Solutions 9.1-Winter 2008

1.y=x—x_1

= 3’ =1+ 22 To show that y is a solution of the differential equation, we will substitute the expressions
for y and ¢/ in the left-hand side of the equation and show that the lefi-hand side is equal to the right-hand side.

LHS=zy +ty=z2(1+2z )+ (-2 )=a+z ' +z—2z ' =2z =RHS

2. y=sinz cosx —cosz = y =sinz(—sinz)+ cosx (cosx) — (—sinz) = cos” z — sin” = + sinx.
r 2 -2 . .
LHS=y' 4 (tanz)y = cos” x —sin” z +sinx + (tanz)(sinx cosx — cosx)
o2 .- - . 2 s 2
=cos & —sin” x +sinx +sin” r —sinax = cos” x = RHS

S

s0 y 1s a solution of the differential equation. Also, y(0) = sin0 cos0 —cos0 =0-1 — 1 = —1, so the mitial condition 1s
satisfied.

L (@y=e" = y =re™ = ' =r’e" Substituting these expressions into the differential equation
2" +y —y=0weget2rie™ +re™ —e™ =0 = (2rP+r—1)" =0 =

(2r—1)(r+1) =0 [since e™ isneverzero] = r=+or—1

(b) Let r; = 3 and r» = —1, so we need to show that every member of the family of functions y = ae®? + be " isa
solution of the differential equation 2y"” +y' — y = 0.

y=ae™? +be™® = y'=%aezﬂ—be_= = y"=%aez"2—|—be_“’_

LHS=2y"+¢y —y= 2(%&&“#2 + be_m) + (%aem"z - be_”) — ((:uﬂf'”rg + be™ )
= %aem"z + 2be " 4+ %aem“ — be™® — qe®/? — pe"

=(%ac+%a—c:c:]rez“""':]!+(2l:a—I:a—uf:o:}e_m
=0=RHS
5. (a) y=sinz = y =cosz = 3" =—sinz
LHS = y" +y = —sinz + sinz = 0 3 sin x, 50 y = sin z is not a solution of the differential equation.
by=coszxr = ' =—sinex = y"' =—cosz.
LHS =y +y = —cosz + cosxz = 0 # sinz, 50 y = cos x is not a solution of the differential equation
(r:)y:%::sin:r = y’=%(xcosx+si.n;r:} = y":%(—xshlx+cnsx+cusx)_
LHS=y"+y=%(—xsinx+2cos:r:}+%xsh1x=cosx#sh1:r:,soy=%xsinxi’snutasnlutiunofthe
differential equation.
(d)y=—%xcosx = y‘=—%(—xsinx—|—cuﬁx] = y"=—%{—xcos:r:—sin:r:—sin:r:}_

LHS =3" +y = —%(—:r:cos.r— 2sinz) + (—%Z‘{?DS:I‘J =sinx = RHS,so0y = —%xcus:r:is a solution of the

differential equation.
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dP P dP P ) P
_ 1 _ _ > _ .
9. (a) - 12P(1 —4200) Now = 0 = 1 1200 >0 [assuming that P > 0] = 1200 < 1

P < 4200 = the population is increasing for 0 < P < 4200.

(b)%c;u ~ P> 4200

dP
(© = =0 = P=42000rP=0

13. (a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned sub-skills associated with
learning a skill. As ¢ increases, we would expect d P/ dt to remam positive, but decrease. Thus is because as time

progresses, the only pomts left to learn are the more difficult ones.

P
(b) % = k(M — P) 1s always posifive, so the level of performance P (c) :{)

1s increasing. As P gets close to M, dP/dt gets close to 0; that 1s,

the performance levels off, as explained in part (a).
P(0}
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