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Model Reduction

n"(t) random walk
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Model Reduction

@ |dentification of the slow variables

@ Derive their asymptotic behavior
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Model Reduction

e d =2 Mixing time N2 Hitting time N?log N
e d >3 Mixing time N? Hitting time N9
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Model Reduction

Ty
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Model Reduction

Ty

3
o Wy:Xy—{0,1,2,3} Wy(x)=> kl{xec A}
k=0

o Xn(t) =Wn(n"(t))
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Model Reduction

e Xy(t) not Markov  Hidden Markov Chain
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Model Reduction

e Xy(t) not Markov  Hidden Markov Chain

Nd

N N
| |
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@ No convergence Xpy(t) in Skorohod topology
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Trace process
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Trace of a Markov chain

o n(t) E-valued Markov chain F C E
o nf(t) trace of n(t)on F F ={a, b}

E

71+ 7>

T3
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Trace of a Markov chain

o n(t) E-valued Markov chain F C E
o nf(t) trace of n(t)on F F ={a, b}

E

T3 T3

. T 71+ T>

o nf(t) Markov chain  re(x,y) = A\(x) Py [Hr\(x) = Hy]
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Trace process

P
€o

83 81

o ANZZN\[80U81U82U83]
o rr(x,y) = A(x) Px[Hr\(x; = Hy]  long jumps
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o n&(t) trace of n(t) on &=¢&yU 81 UEaUE&s
o Wy:&—1{01,2,3} Wp(x Zkl{xeélk}

o XN(t) = Wn(né(t)) Hidden M. c.
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o n&(t) trace of n(t) on &=¢&yU 81 UérUE&s

Wy € —{0,1,2,3} Wpy(x Zkl{xeek}
o XN(t) = Wy(né(t)) Hidden M. c.
o XN(QNt) — X(t)

Teaé?(EX [/0 1{n(0ns) € €} ds] — 0
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o n&(t) trace of n(t) on &=¢&yU 81 UérUE&s

Wy € —{0,1,2,3} Wpy(x Zkl{xeek}
o XN(t) = Wy(né(t)) Hidden M. c.
o XN(QNt) — X(t)

Teaé?(EX [/0 1{n(0ns) € €} ds] — 0

e n(fnt) — X(t) soft topology
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Martingale approach

Beltrdn, L. (2010-15)
o XN(t) = Wn(nf (t0n)) — X(t)
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Martingale approach

o XN(t) = Wn(nf(thn)) — X(t)

o Tightness X"(t)
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Martingale approach

o XN(t) = Wn(nf(thn)) — X(t)
o Tightness X"(t)

@ X(t) solves martingale problem:  Exists £

e F(X:)— F(Xo) — /Ot(EF)(XS) ds martingale F:{0,...,3} >R
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Martingale approach

o XN(t) = Wn(nf(thn)) — X(t)

Tightness XN (t)

@ X(t) solves martingale problem:  Exists £

F(Xt)—F(Xo)—/Ot(EF)(XS) ds martingale F:{0,....3} >R

;3
F(Xe) — F(X0) — /0 S (X, k) [F(K) — F(Xs)] ds
k=0
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Martingale approach

o Wp(n®(Ont)) — X(t)

¢ 3
F(Xe) — F Xo)—/ ZF Xs, k) [F(k) — F(Xs)]ds  martingale
k=0
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Martingale approach

o Wpn(nt(Ont)) — X(t)

¢ 3
° F(Xt)—F(Xo)—/O > r(Xe, k) [F(k) = F(Xs)|ds  martingale
k=0

e H:E =R
tOn
o H(i (Ont)) — H(E(0)) - /0 (LeH] (15(s)) s

o [LeH](n) =Y R"(n,&) {H(&) — H(n)}

£es
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Martingale approach

o Wpn(nt(Ont)) — X(t)

¢ 3
° F(Xt)—F(Xo)—/O > r(Xe, k) [F(k) = F(Xs)|ds  martingale
k=0

e H:E =R
tOn
o H(i (Ont)) — H(E(0)) - /0 (LeH] (15(s)) s

o [LeH](n) =Y R"(n,&) {H(&) — H(n)}

et
e H=FoVWy

o F(X"(1)) - F(X"(0)) — bn /Ot[Le(F o W)](n°(Ons)) ds
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Closing the equation

t ;3
o e,v/ [Le(F o W)(nE (Ons)) ds = [ r(Xe, k) [F(K) — F(X:)] ds
0 0 k=0
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Closing the equation

t 3

° e,v/o [Le(F o W)](n€(Ons)) ds — /0 ;r(Xs,k) [F(k) — F(X;)] ds

[Le(FoW)l(n) = > R &) {(FoW)(&) — (FoW)(n)}
e
3
= D IF(k) = F(X")] Y~ RE(n,€)
k=0 £esy

3
= Y [F(k) = F(X")] R (n, &)
k=0
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Closing the equation

° HN/t[Lg(Fo\U £(Ons)) ds — t r(Xs, k) [F(k) — F(Xs)] ds
0 0 k 0
[Le(FoW)](n) = Y RE(n, &) {(F o W)(€) — (F o W)(n)}
e

3
= Y _[F(k) = F(XM) Y RE(n.€)
k=0

§€&

3
= Y [F(k) = F(X")] R (n, &)
k=0

t t
o / On RE(rE (Ons), £x) ds ~ / XY, k) ds
0 0
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Local ergodicity

° / ta,\, RE(nf (Ons), Ek) L{XN +# k}ds ~ / t r(XN k) 1{XV +# k} ds
0 0

PN
o

&1

€
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Local ergodicity

/ On RE(1° (Ons), Ex) L{XN # k}ds ~ /tr(XsN, K)1{XN # k} ds
0

e G:&E—R

o G = 7rN[G( )|80,...,83] TN SS

° G ZTI’N neé;
° G(n) = E(w,\,(n))

/Ot {60 (0ws)) — Gl (0ns)) } ds — 0 (C1)
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Consequence

° /ta,\, RE(nf (Ons), Ex) L{XN +# k}ds ~ /t r(XN k) 1{XV + Kk} ds
0 0

. | O RE G (0ns), ) LIXY = j}ds ~ / k) 1{XY = ) ds
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Consequence

° /ta,\, RE (1% (Ons), Ex) L{XY # k}ds ~ /t r(XN k) 1{XV +# k} ds
0

0

o [[onR G (n9). 8010 =J)ds ~ [ G 10K =} o
0 0

Sk) = 0/\/ rN(j, k)

Z () RE (1, £6) = r(j. 6) (€2)

N — o~
WN( nee;

o On /Ot[Lg(Fow)](nf(e,\,s)) ds /Ot(LF)(Xs)ds
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° G(n) = En[G(n)lEo, .-, &3]

/0 t {60 (0s)) — GO (Ons) } ds — 0 (C1)

C. Landim Markov chains model reduction March 17, 2016 16 / 21



~

° G(U) = TFN[G(n)|80a cee 83]
/O t {G(nﬁ(e,\,s)) G (0ns)) } ds — 0 (C1)

8;() = 0/\/ rN(j, k) — r(j, k) (C2)
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~

° G(U) = TFN[G(n)|80a cee 83]
/O t {G(nﬁ(e,\,s)) G (0ns)) } ds — 0 (C1)

8;() = 0/\/ rN(j, k) — r(j, k) (C2)

nES

- XN(t) = \UN(HE(I'HN)) — Xt
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~

o G(n) = Exy[G(n)l€o,- .., &3]

/O t {60 (0us)) — GO (0ns) } ds — 0 (C1)

On
mn(E))

va MR, Ex) = On (. k) = r(j, k) (C2)
nes;

) XN(t') = \UN(T]E(teN)) — X

max / 1{1(Ons) ¢ £} ds] — 0 (C3)
e Wy(n(thy)) — X¢  soft topology
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Applications

@ Random walks

e Random walks random traps

e Random walks in potential field
Spin models

o Kawasaki dynamics in d =2

o Blume-Capel dynamics

o Mean field Potts models
Interacting particle systems

o Condensing zero-range processes

o ABC model

e Inclusion-exclusion dynamics
Random polymers

e In interaction with substrates

e repulsive wall

@ Reversible and non-reversible dynamics
o Logarithmic barriers
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Tools

Processes which visit points:

@ Potential theory
e (C1)—(C3) formulated in terms of capacities

General:

@ Ergodic properties
e Spectral gap
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Condensing zero-range processes

Model:
e T, ={1,...,L} periodic boundary conditions
o State space NTt

e configurations n = {1, : x € T, }
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Condensing zero-range processes

Model:
e T, ={1,...,L} periodic boundary conditions
o State space Nt
e configurations n = {n, : x € T, }
Dynamics:
e g: N>Ry g(0)=0 gk)>0 0<p<1
@ x — x+ 1 atrate pg(nx) x — x—1 atrate (1 —p)g(nx)
e g(k) = k independent random walks
e g(k) =1{k>1} queues and servers
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Evans (2005), Armendariz, Beltran, Chleboun, Ferrari, Godreche,
Grosskinsky, Loulakis, Schuetz, Sisko, Spohn

k

0 g(l)=1 g(k):(m>a k>2 a>0

@ N number of particles

o ELny={neN: erTL nx = N}
o {n(t):t >0} irreducible /i p

Phase transition
@ « > 2 T removes the site with largest number of particles

o {Ny:L>1} N/L—p>p" wnT P~ve Lip—p*)

e a>1 L fixed
ol iy N  limy_eo ML’N{maxlgng nx > N — €N} =1
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Model Reduction, Coarse graining

o Fix 1<« /iy« N

e & ={n:x>N—-ty} 1<x<L
L

OSN:U(S;\(/ EL,N =&y U Apn

x=1
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Model Reduction, Coarse graining

o Fix1l</ly <N
e fy={n:mx=>N—-ty} 1<x<L

L
OSN:Ug,)\(/ Ein = En U Ay

x=1
Ein
Ay
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Model Reduction, Coarse graining

o Fix1l< /iy <N

e fy={n:m>N—-ty} 1<x<L
L

OEN:U5;\(/ EL,N =&y U Ay
x=1

neN(t) trace of {n(t): t >0} on &y = U, Ex
\UNZ(SN—>{1,...,L} WN(U):Xiﬂ:’I?Eg,)\(I
Xn(t) = Wn(n® (V) — X(t)
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Model Reduction, Coarse graining

Fixl< /iy <N
Ex={nn>N—-ty} 1<x<L

L
5N:U5X/ Etnv = Env U Ay

x=1

nEN(t) trace of {n(t): t >0} on &y =), &%
\UNZEN—>{1,...,L} \UN(U):Xiﬂ:nES;\(I

o Xn(t) = WUn(nV (N ot)) — X(t)
o HN = N1+a
@ Reversible: r(x,y) = C(a) Lcap(x,y)

Non-reversible p=1
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