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links between
Stein’s approximation method

functional and transport inequalities



Stein’s method

normal approximation
central limit theorems

rates of convergence,

Edgeworth expansions, strong approximations
Poisson approximation (L. Chen), other distributions

statistics, machine learning, engineering...



logarithmic Sobolev inequalities

quantum field theory, hypercontractivity
infinite dimensional Wiener analysis

convergence to equilibrium of kinetic equations,

Markov chains, interacting particle systems
measure concentration (entropy method)
information theory, optimal transport (C. Villani)

Perelman’s Ricci flow
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CLASSICAL LOGARITHMIC SOBOLEV INEQUALITY

L. Gross (1975)

A. Stam (1959), P. Federbush (1969)



CLASSICAL LOGARITHMIC SOBOLEV INEQUALITY

L. Gross (1975)

v standard Gaussian (probability) measure on R4

dx
(27T)d/2

dy(x) = e P72
h>0 smooth, [y hdy=1

1 [ |Vh? — ,
entropy hloghdy < 5 p dvy  Fisher information
Re R




CLASSICAL LOGARITHMIC SOBOLEV INEQUALITY

2
hloghdy < 1/ VA dr, hdy =1
2 R4 h R4

R4

v <<y dv = hd~

H(v|y) < 1I(VM)

N

(relative) H-entropy ~ H(v|v) = / hloghdy
R4

V[
h

(relative) Fisher Information I(y | 7) = / dy
R4



logarithmic Sobolev inequalities

hypercontractivity (integrability of Wiener chaos)

concentration inequalities (entropy method)

links with transportation cost inequalities



LOGARITHMIC SOBOLEV INEQUALITY AND CONCENTRATION

Herbst argument (1975)

2
hloghdy < ;/ V]

p d~, hdy =1
R? R

R4

¢:R* 5 R 1-Lipschitz,  [psdy =0

ey

h = Tovdy”

AeR

Z(\) = / eMdry
R4



LOGARITHMIC SOBOLEV INEQUALITY AND CONCENTRATION

Herbst argument (1975)

2

AZ(N) — Z(\) og Z(\) < %Z()\)

integrate

Z(\) :/ Mdy < /2
R4

¢ :RT - R 1-Lipschitz

e > frnpdy+1) < e 2 r>0

(dimension free) Gaussian concentration



(GAUSSIAN PROCESSES

F  collection of functions f :S — R

G(f), f € F centered Gaussian process

M = supG(f), M Lipschitz
feFr

Gaussian concentration
2 2
P(IM—m|>r) < 20772 >0

m mean or median, ¢ = supE(G(f)?)
feF

Gaussian isoperimetric inequality

C. Borell, V. Sudakov, B. Tsirel’son, I. Ibragimov (1975)



EXTENSION TO EMPIRICAL PROCESSES
M. Talagrand (1996)

Xj,...,X, independentin (S,S)

F collection of functions f:S — R

M = sup zf(Xl)

feF i1
M Lipschitz and convex
Talagrand’s convex distance inequality
concentration inequalities on

P(IM—m|>r), r>0



CONVEX DISTANCE INEQUALITY

¢ :RY — R 1-Lipschitz convex

for any product probability P on [0, 1]

P(lo—m|>r) < de /4 r>0

m median of ¢ for P

M. Talagrand (1996) isoperimetric ideas (induction)

entropy method — Herbst argument

S. Boucheron, G. Lugosi, P. Massart (2013)



EXTENSION TO EMPIRICAL PROCESSES

n

M = sup > (X))

feF iz

fl <1, E(f(X)) =0, feF

P(IM—m| >r) < Cexp(—clog<1+ Z—Hn)) r>0

n
m mean or median, 0% = ;up Z E(f 2 (X))
€F i1

early motivation from Probability in Banach spaces

(law of the iterated logarithm)



LOGARITHMIC SOBOLEV AND TRANSPORT INEQUALITIES

Otto-Villani theorem (2000)

logarithmic Sobolev inequality for ;1 (on RY)
C
H(vlp) < S1vip), v<u
implies quadratic transportation cost inequality

Wi(v,p) <2CH(v|p), v<<p

VT —r 4

Woop) = inf [ [ - yPdncey)
RdJRE
Kantorovich-Wasserstein distance

i = M. Talagrand (1996)
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STEIN’S METHOD

C. Stein (1972)

iy i
%—'-*"ﬂ:g'é D A /2'.57"77'5




STEIN’S METHOD

C. Stein (1972)

~ standard normal on R
/X¢d’y= /(b’d% ¢:R — R smooth
R R
characterizes -~

Stein’s inequality

v probability measure on R

Il =y < sup [/mdy_/(b,dy}
Illoo <v/7/2, ¢/ llco<2 - 7R R



STEIN’S KERNEL

v (centered) probability measure on R

Stein’s kernel for v : x — 1,(x)

/xqbdyz /Tycb’dy, ¢:R—R smooth
R R
~ standard normal 7y =1
dv = fdx
n) = (0] [y, xe supp(f)

(1, polynomial: Pearson class)

zero/size-biased coupling L. Goldstein, Y. Rinott, G. Reinert (1996-97)



STEIN’S KERNEL

v (centered) probability measure on R

Stein’s kernel for v : x = 1,(x)
/x(de— /Tl,qb’du, ¢:R — R smooth
R R
~ standard normal 7y =1
Stein’s discrepancy S(v|+)
S(vlv) = [ I~ 1Py
R

Stein’s inequality

v =y < ZS(VM)



Stein’s method

normal approximation
rates of convergence in central limit theorems
convergence of Wiener chaos
Lindeberg’s replacement method, random matrices

exchangeable pairs, concentration inequalities



STEIN’S METHOD AND CENTRAL LIMIT THEOREM

central limit theorem

X,Xq,...,X, iid real random variables

mean zero, variance one

1
Sy = ﬁ(xl‘F"""XH)

S(£(S)[7) < LX) ) = + Var(rze) (X))

(5~ 13, < 48°(£(s)17) = O(>)



STEIN’S METHOD AND WIENER CHAOS

Wiener multiple integrals (chaos)

multilinear Gaussian polynomials (degree k)

N
F = Z Aiy,... i Xfl o 'Xik
ifyip=1
X1,...,Xy independent standard normals

ai,...i, € R symmetric, vanishing on diagonals

E(F?) = 1



STEIN’S METHOD AND WIENER CHAOS

D. Nualart, G. Peccati (2005) fourth moment theorem
F=F, mneN k-chaos (fixed degree k)
N - Nn — OO

E(F2) =1 (or — 1)

F, converges to a standard normal

if and only if

E(F}) — 3 (: /Rx4d7>



STEIN’S METHOD AND WIENER CHAOS

F Wiener functional
7r(x) = E((DF,—~DL"'F) |F = x)

L Ornstein-Uhlenbeck operator, D Malliavin derivative

S (L(F)|7) < “ot [E(F) - 3]

I. Nourdin, G. Peccati (2009), I. Nourdin, J. Rosinski (2012)

multidimensional versions



STEIN’S METHOD AND LINDEBERG’S REPLACEMENT STRATEGY

J. Lindeberg (1922)
X =(Xy,...,X,) iid, mean zero, variance one, third moment

¢:R" =R smooth, i=1,...,n

—/ by = O(Zna?aﬁuoo)
R” i=1

Taylor expansion  E(X0;¢(X)) = E(07¢(X)) + O([|07¢] )

E(Xi06(X)) = E(r(X)926(X))

B(Low) - [ Lody = ZE X)) — 1]0P6(2)) = o(ZHa%\ )



STEIN’S METHOD AND LINDEBERG’S REPLACEMENT STRATEGY

S. Chatterjee (2006)

comparison between arbitrary samples, strong embeddings

universality in random matrix theory

T. Tao, V. Vu (2010-11)

four moment theorem

L. Erdos, H. T. Yau, A. Knowles, J. Yin (2012-13)

Green’s function comparison



STEIN’S METHOD AND CONCENTRATION

S. Chatterjee (2005)
exchangeable pairs (X, X’)
¢(X) = E(F(X,X")|X) F antisymmetric

|(p(X) — p(X))F(X,X")| < C
P(p(X) > 1) < 2e77/%C r>0

S. Chatterjee, P. Dey (2009-11)
S. Ghosh, L. Goldstein (2011) size-biased couplings

graphs, matching, Gibbs measures, Ising model,

matrix concentration, machine learning....



STEIN’S KERNEL

v (centered) probability measure on R

Stein’s kernel for v : X = 1,(x)

/xqﬁdu = /Tl,qﬁ’dm ¢:R — R smooth
R R

~ standard normal Ty =1
Stein’s discrepancy S(v |7v)
S*(v]y) = / T, — 1)2dv
R

Stein’s inequality

v =y < 2S(V|7)



MULTIDIMENSIONAL STEIN’S KERNEL

v (centered) probability measure on R?

(existence) Stein’s kernel (matrix) for v: x + 7,(x) = (Tij(x))1 <ij<d

/ xXopdv = / 7, Vodv, ¢:RY 5 R smooth
R4 R4

Stein’s discrepancy S(v|7)

S2(v]y) = /Rd I, — 1|3 dv

no Stein’s inequality in general



ENTROPY AND TOTAL VARIATION
Stein’s inequality (on R)
v =~y < 28(v 1)
stronger distance in entropy

v probability measure on R, v <<y dv = hdy

relative H-entropy ~ H(v|v) = / hloghdy
R4

Pinsker’s inequality

1
lv =ty < 5 H(|v)

N



CONVERGENCE IN ENTROPY OF WIENER CHAOS

I. Nourdin, G. Peccati, Y. Swan (2013)

(Fu),en sequence of Wiener chaos, fixed degree

H(L(Fy)|v) = 0 as  S(L(Fn)|v) = 0

(fourth moment theorem S(L(F,)|~v) — 0)
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STEIN AND LOGARITHMIC SOBOLEV

~ standard Gaussian measure on R?, dv = hd~

logarithmic Sobolev inequality

1

H(v|v) < 51(v]7)

(relative) H-entropy ~ H(v|7) = / hloghdy
JRA

h 2
(relative) Fisher Information I(I/ | 'y) = / Vh | dy
R4

(relative) Stein discrepancy

P(v17) = [ lIn~ s dv



HSI INEQUALITY

new HSI inequality

H-entropy-Stein-Information

H(V|’y) < %Sz(yw) log <1+SIZ(E/V|\W'3)>’ v <<y

log(1+x) < x improves upon the logarithmic Sobolev inequality

potential towards concentration inequalities



HSI INEQUALITY

new HSI inequality

H-entropy-Stein-Information

H(V|’}/) < %Sz(l/|’y) log <1 + SIZ(E/V’\Q))’ v <<y

entropic convergence
if S(vy|v) — 0 and I(v,|7) bounded, then

H(un|'y) — 0



HSI AND ENTROPIC CONVERGENCE

entropic central limit theorem

X, Xy,...,X, iid real random variables, mean zero, variance one

1

J. Linnik (1959), A. Barron (1986)

H(L(S,)|7) — 0



HSI AND ENTROPIC CONVERGENCE

entropic central limit theorem

X, Xq,...,X, iid real random variables, mean zero, variance one
1
Sp = ﬁ(xl‘F"""Xn)

S*(L(Sn)|7) < %Var(TL(X)(X))

Stam’s inequality L(L(Sn)7) < H(L(X)]y) < o0



HSI INEQUALITY

HSI inequality

I(v]v)
S*(v[7)

H(V|’y) g;Sz(yM)log(l—k >, vy

H-entropy H(v[v)
Fisher Information I(v|~v)

Stein discrepancy S(v )



HSI AND ENTROPIC CONVERGENCE

entropic central limit theorem

X, Xq,...,X, iid real random variables, mean zero, variance one
1
Sy = %(Xl‘F""f'Xn)

S*(L(Su) |v) < %Var(Tz(X)(X))

Stam’s inequality ~ I(£(Sn)|v) < I(L(X)]7) < oo

HSI inequality H(L(Sq)|v) = O (105 ”)

optimal O(%) under fourth moment on X

S. Bobkov, G. Chistyakov, F. Gotze (2013-14)



LOGARITHMIC SOBOLEV INEQUALITY AND CONCENTRATION

0:RY - R 1-Lipschitz, fRd pdy=20
Ye=r) <em P r>0

Gaussian concentration

equivalent (up to numerical constants)
1/p
([era) <cvp pz

moment growth: concentration rate



(L

HSI AND CONCENTRATION

v (centered) probability measure on R?

¢ :R? — R 1-Lipschitz, Jpe dr =0

moment growthin p > 2, C > 0 numerical

|¢|Pdu)1/p < clswin+vr( [, mu””du)l/p]
Sp(vl7) = </Rd ||Tu—1d||€lsd’/>l/p



HSI AND CONCENTRATION

1
S, = W(}(1—F--'4—X,1)
X,Xi,...,X, iid mean zero, covariance identity in RY

¢ :RY — R 1-Lipschitz
P(|p(Sn) — E(p(Sn)| 2 7) < Ce /€
0<r<r, -

according to the growthin p of S,(v|v)



HWI INEQUALITY

F. Otto, C. Villani (2000)

H(v () < Waly,1)y/1(v 1) — 5 WE()

Kantorovich-Wasserstein distance

W%(I/,’Y) = inf / \x—y\2d7r(x,y)
RiJRE

VT

covers both the logarithmic Sobolev inequality

and Talagrand’s transportation cost inequality

W3(,7) <2H(v|7)



WSH INEQUALITY

Talagrand’s inequality

W%(V,’y) < ZH(V \ ’y)

v << 7 (centered) probability measure on R?

WSH inequality

_HEly)
Wa(v,y) < S(v|v)arccos <e S%lv))

arccos(e™") < \/2r

Stein’s inequality (in RY)  Wa(r,7) < S(v|7)



HSI INEQUALITY: ELEMENTS OF PROOF

HSI inequality

I(v]v)
S*(v[7)

H(V|’y) g;Sz(yM)log(l—k >, vy

H-entropy H(v[v)
Fisher Information I(v|~v)

Stein discrepancy S(v )



HSI INEQUALITY: ELEMENTS OF PROOF

Ornstein-Uhlenbeck semigroup (Pt);-

PG = [ fle e VI=e Py

dv =hdvy, dv; = Pihdy (=, Voo =7)

de Bruijin’s formula ~ H(v|7) = /0 L(ve | y)dt

I ]7) < e 1(v]7)
Bakry-Emery criterion

classical logarithmic Sobolev inequality



HSI INEQUALITY: ELEMENTS OF PROOF

H(v|v) = /OOOI(VtM)dt

classical ~ I(1]7y) < e *I(v|v)

e—4t

new main ingredient  I(1;|7y) < o S*(v]7)

(information theoretic) representation of 1(v;|~)

—ot .
[ [ = 1)y Vol e VT— ey vt

vy = log Pih

optimize small t >0 and large f >0



HSI INEQUALITIES FOR OTHER DISTRIBUTIONS

1 I(v
H(v|p) < 5 $*(v | 1) log (1 - 52((1/‘ ’MM))>

[ gamma, beta distributions
multidimensional

families of log-concave distributions 1

Markov Triple (E,u,I")

(abstract Wiener space)



MAarkov TRIPLE
Markov Triple (E,u,I")

Markov (diffusion) operator L with state space E

p invariant and symmetric probability measure

I' bilinear gradient operator (carré du champ)

(f.g) = 1 [L(fe) —flg —glf], f.geA
integration by parts

[retodn = [ 1.z



EXAMPLES OF MARKOV TRIPLE

second order differential operator on E = RY

d d
L=)> dloff+> bof
i=1

17]:1

d
L(f.g) = Y a’af og

ij=1

/ Lfdp =0
R4

example: Ornstein-Uhlenbeck operator

d d
Lf = Af—x-Vf = > 0f = x0f
i=1

ij=1

7 invariant measure



STEIN KERNEL FOR DIFFUSION OPERATOR

d d
L= dloif+> b'of = (a,Hess(f))ys+b-Vf

ij=1 i=1

1 invariant measure  ( [pi Lf dp = 0)

Stein kernel 7,

— [ b-Vfdv = /]Rd (7, Hess(f) ) 4q dv

R4

Stein discrepancy
S2 (v | ) :/ o bt —1d|P dv
R4

approximation of diffusions A. Barbour (1990), F. Gotze (1991)



ABSTRACT HSI INEQUALITY
Markov Triple (E,u,I")
Markov (diffusion) operator L with state space E

i invariant and symmetric probability measure

I' bilinear gradient operator (carré du champ)

I(f.g) = 3 [L(f§) —fLg —gLf], f.gcA

logarithmic Sobolev inequality

I'; iterated gradient operator D.Bakry, M. Emery (1985)

Io(f.8) = 3 [LT(f,8) —T(f,.Lg) — T, Lf)], f.gcA



ABSTRACT HSI INEQUALITY
P, =etl t>0, dvy = Pihdp
H(v| ) = /Oool(utm)dt
classical  I(v|p) < e ' I(v|p)
Bakry-Emery T, criterion
Da(f) = Dalf.f) = pU(Ff) = T(f), feA
d

%I(Z/t“.t) = —2/Pth Fz(logPth)d,u
E

< —Zp/Pth I(log Pih)dp = —2p1(vt | 1)
E



ABSTRACT HSI INEQUALITY

c
(]p) < 5 S'(ln)
new feature: I'z operator
Fg(f) > CFz(f), f cA

F3(fvg) = % [sz(f,g) _FZ(vag) _FZ(ngf)L fvge A

control of Hessians (Stein’s kernel)

eth

Pi(T(h) = — HazHess(Pt )2 |7



GAMMAS

Ornstein-Uhlenbeck operator Lf = Af —x-Vf on R4

L(f) = |Vf[
Lo(f) = [V + | Vf
T3(f) = |V3f]* + 3| Vf | + 2| Vf|?

Bochner’s formula for

A Laplacianon (M,g) Riemannian manifold
Taf) = [V2fI? + Ricg(Vf, Vf)

[ao(f) > pI(f) <= Ricg > p



HSI INEQUALITIES FOR OTHER DISTRIBUTIONS
CI(v|p)
H < CS? U s
1) < cS e (g2
U(r) = 1+1logr, r>1

[ gamma, beta distributions
multidimensional

families of log-concave distributions 1

discrete models (Poisson) under investigation



BEYOND THE FISHER INFORMATION

Markov Triple (E, i, I") (abstract Wiener space)

I(v|v) difficult to control in general
F=(F,...,Fy):E — RY withlaw L(F)

H(‘C(F) |’7) < Cr SZ(,C(F) |7) \I;<Sz(£c(j£)ry)>

U(r) =1+1logr, r>1
Cr > 0 depend on integrability of F, I'(F;,F;)
and inverse of the determinant of (I'(F;, F;))

1<ij<d

(Malliavin calculus)



BEYOND THE FISHER INFORMATION

towards entropic convergence via HSI

I(v|v) difficult to control in general

Wiener chaos or multilinear polynomial

E , alla---:ik ip e 'Xik

11, lk 1
X1,..., Xy independent standard normals

ai,...i, € R symmetric, vanishing on diagonals

law L(F) of F? Fisher information I(L(F)|~)?



BEYOND THE FISHER INFORMATION

I. Nourdin, G. Peccati, Y. Swan (2013)

(Fu),en sequence of Wiener chaos, fixed degree

H(L(Fy)|v) =0 as  S(L(Fn)|v) — 0

(fourth moment theorem S(L(F,)|~v) — 0)



HSI witnour 1

Markov Triple (E,u,I") (abstract Wiener space)
F=(Fy,...,F;):E — R? withlaw L(F)
H(E() 1) < G 1) ¥ (ot )

S*(L(F) |7)

U(r) =1+1ogr, r>1

Cr > 0 depend on integrability of F, I'(F;, F;)
and inverse of the determinant of (I'(F;, F;)), <ij<d

(Malliavin calculus)



HSI witnour 1

H(L(F)|7) < CaS*(L(F)|7y)W <2(AF +d(Br + 1))>

S (L(F)[7)

Ar < 00 moment assumptions

Br = /1~d,u,, a>0
E det(I")«

I = (F(Fh Fj))lgi,jéd

(Malliavin matrix)



HSI witnour 1

1
Br = / —du, a>0
£ det(T)e

Gaussian vector chaos F = (Fy,...,F;)
I'(F;, Fj) = (DF;, DF]»)yj

L(F) density: E(det(I)) > 0

P(det(T) < A) < cNAVNE(det(T)) /",

A>0
N degrees of the F;’s
A. Carbery, J. Wright (2001)

log-concave models



Thank you for your attention



