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Exchangeability and de Finetti’s theorem
X1, Xo, ... 1s exchangeable if
P{Xiel,.... Xpeln=P{X,, ely,..., X, e}

(s1,-..,5n) any permutation of (1,...,m).

Theorem 1 (de Finetti) Let X1, Xo, ... be exchangeable. Then there exists
a random probability measure = such that for every bounded, measurable g,

n—oo mn

almost surely, and
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Convergence of exchangeable systems
(2010)

Lemma2 For n = 1,2,..., let {&7,..., &y } be exchangeable (allowing
N,, = o00.) Let =" be the empirical measure (defined as a limit if N,, = 00),
E" = 3£ Yo Oen. Assume

o N, —> o0

e Foreachm =1,2,...,(&,...,&") = (&,...,&n) in S™.

Then

{&} is exchangeable and setting &' = sy € S fori > N, {=", &1, &) ...} =
{E,&1,&, ...} inP(S) x S, where = is the deFinetti measure for {&;}.

Ifforeachm, {&7,..., &0} — {&, ..., &n ) in probability in S™, then =" —
E in probability in P(S).
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Lemma 3 Let X" = (X7, ..., X} ) be exchangeable families of D0, 00)-
valued random variables such that N,, = oo and X" = X in Dg[0, 00)*.
Define

=" = & 3 0xn € P(Dgl0, 00))
= = lim,, .o ~ - S ox,
V() = 5= S0 Sxe) € P(E)
V(t) = limy oo o 320
Then
a) Forty,...,t; ¢ {t: E[={x: x(t) # x(t—)}] > 0}
(E, V" (t1),..., V() = (E,V(t1),...,V(t)).

b) If X" = X in Dp=~[0, 00), then V" =V in Dp(z)[0,00). If X" — X
in probability in Dg~[0,00), then V" — V in Dp(g)[0, 00) in proba-
bility.
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From particle approximation to particle representation

XF(1) = XP(0) + Bu{t) + W () + > / B(X?(s) — X7(s))ds

— X7(0) + Byt / / B(XT(s) — 2)V"(s, dz)ds

If b is bounded and continuous and { X/ (0)} = {X;(0)}, then relative
compactness is immediate and any limit point satisfies

Xi(t) = X;(0) + Bi(t / / W (s,dz)ds

Assuming uniqueness for the infinite system, V" = V where V (¢) is
the de Finetti measure for { X;(¢)}.
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Derivation of SPDE

Applying It6’s formula

where

Lw)p(z) = o"(z) + / b(a — 2)u(dz)e(2)

Averaging gives
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Gaussian white noise

W (du x ds) will denote Gaussian white noise on U x [0, co) with mean
zero and variance measure p(du)ds.

For example, W (C x [0, t]), t > 0, is Brownian motion with mean zero
and variance p(C).

For appropriately adapted and integrable Z,
My(t) = / Z(u, )W (du x ds)
Ux[0,¢]
is a square integrable martingale with quadratic variation

Mz = /Ux[()t] Z(u, s)”p(du)ds.

F O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 10



Coupling through the center of mass
Let X (¢) = limy, o0 + >t Xi(t) for
t . t L
X;(t) = X;(0) + / o(Xi(s), X(s))dB;(s) + / b(X;(s), X(s))ds
0 0
+/ a(X;(s), X (s), )W (du x ds)
UX[O t]

Setting a(x,y) = o(x,y)o(x + [ al@,y,u)a(z, y, u)p(du)
% Z]CL(ZI], )aajgp( )+b(x7y)v90( )

(V(t), ) = (V(0), ) + /UX[O t]<V(S),04(-,7(S)>U) -V (-))W(du x ds)

and Lp(x,y) =

n / (V(s), Lol X(5)))ds

where V(t) = limj_o0 1 S Oy, and X (t) = [ 2V (¢, dz).
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Stochastic Allen-Cahn equation

Consider a family of SPDEs of the form
dv = Awvdt+ F(v)dt + noise,
v(0,2) = h(z), ze€D,
v(t,z) = g(z), xe€dD,t>0,
where F'(v) = G(v)v and G is bounded above. For example,
Fv)=v—v*=(1-vHw.

To be specific, in weak form the equation is
t

V()0 = (V(0).) + / (V(s), Ag)ds + / (V(s), 9Gluls,-)))ds

0

/ / p(x, u)dxW (du x ds),
Ux[0,t]
for ¢ € C?(D).

F cf. Bertini, Brassesco, and Butta (2009)
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Is it a nail?

{X,} independent, stationary, reflecting Brownian motions in D.

dA;(t) = G(v(t, X;(t))dt + /Up(Xi(t),u)W(du X dt)
Ai(0) = h(X;(0)
If X; hits the boundary at time ¢, A;(¢) is reset to g(X;(t)).
V() = limpoo 1 2oy Ait)0x,)

(V(t), ) = [pe(@)v(t, z)n(dr) where 7 is the stationary distribution
for X; (normalized Lebesgue measure on D).
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Particle representation

More generally, let B be the generator of a reflecting diffusion X in
D and assume that X is ergodic with stationary distribution 7. Let
{X;,1 > 1} be independent, stationary diffusion with generator B.

Assume that the boundary of D is regular for both X; and the time
reversal of X;. Let 7;(t) = 0 Vsup{s < t: X;(s) € 9D, and

Ai(t) = g(Xi(n(t)))Linw>0r + h(Xi(0))1ir0)=0) (1)
G(v(s, X;(s)), X;(s))A;i(s)ds b(X;(s))ds
*/W) (v(5, Xi(5)), Xi()) Ai(5) +/w)< (5))

+ / p(Xi(s), W)W (du x ds),
Ux(7;(¢),t]

where

Vit)o) = lim =3 oX0)A) = [ plo)elt,z)n(da)
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Corresponding SPDE
Define M,,(t) = ¢(X;(t)) — [y B(X,(s))ds.
Then

SG)A) = 9(X:(0)A:(0) + / (X (5))d A (s)

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 15



Averaging

V(Dg) = (V(0).0) + / (V(s), 9C(0(s, ), ))ds + / / bodrds

/Uth / dz)W (du x ds) + /OW( ), Bo)ds

which is the weak form of
t
v(t,x) =v(0,x) + / (G(v(s,x),z)v(s,z) + b(x))ds
0
t
—I—/ p(x, u)W(du x ds) —l—/ B*v(z, s)ds,
Ux[0,t] 0

where B* is the adjoint determined by [ gBfdr = [ fB*gdr.
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Approximating systems

Let ¢ be an L'(7)-valued stochastic process that is compatible with
W, and assume (W, 1) is independent of {X;} Define A? to be the
solution of

AV() = g(Xi(m(D)) Lm0y + RX(0) L =0)

' S (s (s T/) slds i\ S S
v/ G5, X(5), XA ) + /W) (X (s))d

Xi(s),u)W(du x ds).
+/UX(‘<)ﬂp< (), W)W (du  ds)

The {A"} will be exchangeable, so we can define ®v(t, z) to be the
density of the signed measure determined by

(DU(1), ) E/D ()0 (t, 2)m(dz) = lim —ZM

N—>oo

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 17



Apriori bounds

Assume

K; = suplb(z)] < o0
x,D

Ky, = sup/p(:z:,u)2,u(du) < 00
xeD
K3 = sup G(v,7) < 0.
veER,xeD
Lemma 4 Let
Hi(t):/ p(Xi(s), u)W (duxds) // p(du)ds).
Ux[0,¢]
Then
AT@ < lglh v IRl + Kt = mi(t)) + (f)lip<t|Hz(t) — Hy(r)|)e™ )
< (gl v lIpll + Eit + sup [H(t) — Hy(s)])e™ = Ty(t).

0<s<t
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Lemma 5 Suppose that (W, 1) is independent of { X;}. Then &1 is { F}" ¥ }-
adapted and for each i,

E[A] (1) W, 0, Xi(t)] = Du(t, Xi(t))
s0
Py(t, Xi(t)) < EL(0)|W, ¢, Xi(t)]
Remark 6 Let G = o(X;(r) : v > t). Then the Markov property and the
independence of (W, ) and X; imply
Dy(t, Xi(t) = BIAT ()W, v, Xi(t)] = BT (£)|o(W, ) v G
The properties of reverse martingales and Doob’s inequality give

B[ sup |®y(t, X;(t))[] < 4E[0§;§T|A§/}(t)|2] < 4E[ sup Ti(t)’]

0<I<T 0<t<T
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Proof. By exchangeability,
B 0e (X PW.0)] = Bl [ ola)®U(t,do) FOV,0)

- E[/ 2)®P(t, x)m(de) F(W, )]
Elp(X(t)) 2y (t, X)) F(W, ¢)).

The last equality follows by the 1ndependence of X;(t) and (W, %),
and the lemma follows by the definition of conditional expectation.
O
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Boundary conditions
Recall (¢, x) is the density of the signed measure determined by

(dU(t), ) = lim — Z AV(t)

N—>oo

If X;(t) is close to 0D, then by the regularity assumption, with high
probability ¢ — 7;(t) is small and AY(t) ~ g(X;(r(t))). Consequently,

fory € 0D
Oy (t,y) = lim —(I)\IJ(BG(?))

50 7(B.(y)) =9(y).
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Tightness in D of approximations

AV() = g(Xi(m()) Lm0y + RX(0) 1 0-0)
G((s, X;(8)), X;(s A;/’sds b(X;(s))ds
+L(t> (¥(s, Xi(s)), Xi(s))A; (s) +/W) (Xi(s))

L / p(Xi(s), u)W (du x ds).
Ux (7;(¢),t]

Let
700 = —g(Xi1) + / G4 (5, Xi(s)), Xi(s)) AV (s)ds
= [ wexisnas+ [ oy P 0V ),
Then

AV (1) = g(Xi(0) + 2 (1) = Z!'(7ilt)) + (h(Xi(0)) — 9(Xi(0)))Lrty=0y-
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Estimates on modulus of continuity

The Skorohod modulus of continuity of A can be bounded in terms
of the ordinary modulus of continuity of Z..

Lemma 7 Define 7Y = inf{t : X;(t) € dD}. Then with probability one,
7 > 0, and for § <+,
w' (A8, T) < w(go X;,46,T) 4+ 2w(Z", 46, T). 2)

The relative compactness for { AV} for fixed i then follows from the relative
compactness of { Z!'} in Cga[0, 00).
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Uniqueness

— |G(v,2)]
L, = SUDy weD 12 < 00.
= |G (v1,2) =G (v2,2)|
Ly = SUPy, 506D Toy vl (or [Hjea) < OO

are - axe) < [ 1606 X)), XiDAT () = G, Xilo)) Xl AP ()l

/ a1+ BN, X)) LA (5) = A7 o)l

+ /‘(t) 2Ly E(Li(s)|W, X;(s)|Ti(s)|v1 (s, Xi(s)) — va(s, Xi(s))|ds

IN

7

< / Li(1+ C2)| A% (s) — A% (s)|ds
n /0 2LaC2 0y (s, Xi(s)) — va(s, Xi(s))|ds

t
+ / L{r,(s)>CHO{EIN (o)W Xa ()] >3 Vi (8) Ly (1 4+ E[Ti(s)|W, Xi(s)]?)ds
0
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Abstract

Particle representations for stochastic partial differential equations

Stochastic partial differential equations arise naturally as limits of finite systems of weighted interacting parti-
cles. For a variety of purposes, it is useful to keep the particles in the limit obtaining an infinite exchangeable
system of stochastic differential equations for the particle locations and weights. The corresponding de Finetti
measure then gives the solution of the SPDE. These representations frequently simplify existence, uniqueness
and convergence results. The talk will focus on situations where the particle locations are given by an iid fam-
ily of diffusion processes, and the weights are chosen to obtain a nonlinear driving term and to match given
boundary conditions for the SPDE. (Recent results are joint work with Dan Crisan.)
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