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What to do about troublesome integrals

T

e
Warm-up. Find an antiderivative of —.
x

et

X
One possible answer is F(z) = / ?dt.
0

The majority of elementary functions don’t have elementary antiderivatives. Stewart, p. 488

2

: 2 T =
e sin(z*) cos(e”) e
But we still might want to calculate definite integrals involving these functions. What should we

do?

Big idea—Numerical Integration Partition the interval of integration, replace troublesome

function by a closely fitting polynomial on each subinterval, integrate polynomial, add results.
2r 2~
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Trapezoidal Approximations

Find the area of a trapezoid with base Az and heights y;_1 and ;.

b

Let T be the approximation of / f(x)dz by n trapezoids where a = xq, x1, x2, . .., x, = b are the
a
subdivision points and y; = f(x;) for i = 1,2,...,n. Then
2

The Trapezoid Rule To approximate f: f(x)dz, use
Az
T=—(yo+2y1+2y2+ -+ 2yn1 +Yu)-

The y;s are the values of f at the partition points zg, x1, ...z, where Ax = %.

2
Example 1. Use the Trapezoid Rule with n = 4 to estimate / z?dz. Compare this estimate
1

with the exact solution.

Ans: 75/82, 7/3
% error: 0.00446
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Simpson’s Rule: Approximations Using Parabolas

Warm-up. Any three points define a parabola. Find the parabola that passes through the points
(_17 4)7 (07 1)7 and (17 2)

Find the area under the parabola y = Ax? 4+ Bz + C passing through the points (—h, yo), (0, 1),
and (h,y2). Express your answer in terms of yg, y1, and ys.

How would the area change if the parabola were shifted horizontally?

So what is the area under the parabolay = Az?+Bx+C passing through the points (z2, 42), (3, y3), (T4, y4)?

Computing the area under all the parabolas and adding the results gives the approximation

b
h
/ f(z)dr ~ g(yo +4dy1 + y2)+
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b
Simpson’s Rule. To approximate / f(x)dz, use
a

_A:E

=3

(yo+4y1 +2y2 +4ys + -+ 2ypn—2 + 4yn—1 + yn)-

(b—a)

The y;s are the values of f at the partition points zg, z1,...2, where Ax = ~——.

2
Example 2. Use Simpson’s Rule with n = 4 to approximate / 5z*dx and compare your result
0

to the exact solution.

Ans: 32, less than 3/10 %
Error Estimates in the Trapezoidal and Simpson’s Rules. If f” is continuous and M is any
upper bound for the values of |f”| on [a, ], the the error E7 in the trapezoidal approximation of

the integral of f from a to b for n steps satisfies the inequality

M(b—a)?

Br| <
Brls =0

Trapezoid

If f4) is continuous and M is any upper bound for the values of |f*)| on [a,b], then the error
FEg in the Simpson’s Rule approximation of the integral of F' from a to b for n steps satisfies the
inequality

M(b—a)d

13074 Simpson’s
n

|Es| <

Example 2 continued. Approximate the error in example 2 using the above estimate.

Example 3. How large should n be to guarantee that Simpson’s Rule approximation to fol e da
is accurate to within .000017

F@ = (12 + 482 + 1624)e””

Ans: n > 20.
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