Solutions 9.3---Spring 2008

d d; o
4 ¢ =y*sinz = —y=yzsin:r: = ¥ _sinzde [y£0] = %Y _ | sinzde =
dx y? 9?2
1 1 1 i _ _
——=—cosx+C = —=cosx—C = y=ﬁ,wherefx=—c. y = 01s also a solution.
Yy y cosz + K

sin y

' d;
5. (1+tany)y =2’ +1 = (]+tany]—y=3:2+1 = (1-0— )dy:{:r2+1]d:r: =
dx cosy

f(l—_smy)dy=f(xz+l)dx = y—Inleosy| =32 +2+C.

cos Yy

Note: The left side 1s equuvalent to y 4 In |sec y|.

d tet
7.??:% = yi/1+y2dy=tefdt = fy—‘f1+y2dy=ftetdt = %(1+y2)3'{2=tet—et+c
yvv 1ty

[where the first integral is evaluated by substitution and the second by parts] = 1+ = [3(te’ —ef +C)*° =

y=4+/[3(tet —et + C)]2/3 — 1

v : 2 =2
gy _esm b v, sm0 [ye™¥ dy = [ sin? 6 cos  df. Integrating the left side by parts with
de ysech ev sec

u =y, dv = e~ ¥ dy and the right side by the substitution « = sin 8, we obtain —ye™¥ — e™¥ = Lsin® § + C. We cannot

solve explicitly for y.

dz . dz - - . -
10.d—;—|—et+‘=[] = d—;=—ete‘ = Jre_‘dz=—fetdt = —eF=—¢'+C = eF=¢'-C =
1 " , . 1 i 1 :
E—z=e —C = e ==—7 = JZIH(B*—C) = 2=—]n(e —C‘J
d d; .
6oy ty=1 = o=y —y = zdy=("—yldz > =" =
dx v —vy =
dy fd:c 1 1 dx .
—_— = = [y#0,1] = f(———)dy= — = hly—1]—Inly|=h|z|+C =
[25-[% w# L1 - jy— 11~ Infyl =nje]
y—1 c y—1 o y—1 - - o 1 -
In =In(e“|z]) = |——|=e"|z|] = — =Kz whereK =4+ = 1--=FKz =
v Y
Z—1-Ke = y=o—— [Theexcluded cases, y=0andy = 1,are ruled out by the initial condition y(1) = —1]
y — K=z
1 - -
Nowy(l)=-1 = _1=1—K = 1-K=-1 = 11—2,50;;—]_21_.

19. Ifﬂleslopeatthepnint(x,y}is.rypthenwehawe%=:r:y = E=xa!su: [w£0] = f@=fxd:r: =
£ u y

nlyl=212>+C. y(0)=1 = In1=04+C = C=0Thus |y =€ /> = y=e/2 s0y=e" />

since y(0) = 1 > 0. Note that y = 0 1s not a solution because it doesn’t satisfy the initial condition y(0) = 1.
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43. Let y(t¢) be the amount of alcohol in the vat after ¢ minutes. Then y{0) = 0.04(500) = 20 gal. The amount of beer i the vat
1s 500 gallons at all times, so the percentage at time ¢ (in minutes) is y(¢) /500 x 100, and the change in the amount of alcohol

withrespecttntimetisd—y=ratein—rateout=[]_[)6 SE _¥) 5& =D.3—i=bﬂ_
dt min 500 min 100 100 min

dy dt

H v _ [
e | 304 100

and —1n |30 — y| = g5t + C. Because y(0) = 20, we have —In10 = C, so

—In[30—y|==t—10 = mIn[30—y|=—t/100+1n10 = I|30—y/=mhe /" +mi10 =
In|30 —y| = In(10e~¥/1%%) = |30 — y| = 10e~*/1%_ Since y is continuous, y(0) = 20, and the right-hand side is
never zero, we deduce that 30 — y is always positive. Thus, 30 — y = 10e /1% = 3 —30 — 10e~*/1%°_ The
percentage of alcohol is p(t) = y(t) /500 x 100 = y(t)/5 = 6 — 2¢~*/1%"_ The percentage of alcohol after one hour is

p(60) =6 — 25190 ~ 40,
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