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APPENDIX

Values of parameters used to obtain life prediction in Tables 1 to 4.

Table 1:
Henry
SE = 39 ksi
Manson
NR = 1000 cycles
Valluri
SE’1 = SE,Z = 39 ksi
S¢ ™ ~54,min
Table 2;
Henry
SE = 85 ksi

Generalized Henry

b =9.2

Manson

NR = 1000 cycles

Valluri

SE.I - SE,Z = 85 ksi



The contents of this report reflects the views of the author who is
responsible for the facts and the accuracy of the data presented herein.
The contents do not necessarily reflect the official views or policies of
the Washington State Department of Highways or the Federal Highway Adminis-

tration. This report does not constitute a standard, specification, or re-

gulation.



INTRODUCTION 7

This year's work (1977-78) has had the following phases:

1) maintenance of instrumentation and collection of field data

2) design of the laboratory fatigue testing appartus and the perform-
ance of fatigue tests on six trunnion anchorage rods

3) the comparison of fatigue theories to determine the validity of
Miner's approach, which is the backbone of this study

4} analytical work which utilizes the parts (1) and (2) above to make

statements concerning the maintenance of the drawspan elements.

A full year of data from field measurements was obtained. Appendix A
displays the reduced data for the year. This work was in the hands of Mr.
Donald Christensen, Research Engineer. The design, construction and opera-
tion of the laboratory fatigue endeavour was in the hands of Mr. Michael Landy,
Research Assistant. Another Research Assistant, Mr. Ade Bright, investigated
the validity of Miner's hypothesis. Mr. Christensen was involved in the
analytical work. The project was under the direct supervision of the Prin-
cipal Investigator.

This report includes extracts from the M.S.E. thesis of Mr. Landy to
describe part (2) and the M.S.C.E. thesis of Mr. Bright to describe part (3).
The original page numbering has been retained.

A final report of the whole n:oject has been prepared and transmitted
separately. It is intended to tr:asait‘this for possible publication under

the authorship of Brown, Christanz.a, Lenay and Yasu.
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INSTRUMENTATION AND DATA

The instrumentation remained essentially unchanged from the previous
year of work. The gauges on the anchorage cables were abandoned because
they were contgnﬁa1ly being disturbed during normal bridge maintenance.
The upkeep of the instrumentation and recording devices was a continual
fask over this season. The data were abundant which resulted in consider-
able time being necessary in collection and replacement of parts.

This year 351 hourly events over 20 mph were recorded. This compares
with the 71 hourly events recorded in previous seasons. The data are

presented in reduced form in Appendix A.



LABORATORY FATIGUE TESTS

A full description of these is given in the M.S.E. thesis of Mr.

Mwchael Allen Landy. This thesis follows in its original form.







University of Washington
ABSTRACT

| ‘ DEVELOPMENT OF A TEST PROGRAM TO OBTAIN S-N -DATA
FOR EVERGREEN POINT FLOATING BRIDGE VERTICAL
TRUNNION ANCHORAGE RODS
By Michael Allen Landy
Chalrperson of the
Supervisory Committee: Professor Colin B. Brown,
Department of Civil Engineering

Development of a test program to obtain empirical
S-N data to be used in cumulative damage fatigue analyses
is reported. The member under investigation is a verti-
cal trunnion anchorage rod, a component of the drawspan
i section, Evergreen Point Floating Bridge, Lake Washing-
ton, Seattle, Washington. The Prot method of accelerated
testing to ohtain the fatigue limit and an extension of
the Prot theory by Basavaraju and Lim were utilized to
determine the S-N curve. Areas discussed included speci-~
men description, fixture design, determination of magni-

t tude and pattern of loading, instrumentation, and test

results.






TABLE OF CONTENTS
Page
List of Figures . . . .+ « v « « 4« « « + « « & » o« 1id
List of Tables iv
i Acknowledgments v
I. Introduction . . . . . . . . . . 1
IT. Vertical Trunnion Anchorage Rod . . 5
2.1 Component Description . . 5
2.2 Test Specimen . . . . . . ke o 4 . 5
ITII. Test Program . . . . . . . . . . 10
3.1 Determination of the S-N Curve . . . . 10
3.2 Determination of the Magnitude
of Stresses C e e . 12
_ 3.3 Determination of the Loading .
! Pattern . . . . . . . . e . . 15
IV. Pixture Design . « . . 25
4,1 Fatigue Test Fixture . 25
4.2 Actuator Frame and Attachment 33
V. Control and Instrumentation . . 34
VI. Results and Discussion 36
VII. Conclusions . . . Ly
VIIT. References bs
Appendix A: Calculct’™ o7 Thr~d Zoct 3tress
Concentration Yactor and Fatigue
Notch Fo- - L8
Appendix B: Calculation ot UL placements and
Rotation~ -+ "~ v Avpp o, 50
Appendix C: Calculation of Rnd Tie-down
Reactions . . . . . . . 52

il



LIST OF FIGURES

Number Page
1. The S3-N Curve o v e e e e . 2
2. Vertical Trunnion Anchorage Rod . . . . 6
3. Surface Condition of Test Specimens . . . 9
4. The Stress Cycle T b |
5. 8-N Curve for 4140 Steel, Lee and

Uhlig . . . . . . . . . . . . .. ... 13
6. Loading Patterns for Prot Test . 16
7. Accelerated Fatigue Model . . . . . . . . 18
8 Test Fixture Design Schematies . . . . . 26
9 Fatigue Test Fixture . . ., . . . . . . 29-31
10, Test Fixture Details s e e e e .. 32
11. Closed-Loop, Electro-Hydraulic Fatigue
Test Mechanism . . . . . . . . . <. e s 35
12. PFaillure Surfaces e« + « « . . 38-39
13. Accelerated Fatigue Model and Experi-
mental Results . . . . . . . . . . . . . h2
14, S-N Curve, Vertical Trunnion Anchorage
Rod . . . . . .« o . .. 00 .. .. b3
C.1. Structure Model and Member Properties . . 53

C.2. Bending Moment and Axial Force
Diagrams .

. . . 54



LIST OF TABLES

Number

1. Chemical and Material Properties,
Vertical Trunnion Anchorage Rod

2. Comparison of Chemical and Material
Properties . . . . . . J .« .

3. Experimental Hesults e e e e s e s

iv

Page



ACKNOWLEDCOMENTS

The author would like to express his gratitude to
Prof. Colin B. Brown for his guldance and assistance dur-
ing the author's term as a Research Assistant. The author
would also like to thank Prof. N. M. Hawkins, Prof. C. W.
Roeder, Mr. D. R. Christenson, and Mr. T. McKay for assist-
ance in fixture design and test setup; the staff of the
Structures Laboratory under Mr. Ralph Bergman for fixture
assembly and test support, and Ms. Caroiinn Padgett for
typing this report.

This work was funded by the Washington State Highway

Department.



Section I: Introduction

Serious maintenance prdblems have prevented normal
operation of the drawspan section of the Evergreen Point
Floating Bridge over Lake Washingﬁon, Seattle, Washing-
ton. These problems are caused by fatigue failure of a
number of drawspan components. Several investigations
have been undertaken as part pf a continuing study of
these problems (1,2,3). These investigations dealt with
mehtods of fatigue analysis and the application of these
analyses to drawspan components. These investigations
made use of one or more of the cumulative damage theories
of fatigue, such as the well-known Palmgren-Miner hypo-
thesis (4,5). These theories have been the subject of
extensive research and exhaustive literature is available
(6,7,8 and many others).

Common‘£o all of the cumulative damage theories is
the use of the S-N curve (Fig. 1). This curve is a plot
of stress (8) versus number of cycles to failure (N). At
the time of the earlier investigations of the Evergreen
Point Bridge problems, empirical $-N curves werzs not
available.

The purpose of this paper is to describe a test pro-
gram designed to dorive an S-N curve for one of the draw-
span components, a vertical trunnion anchorage rod, where
a record of service failures exists. This test program

was 5 irned subject to rertain constraints. They were:
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1) Use existing concrete test pad in the University
of Washington Civil Engineering Structural Test Labora-
tory (tie-downs subject to loading constraints),

2) Use available materials in the Structures Labora-
tory stockpile for the test fixture,

3) Use a 55 kip Materials Testing System Corp. (MTS
Corp.) hydraulic load actuator and available electronic
controllers to form a closed-loop electro-hydraulic fa-
tigue machine capable of producing the Wdesired magnitude
and pattern of loading, and,

4} Obtain a useful S-N curve with six specimens,
each being an actual rod taken from service prior to
failure.

Historlically, many investigators have found that six
specimens do not constitute a large enough sample to de-
termine a réalistic S-N curve, due to the excessive
amounts of "scatter" in the experimental data. This ef-
fect 1s even more pronounced when testing for the fatigue
limit. For this reason, an alternative approach to nor-
mal constant amplitude cyclic testing at a single value
of maximum and minimum stress was thought necessary. The
Prot method (9} of accelerated test’ng to obtain the fa-
tigus limit and Basavaraju and Lim's extension to the
theory (10) to obtain an S-N curve from the Prot data was

'ouna to be agppropriate,
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This report will discuss a numbe> of different areas
of test program deslign., Amcng these shnll be included
specimen description, fixture design, determination of
magnitude and pattern of loading, instrumentation, and

test results.
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gection II: Vertical Trunnion Anchorage Rod
2.1 Component Description

The vertical trunnion anchorage rod is made from a
three—inch diameter AISI 4140 steel rod. The rods are 14
feet - 3 3/U4 inches toc 16 feet - 7 inches in length with
six inches of 3-4 UNC-2A thread at both ends (Fig. 2a).
Chemical and material properties tests on a typlcal rod
show that the specimen tested meets ASTM A193-B7, the
specification for this material. Results are shown in
Table 1 (11). Although a Rockwell hardness test was not
.performed at that time, a reasonable estlimate was obtained
using a properties chart for AISI k140 (12). Such data
shows a Rockwell hardness value of C30 to be typical cf
AIST 4140 in this condition. After testing the Rockwell
hardness was measured and found to be C26.

These fgds have been failing in service due to crack
initiation and propagation at the root of a thread, caused
by cyclic tensile loading (Fig. 2b). This loading pattern
is caused by the action of wind-generated water waves im-
pinging on the side of the brizge (1,3). There are 12

O L LU

such rods in the draw..[un g2
2.2 'Test Specimen

Six rods were taken I'roa service to be used, as deliv-
ered, as full-size test specimens. The length of time in
service is unknown and they have been stored unprotected

in th- atmosphere for about one vear, orior to testing
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a. Vertical trunnion anchorage rod

rﬁr~3—4 UNC—2A(S?32JJ w/—-AISI 4140
T < e
6" L | l‘—ﬁ—>

é (L, 14 - 3 3/4" to 16' — 7")

b. Failure location

Crack (Typ.)

¢. Test specimens

Fig. 2 VERTICAL TRUNNION ANCHORAGE ROD




Chemical composition

C Mn P S Si Ni Cr Mo V
.42 .93 .018 .025 .26 -- .98 .19 -

Material properties

Tenslle strength (psi) ' 137,400
Yield strength (psi) 111,740
Elongation (percent in 2") 19.5
Percent reduction in area 58.4

BHN hardness 280
Minimum tempering temperature (°F) 1100
Modulus of elasticity (psi) 31.25 x 106

TABLE 1 CHEMICAL AND MATERIAL PROPERTIES,
VERTICAL TRUNNION ANCHORAGE ROD.
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(Fig. 2¢). They were not moved durin:

corrosion was evident, as shown in Fig:

1.

wolink

Surface



o

1

o.

3

SURFACE CCNDTTTONS OF TEST SPECIMENS
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Section III: Test Program

3.1 Determination of the S-N Curve

A normal test program for an S-N curve consists of
applyling stress cycles of a constant magnitude until
failure occurs. Fig. 4 depicts a stress cycle and rele-

vant parameters,

Smax = maximum value of applied stress in the

cycle,
Smin = minimum value of applled stress in the
cycle,
mean - Mean stress = (Smax + Smin)/E,
Sr = stress range = Smax - Smin’
Sa = stress amplitude = Sr/2 ,
R = stress ratio = Smin/smax » and
A = stress ratio = Sa/smean'

The failure determines a point on the S-N curve. By

testing a number of Specimens at different magnitudes,

the curve 1s determined.

The ordinate (stress) on the S-N curve (Fig. 1) may
be Smax’ Smin’ or Sa. Smax or Smin’ in combination with
a speéified value of K, or Sa’ ia combination with a
specifled value of A uwtermines the magnitude of the
Stress cycle. Typically, 3-N ~yryos are menerated with
fully reversed loading, i.s#., R = -1, and Smax as the
ordinate. The value of stress below which failure will
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Fig. 4 THE STRESS CYCLE

A
Smax 4
Sa Sr
w
[43]
Q
B g y ~
[7p} mean 7
" Tijme
7y
\
Smin
Y ,

Smax = maximum value of applied stress in the cycle.
Smirl = minimum value of applied stress in the cycle.
Spean = Mean stress in the cycle = (Smax-+3m1n)/2.
Sr = stress range = Smax"smin'
S, = stress amplitude = 3 /2.
R = stress ratio = Smin/smax'

= .‘ = b .
A stress ratio Sa/Smean
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not occur, regardless of the number of applied cycles, is

the fatigue limit, Sf (Fig. 1).

3.2. Determination of the Magnitude of Stresses

Lee and Uhlig carried out fatigue tests (R = -1) on
"AISI 43140 steel specimens of various heat treatments
while investigating corrosion fatigue (13). During this
investigation, specimens were tested that had chemical
and material properties similar to those of the anchorage
rods. The properties are compared in Table 2. The S-N
curve obtained by Lee and Uhlig, in dry air and 93% rela-
tive humidity, is shown 1in Fig. 5. Note that the minimum
fatigue limit was found to be on the order of 65,000 psi.
Other data availlable (14) shows similar values (on the
order of 70,000 psi, mihimum) for fully reversed test
specimens. Cycling at R = 0 and similar values of Smax
(1.e., anch&fage rod conditions) would result in a
'greater fatigue life at any Smax and a higher fatigue
limit, based on normal behavior of engineering materials.

Strain gauge measurements on in~-place anchorage rods
show a maximum net section stress level cf approximately
30,000 psi. This is far below the ratigue limit sug-
gested by any available data. Thus, it is apparent that
failure must be oceurring where a stress concentration
has raised the local stress level to a point that would

cause failure. Such stress concentrations exist at the

roots of the -nreads and, in fact, this area is the site



13

Chemical properties

C Mn
Anchorage rod 42 .93
Lee & Uhlig .41 .81

Material properties

P S S N Ca Mo
.018 .025 .26 - .98 .19
.012 .015 .27 .1 .99 .16

v N Al
- N/R N/R
N/R .013 .04k

Anchorage rod Lee & Uhlig

Tensile strength (psi) 137,400 ' 141,000
Yield strength (psi) 117,740 125,000
Rockwell C hardness 30 (est.) 28 + 1
TABLE 2. COMPARISON OF CHEMICAL AND
MATERIAL PROPERTIES
100
AP o Dry Ailr
90— o ¢ Air, 93% R.H.
5 &\b\q °
9\. [ ] [}
- 80— — [«] a L4}
7] » t— A —
: g
<3
o 70
[ 28
60—
L1 S
105 10 107
N, Cycles to Tailure
Fig., 5. S-M CURVE FOR 4147 ATE0WL, LED & UHULTG (14)
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of service failures.

The stress concentration Tactor, X is defined as

t!
the ratio of the local stress in the vieinity of a notch
or other stress concentrator to the net section stress
(15). For the anchorage rod thread geometry,

Kt = 5.7
using the methods of Peterson (16) as described by Osgood
(7, see Appendix A). The fatigue notch factor, Ke, 1s
defined as the ratio of the fatigue stgehgth of a speci-~
men with no stress concentration to the fatigue strength

at the same number of cycles with stress concentration,

for the same conditions. For this particular case,
Kf = 4.8 (Appendix A).

Theoretically, by dividing the ordinate of an S-N curve

by Kf, an S-+N curve for the stress concentration is ob-

tained.

By dividing the ordinate of Lee and Uhlig's curve
(Fig. 5) by 4.8, the fatigue limit for R = -1 is reduced
to approximately 13,500 psi. Although 1t cannot be
stated how much higher this limit would be for anchorage
rod conditions (R = 0), thé possibility of a fatigue
limit less than 30,000 ns! ic evident. The preceeding
results suggested that the test specimens need not be
taken to a net section strecs level preater than 31,000

psi, the maximum in situ measared valuc. The fatigue
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fixture was designed to take the specimens to 39,000 psi
to provide a 25% margin for error.

3.3 Determination of the Loading Pattern

Generally, a different S-N curve must be generated

for each specimen type, material condition, shape, test

parameter {(i.e., R), etec. A large number of curves are
.required to completely characterize the fatigue behavior
of a material. Additionally, "scatter" is an inherent
characteristic of fatigue test results and a large number
of specimens are usually required to define a single S-N
curve. The number of speclimens necessary to define just
the fatigue 1imit can be large and the tests lengthy. As
only six specimens were available to determine the S-N
curve and the fatigue limit, an alternative approach to
constant amplitude testing was thought necessary.

The Prot method (9) of accelerated fatigue testing
to determine the fatigue limit was found to be appropri-
ate. Prot reported that 1t was possible to obtain a good
approximation of the fatigue 1imit with flve or six spec-
Imens. The method involves cycling the specimen with a
loading pattern inwhich the stress amplitude increases
linearly with respect to cycle. The pattern is depicted
for R = -1 arnd R = 0 in Fig. 6. The accelerated fatigue
test failure stress 1s Sd, the cycles to failure are Nf,‘
and the rave of increase is § (stress/cycle). Prot plot-

1.

ted 2 versus S° for a number of different $ and found

i



a. R= =1
Y,
Sd —
v /_-—"/
- '
St — —l
—
< o[ '
q 0 ! |
3 = — ICycles
- |
2 L |
A + A/
| AV |
| o~ A/
e Ta |
Np g
L |
b. R 0
\
S
ad "’/l
S "’/T
£ =71 |
_-_——-
(] 7 | I
w O | '
3 < M cycles
£ ' Ng | .
ﬁ . >{

16

Np

Fig. 6 LOADING PATTERNS FOR PROT TEST
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that the data could be represented by a straight line

that intersected the ordinate (Sd) at the fatigue limlt
(Fig. 7a).

Analytically, the result is obtained by assuming
1) that cycles accumulated below the fatigue limit do not
cause structural damage and therefore the number of
cycles causing structural damage, Nj, 1s (Fig. 6)

Ny = (S4 - S;V/8 , 4.1

T

and 2) that the conventional S-N curve and accelerated
fatigue Sd - Nd curve are hyperbolas asymptotic to the

fatigue 1imit and the vertical axis (Fig. 7b):

(S -8,) N=¢C, 4.2
and

(sd - %f) Ny = C4 » 4.3
respectively, where

c, Cq = constants.
Recalling that

Ng = (84 = S.)/8 4.1
Ngq can be eliminated from 4.3 by substituting 4.1:

(S

q - sf)(sd - Sf)/S = Cy4

Sq% 8p ¥ C4° L 4 La
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a. Prot equation
A

failure stress, Sd

Accelerated

\l

b. Hyperbolic shape assumptions

A
S or Sd
(S—Sf) N =2C¢Cor
hyperbola,
(Sd-Sf) Nd = Cd
Sf _——— e s —
>
N or M,
d

Fig. 7 ACCELZR'TFD RATT7IE 0ODE

T
L
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Let
X _ - - 4 .4p
Cd = constant = Kp | .
and, thus
- s 4. 4e
Sd Sf + KpS

which is the equation of the line in Fig. Ta.
Subsequent investigations (17,18) have modified the

Prot assumptions by using higher order hyperbelas:

m —_ .
(s ~ sf) N =¢C ! 4.5
and
r _ _
(sd- sf) Ny = Cy4 §.6

Followling the same mathematical procedure as in the pre-

ceding derivation, 4.6 becomes

I S
_ r+l s+l
Let -
i constant = k §.7v
] . .
and
1
Cdr+l= Ck = constant = K - h,.7¢
d
and, thus
d f ‘ ¢

This generalized form of the Prot equation removes the
consitraint that the power to which $§ is raised be equal

to ono half. By using an iterative, ronlinear, least
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sguares regression fit routine, the value of the constants
K and k and a better approximation of the fatigue limit
can be obtained for sets of accelerated fatigue test data,
S and 5, (18,19,20).

The conventional, higher order S-N curve I's completely
defined by the constants m, C, and Sf. Basavaraju and
Lim (10) developed relationships for m and C in terms of
the parameters of the generalized Prot equation, K and k.

Basavaraju and Lim's relationships are based on the
Palmgren-Miner hypothesis (4,5) of linear cumulative dam-
age. The hypothesis states that the fatigue damage, D

1)

due to n cycles at a particular stress level, S is

i,
=1 . _
Di =N 4. 8a
‘where

N = number of cycles to failure at Si’ determined
from an S-N curve.
If cycling is at a number of different stress levels, the

damage is summed linearly,

J

n n
D = ﬁl + %1 + + %l + + ﬁl = 3 Nl 4.8b

1 2 . 1 v 3 i1=1 M1

and fallure is assumed when
J
E% =1 4.8¢c
1=1 M1

By recalling the higher order hypervolic expression

for the conventional S-N curve,
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(S—Sf)mbl = C 4.5
or

N = C/(S~Sf)m A 4.9a

and noting that the stress, Si’ at the ith cycle that

causes damage in an accelerated fatigue ftest is
S1 = Sf +13, i=1, Nd‘ | 4.10
4.9a can be written as

L . m '
N, = C/(Sf + 1 S—Sf) 4,90

Also, ng = 1 for each cycle and 4.8b becomes

N__l___!__N:_L___I_ +El—+ +Ni_=1. ‘-&.lla
1 2 .o i s s . d )
Substituting 4.9b for Ni gives
1 1 1
c o ¢ Gl AU s
(1-5)" (2-5)™ (1-5H°"
1 =
o e =1 4.11b
~—
(Ng $)
or, by factoriag 1/¢c/8™ out ,
ém m m m m
T(l + 27 + + 1 4+ +Nd)=l 4.,11¢

Althouszh there are expressions for seriss of natural num-
bers raised to an integral »nower, there is no constraint
in this derivation that m he an integer. Basavaraju and

Lim .. seloped an expression (or this series raised to a
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non-integral power. By observing the terms of exact ex-
pressions of the series raised to an integral power and
then comparing the value of approximations and the exact

expressions, They found the approximation,

n m m m m l'lm+l
ZJ=1+2+ +37+ +n = h,12

v ‘e m+l
to be reasonably accurate. In fact, for values of n and

m likely to be encountered in accerlerated fatigue test-—

Ing, the error is insignificant (<<1% at n > 1000).

Rewriting U4.11lc in terms of the approximation, with

n = Nd’ glves
. +1
sm Ny _ N

T et L 43

Observing that this expression can be satisfied by any
set, (éi,Ndi) allows for a solution for m from any two
sets, ($;,Nq,) and (8,,Ng,):
+1

- m+1 - m
s1™ Nda, _ 5. Ng, 4,14
C m+1 c m+1 '

e v TV Ty R 415
Ln(ng/ng )

This expresgion can be simplified by rewriting 4.1 using

4.7d, toc get Nd in terms o I:
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= - 3 4.1
N3 (Sd sf)/s
= (s. + k3K - s.)/8
£ £
= ¢ &1, o L.16

Substituting 4.16 into 4.15:

- 1
m = Ln(S;/S2) -1

Ln(K $,71/K 5,7

1
Ln Sl - Ln Sz -1
(k-1)(Ln §; - Ln $;)

(k-1){(Ln éz - In SL)
-k{ILn §, ~ Ln &;)

1-k
k . 4,17

C is the only unknown left in 4.13 and it can be

solved for by substituting 4.16 and 4.17:

om m+1
S” Ng -1
C mtl
[1—k] [%J
o . 8 K rx sty
L
K
1 [1—k] fz;;}
- x k< sUKJsl K
.
=k K5 S
1
k

= k K . 4.18
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The conventional S-N curve is now completely defined

(Sf,m,C) in terms of the accelerated fatigue data, S K,

f’
and k.

Basavaraju and Lim conducted accelerated fatigue
tests on specimens of H1l tocl steel (10) and developed
the conventional S-N curve from the data. The curve was
compared against one obtained by conventional constant
ampiitude testing and they agreed réaSOnably well, except
in the low cycle region ( <10" cycles). '

In summary, there are four assumptions upon which the
preceeding derivations are based: 1) the conventional S-N
curve is a higher order hyperbola asymptotic to the fa-
tigue limit and the vertical axis, 2) the accelerated
fatigue Sd-—Nd curve i1s a higher order hyperbola asymptotic
to the fatigue 1limit and the vertical axis, 3) no damage
occurs whenﬂcycling at less than the fatigue limit, and
4) Miner's cumulative damage hypothesis holds. There is
evidence to support the use of the Prct method of acceler-
ated fatigue testing and Basavaraju and Lim's extension to

the theory to obtain conventional S-N curves.
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Section IV: Fixture Design
4.1 Fatigue Test Fixture
In order to develop the required stress level in the
anchorage rod using the available 55 kip load actuator, a
"lever arm" apparatus was designed. The maximum stress
level required (Sbarmax) was 31,000 psi in axial tension.

The rods are three inches in diameter, thus the force re-

quired was,

Forcereq' (Sbarmax) (Area)

(31,000) (7.07)

219,170 pounds

220 kips.

This was four times thé capacity of the actuator, conse-
quently, a four-to-one mechdnical advantage was necessary.
To ensure successful testing, a five-to-one system was
designed.

A lever system (Fig. 8a) was the basis for the design,
alﬁhough major changes were necessary to stay within the
constralnts described in the introduction. The péd tie-
deown polints are not capable of feacting large moments,
which led to the use of a self-equilibriating system.

This system (Fig. 8b) allowed the tensile force generated
in the bar to be reacted parallel to it through large side

beams in compression. The force was transferred to the
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1

U
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with small moments.
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side beams through a very stiff end plate (moment) connec-
tion at one end and a high strength steel (AISI 4330M) pin
at the other end. The entire mechanism then acted, in
effect, as a large, rigid beam. Only the load applied by
the actuator had to be reacted at the pad tie-downs.
These reactions were tensile and compressive with some
small moments and were within the capability of the tie-
downs (25 kips in tension). The mechanism is depicted in
Fig. 8c. ' t

The test pad itself was pre-stressed concrete, rec-
tangular in plan and 12 inches i1n depth. The dimensions
were 20 feet, 10 inches by 8 feet with 21 threaded tie-
deowns on 36 inch centers.

The materials available for construction consisted
mainly of various thicknesses of steel plate and a small
selection of'beams, ranging in section from W8 to W18,
These pieces were all ASTM A36 steel. The Structures
Laboratory also maintains a selection of angles, bars,
sheetv, etc. of assorted materlals and sizes. Tt is impor-
tant to recall that the specimens were to be tested full-
sized and that the pad is not much longer than the specimen
itself.

The primary design concern, aside from reacting the
locad and safely storing the large amount of strain energy
generated by the rod, was to prevent fatlgue failures of

the "“xture while testing. Components were sized so as to
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keep stress levels as low as possible. The fatigue limit
(R==-1) of A36 steel is on the order of 18,000 psi and was
chosen as the maximum allowable net section stress for A36
members. There were a few areas where the net section stress
could not be held under 18,000 psi due to the sizes of
material avallable and these areas were monitored closely
during testing. Most of these areas were confined to the
lever arm connection to the side beams. Local reinfprce~
ment was added at stress concentrations Such as corners,
cutouts, etc., where feasible. The fixture is shown in
Fig. 9.

All assembly was done by welding. The high strength
steel pin around which the lever rotates was a press fit.
The specimen was attached with a threaded nut and washer
at one end and with a self-aligning nut and washer assem-
bly at the féver arm end, to prevent bending. Although
the rotation at the pin at maximum load was only 2.19
degrees (Appendix B), the self-aligning nut assembly en-
sured that the bar would be free from the effects of
out-of-plane bending. Recall that fallure was not expec-
ted to occur at the center of +hz »cd where any effects of
bending would be most rroncunced, Tailure was expected In
the threaded portion *¢re :"facts of bendirg would be
secondary. The self-aligning nut assembly is shown 1n

Fig. 10a.
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Fig., 9 ©¢ATIGUE TEST F1LTURE
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The fixture was attached to the pad by clamping the
flanges of the side beams down on pieces of steel beam at
ten points. A cut-away of a tie-down is shown in Fig.
10b. Analysis of the mechanism for the reactions into the
pad was carried out using the displacement method of struc-

tural analysis (Appendix C). Reactions were found to be
within the capability of the pad.
4.2 Actuator PFrame and Attachment

The actuator was bolted upside down to a simple in-
verted "U" framework (Fig. 10c¢). The frame reacted the
actuator load in tension through four tie-downs.

The actuator was attached to the lever arm using a
simple swivel mechanism that provided rotational movement
in a fore and aft direction. The base of the actuator was
also on & fore and aft swivel platform. This arrangement

d=

ensured freedom from binding during loading.

AN
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FATLURE SURFACES
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Fig. 12 FAILURE SURFACES
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linearly with respect to cycle (i.e., ioad), was more than
an order of magnitude less than the axial strain. Further,
the crack initiation Zzongs on the failure surfaces (Fig.
12) tended to assume a “crescent" shape, characteristic of
tension-tension or tension-compression fatigue testing.
Bending fatigue normally results in an "arc"-shaped crack
initiation zone, with a flat bettom which translﬁtes across
the failure surface during cycling. The effects of bending
were assumed to be insignificant at thetrod ends.

Initial testing showed that.galling of the bearing
surfaces on the lever arm pin and grip assemblies was
allowing transfer of moment to the side beams and, in turn,
undesirable deflections of the fixture. Fittings were
added to these assemblies so that anti-seize compounds
could be continually added. No further galling was noted.

The test results were used as data for a noh—linear,
least squares regression analysis routine (22) to fit an

equation of the form
¥y =C; + Cy x°3 6.1

by evaluation of the constantsz ©1» Cz, and C3. These cor-
respond to the constancs S, X, and k 1in the generalized
Prot relationship (Eq. -.74). The equation determined

from the data was
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where the fatigue limit is 1648Y4 psi. Eg. 6.2 is plotted
with the experimental data in Flg. 13.
Computation of m and C, using the relations developed

in Section 3.3, results in the equation for a conventional

S=N curve:

16484 + 6280 §-0342

C 5y =
+ Sp = 16484 psi

R 5 U T

. ¢ o= (.6342)(6280)17-0342 L 617 7u6
: (s - 16484)-2708 § = 617,746

This curve is shown in Fig. 14.

In summary, 1t is evident that the Prot method of
accelerated fatigue testing, coupled with Basvaraju and
Lim's relationships, have allowed the determination of the
S-N curve from a small number of specimens and in a short
amount of time. A conventional, constant amplitude test
program would likely have taken at least an order of mag-
nitude more time.

Additionally, Floating Bridge failures have been dup-
licated in the laboratory and, tuus, the S$-N curve may now
be used in cumulative damage analyses for prediction of
anchorage rod failures. It may te assumed that the S-=N

curve is conservative 3: So Tio condltion of the specimsns

at the start of the test. ™hat Ts, the unknown length of

time in service prior to testing and corrosion processes
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during service- and subsequent storage may have induced the

formation of incipient fatigue cracks before the test

started.
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Section VII: Conclusions

1. The feasibility of full-scale testing oi vertical
trunnion anchorage rods within the bounds of given con-
straints has Been demonstrated.

2. Duplication of Floating Bridge failure modes was
achleved.

3. Evidence is avallable to support the use of the
Prot method of accelerated fatigue testing and Basavaraju
and Lim's extension to develop the conventional S-N curve
from Prot data.

Q._ A conservative estimate of the S-N curve for ver-
tical trunnion anchorage rods has been developed.

5. Accelerated fatigue testing results in a large
reduction in test time as compared to that required for
conventional, constant amplitude testing.

6. A test fixture has been designed that could be
used for other fatigue or static strength testing of large
specimens, with modifications as required: structural re-
inforcement where necessary, suitable grip design, and

compression restraints, if necessary.
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Appendix A
Caleculation of thread root stress concentration fac-

tor and fatigue notch factor

For 3-4 UNC 2A thread

D = outside diameter
= 3.0 in., and
K = root diameter

2.675 in.

There are four threads per inch, thus

I

P = pitch = 1/4

= ,25.

The theoretical width, wT, at the flat of the thread root
is

=
]

T P/8 = ,25/8
.03.

Assume the best machining practice results 1n an actual

root width, W of

A’

WA = WT/2 = ,03/2

.015.

Calculate the ratios:

Yo o 015
K 2.675

.006



and

[A%]

K _ 2.675 _
D = 3000 - ‘892

[WN)

From Peterson (16), Fig.

concentration factor 1is

Kp = 5.7.

49

31, for these ratios, the stress

The fatigue notch factor, Kf, is calculated using

Ko =1 + q(Kqy - 1)

where

q = notch sensitivlty factor.

Peterson, Fig. 8. shows g for this type of steel to be

q = .8,

‘and, therefore,

=

K

4.8.

p =14 8(5.7 - 1)
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Appendix B

Calculation of displacements and rotations at lever
arm

-

pocint of
load applicatimﬁ

A
y ° "\
d , P 9
v 7

" rod elongation

rod

7]
H

(o))
"

actuator piston displacement (stroke)

<@
[}

lever arm rotation

The stress, 3, required in the rod is,
S = 31,124 psi.

The modulus of elasticity, E, for this material is,
E = 31.25x108 psi,

and the maximum strain, e, in the rod is

n

e = S/E = 31,124/31.25x106
9.96x107% in

996 us.

[t}

The total elongation, a, assuming the rod is 16 ft. long,

o
!

(length)(e) = (16,(12)(9.96x107"%)

«191 in.
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The rotation, &, of the lever arm is

8 = sin '(a/5.0) = sin 1(.191/5.0)
sin~1(.0382)

n

2.19°.

The stroke, d, required is,

4 = 25 sin 8 = 25 sin(2.19°)

.956 in.
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Appendix C

Calculation of Pad Tie-Down Reactions

Determination of the reactions in the tie-downs was
} carried out using the displacement method of structural
analysis. Calculations were performed using the SMIS
i (Symbolic Matrix Interpretive System) computer program

maintained on the University of Washington academic com-
puter systen. .

Due to symmetry, only one half of the structure was
modelled. The lever arm and side were assumed to be
rigidly connected at the pin. Member and node numbering

- and member properties are shown in Fig. Cl. Member ten is
representative of a six-inch section of the W1l2x45 support
rail upon which the fixture lays. It was assumed to be
the support about which the structure will try to rotate.

Bending moment and axial force diagrams are shown in
Flg. C2. Note that the highest tensile load in a reaction
member is 14,443 1bs., within the 25,000 1bs. capability
of the pad.
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27,500 1bs.
i 1 2 2 3 3 b 4 5 5 &
1 10 6 9
= 7 8 9 10
+
i, node number (11 total nodes)
1, member number (10 total members)
Length E 1 A Ashear
Member 8 (in) {(psi) {in*%) {in?) (in?)
1 0 25  30x10% 625 29.43 8.34
2 0 29  30x10% 420.7 21.18 5.25
3-5 0. 36  30x108  420.7 21.18  5.25
6-9 n/2 12.25 30x108 3.98 T.07 6.36
10 n/2 12.25  30x106% 6.75 2.25 4.59
Fig. C.1 STRUCTURE MODEL AND MEMBER PROPERTIES
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VALIDITY OF MINER'S LAW

So much of the work in this project was based on the validity of
Miner's cumulative damage law. In order to examine this law, Mr. Ade
Bright compared it with seven other theories. The comparison was by exam-
ining the fit of these theories to available test data. His conclusion is
that Miner's theory is the simplest and is in no way less valid than the
others. By the application of Occam's Razor, the use of Miner's theory

is justified. Again, the original numbering of the thesis is retained.
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1. INTRODUCTION

In recent yéars, a number of cumulative fatigue damage theories have
been proposed. These theor;es are based on the effects of the application of
a seﬁuence'of varied load amplitudes on the fatigue life of metals. In
general, these theories can be classified as (a) stress-independent and
(b) stress—-dependent.

Stress—-independent theories assume damage dependency on cycle ratio
only. Here we define cycle ratio as the quotient of number of cycles ap-
plied divided by the number of cycles to failure at the same stress ampli-
tude. Hence the same amount of daﬁage is done by equal cycle ratios, regard-
less of stress amplitudes. This is illustrated in Fig. 1. On the other
hand, stress-dependent theories are sensitivé to the magnitude of stress
amplitudes. Thus damage is defined not only by the cycle ratios but also
by the number of applied stress ampiitudes as shown in Fig. 2. Experiments
are neceésary to evaluate this stress-dependency.

The various damage calculation methods give only estimates of life
prediction required for structural designs. It 1s intended therefore,
to make quantitative comparisons of some damage theories, with more emphas-
is on the Miner's theory, within the limitations of available data.

Before entering into this discussion, it is necessary to define the

types of stress loading history used here.

1.1 Step Test (Prestress Test): Specimen is subjected to one or more

successive stress levels, Sl’ SZ‘ S3, ""Si for a corresponding predeter-

mined number of cycles, n,, n,, n,, ..., n, (where n <N , the number of cycles
1 2 3 i kK Tk

to failure) then tested to failure at some other stress level Si+l'



Damage D

cycle ratio, %
FIG. 1 SCHEMATIC REPRESENTATION OF STRESS~INDEPENDLEHT DANAGE
THEORY
a
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cycle ratio, N
"FIG. 2

SCHEMATIC REPRESENTATION OF STRESS-DEPENDENT DAITAGE
THEORY



This is illustrated in Fig. 3, for i = 2.
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FIG. 3 THREE-STEP PRESTRESS LOADING HISTORY

1.2 Repeated Multi-Level Stress Loading (block loading): Specimen

is tested repeatedly at two or more stress levels, Sl’ Sz, 53,.., Si’ for
fixed number of cycles, n;, By, N, see oy respectively, in the same

sequence until failure. In this case, S, >5,>8, >.> § and n,, 0,, .,
1" 72" "3 i 1’ 72 73

-+-» m, are fractions of a cycle block. This block is shown in Fig. 4 for

1= 3,

’—l

N

s L

33 ' | o /V‘ ’\\
AVL\_/\ \!/\/\/\;;;;}\\/\T.TT_N,

/ I—L\ LJ—\}\I '

. [ i

1 Cycle bLlock i

FIG. 4 BLOCK LOADING HISTORY
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1.3 Random Multi-Level Stress Loading: Same as (1,2) but the sequence

of the stresses is randomly applied within each block.

1.4 Continuously Varying Stress Loading: Specimen is subjected to a

stress pattern applied in some geometric form (i.e. Sine wéve, exponen-
tisl pattern, etc.) as shown in Figs. 5a and 5b, until failure. In

this case S1 is the maximum stress.

S
i

|
’ )

., 3

1 Load Cycle 1l Load Cycle

FIG. 5a SINE WAVE LOADING HISTORY FIG. 5b EXPONENTIAL LOADING HISTORY

1.5 Random Loading: Each stress cycle is randomized by the use of ran-

dom noise generators or other sources of random input.
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2. REVIEW OF SOME DAMAGE THEORIES

This section reviews some of the theories employed in fatigue predic-
tions. In a later part,lthe Miner, Henry, Manson, Valluri and Freudenthal
theories are compared in the light of available data. Unfortunately, such
data does not make available essential parameters necessary for the use of
the other theories.

2.1 Miner's Theory (1): Commonly referred to as the linear damage

rule, is the most widely use in fatigue design estimation because of its
simplicity. It serves as basis for the derivation of a number of fatigue
damage theories.

Damage 13 defined as

N | (2-1)

where n, = number of applied cycles at stress, Si

Ni = pnumber of cycles to cause failure under constant
amplitude stress, Si

and failure occur when damage reaches unity.

This 1is represénted by

k
D= ¢ di = 1.0 (2-2a)
i=1
or
k n;
z ¥ - 1.0 {2~2b)
i=1 i

This relat -'nship is shown in Fig. 6.
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2.1.1 Under Prestress Loading: For Prestressed conditions remaining

life after (1 - 1)th prestress is obtained by the use of eq. (2-?b), thus

n n
- s R N _
ag =¥ Q-gl-2-.. . oD (2-3)

2.1.2 Under Block Loading: As defined earlier, (see Fig. 4) let

-

i; - % (2-4a)
or

ny = %Np (2-4b)
where ai = cycle ratio under stress S4

The gubstitution of eq. (2-4h) into (2-25) yields

. O Ne
I 5 1.0 (2-5)
i=1 Ny

RBumber of cycles to failure under this condition is therefore

N T T @-9
z Ny
i

From a linear log — log plot of the S-N diagram

= Spyb _ -
Ni NR(Si) (2-7)
where b = inverse gslope of the best fit line

SP = reference stress
'Y

NR = reference life corresponding to SR



SR and NR can be taken as S1 and N1 respectively, noting as

stated earlier that S1 is the maximum peak stress under this conditionm.

Thus
N _
D S 1
Ne R " X - (2-8)
— r oyt
=1 Nicdyb 1=1 51
54
b
a °1
8 1
_m
-]
[« ]
(]
g 32 &
]
1%
b
/2]
N Ny By, K

Life, log N (cycles)

FIG, 6 REPRESENTATICON OF MINER'S RULE
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2.1.3 Under Continuously Varying Stress Loading: The relationship
given in eq. (2—8) does hold for this condition. In order to evaluate
the various continuous stresses, Si it is necessary to break the stress
histery in a load cycle into discrete parts made of small intervals, 4S.
Thus the cycle ratios, a, can be calculated by summing the number cycle.per
unit loéd cycle within the range Si +4 S, whose average value is taken as

Si. Consequently, eq. (2-8) becomes

5,

NF X -Ei b (2-9)
L a,E
i=1 iSl

2.1.4 Random Fatigue Life Prediction (Miner-Rayleigh): For a statio—

nary narrow-band random process, P{5) is the probability of peaks between
S and 5 + AS and the number of cycles occurring per unit time between
those peak stress is n(S) dS, therefore total number of cycles per unit

time of all peak stresses is given as

Ny o= [ n(s) ds (2-10)
Q
vhere n(s) = u: Tp P(8) d§ = NF P(s) ds

Vo = number of zero crossings with positive slope

’I‘F = time to failure

Redefining damage in eq. (2=1) as

;i - N(57) (2-11a)



or

. P(S;)ds - _
dy Ng N(SJ{)__ (2-11b)

under the above conditions, peak stresses follow Rayleigh distribution

given by

S v 8 2
B(s) = —zexpl-i-) ] (2-12)
Substituting eq. (2-12) into eq. (2-11b)
Vtotal damage, |
. - 2GS
D= N [ §ey S
= N, [° °1 L ex [_;i(.%i)z]' P (2-13)
P, 57 NGp STPITHG 1 y
Using the relationship in eq. (2-7)
s S; b s; 2
i 1,71 '
D = N, [0 = 2 explu(] ds,
F o oy NR SR 9 i
N = b
_ _F ¥2 4; b
= X [*"g‘* ) T(z + 1)] (2-14)
R R
where
rw) = 2f° y (1) expl-y“l dy ; w>0

-4

equation _.-14) was first derived by ilew (2).
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If failure is defined as D = 1.0, then number of cycles to failure

can be obtained from eq. (2-15).

- 1 ,v/2 U4 b b -1 2-
N [i;(—E;’-) r G+ 1)) : ( .15)

where

SR = Maximum peak stress in the spectrum

2 Ui = 1th Peak Stress
and o = :I.th RMS (Root Mean Square) stress
Rewriting eq. (2-15),
s b 1
N, = Ky - b (2-16)
- F ol
NR /7 Oi r (2 + 1)

P
- - It can be seen from eq. (2-16) that the curve representing the number
of cycles to failure under random loading will be parallel to the constant

amplitude S-N curve but offset along the abscissa by a factor of

¢ 1 )b 1 » 1n terms of RMS stresses (2-17a)
27 r& s
and
- 1 s 1n terms of peak stresses (2~17b)
I+ 1)

Further, derivations and applications of random load fatigue can be

found in References 23 and 24.
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2.2 Henry's Theory (3): Assumes a parabolic equation to describe the

SN curve above the endurance.limit, SE in the form:

- — . -
Ni | 5; - Sg - SE < Si <1.5 sE (2 }8)

where ¢ is an S5-N curve parameter.

2.2.1 Under Prestress Loadiﬁg: After a material is subjected to one

prestress, S1 for ny cycles, change in the endurance limit is taken into

account, hence modified S-N curve can be described as
(2-19)
where Sé = pew endurance limit after damage.

Damage after n) cycles is also dependent on the change in endurance

limit, and is expressed as

s - s!
- 18" E_'E
d 1- - 5 (2-20)

Introducing the relationship in egs. (2-18) and (2-19), eq. {(2-20)

can be rewritten as

n,

4 = ! (2-21)
SE(l - nl/Nl)

~
) -

i b

1+

Damage equivalent to dl' is assumed to be done under a second stress,

52 at a partial cycle ratio,

N2 dlsE +5, -8

2 E
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remaining 1ife therefore, is obtained from

n*
2

After i number of prestresses, damage as shown by Crichlow (4) is

*
Mo
N N
d = 1 i (2-24)
: *
i 14 SE o} ni
s, -5 A-§ - §
i~ °E i i
. _
where B; can be obtained by redefining eq. (2-22) as
Ny
%
i S¢di -1 (2-25 a)
N, Sgdy 4 + 5 - 5
oo and
./
*
- S Ma . S Y (2-25b)
Y T U L

~ Remaining life after the ith prestress is then

*
1+l)

1+l

n = N

1+1 141 Q- (2-26)

which is obtained by solving eq. (2-24) and substituting the resultr
- obtained into eq. (2-25b).

The plot of eq. (2-24) is non~linsar and the number of cuves required
t to define damage depends on the number of prestresses, therefore Henry's

theory is stress-dependent.
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The use of this theory does require knowledge of the endurance limit
of the material and a non—-linear S-N curve which does not hold for many
materials,

2.3 Generalized Henry's Theory: The application_of Henry's theary -

to lirnear log-log, S-N data was developed by Crichlow (4), by the introduc-

tion of the slope parameter, b. In this case eq. (2-18) becomes

TG S C 5 o e

2.3.1 Under Prestress loading: Damage after i number of prestresses

can found to be

* 1/b
n
1-a-g -
4 = 1 Ny (2-28)
i s ni n, 1/b
1+ a-= - 5
=~ g & Ny
where
* - - b
.El ) . (Si SE)(l di-l)] (2-29)
Ni SEdi—l + Si - SE

Bemaining iife cap similarly be obtained from eq. (2-26), for example:

If 1 =1
then nf
-—_go
Ny
El 1/b
1-(1 - Nl)
dl = SE nl /b
1+3 --S(J""}T~
1 E 1
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and partial cycle ratio

n, (S, - S)(1 -d.) P
m - 2 E)( - l)]
N, Sgdy + 5, - 5
Remaining 1ife therefore is
oy
l'.l2 - Nz(l— E)

2.4 Corten—Dolan Theory (5): Utilizes the concept of modified

S-N (S-N') diagram to account for stress interaction of material under

various loadings, eq. (2-2b) 1is modified to

poE o= 1 (2-30)

Asguming a linear log-log plot of the s-§' diagram, Ni can be

represented by

s ¢ ,
N = N (g_l_{_) (2-31)
i

The S-N' diagram is obtained by adjusting egs. (2-7) and (2-31) so that

they intersect at reference point, {(S,, NR) on the cqnventional S-N diagram.
Here SR = maximum peak stress

1
consequently NR = NR
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2.4.1 Under block loading:

Eq. (2-6) 1is rewritten as

1

NF = X
L

(2-32)
i
i

- a
1
T

and as stated earlier,

= = b E -3 M
NR Nl NR Nl

With that in mind, the substitution of eq. (2-31) into eq. {2-32)

yields fatigue life under block loading as

N
Ng % o« 5.3 ™ 5.5 (2-33)
1,71 1
I 5 cg—o )X ) (§—9
111 °i 1=1 i

The above equation is the same as Miner's eq. (2-8) if 8 = b, this rela-

tionship is illustrated in ‘Fig. 7.

Stress, log S (ksi)

Life, log N or log 4 {cycles)

F1G. 7 LIFE DIAGRAM FOR CORTEN-DOLAX THEORY
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The value of 3 is determined from experiments for the different stress con-
ditions, e.g. stress ratios. This is obtained by setting
Rlla o (546
S1
and a linear regressed line or the average line representing the above
equation 1s used tc find the modified slope parameter, §.

2.4.2 Life Prediction under Random Loading (Corten-Dolan-Rayleigh): .

Random fatigue life prediction using Cortem-Dolan theory can be ob-

tained by the application of eq. (2-2?1) to the relationship developed in
eq. (2-15). 1In this case

5 1
S
PCE' + 1)

SR
s T A o ) (2-34)

2.5 Hanson—Nachtigall—Freché Theory (6): Developed for

fatigue damage of cyclically prestressed steel in bending. It is based
on tﬁe modified S~N diagram but as opposed to Corten-Dolan theory, the
point of intersection of the S-N and S-N' diagrams is assumed to lie
between N = 100 cycles and N = 1000 cycles. A linear relationship.is

assumed between stress cycles, S and log of life N, up to the endurance
limic.
The theory recognizes the change in the endurance limit after each

prestress, but assumes the endurznce life at the knee of the various S—N
lines remains the same.
The S-N' diagram is dependent on the amount and number of prestress

and on the cycle ratios.
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2.5.1 Under Prestress Loading: Remaining life after (i - 1)th

prestress is given as

log N log N3/Np log Nj
n, =N ...[(1—3—)1gg1~1/§ - -ni]l: Nﬁ: 'ElggNﬁR'N
1 1 N VAR T g tte8 T2/°R ) ML/
1 2 i
_______ (2-35)

This relalionship is shown in Fig. 8 for 1 = 2.

o~
wi
3
- tn
@
o
a
-
tE)
w0

S -N

1

S~-N

—={ 0, f—
l
N =
R 1000 n2 Nl

Life, log N or log N {cycles)

FiG. 8 LIFE DIAGRAM FOR MANSON ET AL. THFORY
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2.6 Valluri's Theory: (7) Derived from the relationship between

crack length and number of applied stress cycle inducing that crack. This

relationship is expressed as

2

) .2
(S'l - S_E;i) (S'T - Si;m.'Ln)
in Ly . a . SE'i
L S - S!:' 4 F
o 1n (—JL?T—M«—J

(2-3%)

where S. = maximum cyclic stress applied

endurance limit before ith stress application

of
=
1

E = modulus of elasticity
K,a = material constants determined from test
N_ = number of cycles to failure
minimum cyclic stress
L. = critical crack length at NF
1. = Griffith's failure crack length

Yrom Griffith's crack theory,

£ - (2-37a)

or

LF Su
In =) = 210(zD) (2-37b)
Lo Si
where Su = ultimate tensile strength
Substituting eq. (2-37b) into eq. (2-358), number of cycles to failure

is found to be

=z
]
w1~
2]
&
B S
¥
]
s

(2-38)
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2.6.1 Under Prestress Loading: In a two-stress step loading

for example where §, is first applied. L, is.crack length produced after

1 1

nl cycles under stress S1 thus
s1 - SEl 2 sl - Slmin 2
(———) (3 )
L . ~_El
Inm .1, _ n

D S, -~ 8 . 1
Lo ‘I ( 1 = El)

An equivalent crack length ratio, ln (%%) is assumed to be induced under

stress, S, at partial cycle, n% given as
2

2
1 5, -~ Se
. s, -S. 2 § -8 2 s, 2 0=
m, = oG G @ 51 - Sy
2~ °g2 2~ S2min El o)
______ (2-39)
The last term in eq. (2-39) is approximately unity. Remaining life
therefore, at S; is
* S, = Sg1 51" Simin Sp2 °
E2 "2 2min "El
______ (2-40)
Total damage, n n
D= _.].‘. + _2.
OB
= N.=n*
ot
1 2
n a*
= 1 . 2
R N (2-41)
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In general, after (i - l)th prestresses, remaining life can be obtain-

ed from the expression

m g
n, = Ni -;iln“ 3 m= 1 (2-42)
where 8 -S .. S -5 S 2
n; - nk [(gk — SE ek )(sk — .k,min) (SE, i)] : (2_43)
i E,i i i,min "E,k
(k = § - 1)

It should be pointed out that, for prestress conditions this method
is not applicable after certain number of life has been reached. For
example, after n, prestress cycles at S1 stress level, crack length
might have become critical that the prediction of remaining life at a
different stress level, 82 in this instance, will be unreasomable. This

limiting value of critical initial prestress can be calculated from

i Sa . 1n S1° Sg i
2 i (Si+l) ( K )
(Piderit "2 5. -5 2 § -3 2 (2-44)
E 4 Sg

The knowledge of the material constants a, E and K are essential
parameters in determining the critical prestress as indicated in
eq. (2-44).

2.6.2 Under Block Leoadiung: Uuder this condition, it is necessary

to redefine eq. (2-42). This is accomplished by letting
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m = number of stress pulses per block

and i=1
I *
Thus Nl =7 nj
j=1

Recalling alsc that the cycle ratio, a, can be expressed as
either a fraction of cycles per block under ith stress or as fraction

of total life under ith stress, hence number of cycles to failure can

stated as
o N (2-45)
F m S¢ " Se,1. .51 7 54 .nmin. SE,1..2
I e lgrog D G ) )
i=1 1 71 E,1 "1 l,min 7"E,i
2.7 Freudenthal-Heller Theory (8): Assumes a conventional S-N

and a modified S~N diagram based on random multi-stress history, as shown

in Fig. 9, represented by the following equations:

S b
MR (2-46)
i
and
' _ 5.8
i
where SR = Reference stress corresponiing to the intersection

of the S-N and S-N' diagra=s

NR = Life corresponding to SR and assumed to lie between
103 and 10% cycles.

1/8 = Slope of the s-N"' diagram, varying from 4.0 to 16.0

1/b = Slope of the 5-N dilagram
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From eq. (2-6), the number of cycles to failure based on S-N diagram is

N
1 i
N, = ; Nl = (2-48)
P Pk
N’ '
i
where &

i =
and based on S-N diagram is

stress interaction factor (Ei = 1 for Miner)

o o (2-49)
N

Combining eqs. (2-48) and (2-49)

-
=
e~
Q
[

€. b
N - F Ny = N 15 {2-50)
F a F 5. 8
2-—% L al( i
Ni i SR

Total damage is obtained from

1 .Sib
R BT (2-51)
NF Si )
£ aiﬁﬁ?

(2-51) will give D = 1.0 as proposed by Miner's of b = &,

See eq. (2-2a)
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Stress, log S (ksi)

Life, log N or log N' (eycles)

FIG. 9 LIFE DIAGRAM FOR FREUDENTHAL'S THEORY

2.7.1 _Random Loading Fatigue Prediction (Freudenthal-Rayleigh):

. Using the relationship obtained in eq. (2-15)

a b -1
No= k2 1@+ 1)
¥ N S 2
R R
and
] 1 /i' Oi 6 Py _l
Ne = [ (——=) TG+ D)
F NR SR 2
From eq. (2-51) total damage is
! b-& b
D-EEE(/Z—U:L) I(2+l)
N s

F R F(§+i)

(2-52a)
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and
b
F~OF ' sp

r(% +1) (2~52b)

(sR in terms of Peak stress)

2o, b I + 1)
Eq. (2-52b) will yield life prediction, ( : ) _—

SR I'(§2- + 1)

times Miner's prediction, see eq. (2~16 )

2.8 Grover's Theory (9): Assumes fatigue damage compose of an ini-

tial stage when cracks are nucleated by NF cycles and a final stage when

. iy . '
eracks are propagated until failure by NF cycles. Thus the number of

cycles to failure can be expressed as

11 nt

Ni = Ni + Ni (2-53a)
or
" ne
1 =N LN (2~53b)
Ni Ni

The relationship between the above equations is shown in figure 10.

2.8.1 Under Prestress ]a()ii(i:il1i§ H When :iInI)()E;fECi number of (:},(:]_eas;

nl i3 less than N; under stress S1 the number of cycles is failure under

stress S2 is

[
3

lq]? - II:Z T = h‘zz [ 1- :??T-— . --rrT ( 2-54 )
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When n, is greater than Nl under the above condition

o NN, (2-55)
NF.‘ nz = [1' N] (1] .
1 N

It will be noticed that eq. (2-54) and eq. (2-55) will be identical to
Miner's Law eq. (2-3), if the initial stage of damage ds proposed in this

theory is not considers i.e.

N, - N,
and
"
Ny
=S
0
&
17}
o
m
1]
| ¥
; \\\::f\\\\\\”“~‘

Life, log N (cveles)

FIG. 10 SCHEMATIC REPRESENTATION OF INITIAL AND FINAL DAMAGE STAGES
USING GROVER'S THEORY
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2.9 Assumptions: The above eight theories are based on separate
agsumptions. A generally held view of the assumptions of Miuer's work
are:

1. The amount of damage absorbed by the material is constant
under a given cyclic load-application.

2. Total damage, which constitutes failure, is the same for each
specimen.

3. The amount of damage under each cyclic load is independent
of the sequence of applicatién. Hence total damage is the linear
sumation of the damages absorbed during each load cycle.

However, it has been observed by many investigators (10, 11, 12, 13,
14, 15) that these assumptions are not in accord with our actual knowledge
of the behavior of materials. For instance, metals are very sensitive
to the order of stress applications. In spite of this, it is evident
that the use of Miner's theory leads to fairly valid results. This
suggésts that the above assumptions are over-restrictive and that the
theory is more generally applicable. From statistical arguments, Saunders
(16) has widened the assumptions to the follewing:

1. Fatigue failure occurs wheh a random critical crack length is
reached.

2. The incfemental crack extension during a previous loading
cycle is non-negative and a random variable which depends on that loading
only.

3. All incremental crack extentions are non-negative, independent
of one another and each independent of the critical erack length.

4. Any set of loading condition can be referred to the constant

amplitude life diagram.
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This consideration of assumptions can be extended to other theories.

From our point of view we will tabulate such assumptions under two headings.

a. The applied loading conditions

and b.

The failure conditions

Theory

Applied Loading Conditions

Failure Conditions

Miner

Henry

Corten-Dolan

Manson et al.

Valluri

Freudenthal-
Heller

Grover

as stated above

Stresses above the endurance
1limit introduce local stress
concentration which reduces
fatigue life.

Damage is a function of the
reduction in endurance limit.

Damage depends on the forma-
tion of a number of minute
cracks which propagate at all
loads.

The number of cracks formed
is a function of the highest
stress in the load spectrum.

Fatigue life curves of the
original and initially
stressed material converge
at regions of high stress
due to unpronounced effects
of stress concentrations.

Damage is a function of crack
length which grows faster at
higher stress levels

Stress interaction between
applied stress amplitudes
depends on the probability
function of the load spectrum.

Maximum damage at the initial
& final fatigue stages are
constant.

The ratio of the boundary be-~
tween the two fatigue stages
is constant.

as stated above

Total damage is the sum
sum of cycle ratios

Total damage the sum of
cycle ratios.

Total damage is the sum
of cycle ratios.

Failure occurs when a
critical crack length
is reached.

Total damage is a func-
tion of the stress inter-
action factor

Total damage is the sum
of the damagesa at the
tnitial & final stages of
damage process.




3. NUMERICAL COMPARISON

3.1 The life prediction equations given in the Miner, Henry,
Corten-Dolan, Manson, Valluri and Freudenthal theories are applied to
some fatigue test data. Quantitative comparison is made between those
theories whose parameters can be determined from test information,
Grover's theory was not at all considered under those circumstances.

Tables 1 to 4 show results for four loading cases. Methods of compu-
tations and typical parametric values obtained for each theory are given
in the appendix. These four cases are:

1. Prestressed material tested to failure at a singe stress level.

2. Prestressed material tested to failure over a complete range
of stress levels.

3. Material tested under multi-level stress block loading.

4.. Material tested under random loading.
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Case 1. Prestressed Material Tested to Failure at a Single Stress Level,

Shown in table 1 are life predictions obtained from methods proposed
by Miner, Henry, Manson and Valluri using eqs. (2-3), (2-23), {2-35) and
(2-40). |

If will be observed that all the predictions generally overestimate
fatigue life. Manson's prediction, in most cases fall between Miner's
and Henry's, while Valluri's prediction tend to give the highest or lowest
value.

Almost in every case, Miner's prediction are less than Henry's
for gl.<1,o and higher values for gl-; 1.0. All the theories give rela-
tively close predictions to test resilts at 82 = 54 ksl (which is about
862 of the yield strength). As additional testing was not done at
Sz> 54, a trend cannot be suggested.

Figure 11 shows the histogram of damage from test of 20 specimen,

each tested at one test point. The following observations are made.

All specimens failed at D = 0.7
60% failed at D < 1.0 (unconservative using Miner's
hypothesis)
40% failed.at D &£ 1.0 (conservative using Miner's

hypothesis)
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Case 2. Prestressed Material Tested Over a Complete Range of Stress Levels.

Table 2 shows a similar analysis to that made in Table 1. Here, it
is possible to make a better comparison between the Miner, Henry,
Generalized Henry, Manson and Valluri theories, over a fatigue stress range
following an initial damage.

The observations made in case 1 genmerally hold under this conditiocn.
It should be added however, that for 59 close ro Sy and S1 less than Sy, all
the theories qnder consideration give mostly conservative predictions.

For this set of data, Miner's theory is generally conservative when
Slls2 < 1, this may not be taken as a general trend when results of
similar conditions in Table 1 are considered.

Test results given in the presented data represent mean values of
ten speciﬁen tested at each stress combination. Based on this, the

damage histogram in Figure 12 shows that

All specimens failed at D =2 0.6
502 failed at D < 1.0
502 failed at D z 1.0

Damage curves for all the prestress conditions are shown in Figs.
Ba to 13d. Healing effects (negative damage) which are exhibited at low
initial prestresses are not indicated by aﬁy of the damage theories,

which in general give n2/N < 1.0.
2
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(I’ * 345 kat, 3, = 156 kai, Sg = 835 kat)

Steel im Rotacing Centilever Besm

s

§txeanen |Cycle Conutanr Azpl.
Chei) ratio 1ife Rematning Life, a, (x 10! cycles) Total Demage, D
1 3 . .
n | 5 |My i 0 | tesr | tam | eeey ponr | vonson | valturt| zese Beary | %% | wunssa{ Zabiers
3.9 | 106.4 | 0.03 38,5 a8 39.5 | 719.6 1.4 81.4 1 30.4 .4 L] 1.00 | 1002 1.0m | 1009 | 1.0m
0.13 #1.3 | 71.2 76.4 76.5 ] 71as 76.6 1.120 » 106l | 1,063 | 1.026 | 1.084
a.18 76.4 | s5.5 84 8 s5.6 [ 39,1 6.9 1.262 - 121 {1333 | poss | i.1ss
0.70 0.9 | 151 36.5 .81 315 30.0 1.308 " L.135 | 1098 | 1e7s { 1297
u2,.310.05 3.1 .8 33.) 36.3 6.3 35.¢ 6.2 1.7 - 1.028 | 1.024 1.917 1.024
0.13 Ax0 | I3 .7 %.71 1.3 LTI 1.282 - 1034 | 119 | 1.068 | 1.077
.33 27.5 | 24.1 3.8 Ww.Ah| 279 30.9 1.091 - 1470 | 133 | 1102 | 1,183
¢.70 .1 il.2 9.0 2.1 16.7 .6 1.2639 " 1.212 | 1.296 1.151 1.3
127.9 | 0.05 16,75 1%.8 | 14.0 1.5 .5 | 14.4 28,3 1.121 - 1.002 | 1033 | 1,025 | 1.009
0.13 18.1 | 12.% 13.9 15.0) 13 13,8 1.242 . 1095 | 1.099 | 1.073 | 1.66s
0.3 14,0 .4 12.5 12.7 11.¢ 11.8 1.299 " 1.199 | 1.1 1.159 1.1%0
.20 10.3 44 £.1 [N $.1 8.3 1.432 b 1.262 | 2330 § 1.252 | 1.297
106.6 | 93.9] 0.05 £83.8 | 2.5 190.3 | 222.8 | n1%.0 [ 214.1 220.2 | 24,2 0.862 - 0.%67 | 0.363 | o0.989 | a.363
0.13 147.9 1 299.3 | 178.0 | 175.9 | 191.2 173.3 0.781 - 0.209 | 0.900 | 0.9¢8 | ¢.299
0.13 1219 Jas2.4 | oa10 | 1m0z ) 1370y 92.2 0.87 " 0.858 | 6.220 | 0.933 | o0.744
0.3 35.5 T70.4 43.0 30.3 53.2 L] 0.937 " G.4%2 | 0.829 .97
112.3] 0.03 3ra 3.2 | a3 33.8 5.7 3.6 .6 0.99¢ - .04 | 2,002 | 1009 | 1.010
0.13 32! an.s . 3291 32,3 32.% 1.180 “ 1.006 | 1037 | 1.226 | 1.026
0.33 3.3 | 2.1 26.6 7.0 2.1 6.3 1.183 " 1.067 f 1.078 | 1.0%4 | 1.0%9
0.70 7.3 | 111 117 5.1 | 13,8 15.4 1.166 - 1.069 § 1.207 | 1.07% | 1.11%
111.9 [ 0.08 14,75 .91 14.0 14.3 .31 1443 14.0 1.060 " 1.021 | 1019 { 1.019 | 1.000
0.135 5.3 | 123 11.3 1.4 13,4 12.5 1.221 - 1.054 | 1,058 | 1.0 -
0.33 14.0 1.4 1.2 11,31 1.4 .4 1.29% - 1,106 | 1.136 | 1.120 .
0.2% 3.9 4.4 §.8 1.0 7.1 4.4 1.100 " 1.162 | 1.17% 1.183 b
n2.3 | #1.9]0.05 3.1 | 2.5 i6l.1 | 222.8 | 208.0 | 200.2] 216,59 | 2701 0.737 - 0.837 | 0.534 | o.5:5 [ 0.948
0.13 7.3 | 199.3 | 1634 | 138.5 | 134.6 i6l.4 $.853 - 0.847 [ o0.828 | ©.937 | 5.3
0,33 8.3 | 152.4 | to1.1 5.3 122.4 6.9 0.697 - 0.2801 | 0.714 | o.872 | o.ex2
0.70 3.7 ] . 3.9 16.0 | 38.0 rae 0.310 " 0.849 | 0.7¢8 | 0.8s2
106.4 ] 0.03 41.3 7.3) 7196 78.3 78.2 | 98.7 78.8 0.972 - 0.984 | 0.982 | o0.989 | 0.990
0.13 73| n.a2 67,5 67.2| sea.s [T 1.074 - ©.956 | 0.952 | 0.965 | 2.970
Q.35 45.0 | 54,8 48.4 46.9 | 49,4 48.6 0.887 - 0.927 | 0.5310 | 0.960 | 0.930
0.70 2.1} 251 2.0 1.0 19.2 11.3 G.964 " 0.933 | 6.903 { 0.529 | ¢.881
127.9] 0.03 1475 15.0 14.0 14,2 14.1 14.2 13.% 1.067 bt 1.009 | 1.006 1.013 0.962
G.1% 13.0| 125 1.9 2.9 | 133 12.1 1.03t - .02 | 1,025 | 1.038 | 0.970
a.33 1.1 9.4 10.2 10.) 0.7 [ K] 1.103 " L.o4d | 1.048 L.ore 0.5933
9.0 4.3 b4 5.1 L 6.0 4 1.141 » 1.066 | 1,086 | 1,108 [ 6.883
in.s 95.9] 0.03 14.75) 234,53 133.8 4 2228 | 2028 | 200.7( :1.9 8.2 0.6 - 0.915 1 0.910 | o.951 | o.9s3
0.13 2.2 1 199.3 | 1529 | 1063 ) 1sus 1138 a.628 - 0.802 | 6.774 | 0.859 | 0.8%0
0.18 §0.0 | 132.4 83.8 9.4 97.3 92.3 0.506 " 0.733 1 0.646 [ 0.767 | 0.744
0.7 3] r0.4 9.3 5.81 20.4 " 6.421 - 0.225 | 0.7s2 | 9.707
106.6] 0.0s €1.3 76.2] 79.6 77.1 7.0 717.0 9.6 0.95% - 0.970 | 0,969 | 6.96s | 1.c00
0.13 S| 1.2 64.6 85.1 | 641 1.2 9,766 " @.922 | o.915 | g.915 .
Q.33 3.3 | s4.5 44.2 431 4.2 54.3 0.704 " 0.377 | o.845 | op.822 -
0.70 4| »a 17.1 12.3] 1.8 5.2 0.860 - 9.904 ! o.847 | 0.538 .
17.3] 0.03 7.1 331 333 .9 3.9 | 3.6 15.6 0.942 - 0.990 [ 0.991 | o.5¢3 | 1.010
0.13 6.2 as 1.5 e | 29,8 1.5 0.354 " 0.571 | 6.969 | 0,954 | 1.024
0.3% 6.9 1 241 22.¢ 22.3| 13.8 5.3 6.796 - 0.338 1 0.943 | 0.511 { 1.0%9
0.7¢ w3l 11 .6 8.7 7.4 15.4 0.983 - 0.9% | 0.938 | o.808 | 1.513

* Taking b au ¥.2
"0 Jen aq.(2-17)
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Case 3. Material Tested Under Multi-Level Stress Block Loading.

Life prediction using Miner, Corten-Dolan énd Valluri methods for two-
stress block loading is shown in Table 3. In this casge egqs. (2-8 ), (2-33)
and (2-45) were used.

In most cases.Miner's theory givesmore conservative life prediction
than the other two. No particular trend can be observed between the
proposed theories and the test life, nonetheless all the predictions give
good agreement with the observed life.

The observed life in Table 3 is based on the mean value of between
15 and 20 specimen, hence total damage are mean values. Damage histogram

shown in Fig. 14 indicates:

All specimens failed at D 2 0.9
8.7% failed at D < 1.0
91.3% failed at D 2 1.0

Pox this particular case, Miner's theory is very convervative in pre-
dicting over 90% safe life while Corten-Dolan predicts 65% and valluri,

under 20%. It has been observed in tests conducted by Schijve(34) that less
scatter is experienced in fatigue life under block loading than in prestress

loading, consequently D is generally greater than 1.0.
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TABLE 3

Data of Two-Stress Block loading Test on 7075-Té
Aluminum Alley in Rotating Bending (19)
(Sy = 6% ksi, Su = 80 ksi, Sg = 20 ksi)

Stresses|cycle Remaining Life, n,
(ksi) |ratio (cyeles)

S, S,1a;(Z) | Test(mean) Valluri Corten Miner Dggggé_
50 451 9.95 30550 30970 31900 31420 0.97
50 45{ 3.97 33600 32370 33460 32900 1.02
50 45] 0.95 31220 33120 34300 33700 0.93
30 40| 9.95 48600 52780 54200 46790 1.04
50 40| 3.97 60580 60000 61960 51940 1.17
30 40| 0.95 62320 64450 66800 54990 1.13
30 40) 0.37 61206 65380 . 67810 55620 1.10
50 35] 9.95 87600 89460 88000 75920 1.15
50 35| 3.97 118100 119300 116600 95150 1.24
50 35} 0.95 132200 143500 139400 109100 1.21
50 30} 9.95 135600 138500 128500 114900 1.18
50 | 30| 3.97 248400 240300 210100 174200 1.43
50 30f 0.95 350300 382100 309300 235500 1.49
50 30| 0.37 363300 431000 340100 252600 1.44
50 251 9.95 163700 177500 162300 150560 1.09
50 25} 3.97 362000 404800 329700 282100 ©1.28
50 25] 0.95 1045000 1146000 638100 504800 2.07
50 201 9.95 180600 188640 180600 177500 1.02
50 20} 3.97 423000 472800 422500 405000 1.04
50 20| 0.95 1494000 1976000 1306000 1147000 1.30
50 35| 9.85 91000 89840 88370 76170 1.19
50 35 3.81 125000 120400 117600 95800 1.30
50 351 0.87 142000 144200 140100 109500 1.29
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.Case 4, Material Tested Under Random Loading.

Life prediction on axially loaded aluminum specimen using Miner, Dolan-
Corten and Frendenthal theories are shown in Table 4.

The constant amplitude (S-N) diagram has to be determined in terms of

peak stresses as.

5.54
N, = 264

from which the life predictions can be determined for each theory knowing
the modified slope parameter contained in the Corten-Dolan and Freudenthals
theory, { see eqs.(2~15), (2-34) and (2-52b)) given as 8=5.67 (21) and &=
4.0(22) respectively. The resulting calculations are presented in the
Appendix.

In all cases cited in Table &4, Miner's and Corten-Dolan predictions
overestimated random fatigue life by at least over four and eight times
respectively. Freudenthal's method predicted relativély lower life and
safe 1life in only one instance.

Random fatigue tests by Head and Hooke (25) show Miner's hypothesis
to overestimate by factors between two and three and ome half, while March
et al (26) and White et al (27) reported reasonable agreement between test
data and Miner's predictions especially at high stresses. On the contrary,
the use of Miner's theory at very low stresses (long life ranges) will
yield inaccurate prediction since no damage is assumed done in that region

(20, 28). Tests conducted on aluminum alloys by Hillberry (29) and Sherman

(30) confir this shortcoming.
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TABLE &4

Data of Axlal Random Test on 2024-T4 Aluminum Alloy (20)

‘Stresses | Const.
(ks1) |Ampl. Predicted Life, Ny (x 10° cycles)
Nixlol' Test Deg. of
BMS | Peak] (Cyc.) (max) | (mean)| (min)| Miner |Freudenthal|Corten freedom
12.7 | 18.0 289.4 | 8.7 6.1 4.1 1 63.7 17.1 74.4 1
12,0 | 17.0 379.21 17,5 | 12.1| 7.8} 87.41 21.5 102.9
: 11.3 | 16.0]  335.7 38.3 | 28.0 | 17.4 | 122.3| 27.3 145.1
- 9.5 | 13.5| 1424.41 s3.5 | 45,2 | 38.6 | 313.4| s54.7 380.3
) 8.13| 11.5{ 3462.7 J117.5 | 69.2 | 42.5 | 761.8] 101.9 943.9
6.7 | 9,5] 9979.2|141.4 | 96.5 | 70.2 [2195.4] 220.9 2788.6
6.35{ 9.0| 13464.3 |379.7 | 250.4 [157.0 |2962.1| 273.8 3790.0
10.4 | 12.0| 274.5 7.1 601.8| 38.1 741.5 2
8.83| 10.1{ 7108.0 23.2 1563.8| 73.2 1970.5
7.920 9.1| 12664.7 60.0 2786.2| 113.1 3558.9




41

3.1.1 Discussion: It is evident from test results on damage
accumulation that total damage is not constant for all materials as pro-
posed by Miner nor do any of the proposed theories give results consistent~
ly close to test results. 1Iest data d6 not indicate a particular
trend that will allow accurate prediction of total damage, which most
studies have shown to vary upwards of 0.1 and more concentrated within
0.3 and 3.0 range. It is desirable therefore, to explore a most likely
lower bOundlvalue for design purposes. |

Data from 815 individually tested specimens of steel and aluminum
alloy were collected (this will be referred to as "individual data").
This data include test results of random, prestress, continucusly vary-
ing stress and block loadings at various mean stresses with specimen
loaded in bending or axially. The mean value of total damage was 1.2050
and the standard deviation 1.1915.

For purposes of comparison, similar test data on 369 groups of
specimens were gathered (this will be referred to as "mean data"). In
this case, each group consists of between 2 and 20 specimens, which are
tested under identical stress conditions and the mean value of total
damage obtained from each group represented a data point. The mean of
this set of data was found to be 1.2058 and the standard deviation 1.2050.

It should be pointed out that the values and closeness of the
mean damage obtained from the above two sets of data are characteristics
of the data rather than representative values. The histogram for the
above data, obtained from References (10,14,17,18,19,29,30,31,32,35,36

and 37) are shown in Figs. 15 and 16.
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4. DAMAGE DISTRIBUTION BY MAXIMUM ENTROPY PRINCIPLES

In this section, &ata for fatigue damage are used to obtain proba-
bility distributions of the damage, D = § M | This is accomplished by
using Jaynes (41) method of maximum entro:y?i This way, the consequent
distribution is obtained with the least bias and is presented in the form

of the program:

maximize, H = -§ Py ln P, ' (4~56)

subject to P, = 1 (4-57)
i 3

and ;:Pjgk(Dj) = Ei,k=1,2 .. .,r (4-58)

where H = entropy or uncertainty

P = probability distribution of z variables
= cted value of the function (D,
Ep = expecte 8y J)
The unknown of this program is the probability of damage, Pj which

can be written in form
P, - P(Dj) = exp [-A - L X gk(D )] (4-59)

where

Xo’ kk are Lagrangian multipliers
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The Lagrangian multipliers, as shown by Tribus (42) must satisfy

the constraints

Ao = In § exp [-ikkgk(nj)] (4-60a)

aro _

R - £, (4-60b)

2 2

9 o = =8 (gk) (4-60c¢)
2

axk;

For k = 2 in the restraint equation (4-58), the probability of

damage in eq. (4-39) becomes

The fatigue damage data being used here, made possible the deter-
mination of the following knowledge parameters:

(a) Mean, M

{b) Variance, V

(¢) Standard deviation, s
and (d) 1In Dj (total damage being non-negative)
necessary to determine the distribution of damage. With the above para-
meters, the truncated Normal distribution and the functional Gamma

distribution are utilized in the evaluation of the two sets of data (in-

dividual and mean data as described in Section 3.1.1) under consideration.
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4.1 Iruncated Normal Distribution (using discrete data):

Consider the constraint equations

o 2 .
§-o Pij v

and the probability distribution
P ‘= - - . -
(Dj) exp [ lo lle Asz ) (4-61)

where 35 is the average damage value in jth interval.
In order to treat this discrete data as continuous small intervals
are required, a value of D = 0.1 seem reasonable for ocur purpose, as a

consequence, eqs. (4-60a to c) become
A = ¢1n L Iu (-A.D 2
° AD ‘o ¥P =D 2,014 D (4-62)

The solution, and derivatives of the above equation is shown by Tribus (42)

as
2
M L la s, # In[i- erf (Jll )] + In
Ao " G, 2" g tint 25, 34D
2
Mo . oy = EA;_ I S exp (-}1/4%9)
Ay i, YTAy 1 - ertl)

2#12
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and 2
2 1 A1 ' J‘1 ex (-AZI&A )
R N
9, 2 4 2mA2 1 - erfcl
2 271,
2 x 2

where erf (x) - /—"— I et ac
o .

from which the Lagranglan parameters were obtained on the computer

and are given below:

For the individual data, (ltzci = 815)

M = 1.2050
s = 1.1915
A= 3.19242

A, = 0.791173
A, = 0.008120

For the mean data, (Exi = 369)

M = 1.2058

s = 1.2050

o ° 3.19273
A, = 0.791633
= 0.007820

The probability distribution Pj for the above two cases are tabu=-
lated in Tables 5 and 6, alsc shown in Figs., 1¢ and 18. As can be

expected, . ince the mean and standard deviation in both cases are almost
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TABLE 5

Distribution of Damage Using Individual Test Data

Functional
Test Distribution Gamma Distribution Normal Distribution
Range - - - - -
of D D ¥4 freguency l-cum.freg P(D) R{D) P(D) &(D)
0,0-0.1 0.05 0 Q.0 1.0 0.0002 0.9998 0.0395 0.9605
0.1-0.2 0.15 O 0.0 1.0 0.0037 0.9961 0.0365 0.9241
0.2-0.3 0.25 11 0.0135 0.9883 0.0129 0.9832 0.0337 0.8904
0.3-0.4 0.35 30 0.0368 0.9497 0.026] 0.4571 0.0311 0.8593
0.4-0.5 D.45 44 0.0540 0.8957 0.0405 0.9166 Q.0287 0.8305
0.5-0.6 0.55 30 0.0368 0.8589 0.0536 0.8630 0.0265 0.8040
0.6-0.7 0.65 57 0.0699 0.7890 0.0641 0.7989 0.0245 0.7795
0.7-0.8 0.75 77 0.0945 0.6945 . 0.0710 0.7279 0.0226 0.7570
0.8-0.9 0.85 96 0.1178 0.5767 0.0745 0.6534 0.0208 0.7361
0.9-1.0 0.95 89 0.1092 0.4675 0.0749 0.5785 0.0192 0.7169
1.0-1.1 1.05 72 0.0883 0.3792 0.0726 0.5059 0.0177 0.6992
1.1-1.2 1.15 70 0.0859 0.2933 0.0685 0.4374 0.0164 0.6828
1.2-1.3 1.25 54 0.0663 0.2270 ¢.0631 0.3742 0.0151 0.6677
1.3-1.4 1.35 36 0.0442 0.1828 0.0570 0.3172 0.0139 0.6538
1.4-1.5 1.45 28 0.0344 0.1484 0.0507 0.2665 0.0128 0.6410
1.5-1.6 1.55 17 0.0209 0.1275 0.0443 0.2222 0.0118 0.6292
1.6-1.7 1.65 10 0.0123 0.1152 0.038) 0.1839 G.0109 0.61383
1.7-1.8 1.75 13 0.0160 0.0992 0.0327 0.1512 0.0100 0.6082
1.8-1.9 1.85 10 0.0123 0.0869 0.0276 0.1236 0.0092 0.5990
1.9-2.0 1.95 5 0.0061 0.0808 0.0232 0.1004 0.0085 0.5905
2.0-2.1 2.05 14 0.0172 0.0636 0.0192 0.0812 0.0078 0.5826
g 2.1-2.2 2.1 3 0.0037 0.0599 0.0159 0.0653 0.0072 0.5754
(N 2.2-2.3  2.25 4 0.0049  0.0550 0.0130  0.0523 0.0066  0.5688 -
2.3-2.4 2.3 5 0.0061 0.0489 0.0106 0.0417 0.0061 0.5627
. 2.4-2.5 2.45 2 0.0025 0.0464 0.0086 0.0331 0.0056 0.5570
2.5-2.6 2.55 3 0.0037 0.0427 0.0069 0.0262 0.0052 0.5518
2.6=2.7 2.65 2 0.0025 0.0402 0.0055 0.0207 0.0048 0.5471
2.7-2.8 2.75 2 0.0025 0.0377 0.0044 0.0163 0.0044 0.5427
2.8-2.9 2.85 1 0.0012 0.0365 0.0035 0.0127 0.0040 0.5387
2.9-3.0 2.95 2 0.0025 0.0340 0.0027 0.0100 0.0037 0.5350
3.0-3.1 3.05 0 0.0 0.0340 0.0022 0.0078 0.0034 0.5315
3.1-3.2 3.15 1 0.0012 0.0328 0.0017 0.0060 0.0031 0.5284
3.2-3.3 3.25 1 0.0012 0.0316 0.0014 0.0047 0.0029 0.5255
3.3-31.4 3.35 2 0.0025 0.0291 0.0011 0.0036 0.0026 0.5229
3.4-3.5 13.45 1 0.0012 0.0279 0.0008 0.0028 0.0024 0.5204
3.5-3.6 3.55 ] 0.00 0.0279 0.0006 0.0022 0.0022 0.5182
3.6-3.7 3.65 1 0.0012 0.0267 0.0005 0.0017 0.0021 0.5162
3.7-3.8 3.73 1 0.0012 0.0255 0.0004 0.0013 0.0019 0.5143
3.8-3.9 3.85 1 0.0012 0.0243 0.0003 0.0010 0.0017 0.5125
3.9-4.0 3.95 0 0.0 0.0243 0.0002 0.0008 0.0016 0.5095
4.7-4.8 4,75 1 $.0012 0.0231 0.0000 0.0001
4.8-4.9 4.85 1 0.0012 0.0219 0.0000 0.0001
5.1-5.2 5.15 1 0.0012 0.0207 0.0000 0.0000
$.4-5.5 5.45 1 0.0012 0.019% 0.0000 0.0000
5.6-5.7 5.65 2 0.0025 0.56170 - ° 0.0000 0.0000
5.8-5.9 5.85 1 0.0012 0.0158 0.0000 0.0000
6.1-6.2 6.15 1 0.C0L2 0.0146 0.0000 0.0000
7.3-7.4 7.35 1 0.0012 0.0134 0.000mM 0.0000
. 7.6=7.17 7.65 1 0.0012 0.0122 0.0000 0.0000
7.7-1.8 1.75 1l 0.0012 0.0110 0.0000 0.0009
7.9-8.0 7.95 1 0.0012 0.0098 0,000 0.0000
8.1-8.2 8.15 1 0.0012 0.0525 0.000% G.0000
8.3-8.4 8.35 1 0.0012 0.0074 0.0000 0.0000
B.%-8.5 B8.45 1 0.0512 g.crn 0,CC00 Isial vl I
9.3-9.4 9.35 i 0.0012 0.0050 0.0000 0.0000
10.0-10.1 10.05 1 0.0012 0.00:d 0.06369 0.Ga00
10.7-10.8 10.75 1 ©0.0012 0.0026 0.0000 0.0000
11.4-11.5 10.45 1 0.0012 0.0014 0.0000 0.0000
11.9-12.0 11.95 1 0.0012 0.0002 0.0000 0.0000
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identical, the distributions approach exponential distributions.

4.2 Functional Gamma Distribution (using discrete data):

Consider the constraints

z lenDj = Int

and the probability distribution

P(-D-j) = exp[-ko -xlﬁj - %, In nj} (4-63)

For small AD as stated earlier, eq. (4~60 a to ¢) become
12

A, = {f——- (o, 2, exp(-1;D,)] an!
0 J

= (12 -1) In Al + 1n I'(1- Az) - 1n AD

and

ax Ao -1
—° . _y =2
A A
3 Ay
3A, . T . a‘ InT (1-3,)
aky ! M FY)

2
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Mathods of solving for the Lagrangian multipliers given in refs. (42, 43)
are used to obtain the following:

For the individual data

1.2050

0.0594
-0.79912

3.40249
= —3.10000

M

)
>
B o8 N

b
H o
'

=
~N

For the mean data

1.2058
=0.06149

1.14028

1.77476
-1.14000

=
]

B

> o o
o
'] [ ]

[

The probability distribution for these two cases given in eqs. (4-61) and
(4;63) are shown in Tables 5 and 6 and in Figs. 17 and 18 .

4.3 Reliability: In order to complete the description of damage
distribution, reliability consideration is essential. This can alsoc be
thought of as the probability of survival, which can be expressed as

P(Dk z Di) = R(Dk)

where R = reliability

ﬁL = contesting damage
therefore

R(ﬁ#) = 1 - area under the probability curve between
0 and Di
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Thus for a discrete case, the area can be approximated by summing the

frequencies between the limits, hence

Reliability, R(D) = 1- = P(D,) - (4-64)

P ]

This has been computed for the two probability distributions discus-

gsed earlier, and the results are shown in tables S and 6. It can be

seen that the truncated normal distribution, which does not give a good

approximation of damage distribution (see Figs. 16 and 18), yield a

less desirable reliability.

4.3.1 Evaluation of Reliability (individual data):

Range

W

0.30
0.40
0.50
0.60
0.70
0.80
c.90
1.00

WoowW W

WoWw

W

W

of Damage

= (M-0.758)

= (M=0.58)

(M-0.25s)
(M-0.1s)

[

Reliability, X

Actual Gamma dist.
99 98
95 96
90 92
86 86
79 80
69 73
58 65
47 58



4'3'

4.3.

Jacoby (44)

Ahrensdorf (47)

2

W

WOwW W W W W W

3
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Evaluation of Reliability (mean data):

Reliability, %

This Study

4.3.4 Discussion:

Range of Damage Actual Gamma dist.

0.30 = (M-0.75s) 92 . 92

0.40 88 87

0.50 84 81

0.60 = (M-0.5s) 82 75

0.70 78 69

0.80 73 63

0.90 = (M-0.25s) 66 57

1.00 = (M-0.1s) 58 51

Comparison of Safe Life Using Miner's Rule Based on Test

All types of materials, 95% safe for D 3
tests and stress condi- 63% " " D=
tions. (401 specimens)
Steel, Titanium and Al~ 95Z safe for D
uminum alloy in block 562z " " D=3
tests. (348 specimens)
Steel and Aluminum 997 safe for D 2
alloy (see Sec. 3.1.1) 432 ™ " D=
Steel and Aluminum 92% safe for D =
alloy (see Sec. 3.1.1) 5358 " " D=

4.3.1 and 4.3.2) is that over 90%Z of all data yield Zn/N

>

-

0.3.

This

- O = o
* = -
omN o W

= o
o w

- o
- L
ow

A noticeable trend based on the above (section

agrees with the findings by Jacoby (44) who gave the probability as 95%,

Brooks (45) as 997 probability and Mains (46) thus use of 0.3 will give

better confidence in the use of linear law than when the value of 1.0

is assumed.

This can be expressed as
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n
(I /N) Design

n
(z"/)

Miner

and can be directly applied to programme and random loadings i.e.

(Programme loading)

0.3 J20 ® r@+1) (Random loading)
N = N 5. ) 2
R R

In most observed data the above equations yield safe predictions,
The application ofiln/N = 0.3 to prestress type loading seem
=(,,§ unreasonable however, since the sum of initial prestress can be greater
- than 0.3. Nonetheless if 0.3 is thought of as a reduction factor in

this case for remaining life prediction i.e.
n = [0.3n] Miner

safe predictions can be guaranteed in most cases. For example after two

initial prestress, n, and n, remaining life n, can be expressed as

n3 - 0.3 x [n3] Miner
n n
- X _ 2
= 0.3 N, [1- )
1 2

Prestress type loading is generally no*: used for design of engineering

structures so this discrepancy is not of great consejuence.



V. CONCLUSION

Evidences from test results used here and in other publications
sited show Miner's rule insufficient in predicting fatigue life. The
other theories, which in general, require more experimental data or calcu-
lations give no better estimates either, This, as mentioned earlier,
i8 a justification in the use of Miner's theory in fatigue design.
The trend of cycle ratio summation is erratic and does not seem to depend
entirely on the material, test type or stress range.

The use of the constant amplitude S-N test information has been shown
to be a vital part of all the fatigue prediction theories discussed in
the text. Consequently, it can be stated that more accurate predictions
will depend on the accuracy of the S-N diagram. This diagram is knowm
to be characterized by a significant amount of scatter of which the domi-
nant factor is the type of loading. To obtain a more accurate S-N diagram
therefore, will be at the expense of time and money. In the absence of this,
the Miner's theory is adequate for initial estimatés for designs but modi-
fied by some "safety factor". A lower bound 'safety factor” of 3 seems
appropriate from the above analysis for all types of loadings. This of

course canbe decreased where a fairly accurate amount of knowledge on the

load spectrum is available.
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S; = 754 ,min
Table 3:
S(kst) N(cycies)
50 18770
45 33950
40 56030
35 114400
30 2643800
25 671600
20 2711000
Valluri
SE,l = SE,Z = 20 ksi
54 ™ 54, min
Corten-Dolan
§ = 5.8
Miner
b= 5.4
Table 4:
Miner
b = 5.54
hence . 264)5.54 1
P vY2g' L T3R.IND

(see eq. 2-15)



LIS

oy

64

Freudenthal

§ = 4.0 (min. value, actual test value is 4,22)

KR = 1000 cycles

Sk = 351 ksi (RMS)

To express SR in eq. (2
Bultiplied by v2

~52b) in terms of peak stress it has to be
thus

' 10 1 .4
NP 1.79 x 10 (72—0—:)

. Corten-Dolan

8§ = 5.67
HR = 1000 cyclesr

sn = 51 ksi (RMS)

therefore

eq. (2~34) becomes



