Solutions 9.3-Winter 2008

d d d d o
By Ly f_y= L lly=mjl+c =

dx T y x y x

ly| = eI=1+C = &I=Ie€ — o€ |2| = y = K=z, where K = +e is a constant. (In our derivation, & was nonzero,

but we can restore the excluded case y = 0by allowing /i to be zero.)

d
Z.d—i=§ = e""'dy=v";d.r = Jreydy=f:c”2d.r = ey=%x3ﬂ—|—0 = y=ln(%:¢3"2—l—C)

dy Ty dy x dx dy rdr
3- 2 1 ! = = _—= =3 —_— U = — =

Inly| = sIn(z" + 1) +C [u=z"+ 1, du = 2z dx] =ln{:x2+1}l’)2+lnec=1n(ec\f:r:2+1} =
ly| =e“vVzT+1 = y= K /=% + 1, where K = +¢ is a constant. (In our derivation, K’ was nonzero, but we can
restore the excluded case y = 0by allowing K to be zero.)

d d; o
4 ¢ =y*sinz = —y=yzsin:r: = ¥ _sinzde [y£0] = %Y _ | sinzde =
dax y? y?
1 1 1 i _ _
——=—coszx+C = —=cosx—C = y=———— where KX =—C. y=01salso a solution.
y y cosx + K
d .
5. (1+tany)y =" +1 = (]—|—tany]—y=xz+l = (1—|—Smy)dy=(.r2+1]d:r: =
dx cosy
f(l——_smy)dy=f{:3:2+1)dx = y—ln|cosy|=%.r3+:r+c.
cosy

Note: The left side is equivalent to y + In |sec y|.

13. zcosx = (2y+ %)y = awcoszdr=2y+e’¥)dy = [(2u+e®)dy= [zcoszdr =
v+ %33"“ =zsinz +cosz + C [where the second intepral is evaluated using integration by parts].
Nowy(0)=0 = (}+%=U+1+C = C=—§_Thl]spasolutinnisyz—l—%eay=xsinx+cos:c—§_

‘We cannot solve explicitly for y.

19. Ifﬂleslopeatthepnim(x,y}isxy,tbenwehave%=:r:y = @=xc€x [y £0] = fﬁ=fxdr =
= y y

1n|y|=%I2+C. y0)=1 = Inl=04+C = {:‘=lIfI.'I']:|l.1.€.,|y|=e“’2"’2 = y=:|:e=2”2,sny=e”2“

since y(0) = 1 > 0. Note that y = 0 1s not a solution because it doesn’t satisfy the imitial condition y(0) = 1.

Page 1




Solutions 9.3-Winter 2008

39, (a)%:r—kc N —=—(kC—r} N f f—dt = (1K) InfkC—r|= —t+ M =

kC' —
InkC —r|=—kt+ M2 = |kC—r|=e ™M = kC—r=Mze " = kC=DMze"+r =
Ct)=Mye™ +r/k C(0)=Cy = Co=Ms+r/k = Myi=Cy—r/k =
C(t) =(Co—r/k)e ™ +r/k.

(b) If Co < r/k, then Co — r/k < 0 and the formula for C(t) shows that C(t) increases and lim C(t) =r/k.

As t mncreases, the formula for C'(t) shows how the role of C steadily dininishes as that of r /& increases.

40. (a) Use 1 billion dollars as the z-umnit and 1 day as the t-unit. Initially, there is $10 billion of old currency in circulation,
so all of the $50 nulhion refurned to the banks is old. At time ¢, the amount of new currency 1s =(t) billion dollars, so
10 — z(¢) billion dollars of currency is old. The fraction of circulating money that is old is [10 — =(#)] /10, and the amount

ofold ¢ e to the 5 eal is ——— 0.05 billion . This amount of new
£ old currency being returned to the banks each day is 10 w‘"‘*’“} billion dollars. Thi f new currency per

d: 10 — e
day 1s mntroduced into circulation, so dj T . 0.05 = 0.005(10 — ) billon dollars per day.
dx —dx ., —0.006t
®) =0005dt = =—0005dt = In(10—z)=—0005t+c = 10—x=Ce .
10 — = 10 — =

where C = e = z(t) = 10 — Ce™ %% From =(0) = 0, we get C' = 10, so z(t) = 10(1 — ¢~ %-99%%)_
(¢) The new bills make up 90% of the circulating currency when x(¢) = 0.9 - 10 = 9 billion dollars.

0=10(1—e %09 = 00=1— 0008 - 00055 _0g1 = _0005t=—-Inl0 =

t = 2001n 10 ~ 460.517 days ~ 126 years.

41. (a) Let y(¢) be the amount of salt (in kg) after ¢+ minutes. Then y(0) = 15. The amount of liquud in the tank is 1000 L at all
[ﬂ E} (m L) __ylt) kg

times, so the concentration at ime ¢ (in minutes) is y(¢) /1000 kg/L and

dt 1000 L min 100 min’
__ 1 [g o my——L 40 ady(0)=15 = mI15=C,s0lny=In15— —
y 100 Y mn v y o0
t y _ _
It follows that In (£ ) = ———- and L = c=#/1%0 50 = 15~/ 1% kg
otowstatIm\15) = "To0 ™15 — ¢ 0¥ e ke

(b) After 20 minutes, y = 15e72%/1%0 — 15792 =~ 12.3 kg
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