Solutions 9.4---Spring 2008

1. (a) dP/dt = 0.05P — 0.0005P> = 0.05P(1 — 0.01P) = 0.05P(1 — P/100). Comparing to Equation 1,

dP/dt = kP(1 — P/K), we see that the carrying capacity is &' = 100 and the value of 15 0.05.
(b) The slopes close to 0 occur where P is near 0 or 100. The largest slopes appear to be on the line P = 50. The solutions

are mcreasing for 0 < Fy < 100 and decreasing for 7, > 100.

All of the solutions approach P = 100 as ¢ increases. Asin

part (b), the solutions differ since for 0 <¢ Fy < 100 they are

mereasing, and for Fy > 100 they are decreasmg. Also, some

have an IP and some don’t. It appears that the solutions which

have Py = 20 and Fy = 40 have mflection pomts at P = 50.

(d) The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and

all nonzero solutions approach P = 100 as t — oo.
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7. (a) Our assumption 1s that g = ky(1 — y), where y 1s the fraction of the population that has heard the rumor.

: . : dP P P d
(b) Using the logistic equation (1), — = kP | 1 — — |, we substitute y = —, P = Ky, and £ _gZ¥
dt K K dt’
. dy ~ dy L
to obtain & i EEKy)(l—y) = i ky(1 — y), our equation in part (a).
i . K K-
Now the solution to (1) 1s P(t) = Py where A = B
‘We use the same substitution to obtain Ky = K = = L
o 1+ B B0 YT Yt (I —ye)e
Kyu
Alternatively, we could use the same steps as outlined m the solution of Equation 5.
(c) Let ¢ be the number of hours since 8 AM. Then y4 = y(0) = —0G8andy(4) % 50
]. UUS — 4k — Ak 0.08 —k lf-‘l
E =y(-£l} = mﬁ“&,UUS'FngE =(}.16,e = ﬁ = 223,313{18 (%} N
0.08 2 i : :
soy = , = . Solving tlus equation for ¢, we get

0.08 4+ 0.92(2/23)"* 24+ 23(2/23)"/*

2 \/* 2\"* 2_2y 2\t 2 1y 2\ 1y
2 +23 =2 = (=) = = (&) =221y o, (2 _1-y
v 9(23) (23 23y 23) 23y (23) Y

It follows that & — 1 = W —9)/y] o,y {1 L In((1 - y)fy)]_

2
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When y =(}.9,1;y = é,sot::l(l— > ) =z 7.6 hor 7h 36 min Thus, 90% of the population will have heard
y

lnﬁ

the rumor by 3:36 PM.
P d*P 1 dP Py dP dP P P
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(b) P fastest when P’ has a maximum, that is, when P” = 0. Frompart(a), P" =0 =& P=0,P=K
STOwWs P

2

orP=FK/2 Since0 < P < K,weseethat P" =0 & P=K/2
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