plasmi&g, is
large so that the surfacek,=const are isothermdkorre-
sponding toy—1).

Return now to the equation of motion, E®). From the
equations of state Eq&9)—(11), the pressure gradient can be
expressed as

vp,/n,=Vh,-06_,VS,.

Further simplifications arise by introducing tlevorticity,
Q,=m,VXxu,+q,B/c. Using the identityu- Vu=Vu?/2
—uXVXu, the equation of motion becomes

VH,-0,S. V¥, =u,XQ,, (19
where the specietotal enthalpyis
H,=h,+m.u2/2+q,Ve+m,Vs. (20)

This is a generalization of the total enthalpy of a simple fluid

and seven scalar variables for each specfes, ¢¥,, V,,

adar Nay Py, @aNdO,, . This system is closed by the following

equations. The various continuity equations are automati-
cally satisfied in view of the existence of the scalar functions.
The remaining equations then are the two components of
Ampere’s law[Egs. (5) and (6)], Poisson’s[Eq. (4)], and
gravitational potentialEq. (7)]. Equations for each species
include the definition of thex surface variabldEq. (17)];
three equations of staf&qgs. (12)—(14)]; and three compo-
nents of the equation of motidrEgs. (21)—(23)]. Some of
these equations contain second-order differential operators,
and others are simply functional relationships. The system
contains three arbitrary surface functions for each species
G, ,H,,S,[Egs.(18), (21), and(22)] which are functions of

the surface variable¥ ,. Considerable elimination can be
done to simplify this system. The next section considers the
simplifications for three classes of reducing assumptions.

Ill. REDUCED MODELS
A. Standard reduced model

The standard reduced model is a two fluid of hydrogen
ions and massless electrof@ach of which is an ideal flujd
with quasineutrality §.~n;=n), and negligible gravity.

in that it is species specific and it also accounts for electro-l-hen Poisson’s and the gravitational equations are unneces-

static and gravitational energy forms.

sary. For massless electrog— . Also, ® ,=0(n). The

Consider the components of the equation of motion, Eqgjectrostatic potential is eliminated at once by summing the

(19). The azimuthal component, using Eq93) and (16)
leads toQ -V ¢,=0. This implies that/, is constant along
Q, and, therefore, on the surfacds,=const. Thusy, is a
surface quantity

Yo=(ClATq,)Go(V,), (21)

where G, is an arbitrary function. The convenience factor

c/4mq, givesG,, the units of magnetic flux/length. Sinag,

is the stream function, this equation is consistent with the

earlier observation that-surfaces are drift surfaces. Con-
tinuing, the “parallel” (€2,) component, usind?,-VW¥,
=0 [from Eq.(16)] leads at once to the equatiéd,- VH,
=0; thus the total enthalppEq. (20)] is also a surface func-
tion

(22

two Bernoulli equationdEq. (22)]; the enthalpies are ex-
pressed in terms af andV; or ¢ [Eq. (15)]. Then the sys-
tem of equations simplifies to

. 4me
Ay=—c (i o), (24)
¢=—G;— G, (25
C 1
—;/_Slt n7‘1(Si+Se)+§miui2=Hi+He, (26)
2. 2 Gi’ , 4'7Te 2 ,
[£G{nr<v. qu,i =—-G; ¢+T¢i+4wnr [H;

—0(n)s], (27)
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, Ame oriy , 0 c?
0==Gedp— —— ¢eT4mnriH.—O(n)S], (28) Nyl U, —Qr—|=x,——>Q,, (32)
r 4mq;,
where the density-dependent collisionless skin depth has - . .
been introduced, where\ ,, Q are the Lagrange multipliers associated with

the constraints on the self helicities and the angular momen-

12=m,c?/4me’n. tum.
The arbitrary functions arey;=G;(¥,), e=Gu(1) Physically, a relaxing system probably approaches the
(W), Ho(1), andS (¥,), S (l/,') In the isothermal limit  State of maximal entropy. In this case the invariants include
O —Inn—1in éqs.(ZD and (2%). ' (in a closed systejrthe total energy. The total energy is the

By eliminating variables these reduce to a system of tworlm of the magnetofluid energhe organized energy form

second-order equations fat, and (=) and an algebraic and the thermal energighe disorganized energy fojmrThe
Bernoulli equation fon ' ¢ variational principle for maximal entropy with constrained

total energy leads to exactly the same relaxed flow equation

m;c? ) o { [Eqg. (32)] as was discussed in Ref. 4. Evidently, relaxation
4WeZGi rev. WV% corresponds to the conversion sdmeof the organized en-
- ergy to disorganized energy.
_ ¥ , '+(Gi+Ge)Gi'+47an2[Hi'—(I’I)S.'], (29) The relaxed flow equation, E(q32_), |mpI|es_ partlcular_
(s forms of the components of a species equation of motion.
b Expressu, ), in terms of surface functiongEgs. (3) and
A% = 2 ' (Gi{+Go)GL—4mnr H.—O(MS.], (30 (16)]. The toroidal component of E¢32) is
Cc
C C qa qa
1 ’ )\a—maA*wa:_)\a—_ +_¢a
hi(nySi)+he(n:Se)+m[(lﬁ—‘l’i)z‘l’(mg)zGi2|V\I’i|2] 4mg, " 4mq, ¢ c
Cc
o
=H;+He, (3D) —nrfQ -,

where the species enthalpies are known functions as in, e.g., . o o

the case of an ideal géEq. (15)]. Note the repeated appear- comparing this with Eq(23) shows that for minimum energy
ance of the termy—W,)/I2; this will prove significant later. equilibria two of the surface functions must take the special
The other variables are given by algebraic relations in termfrms

of ¥;, #, andn ,
G,=M\g, (33

c C
"bi:ﬁei(q}i)' l/,e:_47TeGe(l’[/)’ Aa
H;—@(n)S,’I:—Q?. (34)

en
= —(Gi+Ge), i=— (y— V).
$=-(Gi*Ge. 4 miC(w ) The poloidal component of E432) is

This is the generalization of the Grad—Shafranov system for
two-fluid flowing equilibria, and of the one-fluid flowing sys-
tem[Egs.(6) and(7) of Ref. 10.

o 9
FXGLVY =N XV,

o o This is consistent with Eq33), which integrates at once to
B. Minimum energy equilibria
A particularly important subset of flowing equilibria are Gu(Wa) =Ny W, +const. (39

those for a minimum energy state. In the case of magneto'-n Eq. (34) the density appears; sinek, .S, are functions of
static plasma the minimized quantity is the magnetic energyj, a.separation of variables r,equir6§’=(6 or

and the constraint is on the magnetic heli¢ityThen the
surface functions are no longer arbitrary but must have the S,(¥,)=const. (36)
form ¢(¢)=—N¢, and p(¢¥)=const where\ is the

Lagrange multiplier associated with the invariant magneticThen the pressure relatigiq. (13)] is p./n?’=S,=const.,
helicity. Thus the constrained minimization procedure re4.e., a global constant. In the isothermal case;1, this
quires special forms of the surface functions that depend ofmplies a globally uniform temperature. Finally then, the to-
the Lagrange multiplier. In the more general case of a flowta| enthalpy functions are

ing multifluid > the minimized quantity is the magnetofluid

energy, which includes the magnetic and flow energies. The @

constraints are the self helicities for each species (ang- Ho(Wo)=—Q-=W,+const (37
posing an axisymmetric system boundatiie mechanical

angular momentum. This leads to the relaxed flow equations Finally then the system for minimum energy equilibria
for each specieffrom Eq. (49) of Ref. 4] of an ideal two fluid[from Egs.(29)—(31)] are
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_— AV erated since finite electron pressure is allowed in the MHD
APnr V'( nr2 ) equation of motior{which is the sum of the electron and ion
equations
1=V r2mc Reducing the two-fluid system to flowing MHD is much
|2 |C —z A i(NWi+Net) — Q |2 e |’ (38) less straightforward than it was for magnetostatics. This re-
duction is examined in comparison with derivations of the
A% e l//— N ) — Q_ZE (39 flowing MHD system in the literatur&l® There the authors

1< derive components of the equation of motion in the parallel
(B) direction, i.e., a Bernoulli equation, and in the perpen-

hi(n,S) +hg(n,So) + |2 — [(—))? dicular (V) direction. In so doing an expression for the

8mn azimuthal magnetic field,, is derived; that arises from the
o 6 component of the equation of motion. In a two fluid this
+>\i2(n|§)2|V\1’i|2]—QE(l/f—‘l’i):COHSt- (40)  equation can be placed in the form

Equations(38) and (39) are a coupled pair of second-order e
equations fory(=V¥,.) and¥;, and Eq.(40) is a algebraic B- (T¢i+ E¢ -
Bernoulli equation fon. In the state of minimum energy, the
surface functions are no longer arbitrary but must take therhe left side is the MHD part, and equals zero in the MHD
special formgEgs. (35)—(37)]. approximation[text equation just preceding E¢p) in Ref.
10]. The right side is the two-fluid correction. If two-fluid
effects are neglected, then the parenthetic term on the left
C. Magnetostatic system side is a function of/ alone. This leads shortly to an expres-
=0, ¥;=G;=0. Then the ion surface function ¥;= .

sion for B, [Ref. 10, Eq.(5)]
L c®G?
4me’n)’
ReplaceG.= — ¢(¢) using Eq.(25). The ion flow equation

[Eq. (29)] reduces to using the present terminology, whefes an arbitrary func-
Y / tion. Herein emerges the importance of the MHD approxi-
0=H;{=0(n)S . (41) mation. The denominator of Eq45) is equal 1- u /c
The magnetic stream function equatidtg. (30)] reduces to  whereu;, is the ion poloidal flow speedy, is the Avaen
e 2y , speed, and their ratio is the Mach number. The possibility of
Aty $p'—4mnrHe= O(N)Se]. (42) shocks in consequence was recognized in Refs. 1, 10, and
The Bernoulli law(no ion flow) is elsewhere.
. —u Two-fluid effects may modify this behavior. From the
hi(pi 1) +hePe, ) =Hi(1) + He(4). poloidal component of Ampere’s lajEq. (6)] and the defi-
Take thetotal derivative with respect t@y and account for nition of the ion surface functiofEg. (17)] the right side of
ideal fluids and the properties of the canonical form of theEq. (44) takes a new form
enthalpy, ¢h,/dp,=1/n, and oh,/3S,=0®,. Then the
term on the right side of Eq41) and the term in parenthesis
in Eq. (42) arep./n for a=i,e, respectively(the prime de- B-V
notes the derivative with respect ). Then with p=p;

*+Pe, the sum of Eqs(41) and(42) IS Since the ion and electron velocities generally differ, the
A*y=—pd' —4mr?p (43 MHD approximation is valid if the termz,(—\lfi)/lg is neg-
ligible. This quantity, which appears in all three of Egs.
(29—(31) [as well as Eqs(38)—(40)], represents the two-
fluid effect. Thus the two-fluid system is reduced to MHD by

dropping the (ﬁ—\lfi)/lﬁ terms in these equations.

A peculiarity remains in the reduction to MHD. Drop-

The MHD system assumes the ideal Ohm’s law, a reping the (zp—\lfi)/lg terms still leaves a coupled pair of
duced form of the electron equation of motion where elecsecond-order equations fgrand; . [Sincey;~G;(V;) one
tron inertia and pressure are neglected, and the ion velocityan replaces{ VW, can be replaced by @e/c)V ¢, .] If it
replaces the electron velocity in the Lorentz fofo® Hall ~ were possible to eliminate one of these variables, gay
effech. These effects are retained in the general two-fluidkhen afourth-order equation fory would remain. Yet the
model, althoughm,— 0 in the “standard reduced model” MHD treatments in Refs. 1 and 10 produce a sirggeond
(Sec. IlIA). In terms of equations of state, MHD has only order equation fory. The explanation of this is unknown,
one (for the iong since the electron pressure is neglected inalthough it is certainly connected in some way with the
Ohm'’s law. Here an inconsistency of sorts is sometimes tolIMHD approximation.

[
FXV¢

-V (ruiy). (44)

In the case of a magnetostatic plasrfume fluid, no
flow) the standard reduced E(R9)—(31) reduce to the fa-

miliar Grad—Shafranov system as follows. For no flgw c?

By=|F(4)— 2r"GeHe

(45

V-,
:(uip_uep)' (l/II—z) (46)

e

which is the familiar Grad—Shafranov equation.

D. Flowing MHD system
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IV. PROPERTIES OF TWO-FLUID EQUILIBRIA plasma pressure may be higher on inner surfaces and lower
on outer surfaces, as is the case in fifBteragnetically con-
fined plasmas.

Expand the magnetic stream function in the expression
for the ion surface variable, Ed17), as ¢=yo+|V¥|S,  D. Minimum energy equilibria
where § is a perpendicular displacement relative to a mag-

netic surfacej= y,=const. Sincel;,=const on an ion drift !N general, the total enthalpiesl;,H., vary from one
surface and with ¢;=rnu,, it follows that & drift surface to another. However, in a minimum energy

=micu;,/eB,, whereB,=|Vy|/r is the poloidal field. In- ~ State, they vary from surface to surface in a very particular

troducing the Alfven speed based on the poloidal fieig, way, H,~q,Q¥,+const, with opposite signs for the two
_ Bp/(4wmini)1’2, the displacement is species. When the species Bernoulli equations are summed,

this cancels, so that in effect the total enthalpy is globalized.
0=1c(Uig/vap). (47 The implication for a minimum energy state is that a fingte-

Thus if the toroidal flow speed is comparable to the poloidacconfiguration with peak pressure in the center and falling
Alfven speed, the excursion of an ion from a magnetic surifoward the edgenusthave rising velocity toward the edge.

face is comparable to the collisionless skin depth. This implies the necessity of velocity shear in a finite-
minimum energy state.

A second property of minimum energy states is the uni-
formity of the entropy-like variableés,. This is significant
for magnetic fusion where isothermal drift surfaces are ex-
The one-fluid model adopts the ideal Ohm’s law. Thispected at fusion temperatures. Thes 1, andS,=kT, so
leads® to the equilibrium relationship;- V=0 (using our  that a minimum energy state has uniform temperature. Thus,
terminology, which implies that the ions flow strictly on for all the favorable attributes of a minimum energy state, a
magnetic surfaces. Therefore, the one-fluid model becomgsractical fusion plasma must depart from it at some point in
inaccurate whenever the two-fluid model predicts significanbrder for the temperature to fall at the plasma edge.
ion excursiong Eq. (46)] from magnetic surfaces. The two-
fluid effect was identified with the—W)/I% term. This is v, SUMMARY

iluminates the physical meaning of the MHD approxima- . o )
tion. Sincey=const is a magnetic surface aftj=const is The multifluid description of a plasma has been applied

an ion drift surface, MHD assumes simply that deviation ofl© develop the system of equations governing flowing multi-
ions from magnetic surfaces is ignored. fluid equilibria. Each species has its own characteristic sur-
One consequence of this concerns the conjedtite. faces(a surface$ defined by the generalized vorticitQ,,

10 and elsewhejethat the equations of flowing equilibria whic_h accounts for the “fielo_l” as well as the fluid vorticity,
may be hyperbolic in high flow cases. This contrasts with theé?d IS the curl of the canonical momentum. Theurfaces,
usual elliptical form as appears; e.g., in the GS equdian defined by\Pa=copst, are the drift surfaces of a species.
(43)]. The transition to hyperbolic behavior arises because ofdeed¥,=const is equivalent to the constancy of the ca-
the factor 1 ui20/V,2A in the equilibrium equatioEq. (7) of nonical angular momentum. In defining an axisymmetric

Ref. 10 and also in Eq(45) here. Hyperbolic behavior may equilibrium, there are three arbitrary surface functions for
arise for super-Alfvenic flow. However, according to the 82Ch Species: One giving the entropy structure; one giving
two-fluid model, ifu;y/ v, is comparable to unity, the ion the relationship between the stream function anddtsur-

orbits depart significantly from magnetic surfaces: further,face variable¥,; and one giving the enthalpy structure. In
and sinceva,<v,, this threshold is reached befoug,/v, an important reduced casivo fluid of hydrogen ions and

=1. Therefore, it is unclear whether hyperbolic behaviorwillma53|ess electrons, with quasineutrality and the ideal fluid

arise when two-fluid effects are properly taken into account&auation of state the equilibrium system reduces to a pair of
second-order partial differential equations for the ion stream

function and the magnetic stream function, plus a Bernoulli-
like equation which determines the density. This system re-
duces to the Grad—Shafranov equation in the limit of no ion
Pressure rises and falls aensurfaces in more or less the flow. An important subset of flowing equilibria are those
same way as in a simple fluid, i.e., according to a Bernoullirepresenting a state of minimum energy. Here the three sur-
relation. In this sense the plasma pressure decouples from tifi@ce functions(per speciesare no longer arbitrary but take
magnetic field. This agrees with intuition since, unlike thespecial forms that depend on the Lagrange multipliers that
electric field, the magnetic field does not modify the energyenter the minimization procedure. Two important properties
of a particle. In effect, the Bernoulli equation is a statementof minimum energy states are that they can only have fiite
of parallel energy flow. This should not be construed as(pressurg if the flow speed rises toward the plasma edge,
meaning that the plasma is decoupled from the magnetiand that they are isotherm@ssuming that the parallel ther-
field, which would preclude the possibility of fini{ (finite  mal conductivity is large
plasma pressure relative to the magnetic pregsimstead, These results suggest several topics for future investiga-
the plasma-magnetic field coupling is through {erpen- tion. (1) A numerical solver is needed for computing 2D
dicular component of the equation of motion. Thus, the(two-dimensional(r,z) equilibria. A possible approach is the

A. Deviation between magnetic flux and ion surfaces

B. One- and two-fluid effects

C. Implications of the Bernoulli relation
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successive over-relaxation technique. Another is an extertion) have uniform temperatures suggests a connection with
sion of the variational approach introduced by Shafranov foion and electron temperature gradient instabilities that play a
magnetostatic equilibrif These computed equilibria will major role in driving anomalous transport.
then be useful for testing stability and other properti@s. ACKNOWLEDGMENTS
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