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Stability Spectrum for PDEs

Motivation To determine the stability of periodic solutions to certain
PDEs, including the focusing mKdV equation

Problem To determine the eigenvalues of a linear operator such
that the associated eigenfunctions are bounded

Methods Taking advantage of the periodicity of the coefficients
using Floquet theory and Fourier series
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Example

Let £ = —02 and consider the eigenvalue problem
Ly =My, A eC,

or equivalently, y” + Ay = 0.

We say A € o(L) if the associated y(x) is bounded for all x € R,
lim)x| o0 [Y(X)] < o0
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Example (ct'd.)

To find o (L), we solve the differential equation y” + Ay = 0. The
general solution is

Yy =0¢ e\/j)‘x + Cge_\/jx.

In general, v—X € C,so let vV—X = a + i3 for some o, 5 € R.
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Example (ct'd.)

= e(a-{—iﬁ)x + Cze—(a—f—i,@)x

= ¢ eozxei,b’x + Czefaxefi/g’x
= c1e™¥[cos(Bx) +isin(Bx)] + coe”*¥[cos(Bx) — isin(Bx)]

We require that the solution lim, . [y(X)| < oc. Therefore, a = 0.
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Example (ct'd.)

With o = 0,

y = cqi[cos(Bx) +isin(5x)] + co[cos(5x) — isin(Bx)]
= Acos(5x) +iBsin(5x)

is bounded for any B eR. vV/=A=ifonlyif A > 0.
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Numerically computed spectrum
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Figure: Spectrum of the operator £ = —92.
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Pictures
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Figure: Spectrum of the operator £ = —92 + 2q cos(2x)
for g =2 from 0 to 10.
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Future goals

Next steps Determining the spectrum of
L=-8+(c—6U%)0, + 120U,
which is used in determining the stability of the solution
u(x,t) = U(y) = U(x — ct) of the focusing mKdV
equation:

ut + 6U2UX + uXXX == 0

Challenges Understanding elliptic functions and generalizing our
code.
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