Solutions 4.2

3. f(z) = vz — 2z, [0,9]. £, being the difference of a root function and a polynomial, is continuous and differentiable

on [0, o), so it is continuous on [0, 9] and differentiable on (0, 9). Also, f(0) =0 = f(9). f'(¢) =0 <«

—0 & 2,/6=3 & ﬁ:% = c=%,whichisin1heopeninteml(019),soc=%satisﬁesthe

el =

2 1/6 B
conclusion of Rolle’s Theorem.

4. f(x) = cos 2z, [7/8,Tx/8]. f,being the composite of the cosine function and the polynomial 2z, 1s continuous and
differentiable on R, so it is continuous on [ /8, 7 /8] and differentiable on (7 /8, 77/8). Also, f(%) = /2 = f(ZF).
flle)=0 & —2sin2¢e=0 & sin2c=0 & 2c=mn & c=Zn Ifn=1,thenc=Z, whichisinthe open

mterval (7/8, 7w /8), so ¢ = I satisfies the conclusion of Rolle’s Theorem.

5. f(z)=1—2%% f(-1)=1—(-1)* =1—-1=0=fF(1). F'(z)=—22""% so f/(c) = 0 has no solution. This

does not contradict Rolle’s Theorem, since f'(0) does not exist, and so f is not differentiable on (—1, 1)

f8)—f0) _6-4_ 1 -
T S—g— = —5— = 7 The values of c which

satisfy f'(¢) = ] seemto be about ¢ = 0.8, 3.2, 4.4,

and 6.1.
13. f(z) = e~ **, [0,3]. f is continuous and differentiable on I, so it is continuous on [0, 3] and differentiable on (0, 3).
r _f(b.}_f(a] _ —2r:_'e_6_eu —2c __ 1_3_6 _ — 1_9_6
f(c}—ib_a = 2e ="a_0 & e = g = 2c=1n g =

1 1—e~ " L
o= _Eln( ; ) 22 0.897, which is in (0, 3).

14. f(z) = . [1.,4]. f is continuous on [1, 4] and differentiable on (1,4). f'(c) = Li‘(a} -
- _é_% 2 _ _ N L
erap a1 © (T =18 & o= 2+3v2 —2+3V2~22Uisin(1,4)
-2 ¥ -3 r 1 1 —2
15. fz)=(z—3)"" = fllz)=—2(x—3)"". fA)—Ff1)=F(c)d—-1) = F_(_2}2=(6_3}3.3 -
g:ﬁ = (¢—3°=-8 = ¢—3=-2 = c¢=1,whichis notin the open interval (1, 4). This does not

contradict the Mean Value Theorem since f is not continuous at o = 3.
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18. Let f(z) = 22 — 1 — sin=. Then f(0) = —1 < Oand f(7/2) = 7 — 2 > 0. f 1s the sum of the polynomial 2= — 1 and the
scalar multiple (—1) - sin x of the trigonometric function sin x, so f is continuous (and differentiable) for all =. By the
Intermediate Value Theorem, there is a number c in (0, 7 /2) such that f(c) = 0. Thus, the given equation has at least one real
root. If the equation has distinct real roots a and & with « < b, then f(a) = f(b) = 0. Since f is contmuous on [a, b] and
differentiable on (a, b), Rolle’s Theorem implies that there is a number r in (a, 4) such that f'(r) = 0. But
f'(r) =2 —cosr > 0 since cosr < 1. This contradiction shows that the given equation can’t have two distinct real roots, so

1t has exactly one real root.

31. Forx > 0, f(z) = g(z), so f'(z) = ¢'(z). Forz < 0, f'(z) = (1/z) = —1/2% and ¢'(z) = (1 + 1/z) = —1/2%,s0
again f'(x) = g'(x). However, the domain of g(x) is not an interval [it is (—oo, 0) U (0, oo)] so we cannot conclude that
f — g 1s constant (in fact it is not).
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