Solutions 14.3--Spring 2008

4. (a) Oh,/ v represents the rate of change of h when we fix ¢ and consider & as a function of v, which describes how quickly the
wave heights change when the wind speed changes for a fixed time duration. &h /&4 represents the rate of change of h
when we fix v and consider & as a function of ¢, which describes how quickly the wave heights change when the duration
of time changes, but the wind speed is constant.

lim F(40 4+ R, 15) — f(40,135)
h—0 h

(b) By Definition 4, f,(40,15) = which we can approximate by considering

£(50,15) — £(40.15) _ 36 —25 _

f = 10 and h = —10 and using the values given in the table: f,(40.15) = T 0

1.1,

£(30,15) — f(40,15) 16 —25
—10 - —10

a 40-knot wind has been blowing for 15 hours, the wave heights should mcrease by about 1 foot for every knot that the

Fu(40,15) == = 0.9. Averaging these values, we have f, (40, 15) == 1.0. Thus, when

wind speed increases (with the same time duration) Similarly, f:(40, 15) = lim 2019+ h‘i —F40.15) hich we
h—0
F(40.20) — 5(40,.15) _28-25 _

can approximate by considering h = 5 and h = —5: f:(40,15) = 3 3 ,

£(40,10) — £(40.15) 21 —25

—5 -
40-knot wind has been blowing for 15 hours, the wave heights increase by about 0.7 feet for every additional hour that the
wind blows.

£:(40,15) ~

= 0.8. Averaging these values, we have f:(40, 15) = 0.7. Thus, when a

(c) For fixed values of v, the function values f(v,t) appear to increase in smaller and smaller increments, becoming nearly
constant as ¢ increases. Thus, the corresponding rate of change 15 nearly 0 as ¢ increases, suggesting that
tlirn (&h/at) =0.

10. fz(2, 1) 1s the rate of change of f at (2. 1) in the x-direction. If we start at (2, 1), where (2. 1) = 10, and move in the
positive z-direction, we reach the next contour line (where f(x, y) = 12) after approximately 0.6 units. This represents an
average rate of change of about - _ If we approach the point (2, 1) from the left (moving in the positive z-direction) the
output values increase from § to 10 with an increase in x of approximately 0.9 umts, corresponding to an average rate of
change of ;5. A good estimate for (2, 1) would be the average of these two, so fz(2, 1) == 2.8. Similarly, f,(2, 1) is the
rate of change of f at (2, 1) in the y-direction. If we approach (2, 1) from below, the output values decrease from 12 to 10 with
a change in y of approximately 1 umit, corresponding to an average rate of change of —2. If we start at (2, 1) and move in the
positive y-direction, the output values decrease from 10 to 8 after approximately 0.9 units, a rate of change of 5= Averaging

these two results, we estimate f,(2,1) =~ —2.1.

15. f(z,y) =9y° —3zy = fao(z.y)=0—3y= -3y, f(z.y) =5 -3z

16. f(z,y) =2y’ +82%y =

fe(z,y) =427 - 4° + 8- 22 - y = 42¥y* + 162y, fy(z,y) = =* - 3y* +82% - 1 = 3z*? + 827
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2. f(z.y) = r+§ = ey = B +(i}; ;)xz_y}(l) T (= iyylz’
ey EDETY—(@—y)@) 2
fy(.9) =+ ) (= +y)?

2 flz.y)=2¥ = folz.y)=yz*"", fy(z.y) =2'Inz

, 1
— I} =l — —
40. f(x,y) = arctan(y/z) = fe(x.y) T /=
3 3
- 2,3 = — = ——
2= —mE T

2] a
45. 2* + 4 + 22 =3xyz = 5(32+y2+22}=§(33:y2}

Jz dz

2z o —Sxya =3yz — 2z & (22—3xy}%=3y¢ 2x, 50

—[x +y2 4z 2}——(3.1'3,:/) = 0+42y+

0z  3zz—2y

8z
2z —3 — =3zz—2 —_— =
(22 — 3zy) dy e ¥ 50 dy 22— 3xy

Jz

9z 8,,

]

Iz

—yz—2) = — Y _ y
() = 2 ;

= 2x+0+22?=3y<x%+2-1) =

€T

Jyz — 2z
2z — 3xy

dx

. a . d dz
48. sin(zyz) ==z +2y+3=z = P (sin(xyz)) = e (r+2y+32) = cos(zyz)- y(:c m + z ) =1+3 =

34_

(xy cos(xyz) — 3) 3 =1 —yzcos(xyz), so

dr

1 — yz cos(zyz)
zycos(ryz) — 3’

8z

a . a 9z z
3—y(31n[:xy4}:}—3—y(.r—|—2y+34} = cas(xy¢)-.r<y——l—u)—2+33— =

9z

(xycos(zyz) — 3} 8 =2 — xz cos(ayz), SO0 — 5y

8. f(z.y) =2"y" + 22"y = fa(z,y) = 32"

Ay

2 — xz cos(zyz)

rycos(zyz) — 3

+ Sxayz fiﬁ (‘r: y} = 5:r3y4

Y

+ 22* Then foe(z, y) = 6zy® + 2427y,

fey(z, y) = 1527y + 82°, fue(x, y) = 152%y* + 82°, and £, (z, y) = 202°y°

b b b
56, v = %% = 9y, = %% .g¥ = g¥tTe Uy =€

3

Vey = €7 (1 + ze¥), vye = 2e¥+ (e¥) + ¥+ (1)

Uyy = we¥tee? (14 =ze¥) = evtee? (z + z%e¥).

o
=& . xe¥ = xe

viee¥ Then vy, = e¥1®eY . oV = 2¥H=e¥
- rr = -

3

= e¥+= (1 4 zeY),
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57. u=zsin(zr + 2y) = wuz == cos(x+ 2y)(l) +sin(z + 2y) - 1 = xr cos(x + 2y) + sin(x 4 2y),
Ugy = x(—sin(z + 2y)(2)) + cos(z + 2y)(2) = 2 cos(z + 2y) — 2z sin(z + 2y),
uy = x cos (x + 2y) (2) = 2z cos(x + 2y),
Uyz = 22 - (—sin(z + 2y)(1)) + cos (z + 2y) - 2 = 2cos(x + 2y) — 2wsin(z + 2y). Thus uzy = uye.
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