Solutions 7.7-Winter 2008

1. @ Az =(b—a)/n=(4—0)/2=2

L, = gf(r:-—ﬂi‘-x = flzo) -2+ f(z1) - 2=2[f(0) + f(2)] =2(0.5+2.5) =6
Ry = éftm) Az = f(z1) -2+ f(z2) - 2=2[F(2) + F(4)] = 2(25 + 3.5) = 12
My = é;f(f,;)ﬁx = f(71)-2+ f(z=2)- 2= 2[3‘[1) +f[3j] ~2(16+32)=96

(b) L5 15 an underestimate, since the area under the small rectangles 15 less than

the area under the curve, and R, is an overestimate, since the area under the
large rectangles 1s greater than the area under the curve. It appears that M,
is an overestimate, though it is fairly close to I. See the solution to

Exercise 45 for a proof of the fact that if f is concave down on [, b], then

of 11 2 3 | 4«x the Midpoint Rule is an overestimate of [ f(x) dx.

© Tz = (£ Az)[f(z0) + 2f(21) + flz2)] = 2[F(0) + 2£(2) + £(4)] = 0.5+ 2(25) +35=9.
This approximation is an underestimate, since the graph is concave down. Thus, 7> = 9 < I. See the solution to

Exercise 45 for a general proof of this conclusion.

(d) For any n, we will have L,, < T, < I << My, << Rp.

3 flx)= cos(xzj, Ar=120—

1
1 F

@) Ts = 75 [f(0) + 2 (3) +2F(2) +27(2) + 7(1)] =~ 0.895759

®) Ms = 3[£(3) + F(§) + 7(3) + F(3)] ~ 0.908907

The graph shows that f is concave down on [0, 1]. So T} isan
underestimate and My 1s an overestimate. We can conclude that

. 1
0.895759 < [ cos(z?) dz < 0.008907. 0
Inzx 2—-1 1
S )= A= =1

(@) Tio = 55 [F(1) + 2F(1.1) + 2F(1.2) + - - + 27(1.8) + 2f(1.9) + £(2)] ~ 0.146879
(b) Mo = 2=[f(1.05) + £(1.15) + - - - + £(1.85) + £(1.95)] ~ 0.147391
(© S10 = =[F(1) + 47(1.1) + 27(1.2) + 4F(1.3) + 2f(1.4) + 45(1.5) + 27(1.6) + 47(1.7)

10-3
+2f(1.8) +4£(1.9) + £(2)]
7~ 0147219
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1. f(y}=;y,&y=—=-
@) Ts = 555 [£(0) +2F(3) +27(2) + 27 (3) + 2F(2) + 27(2) + 7(3)] ~ 1.064275
(®) Ms =%[ (3) +7(E) +73) +7(3) + £(3) + F ()] ~ 1067416

(© So = 5 [£(0) +47(2) +27(3) +45(3) +27(2) +47(8) + F3)] ~ 1074915

19. f(x) = cos(z?), Az = % =1

8
@ T = 75 {7(0) +2[£(3) + £(3) + -+ (3)] + F(1)} ~0.902333
3[f(56) + £(35) + £(55) +--- + f(33)] = 0.905620
(®) f(x) = cos(z?), f'(x) = —2xsin(x?), f"(x) = —2sin(z”) — 42” cos(z?). For 0 < z < 1, sin and cos are positive,
so |f"(x)| = 2sin(z?) + 422 cos(x?) <2-1+4-1-1 = 6 since sin(z?) < 1 and cos(2?) < 1 forall z,
andz® <1for0 <z <1 Soforn =8 wetake K = 6, a = 0,and b = 1 in Theorem 3, to get
|Ez| <6-17/(12-8%) = = = 0.0078125 and | Exs| < = = 0.00390625. [A better estimate is obtained by noting

from a graph of £ that | f"(x)| < 4for0 <z < 1]

6(1 — 0)°

) i K(b—
(c) Take K = 6 [as in part (b)] in Theorem 3. |ET|<%<00001 = T3 <107* &
T Tt
1 1 . .
FEW 2 2 > 10° & n®>5000 & n > Tl Taken = 71 for T),. For Es, agan take ' = 6 in
i

Theorem 3 to get |Ear| < 107* & 4n® >10° & n®>2500 < n > 50. Take n = 50 for M.

_ /= _z2-1_ 1
2. flz)=e " Ar="F =5

(a) Tio = o5 [F(1) + 2F(1.1) + 2F(1.2) + - - - + 2(1.9) + 7(2)] =~ 2.021976

Mg = & [£(1.05) + f(l_ls} + F(1.25) + - -- + £(1.95)] = 2.019102

2 1 ) :

®) f(z) =", f(z) = e/ f'(x) = x+ e!/® Now f" is decreasing on [1,2], so let = = 1 to take I = 3e.

|Ex| < 3e(2-1)° e 0.006796. |En| < |Ez| _ e 0003308,

12(10)2 200 2 500
- _ 3 _ 3
(¢) Take K — 3e [as in part (b)] in Theorem 3. |Er|gﬁ(i’2—f}go_onu1 o 5"3(12;—2”510—“ o
T T
e 1 10%e : . .
Egﬁ = pi> n < n > 83 Take n = 83 for T,,. For Er, again take &~ = 3e in Theorem 3 to get
10*

|[Ex] <107* & n®> = n > 59 Take n = 59 for M,,.
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. .y
2. f(z) = sinz, Ae = I8 — %

@) Tho = 105 [F(0) + 27 (5) +27(35) +--- +27(35) + ()] = 1.983524
Mo = F5[£(%) + F(F) + F(35) +-+ F(5F)] ~ 2008248

Sto = w5 [F(0) +47(F) + 21 (3) +47 () + -+ +47 (%) + ()] =~ 2000110

Since I = [ sinzdz = [—cosz|; =1—(—1) =2, Er = I — Tyo = 0.016476, Exr = I — Mo ~2 —0.008248,

and Eg = I — S19 &= —0.000110_

) f(z) =sinz = ‘f‘"’(r]‘51,50takeﬁ’=]ﬁ3ra]len’orestimates.

K(b—a)® 1(x—0)* 7 |Er| i
Er| < = = ~ 0.025839. |Ey| < = ~ 0.012919.
Brl = —5s 12(10)2 1200 Exl = =5~ = 5100
K(b—a)® 1(x—0)° w
Es| = = g0ma 180(10)* ~ 1,800,000

The actual error 1s about 64% of the error estimate in all three cases.

3 5 _3
w 1 5 . 10°7w
© Bz 000001 & = <o & n’>-—0 = n2>5083 Taken=509for7,
|Eag| < 0.00001 < o1 4 2107 L 9504 Taken — 360 for M
ne) =T 24n? — 105 "= e s e M
i 1 105%°
Es| <0.00001 <& — < — o np*> =~ n>203.
|Es| < 180m% — 108 T "=

Take n = 22 for S,, (since n must be even).

2. Azr=(b—a)n=(6—0)/6=1
(@) Ts = S2[£(0) + 27(1) + 27(2) + 2£(3) +27(4) +2/(5) + £(6)]
~ 2[3+2(5) +2(4) +2(2) +2(2.8) +2(4) + 1]
= 1(39.6) =198
(L) Ms = Az[f(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)]
~145+47+26+22+34+32

=206

(©) Se = 5E[F(0) +4£(1) +27(2) +4£(3) +2(4) +4£(5) + f(6)]
[344(5) +2(4) + 4(2) + 2(2.8) + 4(4) + 1]

=

(61.6) = 2053

1
3
1
3
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3. Lety — f(x) denote the curve. Using cylindrical shells, V = [}}° 2raf(z) de = 27 [}° 2 f(z) dz = 2x 1.

Now use Simpson’s Rule to approximate I;:

L =~ Ss = 452[27(2) +4-3F(3) +2-4f(4) +4-5£(5) +2- 6£(6) +4-TF(7) +2 - 8£(8) +4-9£(9) + 10£(10)]

= 2[2(0) +12(1.5) + 8(1.9) + 20(2.2) 4 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)]
= 2(395.2)

Thus, V =2 27 - 2(395.2) =2 §27.7 or 828 cubic units.
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