Solution 7.3--Winter 2008
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29, Let u = =%, du = 2z dz. Then

where u = sin @, du = cos 0d#,
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33. The average value of f(x) = vz2 — 1/x on the interval [1, 7] is
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M.927 —4° =36 = y=+3/27 -4 =

area=2 [ /27 —dde =3 [} /2T — ddz 23 / /
[ where 1 = 2ace§, 3 -
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40. The curves intersect when z* + (12%)" =8 & 2’ +12'=8 & 2*+42°-32=0 &
(2 +8)(z® —4) =0 < x = £2. The area inside the circle and above the parabola is given by
A= sz (VB=22—12%)dz = 2fuz V8 —x2dx —2f02 sz dx !
_ 1l
y==x
= 2[%[8) sin™" (72;) +1i(2)vs—22-1 [g;ﬁ]j] [by Exercise 39] :
Ay
—ssin~!(Z5) +2vA—§ =8(5) +4 -3 =27 +3 _
0 2 NE X
A
Since the area of the disk is F('\/E]z = 8, the area inside the circle and k >
x2+}2=8

below the parabolaia A, = 87 — (27 + 3) =67 — 3.

Page 3




Solution 7.3--Winter 2008

41. Let the equation of the large circle be =* + y* = R*. Then the equation of
the small circle is = 4 (y — b)* = 2, where b = \/RZ — 72 is the distance
between the centers of the circles. The desired area is

A= [T [(b+ VT —22) —VR? — 27 | da

=2 [/ (b+r2 —a? —R? —Jsz)cfx
=2furbdx+2fur\a’r2 —xzdx—2furvR2—.r2dx

The first integral 1s just 2br = 2r +/ R? — r2. The second integral represents the area of a quarter-circle of radius r, so its value

., 2 .
is 27" To evaluate the other integral, note that

Jr\,n‘az —x?dr = fa2 cos’8df [r=asinf, dr=acosfdf] = (%az_}f(l + cos 26) dé

= 1a%(8 + 1 5in28) + C = 1a?(0 + sind cos) + C

2 2 -3 _ 3 2
= % arcsin(f) + a—(f) var T E +C = %arcsin(f) - % Vvar—xr+C
a a

2 \a a

Thus, the desired area is
A=2rR?—r?+2(37r") — [R®arcsin(z/R) + = VR — o° ]:
=2rVRZ — 12 + 1or? — [R?arcsin(r/R) + rvVRZ — 2 | = rvVRZ — 2 + Zr® — R? aresin(r/R)
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