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Preface

So, ultimately, in order to understand nature it may be resrggo have a deeper understand-
ing of mathematical relationships. But the real reasondsttie subject is enjoyable, and although
we humans cut nature up in different ways, and we have diff@eurses in different departments,
such compartmentalization is really artificial, and we dtiaake our intellectual pleasures where
we find them Richard Feynman, The Laws of Thermodynamics.

Why a preface you may ask? Isn't that just a mere expositicmfison détre of an author’s choice of
material, preferences, biases, teaching philosophy &tcadarge extent | can answer in the affirmative to that.
A preface ought to be personal. Indeed, what you will seegrvédrious chapters of these notes represents how
| perceive computational physics should be taught.

This set of lecture notes serves the scope of presentingu@yd train you in an algorithmic approach
to problems in the sciences, represented here by the unitigreé disciplines, physics, mathematics and
informatics. This trinity outlines the emerging field of cpatational physics.

Our insight in a physical system, combined with numericalhamatics gives us the rules for setting up an
algorithm, viz. a set of rules for solving a particular praol. Our understanding of the physical system under
study is obviously gauged by the natural laws at play, thigaintonditions, boundary conditions and other
external constraints which influence the given system. itpspelled out the physics, for example in the form
of a set of coupled partial differential equations, we neffidient numerical methods in order to set up the
final algorithm. This algorithmis in turn coded into a comgrytrogram and executed on available computing
facilities. To develop such an algorithmic approach, yoll e exposed to several physics cases, spanning
from the classical pendulum to quantum mechanical syst®veswill also present some of the most popular
algorithms from numerical mathematics used to solve a ptatbf problems in the sciences. Finally we will
codify these algorithms using some of the most widely used@mming languages, presently C, C++ and
Fortran and its most recent standard Fortran EOBB)wever, a high-level and fully object-oriented language
like Python is now emerging as a good alternative although &3d Fortran still outperform Python when it
comes to computational speed. In this text we offer an agbredoere one can write all programs in C/C++
or Fortran. We will also show you how to develop large progsamPython interfacing C++ and/or Fortran
functions for those parts of the program which are CPU intensSuch an approach allows you to structure
the flow of data in a high-level language like Python whil&ksasf a mere repetitive and CPU intensive nature
are left to low-level languages like C++ or Fortran. Pyththoves you also to smoothly interface your program
with other software, such as plotting programs or operayrsgem instructions. A typical Python program you
may end up writing contains everything from compiling andming your codes to preparing the body of a file
for writing up your report.

Computer simulations are nowadays an integral part of copéeary basic and applied research in the
sciences. Computation is becoming as important as thedrgxgreriment. In physics, computational physics,
theoretical physics and experimental physics are all égimaportantin our daily research and studies of phys-
ical systems. Physics is the unity of theory, experimentczmdputatioﬂ. Moreover, the ability "to compute”
forms part of the essential repertoire of research scisnt8everal new fields within computational science
have emerged and strengthened their positions in the lass y&ich as computational materials science, bioin-
formatics, computational mathematics and mechanics, atatipnal chemistry and physics and so forth, just
to mention a few. These fields underscore the importanceraflations as a means to gain novel insights into
physical systems, especially for those cases where notar@golutions can be found or an experiment is too

1Throughout this text we refer to Fortran 2003 as Fortran lying the latest standard. Fortran 2008 will only add minbamges to
Fortran 2003.

2We mentioned previously the trinity of physics, mathensatiad informatics. Viewing physics as the trinity of theagyperiment
and simulations is yet another example. It is obviously timgpto go beyond the sciences. History shows that triun@sfiés and
for example triple deities permeate the Indo-Europearurest (and probably all human cultures), from the ancientsGeid Hindus to
modern days. The ancient Celts revered many such trinugis vibrld was divided into earth, sea and air, nature wasidiviin animal,
vegetable and mineral and the cardinal colours were rethwelnd blue, just to mention a few. As a curious digressiowas a Gaulish
Celt, Hilary, philosopher and bishop of Poitiers (AD 315736n his work De Trinitate who formulated the Holy Trinity concept of
Christianity, perhaps in order to accomodate millenia afibn divination practice.



complicated or expensive to carry out. To be able to simidaigee quantal systems with many degrees of free-
dom such as strongly interacting electrons in a quantum dbbe of great importance for future directions
in novel fields like nano-techonology. This ability oftenngbines knowledge from many different subjects,
in our case essentially from the physical sciences, nu@mariathematics, computing languages, topics from
high-performace computing and some knowledge of computers

In 1999, when | started this course at the department of phaysiOslo, computational physics and com-
putational science in general were still perceived by th@ritg of physicists and scientists as topics dealing
with just mere tools and number crunching, and not as sudb@their own. The computational background of
most students enlisting for the course on computationasipbycould span from dedicated hackers and com-
puter freaks to people who basically had never used a PC. afarity of undergraduate and graduate students
had a very rudimentary knowledge of computational techescand methods. Questions like 'do you know of
better methods for numerical integration than the trapdaule’ were not uncommon. | do happen to know
of colleagues who applied for time at a supercomputing edngécause they needed to invert matrices of the
size of10* x 10* since they were using the trapezoidal rule to compute iatsghVith Gaussian quadrature
this dimensionality was easily reduced to matrix problefrite@size ofl 02 x 102, with much better precision.

Less than ten years later most students have now been exfmoaddirly uniform introduction to com-
puters, basic programming skills and use of numerical és@sc Practically every undergraduate student in
physics has now made a Matlab or Maple simulation of for exartipe pendulum, with or without chaotic
motion. Nowadays most of you are familiar, through variondergraduate courses in physics and mathemat-
ics, with interpreted languages such as Maple, Matlab andidthematica. In addition, the interest in scripting
languages such as Python or Perl has increased considerabbent years. The modern programmer would
typically combine several tools, computing environmemid programming languages. A typical example is
the following. Suppose you are working on a project which deds extensive visualizations of the results.
To obtain these results, that is to solve a physics problé&m®btaining the density profile of a Bose-Einstein
condensate, you need however a program which is fairly fastmeomputational speed matters. In this case
you would most likely write a high-performance computinggram using Monte Carlo methods in languages
which are tailored for that. These are represented by pnogiiag languages like Fortran and C++. However,
to visualize the results you would find interpreted langsdges Matlab or scripting languages like Python
extremely suitable for your tasks. You will therefore endanting for example a script in Matlab which calls
a Fortran ot C++ program where the number crunching is dodetzm visualize the results of say a wave
equation solver via Matlab’s large library of visualizatitools. Alternatively, you could organize everything
into a Python or Perl script which does everything for yolisadhe Fortran and/or C++ programs and performs
the visualization in Matlab or Python. Used correctly, thesols, spanning from scripting languages to high-
performance computing languages and vizualization pragrapeed up your capability to solve complicated
problems. Being multilingual is thus an advantage whichardy applies to our globalized modern society
but to computing environments as well. This text shows yow tmuse C++ and Fortran as programming
languages.

There is however more to the picture than meets the eye. édihdnterpreted languages like Matlab,
Mathematica and Maple allow you nowadays to solve very caragdd problems, and high-level languages
like Python can be used to solve computational problemspotational speed and the capability to write an
efficient code are topics which still do matter. To this e najority of scientists still use languages like
C++ and Fortran to solve scientific problems. When you embark master or PhD thesis, you will most
likely meet these high-performance computing languagéss dourse emphasizes thus the use of program-
ming languages like Fortran, Python and C++ instead of iméded ones like Matlab or Maple. You should
however note that there are still large differences in capime between for example numerical Python and
a corresponding C++ program for many numerical applicatiarthe physical sciences, with a code in C++
or Fortran being the fastest.

Computational speed is not the only reason for this choiggagramming languages. Another important
reason is that we feel that at a certain stage one needs tosbawe insights into the algorithm used, its
stability conditions, possible pitfalls like loss of prsicin, ranges of applicability, the possibility to improve
the algorithm and taylor it to special purposes etc etc. Graupmajor aims here is to present to you what
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we would dub 'the algorithmic approach’, a set of rules fomngomathematics or a precise description of
how to solve a problem. To device an algorithm and thereaftiée a code for solving physics problems is a
marvelous way of gaining insight into complicated physgyatems. The algorithm you end up writing reflects
in essentially all cases your own understanding of the glsyand the mathematics (the way you express
yourself) of the problem. We do therefore devote quite sopaees to the algorithms behind various functions
presented in the text. Especially, insight into how erraoppgate and how to avoid them is a topic we would
like you to pay special attention to. Only then can you avoiabfems like underflow, overflow and loss of
precision. Such a control is not always achievable withrprieted languages and canned functions where the
underlying algorithm and/or code is not easily accesibléh@dugh we will at various stages recommend the
use of library routines for say linear alg%raur belief is that one should understand what the giventfonc
does, at least to have a mere idea. With such a starting peinstrongly believe that it can be easier to
develope more complicated programs on your own using For€a+ or Python.

We have several other aims as well, namely:

— We would like to give you an opportunity to gain a deeper ustderding of the physics you have learned
in other courses. In most courses one is normally confromtddsimple systems which provide exact
solutions and mimic to a certain extent the realistic cabéany are however the comments like 'why
can’t we do something else than the particle in a box poténtian several of the projects we hope
to present some more ‘realistic’ cases to solve by variousarical methods. This also means that we
wish to give examples of how physics can be applied in a muchder context than it is discussed in
the traditional physics undergraduate curriculum.

— To encourage you to "discover" physics in a way similar to hhegearchers learn in the context of
research.

— Hopefully also to introduce numerical methods and new aoégdysics that can be studied with the
methods discussed.

— To teach structured programming in the context of doingrexee

— The projects we propose are meant to mimic to a certain etttersituation encountered during a thesis
or project work. You will tipically have at your disposal 2a&eks to solve numerically a given project.
In so doing you may need to do a literature study as well. Binake would like you to write a report
for every project.

Our overall goal is to encourage you to learn about sciencmutfh experience and by asking questions.
Our objective is always understanding and the purpose ofoating is further insight, not mere numbers!
Simulations can often be considered as experiments. Rexgiarsimulation need not be as costly as rerunning
an experiment.

Needless to say, these lecture notes are upgraded corglgifoom typos to new input. And we do always
benefit from your comments, suggestions and ideas for mdkiege notes better. It's through the scientific
discourse and critics we advance. Moreover, | have berfittemensely from many discussions with fellow
colleagues and students. In particular | must mention migagle Torgeir Engeland, whose input through the
last years has considerably improved these lecture notes.

Finally, | would like to add a petit note on referencing. Themtes have evolved over many years and
the idea is that they should end up in the format of a web-bleseding environment for doing computational
science. It will be fully free and hopefully represent a muaabre efficient way of conveying teaching material
than traditional textbooks. | have not yet settled on a djefdrmat, so any input is welcome. At present
however, it is very easy for me to upgrade and improve the mahten say a yearly basis, from simple typos
to adding new material. When accessing the web page of theseoyou will have noticed that you can
obtain all source files for the programs discussed in the tékiny people have thus written to me about
how they should properly reference this material and whethey can freely use it. My answer is rather

3Such library functions are often taylored to a given machiaechitecture and should accordingly run faster than ps®rided ones.
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simple. You are encouraged to use these codes, modify tinetade them in publications, thesis work, your
lectures etc. As long as your use is part of the dialecticgiehse you can use this material freely. However,
since many weekends have elapsed in writing several of theggams, testing them, sweating over bugs,
swearing in front of a f*@7%g code which didn’t compile prdgeen minutes before monday morning’s
eight o’clock lecture etc etc, | would dearly appreciate ase you find these codes of any use, to reference
them properly. That can be done in a simple way, refer to MrtHjdensenl_ecture Notes on Computational
Physics University of Oslo (2010). The weblink to the course shalkb be included. Hope it is not too much
to ask for. Enjoy!

%,
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Chapter 1

Introduction

... Die Untersuchungsmethode, deren ich mich bedient habeieraliflékonomische Prob-
leme noch nicht angewandt wurde, macht die Lektiire derrekspitel ziemlich schwierig, und
es ist zu befiirchten, daf3 das franzésische Publikum, stgesduldig nach dem Ergebnis und be-
gierig, den Zusammenhang zwischen den allgemeinen Grirstisénd den Fragen zu erkennen,
die es unmittelbar bewegen, sich abschrecken laf3t, weithssofort weiter vordringen kann.

Das ist ein Nachteil, gegen den ich nichts weiter unternehkagn, als die nach Wahrheit
strebenden Leser von vornherein darauf hinzuweisen uraigefi machen. Es gibt keine Land-
straf3e fUr die Wissenschaft, und nur diejenigen haben,i¢htsghre lichten Hohen zu erreichen,
die die Miihe nicht scheuen, ihre steilen Pfade zu erklimni&ar! Marx, preface to the french
edition of 'Das Kapital’, Vol. |

In the physical sciences we often encounter problems ofiatialy various properties of a given functiff).
Typical operations are differentiation, integration amdifing the roots off (). In most cases we do not have
an analytical expression for the functigiu:) and we cannot derive explicit formulae for derivatives &een

if an analytical expression is available, the evaluatiooastain operations ofi(z) are so difficult that we need
to resort to a numerical evaluation. More frequenflfy) is the result of complicated numerical operations
and is thus known only at a set of discrete points and needsapproximated by some numerical methods in
order to obtain derivatives, etc etc.

The aim of these lecture notes is to give you an introductioeeiected numerical methods which are
encountered in the physical sciences. Several exampl#syaiying degrees of complexity, will be used in
order to illustrate the application of these methods.

The text gives a survey over some of the most used methodshiputational physics and each chapter
ends with one or more applications to realistic systemsnfitee structure of a neutron star to the description
of quantum mechanical systems through Monte-Carlo methéaeng the algorithms we discuss, are some
of the top algorithms in computational science. In recemieys by Dongarra and Sullivan [1] and Cipra [2],
the list over the ten top algorithms of the 20th century idelu

1. The Monte Carlo method or Metropolis algorithm, devisgdbhn von Neumann, Stanislaw Ulam, and
Nicholas Metropolis, discussed in chapferiIIL-14.

2. The simplex method of linear programming, developed bgrge Dantzig.

3. Krylov Subspace lIteration method for large eigenvalwsblams in particular, developed by Magnus
Hestenes, Eduard Stiefel, and Cornelius Lanczos, disdusshaptef]r.

4. The Householder matrix decomposition, developed byoalstouseholder and discussed in chapkter 7.
5. The Fortran compiler, developed by a team lead by JohniBaclkodes used throughout this text.

6. The QR algorithm for eigenvalue calculation, developgdde Francis, discussed in chajifler 7
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7. The Quicksort algorithm, developed by Anthony Hoare.
8. Fast Fourier Transform, developed by James Cooley amdTakey.
9. The Integer Relation Detection Algorithm, developed ®fdthan Ferguson and Rodney

10. The fast Multipole algorithm, developed by Leslie Gigamnl and Viadimir Rokhlin; (to calculate grav-
itational forces in an N-body problem normally requit¥$ calculations. The fast multipole method
uses order N calculations, by approximating the effectsrofigs of distant particles using multipole
expansions)

The topics we cover start with an introduction to C++ and fartprogramming (with digressions to
Python as well) combining it with a discussion on numeriaasion, a point we feel is often neglected in
computational science. This chapter serves also as inmuirtdiscussion on numerical derivation in chapter
B. In that chapter we introduce several programming coscapth as dynamical memory allocation and call
by reference and value. Several program examples are pedsienthis chapter. For those who choose to
program in C++ we give also an introduction to how to progrdasses and the auxiliary library Blitz++,
which contains several useful classes for numerical op&r®bn vectors and matrices. This chapter contains
also sections on numerical interpolation and extrapafatiGhaptefls deals with the solution of non-linear
equations and the finding of roots of polynomials. The linBtidz++, matrices and selected algorithms for
linear algebra problems are dealt with in chapter 6.

Therafter we switch to numerical integration for integnaith few dimensions, typically less than three,
in chaptef#. The numerical integration chapter servestalgestify the introduction of Monte-Carlo methods
discussed in chaptelsl11 dnd 12. There, a variety of apiplicaare presented, from integration of multidi-
mensional integrals to problems in statistical physichsasgrandom walks and the derivation of the diffusion
equation from Brownian motion. Chapfeln 13 continues thisasion by extending to studies of phase transi-
tions in statistical physics. Chaplel 14 deals with Monggi€studies of quantal systems, with an emphasis on
variational Monte Carlo methods and diffusion Monte Carlethods. In chaptél 7 we deal with eigensystems
and applications to e.g., the Schrédinger equation remrits a matrix diagonalization problem. Problems
from scattering theory are also discussed, together withrtbst used solution methods for systems of linear
equations. Finally, we discuss various methods for soldiffgrential equations and partial differential equa-
tions in chapterEIB=10 with examples ranging from harmosiiliations, equations for heat conduction and
the time dependent Schrdédinger equation. The emphasisvaramus finite difference methods.

We assume that you have taken an introductory course in @moging and have some familiarity with
high-level or low-level and modern languages such as JaghpR, C++, Fortran 77/90/95, etc. Fortleand
C++ are examples of compiled low-level languages, in caht@interpreted ones like Maple or Matlab. In
such compiled languages the computer translates an eabpEagram into basic machine instructions all at
one time. In an interpreted language the translation is @m@estatement at a time. This clearly increases
the computational time expenditure. More detailed aspefdise above two programming languages will be
discussed in the lab classes and various chapters of this tex

There are several texts on computational physics on theehaske for example Refs. [3—10], ranging
from introductory ones to more advanced ones. Most of theeds treat however in a rather cavalier way the
mathematics behind the various numerical methods. Wedeslccumbed to this approach, mainly due to the
following reasons: several of the methods discussed arerratvolved, and would thus require at least a one-
semester course for an introduction. In so doing, littleetinould be left for problems and computation. This
course is a compromise between three disciplines, nunhenietnods, problems from the physical sciences
and computation. To achieve such a synthesis, we will havelax our presentation in order to avoid lengthy
and gory mathematical expositions. You should also keepit ithat computational physics and science in
more general terms consist of the combination of severalsfiahd crafts with the aim of finding solution
strategies for complicated problems. However, where wendalge in presenting more formalism, we have
borrowed heavily from several texts on mathematical afmglys

1with Fortran we will consistently mean Fortran 2003. Thaeer programming examples in Fortran 77 in this text.



1.1 — Choice of programming language

1.1 Choice of programming language

As programming language we have ended up with preferring Gtitrall examples discussed in the text have
their corresponding Fortran and Python programs on the aggbpf this text.

Fortran (FORmula TRANSslation) was introduced in 1957 amdaims in many scientific computing envi-
ronments the language of choice. The latest standard, $egRe-14], includes extensions that are familiar to
users of C++. Some of the most important features of Fortreludle recursive subroutines, dynamic storage
allocation and pointers, user defined data structures, fesgand the ability to manipulate entire arrays. How-
ever, there are several good reasons for choosing C++ asapnagng language for scientific and engineering
problems. Here are some:

— C++ is now the dominating language in Unix and Windows envinents. It is widely available and
is the language of choice for system programmers. It is vadespread for developments of non-
numerical software

— The C++ syntax has inspired lots of popular languages, ssiéted, Python and Java.
— Itis an extremely portable language, all Linux and Unix @gped machines have a C++ compiler.

— In the last years there has been an enormous effort towaxddogéng numerical libraries for C++.
Numerous tools (humerical libraries such as MPI [15-17§) aritten in C++ and interfacing them
requires knowledge of C++. Most C++ and Fortran compilemmgare fairly well when it comes to
speed and numerical efficiency. Although Fortran 77 and Gegarded as slightly faster than C++ or
Fortran, compiler improvements during the last few yearseldiminshed such differences. The Java
numerics project has lost some of its steam recently, araliaterefore normally slower than C++ or
Fortran, see however the Java Numerics homepage for a diisoum numerical aspects of Java [18].

— Complex variables, one of Fortran’s strongholds, can atésddfined in the new ANSI C++ standard.

— C++ is a language which catches most of the errors as earlgsssighe, typically at compilation time.
Fortran has some of these features if one omits implicitde declarations.

— C++is also an object-oriented language, to be contrastidtwand Fortran. This means that it supports
three fundamental ideas, namely objects, class hierarahig polymorphism. Fortran has, through the
MODULE declaration the capability of defining classes, but lackeiitance, although polymorphism
is possible. Fortran is then considered as an object-basgdgmming language, to be contrasted with
C++ which has the capability of relating classes to eachratha& hierarchical way.

An important aspect of C++ is its richness with more than 6@wards allowing for a good balance
between object orientation and numerical efficiency. Famtiore, careful programming can results in an
efficiency close to Fortran 77. The language is well-suitegddrge projects and has presently good standard
libraries suitable for computational science projectdjalgh many of these still lag behind the large body
of libraries for numerics available to Fortran programmaetgwever, it is not difficult to interface libraries
written in Fortran with C++ codes, if care is exercised. @thieak sides are the fact that it can be easy to write
inefficient code and that there are many ways of writing tieesthings, adding to the confusion for beginners
and professionals as well. The language is also under cantgxdevelopment, which often causes portability
problems.

C++ is also a difficult language to learn. Grasping the basicather straightforward, but takes time to
master. A specific problem which often causes unwanted oeaads is dynamic memory management.

The efficiency of C++ codes are close to those provided byr&oriThis means often that a code written
in Fortran 77 can be faster, however for large numericalgutsjC++ and Fortran are to be preferred. If speed
is an issue, one could port critical parts of the code to Rar#7.
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Future plans

Since our undergraduate curriculum has changed consigiérain the beginning of the fall semester of 2007,
with the introduction of Python as programming language,dbntent of this course will change accordingly
from the fall semester 2009. C++ and Fortran will then cdexith Python and students can choose between
these three programming languages. The emphasis in thevikdie on C++ programming, but how to
interface C++ or Fortran programs with Python codes wilbdle discussed.

1.2 Designing programs

Before we proceed with a discussion of numerical methodsyaugd like to remind you of some aspects of
program writing.

In writing a program for a specific algorithm (a set of rulesdoing mathematics or a precise description
of how to solve a problem), it is obvious that different pragmers will apply different styles, ranging from
barely readablB (even for the programmer) to well documented codes whictheamsed and extended upon
by others in e.g., a project. The lack of readability of a pamgleads in many cases to credibility problems,
difficulty in letting others extend the codes or remembedngself what a certain statement means, problems
in spotting errors, not always easy to implement on otherhim&s, and so forth. Although you should feel
free to follow your own rules, we would like to focus certaimggestions which may improve a program. What
follows here is a list of our recommendations (or biaseg/jgliees).

First about designing a program.

— Before writing a single line, have the algorithm clarifieddamderstood. It is crucial to have a logical
structure of e.g., the flow and organization of data befoeegiarts writing.

— Always try to choose the simplest algorithm. Computatiapeled can be improved upon later.

— Try to write a as clear program as possible. Such programsaaier to debug, and although it may take
more time, in the long run it may save you time. If you collaterwith other people, it reduces spending
time on debugging and trying to understand what the code#datear program will also allow you to
remember better what the program really does!

— Implementa working code with emphasis on design for exterssimaintenance etc. Focus on the design
of your code in the beginning and don’t think too much abofitieihcy before you have a thoroughly
debugged and verified your program. A rule of thumb is theated80 — 20 rule, 80 % of the CPU
time is spent in 20 % of the code and you will experience thpiclly onlya small part of your code
is responsible for most of the CPU expenditure. Therefqrend most of your time in devising a good
algorithm.

— The planning of the program should be from top down to botttging to keep the flow as linear as
possible. Avoid jumping back and forth in the program. Frsti need to arrange the major tasks to
be achieved. Then try to break the major tasks into subtagkesse can be represented by functions or
subprograms. They should accomplish limited tasks andrasfpossible be independent of each other.
That will allow you to use them in other programs as well.

— Try always to find some cases where an analytical solutiost®xir where simple test cases can be
applied. If possible, devise different algorithms for sotythe same problem. If you get the same
answers, you may have coded things correctly or made the sanrawice.

— When you have a working code, you should start thinking otffieiency. Analyze the efficiency with a
tool (profiler) to predict the CPU-intensive parts. Attabknh the CPU-intensive parts after the program
reproduces benchmark results.

2As an example, a bad habit is to use variables with no specifianing, like x1, x2 etc, or names for subprograms which go lik
routinel, routine2 etc.
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1.2 — Designing programs

However, although we stress that you should post-pone astigm of the efficiency of your code to the
stage when you are sure that it runs correctly, there are sanpe guidelines to follow when you design the
algorithm.

— Avoid lists, sets etc., when arrays can be used without tochmaste of memory. Avoid also calls to
functions in the innermost loop since that produces an @aattn the call.

— Heavy computation with small objects might be inefficieng, evector of class complex objects
— Avoid small virtual functions (unless they end up in moretlisay) 5 multiplications)

— Save object-oriented constructs for the top level of youteco

Use taylored library functions for various operations,agpible.

— Reduce pointer-to-pointer-to....-pointer links insideps.

Avoid implicit type conversion, use rather the explicit keyrd when declaring constructors in C++.
— Never return (copy) of an object from a function, since trosmally implies a hidden allocation.
Finally, here are some of our favoured approaches for wyriicode.

— Use always the standard ANSI version of the programmingdagg. Avoid local dialects if you wish
to port your code to other machines.

— Add always comments to describe what a program or subprogoms. Comment lines help you re-
member what you did e.g., one month ago.

— Declare all variables. Avoid totally theIMPLICIT statement in Fortran. The program will be more
readable and help you find errors when compiling.

— Do not use GOTO structures in Fortran. Although all varieties of spaghetti great culinaric tempta-
tions, spaghetti-like Fortran with many0T0 statements is to be avoided. Extensive amounts of time
may be wasted on decoding other authors’ programs.

— When you name variables, use easily understandable namaigl. Av1 when you can usespeed_of_light
. Associatives names make it easier to understand what disppedprogram does.

— Use compiler options to test program details and if possilsle different compilers. They make errors
too.

— Writing codes in C++ and Fortran may often lead to segmemdtults. This means in most cases
that we are trying to access elements of an array which aravadible. When developing a code it is
then useful to compile with debugging options. The use ofidglrs likegdb is something we highly
recommend during the development of a program.






Chapter 2

Introduction to C++ and Fortran

Computers in the future may weigh no more than 1.5 t®egular Mechanics, 1949

There is a world market for maybe five computéreomas Watson, IBM chairman, 1943

2.1 Introduction

This chapters aims at catching two birds with a stone; tamthice to you essential features of the program-
ming languages C++ and Fortran with a brief reminder on Rysgpecific topics, and to stress problems like
overflow, underflow, round off errors and eventually loss @qision due to the finite amount of numbers a
computer can represent. The programs we discuss are tdytotieese aims.

2.2 Getting started

In programming Ianguad}sve encounter data entities such as constants, variabfedtgef evaluations of
functions etc. Common to these objects is that they can lresepted through the type concept. There are
intrinsic types and derived types. Intrinsic types are jgted by the programming language whereas derived
types are provided by the programmer. If one specifies the tyfe for exampl&@NTEGER (KIND=2) for
Fortrarfl or short int/int in C++, the programmer selects a particular date type withit29(16 bits)

for every item of the classINTEGER (KIND=2) or int. Intrinsic types come in two classes, numerical
(like integer, real or complex) and non-numeric (as logeadl character). The general form for declaring
variables is data type name of variable and TabldZR lists the standard variable declarations ef C+
and Fortran (note well that there be may compiler and madifferences from the table below). Animportant
aspect when declaring variables is their region of validltyside a function we define a a variable through
the expressionint var or INTEGER :: var . The question is whether this variable is available in other
functions as well, moreover whereusr initialized and finally, if we call the function where it is dared, is

the value conserved from one call to the other?

1For more detailed texts on C++ programming in engineeringl asience are the books by Flowers [19] and Bar-
ton and Nackman [20]. The classic text on C++ programminghis book of Bjarne Stoustrup [21]. See also the lec-
ture notes on C++ ahttp://heim.ifi.uio.no/~hpl/INF-VERK4830. For Fortran we recommend the online lectures at
http://folk.uio.no/gunnarw/INF-VERK4820. These web pages contain extensive references to other i@iFaatran resources.
Both web pages contain enough material, lecture notes andises, in order to serve as material for own studies. ThiegfF95 standard
is well documented in Refs. [11-13] while the new details oftian 2003 can be found in Ref. [14]. The reader should rtethis is
not a text on C++ or Fortran . It is therefore important thaa ties to find additional literature on these programmimgyleages. Good
Python texts on scientific computing are [22, 23].

20ur favoured display mode for Fortran statements will bétahfetters for language statements and low key lettersi$er-defined
statements. Note that Fortran does not distinguish beteagital and low key letters while C++ does.
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type in C++ and Fortran  bits range
int/INTEGER (2) 16 —32768to0 32767

unsigned int 16 0to 65535

signed int 16 —32768to 32767

short int 16 —32768to 32767

unsigned short int 16 0to 65535

signed short int 16 —32768to 32767

int/long int/INTEGER(4) 32 —2147483648t0 2147483647
signed long int 32 —214748364810 2147483647
float/REAL(4) 32 100*to10*38
double/REAL(8) 64 107322 t0 101308

Table 2.1: Examples of variable declarations for C++ andrkor. We reserve capital letters for Fortran
declaration statements throughout this text, althoughr&ors not sensitive to upper or lowercase letters.
Note that there are machines which allow for more than 64fbitsloubles. The ranges listed here may
therefore vary.

Both C++ and Fortran operate with several types of variadtesthe answers to these questions depend
on how we have defined for example an integer via the stateimantvar. Python on the other hand does

not use variable or function types (they are not explicitefitten), allowing thereby for a better potential for
reuse of the code.

The following list may help in clarifying the above points:

type of variable validity

local variables defined within a function, only availablghin the scope of the
function.

formal parameter If it is defined within a function it is onlyadlable within that
specific function.

global variables  Defined outside a given function, avaddbl all functions from
the point where it is defined.

In Table[Z:2 we show a list of some of the most used languagenséats in Fortran and C++.

In addition, both C++ and Fortran allow for complex variablén Fortran we would declare a complex
variable asLOMPLEX (KIND=16):: x, y which refers to a double with word length of 16 bytes. In C++
we would need to include a complex library through the stateis

#include <complex>
complex<double> x, vy;

We will discuss the above declaratiesmplex<double>x,y; in more detail in chaptéi 3.

2.2.1 Scientific hello world

Our first programming encounter is the 'classical’ one, ibimalmost every textbook on computer languages,
the 'hello world’ code, here in a scientific disguise. We predirst the C version.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/programl.cpp

/* comments in C begin like this and end with x*/
#include <stdlib.h> /* atof function x/

#include <math.h> /* sine function x/

#include <stdio.h> /* printf function x/
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2.2 — Getting started

Fortran

C++

PI’Og ram structure

PROGRAM something
FUNCTION something(input)
SUBROUTINE something(inout)

main ()
double (int) something(input)

Data type declarations

REAL (4) X,y

REAL(8) :: X,y

INTEGER :: X,y

CHARACTER :: name

REAL(8), DIMENSION(dim1,dim2) :: x
INTEGER, DIMENSION(dim1,dim2) :: x
LOGICAL :: x

float x, y;
double x, y;
int x,y;
char name;
double x[dim1][dim2];
int x[dim1][dim2];

TYPE name struct name {
declarations declarations;
END TYPE name }
POINTER :: a double (int) *a;
ALLOCATE new;
DEALLOCATE delete;

Logical statements and control structure
IF (a==b) THEN if (a==Db)
b=0 {b=0;
ENDIF }

DO WHILE (logical statement)
do something

while (logical statement)
{do something

ENDDO }

IF (a>=b) THEN if (a>=Db)

b=0 {b=0;

ELSE else

a=0 a=0;}

ENDIF

SELECT CASE (variable) switch(variable)
CASE (variable=valuel) {

do something case 1:

CASE (..) variable=valuel;
do something;
break;
END SELECT case 2:
do something; break; .
}
DOi=0, end, 1 for(i=0; k= end; i++)
do something { do something ;
ENDDO }

Table 2.2: Elements of programming syntax.
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int main (int argc, charx argv[])
{
double r, s; /* declare variables x/
r = atof(argv[l]); /* convert the text argv[1] to double */
s = sin(r);
printf("Hello, World! sin(%g)=%g\n", r, s);
return 0; /* success execution of the program */

The compiler must see a declaration of a function before yaoucall it (the compiler checks the argument
and return types). The declaration of library functionsegp in so-called header files that must be included
in the program, for example nclude<stdlib. h>.

We call three functionstof,sin,printf and these are declared in three different header files. Tl ma
program is a function called main with a return value set tardeger, returning O if success. The oper-
ating system stores the return value, and other prograitit&@atcan check whether the execution was suc-
cessful or not. The command-line arguments are transféadtde main function through the statement
intmain(intargc,charxargv(]). The integerrgc stands for the number of command-line arguments, set to
one in our case, whileargv is a vector of strings containing the command-line argusesith argvie] con-
taining the name of the program aaehv(11, argv[2], ... are the command-line args, i.e., the number of lines
of input to the program.

This means that we would run the programs as

mhjensen@compphys:./myprogram.exe 0.3

argv[0] while the text strind).2 entersargvii].

Here we define a floating point variable, see also below, tiitrdhe keywordstoat for single precision
real numbers andouble for double precision. The functiostof transforms a textargv[1]) to a float. The
sine function is declared in math.h, a library which is ndbawatically included and needs to be linked when
computing an executable file.

With the commandgrintf we obtain a formatted printout. Theintf syntax is used for formatting output
in many C-inspired languages (Perl, Python, awk, partly )C++

In C++ this program can be written as

// A comment line begins like this in C++ programs
using namespace std;
#include <iostream>
#include <cstdlib>
#include <cmath>
int main (int argc, charx argv[])
{
// convert the text argv[1] to double using atof:
double r = atof(argv[l]);
double s = sin(r);
cout << "Hello, World! sin(" << r << ")=" << s << endl;
// success
return 0;

}

We have replaced the call tointf with the standard C++ functiorout. The header fil&ostream is then
needed. In addition, we don’t need to declare variablesslikand s at the beginning of the program. |
personally prefer however to declare all variables at thggrivéng of a function, as this gives me a feeling of
greater readability. Note that we have used the declaratioi@namespacestd;. Namespace is a way to collect
all functions defined in C++ libraries. If we omit this de@#on on top of the program we would have to add
the declarationtd in front of cout or cin. Our program would then read

// Hello world code without using namespace std
#include <iostream>
#include <cstdlib>

12
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#include <cmath>
int main (int argc, charx argv[])
{
// convert the text argv[1] to double using atof:
double r = atof(argv[l]);
double s = sin(r);
std::cout << "Hello, World! sin(" << r << ")=" << s << endl;
// success
return 0;

}

Another feature which is worth noting is that we have skippeception handlings here. In chagdikr 3 we
discuss examples that test our input from the command linéitBs easy to add such a feature, as shown in
our modified hello world program

// Hello world code with exception handling
using namespace std;
#include <cstdlib>
#include <cmath>
#include <iostream>
int main (int argc, charx argv[])
{
// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){
cout << "Bad Usage: " << argv[0] <<
" read also a number on the same line, e.g., prog.exe 0.2" << endl;
exit(1l); // here the program stops.
}
// convert the text argv[1] to double using atof:
double r = atof(argv[l]);
double s = sin(r);
cout << "Hello, World! sin(" << r << ")=" << s << endl;
// success
return 0;

}

Here we test that we have more than one argument. If not, thgrgom stops and writes to screen an error
message. Observe also that we have included the mathefitaticg via the#inciude<cmath> declaration.

To run these programs, you need first to compile and link theorder to obtain an executable file under
operating systems like e.g., UNIX or Linux. Before we pratee give therefore examples on how to obtain
an executable file under Linux/Unix.

In order to obtain an executable file for a C++ program, thi¥ahg instructions under Linux/Unix can
be used

c++ -c -Wall myprogram.c
C++ -0 myprogram myprogram.o

where the compiler is called through the commanel. The compiler option -Wall means that a warning is
issued in case of non-standard language. The executabieifil¢his casenyprogram. The option-c is for
compilation only, where the program is translated into nraelcode, while the o option links the produced
object filemyprogram. o and produces the executablgprogram .

The corresponding Fortran code is

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter02/t90/programl. t90

PROGRAM shw
IMPLICIT NONE
REAL (KIND =8) :: r ! Input number
REAL (KIND=8) :: s ! Result

! Get a number from user

13
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WRITE(*,*) 'Input a number: '

READ (*,%) r
! Calculate the sine of the number

s = SIN(r)
! Write result to screen

WRITE(*,*) 'Hello World!/ SINE of ', r, ' =', s
END PROGRAM shw

The first statement must be a program statement; the lastregat must have a corresponding end program
statement. Integer numerical variables and floating paimterical variables are distinguished. The names
of all variables must be between 1 and 31 alphanumeric ctesaaf which the first must be a letter and the
last must not be an underscore. Comments begin with a ! andeancluded anywhere in the program.
Statements are written on lines which may contain up to 132adters. The asterisks (*,*) following WRITE
represent the default format for output, i.e., the outpetgs, written on the screen. Similarly, the READ(*,*)
statement means that the program is expecting a line inpate &lso the IMPLICIT NONE statement which
we strongly recommend the use of. In many Fortran 77 prog@mascan find statements like IMPLICIT
REAL*8(a-h,0-z), meaning that all variables beginninghwitny of the above letters are by default floating
numbers. However, such a usage makes it hard to spot eventaes due to misspelling of variable names.
With IMPLICIT NONE you have to declare all variables and #fere detect possible errors already while
compiling. | recommend strongly that you declare all vaeahvhen using Fortran.

We call the Fortran compiler (using free format) through

f90 -c -free myprogram.f90
f90 -0 myprogram.x myprogram.o

Under Linux/Unix it is often convenient to create a so-aalieakefile, which is a script which includes pos-
sible compiling commands, in order to avoid retyping theweblines every once and then we have made
modifcations to our program. A typical makefile for the aboweompiling options is listed below

# General makefile for ¢ - choose PROG = name of given program

# Here we define compiler option, libraries and the target
CC= c++ -Wall
PROG= myprogram

# Here we make the executable file
${PROG} : ${PROG}.0
${CC} ${PROG}.0 -0 ${PROG}

# whereas here we create the object file

${PROG}.0 : ${PROG}.cpp
${CC} -c ${PROG}.cpp

If you name your file for ‘'makefile’, simply type the commanthke and Linux/Unix executes all of the
statements in the above makefile. Note that C++ files havexdieasion .cpp
For Fortran, a similar makefile is

# General makefile for F90 - choose PROG = name of given program
# Here we define compiler options, libraries and the target

F90= f90
PROG= myprogram
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# Here we make the executable file
${PROG} : ${PROG}.0
${F90} ${PROG}.o0 -0 ${PROG}

# whereas here we create the object file

${PROG}.0 : ${PROG}.f90
${F90} -c ${PROG}.f

Finally, for the sake of completeness, we list the corredpanPython code

http://www.fys.ulo.no/compphys/cp/programs/FYS3150/chapter02/python/programl.py

#!/usr/bin/env python

import sys, math

# Read in a string a convert it to a float
r = float(sys.argv[1])

s = math.sin(r)

print "Hello, World! sin(%g)=%12.6e" % (r,s)

where we have used a formatted printout with scientific matain Python we do not need to declare variables.
Mathematical functions like thgin function are imported from thmathmodule. For further references to
Python and its syntax, we recommend the text of Hans Pettagthagen [23]. The corresponding codes in
Python are available at the webpage of the course.

2.3 Representation of integer numbers

In Fortran a keyword for declaration of an integemiSeGer(kInNb=n) , n = 2 reserves 2 bytes (16 bits) of
memory to store the integer variable wheras n = 4 reservedes 82 bits). In Fortran, although it may be
compiler dependent, just declaring a variabla@®Ger, reserves 4 bytes in memory as default.

In C++ keywords arenortint,int,longint,longlongint. The byte-length is compiler dependent within
some limits. The GNU C++-compilers (called by gcc or g++)igisgl bytes (32 bits) to variables declared
by int andlongint. Typical byte-lengths are 2, 4, 4 and 8 bytes, for the typesrgabove. To see how many
bytes are reserved for a specific variable, C++ has a libnamgtfon calledsizeof (type) which returns the
number of bytes fokype.

An example of a program declaration is

Fortran: INTEGER (KIND=2) :: age_of_participant
C++: short int age_of participant;

Note that the(kinp=2) can be written as (2). Normally however, we will for Fortrarograms just use the 4
bytes default assignmeriNTEGER.

In the above examples one bit is used to store the sign of ttieblaage_of participant and the other 15
bits are used to store the number, which then may range fromtae'® — 1 = 32767. This should definitely
suffice for human lifespans. On the other hand, if we weredesify known fossiles by age we may need

Fortran: INTEGER (4) :: age_of fossile
C++: int age_of fossile;

Again one bit is used to store the sign of the variable agdossile and the other 31 bits are used to store
the number which then may range from zer@tb — 1 = 2.147.483.647. In order to give you a feeling how
integer numbers are represented in the computer, thinlofithe decimal representation of the numbér

417 =4 x 10> + 1 x 10" + 7 x 10°,
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which in binary representation becomes
A7 =1%an2" +an_12"" 4 ap_22""2 4+ + ao2",

where the coefficienta, with k¥ = 0,...,n are zero or one. They can be calculated through successive
division by 2 and using the remainder in each division to ietee the numbers,, to ag. A given integer in
binary notation is then written as

2™ + 12"+ ap 02" 4 4 20
In binary notation we have thus
(417)10 = (110100001 )y,
since we have

(110100001)s =1 x 22 +1x 2740 x 20 +1x2° 4+ 0x 21 +0x 22+ 0x 22 + 0 x 22+ 0 x 21 +1 x 2°.

To see this, we have performed the following divisions by 2

417/2=208 remainder1l coefficient®fis 1
208/2=104 remainder0 coefficient®fis 0
104/2=52 remainder 0 coefficient ®f is 0
52/2=26 remainder 0 coefficient &% is 0
26/2=13 remainder 0 coefficient 8t is 0
13/2=6 remainder 1  coefficient 8f is 1

6/2=3 remainder 0 coefficient @f is 0
3/2=1 remainder 1  coefficient af is 1
1/2=0 remainder 1  coefficient af is 1

We see that nine bits are sufficient to represent 417. Noymagdlend up using 32 bits as default for integers,
meaning that our number reads

(417)10 = (00000000000000000000000110100001 ),

A simple program which performs these operations is lisedd. Here we employ the modulus operation
(with division by 2), which in C++ is given by thes2 operator. In Fortran we would call the functionb(a,2)
in order to obtain the remainder of a division by

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program2.cpp

using namespace std;
#include <iostream>

int main (int argc, charx argv[])

{
int 1i;
int terms[32]; // storage of a0, al, etc, up to 32 bits
int number = atoi(argv([1]);

// initialise the term a0, al etc

for (i=0; i < 32 ; i++){ terms[i] = 0;}
for (i=0; i <32 ; i++){
terms[i] = number%2;
number /= 2;
}
// write out results
cout << ' Number of bytes used= '' << sizeof(number) << endl;
for (i=0; i < 32 ; i++){
cout << °° Term nr: °° << 1 << " "Value= ' << terms[i];
cout << endl;
}
return 0;

}
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The C++ functiorsizeof yields the number of bytes reserved for a specific variableteIso thefor con-
struct. We have reserved a fixed array which contains thesgaitn; being0 or 1, the remainder of a division
by two. We have enforced the integer to be represented byt82dvifour bytes, which is the default integer
representation.

Note that for417 we need 9 bits in order to represent it in a binary notatiorilexhnumber like the number
3is given in an 32 bits word as

(3)10 = (00000000000000000000000000000011)5.

For this number 2 significant bits would be enough.

With these prerequesites in mind, it is rather obvious thatgiven integer variable is beyond the range
assigned by the declaration statement we may encountelepisb

If we multiply two large integers; x ne and the product is too large for the bit size allocated fot tha
specific integer assignement, we run into an overflow problEme most significant bits are lost and the least
significant kept. Using 4 bytes for integer variables thelltdsecomes

220 » 220 — .

However, there are compilers or compiler options that prepss the program in such a way that an error
message like 'integer overflow’ is produced when runninggtegram. Here is a small program which may
cause overflow problems when running (try to test your ownmitemin order to be sure how such problems
need to be handled).

http://www.Tys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program3.cpp

// Program to calculate 2x%x*n
using namespace std;
#include <iostream>

int main()
{
int intl, int2, int3;
// print to screen
cout << "Read in the exponential N for 2”N =\n";
// read from screen
cin >> int2;
intl = (int) pow(2., (double) int2);

cout << " 2”N * 2”N = " << intlxintl << "\n";

int3 = intl - 1;

cout << " 27°N*(2”N - 1) = " << intl * int3 << "\n";
cout << " 2”N- 1 = " << int3 << "\n";

return 0;

}
// End: program main()

If we run this code with an exponent = 32, we obtain the following output
2°N x 2°N = 0

2°N*(2"”N - 1) = -2147483648

2”N- 1 = 2147483647

We notice thaR® exceeds the limit for integer numbers with 32 bits. The paogreturng). This can be
dangerous, since the results from the operaib(2”¥’ — 1) is obviously wrong. One possibility to avoid such
cases is to add compilation options which flag if an overflowrwterflow is reached.

2.3.1 Fortran codes

The corresponding Fortran code is
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http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter02/190/program2.t90

PROGRAM binary_integer
IMPLICIT NONE
INTEGER i, number, terms(0:31) ! storage of a0, al, etc, up to 32 bits,
! note array length running from 0:31. Fortran allows negative indexes as well.

WRITE(*,*) 'Give a number to transform to binary notation'
READ (*,*) number
! Initialise the terms a0, al etc
terms = 0
! Fortran takes only integer loop variables
DO i=0, 31
terms(i) = MOD(number,2) ! Modulus function in Fortran
number = number/2
ENDDO
! write out results
WRITE(*,*) 'Binary representation '
DO i=0, 31
WRITE(*,*)' Term nr and value', i, terms(i)
ENDDO

END PROGRAM binary_integer

and

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter02/190/program3.t90

PROGRAM integer_exp
IMPLICIT NONE
INTEGER :: intl, int2, int3
! This is the begin of a comment line in Fortran 90
! Now we read from screen the variable int2
WRITE(*,*) 'Read in the number to be exponentiated'
READ (*,*) int2
intl=2*xint2
WRITE(*,*) '2”N*2”N', intlxintl
int3=intl-1
WRITE(*,*) '2”N*(2”N-1)', intlxint3
WRITE(*,%) '2”N-1', int3

END PROGRAM integer_exp
In Fortran the modulus division is performed by the intrinsic function \lstinline{MOD(number,2)}

in case of a division by $2$. The exponentation of a number is given by for example \lstinline{2%*N}
instead of the call to the $\lstinline{pow} function in C++.

2.4 Real numbers and numerical precision

An important aspect of computational physics is the nunaépecision involved. To design a good algorithm,
one needs to have a basic understanding of propagation afurecies and errors involved in calculations.
There is no magic recipe for dealing with underflow, overflascumulation of errors and loss of precision,

and only a careful analysis of the functions involved caresave from serious problems.

Since we are interested in the precision of the numericalibas, we need to understand how computers
represent real and integer numbers. Most computers ddateat numbers in the binary system, or octal and
hexadecimal, in contrast to the decimal system that we hameafer to use. The binary system uses 2 as
the base, in much the same way that the decimal system use&irid® the typical computer communicates
with us in the decimal system, but works internally in e.lge binary system, conversion procedures must be

executed by the computer, and these conversions involvefilbponly small roundoff errors
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2.4 — Real numbers and numerical precision

Computers are also not able to operate using real numbersssaqul with more than a fixed number of
digits, and the set of values possible is only a subset of théa@matical integers or real numbers. The so-
called word length we reserve for a given number places aigtsh on the precision with which a given
number is represented. This means in turn, that for exangaérily numbers are always rounded to a machine
dependent precision, typically with 6-15 leading digitghie right of the decimal point. Furthermore, each
such set of values has a processor-dependent smallesiveeayat a largest positive value.

Why do we at all care about rounding and machine precisio®bEBt way is to consider a simple example
first. In the following example we assume that we can repteséinating number with a precision of 5 digits
only to the right of the decimal point. This is nothing but armehoice of ours, but mimicks the way numbers
are represented in the machine.

Suppose we wish to evaluate the function

1 —cos(x)

fla) = sin (z)

for small values ofc. If we multiply the denominator and numerator with- cos (z) we obtain the equivalent
expression

_ sin(x)

f@) = 1+ cos(z)

If we now chooser = 0.006 (in radians) our choice of precision results in
sin (0.007) ~ 0.59999 x 1072,

and
cos (0.007) ~ 0.99998.

The first expression fof (x) results in

1 —0.99998 0.2 x 104
- X —0.33334 x 1072,

J(@) = 0.59999 x 10—2  0.59999 x 102

while the second expression results in

~0.59999 x 1072 0.59999 x 1072

- = = 0.30000 x 102
H®) = —70.99998 1.99998 *

which is also the exact result. In the first expression, dumitachoice of precision, we have only one relevant
digit in the numerator, after the subtraction. This leads toss of precision and a wrong result due to a
cancellation of two nearly equal numbers. If we had chosereaigion of six leading digits, both expressions
yield the same answer. If we were to evaluate , then the second expression ;) can lead to potential
losses of precision due to cancellations of nearly equalbaim

This simple example demonstrates the loss of numericaigioaaue to roundoff errors, where the number
of leading digits is lost in a subtraction of two near equahibers. The lesson to be drawn is that we cannot
blindly compute a function. We will always need to carefidlyalyze our algorithm in the search for potential
pitfalls. There is no magic recipe however, the only guitkelis an understanding of the fact that a machine
cannot represent correctyl numbers.

2.4.1 Representation of real numbers

Real numbers are stored with a decimal precision (or ma)téad the decimal exponent range. The mantissa
contains the significant figures of the number (and therebypitecision of the number). A number like
(9.90625)1¢ in the decimal representation is given in a binary repregimt by

(1001.11101) =1 x 22+ 0x 22 + 0 x 2 +1x 20 +1x 27 1 x 272 41 x 273 +0x 274 +1x 275,
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and it has an exact machine number representation since eteanéinite number of bits to represent this
number. This representation is however not very practiRalther, we prefer to use a scientific notation. In
the decimal system we would write a number I§k80625 in what is called the normalized scientific notation.
This means simply that the decimal point is shifted and apeite powers of 10 are supplied. Our number
could then be written as

9.90625 = 0.990625 x 10,

and a real non-zero number could be generalized as
T = 4r x 10",

with ar a number in the range/10 < r < 1. In a similar way we can represent a binary number in scientifi
notation as

T = £q x 2™,

with a ¢ a number in the rangé/2 < ¢ < 1. This means that the mantissa of a binary number would be
represented by the general formula

(0a_qa_29...a_p)a=a_1x2 ' +a 9x2 24 da_, x27"

In a typical computer, floating-point numbers are represgtimt the way described above, but with certain
restrictions ory andm imposed by the available word length. In the machine, ourlrenm is represented as

x = (—1)° x mantissa x 2°¥Ponent,

wheres is the sign bit, and the exponent gives the available rangth &\single-precision word, 32 bits, 8 bits
would typically be reserved for the exponent, 1 bit for thgnsand 23 for the mantissa. This means that if we
define a variable as

Fortran: REAL (4) :: size_of_fossile
C++: float size_of fossile;

we are reserving 4 bytes in memory, with 8 bits for the expgnérfor the sign and and 23 bits for the
mantissa, implying a numerical precision to the sixth oesghr digit, since the least significant digit is given
by 1/2% ~ 10~7. The range of the exponent goes fram'2® = 2.9 x 10739 to 2127 = 3.4 x 1038, where
128 stems from the fact that 8 bits are reserved for the exyione

A madification of the scientific notation for binary numbesstd require that the leading binary digit 1
appears to the left of the binary point. In this case the T@tion of the mantissawould be(1.f), and
1 < g < 2. This form is rather useful when storing binary numbers immputer word, since we can always
assume that the leading bit 1 is there. One bit of space carbénsaved meaning that a 23 bits mantissa has
actually 24 bits. This means explicitely that a binary numbi¢h 23 bits for the mantissa reads

(1.a,1a,2 . CL,23)2 =1x 20 +a_1 X 271 +a_o X 272 +---4a_, X 2723.
As an example, consider the 32 bits binary number
(10111110111101000000000000000000)s,

where the first bit is reserved for the sign, 1 in this casedyjigl a negative sign. The exponentis given

by the next 8 binary numbefs 111101 resulting in 125 in the decimal system. However, since thmeent
has eight bits, this means it ha% — 1 = 255 possible numbers in the intervall28 < m < 127, our final
exponent isl25 — 127 = —2 resulting in2~2. Inserting the sign and the mantissa yields the final nunber i
the decimal representation as

—277 (I x2°4+1x27' +1x272+1x224+0x27"+1x27%) = (—0.4765625)1o.
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In this case we have an exact machine representation witlit8galotually, we need less than 23 bits for the
mantissa).

If our numberz can be exactly represented in the machine, weacallmachine number. Unfortunately,
most numbers cannot and are thereby only approximated im#mhine. When such a number occurs as
the result of reading some input data or of a computationnavitable error will arise in representing it as
accurately as possible by a machine number.

A floating number x, labelled{(«) will therefore always be represented as

fl(x) =2(1 £ e,), (2.2)

with z the exact number and the erfiex| < |eas|, Wheree, is the precision assigned. A number liké10
has no exact binary representation with single or doubleigimn. Since the mantissa

L.(a—1a_2...a_p)y

is always truncated at some stagelue to its limited number of bits, there is only a limited nwenbf real
binary numbers. The spacing between every real binary nuislggven by the chosen machine precision.
For a 32 bit words this number is approximately ~ 10~7 and for double precision (64 bits) we have
enm ~ 1071, orin terms of a binary base as2* and2~52 for single and double precision, respectively.

2.4.2 Machine numbers

To understand that a given floating point number can be wridein Eq.[Z11), we assume for the sake of
simplicity that we work with real numbers with words of leh@2 bits, or four bytes. Then a given number
in the binary representation can be represented as

n
T = (1.(1710,,2 ... 23024095 . .. )2 X 2 s

or in a more compact form
r=rx2",

with 1 < r < 2and—126 < n < 127 since our exponent is defined by eight bits.

In most cases there will not be an exact machine represemttthe number. Our number will be placed
between two exact 32 bits machine numbersandz . Following the discussion of Kincaid and Cheney [24]
these numbers are given by

Tr_ = (1.(1,10,,2 . a,23)2 X 2”,

and
Ty = ((1.a_1a_2 ce a_23))2 + 2723) x 2",

If we assume that our numbeiis closer tar_ we have that the absolute error is constrained by the relatio

|z —z_| < %|x+ —x_|= % x 2N = gn—2,
A similar expression can be obtained:ifs closer tar. The absolute error conveys one type of information.
However, we may have cases where two equal absolute erisesfom rather different numbers. Consider
for example the decimal numbets= 2 anda = 2.001. The absolute error between these two numbers is
0.001. In a similar way, the two decimal numbeérs= 2000 andb = 2000.001 give exactly the same absolute
error. We note here that= 2000.001 has more leading digits than

If we compare the relative errors

b—bl _

o —al _ =1.0x 1075,

=10x1073%, ——
|al 0]

we see that the relative errorbris much smaller than the relative errordin\We will see below that the relative
error is intimately connected with the number of leadingtdign the way we approximate a real number. The
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relative error is therefore the quantity of interest in atific work. Information about the absolute error is
normally of little use in the absence of the magnitude of thardity being measured.
We define then the relative error foras

|z —z_| < 22

e  —rx2n g

Instead of using:_ andz_ as the machine numbers closesttave introduce the relative error

|z — 7|

< 2n—24
[ ’

with T being the machine number closestitoDefining

T —x
€x = )
X

we can write the previous inequality
fl(x) =21+ ¢;)

wherele,| < ey = 2724 for variables of length 32 bits. The notatigii(x) stands for the machine approxi-
mation of the number. The numbek ), is given by the specified machine precision, approximateéty’ for
single andL0~ ¢ for double precision, respectively.

There are several mathematical operations where an evéogaaf precision may appear. A subraction,
especially important in the definition of numerical derivas discussed in chapi@r 3 is one important opera-
tion. In the computation of derivatives we end up subtragctimo nearly equal quantities. In case of such a
subtractioms = b — ¢, we have

fl(a) = fI(b) — fl(c) = a(l + ea),
or
fl(a) =b(1 4+ ¢) — c(1 + €c),

meaning that

b c
l =1 — — €c—,
fl@/a=1+a" et

and ifb =~ ¢ we see that there is a potential for an increased error in #@hime representation ¢i(a). This
is because we are subtracting two numbers of equal size aadrainains is only the least significant part of
these numbers. This part is prone to roundoff errors andsfsmall we see that (with ~ ¢)

~

€a = — (€ — €c),

SHRS

can become very large. The latter equation represents lduivecerror of this calculation. To see this, we
define first the absolute error as

|fl(a) — al,
whereas the relative error is
fla) —a] _ -
a

The above subraction is thus

[fl{a) —a| _ |FI(b) = f(e) = (b—¢)|

)
a a

yielding

|fl(a) —a|  |bey — ce.
a - a '
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2.5 — Programming examples on loss of precision and round-@frors

An interesting question is then how many significant bindty are lost in a subtractiom = b — ¢ when we
haveb = c¢. The loss of precision theorem for a subtractios b — ¢ states that [24]if b and ¢ are positive
normalized floating-point binary machine numbers witk ¢ and

2T <1 <2, (2.2)

(=l et

then at most and at leask significant binary bits are lost in the subtractiér-c. For a proof of this statement,
see for example Ref. [24].

But even additions can be troublesome, in particular if thabers are very different in magnitude. Con-
sider for example the seemingly trivial additibs- 10~ with 32 bits used to represent the various variables. In
this case, the information containedlie—2 is simply lost in the addition. When we perform the additithg
computer equates first the exponents of the two numbers tddea Forl 08 this has however catastrophic
consequences since in order to obtain an exponent eqifl tbits in the mantissa are shifted to the right. At
the end, all bits in the mantissa are zeros.

This means in turn that for calculations involving real nardxif we omit the discussion on overflow and
underflow) we need to carefully understand the behavior ofatgorithm, and test all possible cases where
round-off errors and loss of precision can arise. Othersagéch may cause serious problems are singularities
of the type0/0 which may arise from functions likein(z)/x asz — 0. Such problems may also need the
restructuring of the algorithm.

2.5 Programming examples on loss of precision and round-effors

2.5.1 Algorithms foe=~

In order to illustrate the above problems, we discuss hemesamous and perhaps less famous problems,
including a discussion on specific programming featureseds w
We start by considering three possible algorithms for campue—*:

1. by simply coding

—X — nxn
e T = 7;)(_1) —

2. or to employ a recursion relation for

oo o0

xn
—Tr __ . _ ne
AR IUED Yl
n=0 n=0
using
Sn = —Sn—-1—",
n
3. or to first calculate

oo
expr = E Sn
n=0

and thereafter taking the inverse
1

exp T

e ¥ =

Below we have included a small program which calculates

n

e’ = Z(_l)n%a

n=0
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for z-values ranging frond to 100 in steps of 10. When doing the summation, we can always defiesised
precision, given below by the fixed value for the variable NRCATION= 1.0F — 10, so that for a certain
value ofz > 0, there is always a value af = N for which the loss of precision in terminating the series at
n = N is always smaller than the nextterm in the se%%s The latter is implemented through the while{}
statement.

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter02/cpp/programé.cpp

// Program to calculate function exp(-x)
// using straightforward summation with differing precision
using namespace std;

#include <iostream>

// type float: 32 bits precision

// type double: 64 bits precision
#define TYPE double

#define PHASE(a) (1 - 2 x (abs(a) % 2))
#define TRUNCATION 1.0E-10

// function declaration

TYPE factorial(int);

int main()
{
int n;
TYPE x, term, sum;
for(x = 0.0; x < 100.0; x += 10.0) {

sum = 0.0; //initialization
n =0;
term = 1;

while(fabs(term) > TRUNCATION) {
term = PHASE(n) * (TYPE) pow((TYPE) x,(TYPE) n) / factorial(n);
sum += term;

n++;
} // end of while() loop
cout << 77 x ="' << x << "7 exp = 7 << exp(-X) << ' series = " << sum;
cout << ' number of terms = " << n << endl;

} // end of for() loop
return 0;
} // End: function main()

// The function factorial()
// calculates and returns n!

TYPE factorial(int n)
{
int loop;
TYPE fac;
for(loop = 1, fac = 1.0; loop <= n; loop++) {
fac *= loop;
}
return fac;
} // End: function factorial()

There are several features to be nEt&irst, for low values ofr, the agreement is good, however for larger
values, we see a significant loss of precision. Secondly; fer70 we have an overflow problem, represented
(from this specific compiler) by NaN (not a number). The laiteeasy to understand, since the calculation of
a factorial of the siz& 71! is beyond the limit set for the double precision variablddaal. The message NaN
appears since the computer sets the factorialréfequal to zero and we end up having a division by zero in
our expression foe~*.

3Note that different compilers may give different messagesdeal with overflow problems in different ways.
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2.5 — Programming examples on loss of precision and round-@frors

x exp(—x)

Series

Number of terms in series

0.0 0.100000E+01 0.100000E+01 1
10.0 0.453999E-04 0.453999E-04 44
20.0 0.206115E-08 0.487460E-08 72
30.0 0.935762E-13  -0.342134E-04 100
40.0 0.424835E-17 -0.221033E+01 127
50.0 0.192875E-21 -0.833851E+05 155
60.0 0.875651E-26 -0.850381E+09 171
70.0 0.397545E-30 NaN 171
80.0 0.180485E-34 NaN 171
90.0 0.819401E-39 NaN 171

100.0 0.372008E-43 NaN 171

Table 2.3: Result from the brute force algorithm éap (—x).

The overflow problem can be dealt with via a recurrence fodhidr the terms in the sum, so that we
avoid calculating factorials. A simple recurrence formiglaour equation

oo oo xn
exp () = Y s = Y (0L
n=0 n=0 :
is to note that .
Sp = —Sn—-1—,
n

so that instead of computing factorials, we need only to agmproducts. This is exemplified through the
next program.

http://www.fys.uilo.no/compphys/cp/programs/FYS3150/chapter02/cpp/program5.cpp

// program to compute exp(-x) without factorials

using namespace std;
#include <iostream>
#define TRUNCATION 1.0E-10

int main()

{
int loop, n;
double x, term, sum;

for(loop = 0; loop <= 100; loop += 10){

x = (double) loop; // initialization
sum = 1.0;

term = 1;

n =1;

while(fabs(term) > TRUNCATION){
term *= -x/((double) n);
sum += term;
n++;

} // end while loop

cout << "X ='' << X << “exp = 7 << exp(-x) <<

cout << "~ “number of terms = " << n << endl;

} // end of for loop
} // End: function main()

‘“series =

<< sum;

4Recurrence formulae, in various disguises, either as wayspresent series or continued fractions, are among theanosnonly
used forms for function approximation. Examples are Befiggitions, Hermite and Laguerre polynomials, discussedekample in

chaptel®.
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x exp(—z) Series Number of terms in series
0.000000 0.10000000E+01 0.10000000E+01 1
10.000000 0.45399900E-04  0.45399900E-04 44
20.000000 0.20611536E-08 0.56385075E-08 72
30.000000 0.93576230E-13 -0.30668111E-04 100
40.000000 0.42483543E-17 -0.31657319E+01 127
50.000000 0.19287498E-21 0.11072933E+05 155
60.000000 0.87565108E-26 -0.33516811E+09 182
70.000000 0.39754497E-30 -0.32979605E+14 209
80.000000 0.18048514E-34 0.91805682E+17 237
90.000000 0.81940126E-39 -0.50516254E+22 264

100.000000 0.37200760E-43 -0.29137556E+26 291

Table 2.4: Result from the improved algorithm fotp (—z).

In this case, we do not get the overflow problem, as can be seenthe large number of terms. Our results
do however not make much sense for larger values @ecreasing the truncation test will not help! (try it).
This is a much more serious problem.

In order better to understand this problem, let us consitecase of = 20, which already differs largely
from the exact result. Writing out each term in the summatiom obtain the largest term in the sum appears
atn = 19, with a value that equals43099804. However, forn = 20 we have almost the same value, but
with an interchanged sign. It means that we have an erraivel® the largest term in the summation of the
order 0f43099804 x 10~1'° ~ 4 x 10~2. This is much larger than the exact valueddfl x 10~8. The large
contributions which may appear at a given order in the suad te strong roundoff errors, which in turn is
reflected in the loss of precision. We can rephrase the alna¥eifollowing way: Sincexp (—20) is a very
small number and each term in the series can be rather lafgfge(order of103, it is clear that other terms
as large ag0®, but negative, must cancel the figures in front of the decjpeat and some behind as well.
Since a computer can only hold a fixed number of significantéguall those in front of the decimal point
are not only useless, they are crowding out needed figurég aight end of the number. Unless we are very
careful we will find ourselves adding up series that finallpgists entirely of roundoff errors! An analysis of
the contribution to the sum from various terms shows thatehative error made can be huge. This results in
an unstable computation, since small errors made at one atagnagnified in subsequent stages.

To this specific case there is a simple cure. Noting ¢kat(x) is the reciprocal oéxp (—z), we may use
the series foexp (x) in dealing with the problem of alternating signs, and sintpke the inverse. One has
however to beware of the fact thatp (x) may quickly exceed the range of a double variable.

2.5.2 Fortran codes

The Fortran programs are rather similar in structure to thé frogram.

In Fortran Real numbers are written as 2.0 rather than 2 anlhrdel as REAL (KIND=8) or REAL
(KIND=4) for double or single precision, respectively. largeral we discorauge the use of single precision
in scientific computing, the achieved precision is in geheod good enough. Fortran uses a do construct to
have the computer execute the same statements more tharNmiealso that Fortran does not allow floating
numbers as loop variables. In the example below we use battcarsstruct for the loop over and abowHILE
construction for the truncation test, as in the C++ progr@ne could altrenatively use thexit statement
inside a do loop. Fortran has also if statements as in C++IHhenstruct allows the execution of a sequence
of statements (a block) to depend on a condition. The if cansis a compound statement and begins with IF
... THEN and ends with ENDIF. Examples of more general IF troiess using ELSE and ELSEIF statements
are given in other program examples. Another feature torgbse the CYCLE command, which allows a
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loop variable to start at a new value.

Subprograms are called from the main program or other sghanos. In the C++ codes we declared a
function TYPE factorial(int);. Subprograms are always called functions in C++. If we dedfawith void
is has the same meaning as subroutines in Fortran,. Subeswuie used if we have more than one return
value. In the example below we compute the factorials usiegunctionfactorial. This function receives a
dummy argument. INTENT(IN) means that the dummy argument cannot be changfaih the subprogram.
INTENT(OUT) means that the dummy argument cannot be usédmwthie subprogram until it is given a value
with the intent of passing a value back to the calling progrdime statement INTENT(INOUT) means that
the dummy argument has an initial value which is changed as3dqd back to the calling program. We
recommend that you use these options when calling subpregrehis allows better control when transfering
variables from one function to another. In chajifler 3 we disaall by value and by reference in C++. Call
by value does not allow a called function to change the vafizegiven variable in the calling function. This
is important in order to avoid unintentional changes ofalalés when transfering data from one function to
another. Thantent construct in Fortran allows such a control. Furthermonegdteases the readability of the
program.

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter02/190/program4.t90

! In this module you can define for example global constants
MODULE constants
! definition of variables for double precisions and complex variables
INTEGER, PARAMETER :: dp = KIND(1.0DO)
INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))
! Global Truncation parameter
REAL (DP), PARAMETER, PUBLIC :: truncation=1.0E-10
END MODULE constants

! Here you can include specific functions which can be used by
! many subroutines or functions

MODULE functions

CONTAINS
REAL (DP) FUNCTION factorial(n)
USE CONSTANTS
INTEGER, INTENT(IN) :: n
INTEGER :: loop

factorial = 1.0_dp
IF ( n> 1) THEN
DO loop = 2, n
factorial=factorialxloop
ENDDO
ENDIF
END FUNCTION factorial

END MODULE functions
! Main program starts here
PROGRAM exp_prog
USE constants
USE functions
IMPLICIT NONE
REAL (DP) :: x, term, final_sum
INTEGER :: n, loop_over_x

! loop over x-values
DO loop_over_x=0, 100, 10
x=1loop_over_x
! initialize the EXP sum
final_sum= 0.0_dp; term = 1.0_dp; n =0
DO WHILE ( ABS(term) > truncation)
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term = ((-1.0_dp)**n)=*(x*x*xn)/ factorial(n)
final_sum=final_sum+term
n=n+1

ENDDO

! write the argument x, the exact value,
WRITE(*,*) x ,EXP(-x), final_sum, n
ENDDO

END PROGRAM exp_prog

the computed value and n

ThewmobuLE declaration in Fortran allows one to place functions like tine which calculates the factorials.
Note also the usage of the modwenstantswhere we define double and complex variables. If one wishes
to switch to another precision, one just needs to changedbladtion in one part of the program only. This
hinders possible errors which arise if one has to changahiardeclarations in every function and subroutine.
In addition we have defined a global varialiencation which is accessible to all functions which have the

USEconstants declaration. These declarations have to come before ambladeclarations anhPLICITNONE
statement.

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter02/1t90/program5. t90

! In this module you can define for example global constants

MODULE constants
! definition of variables for double precisions and complex variables
INTEGER, PARAMETER :: dp = KIND(1.0DO)
INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))

! Global Truncation parameter
REAL(DP), PARAMETER, PUBLIC ::
END MODULE constants

PROGRAM improved_exp
USE constants
IMPLICIT NONE
REAL (dp) :: x, term, final_sum
INTEGER :: n, loop_over_x

DO loop_over_x=0, 100, 10
x=1loop_over_x
! initialize the EXP sum
final_sum=1.0 ; term=1.0 ; n =1
DO WHILE ( ABS(term) > truncation)

term = -termxx/FLOAT(n)
final_sum=final_sum+term
n=n+1

ENDDO

! write the argument x, the exact value,
WRITE(*,*) x ,EXP(-x), final_sum, n
ENDDO

END PROGRAM improved_exp

truncation=1.0E-10

! loop over x-values, no floats as loop variables

the computed value and n

2.5.3 Further examples

Summing1/n

Let us look at another roundoff example which may surprisemere. Consider the series
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which is finite whenN is finite. Then consider the alternative way of writing thisrs

1

8222%7

which when summed analytically should give = s;. Because of roundoff errors, numerically we will
getsy # s1! Computing these sums with single precision fér = 1.000.000 results ins; = 14.35736
while s; = 14.39265! Note that these numbers are machine and compiler dependféith double pre-
cision, the results agree exactly, however, for largereslof N, differences may appear even for double
precision. If we choos&/ = 10® and employ double precision, we gat = 18.9978964829915355 while
s9 = 18.9978964794618506, and one notes a difference even with double precision.

This example demonstrates two important topics. First weathat the chosen precision is important, and
we will always recommend that you employ double precisioalircalculations with real numbers. Secondly,
the choice of an appropriate algorithm, as also seeafércan be of paramount importance for the outcome.

The standard algorithm for the standard deviation

Yet another example is the calculation of the standard tievia whengo is small compared to the average
valuez. Below we illustrate how one of the most frequently used atgms can go wrong when single
precision is employed.

However, before we proceed, let us definandz. Suppose we have a set &fdata points, represented
by the one-dimensional arrayi), fori = 1, N. The average value is then

T =

while

Let us now assume that
x(i) =i+ 10°,

and thatN = 127, just as a mere example which illustrates the kind of problerhich can arise when the
standard deviation is small compared with the mean value

The standard algorithm computes the two contributions teeparately, that is we sufp, z(i)? and
subtract thereafter ) -, x(i). Since these two numbers can become nearly equal and laegaaywend up in
a situation with potential loss of precision as an outcome.

The second algorithm on the other hand computesdifst— Z and then squares it when summing up.
With this recipe we may avoid having nearly equal numberstvhancel.

Using single precision results in a standard deviatiomr of 40.05720139 for the first and most used
algorithm, while the exact answerds= 36.80579758, a number which also results from the above second
algorithm. With double precision, the two algorithms régukthe same answer.

The reason for such a difference resides in the fact thatteafgorithm includes the subtraction of two
large numbers which are squared. Since the average valtlag@xample i€ = 100063.00, it is easy to see
that computing, z(i)*> —Z ), z(i) can give rise to very large numbers with possible loss ofipi@twhen
we perform the subtraction. To see this, consider the casean- 64. Then we have

x§4 — Zxg4 = 100352,

while the exact answer is
x3, — Trey = 100064!

You can even check this by calculating it by hand.
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The second algorithm computes first the difference betwegénand the average value. The difference
gets thereafter squared. For the second algorithm we have<f@4

I64_E:15

and we have no potential for loss of precision.
The standard text book algorithm is expressed through th@nimg program, where we have also added
the second algorithm

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter02/cpp/programb.cpp

// program to calculate the mean and standard deviation of
// a user created data set stored in array x[]
using namespace std;
#include <iostream>
int main()
{
int i;
float sum, sumsq2, xbar, sigmal, sigma2;
// array declaration with fixed dimension
float x[127];
// initialise the data set
for ( i=0; i < 127 ; i++){
x[i] = 1 + 100000.;
}
// The variable sum is just the sum over all elements
// The variable sumsq2 is the sum over x"2
sum=0. ;
sumsq2=0. ;
// Now we use the text book algorithm
for ( i=0; i < 127; i++){
sum += x[1i];
sumsq2 += pow((double) x[il],2.);
}
// calculate the average and sigma
xbar=sum/127.;
sigmal=sqrt((sumsq2-sumsxbar)/126.);
/*
+x Here comes the second algorithm where we evaluate
*x separately first the average and thereafter the
*x sum which defines the standard deviation. The average
*x has already been evaluated through xbar
*/
sumsq2=0. ;
for ( i=0; i < 127; i++){
sumsg2 += pow( (double) (x[i]-xbar),2.);

}

sigma2=sqrt(sumsq2/126.);

cout << "xbar = 7' << xbar << '“sigmal = '’ << sigmal << '‘sigma2 = ' << sigma2;
cout << endl;

return 0;

}// End: function main()

The corresponding Fortran program is given below.

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter02/1t90/programé.t90

PROGRAM standard_deviation
IMPLICIT NONE
REAL (KIND = 4) :: sum, sumsq2, xbar

REAL (KIND = 4) :: sigmal, sigma2
REAL (KIND = 4), DIMENSION (127) :: X
INTEGER :: i
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2.6 — Additional features of C++ and Fortran

arithmetic operators relation operators
operator  effect operator effect
— Subtraction > Greater than
+ Addition >= Greater or equa
* Multiplication < Less than
/ Division <= Less or equal
% or MOD  Modulus division| == Equal
—— Decrement I = Not equal
++ Increment

Table 2.5: Relational and arithmetic operators. The mhadiperators act between two operands. Note that the
increment and decrement operaters and—— are not available in Fortran .

x=0;
DO i=1, 127

X(i) = i + 100000.
ENDDO

sum=0.; sumsq2=0.
! standard deviation calculated with the first algorithm
DO i=1, 127

sum = sum +x(i)

sumsg2 = sumsq2+x(1)**2
ENDDO
! average
xbar=sum/127.
sigmal=SQRT((sumsq2-sumxxbar)/126.)
! second algorithm to evaluate the standard deviation
sumsq2=0.
DO i=1, 127
sumsq2=sumsq2+(x (i) -xbar)x*2
ENDDO
sigma2=SQRT(sumsq2/126.)
WRITE(*,*) xbar, sigmal, sigma2

END PROGRAM standard_deviation

2.6 Additional features of C++ and Fortran

2.6.1 Operatorsin C++

In the previous program examples we have seen several typee@tors. In the tables below we summarize

the most important ones. Note that the modulus in C++ is sgmried by the operator % whereas in Fortran

we employ the intrinsic functionop. Note also that the increment operater and the decrement operator
-- is not available in Fortran . In C++ these operators havedhe¥ing meaning

+x; Or x++; hasthe same meaning asx=x+1;
--x; or x--; hasthe same meaning asx=x - 1;

Table[Z5 lists several relational and arithmetic operatbogical operators in C++ and Fortran are listed in
8. while TabléZ]7 shows bitwise operations.

C++ offers also interesting possibilities for combined igpers. These are collected in Tablel2.8.

Finally, we show some special operators pertinent to C+y.0fte first one is th@ operator. Its action
can be described through the following example
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Logical operators
C++  Effect Fortran
0 False value .FALSE
1 True value .TRUE.
IX Logical negation .NOT.x
x&&y Logical AND X.AND.y
X|ly Logical inclusive OR  x.OR.y

Table 2.6: List of logical operators in C++ and Fortran .

Bitwise operations

C++ Effect Fortran
~i  Bitwise complement NOT(j)
i&j  Bitwise and IAND(i,))
i~j  Bitwise exclusive or  IEOR(i,))
i|j  Bitwise inclusive or IOR(i,j)
i<<j  Bitwise shift left ISHFT(i,j)
i>>n  Bitwise shift right ISHFT(i,-))

Table 2.7: List of bitwise operations.

Expression meaning | expression meaning
a += b; a=a+ b; a -= b; a=a - b;
ax*x=b; a=axb;|a/=b; a=a/b;
a %= b; a=a%b; a «= b; a=a « b;
a »= b; a=a»b; a &= b; a=ad&b;
al|=b; a=a|b;| aar=b; a=anab;

Table 2.8: C++ specific expressions.
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A = expressionl ? expression2 : expression3;

Hereexpressionl is computed first. If this istrue” (# 0), thenexpression2 is computed and assigned
A. If expressionl is "false", thenexpression3 is computed and assigned A.

2.6.2 Pointers and arrays in C++.

In addition to constants and variables C++ contain impargres such as pointers and arrays (vectors and
matrices). These are widely used in most C++ program. C-ewallalso for pointer algebra, a feature not
included in Fortran . Pointers and arrays are importantefésin C++. To shed light on these types, consider
the following setup

int name defines an integer variable calledme. It is given an address in memory
where we can store an integer number.

&name is the address of a specific place in memory where the intempes is stored.
Placing the operator & in front of a variable yields its addrén memory.

int =xpointer defines and an integer pointer and reserves a location in myefiorchis spe-
cific variable The content of this location is viewed as thdrads of another
place in memory where we have stored an integer.

Note that in C++ it is common to writent+pointer while in C one usually writesnt+pointer. Here are some
examples of legal C++ expressions.

name = 0x56; [* name gets the hexadecimal value hex 56. */
pointer = &name; [* pointer points to name. */
printf("Address of name = %p",pointer); /*writes outthe address of name. */
printf("Value of name= %d",*pointer); [* writes out the value of name. */

Here’s a program which illustrates some of these topics.

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program/.cpp

1 using namespace std;

2 main()

3 {

4 int var;

5 int *xpointer;

6

7 pointer = &var;

8 var = 421;

9 printf("Address of the integer variable var : S%p\n",&var);

10 printf("Value of var : %d\n", var);

11 printf("Value of the integer pointer variable: %p\n",pointer);

12 printf("Value which pointer is pointing at : %d\n",*pointer);

13 printf("Address of the pointer variable : %p\n",&pointer);

14}
Line Comments
4 e Defines an integer variable var.
5 e Define an integer pointer — reserves space in memory.
7 e The content of the adddress of pointer is the address of var.
8 e The value of var is 421.
9 e Writes the address of var in hexadecimal notation for posfép.
10 e Writes the value of var in decimal notation%d.

The ouput of this program, compiled with g++, reads
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Address of the integer variable var : Oxbfffeb74
Value of var: 421

Value of integer pointer variable : Oxbfffeb74
The value which pointer is pointing at : 421
Address of the pointer variable : Oxbfffeb70

In the next example we consider the link between arrays aimdgrs.

int matr[2] defines a matrix with two integer membersatr[0] ogmatr[1].
matr is a pointer tanatr[0].
(matr + 1) is a pointer tanatr[1].

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@2/cpp/program8.cpp

1 using namespace std;

2 #included <iostream>

3 int main()

4 {

5 int matr[2];

6 int *pointer;

7 pointer = &matr[0];

8 matr[0] = 321;

9 matr[1l] = 322;

10 printf("\nAddress of the matrix element matr[1l]: %p",&matr[0]);
11 printf("\nValue of the matrix element matr[1l]; %d",matr[0]);

12 printf("\nAddress of the matrix element matr[2]: %p",&matr[1l]);
13 printf("\nValue of the matrix element matr[2]: %d\n", matr[1l]);
14 printf("\nValue of the pointer : %p",pointer);

15 printf("\nValue which pointer points at : %d",*pointer);

16 printf("\nValue which (pointer+l) points at: %d\n",*(pointer+l));
17 printf("\nAddress of the pointer variable: %p\n",&pointer);

18 }

You should especially pay attention to the following

Line

5 e Declaration of an integer array matr with two elements

6 e Declaration of an integer pointer

7 e The pointer is initialized to point at the first element of Hreay matr.
8-9 e Values are assigned to the array matr.

The ouput of this example, compiled again with g++, is

Address of the matrix element matr[l]: Oxbfffef70
Value of the matrix element matr[l]; 321
Address of the matrix element matr[2]: Oxbfffef74
Value of the matrix element matr[2]: 322

Value of the pointer: Oxbfffef70

The value pointer points at: 321

The value that (pointer+l) points at: 322
Address of the pointer variable : Oxbfffef6c

2.6.3 Macrosin C++

In C we can define macros, typically global constants or fionstthrough theefine statements shown in the
simple C-example below for
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1. #define ONE 1

2. #define TWO ONE + ONE

3. #define THREE ONE + TWO

4.

5. main()

6. {

7. printf("ONE=%d, TW0=%d, THREE=%d",ONE,TWO,THREE);
8. }

In C++ the usage of macros is discouraged and you shouldrrasigethe declaration for constant variables.
You would then replace a statement likefineONE1 With constintONE=1;. There is typically much less use of
macros in C++ than in C. C++ allows also the definition of oundypes based on other existing data types.
We can do this using the keyword typedef, whose formatygedefexisting\_typenew\_type\_name;, where
existing_type is a C++ fundamental or compound type and hg¥e_name is the name for the new type we
are defining. For example:

typedef char new_name;
typedef unsigned int word ;
typedef char x test;
typedef char field [50];

In this case we have defined four data types: new_name, wastdand field as char, unsigned int, char* and
char[50] respectively, that we could perfectly use in dextlans later as any other valid type

new_name mychar, anotherchar, x*ptcl;
word myword;

test ptc2;

field name;

The use of typedef does not create different types. It ordgters synonyms of existing types. That means that
the type of myword can be considered to be either word or mesignt, since both are in fact the same type.
Using typedef allows to define an alias for a type that is fesdly used within a program. It is also useful to
define types when it is possible that we will need to changeytbe in later versions of our program, or if a
type you want to use has a name that is too long or confusing.

In C we could define macros for functions as well, as seen below

1. #define MIN(a,b) ( ((a) < (b)) ? (a) : (b))
2. #define MAX(a,b) ( ((a) > (b)) ? (a) : (b))
3. #define ABS(a) ( ((a) <0) ? -(a) : (a))
4. #define EVEN(a) ( (a) %2 ==071: 0 )

5. #define TOASCII(a) ( (a) & Ox7f )

In C++ we would replace such function definition by employsogcalledintine functions. Three of the above
functions could then read

inline double MIN(double a,double b) (return (((a)<(b)) ? (a):(b));)
inline double MAX(double a,double b)(return (((a)>(b)) ? (a):(b));)
inline double ABS(double a) (return (((a)<0) ? -(a):(a));)

where we have defined the transferred variables to be ofdypee. The functions also returnduble type.
These functions could easily be generalized through thetisiasses and templates, see chdgter 6, to return
whather types of real, complex or integer variables.

Inline functions are very useful, especially if the overthdar calling a function implies a significant
fraction of the total function call cost. When such functizall overhead is significant, a function definition
can be preceded by the keyward ine. When this function is called, we expect the compiler to gatesinline
code without function call overhead. However, althougmimfunctions eliminate function call overhead, they
can introduce other overheads. When a function is inlinsd;ade is duplicated for each call. Excessive use
of inline may thus generate large programs. Large programs can Cetegs&e paging in virtual memory
systems. Too many inline functions can also lengthen caail link times, on the other hand not inlining

35



Introduction to C++ and Fortran

small functions like the above that do small computatioas, make programs bigger and slower. However,
most modern compilers know better than programmer whichtfans to inline or not. When doing this, you
should also test various compiler options. With the commpijetion —O3 inlining is done automatically by
basically all modern compilers.

A good strategy, recommended in many C++ textbooks, is ttevarcode without inline functions first. As
we also suggested in the introductory chapter, you showlditite a as simple and clear as possible program,
without a strong emphasis on computational speed. Thereaften profiling the program one can spot small
functions which are called many times. These functions lsan be candidates for inlining. If the overall time
comsumption is reduced due to inlining specific functions,a&n proceed to other sections of the program
which could be speeded up.

Another problem with inlined functions is that on some sgsalebugging an inline function is difficult
because the function does not exist at runtime.

2.6.4 Structures in C++ and TYPE in Fortran

A very important part of a program is the way we organize otm dad the flow of data when running the code.

This is often a neglected aspect especially during the dpwednt of an algorithm. A clear understanding of

how data are represented makes the program more readaldasirdto maintain and extend upon by other
users. Till now we have studied elementary variable dettarsithrough keywords likent Or INTEGER, double

Or REAL (KIND(8) andchar or its Fortran equivalemtHArRACTER. These declarations could also be extended to
general multi-dimensional arrays.

However, C++ and Fortran offer other ways as well by which are@rganize our data in a more transparent
and reusable way. One of these options is througkithe t declaration of C++, or the correspondingly similar
TYpE in Fortran. The latter data type will also be discussed irptéréd.

The following example illustrates how we could make a gelneaaable which can be reused in defining
other variables as well.

Suppose you would like to make a general program which tepeiatum mechanical problems from both
atomic physics and nuclear physics. In atomic and nuclegsipfithe single-particle degrees are represented
by quantum numbers such orbital angular momentum, totallangnomentum, spin and energy. An inde-
pendent particle model is often assumed as the startindg favitbuilding up more complicated many-body
correlations in systems with many interacting particlas.atomic physics the effective degrees of freedom
are often reduced to electrons interacting with each ottigite in nuclear physics the system is described by
neutrons and protons. The structdiegle_particle_descript contains a list over different quantum numbers
through various pointers which are initialized by a callfogction.

struct single_particle_descript{
int total_states;
intx n;
intx lorb;
intx m_1;
int* jang;
intx spin;
doublex energy;
charx orbit_status

+

To describe an atom like Neon we would need three singléepadrbits to describe the ground state wave
function if we use a single-particle picture, i.e., the 2s and2p single-particle orbits. These orbits have a
degeneray o2(2(+ 1), where the first number stems from the possible spin prajestind the second from the
possible projections of the orbital momentum. Note that @serve the naming orbit for the generic labelling
1s, 2s and2p while we use the naming states when we include all possikd@tyu numbers. In total there
are 10 possible single-particle states when we accounpforasd orbital momentum projections. In this case
we would thus need to allocate memory for arrays containthgléments.

The above structure is written in a generic way and it can leel us define other variables as well.
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For electrons we could writetructsingle_particle_descriptelectrons; and is a new variable with the name
electrons containing all the elements efingle_particle_descript.

The following program segment illustrates how we accesseledements To access these elements we
could for example read from a given device the various quamtumbers:

for ( int 1 = 0; i1 < electrons.total_states; i++){
cout << ' Read in the quantum numbers for electron i: ' << i << endl;
cin >> electrons.n[i];
cin > electrons.lorb[i];
cin >> electrons.m_1[1i];
cin >> electrons.jang[il;
cin >> electrons.spin[il;

}

The structuresingle_particle_descript can also be used for defining quantum numbers of other parti-

cles as well, such as neutrons and protons throughthe néablesstructsingle particle descriptprotons
andstructsingle_particle_descriptneutrons
The corresponding declaration in Fortran is given by®HRE construct, seen in the following example.

TYPE, PUBLIC :: single_particle_descript
INTEGER :: total_states
INTEGER, DIMENSION(:), POINTER :: n, lorb, jang, spin, m_1
CHARACTER (LEN=10), DIMENSION(:), POINTER :: orbit_status
REAL(8), DIMENSION(:), POINTER :: energy

END TYPE single_particle_descript

This structure can again be used to define variablesdilectrons, protons andneutrons through the
statementYPE (single_particle_descript)::electrons,protons,neutrons. More detailed examples on the use
of these variable declarations, classes and templatebevijiven in subsequent chapters..

2.7 Exercises and projects

Exercise 2.1: Converting from decimal to binary represénta

Set up an algorithm which converts a floating number givehédecimal representation to the binary repre-
sentation. You may or may not use a scientific representatiite thereafter a program which implements
this algorithm.

Exercise 2.2: Summing series

a) Make a program which sums

and

S|

n=1
Sdown = §
n=N

The program should readl from screen and write the final output to screen.

b) Compares,;, 0g sdown for different N using both single and double precision fgrup to N = 10°.
Which of the above formula is the most realiable one? Tryte gn explanation of possible differences.
One possibility for guiding the eye is for example to makeglimg plot of the relative difference as a
function of N in steps ofl0” withn = 1, 2, ..., 10. This means you need to compuié@o(|(sup(N) —
Sdown(N))/8down(IN)]) @s function ofog;o(N).
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Exercise 2.3: Finding alternative expressions

Write a program which computes

f(z) =z —sinx,
for a wide range of values aof. Make a careful analysis of this function for valuestafiear zero. Fox = 0
you may consider to write out the series expansionsof

25 2T

sinx:x—g—i—ﬁ—ﬁ—i—...

Use the loss of precision theorem of Hg.12.2) to show thalas®of bits can be limited to at most one bit by
restrictingz so that

sinx
1—

1
> .
x 2
One finds then that must at least be 1.9, implying that for| < 1.9 we need to carefully consider the series
expansion. Fofzx| > 1.9 we can use directly the expression- sin x.
For|z| < 1.9 you should device a recurrence relation for the terms in¢hies expansion in order to avoid

having to compute very large factorials.

Exercise 2.4: Computing ™™

Assume that you do not have access to the intrinsic functioexp .. Write your own algorithm foexp (—x)
for all possible values af, with special care on how to avoid the loss of precision protd discussed in the
text. Write thereafter a program which implements this gtgm.

Exercise 2.5: Computing the quadratic equation

The classical quadratic equation? + bz + ¢ = with solution
x = (—b:l: Vb2 — 4(10) /2a,

needs particular attention whenc is small relative td?. Find an algorithm which yields stable results for all
possible values af, b andc. Write thereafter a program and test the results of your caatipns.

Exercise 2.6: Fortran, C++ and Python functions for machmending

Write a Fortran program which reads a real numband computes the precision in bits (using the function
pIGIT(x))for single and double precision, the smallest positive ben{usingTiny(x)), the largets positive
number (using the functiormce (x)) and the number of leading digits (using the functreacIsIon(x)). Try
thereafter to find similar functionalities in C++ and Python

Exercise 2.7: Nearest machine number

Write an algorithm and program which reads in a real numband finds the two nearest machine numbers
z_ andz,, the corresponding relative errors and absolute errors.

Exercise 2.8: Recurrence relations

Recurrence relations are extremely useful in represefiimgtions, and form expedient ways of representing
important classes of functions used in the Sciences. Wesedltwo such examples in the discussion below.
One example of recurrence relations appears in studiesuwrfdeseries, which enter studies of wave mechan-
ics, be it either in classical systems or quantum mechaaiged. We may need to calculate in an efficient way
sums like

N
F(z) = Z ancos(nx), (2.3)
n=0
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where the coefficients,, are known numbers andis the argument of the functiofi(). If we want to solve
this problem right on, we could write a simple repetitive poithat multiplies each of the cosines with its
respective coefficient, like

for ( n=0; n < N; n++){
f += anxcos(nx*x)

}

Even though this seems rather straightforward, it may #gtyield a waste of computer time iV is large.
The interesting point here is that through the three-texcamrence relation

cos(n — 1)z — 2cos(x)cos(nx) + cos(n + 1)z = 0, (2.4)

we can express the entire finite Fourier series in terms4fr) and two constants. The essential device is to
define a new sequence of coefficiebsecursively by

by, = (2cos(x))bp—1 — bpto + an n=0,...N —1,N, (2.5)

definingby 1 = byy2+..--- = 0foralln > N, the upperlimit. We can then determine all thecoefficients
from a,, and one evaluation &fcos(x). If we replacea,, with b,, in the sum forF’(z) in Eq. {Z:B) we obtain

F(x) = by [cos(Nzx) — 2cos((N — 1)x)cos(z) + cos((N — 2)z)] +
by—1[cos((N — 1)x) — 2cos((N — 2)x)cos(z) + cos((N — 3)z)] + ...
by [cos(2z) — 2cos*(z) + 1] + by [cos(z) — 2cos(x)] + bo. (2.6)

Using Eq. [Z}) we obtain the final result
F(z) = by — bycos(z), (2.7)

andb, andb; are determined from Edq_(2.3). The latter relation is afteefsaw. This method of evaluating
finite series of orthogonal functions that are connectedlimear recurrence is a technigue generally available
for all standard special functions in mathematical phydike Legendre polynomials, Bessel functions etc.
They all involve two or three terms in the recurrence retagiol he general relation can then be written as

Fo1(@) = an (@) Fo (@) + Bp(2) Fae1(2).

Evaluate the functioft’'(z) = Zf:;o ancos(nx) in two ways: first by computing the series of Eq. (reffour-
1) and then using the equation given in Hg.(2.5). Assumedthat (n +2)/(n + 1), sete.g.N = 1000 and
try with differentz-values as input.

In project 2.1 we will see another example of recurrenceimzia used to compute the associated Legendre
functions.

Exercise 2.9: Continued fractions

Often, especially when one encounters singular behavioesmay need to rewrite the function to be evaluated
in terms of a taylor expansion. Another possibility is to dis®-called continued fractions, which may be
viewed as generalizations of a Taylor expansion. Whenmigalith continued fractions, one possible approach
is that of successive substitutions. Let us illustrate tlyig simple example, namely the solution of a second
order equation

22 —4x—1=0, (2.8)
which we rewrite as .
v 44z’
which in turn could be represented through an iterative tiukisn process
1
T = —
n+1 4 i T, )
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with z¢g = 0. This means that we have

1
x1217
1
.§C2:4+%,
- 1
I3_4+m12'7

and so forth. This is often rewritten in a compact way as

n al
Tn = X0 P
R
3t Tt
or as
al a2 a3
I1+ $2—|— $3+

Write a program which implements this continued fractiogoaithm and solve iteratively EJ.{2.8). The
exact solution isz = 0.23607 while already after three iterations you should obtajn= 0.236111.

Project 2.1: Special functions, spherical harmonics ansiasated Legendre polynomials

Many physics problems have spherical harmonics as sohjtguch as the angular part of the Schrédinger
equation for the hydrogen atom or the angular part of thestdimensional wave equation or Poisson’s equa-
tion.

The spherical harmonics for a given orbital momentlnits projectionM for —L < M < L and angles
6 € [0, 7] and¢ € [0,2n] are given by

V0. 9) = \/ A P o) exp (i00),

The functionsP (cos(f) are the so-called associated Legendre functions. Theyareally determined
via the usage of recurrence relations. Recurrence retatimunfortunately often unstable, but the following
relation is stable (withx = cos(6))

(L= M)P(2) = 2(2L - 1)PiL, (x) — (L + M — )P, (),
and with the analytic (on closed form) expressions
P (x) = (~1)M 2M — 1)11(1 - 2?)M/2,

and
Pyt (x) = 2(2M + 1) Py (z),

we have the starting values and the equations necessargrierating the associated Legendre functions for a
general value of..

a) Make first a function which computes the associated Legefuthctions for different values af and
M. Compare with the closed-form results listed in chalgter 4.

b) Make thereafter a program which calculates the real gantospherical harmonics

c) Make plots for varioud. = M as functions of) (set¢ = 0) and study the behavior dsis increased.
Try to explain why the functions become more and more nar®W iacreases. In order to make these
plots you can use for example gnuplot, as discussed in appgnt!

d) Study also the behavior of the spherical harmonics whenclose to 0 and when it approaches 180
degrees. Try to extract a simple explanation for what you see
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Chapter 3

Numerical differentiation, interpolation
and classes

3.1 Introduction

Numerical integration and differentiation are some of thestrfrequently needed methods in computational
physics. Quite often we are confronted with the need of etalg eitherf’ or an integral/ f(z)dz. The aim

of this chapter is to introduce some of these methods witlitigalreye on numerical accuracy, following the
discussion in the previous chapter.

The next section deals essentially with topics from nuna¢diferentiation. There we present also the
most commonly used formulae for computing first and secomivateres, formulae which in turn find their
most important applications in the numerical solution adinary and partial differential equations. This
section serves also the scope of introducing some more aed#d+-programming concepts, such as call by
reference and value, reading and writing to a file and the fidgrmmic memory allocation.

Finally, we end this chapter with a discussion of method#ifomerical interpolation and classes and how
to define them in C++.

3.2 Numerical differentiation

The mathematical definition of the derivative of a functjt(@) is

Y@ S h) - @)
dx h—0 h

whereh is the step size. If we use a Taylor expansionffar) we can write

thI/(SC)

fla+h) = f@)+hf(z) + —

+...

We can then obtain an expression for the first derivative as

flay = LEED @ o,

Assume now that we will employ two points to represent thecfiom f by way of a straight line between
andz + h. Fig.[31 illustrates this subdivision.
This means that we can represent the derivative with

o) = XRG4 o,
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where the suffi@ refers to the fact that we are using two points to define thiwatdre and the dominating error
goes likeO(h). This is the forward derivative formula. Alternatively, weuld use the backward derivative

formula &) — flo— )
xr) — xr —
filw) = S 1 O(h).
If the second derivative is close to zero, this simple twapfiirmula can be used to approximate the derivative.
If we however have a function liké(z) = a + bx?, we see that the approximated derivative becomes

fo(x) = 2bx + bh,

while the exact answer Bz. Unlessh is made very small, anidis not too large, we could approach the exact
answer by choosing smaller and smaller valuesifardowever, in this case, the subtraction in the numerator,
f(x + h) — f(z) can give rise to roundoff errors and eventually a loss ofipies.

A better approach in case of a quadratic expressioif foj is to use a 3-step formula where we evaluate
the derivative on both sides of a chosen paintising the above forward and backward two-step formulae and
taking the average afterward. We perform again a Taylor esipa but now aroundg + h, hamely

h2 " h3 "
flx =z0£h)= f(xo) £ hf + L g + O(h%), (3.1)
which we rewrite as W2 s
fon=fornf + L B o,
Calculating bothf;, and subtracting we obtain that
_f h2 "
pr= T2 I o)

and we see now that the dominating error goeshiiké we truncate at the second derivative. We call the term
h2 f"" /6 the truncation error. It is the error that arises becauseraesstage in the derivation, a Taylor series
has been truncated. As we will see below, truncation ernadsraundoff errors play an important role in the
numerical determination of derivatives.

For our expression with a quadratic functipfw) = a + bz we see that the three-point formyfafor the
derivative gives the exact answ&rz. Thus, if our function has a quadratic behaviorim a certain region of
space, the three-point formula will result in reliable filstivatives in the intervdl-h, h]. Using the relation

fo—2fo+ fon = B2 + O(h*),

we can define the second derivative as

fhn—=2fo+ fon
=

We could also define five-points formulae by expanding to tteps on each side afy. Using a Taylor
expansion aroungl, in a region[—2h, 2h] we have

I + O(h?).

faon = fo+2hf +2h? ”iﬁ o(h* 3.2
+2n = fo I +2h7f 3 + O(h?). (3.2)

Using Eqgs.[[31) and(3.2), multiplying, andf_,, by a factor o8 and subtracting® /5, — for) — (8 f—n— f—2r)
we arrive at a first derivative given by
~ foon —=8f-n+8fn— fon

I 4
f5c_ 12h +O(h )7

with a dominating error of the order af at the price of only two additional function evaluationsisitormula
can be useful in case our function is represented by a fardbr polynomial inz in the region[—2h, 2h).
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zo — 2h o —h o To+ h xo + 2h T

Figure 3.1: Demonstration of the subdivision of thexis into small stepa. Each point corresponds to a set
of valuesz, f(x). The value ofx is incremented by the step lengih If we use the pointg, andzy + h we
can draw a straight line and use the slope at this point tami@te an approximation to the first derivative.
See text for further discussion.
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Note however that this function includes two additionaldtion evaluations, implying a more time-consuming
algorithm. Furthermore, the two additional subtraction tad to a larger risk of loss of numerical precision
whenh becomes small. Solving for example a differential equatitrich involves the first derivative, one
needs always to strike a balance between numerical accamdrthe time needed to achieve a given result.
Itis possible to show that the widely used formulae for thet find second derivatives of a function can be
written as }
Jn—JI-n fE

o h2i (3.3)

!
=fi+)y =——h¥,
Jo — (2j + 1)!

and e +2)
Jn—=2fo+ f-n foj
e = 0 +2 Z (3.4)
and we note that in both cases the error goes @@23). These expressions will also be used when we
evaluate integrals.

To show this for the first and second derivatives starting wie three pointg_, = f(xo—h), fo = f(x0)

andfy, = f(xzo + h), we have that the Taylor expansion aroung x gives

(J) (J) .
a—nf-n =+ aofo+anfn =a- hz +(lofo+ahz (3.5)

JO' 7=0

wherea_j,, ag anday, are unknown constants to be chosen sothatf_;, + ao fo + an fr, is the best possible
approximation forfj and f. Eq. [33) can be rewritten as

a—nf-n+aofo+ anfn = la—n +ao +anl fo
2 r1 o o(j) . )
+ [ah — a,h] hf(l) + [a,h + ah] 5 9+ Z %(h)'7 [(—1)3(1,;1 + ah} .
j=3 7

To determinef{, we require in the last equation that

a_p+ap +ap =0,

—Q_p+ap = 7,
and
a_p +ap =
These equations have the solution
1
a_p —U0h — %7
and
aop = 07
yielding
fo—Fon S
h<.
- 2n =fo+ Z (25 +1)!

To determinef, we require in the last equation that
a_p+ao+ap =0,

—a_p+ap =0,

and
2
a_p +ap = ﬁ
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These equations have the solution

1
a_p = —Qp = _ﬁa
and
2
ap = _ﬁv
yielding
o) 2542
fo=2fo+fn _ //+2Z fé " B2
h2 0 ~ (2j +2)

3.2.1 The second derivative ©fp (z)

As an example, let us calculate the second derivativespfz) for various values of. Furthermore, we
will use this section to introduce three important C++-pesgming features, namely reading and writing to a
file, call by reference and call by value, and dynamic memdogcation. We are also going to split the tasks
performed by the program into subtasks. We define one fumetitich reads in the input data, one which
calculates the second derivative and a final function whidtes/the results to file.

Let us look at a simple case first, the usepaifntf andscanf. If we wish to print a variable defined as
doublespeed_of_sound; we could for example writ@rintf (" speed of_sound=%1f\n'"',speed_of_sound);.

In this case we say that we transfer the value of this spedfi@ble to the functioprintf. The function
printf can however not change the value of this varigiere is no need to do so in this case). Such a call of
a specific function is calledall by value The crucial aspect to keep in mind is that the value of thessjz
variable does not change in the called function.

When do we use call by value? And why care at all? We do acteallg, because if a called function
has the possibility to change the value of a variable whemithnot desired, calling another function with
this variable may lead to totally wrong results. In the waiades you may even not be able to spot where the
program goes wrong.

We do however use call by value when a called function simpbeives the value of the given variable
without changing it.

If we however wish to update the value of say an array in a @dilaction, we refer to this call a=all by
reference What is transferred then is the address of the first elenfeahearray, and the called function has
now access to where that specific variable 'lives’ and caretfeer change its value.

The functionscanf is then an example of a function which receives the addreasvafiable and is allowed
to modify it. Afterall, when callingscanf we are expecting a new value for a variable. A typical calldde
scanf (" "%lf\n'"',&speed_of_sound);.

Consider now the following program

//

// This program module
// demonstrates memory allocation and data transfer in
// between functions in C++

//

#include <stdio.h> // Standard ANSI-C++ include files
#include <stdlib.h>

int main(nt argc,char xargv[])

{
int a: // line 1
int xb; // line 2
a=10; // line 3
b =new int[10]; // line 4
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for(i=0;i < 10; i++) {

b[i] =i; // line 5
}
func( a,b); // line 6
return O;

} // End: function main()

void func(int x, int xy) // line 7
{
X+=7; // line 8
xy += 10; // line 9
y[6] += 10; // line 10
return ; // line 11

} // End: function func()

There are several features to be noted.

— Lines 1,2: Declaration of two variables a and b. The comp#éserves two locations in memory. The
size of the location depends on the type of variable. Two @rtigs are important for these locations —
the address in memory and the content in the

— Line 3: The value of a is now 10.

— Line 4: Memory to store 10 integers is reserved. The addresiset first location is stored in b. The
address of element number 6 is given by the expression (b + 6).

— Line 5: All 10 elements of b are given values: b[0] = 0, b[1] =.1,, b[9] = 9;

— Line 6: The main() function calls the function func() and tm®gram counter transfers to the first
statement in func(). With respect to data the following heapp The content of a (= 10) and the content
of b (a memory address) are copied to a stack (new memorydogaissociated with the function func()

— Line 7: The variable x and y are local variables in func(). rhave the values — x = 10, y = address of
the first elementin b in the main() program.

— Line 8: The local variable x stored in the stack memory is geahto 17. Nothing happens with the
value a in main().

— Line 9: The value of y is an address and the symbol *y standh&position in memory which has this
address. The value in this location is now increased by 1@ mkans that the value of b[0] in the main
program is equal to 10. Thus func() has modified a value in (hain

— Line 10: This statement has the same effect as line 9 excapitt timodifies element b[6] in main() by
adding a value of 10 to what was there originally, namely 6.

— Line 11: The program counter returns to main(), the next esgion afterfunc(a,b); All data on the
stack associated with func() are destroyed.

— The value of a is transferred to func() and stored in a new nmgocation called x. Any modification
of x in func() does not affect in any way the value of a in main{his is calledtransfer of data by
value. On the other hand the next argument in func() is an addreggwidtransferred to func(). This
address can be used to modify the corresponding value in(méirthe programming language C it is
expressed as a modification of the value which y points toahathe first element of b. This is called
transfer of data by referenceand is a method to transfer data back to the calling functiothis case
main().
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C++ allows however the programmer to use solely call by ezfee (note that call by reference is imple-
mented as pointers). To see the difference between C anddonsider the following simple examples. In C
we would write

int n; n =8;
func(&n); /* &n is a pointer to n */
void func(int *i)
{
*i = 10; /* n is changed to 10 */

}

whereas in C++ we would write

int n; n =8;
func(n); // just transfer n itself
void func(int& i)
{
i =10; // n is changed to 10

}

Note well that the way we have defined the input to the functiom(int&i) oOr func(intxi) decides how we
transfer variables to a specific function. The reason why mphasize the difference between call by value
and call by reference is that it allows the programmer to éifalls like unwanted changes of variables.
However, many people feel that this reduces the readabilithe code. It is more or less common in C++
to use call by reference, since it gives a much cleaner co@ealRalso that behind the curtain references
are usually implemented as pointers. When we transfer laoggets such a matrices and vectors one should
always use call by reference. Copying such objects to acthllection slows down considerably the execution.
If you need to keep the value of a call by reference object,sfmuld use theonst declaration.

In programming languages like Fortran one uses only calEfigrence, but you can flag whether a called
function or subroutine is allowed or not to change the valyaléclaring for example an integer value as
INTEGER, INTENT(IN)::i. The local function cannot change the valueiofDeclaring a transferred values as
INTEGER, INTENT(0UT) : : i. allows the local function to change the variahle

Initializations and main program

In every program we have to define the functions employed.stjie chosen here is to declare these functions
at the beginning, followed thereafter by the main prograchthie detailed tasks performed by each function.
Another possibility is to include these functions and ttstatements before the main program, meaning that
the main program appears at the very end. | find this prograigstyle less readable however since | prefer
to read a code from top to bottom. A further option, specigdlgonnection with larger projects, is to include
these function definitions in a user defined header file. Thafing program shows also (although it is rather
unnecessary in this case due to few tasks) how one can df#itetiit tasks into specialized functions. Such a
division is very useful for larger projects and programs.

In the first version of this program we use a more C-like stgleafriting and reading to file. At the end of
this section we include also the corresponding C++ and &oftles.

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/chapter03/cpp/programl. cpp

/%

Kk Program to compute the second derivative of exp(x).

*k Three calling functions are included

*k in this version. In one function we read in the data from screen,
*k the next function computes the second derivative

*k while the last function prints out data to screen.

*/
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using namespace std;
# include <iostream>

void initialize (double %, double *, int x*);
void second_derivative( int, double, double, double *, double x*);
void output( double %, double *, double, int);

int main()
{
// declarations of variables
int number_of_steps;
double x, initial_step;
double xh_step, *computed_derivative;
// read in input data from screen
initialize (&initial_step, &x, &number_of_steps);
// allocate space in memory for the one-dimensional arrays
// h_step and computed_derivative
h_step = new double[number_of_steps];
computed_derivative = new double[number_of_steps];
// compute the second derivative of exp(x)
second_derivative( number_of_steps, x, initial_step, h_step,
computed_derivative);
// Then we print the results to file
output(h_step, computed_derivative, x, number_of_steps );
// free memory
delete [] h_step;
delete [] computed_derivative;
return 0;
} // end main program

We have defined three additional functions, one which readsoim screen the value af, the initial step
length~ and the number of divisions by 2 @f This function is callednitialize. To calculate the second
derivatives we define the functiarcond_derivative. Finally, we have a function which writes our results
together with a comparison with the exact value to a givenTitee results are stored in two arrays, one which
contains the given step lengthand another one which contains the computed derivative.

These arrays are defined as pointers through the statement

'double *h_step, *computed_derivative; [

A call in the main function to the functiostcond_derivative looks then like this

'second,derivative( number_of_steps, x, intial_step, h_step, computed_derivative); [

while the called function is declared in the following way

'void second_derivative(int number_of_steps, double x, double xh_step,double *computed_derivative); [

indicating thatioublexh_step,doublexcomputed _derivative; are pointers and that we transfer the address of the
first elements. The other variables number_of_steps,doublex; are transferred by value and are not changed
in the called function.

Another aspect to observe is the possibility of dynamickdcation of memory through theew func-
tion. In the included program we reserve space in memoryHesé three arrays in the following way
h_step:newdouble[number_of_steps];andcomputed_derivative:newdouble[number_of_steps];VVhen\NeIWO|Onger
need the space occupied by these arrays, we free memorygththe declarationgetete[]1h_step; and
delete[] computed_derivative;

The function initialize

// Read in from screen the initial step, the number of steps
// and the value of x
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void initialize (double xinitial_step, double =*x, int xnumber_of_steps)
{
printf("Read in from screen initial step, x and number of steps\n");
scanf("%lf %Lf %d",initial_step, x, number_of_steps);
return;
} // end of function initialize

This function receives the addresses of the three variatilgs+initial_step,doublexx, intxnumber_of_steps;
and returns updated values by reading from screen.

The function second_derivative

// This function computes the second derivative

void second_derivative( int number_of_steps, double x,
double initial_step, double xh_step,
double *computed_derivative)

int counter;
double h;
// calculate the step size
// initialize the derivative, y and x (in minutes)
// and iteration counter
h = initial_step;
// start computing for different step sizes
for (counter=0; counter < number_of_steps; counter++ )
{
// setup arrays with derivatives and step sizes
h_step[counter] = h;
computed_derivative[counter] =
(exp(x+h)-2.xexp(x)+exp(x-h))/(hxh);
h = hx0.5;
} // end of do loop
return;
} // end of function second derivative

The loop over the number of steps serves to compute the sabemidhtive for different values ok. In
this function the step is halved for every iteration (youldoobviously change this to larger or smaller step
variations). The step values and the derivatives are stordx arrays_step anddoublecomputed derivative.

The output function

This function computes the relative error and writes to sseindile the results.

The last function here illustrates how to open a file, writd eead possible data and then close it. In this
case we have fixed the name of file. Another possibility is obsiy to read the name of this file together
with other input parameters. The way the program is preddmee is slightly unpractical since we need to
recompile the program if we wish to change the name of theutdilp.

An alternative is represented by the following program Cgpam. This program reads from screen the
names of the input and output files.

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@3/cpp/program2.cpp

1 #include <stdio.h>

2 #include <stdlib.h>

3 int col:

4

5 int main(int argc, char xargv[])
6 {

7 FILE =xin, =xout;
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8 int c;

9 if( argc < 3) {

10  printf("You have to read in :\n");

11 printf("in_file and out_file \n");

12 exit(1);

13 in = fopen( argv[l], "r");} // returns pointer to the in_file
14 if( inn == NULL ) { // can't find in_file

15 printf("Can't find the input file %s\n", argv[1]);
16 exit(1);
17 3}

18 out = fopen( argv[2], "w"); // returns a pointer to the out_file
19 if( ut == NULL ) { // can't find out_file

20 printf("Can't find the output file %s\n", argv[2]);
21 exit(1);
22}

. program statements

23 fclose(in);
24 fclose(out);
25 return 0;

}

This program has several interesting features.

Line Program comments

5 emain() takes three arguments, given by argc. argv points to theviolg: the
name of the program, the first and second arguments, in thésfda names ta
be read from screen.

7 e C++ has adata type calledFILE. The pointersin andout point to specific
files. They must be of the tyeILE.

10 e The command line has to contain 2 filenames as parameters.

13-17 e The input file has to exit, else the pointer returns NULL. It loaly read per-
mission.

18-22 e Same for the output file, but now with write permission only.
23-24 e Both files are closed before the main program ends.

The above represents a standard procedure in C for readingdiihes. C++ has its own class for such
operations.

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter03/cpp/program3.cpp

/*

*k Program to compute the second derivative of exp(x).

Kk In this version we use C++ options for reading and

Kk writing files and data. The rest of the code is as in

% programs/chapter3/programl.cpp

*k Three calling functions are included

Kk in this version. In one function we read in the data from screen,
*k the next function computes the second derivative

*k while the last function prints out data to screen.

*/

using namespace std;

# include <iostream>

# include <fstream>

# include <iomanip>

# include <cmath>

void initialize (double x, double x*, int x);

void second_derivative( int, double, double, double *, double x*);
void output( double %, double *, double, int);

ofstream ofile;
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3.2 — Numerical differentiation

int main(int argc, charx argv[])
{
// declarations of variables
char xoutfilename;
int number_of_steps;
double x, initial_step;
double *h_step, xcomputed_derivative;
// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1l);
}
else{
outfilename=argv[1l];
}

ofile.open(outfilename);
// read in input data from screen
initialize (&initial_step, &x, &number_of_steps);
// allocate space in memory for the one-dimensional arrays
// h_step and computed_derivative
h_step = new double[number_of_steps];
computed_derivative = new double[number_of_steps];
// compute the second derivative of exp(x)
second_derivative( number_of_steps, x, initial_step, h_step,
computed_derivative);
// Then we print the results to file
output(h_step, computed_derivative, x, number_of_steps );
// free memory
delete [] h_step;
delete [] computed_derivative;
// close output file
ofile.close();
return 0;
} // end main program

The main part of the code includes now an object declaratietreamofile Which is included in C++ and
allows the programmer to open and declare files. This is d@ng statemenifile.open(outfilename);. We
close the file at the end of the main program by writiifgle. close() ;. There is a corresponding object for
reading inputfiles. In this case we declare prior to the maicfion, or in an evantual header fil@streamifile
and use the corresponding statememi$e.open(infilename); andifile.close(); for opening and closing an
input file. Note that we have declared two character var@abier«outfilename; andcharxinfilename;. In
order to use these options we need to include a correspoliliagy of functions using include<fstream>.

One of the problems with C++ is that formatted output is n&asy to use as the printf and scanf functions
in C. The output function using the C++ style is included belo

// function to write out the final results
void output(double xh_step, double xcomputed_derivative, double x,
int number_of_steps )
{
int i;
ofile << "RESULTS:" << endl;
ofile << setiosflags(ios::showpoint | ios::uppercase);
for( i=0; i < number_of_steps; i++)
{
ofile << setw(1l5) << setprecision(8) << logl0(h_step[i]);
ofile << setw(1l5) << setprecision(8) <<
logle(fabs(computed_derivative[i]-exp(x))/exp(x))) << endl;
}
} // end of function output

The functionsetw(15) reserves an output of 15 spaces for a given variable whilerecision(8) yields eight
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leading digits. To use these options you have to use therd¢icla# include<iomanip>

Before we discuss the results of our calculations we list libe corresponding Fortran program.

corresponding Fortran example is

http://www.Tys.uio0.no/compphys/cp/programs/FYS3150/chapter03/1t90/programl. t90

The

! Program to compute the second derivative of exp(x).
! Only one calling function is included.
! It computes the second derivative and is included in the
! MODULE functions as a separate method
! The variable h is the step size. We also fix the total number
! of divisions by 2 of h. The total number of steps is read from
! screen
MODULE constants

! definition of variables for double precisions and complex variables

INTEGER, PARAMETER :: dp = KIND(1.0DO)

INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))
END MODULE constants

! Here you can include specific functions which can be used by
! many subroutines or functions

MODULE functions
USE constants
IMPLICIT NONE
CONTAINS
SUBROUTINE derivative(number_of_steps, x, initial_step, h_step, &
computed_derivative)
USE constants
INTEGER, INTENT(IN) :: number_of_steps
INTEGER :: loop
REAL (DP), DIMENSION(number_of_steps), INTENT(INOUT) :: &
computed_derivative, h_step
REAL(DP), INTENT(IN) :: initial_step, x
REAL(DP) :: h
! calculate the step size
! initialize the derivative, y and x (in minutes)
! and iteration counter
h = initial_step
! start computing for different step sizes
DO loop=1, number_of_steps
! setup arrays with derivatives and step sizes
h_step(loop) = h
computed_derivative(loop) = (EXP(x+h)-2.*EXP(x)+EXP(x-h))/(hxh)
h = hx0.5
ENDDO
END SUBROUTINE derivative

END MODULE functions

PROGRAM second_derivative
USE constants
USE functions
IMPLICIT NONE
! declarations of variables
INTEGER :: number_of_steps, loop
REAL(DP) :: x, initial_step
REAL (DP), ALLOCATABLE, DIMENSION(:) :: h_step, computed_derivative
! read in input data from screen
WRITE(*,*) 'Read in initial step, x value and number of steps'
READ (*,*) initial_step, x, number_of_steps
! open file to write results on
OPEN(UNIT=7,FILE='out.dat"')
! allocate space in memory for the one-dimensional arrays
! h_step and computed_derivative
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3.2 — Numerical differentiation

ALLOCATE (h_step(number_of_steps),computed_derivative(number_of_steps))

! compute the second derivative of exp(x)

! initialize the arrays

h_step = 0.0_dp; computed_derivative = 0.0_dp

CALL derivative(number_of_steps,x,initial_step,h_step,computed_derivative)

! Then we print the results to file

DO loop=1, number_of_steps
WRITE(7,'(E16.10,2X,E16.10)"') LOG1lO(h_step(loop)),&
LOG10 ( ABS ( (computed_derivative(loop)-EXP(x))/EXP(x)))

ENDDO

! free memory

DEALLOCATE( h_step, computed_derivative)

! close the output file

CLOSE(7)

END PROGRAM second_derivative

ThewmobuLE declaration in Fortran allows one to place functions likedhe which calculates second derivatives
in a module. Since this is a general method, one could exteffidrictionality by simply transfering the name
of the function to differentiate. In our case we use explgithe exponential function, but there is nothing
which hinders us from defining other functions. Note the esafjthe moduleconstantswhere we define
double and complex variables. If one wishes to switch to la@oprecision, one just needs to change the
declaration in one part of the program only. This hinderssfis errors which arise if one has to change
variable declarations in every function and subroutin@aly, dynamic memory allocation and deallocation
is in Fortran done with the keywordsLOCATE (array (size)) andDEALLOCATE (array). Although most compilers
deallocate and thereby free space in memory when leavingdidum, you should always deallocate an array
when it is no longer needed. In case your arrays are very, léngemay block unnecessarily large fractions
of the memory. Furthermore, you should always initializegs. In the example above, we note that Fortran
allows us to simply writdn_step = 0.0_dp; computed_derivative = 0.0_dpvhich means that all elements of
these two arrays are set to zero. Coding arrays in this mdmimgys us much closer to the way we deal with
mathematics. In Fortran it is irrelevant whether this is a-dimensional or multi-dimensional array. In the
next next chapter, where we deal with allocation of matrieeswill introduce the numerical library Blitz++
which allows for similar treatments of arrays in C++. By défédhowever, these features are not included in
the ANSI C++ standard.

Results

In Table[31 we present the results afamerical evaluatiorfor various step sizes for the second derivative of
exp (z) using the approximatiof{/ = "’72{17‘;”*’ The results are compared with the exact ones for various
x values. Note well that as the step is decreased we get clogbe texact value. However, if it is further

x h=0.1 h=0.01 h=0.001 h=0.0001 h=0.0000001 Exact
0.0 1.000834 1.000008 1.000000 1.000000 1.010303 1.000000
1.0 2.720548 2.718304 2.718282 2.718282 2.753353 2.718282
2.0 7.395216 7.389118 7.389057 7.389056 7.283063 7.389056
3.0 20.102280 20.085704  20.085539  20.085537 20.250467 082837
4.0 54.643664 54.598605 54.598155 54.598151 54.711789 598450

5.0 148.536878 148.414396 148.413172 148.413161 1506635048.413159

Table 3.1: Result for numerically calculated second déviga ofexp («) as functions of the chosen step size
h. A comparison is made with the exact value.

decreased, we run into problems of loss of precision. Thiteiarly seen fok = 0.0000001. This means that
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Figure 3.2: Log-log plot of the relative error of the secordigative ofexp (x) as function of decreasing step
lengthsh. The second derivative was computed foe= 10 in the program discussed above. See text for
further details

even though we could let the computer run with smaller andlsmaalues of the step, there is a limit for how
small the step can be made before we loose precision.

3.2.2 Error analysis

Let us analyze these results in order to see whether we caa fimdimal step length which does not lead to
loss of precision. Furthermore In FIg-B.2 we have plotted

€ = logio (

as function oflog1o(h). We used an intial step length af= 0.01 and fixedz = 10. For large values o#,
thatis—4 < logip(h) < —2 we see a straight line with a slope close to 2. Clodege (h) ~ —4 the relative
error starts increasing and our computed derivative witlep sizelog,0(h) < —4, may no longer be reliable.

" 1
computed exact

1
exact

Can we understand this behavior in terms of the discussimn the previous chapter? In chagiér 2 we
assumed that the total error could be approximated with @me arising from the loss of numerical precision
and another due to the truncation or approximation madeigha

€tot — €approx + €ro-

For the computed second derivative, HEq.J(3.4), we have

" _ fh _2f0+f—h _9 — fé2j+2) B2
0 h2 = (27 +2)! ’

and the truncation or approximation error goes like

4
ﬁh?

€approx ~
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If we were not to worry about loss of precision, we could impiple makeh as small as possible. However,
due to the computed expression in the above program example

v fn=2fo+frn  (fu—fo)+(f-n— fo)

0o — h2 = h2 ’
we reach fairly quickly a limit for where loss of precisionadto the subtraction of two nearly equal numbers
becomes crucial. Iff.;, — fo) are very close, we havg+, — fo) ~ ear, whereleys| < 1077 for single and
lear| < 10715 for double precision, respectively.
We have then

] = (fn = fo) + (f-n — fo)| _ 2em
ol h2 - h2 :
Our total error becomes
2enm f0(4) 2
l€tot] < Tz + Hh . (3.6)

It is then natural to ask which value afyields the smallest total error. Taking the derivative@f;| with
respect tah results in
1/4
2461\4
o

With double precision and = 10 we obtain
h~~10"%

Beyond this value, it is essentially the loss of numericaktfsion which takes over. We note also that the above
qualitative argument agrees seemingly well with the reltitted in Figl:32 and Table™B.1. The turning point
for the relative error at approximately ~ x10~* reflects most likely the point where roundoff errors take
over. If we had used single precision, we would etz 10~2. Due to the subtractive cancellation in the
expression foif” there is a pronounced detoriation in accuracy @&smade smaller and smaller.

It is instructive in this analysis to rewrite the numeratbttee computed derivative as

(fn = fo) + (f=n — fo) = (exp (z + h) — expx) + (exp (z — h) — expx),

as
(fn = fo) + (f-n — fo) = exp (z)(exp (h) + exp (—h) — 2),

since it is the differencéexp (h) + exp (—h) — 2) which causes the loss of precision. The results, still for
x = 10 are shown in the Tab[EZ3.2. We note from this table thdt at x10~8 we have essentially lost all
leading digits.

From Fig.[32 we can read off the slope of the curve and thedebgrmine empirically how truncation
errors and roundoff errors propagate. We saw thatfbr logio(h) < —2, we could extract a slope close to
2, in agreement with the mathematical expression for thecation error.

We can repeat this for 10 < log1p(h) < —4 and extract a slope —2. This agrees again with our simple
expression in EqL(3.6).

3.3 Numerical interpolation, extrapolation and fitting ofata

Numerical interpolation and extrapolation are frequentgd tools in numerical applications to physics. The
often encountered situation is that of a functjpat a set of points; ...z, where an analytic form is miss-
ing. The functionf may represent some data points from experiment or the resaliengthy large-scale
computation of some physical quantity that cannot be castarsimple analytical form.

We may then need to evaluate the functjoat some point within the data set; ... z,,, but wherex dif-
fers from the tabulated values. In this case we are dealitigimterpolation. Ifx is outside we are left with the
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h exp (h) +exp(—h)  exp(h)+exp(—h)—2

107! 2.0100083361116070 1.0008336111607280 *
1072 2.0001000008333358 1.0000083333605681*
10~3  2.0000010000000836 1.000000083406504@ ¢
10~*  2.0000000099999999 1.000000005024 7693 *
10-5  2.0000000001000000 9.9999897251734687 !
10-¢  2.0000000000010001 9.9997787827987850 '*
10-7  2.0000000000000098 9.9920072216264089 '°
10-%  2.0000000000000000 0.000000000000000@
107°  2.0000000000000000 1.1102230246251665 16
10719 2.0000000000000000 0.000000000000000@

Table 3.2: Result for the numerically calculated numerafdhe second derivative as function of the step size
h. The calculations have been made with double precision.

more troublesome problem of numerical extrapolation. ®ele will concentrate on two methods for inter-
polation and extrapolation, namely polynomial interpioiatand extrapolation. The cubic spline interpolation
approach is discussed in chaffkr 6.

3.3.1 Interpolation and extrapolation

Let us assume that we have a sef\oft- 1 pointsyy = f(zo),y1 = f(z1),...,yn = f(zx) where none of
thex; values are equal. We wish to determine a polynomial of degie®that

for our data points. If we then writ€y on the form
Py(z) = ag + a1(x — 20) + az(z — xo)(x —21) + -+ +an(r — 20) ... (¥ — TN -1), (3.8)

then Eq.[(37) results in a triangular system of equations

agp = f(zo)

ap+ ap (iCl - xo) = f(l‘l) (3 9)

ao+ ai(r2 —xo)+ az(rz —xo)(r2 —21) = f(22) '
The coefficientsy, . . ., ay are then determined in a recursive way, starting withu, . . ..

The classic of interpolation formulae was created by Lageaand is given by

N
Py(x)=Y"]1 x__?;yi- (3.10)

i=0 k#i

If we have just two points (a straight line) we get

xr— X xr—
Py(z) = Ly + 40, (3.11)
1 — Xo o — I1

and with three points (a parabolic approximation) we have
(x — x0)(x — 21) ” + (x — x0)(x — 22) ” + (x — x1)(x — x2)

Fale) = (x2 — 20)(22 — 21) (z1 — 20) (71 — T2) (2o — 1) (w0 — 22)

Yo (3.12)
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3.3 — Numerical interpolation, extrapolation and fitting adata

and so forth. It is easy to see from the above equations thabhwk= z; we have thaff (z) = f(z;) Itis also
possible to show that the approximation error (or rest tésrg)ven by the second term on the right hand side

of
wN+1(UC)f(N+1)(§)

(3.13)
The functionwy 41 () is given by
wnt1(z) =an(x —x0)...(z —xN), (3.14)

and¢ = £(z) is a point in the smallest interval containing all intergima pointsz; andx. The algorithm
we provide however (the code POLINT in the program librasydased on divided differences. The recipe is
quite simple. If we take: = z in Eq. (3.8), we then have obviously that = f(z¢) = yo. Moving a over

to the left-hand side and dividing by— x¢ we have

f(@) = fxo)

T — To =a1tax(z—a1)+ - +an(@—2)(@—22)... (& — TN-1), (3.15)

where we hereafter omit the rest term

(N+1)
ﬁ(l’-%l)(l'—xg)...(x—l']v). (316)
The quantity
fow = M, (3.17)
Tr — X

is a divided difference of first order. If we then take= x;, we have thaty = fy;. Moving a; to the left
again and dividing by — z; we obtain

7f01_'f01 =a2—|—-"+GN($—ZC2)..-(1'—=TN—1)- (318)
xr — I
and the quantity
Fora = Jox — f01’ (3.19)
xr — T

is a divided difference of second order. We note that thefooerft

a1 = for, (3.20)

is determined fromy,, by settingz = x;. We can continue along this line and define the divided difiee

of orderk + 1 as

for ke = Jor..(k—1)z — fOl...(kfl)k7 (3.21)

r — Tk
meaning that the corresponding coefficieptis given by

ar = fOl...(kfl)k- (3.22)

With these definitions we see that Hg.(3.13) can be rewritten

wN+1(UC)f(N+1)(§)

f(x) = ao+ ;me...k(x —@0) (@ = @) £ (3.23)
If we replacexy, x1, . . ., zx in Eq. [321) withz;11, 210, . . ., zk, that is we count froni + 1 to k instead of

counting from0 to £ and replacer with z;, we can then construct the following recursive algorithmtfe
calculation of divided differences

_ fﬂﬂi+1--~wk - f11$i+l~~~$k—1 ) (324)

fﬂc:w: 1Tk
ili+ Ik _ Ii
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Assuming that we have a table with function vales, f(z;) = y,) and need to construct the coefficients
for the polynomialPy (z). We can then view the last equation by constructing theiofig table for the case
whereN = 3.

Zo Yo
fzow:
1 Y1 fmomrz
fo12, Jrozrwams - (3.25)
T2 Y2 fmlwzws
fm213
r3 Y3

The coefficients we are searching for will then be the elemalting the main diagonal. We can understand
this algorithm by considering the following. First we canst the unique polynomial of order zero which
passes through the poing, yo. This is justay discussed above. Therafter we construct the unique poligiom
of order one which passes through botly, andz;y;. This corresponds to the coefficientand the tabulated
value f,.,., and together wittu, results in the polynomial for a straight line. Likewise wdide polynomial
coefficients for all other couples of points suchfas., andf., ... Furthermore, a coefficientlike, = f.,2,z,
spans now three points, and adding togetfgr, we obtain a polynomial which represents three points, a
parabola. In this fashion we can continue till we have allfficients. The function POLINT included in the
library is based on an extension of this algorithm, knownBlasille’s algorithm. It is based on equidistant
interpolation points. The error provided by the call to thadtion POLINT is based on the truncation error in

Eq. (3IB).

3.3.2 Richardson’s deferred extrapolation method

Here we present an elegant method to improve the precisionrahathematical truncation, without too many
additional function evaluations. We will again study thelesation of the first and second derivativesxp (x)
at a given pointr = £. In Egs. [3.B) and(314) for the first and second derivatiwesnoted that the truncation
error goes likeD(h?7).

Employing the mid-point approximation to the derivativiee tvarious derivative® of a given function
f(z) can then be written as

D(h) = D(0) + a1h® + agh® + azh® + ..., (3.26)

whereD(h) is the calculated derivativd)(0) the exact value in the limit — 0 anda; are independent of

h. By choosing smaller and smaller values forwe should in principle be able to approach the exact value.
However, since the derivatives involve differences, we masily loose numerical precision as shown in the

previous sections. A possible cure is to apply Richardsdefsrred approach, i.e., we perform calculations
with several values of the stépand extrapolate tb = 0. The philososphy is to combine different valuesiof

so that the terms in the above equation involve only larg@egpts forh. To see this, assume that we mount

a calculation for two values of the stépone withh and the other witth /2. Then we have

D(h) = D(0) + a1h® + agh* + azh® + ..., (3.27)
and 2 4 6
_ alh agh a3h

D(h/2) = D(0) + ==+ o=+ o+ (3.28)

and we can eliminate the term with by combining

D(h/2) - D(h) a2h4 5a3h6
3 4 16
We see that this approximation 10(0) is better than the two previous ones since the error now gkes |
O(h*). As an example, let us evaluate the first derivative of a fonct using a step with lengthis andh /2.
We have then
fn—=F-n

T = fo+ 0, (3.30)

D(h/2) + = D(0) -

(3.29)
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M — [+ O(h2/4), (3.31)

which can be combined, using EG.{3.29) to yield

_fh+8fh/2_8f7h/2+f—h / h* (5)
=fo——f%. 3.32
o fo— 150 (3.32)
In practice, what happens is that our approximation®(0) goes through a series of steps
DY
pWw DEO)
D((f) pm D§0> , (3.33)

where the elements in the first column represent the giveroappations

D = D(h/2%). (3.34)

This means thaDEO) in the second column and row is the result of the extrapadiased orD(()O) andD(()l).
An elementD? in the table is then given by

Dl - p®), 035
4m —1 '

with m > 0. l.e., itis a linear combination of the element to the lefit@ind the element right over the latter.
In Table[31 we presented the results for various step sizethé second derivative afxp (z) using

o = f’_z,fli‘;”*h The results were compared with the exact ones for variouues. Note well that as the

step is decreased we get closer to the exact value. Howeitgs, further increased, we run into problems of

loss of precision. Thisis clearly seen fore= 0.000001. This means that even though we could let the computer

run with smaller and smaller values of the step, there is # fonhow small the step can be made before we

loose precision. Consider now the results in TaQe 3.3 wiverehoose to employ Richardson’s extrapolation

scheme. In this calculation we have computed our functigh amly three possible values for the step size,

namelyh, h/2 andh/4 with b = 0.1. The agreement with the exact value is amazing! The extadgdresult

is based upon the use of E.{3.35). We will use this methothtaiwimproved eigenvalues in chagiér 7.

p® = p* 4

x h=0.1 h =0.05 h =0.025 Extrapolat Error
0.0 1.00083361 1.00020835 1.00005208 1.00000000 0.000000
1.0 2.72054782 2.71884818 2.71842341 2.71828183 0.000000
2.0 7.39521570 7.39059561 7.38944095 7.38905610 0.00@000
3.0 20.10228045 20.08972176 20.08658307 20.08553692 0@O009
40 54.64366366 54.60952560 54.60099375 54.59815003 0@0024
5.0 148.53687797 148.44408109 148.42088912 148.4131591@0000064

Table 3.3: Result for numerically calculated second déviga ofexp (x) using extrapolation. The first three
values are those calculated with three different step sizek/2 andh/4 with h = 0.1. The extrapolated
result toh = 0 should then be compared with the exact ones from Table 3.1.

3.4 Classesin C++

In Fortran a vector (this applies to matrices as well) staith 1, but it is easy to change a vector so that it
starts with zero or even a negative number. If we have a dqurelgsion Fortran vector which starts-at0
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and ends at0, we could declare it aEAL (KIND=8) : :vector(-10:10). Similarly, if we want to start at zero and
end at 10 we could writREAL (KIND=8) : :vector(0:10). Fortran allows us to write a vector additian=b + ¢
asa=b+c. This means that we have overloaded the addition operatibragat translates this operation into
two loops and an addition of two vector elemenis= b; + c¢;.

The way the vector addition is written is very close to the wag/express this relation mathematically.
The benefit for the programmer is that our code is easier th fearthermore, such a way of coding makes it
more likely to spot eventual errors as well.

In Ansi C and C++ arrays start by default fram- 0. Moreover, if we wish to add two vectors we need to
explicitely write out a loops as

for(i=0 ; i < n ; i++) {
alil=b[i]+c[il]

}

However, the strength of C++ over programming languagedJiland Fortran 77 is the possibility to define
new data types, tailored to some particular problem. Via data types and overloading of operations such
as addition and subtraction, we can easily define sets ohtipas and data types which allow us to write a
vector or matrix addition in exactly the same way as we wowldndFortran. We could also change the way
we declare a C++ vector (or matrix) element from a[i] to saya(i), as we would do in Fortran. Similarly,
we could also change the default range fromn — 1to 1 : n.

To achieve this we need to introduce two important entitieG++ programming, classes and templates.

The function and class declarations are fundamental coseithin C++. Functions are abstractions
which encapsulate an algorithm or parts of it and perforntifipgasks in a program. We have already met
several examples on how to use functions. Classes can bedefmnabstractions which encapsulate data and
operations on these data. The data can be very complex dattusés and the class can contain particular
functions which operate on these data. Classes allow threr&r a higher level of abstraction in computing.
The elements (or components) of the data type are the cléssrdanbers, and the procedures are the class
member functions.

Classes are user-defined tools used to create multi-pusptseare which can be reused by other classes
or functions. These user-defined data types contain datalfles) and functions operating on the data.

A simple example is that of a point in two dimensions. The datald be ther andy coordinates of a
given point. The functions we define could be simple read aniunctions or the possibility to compute
the distance between two points.

The two examples we elaborate on below demonstrate mosedé#tures of classes. We develop first a
class calledomplex which allows us to perform various operations on compleiades. We extend thereafter
our discussion of classes to define a classor which allows us to perform various operations on a user-
specified one-dimesional array, from declarations of aardctmathematical operations such as additions of
vectors. Later, in our discussion on linear algebra, we aldb present our final matrix and vector class.

The classes we define are easy to use in other codes and/oclatbges and many of the details which
would be present in C (or Fortran 77) codes are hidden in$idectass. The reuse of a well-written and
functional class is normally rather simple. However, toteva given class is often complicated, especially if
we deal with complicated matrix operations. In this text wik rely on ready-made classes in C++ for dealing
with matrix operations. We have chosen to use the Blitz+alip discussed in our linear algebra chapter. This
library hides for us many low-level operations with matseand vectors, such as matrix-vector multiplications
or allocation and deallocation of memory. Such librariegenathen easier to build our own high-level classes
out of well-tested lower-level classes.

The way we use classes in this text is close tovtiveLe data type in Fortran and we provide some simple
demonstrations at the end of this section.

3.4.1 The Complex class

As remarked in chaptél 2, C++ has a class complex in its stdrtdmplate library (STL). The standard usage
in a given function could then look like
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// Program to calculate addition and multiplication of two complex numbers
using namespace std;
#include <iostream>
#include <cmath>
#include <complex>
int main()
{
complex<double> x(6.1,8.2), y(0.5,1.3);
// write out x+y
cout << X + y << x*y << endl;
return 0;

}

where we add and multiply two complex numbers- 6.1 + 8.2 andy = 0.5 + ¢1.3 with the obvious results
z=x4+y=6.6+19.5andz =z -y = —7.61+:12.03. In Fortran we would declare the above variables as

COMPLEX(DPC)::x(6.1,8.2),y(0.5,1.3).

The library Blitz++ includes an extension of the complexssldo operations on vectors, matrices and
higher-dimensional arrays. We recommend the use of Blitaheén you develop your own codes. However,

writing a complex class yourself is a good pedagogical egzerc
We proceed by splitting our task in three files.

— We define first a header file complex.h which contains the datotas of the class. The header file
contains the class declaration (data and functions), dea of stand-alone functions, and all inlined

functions, starting as follows

#ifndef Complex_H

#define Complex_H

// various include statements and definitions

#include <iostream> // Standard ANSI-C++ include files
#include <new>

#include ....

class Complex
{...
definition of variables and their character

}

// declarations of various functions used by the class

#endif

— Next we provide a file complex.cpp where the code and algostof different functions (except inlined
functions) declared within the class are written. The filemplex.h and complex.cpp are normally

placed in a directory with other classes and libraries weslisfined.

— Finally,we discuss here an example of a main program whieh tigs particular class. An example of a
program which uses our complex class is given below. In@aei we would like our class to perform
tasks like declaring complex variables, writing out thd eea imaginary part and performing algebraic

operations such as adding or multiplying two complex nureber

#include "Complex.h"
. other include and declarations
int main ()
{
Complex a(0.1,1.3); // we declare a complex variable a
Complex b(3.0), c(5.0,-2.3); // we declare complex variables b and c

Complex d = b; // we declare a new complex variable d

cout << "d=" << d << ", a=" << a << ", b=" << b << endl;

d = axc + b/a; // we add, multiply and divide two complex numbers

cout << "Re(d)=" << d.Re() << ", Im(d)=" << d.Im() << endl; // write out of the real and

imaginary parts
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’ |

We include the header file complex.h and define four diffecemiplex variables. These age= 0.1 +
11.3, b = 3.0 + :0 (note that if you don't define a value for the imaginary paistis set to zero),
¢ = 5.0 —12.3 andd = b. Thereafter we have defined standard algebraic operatimhthe member
functions of the class which allows us to print out the real enaginary part of a given variable.

To achieve these features, let us see how we define the corlptesx In C++ we could define a complex
class as follows

class Complex
{
private:
double re, im; // real and imaginary part
public:
Complex (); // Complex c;
Complex (double re, double im = 0.0); // Definition of a complex variable;
Complex (const Complex& c); // Usage: Complex c(a); // equate two complex variables
Complex& operator= (const Complex& c); // ¢ = a,; // equate two complex variables, same as previous
~Complex () {} // destructor
double Re () const; // double real_part = a.Re();
double Im () const; // double imag_part = a.Im();
double abs () const; // double m = a.abs(); // modulus
friend Complex operator+ (const Complex& a, const Complex& b);
friend Complex operator- (const Complex& a, const Complex& b);
friend Complex operator* (const Complex& a, const Complex& b);
friend Complex operator/ (const Complex& a, const Complex& b);
+

The class is defined via the statemenisscomplex. We must first use the key wowlass, which in turn is
followed by the user-defined variable nameaplex. The body of the class, data and functions, is encapsulated
within the parentheses..};.

Data and specific functions can be private, which means lfegt tannot be accessed from outside the
class. This means also that access cannot be inherited &yfotittions outside the class. If we useétected
instead obrivate, then data and functions can be inherited outside the cCldmskey wordoublic means that
data and functions can be accessed from outside the classwéehave defined several functions which can
be accessed by functions outside the class. The declaratien means that stand-alone functions can work
on privately declared variables of the type:,im). Data members of a class should be declared as private
variables.

The first public function we encounter is a so-called corstmy which tells how we declare a variable of
type complex and how this variable is initialized. We have chosen thressitdlities in the example above:

1. A declaration likecomplexc; calls the member functiotomplex() which can have the following imple-
mentation

Complex:: Complex () { re = im = 0.0; }

meaning that it sets the real and imaginary parts to zeroe M way a member function is defined.
The constructor is the first function that is called when ajecis instantiated.

2. Another possibility is

Complex:: Complex () {}

which means that there is no initialization of the real andgmary parts. The drawback is that a given
compiler can then assign random values to a given variable.

3. Acall like complexa(0.1,1.3); means that we could call the member functiefplex (double,double)as
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Complex:: Complex (double re_a, double im_a)
{ re = re_a; im = im_a; }

The simplest member function are those we defined to extnacteal and imaginary part of a variable.
Here you have to recall that these are private data, thagjsare invisible for users of the class. We obtain a
copy of these variables by defining the functions

double Complex:: Re () const { return re; }} // getting the real part

double Complex:: Im () const { return im; } // and the imaginary part
\end{lstlistingline}

Note that we have introduced the declaration \lstinline{const}. What does it mean?
This declaration means that a variable cannot be changed within a called function.

If we define a variable as

\lstinline{const double p = 3;} and then try to change its value, we will get an error when we
compile our program. This means that constant arguments in functions cannot be changed.
\begin{lstlisting}

// const arguments (in functions) cannot be changed:

void myfunc (const Complex& c)

{ c.re = 0.2; /x ILLEGAL!! compiler error... */ }

If we declare the function and try to change the valué.& the compiler will complain by sending an error
message. If we define a function to compute the absolute vhlcemplex variable like

double Complex:: abs () { return sqrt(rexre + imxim);}

without the constant declaration and define thereafter etifumnyabs as

double myabs (const Complex& c)
{ return c.abs(); } // Not ok because c.abs() is not a const func.

the compiler would not allow the c.abs() call in myabs sin@@1ex: :abs iS not a constant member function.
Constant functions cannot change the object’s state. Tiol &vis we declare the functiosbs as

'double Complex:: abs () const { return sqrt(rexre + imxim); }

Overloading operators

C++ (and Fortran) allow for overloading of operators. Thatams we can define algebraic operations on for
example vectors or any arbitrary object. As an example, sovedldition of the type = a + b means that
we need to write a small part of code with a for-loop over thraetision of the array. We would rather like to
write this statement as= a+b; as this makes the code much more readable and close to ehamiiasions we
want to code. To achieve this we need to extend the definifioperators.

Let us study the declarations in our complex class. In ounrfiaiction we have a statement like b;,
which means that we call operator=(b) and we have defined a so-called assignment operator as & izt o
class defined as

Complex& Complex:: operator= (const Complex& c)
{

re = c.re;

im = c.im;

return xthis;

}

With this function, statements likesmplexd=b; Or Complexd(b); make a new objeat, which becomes a copy
of b. We can make simple implementations in terms of the assighme

Complex:: Complex (const Complex& c)
{ *this = ¢; }
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which is a pointer to "this object'sthis is the present object, sahis=c; means setting the present object
equal toc, that isthis->operator=(c);.
The meaning of the addition operatafor Complex objects is defined in the functiosmplexoperator+(constComplex&a, constCol
The compiler translates=a + b; iNto c = operator+(a,b);. Since this implies the call to function, it brings in
an additional overhead. If speed is crucial and this fumctiall is performed inside a loop, then it is more
difficult for a given compiler to perform optimizations of@dp. The solution to this is to inline functions. We
discussed inlining in chaptEl 2. Inlining means that thecfiom body is copied directly into the calling code,
thus avoiding calling the function. Inlining is enabled b tnline keyword

inline Complex operator+ (const Complex& a, const Complex& b)
{ return Complex (a.re + b.re, a.im + b.im); }

Inline functions, with complete bodies must be written ia Header file complex.h. Consider the case + b;
that is, c.operator=(operator+(a,b)); If operator+, operator= and the constructaromplex(r,i) all are inline
functions, this transforms to

c.re = a.re + b.re;
c.im = a.im + b.im;

by the compiler, i.e., no function calls
The stand-alone functiasperator+ is a friend of the Complex class

class Complex

{

friend Complex operator+ (const Complex& a, const Complex& b);

};

so it can read (and manipulate) the private data pareadim via

inline Complex operator+ (const Complex& a, const Complex& b)
{ return Complex (a.re + b.re, a.im + b.im); }

Since we do not need to alter the re and im variables, we cathgeflues by Re() and Im(), and there is no
need to be a friend function

inline Complex operator+ (const Complex& a, const Complex& b)
{ return Complex (a.Re() + b.Re(), a.Im() + b.Im()); }

The multiplication functionality can now be extended to gimeary numbers by the following code

inline Complex operator* (const Complex& a, const Complex& b)

{

return Complex(a.rexb.re - a.imxb.im, a.imxb.re + a.rexb.im);

}

It will be convenient to inline all functions used by this og®r. To inline the complete expressiom;, the
constructors aneberator= must also be inlined. This can be achieved via the followiieg of code

inline Complex:: Complex () { re = im = 0.0; }
inline Complex:: Complex (double re_, double im_)

{ ...}

inline Complex:: Complex (const Complex& c)

{ ...}

inline Complex:: operator= (const Complex& c)
{ ...}

// e, c, d are complex

e = cxd;

// first compiler translation:
e.operator= (operatorx (c,d));
// result of nested inline functions
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// operator=, operatorx, Complex(double,double=0):
e.re = c.rexd.re - c.imxd.im;
e.im = c.imxd.re + c.rexd.im;

The definitionsperator- andoperator/ follow the same set up.
Finally, if we wish to write to file or another device a complexmber using the simple syntaxut<<c;,
we obtain this by defining the effect ef< for a Complex object as

ostream& operator<< (ostream& o, const Complex& c)
{ o0<< "(" << c.Re() << "," << c.Im() << ") "; return o;}

Templates

The reader may have noted that all variables and some of tietidns defined in our class are declared
as doubles. What if we wanted to make a class which takesergeagq floating point numbers with single
precision? A simple way to achieve this is copy and paste lass@nd replacé&uble with for exampleint.

C++ allows us to do this automatically via the usage of temeglawhich are the C++ constructs for pa-
rameterizing parts of classes. Class templates is a teenplaproducing classes. The declaration consists of
the keywordtemplate followed by a list of template arguments enclosed in brackéfe can therefore make a
more general class by rewriting our original example as

template<class T>
class Complex

{
private:
T re, im; // real and imaginary part
public:
Complex (); // Complex c;
Complex (T re, T im = 0); // Definition of a complex variable;
Complex (const Complex& c); // Usage: Complex c(a); // equate two complex variables

Complex& operator= (const Complex& c); // ¢ = a; // equate two complex variables, same as previous
~Complex () {} // destructor
T Re () const; // T real_part = a.Re();
T Im () const; // T imag_part = a.Im();
T abs () const; // T m = a.abs(); // modulus
friend Complex operator+ (const Complex& a, const Complex& b);
friend Complex operator- (const Complex& a, const Complex& b);
friend Complex operator* (const Complex& a, const Complex& b);
friend Complex operator/ (const Complex& a, const Complex& b);
+

What it says is thatomplex is a parameterized type wiffias a parameter aridhas to be a type such as double
or float. The class complex is now a class template and we wigfide variables in a code as

Complex<double> a(10.0,5.1);
Complex<int> b(1,0);

Member functions of our class are defined by preceding theerarthe function with theemplate key-
word. Consider the function we defined@splex: : Complex(doublere_a,doubleim_a). We would rewrite this
function as

template<class T>
Complex<T>:: Complex (T re_a, T im_a)
{ re = re_a; im = im_a; }

The member functions are otherwise defined following ondimaember function definitions.

To write a class like the above is rather straightforwarde €lass for handling one-dimensional arrays,
presented in the next subsection shows some of the addifioasibilities which C++ offers. However, it can
be rather difficult to write good classes for handling masior more complex objects. For such applications
we recommend therefore the usage of ready-made librakie8litz++.
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Blitz++ http://www.oonumerics.org/blitz/|is a C++ library whose two main goals are to improve
the numerical efficiency of C++ and to extend the conventidease array model to incorporate new and
useful features. Some examples of such extensions arelestiirage formats, tensor notation and index
placeholders. It allows you also to write several operatimwolving vectors and matrices in a simple and
clear (from a mathematical point of view) way. The way you Wocode the addition of two matrices looks
very similar to the way it is done in Fortran.

3.4.2 The vector class

Our next next example is a very simple class to handle onexsional arrays. It demonstrates again many
aspects of C++ programming. However, most likely you willlerp using a ready-made array class from a
library like Blitz++ discussed above.

Our classrector has as data a plain one-dimensional array. We define seuaictldns which operate on
these data, from subscripting, change of the length of tteyaassignment to another vector, inner product
with another vector etc etc. To be more specific, we definedh@ifing usage of our class,that is the way the
class is used in another part of the program:

— Create vectors of a specified length defining a vectoreasor\v(n); Via this statement we allocate
space in memory for a vector withelements.

— Create a vector with zero length by writing the statenvettorv;

— Change the dimension of a vectoto a given lengt by declaringv. redim(n) ;. Note here the way we
use a function defined within a class. The function her@dsm.

— Create a vector as a copy of another vector by simply writie@orv (w) ;

— To extract the length of the vector by writirgnstintn=v.size();

— To find particular value of the vectabublee=v(i);

— or assign a number to an entry vigj)=e;

— We would also like to set two vectors equal to each other bykimvriting w=v;

— or take the inner product of two vectors@asblea=w.inner(v); Or alternatively Istinlinea = inner(w,v);
— To write a vector to screen could be done by writingrint (cout) ;

This list can be made longer by adding features like vectyelaia, operator overloading etc.
We present now the declaration of the class, with our comsmamthe various declarations.

class Vector
{
private:
doublex A; // vector entries
int  length; // the length ofthe vector
void allocate (int n); // allocate memory, length=n
void deallocate(); // free memory
public:
Vector (); // Constructor, use as Vector v;
Vector (int n); // use as Vector v(n);
Vector (const Vector& w); // us as Vector v(w);
~Vector (); // destructor to clean up dynamic memory
bool redim (int n); // change length, us as v.redim(m);
Vector& operator= (const Vector& w);// set two vectors equal v = w;
double operator() (int i) const; // a = v(i);
double& operator() (int i); // v(i) = a;
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void print (std::ostream& o) const; // v.print(cout);
double inner (const Vector& w) const; // a = v.inner(w);
int size () const { return length; } // n = v.size();

by

The class is defined via the statemetdssvector. We must first use the key wokdass, which in turn is
followed by the user-defined variable name. The body of thes;ldata and functions, is encapsulated within
the parentheses;.

Data and specific functions can be private, which means liegt tannot be accessed from outside the
class. This means also that access cannot be inherited &yfotittions outside the class. If we useétected
instead obrivate, then data and functions can be inherited outside the cldmskey wordbublic means that
data and functions can be accessed from outside the classwéehave defined several functions which can
be accessed by functions outside the class.

The first public function we encounter is a so-called cortstny which tells how we declare a variable of
typevector and how this variable is initialized

Vector v; // declare a vector of length 0
// this actually means calling the function

Vector::Vector ()
{ A = NULL; length = 0; }

The constructor is the first function that is called when gjectis instantiated. The variabias the vector en-

try which defined as a private entity. Here the length is seéto. Note also the way we define a method within

the class by Wl‘itingector: :Vector(). The general formis returntype>nameofclass::nameofmethod(<listofarguments>.
To give our vectow a dimensionality: we would write

Vector v(n); // declare a vector of length n
// means calling the function

Vector::Vector (int n)
{ allocate(n); }

void Vector::allocate (int n)
{
length = n;
A = new double[n]; // create n doubles in memory

}

Note that we defined a Fortran-like function for allocatingmory. This is one of nice features of C++ for
Fortran programmers, one can always define a Fortran-liklElwWmne wishes. Moreover,the private function
allocate operates on the private variablesgth anda. A vector object is created (dynamically) at run time,
but must also be destroyed when it is no longer in use. Theudtst specifies how to destroy the object via
the tilde symbol shown here

Vector::~Vector ()
{

deallocate();
}

// free dynamic memory:
void Vector::deallocate ()
{

delete [] A;
}

Again we have define a deallocation statement which mimie&sFortran way of removing an object from
memory. The observant reader may also have discovered thhave sneaked in the word 'object’. What do
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we mean by that? A clarification is needed. We will alwaysirafelass as user defined and declared variable
which encapsulates various data (of a given type) and dpasabn these data. An object on the other hand is
an instance of a variable of a given type. We refer to everialée we create and use as an object of a given

type. The variabla above is an object of typsat.

The function where we set two vectors to have the same lemgtihave the same values can be written as

// v and w are Vector objects
vV =w;
// means calling
Vector& Vector::operator= (const Vector& w)
// for setting v = w;
{
redim (w.size()); // make v as long as w
int 1i;
for (i = 0; 1 < length; i++) { // (C++ arrays start at 0)
A[i] = w.A[i]; // fill in teh vector w
}
return xthis;
}
// return of xthis, i.e. a Vector&, allows nested operations
U=V =u.vec = vV_vec;

where we have used thedim function

v.redim(n); // make a vector v of length n

bool Vector::redim (int n)
{
if (length == n)
return false; // no need to allocate anything
else {
if (A != NULL) {
// "this" object has already allocated memory
deallocate();
}
allocate(n);
return true; // the length was changed
}
}

and the copy action is defined as

Vector v(w); // take a copy of w

Vector::Vector (const Vector& w)

{
allocate (w.size()); // "this" object gets w's length
xthis = w; // call operator =

}

Here we have definethis to be a pointer to the current (“this”) object, in other wordshis is the object
itself.

void Vector::print (std::ostream& o) const

{
int i;
for (i = 1; i <= length; i++)
0 << "(" << 1 << ")=" << (xthis) (i) << '\n';
}

double a = v.inner(w);

double Vector::inner (const Vector& w) const
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int i; double sum = 0;
for (i = 0; 1 < length; i++)
sum += A[i]lxw.A[i];
// alternative:
// for (i = 1; i <= length; i++) sum += (xthis)(i)*w(1i);
return sum;

// Vector v
cout << v;

ostream& operator<< (ostream& o, const Vector& v)
{ v.print(o); return o; }

// must return ostream& for nested output operators:
cout << "some text..." << w;

// this is realized by these calls:
operator<< (cout, "some text...");
operator<< (cout, w);

We can redefine the multiplication operator to mean the ipneduct of two vectors:

double a = vxw; // example on attractive syntax

class Vector

{

// compute (xthis) * w
double operatorx (const Vector& w) const;

+i

double Vector::operatorx (const Vector& w) const
{

return inner(w);
}

// have some Vector u, v, w; double a;
U=V + axw;
// global function operator+
Vector operator+ (const Vector& a, const Vector& b)
{

Vector tmp(a.size());

for (int i=1; i<=a.size(); i++)

tmp(i) = a(i) + b(i);

return tmp;
}
// global function operatorx
Vector operatorx (const Vector& a, double r)
{

Vector tmp(a.size());

for (int i=1; i<=a.size(); 1i++)

tmp (i) = a(i)*r;

return tmp;
}
// symmetric operator: rxa
Vector operator* (double r, const Vector& a)
{ return operatorx(a,r); }
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Classes and templates in C++ Blitz++

We can again use templates to generalize our class to adbeptypes than just doubles. To achieve that we
use templates, which are the native C++constructs for peteximing parts of classes, using statements like

template<class T>
class Vector
{

T A;

int length;
public:

T& operator() (int i) { return A[i-1]; }

};

In a code which uses this class we could declare various rseasoDeclarations in user code:

Vector<double> a(10);
Vector<int> i(5);

where the first variable is double vector with ten elementdenie second is an integer vector with five
elements.

Summarizing, it is easy to use the classtor and we can hide in the class many details which are visible
in C and Fortran 77 codes. However, as you may have noted dtisasy to write clasgector. One ends
often up with using ready-made classes in C++ libraries ssdBlitz++ unless you really need to develop your
own code. Furthermore, our vector class has served maingdagwngical scope, since C++ has a Standard
Template Library (STL) with vector types, including a vedior doing numerics that can be declared as

std::valarray<double> x(n); // vector with n entries

However, there is no STL for a matrix type. We end thereforthwécommending the use of ready-made
libraries like Blitz++ or the matrix class discussed in timehr algebra chapter, see chapier 6.

We this section by listing the final vector class, with bottader file and the definitions of the various
functions. The usage of the class could be as follows:

Usage of the Vector class

// Create a vector with zero length:
Vector vl;

// Redimension the vector to have length n:

int nl = 3;

vl.redim(nl);

cout << "vl.getlength: " << vl.getlLength() << endl;

// Extract the length of the vector:
const int length = vl.getLength();

// Create a vector of a specific length:

int n2 = 5;

Vector v2(n2);

cout << "v2.getlength: " << v2.getlLength() << endl;

// Create a vector from an existing array:

int n3 = 3;

doublex array = new double[n3];

Vector v4(n3, array);

cout << "v4.getlength: " << v4.getLength() << endl;

// Create a vector as a copy of another one:
Vector v5(vl);
cout << "v5.getlength: " << v5.getLength() << endl;
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// Assign the entries in a vector:

v5(0) = 3.0; // or alternatively v5[0] = 3.0;
v5(1) = 2.5; // or alternatively v5[1] = 2.5;
v5(2) = 1.0; // or alternatively v5[2] = 1.0;

// Extract the ith component of a vector:

int i = 2;

double value = v5(1);

cout << "value: " << value << endl;

// Set a vector equal another one:

Vector v6 = v5;

cout << "try redim.v6: " << v6.redim(1l) << endl;

cout << "vb6.getLength: " << v6.getlLength() << endl;

// Take the inner product between two vectors:
double dot = v6.inner(v5); // alternatively: double dot = inner(vé6,v5);
cout << "dot(v6,v5): " << dot << endl;

// Get the euclidean norm to a vector:
double norm = v6.12norm();
cout << "norm of v6: " << norm << endl;

// Normalize a vector:
v5.normalize();

// Dump a vector to the screen:
v5.print(std::cout << "v5: " << endl);

// Arithmetic operations with vectors using a
// syntax close to the mathematical language
Vector w = vl + axv2;

We list here the header file first.

The header file Vector.h

#ifndef VECTOR_H
#define VECTOR_H

#include <cmath>
#include <iostream>

/*****************************************************************************/

/* VECTOR CLASS */

/KoK skok ok ok ok ok ok ok ok oK K ok K K oK K oK K ok ok ok oK 3 ok K K ok K K ok K ok K ok ok ok ok ok K K ok K ok K sk Kk sk ok K ok K Kok Kok ok sk ok ko /

/ *%

@file Vector.h

@class Vector

@brief Class used for manipulating one-dimensional arrays.

Contains user-defined operators to do computations with arrays in a style
close to mathematical equations.

I R S R R I

*xk/

class Vector{
private:
int length; // Number of entries.
double xvec; // Entries.

public:
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VAT

* @brief Constructor. Creates a vector initializing its elements to zero
* @param int _length. The number of entries in the array.

*x/

// Default constructor

Vector();

/**

* @rief Constructor. Creates a vector initializing its elements to zero
* @param int length. The number of entries in the array.

*x/

// Constructor

Vector(int _length);

VAT

* Constructor. Creates a vector to hold a given array.

* @param int _length. Number of entreis in the array.

* @param const doublex a. Constant pointer to a double array.
*x/

// Constructor

Vector(int _length, const double *array);

/**

* Copy constructor.

*

*x/

// copy constructor
Vector(const Vector&);

VAT

* Destructor.
*%/

// Destructor
~Vector();

/** Get the number of elements in an array.
* @return the length of the array.

*%/

// Get the length of the array.

int getLength() const;

// Return pointers to the data: Useful for sending data
// to Fortran and C

const doublex getPtr() const;

doublex getPtr();

double inner(const Vector&) const;

/xx Normalize a vector, i.e., create an unit vector \f$\hat{v} =
\ frac{\mathbf{v}}{\ [\mathbf{a}\|}\f$

*

*x/

// Normalize a vector

void normalize();
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void print(std::ostream&) const;

/*%

* Change the length of a vector
*k/

bool redim(int nl);

/3K 3K o ok Kok ok o K KK oK oK o K KK oK oK o K KoK oK oK K KK oK oK K K KK oK oK o K K KoK oK oK K Kok ok /)
/* (USER-DEFINED) OVERLOADED OPERATORS */

/% 3k 5k sk sk ok ok sk ok ok ok sk 3k ok ok 3k 3k ok ok 3k 3K oK ok 3k 3K ok ok 3k 3K ok ok 3k 3k ok ok sk 3k ok ok sk K ok ok sk sk ok ok sk sk kok ok /-

// Member arithmetic operators (unary operators)
// Vector quantities: u, v, w. Scalar: a

// Copy-assignment (assignment by copy) operator
Vector& operator =(const Vector&); // v = w

// Add-assignment (assigment by addition) operator
Vector& operator+=(const Vector&); // v +=w

// Substraction-assignment (assignment by substraction) operator
Vector& operator-=(const Vector&); // v -=w

// Multiplication-assignment (assignment by multiplication) operator
Vector& operator*=(double); // v *= a

// Division-assignment (assignment by division) operator
Vector& operator/=(double); // v /= a

const double& operator[](int i) const;
double& operator[](int i);
const double& operator()(int i) const;
double& operator()(int 1i);
bool indexOk(int i) const;

/*%

* Return the 12-norm (eucledian norm) of a vector, \f$\|\mathbf{v}\|_{2} = (\sum_{i}
v_i)™{\frac{1}{2}}\f$, for \f$\mathbf{v} = [v_0, v_1,\cdots,v_{n-1}]\f$. To avoid overflow
when the sum of the squares of the elements \f$v_i\f$ is very large, we implement the
12-norm in an alternative way.

* We set \f$s i = 0\f$ and letting \f$s_i\f$ be the sum of the squares of the first \f$i\f$
elements such that \f$s_{i+1}"2 = s_{i}"2 + v_{i}"2\f$, for \f$i = 0,1, \cdots,n-1 \f$. That
is, \f[s_{1}~{2} = v_{0}"{2}, \quad s_{2}~{2} = v_{0}~{2} + v_{1}"{2}, \quad \cdots, \quad
s {n}™{2} = v_{0}"{2} + v_{1}"{2} + \cdots + v_{n-1}"{2}. \f]

* From the last sum, \f$ \|\mathbf{v}\|_2 = \sqrt{s_{n}"{2}} = s_n\f$. Therefore, to avoid

overflow in the sum \f$s_{i}"2 + v_{i}"2\f$ we compute:

\f[

* s {i+1} = (s {i}"{2} + v {i}~{2})~{\frac{1}{2}}
{s_i}\right)~{2}\right]~{\frac{1}{2}}

*

s_i\left[1 + \left(\frac{v_i}

\ ]

when \f$s_i\f$ is large, and

* \f[

* s {i+1} = (s {i}~{2} + v {i}~{2})~{\frac{1}{2}}
{v_iX\right)™{2}\right]~{\ frac{1}{2}}

v_i\left[1 + \left(\frac{s_i}

\ ]
when \f$|v_i|\f$ is large.

*

73



Numerical differentiation, interpolation and classes

74

*%/
// Get the euclidian norm (12norm)
double 12norm() const;

/******************************************************************/
/* Unary operators */
/******************************************************************/

// Unary operator +
friend Vector operator+(const Vector&); // u=+yv

// Unary operator -
friend Vector operator-(const Vector&); // u=-v

/******************************************************************/
/* Binary operators */
/******************************************************************/

VAT

* Addition of two vectors:

* | f$\mathbf{u} = \mathbf{v} + \mathbf{w}\f$.

*%/

friend Vector operator+(const Vector&, const Vector&); // u=v + w

/**

* Substraction of two vectors:

* | f$\mathbf{u} = \mathbf{v} - \mathbf{w}\f$.

*x/

friend Vector operator-(const Vector&, const Vector&); // u=v - w

VAT

* Product between two vectors:

* | f$\mathbf{u} = \mathbf{v} * \mathbf{w}\f$.

*x/

friend Vector operatorx(const Vector&, const Vector&); // u =v * w

/**

* Premultiplication by a floating point number:

* | f$\mathbf{u} = a \mathbf{v}\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a vector.
*x/

friend Vector operatorx(double, const Vector&); // u = axv

/**

* Postmultiplication by a floating point number:

* | f$\mathbf{u} = \mathbf{v} al\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a vector.
*x/

friend Vector operatorx(const Vector&, double); // u = vxa

VAT

* Matrix-vector product:

* Evaluate \f$\mathbf{u} = A \mathbf{v}\f$

*%/

friend Vector operators(const Matrix&, const Vector&); // u = Axv

/**

* Division of the entries of a vector by a scalar.

*%/

friend Vector operator/(const Vector&, double); // u = v/a
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/ **

* Compute the dot (scalar) product between two vectors. Let

* | f$\mathbf{u} = [u_0, u_1,\cdots,u_{n-1}]\f$ and \f$\mathbf{v} = [v_0, v_1,\cdots,v_{n-1}]\f$.
* Then, their dot product is a scalar

* | f$\mathbf{u} \cdot \mathbf{v} = \sum_{i=0}"{n-1} u_i v_i\f$

* Receive as paramuments to constant vectors.

*xk/
friend double inner(const Vector&, const Vector&); // dot product

/*%

* print the entries of a vector to screen

*k/

friend std::ostream& operator<<(std::ostream&, const Vector&); // cout << v
// Note: This function does not need access to the data

// member. Therefore, it could have been declared as a not friend.

/KK sk sk sk sk ok sk ok ok ok ok ok oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK oK K K oK K K K K K K K K K Kk ok ok ok
/* INLINE FUNCTIONS */

/*******************************************************************/

// Destructor
inline Vector::~Vector(){delete[] vec;}

// Get the number of entries in a vector
inline int Vector::getLength() const {return length;}

/ *%

* @return A constant pointer to the array of data.

* This function can be used to interface C++ with Fortran/C.
*xk/

inline const doublex Vector::getPtr() const {return vec;}

/ *%

* @return A pointer to the array of data.

* This function can be used to interface C++ with Fortran/C.
*k/

inline doublex Vector::getPtr(){return vec; }

// Subscript. If v is an object of type Vector, the ith
// component of v can be accessed as v[i] closer to the
// ordinary mathematical notation instead of v.vec[i].
// The return value "const double&" is equivalent to
// "double", with the difference that the first approach
// 1is preferible when the returned object is big.
inline const double& Vector::operator[](int i) const{
#ifdef CHECKBOUNDS_ON
indexOk(1i);
#endif
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return vec[i];
} // read-only the ith component of the vector.
// const at the end of the function declaration means
// that the caller code can just read, not modify

// Subscript. (DANGEROUS)
inline double& Vector::operator[](int i){
#ifdef CHECKBOUNDS_ON
index0k(1i);
#endif
return vec[i];
} // read-write the ith coordinate

// Alternative to operator[]
inline const double& Vector::operator()(int i) const{
#ifdef CHECKBOUNDS_ON
index0k(1i);
#endif
return vec[i];
} // read-only the ith component of vec

// Subscript (DANGEROUS). If v is an object of type Vector, the ith
// component of v can be accessed as v(1i) closer to the
// ordinary mathematical notation instead of v.vec(i).
inline double& Vector::operator()(int i){
#ifdef CHECKBOUNDS_ON
indexOk(i);
#endif
return vec[i];
} // read-write the ith component of vec

/******************************************************************/
/% (Arithmetic) Unary operators */
/******************************************************************/
// Unary operator +

inline Vector operator+(const Vector& v){ // u =+ v
return v;

}

// Unary operator -

inline Vector operator-(const Vector& v){ // u = - v

return Vector(v.length) -v;

}

#endif

The file Vector.cpp

#include "Vector.h"

VAT

* @file Vector.cpp

* @class Vector

* @rief Implementation of class used for manipulating one-dimensional arrays.
*k/
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// default constructor
Vector::Vector(){
length = 0;
vec = NULL;
}

// constructor
Vector::Vector(int _length){
length = _length;
vec = new double[_length];
for(int i=0; i<_length; i++)
vec[i] = 0.0;

// Declare the array to be constant because it is passed
// as a pointer. Hence, it could be modified by the calling code.
Vector::Vector(int _length, // length of the array
const double xarray){ // one-dimensioal array

length = _length;

vec = new double[lengthl];

for(int i=0; i<length; i++)

vec[i] = array[i];

// copy constructor
Vector::Vector(const Vector& w){
vec = new double[length = w.length];
for(int i=0; i<length; i++)
vec[i] = w[i]; // This possible because we have overloaded the operator[]

// A more straigforward way of implementing this constructor is:
// vec = new double[length=w.length];
// xthis = w; // Here we use the assignment operator=

}

// normalize a vector
void Vector::normalize(){
double tmp = 1.0/12norm();
for(int i=0;i<length; i++)
vec[i] = vec[i]*tmp;

void Vector::print(std::ostream& os) const{

int i;
for(i=0; i<length; i++){

0S << "(" << i << ") =" << vec[i] << "\n";
}

}

// change the length of a vector
bool Vector::redim(int _length){
if(length == _length)
return false;
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else{
if(vec != NULL){
delete[] vec;
}
length = _length;
vec = new double[lengthl];
return true;

bool Vector::indexOk(int i) const{
if(i<@ || i>=length){
std::cerr << "vector index check; index i=" << i
<< " out of bounds 0:" << length-1

<< std::endl;
return false;
}
else

return true; // valid index!

/**********************************************************/
/* DEFINITION OF OPERATORS */
/3% 3K 3k sk ok ok ok ok ok ok K oK ok ok 3K oK ok ok 3K 3K ok ok 3K 3K ok 3k 3K 3K ok ok 3K 3K ok 3k 3K 3K ok 3k 3K oK ok ok K ok ok sk K ok ok sk sk sk ok sk sk sk ok /
Vector& Vector::operator=(const Vector& w){ // v = w
if(this != &w){ // beware of self-assignment v=v
if(length !'= w.length)
std::cout << "Bad vector sizes" << std::endl;
for(int i=0; i<length; i++)
vec[i] = w[i]; // closer to the mathematical notation than w.vec[i]
}
return xthis;
} // assignment operator

Vector& Vector::operator+=(const Vector& w){ // v +=w
if(length !'= w.length) std::cout << "Bad vector sizes" << std::endl;
for(int i=0; i<length; i++)
vec[i] += w[i]; // This possible because we have overloaded the operator[]
return xthis;
} // add a vector to the current one

Vector& Vector::operator-=(const Vector& w){ // v -=w
if(length != w.length) std::cout << "Bad vector sizes" << std::endl;
for(int i=0; i<length; i++)
vec[i] -= w[i];// This possible because we have overloaded the operator[]

return xthis;

Vector& Vector::operatorx=(double scalar){ // v *= a
for(int i=0; i<length; i++)
vec[i] *= scalar;
return xthis;

}

Vector& Vector::operator/=(double scalar){ // v /= a
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for(int i=0; i<length; i++)
vec[i] /= scalar;
return xthis;

}

/******************************************************************/
/% (Arithmetic) Binary operators */
/3% 3K 3k ok ok ok ok K ok ok ok K oK ok ok 3K 3K ok ok 3K 3K ok ok 3K 3K ok ok 3K 3K ok ok 3 3K ok ok 3K 3K ok 3k 3K 3K ok 3k 3K oK ok 3k 3K oK ok 3k 3 ok ok sk K ok ok sk R sk ok sk sk sk ok /

// Sum of two vectors

Vector operator+(const Vector& v, const Vector& w){ // u=v +w
// The copy constructor checks the lengths
return Vector(v) += w;

} // vector plus vector

// Substraction of two vectors

Vector operator-(const Vector& v, const Vector& w){ // u=v - w
// The copy constructor checks the lengths
return Vector(v) -= w;

} // vector minus vector

// Multiplication between two vectors
Vector operatorx(const Vector& v, const Vector& w){ // u=v *x w
if(v.length !'= w.length) std::cout << "Bad vector sizes!" << std::endl;
int n = v.length;
Vector tmp(n);
for(int i=0; i<n; i++)
tmp[i] = v[i]*w[i];
return tmp;
} // vector times vector

// Postmultiplication operator
Vector operator*(const Vector& v, double scalar){ // u = vxa
return Vector(v) *x= scalar;

}

// Premultiplication operator.
Vector operators(double scalar, const Vector& v){ // u = axv
return vxscalar; // Note the call to postmultiplication operator defined above

}

// Multiplication (product) operator: Matrix times vector
Vector operator*(const Matrix& A, const Vector& v){ // u = Axv
int m = A.getRows();
int n = A.getColumns();

if(A.getColumns() != v.getLength()){
std::cerr << "Bad sizes in: Vector operatorx(const Matrix& A, const Vector& v)";

}

Vector u(m);
for(int i=0; i<m; i++){
for(int j=0; j<n; j++){
ulil += A[i1[j1=v[jl;
}
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}

return u;

}

// Division of the entries in a vector by a scalar

Vector operator/(const Vector& v, double scalar){
if(!scalar) std::cout << "Division by zero!" << std::endl;
return (1.0/scalar)x*v;

}

// compute the dot product between two vectors
double inner(const Vector& u, const Vector& v){ // dot product
if(u.length !'= v.length){
std::cout << "Bad vector sizes in: double inner(const Vector& u, const Vector& v)" << std::endl;
}
double sum = 0.0;
for(int i=0; i<u.length; i++)
sum += u[il=xv[i];
return sum;

double Vector::inner(const Vector& v) const{ // dot product double a = u.inner(v)
if(length != v.length)
std::cout << "Bad vector sizes in: double Vector::inner(const Vector& v) const" << std::endl;
double sum = 0.0;
for(int i=0; i<v.length; i++)
sum += vec[i]x*v.vec[i];
return sum;

}

// compute the eucledian norm
double Vector::12norm() const{
double norm = fabs(vec[0]);
for(int i=1; i<length; i++){
double vi = fabs(vec[i]);
if(norm < 100 && vi < 100){
norm = sqrt(normxnorm + vixvi);
}else if(norm > vi){
norm *= sqrt(1.0 + pow(vi/norm,2));

}else{
norm = vixsqrt(1.0 + pow(norm/vi,2));
}
}
return norm;

}

// dump the components of a vector to screen

std::ostream& operator<<(std::ostream& s, const Vector& v){ // output operator
v.print(s);
return s;

}

3.5 Modules in Fortran

In the previous section we discussed classes and templaBast. Classes offer several advantages, such as
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— Allows us to place classes into structures

Pass arguments to methods

Allocate storage for objects

Implement associations

Encapsulate internal details into classes

Implement inheritance in data structures

Classes contain a new data type and the procedures that garfbemed by the class. The elements (or
components) of the data type are the class data membersiegpbtedures are the class member functions. In
Fortran a class is defined asm@uLE which contains an abstract dateee definition. The example we elaborate
on here is a Fortran class for defining operations on singtégbe quantum numbers such as the total angular
momentum, the orbital momentum, the energy, spin etc.

We present theiobuLEsingle particle orbits here and discuss several of its feature with links to C++
programming.

! Definition of single particle data

MODULE single_particle_orbits

TYPE, PUBLIC :: single_particle_descript
INTEGER :: total_orbits
INTEGER, DIMENSION(:), POINTER :: nn, 11, jj, spin
CHARACTER+10, DIMENSION(:), POINTER :: orbit status, &

model_space

REAL (KIND=8), DIMENSION(:), POINTER :: e

END TYPE single_particle_descript

TYPE (single_particle_descript), PUBLIC :: all_orbit, &
neutron_data, proton_data
CONTAINS

various member functions here

SUBROUTINE allocate_sp_array(this_array,n)
TYPE (single_particle_descript), INTENT(INOUT) :: this_array
INTEGER , INTENT(IN) :: n

IF (ASSOCIATED (this_array%snn) ) &
DEALLOCATE(this_array%nn)

ALLOCATE(this_array%nn(n))

IF (ASSOCIATED (this_array%ll) ) &
DEALLOCATE(this_array%l1l)

ALLOCATE(this_array%sll(n))

IF (ASSOCIATED (this_array%jj) ) &
DEALLOCATE(this_array%jj)

ALLOCATE (this_array%jj(n))

IF (ASSOCIATED (this_array%spin) ) &
DEALLOCATE(this_array%spin)

ALLOCATE (this_array%spin(n))

IF (ASSOCIATED (this_array%se) ) &
DEALLOCATE(this_array%e)

ALLOCATE(this_array%e(n))

IF (ASSOCIATED (this_array%orbit_status) ) &
DEALLOCATE(this_array%orbit_status)
ALLOCATE(this_array%sorbit_status(n))

IF (ASSOCIATED (this_array%model_space) ) &
DEALLOCATE(this_array%model_space)
ALLOCATE (this_array%model_space(n))

blank all characters and zero all other values

DO i= 1, n
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this_array%smodel_space(i)= ' '
this_array%orbit_status(i)= ' '
this_array%e(i)=0.
this_array%nn(i)=0
this_array%ll(i)=0
this_array%jj(i)=0
this_array%nshell(i)=0
this_array%itzp(i)=0

ENDDO

SUBROUTINE deallocate_sp_array(this_array)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array
DEALLOCATE(this_array%nn)

DEALLOCATE (this_array%l1l)

DEALLOCATE (this_array%jj)

DEALLOCATE (this_array%spin)

DEALLOCATE (this_array%e)
DEALLOCATE(this_array%orbit_status); &

DEALLOCATE (this_array%smodel_space)

END SUBROUTINE deallocate_sp_array
! Read in all relevant single-particle data

SUBROUTINE single_particle_data
IMPLICIT NONE
CHARACTER*100 :: particle_species

READ(5,*) particle_species
WRITE(6,*) ' Particle species: '
WRITE(6,*) particle_species
SELECT CASE (particle_species)
CASE ('electron')
CALL read_electron_sp_data
CASE ('proton&neutron')
CALL read_nuclear_sp_data
END SELECT

END SUBROUTINE single_particle_data

END MODULE single_particle_orbits

The module ends with thenbMobuLEsingle_particle_orbits Statement. We have defined a public variable
TYPE,PUBLIC::single particle descript Which plays the same role as thiguct type in C++. In addition we
have defined several member functions which operate onusérays and variables.
An example of a function which uses this module is given betowd the module is accessed via the
USE single_particle_orbits Statement.

!
PROGRAM main

USE single_particle_orbits
IMPLICIT NONE
INTEGER :: i

READ(5,*) all_orbit%total_orbits
IF( all_orbit%total_orbits <= 0 ) THEN

WRITE(6,*) 'WARNING, NO ELECTRON ORBITALS' ; STOP
ENDIF

Setup all possible orbit information

Allocate space in heap for all single-particle data
CALL allocate_sp_array(all_orbit,all_orbit%total_orbits)
! Read electron single-particle data

82



3.5 — Modules in Fortran

DO i=1, all_orbit%total_orbits
READ(5,*) all_orbit%nn(i),all_orbit%ll, &
all_orbit%jj(i),all_orbit%spin(i), &
all_orbit%orbit_status(i), &
all_orbit%model_space(i), all_orbit%e(1i)
ENDDO

! further instructions
! deallocate all arrays

CALL deallocate_sp_array(all_orbit)

END PROGRAM main

Inheritance allows one to create a hierarchy of classes ichwhe base class contains the common proper-
ties of the hierarchy and the derived classes can modify pecialize these properties. Specifically, a derived
class contains all the class member functions of the base aled can add new ones. Further, a derived class
contains all the class member functions of the base classamthodify them or add new ones. The value in
using inheritance is to avoid duplicating code when cregtiasses which are similar to one another. Fortran
does not support inheritance, but several features carkbd fa Fortran! Consider the following declarations:

TYPE proton_sp_orbit
TYPE (single_particle_orbits), PUBLIC :: &
proton_particle_descript
INTEGER, DIMENSION(:), POINTER, PUBLIC :: itzp
END TYPE proton_sp_orbit

To initialize the proton_sp_orbit TYPE, we could now defingeav function

SUBROUTINE allocate_proton_array(this_array,n)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array

INTEGER , INTENT(IN) :: n

IF (ASSOCIATED (this_array%itzp) ) &
DEALLOCATE(this_array%itzp)

CALL allocate_sp_array(this_array,n)

this_array%itzp(i)=0

END SUBROUTINE allocate_proton_array

and

SUBROUTINE dellocate_proton_array(this_array)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array
DEALLOCATE(this_array%itzp)

CALL deallocate_sp_array(this_array)

END SUBROUTINE deallocate_proton_array

and we could define a MODULE

MODULE proton_class
USE single_particle_orbits
TYPE proton_sp_orbit
TYPE (single_particle_orbits), PUBLIC :: &
proton_particle_descript
INTEGER, DIMENSION(:), POINTER, PUBLIC :: itzp
END TYPE proton_sp_orbit
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INTERFACE allocate_proton
MODULE PROCEDURE allocate_proton_array, read_proton_array
END INTERFACE
INTERFACE deallocate_proton
MODULE PROCEDURE deallocate_proton_array
END INTERFACE

CONTAINS
! various procedure

END MODULE proton_class

PROGRAM with_just_protons
USE proton_class

TYPE (proton_sp_orbit ) :: proton_data
CALL allocate_proton(proton_data)

CALL deallocate_proton_array(prton_data)

We have a written a new class which contains the data of thedlass and all the procedures of the base
class have been extended to work with the new derived clatface statements have to be used to give the

procedure uniform names.
We can now derive further classes for other particle typeh si3 neutrons, hyperons etc etc.

3.6 How to interface C++ and Fortran programs with Python

We list here an example on how one can convert C++ arrays topfwand Numpy arrays (and other Python
sequences) to C++ arrays. The header file Cpp2Numpy.h osratineeded information. The implementation
is based on the book by Langtangen [22]. In the following wseiase that we have a class Array to manipulate
multidimensional arrays in C++. Suppose also that we hagefdhowing declaration printcpparray.h and
implementation printcpparray.cpp of a C++ function we wemtall from Python. The file printcpparray.h

could look like

#ifndef PRINTCPPARRAY_H
#define PRINTCPPARRAY_H
#include "Array.h"
#include <iostream>
using namespace std;

// Function printing a C++ array of type Array<double>.
void printarray(Array<double>& a);

#endif

while printcpparray.cpp is given by

// File: printcpparray.cpp
#include "printcpparray.h"

void printarray(Array<double>& a){
cout << "Printing a C++ array: " << endl;
for(int i=0; i<a.getLength(); i++){
cout << a(i) << endl;
}
}

The interpreted nature of Python makes that it cannot conmatewith C++ (compiled language) directly. In
order to pass arguments between them we need some kind délfrigapper) able to convert the arguments
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from one language to another. Doing this manually is comsitlerror prone. Fortunately, there is a tool called
SWIG, seehttp://www.swig.org, that generates wrapper code automatically. The procegsradrating
wrapper code with SWIG consist of the following steps:

1. Create an interface file having the same name as the madcgectlled from Python, say ext_ Cpp2Numpy.i

2. To build the Python module with extension to C++ we run SWAth the options -c++ -python as
follows:

swig -c++ -python ext_Cpp2Numpy.i

These commands will generate a C++ wrapper gade Cpp2Numpy_wrapp.cxx and the Python mod-
ule $ ext_Cpp2Numpy.py$.

3. Assuming that all the files are in the same directory or that the correct paths are given,
the next step consists in compiling the C++ extensions (.cpp files) and the C++ wrapper
code (.cxx file):

c++ -c -03 *.cpp *.cxx -I/usr/include/python2.6/

where the version 2.6 of Python has been used.

4. Next, we link all the objects into a shared library _ext_Cpp2Numpy.so
c++ -shared -o _ext_Cpp2Numpy.so *.0

Steps 2 to 4 can be summarized in the following bash script:

# file: compileExtension.sh

#/bin/sh

echo '\nCompiling the interface:\n'’
swig -c++ -python -I. ext_Cpp2Numpy.i

echo ’'\nCompiling the conversion class Cpp2Numpy:\n’
c++ -c -03 Cpp2Numpy.cpp -I/usr/include/python2.6/

echo 'Compiling the C++ function "printcpparray.cpp:\n".’
c++ -c -03 printcpparray.cpp

echo '\nCompiling extension module:\n’
c++ -c -03 ext_Cpp2Numpy_wrap.cxx -I/usr/include/python2.6/

echo ’'\nLinking into a shared library:\n’
c++ -shared -o _ext_Cpp2Numpy.so Cpp2Numpy.o ext_Cpp2Numpy_wrap.o

The Python moduleext_Cpp2Numpy.py can be used as:

# # Import Numpy abd the extension module:
from numpy import x
import ext_Cpp2Numpy as ext

# Create an Numpy array from a list:

#a = array([1,2])

# Or create an Numpy array from a tuple:
a = array([[1,2],[3,41])

# Create an object of type Cpp2Numpy and
# assign it to the variable "convert".
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convert = ext.Cpp2Numpy ()

# Convert the Numpy array "a" to a C++ array of type Array:
v = convert.numpy2cpparray(a)

# Call a C++ function with v
ext.printarray(v)

#
The header file Cpp2Numpy.h

/ *%

* @file Cpp2Numpy.h

* @class Cpp2Numpy

*

*

*k/

#ifndef CPP2NUMPY_H
#define CPP2NUMPY_H

#include <Python.h> // Should be included on the top.

#include <numpy/arrayobject.h> // /usr/include/python2.6/numpy/arrayobject.h
// It contains import_array()

#include "Array.h"

#include <iostream>
using namespace std;

class Cpp2Numpy{
private:
static const int MAXDIM = 6; // Our Array class support up to six dimensions.

npy_intp numpyarray_size[MAXDIM]; // Numpy uses npy_intp to contain (in this case) an array
// shape, i.e., the length of each dimension.
// Note: npy_intpx is the platform-independent counterpart to intx.

int cpparray_size[MAXDIM]; // Our array class in C++ uses a "pointer to int" to store
// store information on the number of elements in each dimension.

/ *%
* @brief Set the number of dimensions and the number of entries per dimension in a Numpy array.
*x/
void set_numpyarray_size(int* cpparray_dimensions,
int cpparray_nd);

VAT
* @brief Set the number of dimensions and the number of entries per dimension in a C++ array.
*x/
void set_cpparray_size(npy_intp* numpyarray_dimensions,
int numpyarray_nd);

public:
//! Default constructor. Initialize Numpy by calling @ref init_array()
Cpp2Numpy () ;

//! Destructor.
~Cpp2Numpy () ;
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/ **

* @brief Borrow data from a C++ array and use it to create an Numpy array.
*

* @param cpparray An C++ array.

*xk/

PyObject* cpparray2numpy(Array<double>& cpparray);

/*%

* @brief Borrow data from an arbitrary Python sequence (preferibly Numpy array) and use it to
create an C++ array.

*

* @param arbitrary_python_sequenceobject An arbitrary Python sequence.

*xk/

Array<double>* numpy2cpparray(PyObject* arbitrary_python_sequenceobject);

/ **

* @brief Copy data from a C++ to a Numpy array.

*

* @param cpparray An C++ array.

*k/

PyObject* copy_cpparray2numpy (Array<double>& cpparray);

/**
* @brief Copy data from an arbitray Python sequence (preferibly Numpy array) to a C++ array.
*

* @param numpyarray A Numpy array.
** /
Array<double>x copy_numpy2cpparray(PyObject* arbitrary_python_sequenceobject);

};

#endif

The file Cpp2Numpy.cpp contains the definitions of variousfions entering the class for converting arrays.

The file Cpp2Numpy.cpp

VAT

@file Cpp2Numpy.cpp

@class Cpp2Numpy

@brief Class for converting C++ arrays to Numpy and Numpy arrays (and other Python sequences) to
C++ arrays.

ECEEE S R R

*k/

#include "Cpp2Numpy.h"

// Default constructor.
Cpp2Numpy: : Cpp2Numpy () {
import_array(); // Initialize Numpy

}

// Destructor.
Cpp2Numpy: : ~Cpp2Numpy () {}

//

void Cpp2Numpy:: set_numpyarray_size(intx cpparray_dimensions, int cpparray_nd){
int i;
for (i=0; i<cpparray_nd; i++)
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numpyarray_size[i] = (npy_intp) cpparray_dimensions[i]; // Note the conversion from intx to
npy_intpx!
} // end set_numpyarray_size()

//
void Cpp2Numpy::set_cpparray_size(npy_intp* numpyarray_dimensions, int numpyarray_nd){
int i;
for(i=0; i<numpyarray_nd; i++)
cpparray_size[i] = (int) numpyarray_dimensions[i]; // Nothe the conversion from npy_intp* to
intx!
} // end set_cpparray_size()

// Create a Numpy array from a C++ array.

PyObject* Cpp2Numpy::cpparray2numpy(Array<double>& cpparray){
// Get information of the dimension of the input array.
// Copy information on the number of elements in each dimension
// of cpparray_size to numpyarray_size[MAXDIM];
set_numpyarray_size(cpparray.getPtrSize(), cpparray.getNDIM());

// Use the parameters above to generate a new Numpy array with the same dimension.
PyArrayObject* numpyarray = (PyArrayObjectx)
PyArray_SimpleNewFromData(cpparray.getNDIM(),
numpyarray_size,
NPY_DOUBLE,
(voidx) cpparray.getPtr());

// Test if the numpy array was created or not.
if(numpyarray == NULL){
return NULL; /x PyArray_SimpleNewFromData raised an exception x/

}

return PyArray_Return(numpyarray);
}// end Cpp2Numpy: :cpparray2numpy()

// Create a C++ array from an arbitary Python sequence, preferibly Numpy array.
Array<double>*x Cpp2Numpy: :numpy2cpparray(PyObject* arbitrary_python_sequence){
// Convert the arbitrary python sequence convertible to ndarray (Numpy array,
// list or tuple) to an Numpy array with contiguous storage and specific
// data-type "double". The sequence will be stored in numpyarray.
// Note: if arbitrary_python_sequence is already a Numpy array satifying the
// requirements then a new reference is returned. Otherwise a new array is constructed.
// For details see: "Converting an arbitrary sequence object" in Numpy book.
PyArrayObject* numpyarray = (PyArrayObjectx)
PyArray_FROM_OTF(arbitrary_python_sequence,
NPY_DOUBLE,
NPY_IN_ARRAY // Input array equivalent to NPY_CONTIGUOUS.
)s

// We expect to receive a new reference to the Numpy array object on success.
// 0On failure, NULL is returned.
if (numpyarray == NULL){return NULL;}

// Set the information on the number of elements that the C++ array
// will store in each dimension (cpparray_size). Borrow the data, but wrap it in the C++ array.
set_cpparray_size(PyArray_DIMS(numpyarray), PyArray_NDIM(numpyarray));

// Call the constructor: Array(T+ array, int ndim_, int size_[]) in Array.h.

// Note the conversion of NPY_DOUBLEx to doublex by (doublex) PyArray_DATA(numpyarray) below.

Array<double>* cpparray = new Array<double>((doublex) PyArray_DATA(numpyarray),
PyArray_NDIM(numpyarray),
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cpparray_size
)5

return cpparray;

}

// Copy data from a C++ to a Numpy array.
PyObject*x Cpp2Numpy::copy_cpparray2numpy(Array<double>& cpparray){

// Get information of the dimension of the input C++ array and use it
// to set the dimension information of the Numpy array.
set_numpyarray_size(cpparray.getPtrSize(), cpparray.getNDIM());

// Create an (new) uninitialized Numpy array of type NPY_DOUBLE, whose size 1in
// each of the ndims dimensions is given by the integer array numpyarray_size.
PyArrayObject* uninitialized_numpyarray = (PyArrayObjectx)
PyArray_SimpleNew(cpparray.getNDIM(),
numpyarray_size,
NPY_DOUBLE) ;

// Rise exception if the unitialized_numpyarray fails to be created.
if(uninitialized_numpyarray == NULL) {
return NULL; /* PyArray SimpleNew raised an exception x/

}

// Create a pointer to double. Convert a pointer
// to Numpy array (PyArrayObject) to a pointer to double and assign it ad.
doublex ad = (doublex)
PyArray_DATA(uninitialized_numpyarray); // Note: PyAray DATA(uninitialized_numpyarray)
// 1s the same as (voidx*) uninitialized_numpyarray->data
// Get the pointer to the data of cpparray and assign it to
// a local variable of type pointer to double.
doublex A = cpparray.getPtr();
int length= cpparray.getLength();

// Copy the data of the cpparray to ad, i.e., fill the
// unitialized_numpyarray with the data of cpparray.
int i;

for(i = 0; i < length; i++){
ad[i] = A[i];
}

// Set the pointer to double to point to a
// PyArrayObject and return it as a Numpy array.
return PyArray_Return(uninitialized_numpyarray);

// Copy data from a Numpy to a C++ array.
Array<double>*x Cpp2Numpy::copy_numpy2cpparray(PyObject* arbitrary_python_sequence){
// Convert the arbitrary python sequence convertible to ndarray (Numpy array,
// list or tuple) to an Numpy array with contiguous storage and specific
// data-type "double". The sequence will be stored in numpyarray.
// Note: if arbitrary_python_sequence is already a Numpy array satifying the
// requirements then a new reference is returned. Otherwise a new array is constructed.
// For details see: "Converting an arbitrary sequence object" in Numpy book.
PyArrayObjectx a = (PyArrayObjectx)
PyArray_FROM_OTF(arbitrary_python_sequence,
NPY_DOUBLE,
NPY_IN_ARRAY) ;
// Test if the PyArrayObject was created succesfully.
if (a == NULL){
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return NULL;
}

// C++ array to be returned.
Array<double>* cpparray = new Array<double>();

// 1. Get the number of dimensions of the numpy array.
int numpyarray_ndim = PyArray_NDIM(a);

// 2. Resize the (++ array acording to 1.

if (numpyarray_ndim == 1)

{
cpparray->redim(PyArray_DIM(a,0));

}

else if(numpyarray_ndim == 2)

{

cpparray->redim(PyArray_DIM(a,0),
PyArray_DIM(a,l));
}
else if(numpyarray_ndim == 3)
{
cpparray->redim(PyArray_DIM(a,0),
PyArray_DIM(a,l),
PyArray_DIM(a,2));
}
else if(numpyarray_ndim == 4)
{
cpparray->redim(PyArray_DIM(a,0),
PyArray_DIM(a,l),
PyArray_DIM(a,2),
PyArray_DIM(a,3));
}
else if(numpyarray_ndim == 5)
{
cpparray->redim(PyArray_DIM(a,0),
PyArray_DIM(a,l),
PyArray_DIM(a,2),
PyArray_DIM(a,3),
PyArray_DIM(a,4));
}
else if(numpyarray_ndim == 6)
{
cpparray->redim(PyArray_DIM(a,0),
PyArray_DIM(a,l),
PyArray_DIM(a,2),
PyArray_DIM(a,3),
PyArray_DIM(a,4),
PyArray_DIM(a,5));
}

// copy data:

doublex ad = (doublex) PyArray_DATA(a); // Note: PyArray DATA(a) = a->data
doublex mad = cpparray->getPtr();

int length = cpparray->getLength();

int i;

for(i=0; i<length; i++) {
mad[i] = ad[i];

}

return cpparray;
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3.7 How to make figures with Gnuplot

We end this chapter with a practical guide on making figurdémtmcluded in an eventual report filenuplot
is a simple plotting program which follows the Linux/Unix @fating system. It is easy to use and allows
also to generate figure files which can be included ifTggX document. Here we show how to make simple
plots online and how to make postscript versions of the plaven a figure file which can be included in a
LATEX document. There are other plotting programs sucknagrace as well which follow Linux or Unix as
operating systems. An excellent alternative which manyoof gre familiar with is to use Matlab to read in the
data of a calculation and vizualize the results.

In order to check if gnuplot is present type

which gnuplot

If gnuplot is available, simply write
gnuplot

to start the program. You will then see the following prompt
gnuplot>

and type help for a list of various commands and help opti@gppose you wish to plot data points stored
in the file mydata.dat. This file contains two columns of data points, where the idumn refers to the
argumentz while the second one refers to a computed function vilug.

If we wish to plot these sets of points with gnuplot we just é2d to write

gnuplot>plot ’'mydata.dat’ using 1:2 w 1
or
gnuplot>plot ’'mydata.dat’ w 1

since gnuplot assigns as default the first column agthris. The abbreviations | stand for 'with lines’. If
you prefer to plot the data points only, write

gnuplot>plot ’'mydata.dat’ w p

For more plotting options, how to make axis labels etc, tygle And choosplot as topic.
Gnuplot will typically display a graph on the screen. If we wish to sdliis graph as a postscript file, we
can proceed as follows

gnuplot>set terminal postscript
gnuplot>set output ’'mydata.ps’
gnuplot>plot ’'mydata.dat’ w 1

and you will be the owner of a postscript file callegdata.ps which you can display witlyhostviewthrough
the call

gv mydata.ps

The other alternative is to generate a figure file for the denirhandling progrart®TEX. The advantage
here is that the text of your figure now has the same fonts arethaininglATEX document. Figl-3]12 was
generated following the steps below. You need to edit a filelwknds with.gnu. The file used to generate
Fig.[32 is calledderivative.gnu and contains the following statements, which are a mibé@EX andGnu-
plot statements. It generates a filerivative.tex which can be included in ETEX document. Writing the
following
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set terminal pslatex

set output "derivative.tex"

set xrange [-15:0]

set yrange [-10:8]

set xlabel "log$_{10}(h)s$"

set ylabel "$\epsilon$"

plot "out.dat" title "Relative error" w 1

generates 8ATEX file derivative.tex. Alternatively, you could write the above commands in a digziva-
tive.gnu and useGnuplot as follows

gnuplot>load ’'derivative.gnu’
You can then include this file in @TEX document as shown here

\begin{figure}

\begin{center}

\input{derivative}

\end{center}

\caption{Log-log plot of the relative error of the second
derivative of $e”x$ as function of decreasing step
lengths $h$. The second derivative was computed for
$x=10% in the program discussed above. See text for
further details\label{fig:lossofprecision}}

\end{figure}

Most figures included in this text have been generated usinglgt.

Many of the above commands can all be baked in a Python codefollbwing example reads a file from

screen withr andy data, and plots these data and saves the result as a pdgtgong.

#!/usr/bin/env python

import sys
from Numeric import =*
import Gnuplot

g = Gnuplot.Gnuplot(persist=1)

try:
infilename = sys.argv[1]
except:
print "Usage of this script", sys.argv[0], "infile", sys.argv[l]; sys.exit(1)
# Read file with data
ifile = open(infilename, 'r')
# Fill in x and y
x=1[1;y=1II
for line in ifile:
pair = line.split()
x = float(pair[0]); y = float(pair[1])
file.close()
convert to a form that the gnuplot interface can deal with
= Gnuplot.Data(x, y, title='data from output file', with='1p')
.xlabel('loglO(h)"') # make x label
.ylabel('loglO(|Exact-Computed|)/|Exact|")
.plot(d) # plot the data

i
#
d
g
g
g
g.hardcopy(filename="relerror.ps",terminal="postscript", enhanced=1, color=1)
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3.8 Exercises and projects

Exercise 3.1: Computing derivatives numerically

We want you to compute the first derivative of
f (@) = tan~(z)

for x = /2 with step lengths:. The exact answer i$/3. We want you to code the derivative using the
following two formulae
flx+h) - f(z)

fielw) = === 4 O(M), (3.36)

and
S f-n

fi.= o7 + O(h?), (3.37)

with fi, = f(z £ h).

(a) Find mathematical expressions for the total error dukwds of precision and due to the numerical
approximation made. Find the step length which gives thdlestavalue. Perform the analysis with
both double and single precision.

(b) Make thereafter a program which computes the first devivaising Egs.[{3.36) an@(3137) as function
of various step lengths and leth — 0. Compare with the exact answer.
Your program should contain the following elements:

— A vector (array) which contains the step lengths. Use dynan@mory allocation.
— Vectors for the computed derivatives of EqS.B.36) &ndA3& both single and double precision.

— A function which computes the derivative and contains caNalue and reference (for C++ users
only).

— Add a function which writes the results to file.

e—loglo( ),

as function oflog10(h) for Egs. [3:3b) and{33B7) for both single and double preaisPlot the results
and see if you can determine empirically the behavior of dted error as function of.

(c) Compute thereafter
1 ’
computed ~ Jexact
/
exact

Exercise 3.2: C++ class

Write a C++ class which allows for treating one-dimensicarays for integer, real and complex variables.
Use this class to perform simple vector addition and vectaltiplication operations.

Exercise 3.3: C++ class

Write a C++ class which sets up various approximations taltrévatives and repear exercise 3.1 using this
class. As an example, we include here a file derivative.hlwbéts up such a class.

Class for computing derivatives

/ *x

* @file Derivative.h
* @class Derivative
* @brief Class for computing numerical derivatives in one dimension.
*

* Example Usage:
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#include "Array.h"
#include "Derivative.h"
#include "Function.h"
#include <iostream>

using namespace std;

// Implement the function to be derived in a functor,
// i.e., a class behaving as a function. This is reached
// by overloading the function operator()
class MyFunction: public Function{
public:
double operator() (double x){
return xxx + 2.0;

}

+

// Test
int main(){

// INITIALIZATIONS
int n=11; // Number of grid points
double dx = 0.1; // Step

Array<double> x(n), // Grid
u_x(n), // First (numerical) derivative
u_xx(n), // Second (numerical) derivative
u_x_exact(n), // Exact derivative
u_xx_exact(n); // Exact 2nd derivative

// Initialise the grid containing the points where
// the function and its derivatives will be evaluated
for(int i=0; i<11; i++){

X(1i) = -5.+1i;

}

// Declare an object of type MyFunction
MyFunction f;

// Declare and initialise an object of type Derivative
Derivative xdf = new Derivative(f, dx);

// EVALUATIONS
// Compute the first derivative using central scheme
df->first_derivative(x,u_x);

// Compute the second derivative using central scheme
df->second_derivative(x,u_xx);

for(int i=0; i<n; i++){
u_x_exact(i) = 2.0xx(i);
u_xx_exact(i) = 2.0;

}

// Write results to file

charx outputfile = "testDerivative.data";
ofile.open(outputfile);

ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(12) << setprecision(5) << "x(i)";

ofile << setw(12) << setprecision(5) << "f(x(i))";
ofile << setw(12) << setprecision(5) << "u_x_exact(i)";
ofile << setw(12) << setprecision(5) << "u_x(i)";
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ofile << setw(12) << setprecision(5) << "u_xx_exact(i)";
ofile << setw(12) << setprecision(5) << "u_xx(i)" << endl;

for(int i=0; i<n; i++){
ofile << setw(12) << setprecision(5) << x(i);
ofile << setw(12) << setprecision(5) << f(x(1i));
ofile << setw(12) << setprecision(5) << u_x_exact(i);
ofile << setw(12) << setprecision(5) << u_x(i);
ofile << setw(12) << setprecision(5) << u_xx_exact(i);
ofile << setw(12) << setprecision(5) << u_xx(i) << endl;
}
}
* @endcode
*
*k/

#ifndef DERIVATIVE_H
#define DERIVATIVE_H

#include "Array.h"
#include "Function.h" // Interface to the function (functor) to be derived

class Derivative{
private:
Function &f; /xx< Function to be derived. x/
double h; /*xx< Step (change in independent variable). x/

public:
/**
* @brief Constructor.
*
* @param f_ an instance of Function.
* @param step_ The step size taken during the evaluation of the derivative.
** /
Derivative(Function& f_, double step): f(f_), h(step){}

//! Destructor.
virtual ~Derivative();

/**
* @brief Compute the first derivative by centered differences.
* \f[
u_x = \frac{u(x+\Delta x) - u(x-\Delta x)}{2 \Delta x} + \mathcal{0}(\Delta x)
\f]

@param X an array of points where to evaluate the first derivative.
@param u_x an array for the first derivative.

\remarks Note that the changes made inside this function to the array
u_x are noted by the calling code, since u_x is passed as a reference.
** /

virtual void first_derivative(const Array<double>& x, Array<double>& u_x);

*
*
*
*
*
*

/**
* @brief Compute the second derivative by centered differences.
* \f[
u_{xx} = \frac{u(x+\Delta x) - 2 u(x) + u(x-\Delta x)}{\Delta x~2} + \mathcal{0}(\Delta x"2)
\f]

*
* @param X an array of points where to evaluate the second derivative.
* @param u_x an array for the first derivative.

*
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* \remarks Note that the changes made inside this function to the array

* U_xx are noted by the calling code, since u_xx is passed as a reference.
*%/

virtual void second_derivative(const Array<double>& x, Array<double>& u_xx);

+;
inline Derivative::~Derivative(){}

#endif

This class contains its definitions in the function deriwaitpp, included here.

Class for computing derivatives

VAT

* @file Derivative.cpp
* @class Derivative

*

*%/

#include <cmath>
#include "Derivative.h"

// Compute the first derivative by centered differences
void Derivative::first_derivative(const Array<double>& x, Array<double>& u_x){

int i, n = x.getRows();

// Avoid computation inside the for-loop
double inv_2dx = 1.0/(2.0xh);

for(int i=0; i<n; i++){
u_x(i) = f(x(i)+h) - f(x(i)-h);
}

// Multiply by 1.0/(2.0%dx), i.e., divide by 2.0xdx
u_x x= inv_2dx;
} // End Derivative::first_derivative

// Compute the second derivative by centered differences
void Derivative::second_derivative(const Array<double>& x, Array<double>& u_xx){

int i, n = x.getRows();

// Avoid computation inside the for-loop
double inv_dx2 = 1.0/ (hxh);

for(int i=0; i<n; i++){
u_xx(i) = f(x(i)+h) - 2.0*xf(x(i)) + f(x(i)-h);
}

// Multiply by 1.0/(dxxdx), i.e., divide by dxxdx
U_XxX *= inv_dx2;
} // End Derivative::second_derivative()
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Chapter 4

Numerical integration

4.1 Introduction

In this chapter we discuss some of the classic formulae ssitheatrapezoidal rule and Simpson’s rule for
equally spaced abscissas and formulae based on Gaussiratgue. The latter are more suitable for the case
where the abscissas are not equally spaced. The emphasimistbods for evaluating one-dimensional inte-
grals. In chaptdr1 we show how Monte Carlo methods can btossompute multi-dimensional integrals.
We discuss also how to compute singular integrals and @udliphysics project which combines numerical
integration techniques and inverse of a matrix to solve iuamechanical scattering problems.

We end this chapter with an extensive discussion on MPI arallphcomputing. The examples focus on
parallelization of algorithms for computing integrals.

The integral

1= /bf(:v)dq: (4.2)

has a very simple meaning. If we consider Higl 4.1 the intefsimply represents the area enscribed by the
function f(z) starting fromz = a and ending at = b. Two main methods will be discussed below, the first

one being based on equal (or allowing for slight modificatjosteps and the other on more adaptive steps,
namely so-called Gaussian quadrature methods. Both mdhmoaieencompass a plethora of approximations
and only some of them will be discussed here.

4.2 Newton-Cotes quadrature: equal step methods

In considering equal step methods, our basic tool is theoFaxpansion of the functiofi(x) around a point
x and a set of surrounding neighbouring points. The algorithrather simple, and the number of approxima-
tions perhaps unlimited!
— Choose a step size
b—a
N
whereN is the number of steps amdandb the lower and upper limits of integration.

h:

— With a given step length we rewrite the integral as
b a+h a+2h b
/ f(x)dz = / f(x)dx + / flx)dx + ... f(z)dx.
a a a+h b—h

— The strategy then is to find a reliable Taylor expansioryfar) in the various intervals. Choosing a given
truncation of the Taylor expansion ¢fz) at a certain derivative we obtain a specific approximation to
the integral.
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Y

a a+h a+ 2h a+ 3h b T

Figure 4.1: The area enscribed by the functfgm) starting fromz = a to 2 = b. Itis subdivided in several
smaller areas whose evaluation is to be approximated bytmaiques discussed in the text. The areas under
the curve can for example be approximated by rectangulazdoxtrapezoids.

98



4.2 — Newton-Cotes quadrature: equal step methods

— With this approximation tof (x) we perform the integration by computing the integrals oVeswbin-
tervals.

Such a small measure may seemingly allow for the derivatfoaranous integrals. To see this, let us briefly
recall the discussion in the previous section and[Elg. 3rt Wwe rewrite the integral as

/a bf(x)d:c = / a+2hf(ar)da: + / ;ih flx)de + ... /b b% f(z)dz.

The strategy then is to find a reliable Taylor expansionffor) in the smaller sub intervals. Consider for
example evaluating

a+2h
/ f(z)dz,
which we rewrite as
a+2h zo+h
/ flz)dz = / f(z)dz, 4.2)
a xo—h
where we will Taylor expand (z) around a point, see Figl:3]1. We have defineg = a + h and user, as
the midpoint.
The general form for the Taylor expansion arougdyoes like
h2 " h3 "
f(x =z9+h) = f(xo) £ hf + 2f + g +O(hY).

Let us now suppose that we split the integral in EgQ.](4.2) ia parts, one fromy — h to zq and the other
from z( to xg + h, that is, our integral is rewritten as

/a o Fx)dz = /w " f@)de + / o f(2)dz.

o—h To

Next we assume that we can use the two-point formula for thigative, meaning that we approximatéx)

in these two regions by a straight line, as indicated in the&igThis means that every small element under the
function f (x) looks like a trapezoid. The pertinent numerical approathddntegral bears thus the predictable
name 'trapezoidal rule’. It means also that we are tryinggpreximate our functiorf (x) with a first order
polynomial, that isf(z) = a + bz. The constant is the slope given by the first derivativeat= z,

f(xo +h) = fxo)

r_
1= - +0(n),
or ,
f/: f('ro)_ffL(xO_ ) _|_O(h)7
and if we stop the Taylor expansion at that point our funcienomes,
f@)~ fot I @),
forx € [z, z0 + h] and
F@)~ fot 2T ),
for x € [zg — h, z0]. The error is proportional witth(h?). If we then evaluate the integral we obtain
xo+h h
[ 1@ = 5 g+ 26, + o) + O), @3)
:Eo*h

which is the well-known trapezoidal rule. Concerning theoein the approximation madé&(h?) = O((b —
a)®/N?), you should note the followindrhis is the local error'Since we are splitting the integral fromto b
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in N pieces, we will have to perform approximatéfysuch operations. This means that ¢iebal error goes
like ~ O(h?). To see that, we use the trapezoidal rule to compute theraltebEq. [4),

b
I / F@)dz = h (f(a)/2+ fla+h)+ fla+2h) + -+ f(b—h) + fo/2), (4.4)

with a global error which goes lik€(h?).
Hereafter we use the shorthand notatigng = f(xo — h), fo = f(zo) andf, = f(xo + h). The correct
mathematical expression for the local error for the trajdaule is

b g b ni— e
[ e =252 @) + 1) = ~3570©)

and the global error reads
b—a
12

b
/f@m—ﬂm=— I

whereTy, is the trapezoidal result ade [a, b].
The trapezoidal rule is easy to implement numerically tigiotihe following simple algorithm

— Choose the number of mesh points and fix the step.
— calculatef (a) and f(b) and multiply withh /2

— Perform aloop oven = 1ton — 1 (f(a) and f(b) are known) and sum up the terrfi&a +
h) + f(a+2h)+ f(a+ 3h)+---+ f(b— h). Each step in the loop corresponds to a giv
valuea + nh.

— Multiply the final result byh and addh f (a)/2 andh f (b) /2.

A simple function which implements this algorithm is as éo¥s

double trapezoidal_rule(double a, double b, int n, double (xfunc)(double))
{
double trapez_sum;
double fa, fb, x, step;
int j;
step=(b-a)/((double) n);
fa=(xfunc) (a)/2. ;
fb=(xfunc) (b)/2. ;
TrapezSum=0. ;
for (j=1; j <= n-1; j++){
X=j*step+a;
trapez_sum+=(*func) (x);
}
trapez_sum=(trapez_um+fb+fa)xstep;
return trapez_sum;
} // end trapezoidal_rule

The function returns a new value for the specific integradtigh the variablérapez_sum There is one new
feature to note here, namely the transfer of a user definedifuncalledfunc in the definition

void trapezoidal_rule(double a, double b, int n, double xtrapez_sum,
double (xfunc) (double) )

What happens here is that we are transferring a pointer tnghee of a user defined function, which has
as input a double precision variable and returns a doublagioa number. The functiomapezoidal_rule is
called as
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4.2 — Newton-Cotes quadrature: equal step methods

trapezoidal_rule(a, b, n, &yFunction )

in the calling function. We note thai, b andn are called by value, whildapez_sumand the user defined
functionMyFunction are called by reference.

Another very simple approach is the so-called midpoint otaregle method. In this case the integration
area is split in a given number of rectangles with lenfggtand height given by the mid-point value of the
function. This gives the following simple rule for approxatmg an integral

b N
I= [ f@ds b flaie) (4.5)
a 1

=

wheref(z;_;,2) is the midpoint value of for a given rectangle. We will discuss its truncation errelol. It
is easy to implement this algorithm, as shown here

double rectangle_rule(double a, double b, int n, double (xfunc)(double))
{
double rectangle_sum;
double fa, fb, x, step;
int j;
step=(b-a)/((double) n);
rectangle_sum=0.;
for (j = 0; j <=n; j++){
X = (j+0.5)xstep+; // midpoint of a given rectangle
rectangle_sum+=(*func)(x); // add value of function.
}
rectangle_sum *= step; // multiply with step length.
return rectangle_sum;
} // end rectangle_rule

The correct mathematical expression for the local errottferrectangular rul®; (k) for element is

" )
[ e = Ruth) == 1c)
and the global error reads
b —
[ e~ Rath) = =221 0),

whereR), is the result obtained with rectangular rule gnd [a, b].

Instead of using the above linear two-point approximatfong’, we could use the three-point formula for
the derivatives. This means that we will choose formulaetas function values which lie symmetrically
around the point where we perform the Taylor expansion. Hmselso that we are approximating our function
with a second-order polynomigi(z) = a + bx + cz2. The first and second derivatives are given by

I RN S
_— = h J
2h fo+j; 27+ 1) 7
and _
fo=2fo+ Fon _ +2i 1o o
h2 0 — 2+

and we note that in both cases the error goesdike?’ ). With the latter two expressions we can now approx-
imate the functiory as

f(z) “fo-i-m(fﬂ—iﬂo)

fo—2fo+ f-n
2h *

572 (z — x0)>.
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Inserting this formula in the integral of E_{#.2) we obtain

+h L )
. f(x)dr = 3 (ot 4fo+ fon) + O(h?),

which is Simpson’s rule. Note that the improved accuracyhmavaluation of the derivatives gives a better
error approximationy) (k%) vs.O(h?) . But this is again théocal error approximation Using Simpson’s rule
we can easily compute the integral of Hg.14.1) to be

b
I:/ f(x)dx:%(f(a)+4f(a—|—h)+2f(a—|—2h)+-~-+4f(b—h)+fb), (4.6)

with a global error which goes lik€(h*). More formal expressions for the local and global errorsfar¢he
local error

b b—a ho
[ @ads = 20 (5@ + 47 (a4 8)/2) + 50) = g FOE)

and for the global error

b —a
[ t@de = 1) = -2 h )

with € € [a,b] and S}, the results obtained with Simpson’s method. The method aaityebe implemented
numerically through the following simple algorithm

— Choose the number of mesh points and fix the step.
— calculatef (a) and f(b)

— Performaloop oven = 1ton — 1 (f(a) andf(b) are known) and sum up the tersh$(a +
h)+2f(a+2h)+4f(a+ 3h)+---+4f(b— h). Each step in the loop corresponds to
given valuez + nh. Odd values ot give 4 as factor while even values yieldas factor.

— Multiply the final result by%.

In more general terms, what we have done here is to approaiangitven functiory (z) with a polynomial
of a certain degree. One can show that gives 1 distinct pointszg,...,z, € [a,b] andn + 1 values
Yo, - - - » Yn there exists a unique polynomiB}, (x) with the property

Pn($7)=y7 j:07...,7’b

In the Lagrange representation discussed in chipter 3nthipolating polynomial is given by

P, = Z ey,
k=0

with the Lagrange factors

i=0
i £k
see for example the text of Kress [25] or Burlich and Stoet f@6details. If we for example set = 1, we

obtain
T -2 T=% _ Y1=% _ Y1%oF Yol

Y1
o — T1 1 — 2o Tr1 — o Tr1 — X9

)
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4.3 — Adaptive integration

which we recognize as the equation for a straight line.

The polynomial interpolatory quadrature of ordewith equidistant quadrature pointg = a + kh and
steph = (b — a)/n is called the Newton-Cotes quadrature formula of ordeGeneral expressions can be
found in for example Refs. [25, 26].

4.3 Adaptive integration

Before we proceed with more advanced methods like Gaussargture, we mention breefly how an adaptive
integration method can be implemented.

The above methods are all based on a defined step length, lIhopravided by the user, dividing the
integration domain with a fixed number of subintervals. Tihisther simple to implement may be inefficient,
in particular if the integrand varies considerably in ciertreas of the integration domain. In these areas the
number of fixed integration points may not be adequate. leratbgions, the integrand may vary slowly and
fewer integration points may be needed.

In order to account for such features, it may be conveniefitgbstudy the properties of integrand, via
for example a plot of the function to integrate. If this fupctoscillates largely in some specific domain we
may then opt for adding more integration points to that patéir domain. However, this procedure needs to
be repeated for every new integrand and lacks obviouslydliardages of a more generic code.

The algorithm we present here is based on a recursive proeatd allows us to automate an adaptive
domain. The procedure is very simple to implement.

Assume that we want to compute an integral using say thezcéged rule. We limit ourselves to a one-
dimensional integral. Our integration domain is definedtby [, b]. The algorithm goes as follows

— We compute our first approximation by computing the intefgiathe full domain. We label this a&®).
It is obtained by calling our previously discussed functi@pezoidal_rule as

‘IQ = trapezoidal_rule(a, b, n, function);

— In the next step we split the integration in two, with= (a + b) /2. We compute then the two integrals
I10L) and 71 F)

‘IlL = trapezoidal_rule(a, ¢, n, function);

and

‘IlR = trapezoidal_rule(c, b, n, function);

With a given defined tolerance, being a small number proviyass, we estimate the differendé! ) +
TR _ 1)) < tolerance. If this test is satisfied, our first approximation is satistay.

— If not, we can set up a recursive procedure where the intégsalit into subsequent subintervals until
our tolerance is satisfied.

This recursive procedure can be easily implemented viadit@fing function

// Simple recursive function that implements the

// adaptive integration using the trapezoidal rule

// It is convenient to define as global variables

// the tolerance and the number of recursive steps

const int maxrecursions = 50;

const double tolerance = 1.0E-10;

// Takes as input the integration limits, number of points, function to integrate

// and the number of steps

void adaptive_integration(double a, double b, double xIntegral, int n, int steps, double
(xfunc) (double))
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if ( steps > maxrecursions){
cout << 'Too many recursive steps, the function varies too much' << endl;
break;

}

double ¢ = (a+b)x*0.5;

// the whole integral

double I0 = trapezoidal_rule(a, b,n, func);

// the left half

double I1L = trapezoidal_rule(a, c,n, func);

// the right half

double I1R = trapezoidal_rule(c, b,n, func);

if (fabs(I1L+I1R-I0) < tolerance ) integral = I0;

else

{
adaptive_integration(a, c, integral, int n, ++steps, func)
adaptive_integration(c, b, integral, int n, ++steps, func)

}

}

// end function adaptive_integration

The variablesntegral andstepsshould be initialized to zero by the function that calls thagtive procedure.

4.4 Gaussian quadrature

The methods we have presented hitherto are taylored togarzbivhere the mesh points are equidistantly
spacedy; differing fromz; 1, by the steph. These methods are well suited to cases where the integrapd m
vary strongly over a certain region or if we integrate over $blution of a differential equation.

If however our integrand varies only slowly over a large iméd, then the methods we have discussed may
only slowly converge towards a chosen preciéio@&s an example,

b
I:/l 72 f (x)dx,

may converge very slowly to a given precision ifs large and/oif () varies slowly as function aof at large
values. One can obviously rewrite such an integral by chrangariables té = 1/z resulting in

1
I= [ [ Y,
bp—1

which has a small integration range and hopefully the nurobaresh points needed is not that large.

However, there are cases where no trick may help and whetetbexpenditure in evaluating an integral
is of importance. For such cases we would like to recommerttiads based on Gaussian quadrature. Here
one can catch at least two birds with a stone, namely, ineteecision and fewer integration points. But it
is important that the integrand varies smoothly over therir@l, else we have to revert to splitting the interval
into many small subintervals and the gain achieved may lte los

The basic idea behind all integration methods is to appratérthe integral

b N
lei/f@szE:MﬂmL
a i=1

wherew andzx are the weights and the chosen mesh points, respectivelyurlprevious discussion, these
mesh points were fixed at the beginning, by choosing a givenbeu of pointsN. The weigthsv resulted
then from the integration method we applied. Simpson'’s, sge Eq.[[416) would give

w:{h/3,4h/3,2h/3,4h/3, ... 4h/3,h/3}

1You could e.g., impose that the integral should not chanderagion of increasing mesh points beyond the sixth digit.

104
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for the weights, while the trapezoidal rule resulted in
w:{h/2,h,h,...,h h/2}.

In general, an integration formula which is based on a Tagésies usingV points, will integrate exactly
a polynomial P of degreeN — 1. That is, theN weightsw,, can be chosen to satisfy linear equations,
see chapter 3 of Ref. [3]. A greater precision for a given amoéinumerical work can be achieved if we are
willing to give up the requirement of equally spaced intéigrapoints. In Gaussian quadrature (hereafter GQ),
both the mesh points and the weights are to be determinedpdihts will not be equally spacEdThe theory
behind GQ is to obtain an arbitrary weightthrough the use of so-called orthogonal polynomials. These
polynomials are orthogonal in some interval say e.g., [-1Qur pointsx; are chosen in some optimal sense
subject only to the constraint that they should lie in thigimal. Together with the weights we have they
(IV the number of points) parameters at our disposal.

Even though the integrand is not smooth, we could render @o$mby extracting from it the weight
function of an orthogonal polynomial, i.e., we are rewiqtin

b b N
I:/ f(a:)da::/ W(x)g(x)dx%Zwig(xi), (4.7)

whereg is smooth andV is the weight function, which is to be associated with a giwghogonal polynomial.
Note that with a given weight function we end up evaluatirgititegrand for the functiog(x;).
The weight functioni¥ is non-negative in the integration interval € [a,b] such that for anyn > 0

f; |z|"W (z)dx is integrable. The naming weight function arises from thet faat it may be used to give
more emphasis to one part of the interval than another. Armgihact formula

b N
[ W@~ Y i), @8

with NV distinct quadrature points (mesh points) is a called a Ganggladrature formula if it integrates all
polynomialsp € Py —; exactly, that is

b N
/ W (z)p(z)dz = Zwip(xi), (4.9)
a =1
Itis assumed thdi/(x) is continuous and positive and that the integral

/ab W (z)dx

exists. Note that the replacementfof— W g is normally a better approximation due to the fact that we may
isolate possible singularities & and its derivatives at the endpoints of the interval.

The quadrature weights or just weights (not to be confus#d thie weight function) are positive and the
sequence of Gaussian quadrature formulae is convergbet#fequence y of quadrature formulae

b
Qn () — Qf) = / f(x)d,

in the limit N — co. Then we say that the sequence

N
Qn(f) =D wM ),
=1

2Typically, most points will be located near the origin, vehfew points are needed for largevalues since the integrand is supposed
to vary smoothly there. See below for an example.
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is convergent for all polynomials, that is

if there exits a constar? such that v
S lVi<c
=1

for all N which are natural numbers.
The error for the Gaussian quadrature formulae of ondés given by

2N b
f(2N()€!) / W (z)[gn (z)])*dx

b N
JRUCHETEED SITVIENE
@ k=1

wheregy is the chosen orthogonal polynomial afigs a number in the intervad, b]. We have assumed that
f € C?N|[a, b, viz. the space of all real or compléxV times continuously differentiable functions.

In science there are several important orthogonal polyatsmihich arise from the solution of differential
equations. Well-known examples are the Legendre, Herméguerre and Chebyshev polynomials. They
have the following weight functions

Weight function Interval Polynomial
Wi(z)=1 r € [—1,1] Legendre
W(z)=e* -—oo<z<oo Hermite

W(x) =a%e " 0<z<o0 Laguerre
W(z)=1/(V1—2%) —-1<xz<1 Chebyshev

The importance of the use of orthogonal polynomials in trewation of integrals can be summarized as
follows.

— As stated above, methods based on Taylor series uigipgints will integrate exactly a polynomidt
of degreeV — 1. If a function f(x) can be approximated with a polynomial of degrée- 1

f(z) = Py_1(x),
with N mesh points we should be able to integrate exactly the patyald®y ;.

— Gaussian quadrature methods promise more than this. Weetanlgetter polynomial approximation
with order greater thaVv to f(z) and still get away with onlyV mesh points. More precisely, we
approximate

f(z) = Pay—1(2),

and with onlyN mesh points these methods promise that

N-1
/f(:v)d:v ~ /PQN_l(:C)ch = Z PgN_l(:Ci)wi,
=0

The reason why we can represent a functf¢n) with a polynomial of degre2 N — 1 is due to the fact
that we have NV equations)V for the mesh points and for the weights.

The mesh points are the zeros of the chosen orthogonal poighof order NV, and the weights are determined
from the inverse of a matrix. An orthogonal polynomials ofjdee N defined in an intervdk, b] has precisely
N distinct zeros on the open interv@al, b).

Before we detail how to obtain mesh points and weights withagonal polynomials, let us revisit some
features of orthogonal polynomials by specializing to Lredye polynomials. In the text below, we reserve
hereafter the labellind. for a Legendre polynomial of orde¥, while Py is an arbitrary polynomial of
orderN. These polynomials form then the basis for the Gauss-Lagandthod.
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4.4 — Gaussian quadrature

4.4.1 Orthogonal polynomials, Legendre

The Legendre polynomials are the solutions of an importdfgrdntial equation in Science, namely

C(1—2*)P —m}P+(1— xz)% ((1 - :v%%) =0.
C is a constant. Fom; = 0 we obtain the Legendre polynomials as solutions, wheneas: 0 yields the
so-called associated Legendre polynomials. This diffimeaquation arises in for example the solution of
the angular dependence of Schrodinger’s equation withrggatily symmetric potentials such as the Coulomb
potential.
The corresponding polynomial3 are

1
T 2kE! dok

which, up to a factor, are the Legendre polynomiajs The latter fulfil the orthogonality relation

Li(x) (z% — 1)* k=0,1,2,...,

1
2
‘/71 Lz(x)L7 (l')d.%' = méij’ (410)
and the recursion relation
(J+ 1) Ljpa(x) +jLj-1(z) — (2§ + )xL;(z) = 0. (4.11)
It is common to choose the normalization condition
Ly(1)=1.

With these equations we can determine a Legendre polynahabitrary order with input polynomials of
orderN — 1 andN — 2.
As an example, consider the determinatiorgf L, andL,. We have that

Lo(z) = ¢,
with ¢ a constant. Using the normalization equatiayil) = 1 we get that
Lo(z) = 1.
For L, (z) we have the general expression
Li(z) = a+ bz,

and using the orthorgonality relation
[ mo@m=o
we obtaine = 0 and with the conditior; (1) = 1, we obtainb = 1, yielding
Li(z) ==
We can proceed in a similar fashion in order to determine tiedficients ofL,
Ly(z) = a + bx + ca?,
using the orthorgonality relations

/ Lo(x)Lo(z)dx =0,

-1
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and .
/ Li(x)Lo(z)dx =0,
-1
and the conditior.2 (1) = 1 we would get
1
2

We note that we have three equations to determine the thefiodentsa, b andc.
Alternatively, we could have employed the recursion retatf Eq. [£1L), resulting in

Lo(z) (32° —1). (4.12)

2L2(I) = 3$L1(I) - Lo,

which leads to Eq[{4.12).

The orthogonality relation above is important in our digios on how to obtain the weights and mesh
points. Suppose we have an arbitrary polynor@igl_; of orderN — 1 and a Legendre polynomiély (z) of
orderN. We could represerp y_1 by the Legendre polynomials through

N-1
Qv-1(z) =Y apLi(x), (4.13)
k=0

whereqy's are constants.
Using the orthogonality relation of Eq.{4110) we see that

1 N-1 1
/ Ly(z)Qn-1(z)dz = > / L (z)og Li(z)dz = 0. (4.14)
1 =0 1

We will use this result in our construction of mesh points amights in the next subsection.
In summary, the first few Legendre polynomials are

Lo(z) =1,
Li(z) ==z,
Ly(z) = (32° - 1)/2,
Li(z) = (52 — 3x)/2,

and
Ly(z) = (352 — 3022 + 3)/8.

The following simple function implements the above recamsielation of Eq.[{Z111). for computing Legendre
polynomials of orderV.

// This function computes the Legendre polynomial of degree N
double Legendre( int n, double x)
{
double r, s, t;
int m;
r=0; s=1.;
// Use recursion relation to generate pl and p2
for (m=0; m < n; m++ )
{
t=r;, r=s;
S = (2xm+1)xxxr - mxt;
s /= (m+l);
} // end of do loop
return s;
} // end of function Legendre

The variables representd.; 1 (z), while r holdsL;(z) andt the valueL;_; ().
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4.4.2 Integration points and weights with orthogonal palgmals

To understand how the weights and the mesh points are gedera¢ define first a polynomial of degree
2N — 1 (since we hav@N variables at hand, the mesh points and weights\fqroints). This polynomial can
be represented through polynomial division by

Pyn_1(z) = Ly(2)Pn-1(2) + Qn-1(7),

where Py_1(z) and@Qn_1(z) are some polynomials of degréé — 1 or less. The functior.y(z) is a
Legendre polynomial of ordey.
Recall that we wanted to approximate an arbitrary functfémn) with a polynomialP;x_1 in order to

evaluate ) )
/ fl@)dx ~ / Py (z)dz.
-1 -1

We can use Eq[{Z4.14) to rewrite the above integral as

/1 Py (2)de = /ll(LN(CC)PNl(I) +Qn-1(z))dz = /11 Qn-1(z)dz,

-1

due to the orthogonality properties of the Legendre polyiatsnWe see that it suffices to evaluate the integral
overf_l1 Qn_1(z)dz in order to evaluatq_l1 Pyn_1(z)dz. In addition, at the points;, whereL y is zero,
we have

PQNfl('rk):QNfl(Ik) k:O,l,...,N—l,

and we see that through thedepoints we can fully defin€) y 1 (z) and thereby the integral. Note that we
have chosen to let the numbering of the points run feoim N — 1. The reason for this choice is that we wish
to have the same numbering as the order of a polynomial ofeéegr— 1. This numbering will be useful
below when we introduce the matrix elements which defineritegiration weightsu; .

We develope the® 51 (x) in terms of Legendre polynomials, as done in EQ.{4.13),

Qu-1(@) = D aiLi(a). (4.15)

Using the orthogonality property of the Legendre polyndaiee have

/ QN 1 x—zaz/ LO da:—2a0,

where we have justinsertdd (x) = 1! Instead of an integration problem we need now to define teéictent
ag. Since we know the values 6fy_; at the zeros of. 5, we may rewrite Eq[{4.15) as

N—-1
Qn_1(zx) = E:az o) = aiLi k=0,1,...,N—1. (4.16)
=0

Since the Legendre polynomials are linearly independeeaaoh other, none of the columns in the mafrix
are linear combinations of the others. This means that thexnla;;, has an inverse with the properties

LL=1
Multiplying both sides of EqTZ216) with" ;' L' results in

N-1

Z szN 1 iUz) = Q. (4.17)

=0
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We can derive this result in an alternative way by definingvietors

Zo )]
X a1
)A(k = &= 3
TN-1 aN-—1
and the matrix
LQ(ZC()) Ll(Io) . LNfl(ZC())
i; _ Lo(fL‘l) Ll(:vl) LN_l(.CCl)
Lo(xn-1) Li(xn—1) ... Ly-1(zn-1)

We have then )
Qn-1(2r) = La,
yielding (if L has an inverse) A
L7'Qn-1(2k) = &,

which is Eq. [Z17).
Using the above results and the fact that

1 1
/ Py (z)dr = / QN-1(x)dx,
-1 1

we get
1 1 N-1
/ PQN_l(SC)d.%‘ = / QN_l(SC)d.T = 2040 =2 Z (L_l)oiPQN_l(SCi).
-1 -1 =0

If we identify the weights witr2(L~1)o;, where the points;; are the zeros of.y, we have an integration
formula of the type

1 N-1
/ Pyn_q(z)de = Z wiPan_1(z;)
-1 i=0

and if our functionf (z) can be approximated by a polynommlof degree2 N — 1, we have finally that

1 1 N-1
/ f(I)dI ~ / PQNfl(ZC)dCC = Z winN,l(xi).
-1 1 i=0

In summary, the mesh points are defined by the zeros of an orthogonal polynomial of defyrethat isL v,
while the weights are given (L ~1);.

4.4.3 Application to the cast = 2

Let us apply the above formal results to the cAse- 2. This means that we can approximate a funcifén)
with a polynomialPs(x) of order2N — 1 = 3.
The mesh points are the zeroslof(z) = 1/2(32% — 1). These points arg, = —1/+v/3 andz; = 1//3.
Specializing Eq.[{416)

N-1
QN*l(Ik): ZalL’L(Ik) k:()vlavN_l
i=0
to N = 2yields
1
Q1(xo) = ap — 0‘1%,
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4.4 — Gaussian quadrature

and
Q1(z1) = ap + alﬁa
sinceLo(z = +1/v/3) = 1 andL,(z = +1/v/3) = £1//3.
The matrixL;; defined in Eq.[[Z6) is then
1 -1
sz < 1 f )a
V3
with an inverse given by
1 1
(L);! = V3 V3oVE |
k2 -1 1

The weights are given by the matrix eleme2téo;) 1. We have thencey = 1 andw; = 1.
Obviously, there is no problem in changing the numberindgnefrhatrix elements k = 0,1,2,..., N —1

toi,k=1,2,..., N. We have chosen to start from zero, since we deal with polyaisraf degreeV — 1.
Summarizing, for Legendre polynomials withh = 2 we have weights
w: {11},

and mesh points

s
/_11f(x)dx

I:/ 22de ~ sz

The exact answer /3. Using N = 2 with the above two weights and mesh points we get

1 1 2
_ 2 _ _
I‘/_ dr = sz i=3+3-3

If we wish to integrate

with f(z) = 22, we approximate

the exact answer!
If we were to emply the trapezoidal rule we would get
1 j— — j—
I / 22y = = (@ + 0)?) 2 = 17(1) (“1)? +(1?) 2= 1!

-1

With just two points we can calculate exactly the integralldossecond-order polynomial since our methods
approximates the exact function with higher order polyradimtiow many points do you need with the trape-
zoidal rule in order to achieve a similar accuracy?

4.4.4 General integration intervals for Gauss-Legendre

Note that the Gauss-Legendre method is not limited to amiakg 1,1], since we can always through a change

of variable
b—a b+a

t:
5ttt

rewrite the integral for an interval [a,b]

/f b—a/lf((b—;)“b;a)dm
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If we have an integral on the form

/ " rwa,

we can choose new mesh points and weights by using the mapping
~ Y
Z; = tan {Z(l + xz)} ,

and
Wi

_ T W
4 cos? (314 )’

Wi

wherex; andw; are the original mesh points and weights in the intefval, 1], while z;, andw; are the new
mesh points and weights for the intery@|oo).

To see that this is correct by inserting the the value, 0 —1 (the lower end of the intervdl-1, 1]) into
the expression fat;. That givest; = 0, the lower end of the intervél), oo). Forz; = 1, we obtainz; = oo.
To check that the new weights are correct, recall that thghisishould correspond to the derivative of the
mesh points. Try to convince yourself that the above expregalfills this condition.

4.4.5 Other orthogonal polynomials
Laguerre polynomials

If we are able to rewrite our integral of Eq_{#.7) with a weidinction W (z) = z%e~* with integration
limits [0, o), we could then use the Laguerre polynomials. The polynanf@m then the basis for the
Gauss-Laguerre method which can be applied to integraledirm

I= / f(x)dx = / x%e g(x)dx.
0 0
These polynomials arise from the solution of the differ@rgguation

(d2 d A l(ltl))c(x)zo,

wherel is an integerl > 0 and A a constant. This equation arises for example from the swiutf the
radial Schrédinger equation with a centrally symmetricepdial such as the Coulomb potential. The first few
polynomials are

de2  dxr = T

Lo(x) =1,
Li(z) =1-z,
Lo(x) =2 — 4z + 22,
L3(z) =6 — 18z + 9x? — 23,

and
Li(z) = 2 — 162> + 722 — 962 4 24.

They fulfil the orthorgonality relation

/ e Ly (x)dx =1,

— 00

and the recursion relation
(n+1)Lpt1(z) = 2n+1—2)Ly(x) — nlp_1(x).
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Hermite polynomials

In a similar way, for an integral which goes like

I= /i flz)dx = /O; e g(z)dx.

we could use the Hermite polynomials in order to extract Weigatnd mesh points. The Hermite polynomials
are the solutions of the following differential equation

d*H (z) dH ()
dx? — dx

A typical example is again the solution of Schrodinger’'sattn, but this time with a harmonic oscillator
potential. The first few polynomials are

+ (A= 1)H(z) = 0. (4.18)

Ho(z) =1,
Hy(x) = 2z,
Ho(z) = 42° — 2,
Hs(z) = 82° — 12,

and
Hy(z) = 162 — 482% + 12.

They fulfil the orthorgonality relation

/ e~ H,(z)2dz = 2"nl\/T,

oo

and the recursion relation
Hp1(z) = 2¢H,(z) — 2nH, -1 ().

4.4.6 Applications to selected integrals

Before we proceed with some selected applications, it iomamt to keep in mind that since the mesh points
are not evenly distributed, a careful analysis of the bajrafithe integrand as function afand the location of
mesh points is mandatory. To give you an example, in the Taddmv we show the mesh points and weights
for the integration interval [0,100] foN = 10 points obtained by the Gauss-Legendre method. Clearly, if

Table 4.1: Mesh points and weights for the integration wakj0,100] with NV = 10 using the Gauss-Legendre
method.

) X Wi
1 1305 3.334
2 6.747 7.473
3 16.030 10.954
4 28.330 13.463
5 42556 14.776
6 57.444 14.776
7 71.670 13.463
8 83.970 10.954
9 93.2563 7.473
10 98.695 3.334

your function oscillates strongly in any subinterval, thpproach needs to be refined, either by choosing more
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points or by choosing other integration methods. Note aist for integration intervals like for example
x € [0, 00], the Gauss-Legendre method places more points at the liegiiithe integration interval. If your
integrand varies slowly for large valuesafthen this method may be appropriate.

Let us here compare three methods for integrating, namelirépezoidal rule, Simpson’s method and the
Gauss-Legendre approach. We choose two functions to ateegr

/100 exp (—.I) "
1

X

3
1
——dz.
jﬁ 2+ 2%

A program example which uses the trapezoidal rule, Simgsaté and the Gauss-Legendre method is in-
cluded here. For the corresponding Fortran program, reaegraml.cpp with program1.f90. The Pyhton
program is listed as programl.py.

and

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@7/cpp/programl.cpp

#include <iostream>

#include "lib.h"

using namespace std;

// Here we define various functions called by the main program
// this function defines the function to integrate

double int_function(double x);

// Main function begins here

int main()
{
int n;
double a, b;
cout << "Read in the number of integration points" << endl;
cin >> n;

cout << "Read in integration limits" << endl;
cin >> a >> b;
// reserve space in memory for vectors containing the mesh points
// weights and function values for the use of the gauss-legendre
// method
double *x = new double [n];
double *w = new double [n];
// set up the mesh points and weights
gauss_legendre(a, b,x,w, n);
// evaluate the integral with the Gauss-Legendre method
// Note that we initialize the sum
double int_gauss = 0.;
for ( int i = 0; i < n; i++){
int_gauss+=w[i]*int_function(x[i]);
}
// final output
cout << "Trapez-rule = " << trapezoidal_rule(a, b,n, int_function)
<< endl;
cout << "Simpson's rule = " << simpson(a, b,n, int_function)
<< endl;
cout << "Gaussian quad = " << int_gauss << endl;
delete [] x;
delete [] w;
return 0;
} // end of main program
// this function defines the function to integrate
double int_function(double x)
{
double value = 4./(1.+xx*x);
return value;
} // end of function to evaluate
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4.5 — Treatment of singular Integrals

To be noted in this program is that we can transfer the namegfes function to integrate. In Tab[e3.2 we
show the results for the first integral using various messoiwhile Tabld—Z]3 displays the corresponding
results obtained with the second integral. We note here $irate the area over where we integrate is rather

Table 4.2: Results fofl100 exp (—z)/zdx using three different methods as functions of the numberestm
points V.

N Trapez Simpson  Gauss-Legendre
10 1.821020 1.214025 0.1460448
20 0.912678 0.609897 0.2178091
40 0.478456 0.333714 0.2193834
100 0.273724 0.231290 0.2193839
1000 0.219984 0.219387 0.2193839

large and the integrand goes slowly to zero for large valdes, doth the trapezoidal rule and Simpson’s

method need quite many points in order to approach the Qaegsadre method. This integrand demonstrates

clearly the strength of the Gauss-Legendre method (and GiQ@enethods as well), viz., few points are needed
in order to achieve a very high precision.

The second Table however shows that for smaller integraitenvals, both the trapezoidal rule and Simp-
son’s method compare well with the results obtained withGhess-Legendre approach.

Table 4.3: Results fofo?’ 1/(2 + 2?)dx using three different methods as functions of the number eghm
points V.

N Trapez Simpson  Gauss-Legendre
10 0.798861 0.799231 0.799233
20 0.799140 0.799233 0.799233
40 0.799209 0.799233 0.799233
100 0.799229 0.799233 0.799233
1000 0.799233 0.799233 0.799233

4.5 Treatment of singular Integrals

So-called principal value (PV) integrals are often emptbyephysics, from Green'’s functions for scattering
to dispersion relations. Dispersion relations are oftdsited to measurable quantities and provide important
consistency checks in atomic, nuclear and particle physid®V integral is defined as

+e -

and arises in applications of Cauchy’s residue theorem wheepolex lies on the real axis within the interval

of integration[a, b]. HereP stands for the principal valué\n important assumption is that the functig(t)
is continuous on the interval of integration.

In casef(t) is a closed form expression or it has an analytic continnatidhe complex plane, it may be
possible to obtain an expression on closed form for the aldegral.

However, the situation which we are often confronted wittht f(¢) is only known at some points
with corresponding valueg(¢;). In order to obtair/ (z) we need to resort to a numerical evaluation.
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To evaluate such an integral, let us first rewrite it as

P/bdtﬂ_/w_AdtMJr/b dtM+P/w+AdtM,
a t a T

t—x T+A - _A t—x

where we have isolated the principal value part in the laegiral.
Defining a new variable = ¢t — x, we can rewrite the principal value integral as

P/+A “”) (4.19)

One possibility is to Taylor expanf{u + z) aroundu = 0, and compute derivatives to a certain order as we
did for the Trapezoidal rule or Simpson’s rule. Since alirtewith even powers af in the Taylor expansion
dissapear, we have that

Nmaz (@nt1) A2n+1
I == " .
al@) ; ) G T

To evaluate higher-order derivatives may be both time comsy and delicate from a numerical point of
view, since there is always the risk of loosing precision whalculating derivatives numerically. Unless we
have an analytic expression fitu + =) and can evaluate the derivatives in a closed form, the aljgw®ach
is not the preferred one.

Rather, we show here how to use the Gauss-Legendre methoohfmite Eq.[{Z719). Let us first introduce
a new variables = /A and rewrite Eq.[{419) as

+1 S T
Ia(z) :P[l ds%. (4.20)

The integration limits are now from 1 to 1, as for the Legendre polynomials. The principal value in Eq.
#20) is however rather tricky to evaluate numericallyjmhasince computers have limited precision. We
will here use a subtraction trick often used when dealin@ withgular integrals in numerical calculations. We
introduce first the calculus relation

s
/ %y,
—1 S

It means that the curvk/(s) has equal and opposite areas on both sides of the singuferspsi0.
If we then note thaf (x) is just a constant, we have also

+1d d
o [ [ rm® =0
Subtracting this equation from Eq.4120) yields
T f@sta) T f(As+a) — f(2)
=P d d
[, L,

S S

: (4.21)

and the integrand is no longer singular since we havdihat.,(f(s + ) — f(z)) = 0 and for the particular
cases = 0 the integrand is now finite.

Eq. (£21) is now rewritten using the Gauss-Legendre metbslting in

/+1dsf(As+x Z fASZ—i—x — f(=x)

1

, (4.22)
wheres; are the mesh points\{ in total) andw; are the weights.
In the selection of mesh points for a PV integral, it is impattto use an even number of points, since an

odd number of mesh points always picks= 0 as one of the mesh points. The sum in Eq._{#.22) will then
diverge.
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Let us apply this method to the integral
+1 gt
I(x) = P/ dt? (4.23)
-1

The integrand diverges at= ¢ = 0. We rewrite it using Eq[{4.21) as

+1 t +1 ¢t
Pl &S = c-1 (4.24)
sincee” = e = 1. With Eq. [£22) we have then
+1 ¢ N t,
e —1 e —1
/ — Y w (4.25)
-1 i=1 !

The exact results i8.11450175075..... With just two mesh points we recall from the previous subieac
thatw; = we = 1 and that the mesh points are the zerod.¢fz), namelyz; = —1/\/3 andzy = 1/\/5.
SettingN = 2 and inserting these values in the last equation gives

Lz =0)=V3 (el/ﬁ - e*l/\/g) — 2.1129772845.
With six mesh points we get even the exact result to the teigih d
Is(z = 0) = 2.11450175075!

We can repeat the above subtraction trick for more compétamtegrands. First we modify the integration
limits to +oo and use the fact that

/°° dk /0 dk /°° dk
= — =0.
o k—ko o k—ko Sy k—ko

A change of variable, = —k in the integral with limits from-oo to 0 gives

/°° dk _/0 —du +/°° dk _/°° dk +/°° e _
,Oo/{—ko_ Oo—u—ko 0 k—ko_ 0 —/{—ko 0 l{—ko_ '
It means that the curve/(k — ko) has equal and opposite areas on both sides of the singutarkgoilf we
break the integral into one over positikeand one over negativg a change of variable — —k allows us to

rewrite the last equation as
dk
=gz = -
0 0

We can use this to express a principal values integral as

> f(k)dk /OO (f(k) = f(ko))dk (4.26)
0

o K2—kZ Pk

where the right-hand side is no longer singulak at ko, it is proportional to the derivativéf /dk, and can be
evaluated numerically as any other integral.
Such a trick is often used when evaluating integral equatias discussed in the next section.

4.6 Scattering equation and principal value integrals

In quantum mechanics, it is often common to rewrite Schigelils equation in momentum space, after having
made a so-called partial wave expansion of the interactMawill not go into the details of these expressions
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but limit ourselves to study the equivalent problem for stlexd scattering states, meaning that the total energy
of two particles which collide is larger than or equal zerbebenefit of rewriting the equation in momentum
space, after having performed a Fourier transformatiahaisthe coordinate space equation, being an integro-
differantial equation, is transformed into an integral &ipn. The latter can be solved by standard matrix
inversion techniques. Furthermore, the results of solthege equation can be related directly to experimental
observables like the scattering phase shifts. The latteusehow much the incoming two-particle wave
function is modified by a collision. Here we take a more techhstand and consider the technical aspects of
solving an integral equation with a principal value.

For scattering statedy > 0, the corresponding equation to solve is the so-called Lgmp@chwinger
equation. This is an integral equation where we have to déhltive amplitudeR(k, k') (reaction matrix)
defined through the integral equation

2 o 1
kKDY =Vi(k, k') + = dqq®Vi(k, Q) =——— K 4.27
Rulk ) = Vil ) + 2P [ * dag?Vifk. o) g Ri(a. ), (@.27)

where the total kinetic energy of the two incoming partiétethe center-of-mass system is

kQ
E=2 (4.28)

m
The symbolP indicates that Cauchy’s principal-value prescription sediin order to avoid the singularity
arising from the zero of the denominator. We will discusotehow to solve this problem. Equatidn{4.27)
represents then the problem you will have to solve numdyic@ihe interaction between the two particles is
given by a partial-wave decomposed versiafk, k&’), wherel stands for a quantum number like the orbital
momentum. We have assumed that interaction does not cotpleattial waves with different orbital mo-
menta. The variabldsandk’ are the outgoing and incoming relative momenta of the tweratting particles.

The matrixR;(k, k') relates to the experimental the phase shifthrough its diagonal elements as

tand;

Ri(ko, ko) = — (4.29)

mko ’
wherem is the reduced mass of the interacting particles. Furthentloe interaction between the particl&s,
carries

In order to solve the Lippman-Schwinger equation in momenspace, we need first to write a function
which sets up the integration points. We need to do that siecare going to approximate the integral through

b N
/ f(z)dz ~ sz‘f(xi),

where we have fixedV integration points through the corresponding weight@nd pointsez;. These points
can for example be determined using Gaussian quadrature.

The principal value in Eq[T4.27) is rather tricky to evakiaumerically, mainly since computers have
limited precision. We will here use a subtraction trick oftesed when dealing with singular integrals in
numerical calculations. We use the calculus relation froengrevious section

< dk
=0
\/;ook_ko ’

< dk
et
/0 k? — kg

We can use this to express a principal values integral as

> f(k)dk /OO (f(k) — f(ko))dk (4.30)
0

Pl w2 ERTE

or
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where the right-hand side is no longer singulak at ko, it is proportional to the derivativéf /dk, and can be
evaluated numerically as any other integral.
We can then use the trick in EG._{4130) to rewrite Eq.(#.27) as

2 / % gg LY R R, ) = KV (k, ko) R(ko, k')
™ Jo (k§ —q*)/m
We are interested in obtainin@(ko, ko), since this is the quantity we want to relate to experimeateitd like
the phase shifts.

How do we proceed in order to solve EG.(4.31)?

Rk, k) = V(k k) + (4.31)

1. Using the mesh points; and the weightss;, we can rewrite Eq[{Z31) as

2 XL w; k2v k ki)R(k;, k') 2
R(k, k') = ;Z —)m 2 —;kgv(k,ko (ko, k'

Mz

k2 )/m’
(4.32)

This equation contains now the unknowR§&:;, k;) (with dimensionN x N) andR(ko, ko).

2. We can turn Eq{4:82) into an equation with dimengidh+ 1) x (N + 1) with an integration domain
which contains the original mesh poiritsfor j = 1, N and the point which corresponds to the energy
ko. Consider the latter as the 'observable’ point. The meshtpdiecome theg; for j = 1,n and

kny1 = ko.

3. With these new mesh points we define the matrix

Ai,j = 61',]‘ — V(/Cl, kj)uj, (433)
wheres is the Kronecked and
2 wjka .
Ui = — = j=1N (4.34)
P (k- kH/m
and N
o 2 kgwj
UN+1 = _; ; W (4.35)

The first task is then to set up the matrixfor a givenky. Thisis an(N + 1) x (N + 1) matrix. It
can be convenient to have an outer loop which runs over theechobservable values for the energy
k3 /m. Note that all mesh points; for j = 1, N must be different frorko. Note also thal/ (k;, k;) is
an(N +1) x (N + 1) matrix.

4. With the matrixA we can rewrite Eq[{4.32) as a matrix problem of dimengivnt- 1) x (N + 1). All
matricesR, A andV have this dimension and we get

AigRij = Vi, (4.36)

or just
AR=1V. (4.37)

5. Since we already have definddand V' (these are stored 4%V + 1) x (N + 1) matrices) Eq.[{437)
involves only the unknowi®. We obtain it by matrix inversion, i.e.,

R=A"'V. (4.38)

Thus, to obtainR, we need to set up the matricdsand V" and invert the matrix4. With the inverse
A~1 we perform a matrix multiplication witfy’ and obtain?.

With R we can in turn evaluate the phase shifts by noting that
R(kny1,knt1) = R(ko, ko), (4.39)

and we are done.
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4.7 Parallel computing

We end this chapter by discussing modern supercomputingepis like parallel computing. In particular,
we will introduce you to the usage of the Message Passingfaat (MPI) library. MPI is a library, not a
programming language. It specifies the names, calling segseand results of functions or subroutines to
be called from C++ or Fortran programs, and the classes aridoae that make up the MPI C++ library.
The programs that users write in Fortran or C++ are compilik @rdinary compilers and linked with the
MPI library. MPI programs should be able to run on all possitlachines and run all MPI implementetations
without change. An excellent reference is the text by Kafakés and Kirby Il [17].

4.7.1 Brief survey of supercomputing concepts and terrogies

Since many discoveries in science are nowadays obtainddrgie-scale simulations, there is an ever-lasting
wish and need to do larger simulations using shorter compime. The development of the capacity for
single-processor computers (even with increased procepsed and memory) can hardly keep up with the
pace of scientific computing. The solution to the needs ofsitientific computing and high-performance
computing (HPC) communities has therefore been paraltapeding.

The basic ideas of parallel computing is that multiple pssces are involved to solve a global problem.
The essence is to divide the entire computation evenly arool@porative processors.

Today’s supercomputers are parallel machines and carnvaghéak performances almost uplt®® float-
ing point operations per second, so-called peta-scale otarg see for example the list over the world’s top
500 supercomputersiaiw . top500.0rg. This list gets updated twice per year and sets up the ramkiogyd-
ing to a given supercomputer’s performance on a benchmaidftom the LINPACK library. The benchmark
solves a set of linear equations using the best softwaredoea platform.

To understand the basic philosophy, it is useful to have ghauicture of how to classify different hard-
ware models. We distinguish betwen three major groups ofiventional single-processor computers, nor-
mally called SISD (single-instruction-single-data) mae€s, (ii) so-called SIMD machines (single-instruction-
multiple-data), which incorporate the idea of parallelqassing using a large number of processing units to
execute the same instruction on different data and finallyniodern parallel computers, so-called MIMD
(multiple-instruction- multiple-data) machines that execute different instruction streams in parallel on dif-
ferent data. On a MIMD machine the different parallel praoeg units perform operations independently of
each others, only subject to synchronization via a giversamggs passing interface at specified time intervals.
MIMD machines are the dominating ones among present supgnaters, and we distinguish between two
types of MIMD computers, namely shared memory machines &tdliited memory machines. In shared
memory systems the central processing units (CPU) shamathe address space. Any CPU can access any
data in the global memory. In distributed memory systemi €U has its own memory. The CPUs are con-
nected by some network and may exchange messages. A regahéte so-called ccNUMA (cache-coherent-
non-uniform-memory- access) systems which are cluste®$A# (symmetric multi-processing) machines and
have a virtual shared memory.

Distributed memory machines, in particular those based®al®sters, are nowadays the most widely used
and cost-effective, although farms of PC clusters reqairgd infrastuctures and yield additional expenses for
cooling. PC clusters with Linux as operating systems arg &asetup and offer several advantages, since
they are built from standard commodity hardware with thenogp@urce software (Linux) infrastructure. The
designer can improve performance proportionally with ado@chines. The commodity hardware can be
any of a number of mass-market, stand-alone compute nodgisnpte as two networked computers each
running Linux and sharing a file system or as complex as thulssaf nodes with a high-speed, low-latency
network. In addition to the increased speed of presentiddal processors (and most machines come today
with dual cores or four cores, so-called quad-cores) thdipoof such commodity supercomputers has been
strenghtened by the fact that a library like MPI has madellghtmmputing portable and easy. Although there
are several implementations, they share the same core cotlsnidessage-passing is a mature programming
paradigm and widely accepted. It often provides an effiaieatch to the hardware.
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4.7.2 Parallelism

When we discuss parallelism, it is common to subdivide diifé algorithms in three major groups.

— Task parallelism:ithe work of a global problem can be divided into a number afejrendent tasks,
which rarely need to synchronize. Monte Carlo simulatiom$ aumerical integration are examples of
possible applications. Since there is more or less no coruation between different processors, task
parallelism results in almost a perfect mathematical paistin and is commonly dubbed embarassingly
parallel (EP). The examples in this chapter fall under tlad¢gory. The use of the MPI library is then
limited to some few function calls and the programming ismnalty very simple.

— Data parallelism: use of multiple threads (e.g., one thread per processdi3sect loops over arrays etc.
This paradigm requires a single memory address space. Coivation and synchronization between
the processors are often hidden, and it is thus easy to progkowever, the user surrenders much
control to a specialized compiler. An example of data paliahh is compiler-based parallelization.

— Message-passingall involved processors have an independent memory asldqgece. The user is
responsible for partitioning the data/work of a global geob and distributing the subproblems to the
processors. Collaboration between processors is achigvedplicit message passing, which is used
for data transfer plus synchronization.

This paradigm is the most general one where the user hasfulal. Better parallel efficiency is usually
achieved by explicit message passing. However, messaginggrogramming is more difficult. We
will meet examples of this in connection with the solutiogeazivalue problems in chapfér 7 and of partial
differential equations in chapterl10.

Before we proceed, let us look at two simple examples. Wealslh use these simple examples to define
the speedup factor of a parallel computation. The first catieai of the additions of two vectors of dimension
ny

z = ox + fiy,

wherea and are two real or complex numbers aad,y € R™ or € C". For every element we have thus
zi = ax; + [y;.

For every element; we have three floating point operations, two multiplicati@nd one addition. If we
assume that these operations take the samedimthen the total time spent by one processor is

T1 = 3nAt.

Suppose now that we have access to a parallel supercompthePwwrocessors. Assume also that< n.
We split then these addition and multiplication operationvery processor so that every processor performs
3n/P operations in total, resulting in a tini®®& = 3nAt/P for every single processor. We also assume that
the time needed to gather together these subsums is neglible

If we have perfect parallelism, our speedup should®héhe number of processors available. We see that
this is the case by computing the relation between the tinee us case of only one processor and the time
used if we can acced3 processors. The speedfp is defined as

T1 3nAt

Sp = Tp 3nAt/P -

P,

a perfect speedup. As mentioned above, we call calculati@tsyield a perfect speedup for embarassingly
parallel. The efficiency is defined as
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Our next example is that of the inner product of two vectofinge in Eq. [&5b),

n
Cc = E ZjiYj-
Jj=1

We assume again th& < n and definel = n/P. Each processor is assigned with its own subset of local
multiplicationscp = Zp ZpYp, Wherep runs over all possible terms for processor P. As an examgdenae
that we have four processors. Then we have

n/4 n/2
1 = E TiYj, Cy = E ZjiYj,
j=1 j=n/4+1
3n/4 n
C3 = E ZjiYj, Cq4 = E ZjiYj-
j=n/2+1 j=3n/4+1

We assume again that the time for every operatioAids If we have only one processor, the total time is
Ty = (2n — 1)At. For four processors, we must now add the time needed teadidcs + c5 + ¢4, which
is 3At (three additions) and the time needed to communicate tle tesultcp to all other processors. This
takes roughly{ P — 1) At., whereAt. need not equalt.
The speedup for four processors becomes now
T (2n —1)At dn — 2

St T (n/2 — 1)At+ 3At+ 3AL, 10+ 7

if At = At.. Forn = 100, the speedup i$, = 3.62 < 4. For P processors the inner products yields a
speedup
(2n—1)

(2I+P—2))+ (P —-1)y’
with v = At./At. Even withy = 0, we see that the speedup is less tfan

The communication timé\t. can reduce significantly the speedup. However, even if inalk there are
other factors as well which may reduce the efficiengyFor example, we may have an uneven load balance,
meaning that not all the processors can perform useful wbekl dime, or that the number of processors
doesn’t match properly the size of the problem, or memorplams, or that a so-called startup time penalty
known as latency may slow down the transfer of data. Crueied s the rate at which messages are transferred

Sp =

4.7.3 MPI with simple examples
When we want to parallelize a sequential algorithm, thegeatiteast two aspects we need to consider, namely
— ldentify the part(s) of a sequential algorithm that can becexed in parallel. This can be difficult.

— Distribute the global work and data amoRgprocessors. Stated differently, here you need to undetstan
how you can get computers to run in parallel. From a pracpoaht of view it means to implement
parallel programming tools.

In this chapter we focus mainly on the last point. MPI is theto@ for writing programs to run in parallel,
without needing to know much (in most cases nothing) abouwt@ngnachine’s architecture. MPI programs
work on both shared memory and distributed memory machiRaghermore, MPI is a very rich and com-
plicated library. But it is not necessary to use all the fezdu The basic and most used functions have been
optimized for most machine architectures

Before we proceed, we need to clarify some concepts, inqogati the usage of the words process and
processor. We refer to process as a logical unit which ersétgt own code, in an MIMD style. The processor
is a physical device on which one or several processes acetexk The MPI standard uses the concept process
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consistently throughout its documentation. However,esiwe only consider situations where one processor is
responsible for one process, we therefore use the two taterehangeably in the discussion below, hopefully
without creating ambiguities.

The six most important MPI functions are

MPI_ Init - initiate an MPI computation

MPI_Finalize - terminate the MPI computation and clean up

MPI_Comm_size - how many processes participate in a givehddiPputation.

MPI_Comm_rank - which rank does a given process have. THeissmnumber between 0 and size-1,
the latter representing the total number of processes.

— MPI_Send - send a message to a particular process within aicdafputation
— MPI_Recv - receive a message from a particular processmatiiMP1 computation.

The first MPI C++ program is a rewriting of our 'hello world’ ggram (without the computation of the
sine function) from chapté&l 2. We let every process writelltHeorld" on the standard output.

http://www.fys.uilo.no/compphys/cp/programs/FYS3150/MPI/chapter@7/program2.cpp

// First C++ example of MPI Hello world
using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, charx args[])
{
int numprocs, my_rank;
// MPI initializations
MPI_Init (&nargs, &args);
MPI_Comm_size (MPI_COMM_WORLD, &numprocs);
MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);
cout << "Hello world, I have rank " << my_rank << " out of " << numprocs << endl;
// End MPI
MPI_Finalize ();
return 0;

}

The corresponding Fortran program reads

PROGRAM hello
INCLUDE "mpif.h"
INTEGER:: numprocs, my_rank, ierr

CALL MPI_INIT(ierr)

CALL MPI_COMM_SIZE(MPI_COMM_WORLD, numprocs, ierr)

CALL MPI_COMM_RANK(MPI_COMM_WORLD, my_rank, ierr)
WRITE(*,*)"Hello world, I've rank ",my_rank," out of ",numprocs
CALL MPI_FINALIZE(ierr)

END PROGRAM hello

MPI is a message-passing library where all the routines a@egresponding C++-bindirE;BPLCommand,name

or Fortran-bindings (function names are by convention iparpase, but can also be in lower casea) COMMAND_NAME
To use the MPI library you must include header files which ammtlefinitions and declarations that are

needed by the MPI library routines. The following line muppear at the top of any source code file that

3The C++ bindings used in practice are the same as the C biditifjough reading older texts like [15-17] one finds extens
discussions on the difference between C and C++ bindingstbout this text we will use the C bindings.
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will make an MPI call. For Fortran you must put in the begirgiRcLube 'mpif.h' while for C++ you need to
include the statememtinclude "mpi.h". These header files contain the declarations of functicarglvels etc.
needed by the MPI library.

The first MPI call must bew1_iniT, which initializes the message passing routines, as defméar
exampleINTEGER: :ierr and CALL MPI_INIT(ierr) for the Fortran example. The variablerr is an integer
which holds an error code when the call returns. The value ofis however of little use since, by default,
MPI aborts the program when it encounters an error. Howevermust be included when MPI starts. For the
C++ code we have the call to the functis#t_init(int*argc,char+argv) whereargc andargv are arguments
passed to main. MPI does not use these arguments in any wegyag and in MPI-2 implementations, NULL
may be passed instead. When you have finished you must cdillibBonmpi_rinalize. In Fortran you use
the statemerdaLL MPI_FINALIZE(ierr) while for C++ we use the functionPI_Finalize(void).

In addition to these calls, we have also included calls toadted inquiry functions. There are two MPI calls
that are usually made soon after initialization. They ared®+, MPT_COMM_SIZE( (MPI_COMM_WORLD, &numprocs)
andCcALL MPI_COMM_SIZE(MPI_COMM_WORLD,numprocs,ierr) for Fortran. The functiompi_comm_size returns the
number of tasks in a specified MPI communicator (comm whenefigr to it in generic function calls below).

In MPI you can divide your total number of tasks into groupaljerd communicators. What does that
mean? All MPI communication is associated with what onescalcommunicator that describes a group
of MPI processes with a name (context). The communicatdgdates a collection of processes which can
communicate with each other. Every process is then idedtifjeits rank. The rank is only meaningful within
a particular communicator. A communicator is thus used asehamism to identify subsets of processes. MPI
has the flexibility to allow you to define different types ohemunicators, see for example [16]. However, here
we have used the communicater_comm worLD that contains all the MPI processes that are initiated when w
run the program.

The variablewmprocs refers to the number of processes we have at our disposafuftionvPI_CoMM_RANK
returns the rank (the name or identifier) of the tasks runtiiegcode. Each task (or processor) in a communi-
cator is assigned a numb®t_rank from 0 to numprocs — 1.

We are now ready to perform our first MPI calculations.

Running codes with MPI

To compile and load the above C++ code (after having undaeddtow to use a local cluster), we can use the
command

mpicxx -02 -o program2.x program2.cpp
and try to run with ten nodes using the command
mpiexec -np 10 ./program2.x

If we wish to use the Fortran version we need to replace the piler statementpicc with mpifoe or
equivalent compilers. The name of the compiler is obviogghbtem dependent. The commaiadrun may be
used instead ofpiexec. Here you need to check your own system.

When we run MPI all processes use the same binary executatdion of the code and all processes are
running exactly the same code. The question is then how caelitbe difference between our parallel code
running on a given number of processes and a serial code® &teetwo major distinctions you should keep in
mind: (i) MPI lets each process have a particular rank tord@tee which instructions are run on a particular
process and (ii) the processes communicate with each etteeder to finalize a task. Even if all processes
receive the same set of instructions, they will normally ecute the same instructions.We will discuss this
point in connection with our integration example below.

The above example produces the following output

Hello world, I've rank 0 out of 10 procs.
Hello world, I've rank 1 out of 10 procs.
Hello world, I've rank 4 out of 10 procs.
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Hello world, I've rank 3 out of 10 procs.
Hello world, I've rank 9 out of 10 procs.
Hello world, I've rank 8 out of 10 procs.
Hello world, I've rank 2 out of 10 procs.
Hello world, I've rank 5 out of 10 procs.
Hello world, I've rank 7 out of 10 procs.
Hello world, I've rank 6 out of 10 procs.

The output to screen is not ordered since all processesyang to write to screen simultaneously. It is
then the operating system which opts for an ordering. If wehvid have an organized output, starting from

the first process, we may rewrite our program as follows

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/MPI/chapter@//program3. cpp

// Second C++ example of MPI Hello world
using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, charx args[])
{
int numprocs, my_rank, 1i;
// MPI initializations
MPI_Init (&nargs, &args);
MPI_Comm_size (MPI_COMM_WORLD, &numprocs);
MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);
for (i = 0; 1 < numprocs; i++) {
MPI_Barrier (MPI_COMM_WORLD);
if (i == my_rank) {
cout << "Hello world,
fflush (stdout);
}
}
// End MPI
MPI_Finalize ();
return 0;

I have rank

}

<< my_rank << "

out of " << numprocs << endl;

Here we have used the1_sarrier function to ensure that every process has completed its gegtouctions
in a particular order. A barrier is a special collective @iem that does not allow the processes to continue
until all processes in the communicator (here_covm_worLD) have callediP1_Barrier. The output is now

Hello world, I've rank 0 out of 10 procs.
Hello world, I've rank 1 out of 10 procs.
Hello world, I've rank 2 out of 10 procs.
Hello world, I've rank 3 out of 10 procs.
Hello world, I've rank 4 out of 10 procs.
Hello world, I've rank 5 out of 10 procs.
Hello world, I've rank 6 out of 10 procs.
Hello world, I've rank 7 out of 10 procs.
Hello world, I've rank 8 out of 10 procs.
Hello world, I've rank 9 out of 10 procs.

The barriers make sure that all processes have reachecdhtieepgant in the code. Many of the collective op-
erations likevp1_ALLREDUCE t0 be discussed later, have the same property; viz. no ppeegsexit the operation
until all processes have started. However, this is slightye time-consuming since the processes synchronize
between themselves as many times as there are processhe.next Hello world example we use the send
and receive functions in order to a have a synchronizedractio
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http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter0@7/program4.cpp

// Third C++ example of MPI Hello world
using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, charx args[])
{
int numprocs, my_rank, flag;
// MPI initializations
MPI_Status status;
MPI_Init (&nargs, &args);
MPI_Comm_size (MPI_COMM_WORLD, &numprocs);
MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);
// Send and Receive example
if (my_rank > 0)
MPI_Recv (&flag, 1, MPI_INT, my_rank-1, 100, MPI_COMM_WORLD, &status);
cout << "Hello world, I have rank " << my_rank << " out of " << numprocs << endl;
if (my_rank < numprocs-1)
MPI_Send (&my_rank, 1, MPI_INT, my_rank+1l, 100, MPI_COMM_WORLD);
// End MPI
MPI_Finalize ();
return 0;

The basic sending of messages is given by the funetiorseno, which in C++ is defined as

'MPI,Send(void *buf, int count, MPI_Datatype datatype, int dest, int tag, MPI_Comm comm) [

while in Fortran we would call this function with the follong parameters

'CALL MPI_SEND(buf, count, MPI_TYPE, dest, tag, comm, ierr). [

This single command allows the passing of any kind of vaeéaéVen a large array, to any group of tasks. The
variablebuf is the variable we wish to send whiteunt is the number of variables we are passing. If we are
passing only a single value, this should be 1. If we trangfiearaay, it is the overall size of the array. For
example, if we want to send a 10 by 10 array, count would(e 10 = 100 since we are actually passing
100 values.

We define the type of variable usimgi_type in order to let MPI function know what to expect. The
destination of the send is declared via the variabte, which gives the ID number of the task we are sending
the message to. The variahlg is a way for the receiver to verify that it is getting the megsé expects.
The message tag is an integer number that we can assign amey makmally a large number (larger than the
expected number of processes). The communicataeris the group ID of tasks that the message is going
to. For complex programs, tasks may be divided into grougpéd up connections and transfers. In small
programs, this will more than likely be Mp1_comv_woRrLD.

Furthermore, when an MPI routine is called, the Fortran of Gata type which is passed must match the
corresponding MPI integer constant. An integer is definesbagnT in C++ andvPI_INTEGER in Fortran. A
double precision real i8p1_bousLE in C++ andMPI_DOUBLE_PRECISION in Fortran and single precision real is
MPI_FLOAT in C++ andvwpI_ReAL in Fortran. For further definitions of data types see chdpierof Ref. [16].

Once you have sent a message, you must receive it on anakeftee functiomp1_recv is similar to the
send call. In C++ we would define this as

MPI_Recv( void *buf, int count, MPI_Datatype datatype, int source, int tag, MPI_Comm comm,
MPI_Status *status )

while in Fortran we would use the call

CALL MPI_RECV(buf, count, MPI_TYPE, source, tag, comm, status, ierr)}.
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The arguments that are different from thosemmn_senp arebuf which is the name of the variable where you
will be storing the received dategurce which replaces the destination in the send command. THigiseturn
ID of the sender.

Finally, we have usemP1_status~status; where one can check if the receive was completed. The source
or tag of a received message may not be known if wildcard gadwe used in the receive function. In C++,
MPI Status is a structure that contains further informati®ne can obtain this information using

MPI_Get_count (MPI_Status *status, MPI_Datatype datatype, int *count)}

The output of this code is the same as the previous examplaplbuprocess 0 sends a message to process 1,
which forwards it further to process 2, and so forth.
Armed with this wisdom, performed all hello world greeting® are now ready for serious work.

4.7.4 Numerical integration with MPI

To integrate numerically with MPI we need to define how to send receive data types. This means also that
we need to specify which data types to send to MPI functions.
The program listed here integrates

by simply adding up areas of rectangles according to therithgo discussed in EqL{4.5), rewritten here

N

b
I :/ f(x)dx ~ hZf(«Ti—l/Q)v

=1

wheref(z) = 4/(1+2?). Thisis a brute force way of obtaining an integral but suffitedemonstrate our first
application of MPI to mathematical problems. What we do isubdivide the integration rangec [0, 1] into

n rectangles. Increasingshould obviously increase the precision of the result, asugised in the beginning
of this chapter. The parallel part proceeds by letting epeogess collect a part of the sum of the rectangles.
At the end of the computation all the sums from the processesuammed up to give the final global sum. The
program below serves thus as a simple example on how to ateegr parallel. We will refine it in the next
examples and we will also add a simple example on how to imgtethe trapezoidal rule.

http://www.fys.ulio.no/compphys/cp/programs/FYS3150/MP1/chapter@7/program5.cpp

1 // Reactangle rule and numerical integration using MPI send and Receive
2 using namespace std;

3 #include <mpi.h>

4  #include <iostream>

5 int main (int nargs, charx args[])

6 {

7 int numprocs, my_rank, i, n = 1000;

8 double local_sum, rectangle_sum, x, h;

9 // MPI initializations

10 MPI_Init (&nargs, &args);

11 MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

12 MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

13 // Read from screen a possible new vaue of n

14 if (my_rank == 0 && nargs > 1) {

15 n = atoi(args[1l]);

16 }

17 h =1.0/n;

18 // Broadcast n and h to all processes

19 MPI_Bcast (&n, 1, MPI_INT, ©, MPI_COMM_WORLD);

20 MPI_Bcast (&h, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);
21 // Every process sets up its contribution to the integral
22 local_sum = 0.;
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23 for (i = my_rank; i < n; i += numprocs) {
24 X = (i+0.5)*h;

25 local_sum += 4.0/ (1.0+xx*x);

26}

27 local_sum *= h;

28 if (my_rank == 0) {

29 MPI_Status status;

30 rectangle_sum = local_sum;

31 for (i=1; i < numprocs; i++) {

32 MPI_Recv(&local_sum,1,MPI_DOUBLE,MPI_ANY_SOURCE,500,MPI_COMM_WORLD,&status);
33 rectangle_sum += local_sum;

34 }

35 cout << "Result: " << rectangle_sum << endl;

36 } else

37 MPI_Send(&local_sum,1,MPI_DOUBLE,®,500,MPI_COMM_WORLD) ;
38 // End MPI

39 MPI_Finalize ();

40 return 0;

41 }

After the standard initializations with MPI such as

MPI_Init, MPI_Comm_size, MPI_Comm_rank,

MPI_COMM_WORLD contains now the number of processes defined by using forgheam
mpirun -np 10 ./prog.x

In line 14 we check if we have read in from screen the numberedmpoints:. Note that in line 7 we fix
n = 1000, however we have the possibility to run the code with a dffémumber of mesh points as well.
If my_rank equals zero, which correponds to the master node, then weareaw value of: if the number of
arguments is larger than two. This can be done as follows wigerun the code

mpiexec -np 10 ./prog.x 10000

In line 17 we define also the step lendthin lines 19 and 20 we use the broadcast funatinBscast. We use
this particular function because we want data on one procésar master node) to be shared with all other
processors. The broadcast function sends data to a groupadgses. The MPI routine1_scast transfers
data from one task to a group of others. The format for theig@ll C++ given by the parameters of

'{MPI_Bcast (&n, 1, MPI_INT, 0, MPI_COMM_WORLD);. [

In case we have a floating point variable we need to declare

'MPI_Bcast (&, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD); [

The general structure of this function is

'MPI_Bcast( void *buf, int count, MPI_Datatype datatype, int root, MPI_Comm comm) [

All processes call this function, both the process sendiegiata (with rank zero) and all the other processes
in MPI_coMM_WORLD. Every process has now copiesrofindh, the number of mesh points and the step length,
respectively.

We transfer the addressesroaindh. The second argument represents the number of data serisérot
a one-dimensional array, one needs to transfer the numberayf elements. If you have anx m matrix, you
must transfen x m. We need also to specify whether the variable type we traissfenon-numerical such as
a logical or character variable or numerical of the integgal or complex type.

We transfer also an integer variahilee root. This variable specifies the process which has the original
copy of the data. Since we fix this value to zero in the callied 19 and 20, it means that it is the master
process which keeps this information. For Fortran, thicfiom is called via the statement

128



4.7 — Parallel computing

CALL MPI_BCAST(buff, count, MPI_TYPE, root, comm, ierr).

In lines 23-27, every process sums its own part of the final asad by the rectangle rule. The receive
statement collects the sums from all other processes imgasek==0, else an MPI send is performed.

The above function is not very elegant. Furthermore, the M$§ttuctions can be simplified by using the
functionsmMPI_Reduce Or MPI_Allreduce. The first function takes information from all processes sedds the
result of the MPI operation to one process only, typicallytiaster node. If we useI_Allreduce, the resultis
sent back to all processes, a feature which is useful whemd#s need the value of a joint operation. We limit
ourselves toPI_Reduce since it is only one process which will print out the final nuenlof our calculation,
The arguments tePI_Allreduce are the same.

Themp1_Reduce function is defined as follows

MPI_Reduce( void *senddata, void* resultdata, int count, MPI_Datatype datatype, MPI_Op, int root,
MPI_Comm comm)

The two variablesenddata and resultdata are obvious, besides the fact that one sends the address of th
variable or the first element of an array. If they are arragy theed to have the same size. The variable
count represents the total dimensionality, 1 in case of just om@bke, whileMpI_patatype defines the type of
variable which is sent and received. The new featumeisop. MPI_op defines the type of operation we want
to do. There are many options, see again Refs. [15-17] foliul In our case, since we are summing the
rectangle contributions from every process we defirreop=Mp1_sum. If we have an array or matrix we can
search for the largest og smallest element by sending eithex or Mp1_mIN. If we want the location as well
(which array element) we simply transf@r_maxLoc or mpI_mMINOC. If we want the product we writep1_pRop.
MPI_Allreduce is defined as

MPI_Allreduce( void *senddata, void* resultdata, int count, MPI_Datatype datatype, MPI_Op, MPI_Comm
comm)

The function we list in the next example is the MPI extensibprograml.cpp. The difference is that we
employ only the trapezoidal rule. It is easy to extend thidecio include gaussian quadrature or other methods.

Itis also worth noting that every process has now its ownistaand ending point. We read in the number
of integration points: and the integration limita andb. These are called andb. They serve to define the
local integration limits used by every process. The loctdnation limits are defined as

local_a = a + my_rank *(b-a)/numprocs
local_b = a + (my_rank-1) *(b-a)/numprocs.

These two variables are transfered to the method for thezaigal rule. These two methods return the local
sum variablelocal_sum. MPI_Reduce collects all the local sums and returns the total sum, wtschritten out

by the master node. The program below implements this. We abo added the possibility to measure the
total time used by the code via the callsita_wtime.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/MP1/chapter@7/program6.cpp

// Trapezoidal rule and numerical integration using MPI with MPI_Reduce
using namespace std;

#include <mpi.h>

#include <iostream>

// Here we define various functions called by the main program

double int_function(double );
double trapezoidal_rule(double , double , int , double (x)(double));

// Main function begins here
int main (int nargs, charx args[])
{

int n, local_n, numprocs, my_rank;
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double a, b, h, local_a, local_b, total_sum, local_sum;

double time_start, time_end, total_time;

// MPI initializations

MPI_Init (&nargs, &args);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank)

time_start = MPI_Wtime();

// Fixed values for a, b and n

a=0.0; b=1.0; n=1000;

h = (b-a)/n; // h is the same for all processes

local_n = n/numprocs; // make sure n > numprocs, else integer division gives zero
// Length of each process' interval of

// integration = local_nxh.

local_a = a + my_rankxlocal_nxh;

local_b = local_a + local_nxh;

total_sum = 0.0;

local_sum = trapezoidal_rule(local_a, local_b, local_n, &int_function);
MPI_Reduce(&local_sum, &total_sum, 1, MPI_DOUBLE, MPI_SUM, 0, MPI_COMM_WORLD);
time_end = MPI_Wtime();

total_time = time_end-time_start;

if ( my_rank == 0) {

cout << "Trapezoidal rule = " << total_sum << endl;
cout << "Time = " << total_time << " on number of processors: " << numprocs << endl;
}
// End MPI
MPI_Finalize ();
return 0;

} // end of main program

// this function defines the function to integrate
double int_function(double x)
{
double value = 4./(1.4+xx*x);
return value;
} // end of function to evaluate

// this function defines the trapezoidal rule
double trapezoidal_rule(double a, double b, int n, double (*func)(double))
{
double trapez_sum;
double fa, fb, x, step;
int  j;
step=(b-a)/((double) n);
fa=(xfunc) (a)/2. ;
fb=(xfunc) (b)/2. ;
trapez_sum=0.;
for (j=1; j <= n-1; j++){
x=jxstep+a;
trapez_sum+=(xfunc) (x);
}
trapez_sum=(trapez_sum+fb+fa)*step;
return trapez_sum;
} // end trapezoidal_rule

An obvious extension of this code is to read from file or screnintegration variables. One could also use
the program library to call a particular integration method

4.8 An integration class

We end thsi chapter by presenting the usage of the integrsd clefined in the program library. Here we have
defined two header files, thi@nction.h and theintegral.h files. The program below uses the classes defined
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in these header files to compute the integral

/ﬁlexp(x)cos(x}

#include <cmath>
#include <iostream>
#include "Function.h"
#include "Integral.h"

using namespace std;

class ExpCos: public Function{
public:
// Default constructor
ExpCos () {}

// Overloaded function operator().
// Override the function operator() of the parent class.
double operator() (double x){
return exp(x)x*cos(x);
}
+

int main(){
// Declare first an object of the function to be integrated
ExpCos f;
// Set integration bounds
double a = 0.0; // Lower bound
double b = 1.0; // Upper bound
int npts = 100; // Number of integration points

// Declared (lhs) and instantiate an integral object of type Trapezoidal
Integral *trapez = new Trapezoidal(a, b, npts, f);

Integral *midpt = new MidPoint(a, b, npts, f);

Integral *gl = new Gauss_Legendre(a,b,npts, f);

// Evaluate the integral of the function ExpCos and assign its
// value to the variable result;

double resultTP = trapez->evaluate();

double resultMP = midpt->evaluate();

double resultGL = gl->evaluate();

// Print the result to screen

cout << "Result with trapezoidal : " << resultTP << endl;

cout << "Result with mid-point : " << resultMP << endl;

cout << "Result with Gauss-Legendre: " << resultGL << endl;
}

The header fil&éunction.h is defined as

VAT
* @file Function.h
* Interface for mathematical functions with one or more independent variables.
* The subclasses are implemented as functors, i.e., objects behaving as functions.
* They overload the function operator().
*

* Example Usage:
// 1. Declare a functor, i.e., an object which
// overloads the function operator().
class Squared: public Function{
public:
// Overload function operator()
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double operator()(double x=0.0){
return x*x;
}
+

int main(){
// Instance an object Functor
Squared f;

// Use the instance of the object as a normal function
cout << f(3.0) << endl;

}

@endcode

*

*k/

#ifndef FUNCTION_H
#define FUNCTION_H

#include "Array.h"

class Function{
public:

//! Destructor
virtual ~Function(){}; // Not needed here.

/ *%

* @brief Overload the function operator().

*

* Used for evaluating functions with one independent variable.
*

*k/

virtual double operator()(double x){}

VAT
* @brief Overload the function operator().
*
* Used for evaluating functions with more than one independent variable.
*k/
virtual double operator()(const Array<double>& x){}
+
#endif

The header filantegral.h contains, with an example on how to use it, the followingestants

#ifndef INTEGRAL_H
#define INTEGRAL_H

#include "Array.h"
#include "Function.h"
#include <cmath>

class Integral{
protected: // Access in the subclasses.
double a; // Lower limit of integration.
double b; // Upper limit of integration.
int npts; // Number of integration points.
Function &f; // Function to be integrated.

public:

VAT
* @brief Constructor.
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@param lower_. Lower limit of integration.

@param upper—_. Upper limit of integration.

@param npts_. Number of points of integration.

@param f_. Reference to a functor representing the function to be integrated.
*k /

Integral(double lower_, double upper_, int npts_, Function &f_);

EEE R R

//! Destructor
virtual ~Integral(){}

/*%

* @brief Evaluate the integral.

* @return The value of the integral in double precision.
*k /

virtual double evaluate()=0;

// virtual forloop

}; // End class Integral

class Trapezoidal: public Integral{
private:
double h; // Step size.

public:
/x%
* @brief Constructor.

@param lower_. Lower limit of integration.

@param upper_. Upper limit of integration.

@param npts_. Number of points of integration.

@param f_. Reference to a functor representing the function to be integrated.
*k/

Trapezoidal(double lower_, double upper_, int npts_, Function &f_);

L

//! Destructor
~Trapezoidal(){}

/*%
* Evaluate the integral of a function f using the trapezoidal rule.
* @return The value of the integral in double precision.
*k/
double evaluate();
}Y; // End class Trapezoidal

class MidPoint: public Integral{
private:
double h; // Step size.

public:
/ **
* @brief Constructor.
*
* @param lower_. Lower limit of integration.
* @param upper_. Upper limit of integration.
* @param npts_. Number of points of integration.
* @param f_. Reference to a functor representing the function to be integrated.

*k/
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+;

MidPoint(double lower_, double upper_, int npts_, Function &f_);

//! Destructor
~MidPoint () {}

/ *%

* Evaluate the integral of a function f using the midpoint approximation.
*

* @return The value of the integral in double precision.

*x/

double evaluate();

class Gauss_lLegendre: public Integral{
private:

static const double ZERO = 1.0E-10;
static const double PI = 3.14159265359;
double h;

public:

};

/ *%
* @brief Constructor.

@param lower_. Lower limit of integration.

@param upper_. Upper limit of integration.

@param npts_. Number of points of integration.

@param f_. Reference to a functor representing the function to be integrated.
*k/

Gauss_Legendre(double lower_, double upper_, int npts_, Function &f_);

* X X X X

//! Destructor
~Gauss_Legendre(){}

VAT

* Evaluate the integral of a function f using the Gauss-Legendre approximation.
*

* @return The value of the integral in double precision.

*k/

double evaluate();

#endif
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Chapter 5

Non-linear equations and roots of
polynomials

5.1 Introduction

In physics we often encounter the problem of determiningalo¢of a functionf (z). Especially, we may need
to solve non-linear equations of one variable. Such egostioe usually divided into two classes, algebraic
equations involving roots of polynomials and transcenalesjuations. When there is only one independent
variable, the problem is one-dimensional, namely to findrth@ or roots of a function. Except in linear
problems, root finding invariably proceeds by iteratiord &mis is equally true in one or in many dimensions.
This means that we cannot solve exactly the equations at. hRather, we start with some approximate
trial solution. The chosen algorithm will in turn improvestBolution until some predetermined convergence
criterion is satisfied. The algoritms we discuss below gtetm implement this strategy. We will deal mainly
with one-dimensional problems.

You may have encountered examples of so-called transctl@guations when solving the Schrédinger
equation (SE) for a particle in a box potential. The one-disienal SE for a particle with mass is

h? d*u
R + V(z)u(z) = Fu(x), (5.1)
and our potential is defined as
-V 0<Lz<a
V(r) = { 0 > a (5.2)

Bound states correspond to negative endrfggnd scattering states are given by positive energies. The SE
takes the form (without specifying the sign b}

d*u(x)  2m

= + 7 Vo+E)u(z) =0 z<a, (5.3)
and
d*u(x) 2m
= + ﬁEu(z) =0 z>a. (5.4)

If we specialize to bound statés < 0 and implement the boundary conditions on the wave functiewbtain

u(r) = Asin(+/2m(Vy — |E|)r/h) r <a, (5.5)
and
u(r) = Bexp (—+/2m|E|r/h) r>a, (5.6)
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Figure 5.1: Plot off (E) in Eq. (&8) as function of energy |E| in MeV. Te functif(F) is in units of mega-
electronvolts MeV. Note well that the enerdyis for bound states.

whereA andB are constants. Using the continuity requirement on the Wiiavetion atr = a one obtains the
transcendental equation

V2m (Vo — | E|) cot (v/2ma2(Vy — |E|)/h) = —\/2m|E|. (5.7)

This equation is an example of the kind of equations whichidcte solved by some of the methods
discussed below. The algorithms we discuss are the bisegtaihod, the secant, false position and Brent’s
methods and Newton-Raphson’s method.

In order to find the solution for Eq{3.7), a simple procedsri® define a function

F(B) = v/2m(Vo — | E]) cot (v/2ma?(Vo — [E|)/h) + /2m|E]. (5.8)

and with chosen or given values farandV;, make a plot of this function and find the approximate region
along theE — azis wheref(E) = 0. We show this in FigiBl1 foby = 20 MeV, a = 2 fm andm = 938
MeV. Fig.[51 tells us that the solution is close f¢| ~ 2.2 (the binding energy of the deuteron). The methods
we discuss below are then meant to give us a numerical solfdgiaZ wheref(E) = 0 is satisfied and with

E determined by a given numerical precision.

5.2 Iteration methods

To solve an equation of the tyg&z) = 0 means mathematically to find all numbelkso thatf(s) = 0. In
all actual calculations we are always limited by a given giea when doing numerics. Through an iterative
search of the solution, the hope is that we can approachimnatlyiven tolerance, a valuexy which is a
solutiontof(s) = 0 if

|zo — 5| <€, (5.9

andf(s) = 0. We could use other criteria as well like

o — S

< €, (5.10)

S

1In the following discussion, the variableis reserved for the value af where we have a solution.

136



5.3 — Bisection method

and|f(zo)| < e or a combination of these. However, it is not given that tkeaitive process will converge
and we would like to have some conditions prvhich ensures a solution. This condition is provided by the
so-called Lipschitz criterion. If the functiofi, defined on the intervak, b] satisfies for alk;; andz, in the
chosen interval the following condition

|f(z1) = fz2)] < Elor — 22, (5.11)

with & a constant, therf is continuous in the intervak, b]. If f is continuous in the intervad, b], then the
secant condition gives

f@1) = f(x2) = f'(€) (21 — x2), (5.12)
with 21, 22 within [a, b] and¢ within [z1, 22]. We have then
|f(@1) = f(z2)] < [F'(©)] |21 — 2] (5.13)

The derivative can be used as the conskaritVe can now formulate the sufficient conditions for the conve
gence of the iterative search for solutions{a) = 0.

1. We assume thatis defined in the intervdh, b].
2. f satisfies the Lipschitz condition with < 1.

With these conditions, the equatigifiz) = 0 has only one solution in the intervial, b] and it converges after
n iterations towards the solutionirrespective of choice far, in the intervalla, b]. If we let z,, be the value
of z aftern iterations, we have the condition

|$1 - ,Tgl . (514)

k
— <
s $n|_1_k

The proof can be found in the text of Bulirsch and Stoer. Sihéedifficult numerically to find exactly the
point wheref(s) = 0, in the actual numerical solution one implements three tekthe type

1.
|zn — 5| <e, (5.15)

and

|f(s)] <0, (5.16)

3. and a maximum number of iterations,.xitcr iN actual calculations.

5.3 Bisection method

This is an extremely simple method to code. The philosoplmytest be explained by choosing a region in
e.g., Fig[&ll which is close to whef¢E) = 0. In our caseE| ~ 2.2. Choose a regiofu, b] so thata = 1.5
andb = 3. This should encompass the point whére- 0. Define then the point

a+b
2 b

(5.17)

and calculatef (c). If f(a)f(c) < 0, the solution lies in the regioa, ¢] = [a, (a + b)/2]. Change theh — ¢
and calculate a new value forlf f(a)f(c) > 0, the new interval is ific, b] = [(a +b)/2, b]. Now you need to
changer < c and evaluate then a new value forWe can continue to halve the interval till we have reached
a value fore which fulfills f(c) = 0 to a given numerical precision. The algorithm can be simgfyressed in
the following program
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fa = f(a);
fb = f(b);
// check if your interval is correct, if not return to main
if ( faxfb > 0) {
cout << “"\n Error, root not in interval'' << endl;
return;
}
for (j=1; j <= iter_max; j++) {
c=(a+b)/2;
fc=f(c)
// 1if this test is satisfied, we have the root ¢
if ( (abs(a-b) < epsilon ) || fc < delta ); return to main
if ( faxfc < 0){
b=c ; fb=fc;
}
else{
a=c ; fa=fc;

Note that one needs to define the values,efanditer_max when calling this function.

The bisection method is an almost foolproof method, altthdtimay converge slowly towards the solution
due to the fact that it halves the intervals. Aftedivisions by2 we have a possible solution in the interval
with length

2% b—al, (5.18)

and if we setry = (a + b)/2 and letz,, be the midpoints in the intervals we obtain afteiterations that Eq.
(&.I3) results in
1
|s —xp| < W“’—QL (5.19)

since thenth interval has lengttb — a|/2™. Note that this convergence criterion is independent obtttaal
function f(x) as long as this function fulfils the conditions discussetiexdonditions discussed in the previous
subsection.

As an example, suppose we wish to find how many iteration steppaeeded in order to obtain a relative
precision ofl0~12 for z,, in the interval[50, 63], that is

|s — @y

5]

<1012 (5.20)

It suffices in our case to study> 50, which results in

|s — xp]

<1012 5.21
<107, (5.21)
and with Eq.[[519) we obtain
13
Y < —12 .
STiEg = 1072, (5.22)

meaningn > 37. The code for the bisection method can look like this

/*

** This function

*x calculates a root between x1 and x2 of a function
** pointed to by (xfunc) using the method of bisection
**x The root is returned with an accuracy of +- xacc.
*/

double bisection(double (*func)(double), double x1, double x2, double xacc)
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int i
double dx, f, fmid, xmid, rtb;
f = (xfunc) (x1);

fmid = (xfunc) (x2);
if (fxfmid >= 0.0) {

cout << "\n\nError in function bisection():" << endl;
cout << "\nroot in function must be within" << endl;
cout << "x1 ="' << x1 << ““and x2 ' << x2 << endl;
exit(1l);
}
rtb = f < 0.0 ? (dx = x2 - x1, x1) : (dx = x1 - x2, x2);
for(j = 0; j < max_iterations; j++) {
fmid = (xfunc)(xmid = rtb + (dx *= 0.5));
if (fmid <= 0.0) rtb=xmid;
if(fabs(dx) < xacc || fmid == 0.0) return rtb;

}
cout << "Error in the bisection:" << endl; // should never reach this point
cout "Too many iterations!" << endl;

}

// End: function bisection

In this function we transfer the lower and upper limit of théeirval where we seek the solutidm; , z2]. The
variablexacc is the precision we opt for. Note that in this function thet &) < ¢ is not implemented.
Rather, the test is done througls) = 0, which is not necessarily a good option.

Note also that this function transfer a pointer to the nantee§iven function througiouble (xfunc) (double).

5.4 Newton-Raphson’s method

Perhaps the most celebrated of all one-dimensional rodirfiyroutines is Newton’s method, also called the
Newton-Raphson method. This method is distinguished fioenpreviously discussed methods by the fact
that it requires the evaluation of both the functipand its derivativef’ at arbitrary points. In this sense, it is
taylored to cases with e.g., transcendental equationsedfyfie shown in Eq[{3.8) where it is rather easy to
evaluate the derivative. If you can only calculate the dgiie numerically and/or your function is not of the
smooth type, we discourage the use of this method.

The Newton-Raphson formula consists geometrically ofrediteg the tangent line at a current point until
it crosses zero, then setting the next guess to the absdisat aero-crossing. The mathematics behind this
method is rather simple. Employing a Taylor expansiondfsufficiently close to the solutiosn, we have

(s — )

@) (5.23)

fls)=0=f(x)+ (s —2)f'(z) +

For small enough values of the function and for well-behduedtions, the terms beyond linear are unimpor-
tant, hence we obtain

f@)+ (s =) f'(x) = 0, (5.24)
yielding
. J@)
s~ @) (5.25)

Having in mind an iterative procedure, it is natural to siznating with

f(@n) (5.26)

Tnt+l = Tn — fl(l' )
n

This is Newton-Raphson’s method. It has a simple geomettizpretation, namely,,; is the point where
the tangent fronfz,,, f(x,)) crosses the—axis. Close to the solution, Newton-Raphson convergesddie
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20 | T
f(z) =z —2cos(x) ——
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15 ’ .

Figure 5.2: Example of a case where Newton-Raphson’s methesl not converge. For the functigfz) =
x — 2cos(x), we see that if we start at= 7, the first iteration gives us that the first point where we sithe
x—axis is given byr;. However, using:; as a starting point for the next iteration results in a peintvhich
is close to a local minimum. The tangent here is close to zedovee will never approach the point where

flx)=0.

desired result. However, if we are far from a root, where tighdr-order terms in the series are important, the
Newton-Raphson formula can give grossly inaccurate reshtir instance, the initial guess for the root might
be so far from the true root as to let the search interval gl local maximum or minimum of the function.
If an iteration places a trial guess near such a local extrenso that the first derivative nearly vanishes, then
Newton-Raphson may fail totally. An example is shown in

It is also possible to extract the convergence behavioriefrttethod. Assume that the functighhas a
continuous second derivative around the solutioti we define

€n = Tn —S=Tn — — S, 5.2

—enf'(Tn) + e /2f"(&) _ en/2f"(E)
f(zn) fran)

€ntl1 = €n + (528)
This gives
lenal _ 11O _ 1 1£(s)]
leal>  20f"(zn)2 211 (s)]

whenz,, — s. Our error constari is then proportional tof” (s)|/| f'(s)|? if the second derivative is different
from zero. Clearly, if the first derivative is small, the cengence is slower. In general, if we are able to start
the iterative procedure near a root and we can easily eeathatderivative, this is the method of choice. In
cases where we may need to evaluate the derivative nunmgriba previously described methods are easier
and most likely safer to implement with respect to loss of atioal precision. Recall that the numerical
evaluation of derivatives involves differences betweercfion values at different,,.

We can rewrite the last equation as

(5.29)

lent1] = C|en|2, (5.30)
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with C'a constant. If we assume th@t~ 1 and lete,, ~ 1078, this results ire,, ;1 ~ 1016, and demonstrates
clearly why Newton-Raphson’s method may converge faster the bisection method.

Summarizing, this method has a solution wh#his continuous and is a simple zero of . Then there is
a neighborhood of and a constant’ such that if Newton-Raphson’s method is started in thathi®ghood,
the successive points become steadily closerand satisfy

|5 = @n41] < Cls — anl?,

with n > 0. In some situations, the method guarantees to converge ésieed solution from an arbitrary
starting point. In order for this to take place, the functfohas to belong t6*?(R), be increasing, convex and
having a zero. Then this zero is unique and Newton’s methadarges to it from any starting point.

As a mere curiosity, suppose we wish to compute the squatefenumberR, i.e.,v/R. LetR > 0 and
define a function

f(z) =2* - R.

The variablex is a root if f(z) = 0. Newton-Raphson’s method yields then the following iteeatpproach
to the root
Tpal = % (:zrn + E) , (5.31)

a formula credited to Heron, a Greek engineer and architéect ived sometime between 100 B.C. and
A.D. 100.

Suppose we wish to computél3 = 3.6055513 and start withzy = 5. The first iteration gives; = 3.8,
ro = 3.6105263, x5 = 3.6055547 andx, = 3.6055513. With just four iterations and a not too optimal choice
of xo we obtain the exact root to a precision of 8 digits. The abaumton, together with range reduction , is
used in the intrisic computational function which compiggsare roots.

Newton’s method can be generalized to systems of severalimesr equations and variables. Consider
the case with two equations

fi(z1,2z2) =0
, 5.32
fo(z1,22) =0 (5-32)
which we Taylor expand to obtain
O:fl(xl —l—hl,IQ—l—hg) = fl(Il,I2)+h18f1/a.§C1+h28f1/85€2+... (5 33)
0=f2(1'1+h1,$2+h2)= fg(xl,xz)-i-hlafg/al'l+h26f2/ax2+... ’ '

Defining the Jacobian matrikwe have

s _ [ 0fi/0x1 Of1/0xs
1= < Ofa/0x1 Ofa/0xs > (5.34)

we can rephrase Newton’s method as
A )= () (M (5.35)
AR AN hg ) '

Y\ so1( fat,ah)
(hs)‘ J (f2<x?,x3>)' (5:38)

We need thus to compute the inverse of the Jacobian matrix @tb understand that difficulties may arise
in case] is nearly singular.
It is rather straightforward to extend the above schemedtegys of more than two non-linear equations.
The code for Newton-Raphson’s method can look like this

where we have defined
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*x This function

*x calculates a root between x1 and x2 of a function pointed to
** by (xfuncd) using the Newton-Raphson method. The user-defined
x*x function funcd() returns both the function value and its first
*x derivative at the point x,

*+x The root is returned with an accuracy of +- xacc.

double newtonraphson(void (xfuncd)(double, double *, double x), double x1, double x2,
double xacc)

{
int i
double df, dx, f, rtn;

rtn = 0.5 x (x1 + x2); // initial guess
for(j = 0; j < max_iterations; j++) {
(*funcd) (rtn, &f, &df);
dx = f/df;
rtn -= dx;

if((x1 - rtn) * (rtn - x2) < 0.0) {
cout << "\n\nError in function newtonraphson:" << endl ;
cout << "Jump out of interval bracket" << endl;
}
if (fabs(dx) < xacc) return rtn;
}
cout << "Error in function newtonraphson:" << endl;
cout << "Too many iterations!" << endl;
}

// End: function newtonraphson

We transfer again the lower and upper limit of the intervaévehwe seek the solutiofx;, 23] and the variable
xacc. Firthermore, it transfers a pointer to the name of the giueiction throughioubtle (xfunc) (double).

5.5 The secant method and other methods

For functions that are smooth near a root, the methods knegpectively as false position (or regula falsi)
and secant method generally converge faster than biselstibslower than Newton-Raphson. In both of
these methods the function is assumed to be approximatelgrlin the local region of interest, and the next
improvement in the root is taken as the point where the apprating line crosses the axis.
The algorithm for obtaining the solution for the secant mdtts rather simple. We start with the definition
of the derivative
f(xn) = f(xn-1)

f/(xn) - Tn — Tn—1

and combine it with the iterative expression of Newton-Rapts

oy = 1y — L)
n n fl(xn),
to obtain
Tn — Tn—1
Tnt1 = Tn — fxn) <f(9€n) — f(fn—1)> , (5.37)

which we rewrite to ) £ )
Tn)Tn—1 — Tn—1)Tn
Tyl = ) 5.38
T ) — F@n) 5:39)
This is the secant formula, implying that we are drawing aight line from the poin{z,,_1, f(2,-1)) to
(n, f(zy)). Where it crosses the — axis we have the new point, ;. This is illustrated in Fid5I3.
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Figure 5.3: Plot off (F) Eq. [&38) as function of energy |E|. The pairis determined by where the straight
line from (a, f(a)) to (b, f(b)) crosses the — axis.

In the numerical implementation found in the program ligréine quantities:,,—1, x,,, z,+1 are changed
to a, b andc respectively, i.e., we determingby the point where a straight line from the poiat f(a)) to
(b, f()) crosses the — axis, thatis

(5.39)

We then see clearly the difference between the bisectiohadednd the secant method. The convergence
criterion for the secant method is

lent1| = Alen|®, (5.40)

with o =~ 1.62. The convergence is better than linear, but not as good asddeRaphson’s method which
converges quadratically.

While the secant method formally converges faster tharcbi@e one finds in practice pathological func-
tions for which bisection converges more rapidly. These archoppy, discontinuous functions, or even
smooth functions if the second derivative changes shamgydy the root. Bisection always halves the interval,
while the secant method can sometimes spend many cyclely glaliing distant bounds closer to a root. We
illustrate the weakness of this method in [Eig] 5.4 where vasvshe results of the first three iterations, i.e., the
first point isc = x1, the next iteration gives = x5 while the third iterations ends with= x3. We may risk
that one of the endpoints is kept fixed while the other one shayly converges to the desired solution.

The search for the solutionproceeds in much of the same fashion as for the bisectionadetamely
after each iteration one of the previous boundary pointddsatdded in favor of the latest estimate of the
root. A variation of the secant method is the so-called falsstion method (regula falsi from Latin) where
the interval [a,b] is chosen so th#ta)f(b) < 0, else there is no solution. This is rather similar to the
bisection method. Another possibility is to determine ttertgng point for the iterative search using three
points(a, f(a)), (b, f(b)) and(c, f(c)). One can use Lagrange’s interpolation formula for a polyiabreee
the discussion in the next chapter. This procedure leadsant® method.
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Figure 5.4: Plot off (z) = 252% — 22/2 — 2. The various straight lines correspond to the determinaifo
the pointc after each iterationc is determined by where the straight line frdm f(a)) to (b, f(b)) crosses
thex — axis. Here we have chosen three valuesdor, o andxzs which refer to the first, second and third
iterations respectively.

5.6 Exercises and projects

Exercise 5.1: Comparison of methods

Write a code which implements the bisection method, NewRaphson’s method and the secant method.
Find the positive roots of
x? —4dzsinx + (2sinz)? = 0,

using these three methods and compare the achieved acourabgr of iterations needed to find the solution.
Give a critical discussion of the methods.

Project 5.1: Schrodinger’s equation

We are going to study the solution of the Schrédinger eqond&k) for a system with a neutron and proton
(the deuteron) moving in a simple box potential.

We begin our discussion of the SE with the neutron-protont@ten) system with a box potentil(r).
We define the radial part of the wave functiBir) and introduce the definitiom(r) = » R(R) The radial part
of the SE for two patrticles in their center-of-mass systeahwith orbital momentuni = 0 is then

h? d?
D V) = Bulr),
with
_ o MpMn
- Tmy +my,

wherem,, andm,, are the masses of the proton and neutron, respectively. @/aarem = 938 MeV. Our
potential is defined as

Vo 0<r<a
V(T):{ 00 r>a
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Bound states correspond to negative endrfggnd scattering states are given by positive energies. The SE
takes the form (without specifying the sign b}

d*u(r) m
e —i—ﬁ(Vo—i—E)u(r) =0 r<a,

and Eu(r)

u\r m

s + ﬁEu(r) =0 r>a.
We are now going to search for eventual bound states A.e<, 0. The deuteron has only one bound state at
energyF = —2.223 MeV. Discuss the boundary conditions on the wave functich@se these to show that
the solution to the SE is

u(r) = Asin(kr) r<a,
and

u(r) = Bexp (—fr) r > a,

whereA and B are constants. We have also defined

k= \% m(VO - |E|)/ha

and

B =+/m|E|/h.
Show then, using the continuity requirement on the wavetfandhat atr = a you obtain the transcendental
equation

kcot(ka) = —p. (5.41)

Insert values of;, = 60 MeV anda = 1.45 fm (1 fm = 10~'®> m) and make a plot plotting programs) of
Eq. (&41) as function of energy in order to find eventual eigenvalues. See if these valuestiesa bound
state forE.

When you have localized on your plot the point(s) where E@pis satisfied, obtain a numerical value
for E using Newton-Raphson’s method, the bisection method amddhant method. Make an analysis of
these three methods and discuss how many iterations arecheefind a stable solution.

What is smallest possible value & which gives a bound state?
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Chapter 6

Linear algebra

In the training of programming for scientific computatioe #ftmphasis has historically been on
squeezing out every drop of floating point performance foivargalgorithm. ...... This practice,
however, leads to highly tuned racecarlike software codeticate, easily broken and difficult
to maintain, but capable of outperforming more user-frigridmily cars. Smith, Bjorstad and
Gropp, An introduction to MPI [16]

6.1 Introduction

In this chapter we deal with basic matrix operations, sucthassolution of linear equations, calculate the
inverse of a matrix, its determinant etc. The solution oééinequations is an important part of numerical
mathematics and arises in many applications in the scierttex®e we focus in particular on so-called direct
or elimination methods, which are in principle determinebugh a finite number of arithmetic operations.
Iterative methods will be discussed in connection with eigéue problems in chaptér 7.

This chapter serves also the purpose of introducing impbptagramming details such as handling mem-
ory allocation for matrices and the usage of the librariegctviiollow these lectures. Classes and pertinent
programming aspects are relegated to the appendix.

The algorithms we describe and their original source codeta&ken from the widely used software pack-
age LAPACK [27], which follows two other popular packages@eped in the 1970s, namely EISPACK and
LINPACK. The latter was developed for linear equations aeabst square problems while the former was de-
veloped for solving symmetric, unsymmetric and generdleigenvalue problems. From LAPACK’s website
http://www.netlib.orgitis possible to download for free all source codes fromlibimry. Both C++and
Fortran versions are available. Another important libiagLAS [28], which stands for Basic Linear Algebra
Subprogram. It contains efficient codes for algebraic apmra on vectors, matrices and vectors and matrices.
Basically all modern supercomputer include this librarithvefficient algorithms. Else, Matlab offers a very
efficient programming environment for dealing with matsc&he classic text from where we have taken most
of the formalism exposed here is the book on matrix compriatby Golub and Van Loan [29]. Good recent
introductory texts are Kincaid and Cheney [24] and Dattd.[3®r more advanced ones see Trefethen and
Bau Il [31], Kress [25] and Demmel [32]. Ref. [29] contains axtensive list of textbooks on eigenvalue
problems and linear algebra. LAPACK [27] contains also esitee listings to the research literature on matrix
computations. For the introduction of the auxiliary libr&litz++ [33], which allows for a very efficient way
of handling arrays in C++ we refer to the online manuaitatp: //www.oonumerics.orgland the appendix.
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6.2 Mathematical intermezzo

The matrices we will deal with are primarily square real systmc or hermitian ones, assuming thereby that
ann x n matrix A € R"<" for a real matrill andA € C"*" fora complex matrix. For the sake of simplicity,
we take a matrixA € R**4 and a corresponding identity matiix

a1l a2 a1z a4
a1 a2 a2 a24
A= 3 I=
az1 as2 33 a4
(41 Q42 Q43 A44

(6.1)

S O O =
o O = O
o~ OO
= O O O

wherea;; € R. The inverse of a matrix, if it exists, is defined by
A1 A=T.

In the following discussion, matrices are always two-disienal arrays while vectors are one-dimensional
arrays. In our nomenclature we will restrict boldfaced talpiletters such a& to represent a general matrix,
which is a two-dimensional array, whitg; refers to a matrix element with row numbiesind column number
4. Similarly, a vector being a one-dimensional array, is lieioex and represented as (for a real vector)

x1
Z2

x € R" «— ,
3

T4

with pertinent vector elements € R. Note that this notation implies; € R**! and that the members af
are column vectors. The elementsipfe R'** are row vectors.
Tabld6.2 lists some essential features of various typestices one may encounter. Some of the matrices

Table 6.1: Matrix properties

Relations Name matrix elements

A=AT symmetric ai; = aj;

A= (AT)_1 real orthogonal >, aixajr = >, akiar; = 6i;
A=A real matrix aij = aj;

A=At hermitian ai; = aj;

A= (AT)f1 unitary Dok Gik@ = Dk OhiOkj = i

we will encounter are listed here
1. Diagonal ifa;; = 0 for i # j,

2. Upper triangular iti;; = 0 for ¢ > j, which for a4 x 4 matrix is of the form

a1 a2 a13 a4
0 azx a3 any
0 0 a3 as
0 0 0  ann

1A reminder on mathematical symbols may be appropriate fdre symbolRR is the set of real numbers. Correspondingly,Z and
C represent the set of natural, integer and complex numbespectively. A symbol likéR™ stands for am-dimensional real Euclidean
space, while”[a, b] is the space of real or complex-valued continuous funct@mnthe intervala, b], where the latter is a closed interval.
Similalry, C™[a, b] is the space ofn-times continuously differentiable functions on the int#fa, b]. For more symbols and notations,
see the main text.
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3. Lower triangular ifa;; = 0 fori < j

ail 0 0
as1 azx 0

o O O

azy agz2 ass
Q41 Q42 A43 QA44

4. Upper Hessenberg if;; = 0 for ¢ > j + 1, which is similar to a upper triangular except that it has
non-zero elements for the first subdiagonal row

ailr ai2 aiz a4
Ga21 @G22 Q23 (24
0 a3 aszz as
0 0 43 Q44

5. Lower Hessenbergif;; = 0fori < j+1

ail ai12 0 0
asy aze azz 0
asy Gzz2 asz  as4
aq1 (42 Q43 Q44

6. Tridiagonalifa;; = 0 for |i — j| > 1

ail ai12 0 0

az1 az azz O
0 a3 a3z as
0 0 43 Q44

There are many more examples, such as lower banded with f@thdwfor a,; = 0 for ¢ > j + p, upper
banded with bandwidth for a;; = 0 for i < j + p, block upper triangular, block lower triangular etc.
For a realh x n matrix A the following properties are all equivalent

1. If the inverse ofA exists,A is nonsingular.
2. The equatio’Ax = 0 impliesx = 0.
3. The rows ofA form a basis oRR™.
4. The columns oA form a basis oR".
5. A is a product of elementary matrices.
6. 0 is not an eigenvalue A.
The basic matrix operations that we will deal with are additind subtraction
A =B+ C = ay = by £y, (6.2)

scalar-matrix multiplication
A= ’}/B = Q;; = 'Ybija

vector-matrix multiplication

y=Ax =y, = Zaijxj, (6.3)
j=1
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matrix-matrix multiplication

A=BC=a;=> bick, (6.4)
k=1
transposition
A= BT — Qj; = bji,

and if A € C™*™, conjugation results in
—T —
A=B — Q5 = bji7

where a variable = x — 1y denotes the complex conjugate 0f= x + 1. In a similar way we have the
following basic vector operations, namely addition andtsadiion

X=ytz=—=uz, =y 2z,

scalar-vector multiplication
X =Y = &i = VYi,

vector-vector multiplication (called Hadamard multiglion)
X =YZ — T; = VY;Z,
the inner or so-called dot product

c=ylz=—=c= Zyjzj, (6.5)

Jj=1
with ¢ a constant and the outer product, which yields a matrix,

A=yl — Qij = YiZj, (6.6)
Other important operations are vector and matrix norms.a&<bf vector norms are the so-calledorms
[xllp = (z2]? + Ja2l? + - + [2al?),
wherep > 1. The most important are the 1, 2 angdnorms given by
[l = faa] + [wa] + - - + [aal,

1 1
/|2 = (Jz1|* + |z + -+ + |2 ]?)? = (x"x) 7,

and
|[x[[oo = max [,

for 1 < i < n. From these definitions, one can derive several importdatioas, of which the so-called
Cauchy-Schwartz inequality is of great importance for malgprithms. For ank andy being real-valued or
complex-valued quantities, the inner product space segisfi

"yl < llxll2llyll2,

and the equality is obeyed onlyxif andy are linearly dependent. An important relation which foltofkom
the Cauchy-Schwartz relation is the famous triangle mativhich states that for aryy andy in a real or
complex, the inner product space satisfies

b+ ylla < [Ix[l2 + [lyll2-

Proofs can be found in for example Ref. [29]. As discussechapte®, the analysis of the relative error is
important in our studies of loss of numerical precision.ridgsa vector norm we can define the relative error
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for the machine representation of a vectorWWe assume that/(x) € R" is the machine representation of a
vectorx € R™. If x # 0, we define the relative error as

Using theco-norm one can define a relative error that can be translatedistatement on the correct signifi-
cant digits off1(x),
||fl(x) B X||OO ~ 10—l’
1[0
where the largest component ff{(x) has roughly correct significant digits.
We can define similar matrix norms as well. The most freqyarged are the Frobenius norm

and thep-norms

1Allp =

assuming thak # 0. We refer the reader to the text of Golub and Van Loan [29] féurther discussion of
these norms.

The way we implement these operations will be discussed\bels it depends on the programming lan-
guage we opt for.

6.3 Programming details

Many programming problems arise from improper treatmeraredys. In this section we will discuss some
important points such as array declaration, memory allocand array transfer between functions. We dis-
tinguish between two cases: (a) array declarations wherarttay size is given at compilation time, and (b)
where the array size is determined during the executionegptbgram, so-called dymanic memory allocation.
Useful references on C++ programming details, in particaiathe use of pointers and memory allocation,
are Reek’s text [34] on pointers in C, Berryhill's monogrdBB] on scientific programming in C++ and fi-
nally Franek’s text [36] on memory as a programming concef iand C++. Good allround texts on C++
programming in engineering and science are the books bydfoit9] and Barton and Nackman [20]. See
also the online lecture notes on C+4hdttp: //heim.ifi.uio.no/~hpl/INF-VERK4830. For Fortran we
recommend the online lecturestettp://folk.uio.no/gunnarw/INF-VERK4820. These web pages con-
tain extensive references to other C++ and Fortran ressuBmeth web pages contain enough material, lecture
notes and exercises, in order to serve as material for ovaiestu

6.3.1 Declaration of fixed-sized vectors and matrices

Table[62 presents a small program which treats essengifrfes of vector and matrix handling where the
dimensions are declared in the program code.

In line a we have a standard C++ declaration of a vector. The compksrves memory to store five
integers. The elements are vec[0], vec[1].....,vec[4]teNbat the numbering of elements starts with zero.
Declarations of other data types are similar, includingddtire data.

The symbol vec is an element in memory containing the addoetbe first element vec[0] and is a pointer
to a vector of five integer elements.
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SEGMENTATION
FAULT.

Figure 6.1: Segmentation fault, again and again! Alas,ighéssituation you must likely will end up in, unless
you initialize, access, allocate and deallocate proparly arrays. Many program development environments
such as Dev C++ adww.bloodshed. netl provide debugging possibilities. Beware however thatedheay

be segmentation errors which occur due to errors in libsasfehe operating system. (Drawing: courtesy by
Victoria Popsueva 2003.)
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In line b we have a standard fixed-size C++ declaration of a matrix.irAtiee elements start with zero,
matr[0][0], matr[O][1], ....., matr[0][4], matr[1][O],.. . This sequence of elements also shows how data are
stored in memory. For example, the element matr[1][0] feamatr[0][4]. This is important in order to
produce an efficient code and avoid memory stride.

There is one further important point concerning matrix deaion. In a similar way as for the symhac
matr is an element in memory which contains an address to a veftiore® elements, but now these elements
are not integers. Each element is a vector of five integeris.ithe correct way to understand the declaration
in line b. With respect to pointers this means that magraster-to-a-pointer-to-an-integ&hich we can write
xxmatr. Furthermorematr isa-pointer-to-a-pointeof five integers. This interpretation is important when we
want to transfer vectors and matrices to a function.

In line c we transfer vec[] and matr[][] to the function sub_1(). Todpecific, we transfer the addresses of
vec[] and matr[][] to sub_1().

Table 6.2: Matrix handling program where arrays are definedmpilation time

int main()

{
int k,m, row = 3, col = 5;
int vec[5]; /I line a
int matr[3][5]; /I 'line b
for(k = 0; k < col; k++) vec[k] = k; /I data into vector[]
for(m =0; m< row; m++) { /I data into matr[][]

for(k = 0; k < col ; k++) matr[m][k] = m + 10« k;

}
printf("\n\nVector data in main():\n"); /I print vector data

for(k = 0; k < col; k++) printf("*vector[%d] = %d "k, vec[K]);
printf(*\n\nMatrix data in main():");

for(m =0; m< row; m++) {

printf("\n");

for(k = 0; k < col; k++)

printf("matr[%sd][[%d] = %d ",m,kmatr[m][k]);

}
}
printf("\n");
sub_1(row, col, vec, matr); /Il 'line ¢
return O;

} /I End: function main()

void sub_1{nt row, int col, int vec[], int matr[][5]) /I line d
{

int k,m;

printf("\n\nVector data in sub_1():\n"); /I print vector data

for(k = 0; k < col; k++) printf("vector[%d] = %d "k, vec[k]);
printf("\n\nMatrix data in sub_1():");
for(m =0; m< row; m++) {
printf("\n");
for(k = 0; k < col; k++) {
printf("matr[%d][[%d] = %d ",m,k, matr[m][K]);
}

}
printf("\n");
1 J/ Fnd: function sub 1()

In line d we have the function definition of sub_1(). Tim vec[] is a pointer to an integer. Alternatively
we could writeint xvec. The first version is better. It shows that it is a vectaseferal integers, but not how
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many. The second version could equally well be used to teatisé address to a single integer element. Such
a declaration does not distinguish between the two cases.

The next definition isnt matr[][5]. This is a pointer to a vector of five elements ane tompiler must be
told that each vector element contains five integers. Hewmdtamative version could be intifiatr)[5] which
clearly specifies that matr is a pointer to a vector of fivegets.

There is at least one drawback with such a matrix declaratibwe want to change the dimension of
the matrix and replace 5 by something else we have to do the shange in all functions where this matrix
occurs.

There is another point to note regarding the declaratioragfbles in a function which includes vectors
and matrices. When the execution of a function terminakbesitemory required for the variables is released.
In the present case memory for all variables in main() arervesl during the whole program execution, but
variables which are declared in sub_1() are released wigeexttcution returns to main().

6.3.2 Runtime declarations of vectors and matrices in C++

As mentioned in the previous subsection a fixed size deadaraf vectors and matrices before compilation is
in many cases bad. You may not know beforehand the actuadigatkesizes of vectors and matrices. In large
projects where memory is a limited factor it could be impott® reduce memory requirement for matrices
which are not used any more. In C an C++ it is possible and camtmpostpone size declarations of arrays
untill you really know what you need and also release memesgnvations when it is not needed any more.
The details are shown in Taldleb.3.

In line awe declare a pointer to an integer which later will be useddoesan address to the first element
of a vector. Similarilyline b declares a pointer-to-a-pointer which will contain the redd to a pointer of row
vectors, each with col integers. This will then become a ixatith dimensionality [col][col]

In line c we read in the size of vec[] and matr[][] through the numbers and col.

Next we reserve memory for the vectorline d. In line e we use a user-defined function to reserve
necessary memory for matrix[row][col] and again matr corgaghe address to the reserved memory location.
The remaining part of the function main() are as in the presicase down tbne f. Here we have a call
to a user-defined function which releases the reserved myeaidhe matrix. In this case this is not done

automatically.

In line g the same procedure is performed for vec[]. In this case #redsird C++ library has the necessary
function.

Next, inline h an important difference from the previous case occurst,Rhe vector declaration is the
same, but the matr declaration is quite different. The gpwading parameter in the call to sub_1[]iime g
is a double pointer. Consequently, mattiire h must be a double pointer.

Except for this difference sub_1() is the same as before. nEwefeature in TablEG.3 is the call to the
user-defined functionsiatrix andfree_matrix. These functions are defined in the library filecpp. The
code for the dynamic memory allocation is given below.

http://www.fys.ulo.no/compphys/cp/programs/FYS3150/cpp/cpluspluslibrary/Llib.cpp

/%
* The function
* void xxmatrix()
* reserves dynamic memory for a two-dimensional matrix
* using the C++ command new . No initialization of the elements.
* Input data:
* int row - number of rows
* int col - number of columns
* int num_bytes- number of bytes for each
* element
* Returns a void x*pointer to the reserved memory location.
*/
void sxmatrix(int row, int col, int num_bytes)
{

156


http://www.fys.uio.no/compphys/cp/programs/FYS3150/cpp/cplusplus library/lib.cpp

6.3 — Programming details

Table 6.3: Matrix handling program with dynamic array adition.

int main()

{
int xvec;
int xxmatr;

}

int m, k, row, col, total = 0;

printf("\n\nRead in number of rows = ");
scanf('sd" ,&row);

printf("\n\nRead in number of column = ");
scanf('sd", &col);

vec =new int [col];

matr = (nt xx)matrix(row, col,sizeofint));
for(k = 0; k < col; k++) vec[k] = k;

for(m =0; m< row; m++) {

for(k = 0; k < col; k++) matr[m][k] = m + 10x k;

}
printf("\n\nVector data in main():\n");

/I line a
/I line b

/I line ¢

/I line d

/I 'line e

/I store data in vector[]
/I store data in array[][]

/I print vector data

for(k = 0; k < col; k++) printf(*vector[%d] = %d " k,veclK]);

printf("\n\nArray data in main():");
for(m = 0; m< row; m++) {

printf("\n");

for(k = 0; k < col; k++) {

printf("matrix[%d] [[%d] = %d ",m, k, matr[m][k]);

}

}
printf("\n");
for(m = 0; m< row; m++) {
for(k = 0; k < col; k++) total += matr[m][K];
}
printf("\n\nTotal = %d\n",total);
sub_1(row, col, vec, matr);
free_matrix(¢oid *x)matr);
delete[] vec;
return O;
/I End: function main()

void sub_1{nt row, int col, int vec[], int «xmatr)

{

}

int k,m;

printf("\n\nVector data in sub_1():\n");

/I access the array

/I line f
/I line g

/I line h

/I print vector data

for(k = 0; k < col; k++) printf("vector[%d] = %d "k, vec[k]);

printf("\n\nMatrix data in sub_1():");
for(m =0; m< row; m++) {

printf("\n");

for(k = 0; k < col; k++) {

printf("matrix[%d][[%d] = %d ",m,kmatr[m][k]);

}
}
printf("\n");
/I End- function sub 1()
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int i, num;
char  sxpointer, x*ptr;

pointer = new(nothrow) charx [row];

if(!pointer) {
cout << "Exception handling: Memory allocation failed";
cout << " for "<< row << "row addresses !" << endl;
return NULL;

}

i = (row *x col * num_bytes)/sizeof(char);

pointer[@] = new(nothrow) char [i];

if(!pointer[0]) {
cout << "Exception handling: Memory allocation failed";
cout << " for address to " << i << " characters !" << endl;
return NULL;

}

ptr = pointer[0];

num = col * num_bytes;

for(i = 0; i < row; i++, ptr += num ) {
pointer[i] = ptr;

}

return (void x*x)pointer;

} // end: function void **matrix()

As an alternative, you could write your own allocation andliiteation of matrices. This can be done
rather straightforwardly with the following statementsedall first that a matrix is represented by a double
pointer that points to a contiguous memory segment holdsepaience of double* pointers in case our matrix
is a double precision variable. Then each double* pointémntpdo a row in the matrix. A declaration like
doublexxA; means that A is a pointer to the + 1-th row A[i] and A:][;] is matrix entry(i, 7). The way we
would allocate memory for such a matrix of dimensionality n is for example using the following piece of
code

int n;
double *x A;

A = new doublex[n]
for (i =0; i <n; i++)
Ali] new double[N];

When we declare a matrix (a two-dimensional array) we must dieclare an array of double variables. To
each of this variables we assign an allocation of a singieedsional array. A conceptual picture on how a
matrix A is stored in memory is shown in Fig_5.2.

Allocated memory should always be deleted when it is no lomgeded. We free memory using the
statements

for (i =0; i <n; i++)
delete[] A[il;
delete[] A;

delete[]A;, Which frees an array of pointers to matrix rows.
However, including a library like Blitz+http://www.oonumerics.org makes life much easier when
dealing with matrices. This is discussed in the appendix.

6.3.3 Matrix operations and C++ and Fortran features of matnandling

Many program libraries for scientific computing are writt@nFortran, often also in older version such as
Fortran 77. When using functions from such program libsarikere are some differences between C++ and
Fortran encoding of matrices and vectors worth noticingreHire some simple guidelines in order to avoid
some of the most common pitfalls.
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double * xA = double x A[0. .. 3]
Al0] A[OJ[O] | A[OJ[] | Af0][2]| Afo][3]
All] ALJ[OT| A[L[A]| A[L[2]| A[1][3]
Al2] ALJ[OT | ARJ[1]| A[21[2]| A[2][3]
Al2] ABJ[OT| ABI[1]| A[3][2]| A[3][3]

Figure 6.2: Conceptual representation of the allocatica mfatrix in C++.

First of all, when we think of am x n matrix in Fortran and C++, we typically would have a mentatypie
of a two-dimensional block of stored numbers. The computmes them however as sequential strings of
numbers. The latter could be stored as row-major order ameotmajor order. What do we mean by that?
Recalling that for our matrix elements;, ¢ refers to rows ang to columns, we could store a matrix in the
sequenceyiais ... a1,a21022 . . - Aoy, - - . Gny i it iS row-major order (we go along a given roinand pick up
all column elementg) or it could be stored in column-major order as; . . . a,1a12022 . .. Ap2 - . . App-

Fortran stores matrices in the latter way, i.e., by colunajem while C++ stores them by row-major. It
is crucial to keep this in mind when we are dealing with masijdecause if we were to organize the matrix
elements in the wrong way, important properties like thedpmse of a real matrix or the inverse can be
wrong, and obviously yield wrong physics. Fortran subgsijegin typically withl, although it is no problem
in starting with zero, while C++ starts with for the first element. This means thaf1,1) in Fortran is
equivalent toA[0][0] in C++. Moreover, since the sequential storage in memorynsézat nearby matrix
elements are close to each other in the memory locationst(e@neby easier to fetch) , operations involving
e.g., additions of matrices may take more time if we do nqieesthe given ordering.

To see this, consider the following coding of matrix additio C++ and Fortran. We have x n matrices
A, B andC and we wish to evaluatA = B + C according to Eq[{6]2). In C++ this would be coded like

for(i=0 ; i < n ; i++) {
for(j=0 ; j <n; j++) {
alil[jl=b[i]1[j]l+c[i][]]
}
}

while in Fortran we would have

DO j=1, n
DO i=1, n
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a1 a11 a2 a3 11
a2 21 22 23 21
— =
ai3 a31 32 a33 a3
21 a12
22 22
ao3 a32
as1 a3
asz2 23
as3 ass

Figure 6.3: Row-major storage of a matrix to the left (C++ Jvayd column-major to the right (Fortran way).

a(i,j)=b(i,j)+c(i,j)
ENDDO
ENDDO

Fig.[6:3 shows how & x 3 matrix A is stored in both row-major and column-major ways.

Interchanging the order afand; can lead to a considerable enhancement in process time rtiafrove
write the above statements in a much simpler wayc. However, the addition still involves n? operations.
Matrix multiplication or taking the inverse requiresn? operations. The matrix multiplication of EG._{5.4) of
two matricesA = BC could then take the following form in C++

for(i=0 ; i < n ; i++) {
for(j=0 ; j < n ; j++) {
for(k=0 ; k < n ; k++) {
alil[jl+=bli]l[k]*c[k][j]
}
}
}
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and in Fortran we have

DO j=1, n
DO i=1, n
DO k =1, n
a(i,j)=a(i,j)+b(i,k)=*c(k,j)
ENDDO
ENDDO
ENDDO

However, Fortran has an intrisic function called MATMUL,cathe above three loops can be coded in a
single statemeni=MATMUL (b, c). Fortran contains several array manipulation statemsuats) as dot product of
vectors, the transpose of a matrix etc etc. The outer praxfuaio vectors is however not included in Fortran.
The coding of Eq.[(G]6) takes then the following form in C++

for(i=0 ; i < n ; i++) {
for(j=0 ; j < n; j++) {
alil[jl+=x[il*y[jl
}
}

and in Fortran we have

DO j=1, n
DO i=1, n
a(i,j)=a(i,j)+x(j)*y(1)
ENDDO
ENDDO

A matrix-matrix multiplication of a general x n matrix with
a(i, j) = a(i, j) + b(i, k) * c(k, j),

in its inner loops requires a multiplication and an additigve define now a flop (floating point operation) as
one of the following floating point arithmetic operationi a&ddition, subtraction, multiplication and division.
The above two floating point operations (flops) are deh@#mes meaning that a general matrix multiplication
require2n? flops if we have a square matrix. If we assume that our competéorms10° flops per second,
then to perform a matrix multiplication of B000 x 1000 case should take two seconds. This can be reduced
if we multiply two matrices which are upper triangular sush a

air a2 a3 a4
0 a2 a3 ao
0 0 aszs Qas4
0 0 0 Q44

The multiplication of two upper triangular matricBC yields another upper triangular mate, resulting in
the following C++ code

for(i=0 ; i < n ; i++) {
for(j=i ; j <n; j++) {
for(k=i ; k < j ; k++) {
alil[jl+=bli][K]*c[k][j]
}
}
}

The fact that we have the constraint j leads to the requirement for the computatiomgfof 2(j — i + 1)
flops. The total number of flops is then

n n ' ‘ n n—i+1 . n2 _,+12
DRIEEDESIPIET P S

=1 j=1 =1 j=1 i=1
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where we used thaC_, j = n(n+1)/2 ~ n?/2 for largen values. Using in addition thaT”_, j* ~ n®/3

for largen values, we end up with approximatety /3 flops for the multiplication of two upper triangular
matrices. This means that if we deal with matrix multiplioatof upper triangular matrices, we reduce the
number of flops by a factor six if we code our matrix multiptioa in an efficient way.

Itis also important to keep in mind that computers are fimite can thus not store infinitely large matrices.
To calculate the space needed in memory fonax n matrix with double precision, 64 bits or 8 bytes for
every matrix element, one needs simply computen x 8 bytes . Thus, ifx = 10000, we will need close to
1GB of storage. Decreasing the precision to single pratisioly halves our needs.

A further point we would like to stress, is that one should engral avoid fixed (at compilation time)
dimensions of matrices. That is, one could always spec#ydtgiven matrixA should have sizel[100][100],
while in the actual execution one may use oAl 0][10]. If one has several such matrices, one may run out of
memory, while the actual processing of the program doesmalyithat. Thus, we will always recommend that
you use dynamic memory allocation, and deallocation ofyarrehen they are no longer needed. In Fortran
one uses the intrisic functiodd LOCATE andDEALLOCATE , while C++ employs the functionrsewand
delete

Fortran allocate statement and mathematical operations orarrays

An array is declared in the declaration section of a progmawgule, or procedure using the dimension at-
tribute. Examples include

REAL, DIMENSION (10) :: X,y

REAL, DIMENSION (1:10) :: X,y
INTEGER, DIMENSION (-10:10) :: prob
INTEGER, DIMENSION (10,10) :: spin

The default value of the lower bound of an array is 1. For tb&spn the first two statements are equivalent to
the first. The lower bound of an array can be negative. Théasstatements are examples of two-dimensional
arrays.

Rather than assigning each array element explicitly, weusagnan array constructor to give an array a set
of values. An array constructor is a one-dimensional listadfies, separated by commas, and delimited by "(/"
and "/)". An example is

a(l:3) = (/ 2.0, -3.0, -4.0 /)

is equivalent to the separate assignments

a(l) = 2.0
a(2)

a(3)

-3.0
-4.0

One of the better features of Fortran is dynamic storageaiion. That is, the size of an array can be
changed during the execution of the program. To see how thardic allocation works in Fortran, consider
the following simple example where we set up & 4 unity matrix.

IMPLICIT NONE
! The definition of the matrix, using dynamic allocation
REAL, ALLOCATABLE, DIMENSION(:,:) :: unity
! The size of the matrix
INTEGER :: n
! Here we set the dim n=4
n=4
! Allocate now place in memory for the matrix
ALLOCATE ( unity(n,n) )
! all elements are set equal zero
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unity=0.
! setup identity matrix
DO i=1,n
unity(i,i)=1.
ENDDO
DEALLOCATE ( unity)

We always recommend to use the deallocation statemeng i frees space in memory. If the matrix is
transferred to a function from a calling program, one candfer the dimensionality. of that matrix with
the call. Another possibility is to determine the dimensility with the SIZE function. Writing a statement
like n=s1zE(unity,DIM=1) gives the number of rows, while using DIM=2 gives the humldezalumns. Note
however that this involves an extra call to a function. Ifegppenatters, one should avoid such calls.

6.4 Linear Systems

In this section we outline some of the most used algorithnsehee sets of linear equations. These algorithms
are based on Gaussian elimination [25, 29] and will allowousatch several birds with a stone. We will show
how to rewrite a matridA in terms of an upper and a lower triangular matrix, from whigheasily can solve
linear equation, compute the inverse Afand obtain the determinant. We start with Gaussian elinginat
move to the more efficient LU-algorithm, which forms the ls&sir many linear algebra applications, and end
the discussion with special cases such as the Cholesky gesition and linear system of equations with a
tridiagonal matrix.

We begin however with an example which demonstrates theritaipee of being able to solve linear equa-
tions. Suppose we want to solve the following boundary valpgation

d*u(x)
dx?

= f(z,u(x)),

with z € (a,b) and with boundary conditions(a) = u(b) = 0. We assume thaf is a continuous function in
the domainc € (a, b). Since, except the few cases where it is possible to find &aalylutions, we will seek
approximate solutions, we choose to represent the appatiximto the second derivative from the previous
chapter

f/l _ fh _2£02+f—h +O(h2)

We subdivide our intervat € (a, b) into n subintervals by setting, = a + ih, withi =0,1,...,n + 1. The
step size is then given by = (b — a)/(n + 1) with n € N. For the internal grid points = 1,2,...n we
replace the differential operator with the above formukutténg in

o (1) ~ u(x; + h) — 2u(x;) + u(x; — h)’

h2

which we rewrite as

7" Uj4+1 — 2UZ + Uj—j
u, ~ .

7 h2

We can rewrite our original differential equation in ternfsaliscretized equation with approximations to the
derivatives as
C Wi1 — 2ui + Ui

W2 = [, u(z;)),

withi =1,2,...,n. We need to add to this system the two boundary conditidas = uo andu(b) = wy41.
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If we define a matrix

2 -1
-1 2 -1
1 -1 2 -1
A=z
-1 2 -1
-1 2
and the corresponding vectais= (u1, uz, . .., u,)? andf(u) = f(x1, 72, ..., Tn, u1,u2,. .., u,)T we can

rewrite the differential equation including the boundaoyditions as a system of linear equations with a large
number of unknowns
Au = f(u). (6.7)

We assume that the solutienexists and is unique for the exact differential equation,thiat the boundary
value problem has a solution. But the discretization of theva differential equation leads to several questions,
such as how well does the approximate solution resemblextet ene ag — 0, or does a given small value
of h allow us to establish existence and uniqueness of the soluti
Here we specialize to two particular cases. Assume firsthieguinctionf does not depend an(x). Then
our linear equation reduces to
Au=f, (6.8)

which is nothing but a simple linear equation with a tridingbmatrix A. We will solve such a system of
equations in subsecti@n 6.1.3.

If we assume that our boundary value problem is that of a quamhechanical particle confined by a
harmonic oscillator potential, then our functigriakes the form (assuming that all constants- h = w = 1)
f(mi,u(x;)) = —x2u(x;) + 2 u(z;) with X being the eigenvalue. Inserting this into our equation, efine

first a new matrixA as

2 2 1
Rz g2
1 2 2 1
o e —|—1x2 2_? 2 1
— = £ + €T —
A= h® h* 3 h® , (6.9)
1 2 2 1
o +fn_1 s 7,
Rz pz T
which leads to the following eigenvalue problem
2 2 1
RIS S “ “
1 2 2 1
- - R U2 U2
1 2 2 1
— Z_ + x —
hZ h2 3 hZ — 92\
1 2 2 1
S +117n_1 s 7,
—7z 7z + 25, Up, Up,

We will solve this type of equations in chapl@r 7. These lechotes contain however several other examples
of rewriting mathematical expressions into matrix prokseim chaptef}4 we show how a set of linear integral
equation when discretized can be transformed into a simpleixrinversion problem. The specific example
we study in that chapter is the rewriting of Schrodinger'satepn for scattering problems. Other examples of
linear equations will appear in our discussion of ordinargt partial differential equations.

6.4.1 Gaussian elimination

Any discussion on the solution of linear equations shouddt stith Gaussian elimination. This text is no
exception. We start with the linear set of equations

Ax =w.
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We assume also that the matk is non-singular and that the matrix elements along the diabgsatisfy
a;; # 0. We discuss later how to handle such cases. In the discuagidimit ourselves again to a matrix
A € R**4 resulting in a set of linear equations of the form

ailp a2 aiz ai4 T1 w1
a21 a2z (23 424 Z2 _ w2
a3l Q32 a33 (34 T3 w3
41 A42 A43 QA44 T4 Wy
or
a11%1 + a12%2 + A13%3 + G144 = W1
2121 + A22%2 + G23%3 + A24T4 = W2
3171 + a32T2 + a33T3 + a34T4 = W3
4171 + Q42T2 + Q43T3 + A44T4 = W4.

The basic idea of Gaussian elimination is to use the firsttimuto eliminate the first unknown, from the
remainingn — 1 equations. Then we use the new second equation to elimimatetond unknown, from
the remaining: — 2 equations. Withn — 1 such eliminations we obtain a so-called upper triangultwfe
equations of the form

bi1x1 + bioxe + bizrs +biars = 1

booxo 4 basxs + boszs = Y2
b3zxz + b3aws = Y3
buazs = ya.

We can solve this system of equations recursively startiogn fz,, (in our caser,) and proceed with what is
called a backward substitution. This process can be exguierathematically as

1 n
xm:—<ym— Z bmkxk> m=n—1n-—2,...,1.

b
mm k=m-+1

To arrive at such an upper triangular system of equationstaréby eliminating the unknowry, for j = 2, n.

We achieve this by multiplying the first equation by /a1; and then subtract the result from tfté equation.

We assume obviously that; # 0 and thatA is not singular. We will come back to this problem below.
Our actualt x 4 example reads after the first operation

ail ai2 a3 a4 T Y1
0 (age — #202) (a9 — “2H3)  (agy — 4214 T2 | _ wy?
0 (asy — ®02)  (ag3 — “243) (a5 — “210) T3 w§2)
0 (ag— 4392) (45— 2280) (g — 20tu) |\ g wi?
or
b11w1 + b1awe + b1z +buursa =

aé%):m + a%)xg + aéi)x4 = wéQ)

s s+l ul?

afé):vg + ag)m + aﬁ)m = wff),

(6.10)

with the new coefficients
blk:a&) k=1,...,n,
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where eaclm&) is equal to the originat; element. The other coefficients are

n @)

@ _ o _ %1%
ajy =a;, — 7(1) g k=2,...,n,
ary

with a new right-hand side given by

@), (1)

1 2 1 a1 Wy .
ylzwg),w§):w§)—7j o j=2,...,n.

ary

We have also sebgl) = wy, the original vector element. We see that the system of unkea;, ..., z, is

transformed into an — 1) x (n — 1) problem.
This step is called forward substitution. Proceeding whtkse substitutions, we obtain the general expres-
sions for the new coefficients

(m) _(m)
(m4+1) _  (m) Aim T . .
A = ay _7ja(m) BLk=m+1...,n,

withm = 1,...,n — 1 and a right-hand side given by
(m)_ (m)

(m+1) _  (m) _ %jm Wm
EE

j=m-+1,...,n.

This set ofn — 1 elimations leads us to Eq.{6110), which is solved by baclssuion. If the arithmetics is
exact and the matrixA is not singular, then the computed answer will be exact. Hewes discussed in the
two preceeding chapters, computer arithmetics is not eXgetwill always have to cope with truncations and
possible losses of precision. Even though the matrix elésreong the diagonal are not zero, numerically
small numbers may appear and subsequent divisions mayddadye numbers, which, if added to a small
number may yield losses of precision. Suppose for examptetlr first division inage — as1a12/a11) results

in —107, that isas; a2 /a11. Assume also thaty, is one. We are then adding” + 1. With single precision
this results inl0?. Already at this stage we see the potential for producingwyresults.

The solution to this set of problems is called pivoting, areddistinguish between partial and full pivoting.
Pivoting means that if small values (especially zeros) gieapon the diagonal we remove them by rearranging
the matrix and vectors by permuting rows and columns. As alsiexample, let us assume that at some stage
during a calculation we have the following set of linear aapres

1 3 4 6 T U1
O 1078 198 19 i) o Y2
0 -91 51 9 zs | | s
O 7 76 541 Tq Ya

The element at row= 2 and columr2 is 10~8 and may cause problems for us in the next forward substitutio
The elemeni = 2, j = 3 is the largest in the second row and the elemient3, j = 2 is the largest in the
third row. The small element can be removed by rearrangiaegdivs and/or columns to bring a larger value
into thei = 2, j = 2 element.

In partial or column pivoting, we rearrange the rows of thetriraand the right-hand side to bring the
numerically largest value in the column onto the diagonat.dur example matrix the largest value of column
two is in element = 3, j = 2 and we interchange rows 2 and 3 to give

1 3 4 6 T U1
0 —91 51 9 o o Y3
0 1078 198 19 s | | e
0 7 76 541 T4 m
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Note that our unknown variables remain in the same order which simplifies the implementatibthis
procedure. The right-hand side vector, however, has begraregged. Partial pivoting may be implemented for
every step of the solution process, or only when the diagatags are sufficiently small as to potentially cause
a problem. Pivoting for every step will lead to smaller esrbeing introduced through numerical inaccuracies,
but the continual reordering will slow down the calculation

The philosophy behind full pivoting is much the same as tledttitd partial pivoting. The main difference
is that the numerically largest value in the column or rowtaoring the value to be replaced. In our example
above the magnitude of element 2, = 3 is the greatest in row 2 or column 2. We could rearrange the
columns in order to bring this element onto the diagonalsTill also entail a rearrangement of the solution
vectorz. The rearranged system becomes, interchanging columnartd/ithree,

1 6 3 4 1 Y1
0 198 10_8 19 T3 o Y2
0 51 —-91 9 To o Y3
0 76 7 541 T4 Yy

The ultimate degree of accuracy can be provided by reamgragith rows and columns so that the numerically
largest value in the submatrix not yet processed is brougfiotthie diagonal. This process may be undertaken
for every step, or only when the value on the diagonal is amred too small relative to the other values in
the matrix. In our case, the matrix element at 4, ;7 = 4 is the largest. We could here interchange rows two
and four and then columns two and four to bring this matrixnadat at the diagonal position= 2, j = 2.
When interchanging columns and rows, one needs to keepdfatkpermutations performed. Partial and full
pivoting are discussed in most texts on numerical lineaglalg. For an in-depth discussion we recommend
again the text of Golub and Van Loan [29], in particular cleaptiree. See also the discussion of chapter two
in Ref. [37]. The library functions you end up using, be it Matlab, the library included with this text or
other ones, do all include pivoting.

If it is not possible to rearrange the columns or rows to reeyero from the diagonal, then the matrix A
is singular and no solution exists.

Gaussian elimination requires however many floating poerations. Am x n matrix requires for the
simultaneous solution of a set efdifferent right-hand sides, a total ef /3 + rn? — n/3 multiplications.
Adding the cost of additions, we end up wizh?3/3 + O(n?) floating point operations, see Kress [25] for a
proof. Ann x n matrix of dimensionalty: = 102 requires, on a modern PC with a processor that allows for
something likel0° floating point operations per second (flops), approximaiakysecond. If you increase the
size of the matrix tex = 10* you need 1000 seconds, or roughly 16 minutes.

Although the direct Gaussian elmination algorithm allovesiyo compute the determinant &f via the
product of the diagonal matrix elements of the triangulatrixgt is seldomly used in normal applications. The
more practical elimination is provided by what is called évand upper decomposition. Once decomposed,
one can use this matrix to solve many other linear systemshaise the same matriX, viz with different
right-hand sides. With an LU decomposed matrix, the numb#oating point operations for solving a set of
linear equations scales &§n2). One should however note that to obtain the LU decompsedxmetjuires
roughlyO(n?) floating point operations. Finally, LU decomposition allfer an efficient computation of the
inverse ofA.

6.4.2 LU decomposition of a matrix

A frequently used form of Gaussian elimination is L(owempér) factorization also known as LU Decom-
position or Crout or Dolittle factorisation. In this seatiove describe how one can decompose a matrix
in terms of a matrix, with elements only below the diagonal (and thereby the ngriawer) and a matrix
U which contains both the diagonal and matrix elements ablwelitagonal (leading to the labelling upper).
Consider again the matrix givenin Eq.[G1l). The LU decomposition method means thataverewrite this
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matrix as the product of two matricésandU where

a1l a2 a1z a4 1 0 0 O Ul U2 U3 U4

B | a1 a2 a3 aq | | lr 1 0 O 0 w22 u23z Uy
A—LU= - . (6.11)

az1 Gs2 033 a34 l31 Ilzz 1 0 0 0  uzz us

a41 Q42 Q43 Q44 lan lap la 1 0 0 0 ua

LU decomposition forms the backbone of other algorithmsénadr algebra, such as the solution of linear
equations given by

1171 + a12T2 + a13T3 + Q1474 = Wy
2121 + a22%2 + A23T3 + A24T4 = W2
a31%1 + a32%2 + A33T3 + A34T4 = W3
04171 + Q42T2 + Q4373 + A44T4 =  W4.

The above set of equations is conveniently solved by usinglétbmposition as an intermediate step, see the
next subsection for more details on how to solve linear égnatvith an LU decomposed matrix.

The matrixA € R™*™ has an LU factorization if the determinant is different fraaro. If the LU
factorization exists and\ is non-singular, then the LU factorization is unique anddaterminant is given by

det{A} = U11U22 ...Unn-

For a proof of this statement, see chapter 3.2 of Ref. [29].
The algorithm for obtainind. andU is actually quite simple. We start always with the first coturin our
simple @ x 4) case we obtain then the following equations for the firsticol

ailr = U1

a1 = larunn
a1 = lIz1un
ag1 = g,

which determine the elemenis;, l1, [31 anduy; in L andU. Writing out the equations for the second column
we get

a2 = U2

azx = lo1uiz + u
azz = Iz1uiz + I32u90
ag2 = lauie + lagugs.

Here the unknowns are, o, us2, I32 andiye which can all be evaluated by means of the results from the
first column and the elements Af Note an important feature. When going from the first to thead column
we do not need any further information from the matrix eletaer,. This is a general property throughout
the whole algorithm. Thus the memory locations for the miatrican be used to store the calculated matrix
elements of. andU. This saves memory.

We can generalize this procedure into three equations

1<j: liauyy +lgugy + -+ Liug = ag
i=J1 lauyy +lougy + -+ liuj; = ayy
7 > _] : l“ulj + Z»L'QUQJ' + -4 lijujj = Q4

which gives the following algorithm:
Calculate the elements InandU columnwise starting with column one. For each colufin

— Compute the first element ; by
Uy = aiy-
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— Next, we calculate all elements;,i =2,...,5 —1

i—1
Uij = Q5 — E liku;-
k=1

— Then calculate the diagonal elemens
Jj—1
ujj = aj; = Lixug. (6.12)
k=1

— Finally, calculate the elementg, i > j

i—1
1
bi = (aij - lik”kj)a (6.13)
k=1

The algorithm is known as Doolittle’s algorithm since thagbnal matrix elements d@f arel. For the case
where the diagonal elementsUfarel, we have what is called Crout's algorithm. For the case where LT
so thatu;; = I;; for 1 < i < n we can use what is called the Cholesky factorization allgoritin this case the
matrix A has to fulfill several features; namely, it should be reals\etric and positive definite. A matrix is
positive definite if the quadratic form” Ax > 0. Establishing this feature is not easy since it implies tse u
of an arbitrary vectok # 0. If the matrix is positive definite and symmetric, its eigalues are always real
and positive. We discuss the Cholesky factorization below.

A crucial point in the LU decomposition is obviously the caggereu;; is close to or equals zero, a case
which can lead to serious problems. Consider the followingpke 2 x 2 example taken from Ref. [31]

0 1
A(0h),
The algorithm discussed above fails immediately, the fiegh simple states that;; = 0. We could change
slightly the above matrix by replacirtgwith 10~20 resulting in

1072 1
(1)

U1 10720
loy, = 102

yielding

andu, = 1 and
Ugy = ayg — Iz = 1 —10%,

1 0
L_(m?o 1)’

10°2 1
U_( 0 1—1020)’

With the change from 0 to a small number likeé—2° we see that the LU decomposition is now stable, but it is
not backward stable. What do we mean by that? First we notéhanatrixU has an elementy, = 1—10%0,
Numerically, since we do have a limited precision, whichdouble precision is approximatedy; ~ 10716 it
means that this number is approximated in the machingas- —102° resulting in a machine representation

of the matrix as "
10~ 1
U= ( 0 —10%0 ) ’

we obtain

and
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If we multiply the matriced.U we have

1 0 1072 1 1072 1
(1020 1>( 0 —1020)_< 1 0)7£A'

We do not get back the original matri!

The solution is pivoting (interchanging rows in this casejumd the largest element in a columinThen
we are actually decomposing a rowwise permutation of thgireal matrix A. The key point to notice is that
Egs. [6IR) and(6.13) are equal except for the case thatwigeddy u;; in the latter one. The upper limits
are always the same= j — 1(= ¢ — 1). This means that we do not have to choose the diagonal element
as the one which happens to fall along the diagonal in theiffisthnce. Rather, we could promote one of the
undividedi;;’s in the columni = j + 1,... N to become the diagonal &f. The partial pivoting in Crout's
or Doolittle’s methods means then that we choose the lavgdise foru;; (the pivot element) and then do the
divisions by that element. Then we need to keep track of athpéations performed. For the above matAix
it would have sufficed to interchange the two rows and startth decomposition with

1 1
(1)
The error which is done in the LU decomposition ofrarx n matrix if no zero pivots are encountered is
given by, see chapter 3.3 of Ref. [29],
LU=A+H,
with
[H| < 3(n — 1)u (JA| +|L||U]) + O(u?),
with |H| being the absolute value of a matrix ands the error done in representing the matrix elements of the
matrix A as floating points in a machine with a given precisign viz. every matrix element af is

|fl(aij) — aij| < uij,
with |u;;| < e resulting in
|fI(A) — A[ < ulA].
The programs which perform the above described LU decortippsire called as follows

C++; ludcmp(doublexa, int n, intxindx, doublexd)
Fortran: CALL lu_decompose(a, n, indx, d)

Both the C++ and Fortran 90/95 programs receive as input titebto be LU decomposed. In C++ this is
given by the double pointekxa. Further, both functions need the size of the matridt returns the variable
d, which is+1 depending on whether we have an even or odd number of roveh@eges, a pointéndax that
records the row permutation which has been effected andthddcomposed matrix. Note that the original
matrix is destroyed.

Cholesky'’s factorization

If the matrix A is real, symmetric and positive definite, then it has a unige#orization (called Cholesky
factorization)
A=LU=LL"

whereLT is the upper matrix, implying that
L}, = Lji.

The algorithm for the Cholesky decomposition is a speciakaz the general LU-decomposition algorithm.
The algorithm of this decomposition is as follows
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— Calculate the diagonal elemehy; by setting up a loop foi = 0toi = n — 1 (C++ indexing of matrices
and vectors)

i1 1/2
Ly = (Aii - Lfk> :
k=0

— within the loop overi, introduce a new loop which goes frogm= i + 1 ton — 1 and calculate
1 1—1
Lji= 7~ <Aij -3 Likzjk> :
2 kZO

For the Cholesky algorithm we have always tligt > 0 and the problem with exceedingly large matrix
elements does not appear and hence there is no need fongivoti

To decide whether a matrix is positive definite or not needsesoareful analysis. To find criteria for
positive definiteness, one needs two statements from nth&ory, see Golub and Van Loan [29] for examples.
First, the leading principal submatrices of a positive defimatrix are positive definite and non-singular
and secondly a matrix is positive definite if and only if it asLDL” factorization with positive diagonal
elements only in the diagonal matdX. A positive definite matrix has to be symmetric and have onlsifive
eigenvalues.

The easiest way therefore to test whether a matrix is pestt&finite or not is to solve the eigenvalue
problemAx = Ax and check that all eigenvalues are positive.

6.4.3 Solution of linear systems of equations

With the LU decomposition it is rather simple to solve a syst# linear equations

1171 + a12T2 + a13T3 + Q1474 = W1
2121 + a22%2 + A23T3 + A24T4 = W2
a3121 + a32%2 + a33T3 + A34T4 = W3
4171 + Q42T2 + Q4373 + A44T4 =  W4.

This can be written in matrix form as
Ax =w.

whereA andw are known and we have to solve for Using the LU dcomposition we write
Ax =LUx =w. (6.14)
This equation can be calculated in two steps
Ly = w; Ux=y. (6.15)
To show that this is correct we use to the LU decompositioe¥arite our system of linear equations as
LUx =w,

and since the determinat &fis equal to 1 (by construction since the diagonal&.afqual 1) we can use the
inverse ofL to obtain
Ux=L"1lw=y,

which yields the intermediate step
Llw=y

and multiplying withL: on both sides we reobtain E@.{6.15). As soon as we lgave can obtairx through
Ux =vy.
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For our four-dimentional example this takes the form

1= w

la1y1 +y2 = we

l3191 +l32y2 +ys = w3

layr +lagyz + lasys +ya = wa.

and
U11T1 + U12X2 + U13T3 + U144 = Y1
U22T2 + U23T3 + U24T4 = Y2
U333 + U34T4 = Y3
U44T4 = Y4

This example shows the basis for the algorithm needed t® dbbks set of: linear equations. The algorithm
goes as follows

— Set up the matriXA and the vectow with their correct dimensions. This determines t
dimensionality of the unknown vectar

— Then LU decompose the matrxthrough a call to the function

C++: ludcmp(double a, int n, int indx, double &d)
Fortran: CALL lu_decompose(a, n, indx, d)

This functions returns the LU decomposed ma#jits determinant and the vector indx whic
keeps track of the number of interchanges of rows. If therdetent is zero, the solution is
malconditioned.

— Thereafter you call the function

C++; lubksb(double a, int n, int indx, double w)
Fortran: CALL lu_linear_equation(a, n, indx, w)

which uses the LU decomposed matfixand the vectow and returnx in the same place a
w. Upon exit the original content iw is destroyed. If you wish to keep this information, yo
should make a backup of it in your calling function.

6.4.4 Inverse of a matrix and the determinant

The basic definition of the determinantAfis

det{A} = Z(_l)palm " A2py * 7 Anpy,,
P

where the sum runs over all permutatignef the indicesl, 2, ..., n, altogethem! terms. To calculate the
inverse ofA is a formidable task. Here we have to calcultite complementary cofactal? of each element
a;; which is the(n — 1)determinant obtained by striking out the réwnd columry in which the element;;
appears. The inverse #fis then constructed as the transpose of a matrix with theexlest—)i7/a%. This
involves a calculation of? determinants using the formula above. A simplified methddgsly needed.
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With the LU decomposed matrik in Eq. [6&I1) it is rather easy to find the determinant
det{A} = det{L} x det{U} = det{U},

since the diagonal elementslofequal 1. Thus the determinant can be written

N
det{A} = H Ukk -
k=1

The inverse is slightly more difficult to obtain from the LUatenposition. It is formally defined as
Al=U"'L7L

We use this form since the computation of the inverse goesitir the inverse of the matricesandU. The
reason is that the inverse of a lower (upper) triangular imatralso a lower (upper) triangular matrix. If we
call D for the inverse of, we can determine the matrix elementdothrough the equation

1 0 0 1 0 0 0 1 0 0 0
lby 1 0 0 doy 1 0 0ol [01 00
ls1 I3z 1 0 ds1 d3g2 1 0 o 001 0}’
lygg lag luz 1 dyy dyo dsz 1 0 0 01
which gives the following general algorithm
i—1
dij ==l — Y lindij, (6.16)

k=j+1

which is valid fori > j. The diagonal is 1 and the upper matrix elements are zero.dWe this equation
column by column (increasing order ¢f. In a similar way we can define an equation which gives us the
inverse of the matrixJ, labelledE in the equation below. This contains only non-zero matrgments in the
upper part of the matrix (plus the diagonal ones)

€11 €12 €13 €14 U1l U2 U13 U4 1.0 00
0 ez e23 e 0 woe uez wg | | O 1 0 O
0 0 €33 €34 0 0 Uu3z3 Usg o 0 0 1 0 ’
0 0 0 eq 0 0 0 ugq 0 0 0 1
with the following general equation
-1
1.7
€ij = —— Zeikukj. (6.17)
i k=1

fori < 7.
A calculation of the inverse of a matrix could then be impletee in the following way:

— Set up the matrix to be inverted.
— Call the LU decomposition function.

— Check whether the determinant is zero or not.

— Then solve column by column EqE. (6. [6.6.17).
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The following codes compute the inverse of a matrix usingegiC++ or Fortran as programming languages.
They are both included in the library packages, but we ireltieem explicitely here as well as two distinct
programs. We list first the C++ code

http://www.Ttys.uio.no/compphys/cp/programs/FYS3150/chapter04/cpp/programl. cpp

/* The function

*% inverse()

*x perform a mtx inversion of the input matrix a[][] with
*x dimension n.

x/
void inverse(double *xa, int n)
{

int i,j, *indx;

double d, xcol, xxy;

// allocate space in memory
indx = new int[n];
col = new double[n];
y = (double *x) matrix(n, n, sizeof(double));
// first we need to LU decompose the matrix
ludcmp(a, n, indx, &d);
// find inverse of a[][] by columns
for(j =0; j < n; j++) {
// initialize right-side of linear equations
for(i =0; 1 < n; i++) col[i] = 0.0;
col[j] = 1.0;
lubksb(a, n, indx, col);
// save result in y[][]
for(i =0; i <n; i++) y[i][]j] = coll[i];
}

// return the inverse matrix in a[][]

for(i = 0; i < n; i++) {
for(j = 0; j <n; j++) alillj]l = y[il[jl;
}
free_matrix((void =x) y); // release local memory
delete [] col;
delete []indx;

} // End: function inverse()

We first need to LU decompose the matrix. Thereafter we sobye EE.I6) and{6.17) by using the back
substitution method calling the functidubksb and obtain finally the inverse matrix.
An example of a C++ function which calls this function is atgeen in the program and reads

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@4/cpp/programl.cpp

// Simple matrix inversion example
#include <iostream>

#include <new>

#include <cstdio>

#include <cstdlib>

#include <cmath>

#include <cstring>

#include "lib.h"

using namespace std;
/* function declarations x/
void inverse(double %%, int);

/%
*x This program sets up a simple 3x3 symmetric matrix
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*x and finds its determinant and inverse
*/

int main()
{
int i, j, k, result, n = 3;
double skmatr, sum,
a[31[3] = { {1.0, 3.0, 4.0},
{3.0, 4.0, 6.0},
{4.0, 6.0, 8.0}};
// memory for inverse matrix
matr = (double *x) matrix(n, n, sizeof(double));
// various print statements in the original code are omitted

inverse(matr, n); // calculate and return inverse matrix
return 0;
} // End: function main()

In order to use the program library you need to includdithb file using the#include "lib.h" statement. This
function utilizes the library functiomatrix andfree_matrix to allocate and free memory during execution.
The matrixa[3][3] is set at compilation time. The corresponding Fortran mogfor the inverse of a matrix
reads

http://www.fTys.ulo.no/compphys/cp/programs/FYS3150/190 l1brary/t90Ll1b. 90

!
! Routines to do mtx inversion, from Numerical

! Recipes, Teukolsky et al. Routines included

! below are MATINV, LUDCMP and LUBKSB. See chap 2
! of Numerical Recipes for further details

!

SUBROUTINE matinv(a,n, indx, d)
IMPLICIT NONE

INTEGER, INTENT(IN) :: n
INTEGER :: i, j

REAL (DP), DIMENSION(n,n), INTENT(INOUT) :: a
REAL(DP), ALLOCATABLE :: y(:,:)

REAL(DP) :: d

INTEGER, , INTENT(INOUT) :: indx(n)

ALLOCATE (y( n, n))
y=0.
! setup identity matrix
DO i=1,n
y(i,i)=1.
ENDDO
! LU decompose the matrix just once
CALL lu_decompose(a,n,indx,d)

! Find inverse by columns
DO j=1,n
CALL lu_linear_equation(a,n,indx,y(:,j))
ENDDO
! The original matrix a was destroyed, now we equate it with the inverse y
a=y
DEALLOCATE ( y )

END SUBROUTINE matinv

The Fortran programmatinv receives as input the same variables as the C++ program dsdheafunction
for LU decompositiodu_decomposeand the function to solve sets of linear equatitngdinear_equation.
The program listed under programs/chapter4/programpd@@rms the same action as the C++ listed above.
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In order to compile and link these programs it is convenieniste a so-callechakefile. Examples of these are
found under the same catalogue as the above programs.

Inverse of the Vandermonde matrix

In chapte[B we discussed how to interpolate a funcfiarich is known only ak+1 pointszg, z1, z2, . . ., Tn
with corresponding valueg(xo), f(z1), f(z2),-.., f(zn). The latter is often a typical outcome of a large
scale computation or from an experiment. In most cases indieeices we do not have a closed-form expres-
sion for a functionf. The function is only known at specific points.

We seek a functional form for a functighwhich passes through the above pairs of values

(zo, f(xo))v (w1, f(xl))v (w2, f(xQ))v ooy (T f(xn))

This is normally achieved by expanding the functjt(@) in terms of well-known polynomialg; (x), such as
Legendre, Chebyshev, Laguerre etc. The function is theroappated by a polynomial of degreep,,(x)

n
f@) ~ pa(z) = aidi(x),
=0

wherea; are unknown coefficients angl () are a priori well-known functions. The simplest possibleecis
to assume thap;(z) = ¢, resulting in an approximation

f@)~ao+ a1z + aox’ + -+ apa”.
Our function is known at the poinis+ 1 pointszg, 1, zo, . . ., ,, leading ton + 1 equations of the type

f(z) = ag + a1x; + asx? + - + a,zt.

We can then obtain the unknown coefficients by rewriting aobfem as

1 x x5 ... ... xj ap f(@o)
1 oz a? zh a f(x1)
1 @y 23 ... ... 1B az | _ | [f(=z2)
1 @3 23 ... ... 1% as flzs) |’
1 oz, 22 x5 G f(@n)

an expression which can be rewritten in a more compact form as

Xa =f,
with
2
1 To TE .. ... TG
2
R T /- O
2
X — 1 2 z3 ... ... x§
= 2
1 T3 T3 ... ... T
2 n
1 =z, =z Ty

. This matrix is called a Vandermonde matrix and is by definition-singular since all points are different.
The inverse exists and we can obtain the unknown coefficignitsvertingX, resulting in

a=X"'f.

Although this algorithm for obtaining an interpolating pobmial which approximates our data set looks
very simple, it is an inefficient algorithm since the compiata of the inverse require®(n?) flops. The
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methods we discussed in chafdikr 3, together with splinepiokation discussed in the next section, are much
more effective from a numerical point of view. There is alsother subtle point. Although we have a data set
with n + 1 points, this does not necessarily mean that our funcfiar) is well represented by a polynomial
of degreen. On the contrary, our functiofi(z) may be a parabola (second-ordernin meaning that we have

a large excess of data points. In such cases a least-squara fpline interpolation may be better approaches
to represent the function. Spline interpolation will beatissed in the next section.

6.4.5 Tridiagonal systems of linear equations
We start with the linear set of equations from Hg.{6.8), viz
Au =",

whereA is a tridiagonal matrix which we rewrite as

b1 C1 0
az by 2
a3 bz c3

an—2 bnfl Cn—1
Qp—1 bn

wherea, b, c are one-dimensional arrays of length n. In the example of Eq[{8.8) the arraysandc are
equal, namely; = ¢; = —1/h?. We can rewrite Eq[{6l8) as

bl C1 0 ul fl
an bg Co u2 fg
az by c3

Gp—2 bn— 1 Cn-1
Qp—1 bn Unp fn

A tridiagonal matrix is a special form of banded matrix whalléhe elements are zero except for those on and
immediately above and below the leading diagonal. The atr@iagonal system can be written as

ajui—1 + biu; + ciuir1 = fi,

fori = 1,2,...,n. We see that,_; andu,; are not required and we can sgt = ¢, = 0. In many
applications the matrix is symmetric and we haye= ¢;. The algorithm for solving this set of equations is
rather simple and requires two steps only, a forward suitistit and a backward substitution. These steps are
also common to the algorithms based on Gaussian eliminttairwe discussed previously. However, due to
its simplicity, the number of floating point operations istims case proportional witt)(n) while Gaussian
elimination require2n®/3 + O(n?) floating point operations. In case your system of equatieadd to a
tridiagonal matrix, it is clearly an overkill to employ Gasisn elimination or the standard LU decomposition.
You will encounter several applications involving trid@atal matrices in our discussion of partial differential
equations in chapt€rlLo.

Our algorithm starts with forward substitution with a loogeo of the elementsand can be expressed via
the following piece of code taken from the Numerical Recipd bf Teukolskyet al[37]

btemp = b[1];
u[l] = f[1]/btemp;
for(i=2 ; i <=n ; i++) {
temp[i] = c[i-1]/btemp;
btemp = b[i]-a[i]l*temp[i];
uli] = (f[i] - al[il=*u[i-1])/btemp;
}
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Note that you should avoid cases with= 0. If that is the case, you should rewrite the equations as afset
ordern — 1 with uy eliminated. Finally we perform the backsubstitution lealio the following code

for(i=n-1; i>=1; i--) {
ul[i] -= temp[i+1l]*u[i+1];

}

Note that our sums start with= 1 and that one should avoid cases with= 0. If that is the case, you should
rewrite the equations as a set of order 1 with u, eliminated. However, a tridiagonal matrix problemis not a
guarantee that we can find a solution. The ma&iwhich rephrases a second derivative in a discretized form

2 -1 0 0 0 0
-1 2 -1 0 0 0

-1 2 -1 0 0
-1
0 0 0o -1 2

oo oo
o
o
|
—
)

fulfills the condition of a weak dominance of the diagonathwb, | > |c1], [bn| > |an| @and|bg| > |ak| + |ck]
fork = 2,3,...,n — 1. This is a relevant but not sufficient condition to guarartbee the matrixA yields a
solution to a linear equation problem. The matrix needstalée irreducible. A tridiagonal irreducible matrix
means that all the elementsandc; are non-zero. If these two conditions are present, faés nonsingular
and has a unique LU decomposition.

We can obviously extend our boundary value problem to ireluéirst derivative as well

20u(x u(x
_dda;(a ) Q(I)dd—(a:) ) = 1@,

with z € [a, b] and with boundary conditions(a) = u(b) = 0. We assume thaf, g andh are continuous
functions in the domair € [a, b] and thath(z) > 0. Then the differential equation has a unique solution. We
subdivide our interval: € [a, b] into n subintervals by setting; = a + ih, withi =0,1,...,n+ 1. The step
size is then given byt = (b — a)/(n + 1) with n € N. For the internal grid points= 1,2, ...n we replace
the differential operators with

"o Ui+1 — 2Ui + Uj—;
7 ™ h2 .
for the second derivative while the first derivative is gilsn
’ Uit1 — Uj—q
u, N —.

! 2h
We rewrite our original differential equation in terms ofiaatetized equation as

i1 — 2Ui + Ui DS Skl
h2 T on
withi=1,2,...,n. We need to add to this system the two boundary conditidas = uo andu(b) = w,41.
This equation can again be rewritten as a tridiagonal mptoblem. We leave it as an exercise to the reader
to find the matrix elements, find the conditions for having kiga@ominant diagonal elements and that the
matrix is irreducible.

=+ hyui = fi,

6.5 Spline interpolation

Cubic spline interpolation is among one of the mostly usethods for interpolating between data points
where the arguments are organized as ascending seriese libtéry program we supply such a function,
based on the so-called cubic spline method to be descrided.bEhe linear equation solver we developed in
the previous section for tridiagonal matrices can be refmespline interpolation.

178



6.5 — Spline interpolation

A spline function consists of polynomial pieces defined ohistervals. The different subintervals are
connected via various continuity relations.

Assume we have at our disposak- 1 pointszg, x1, ...z, arrangedsothaty < 21 < 22 < ...z, 1 <
Z,, (such points are called knots). A spline functioof degreet with n + 1 knots is defined as follows

— On every subinterval:; 1, z;) s is a polynomial of degreg k.
— s hask — 1 continuous derivatives in the whole interya}, =, ].

As an example, consider a spline function of dedree 1 defined as follows

so(x) = apx + by x € [xo,x1)
s(z) = s1(2) = a1z + by x € |r1,22) (6.18)

Sp—1(x) = ap_1x+bp_1 T € [Tp_1,2y)

In this case the polynomial consists of series of straigigdiconnected to each other at every endpoint.
The number of continuous derivatives is thHen 1 = 0, as expected when we deal with straight lines. Such a
polynomial is quite easy to construct giver- 1 pointszg, 1, . . . x,, and their corresponding function values.

The most commonly used spline function is the one with 3, the so-called cubic spline function. As-
sume that we have in addition to the+ 1 knots a series of functions valugs= f(xo),y1 = f(z1),...yn =
f(x,). By definition, the polynomials;_; ands; are thence supposed to interpolate the same pgiet,

si—1(xs) = yi = si(®i), (6.19)
with 1 <4 < n — 1. In total we have: polynomials of the type
5i(2) = aio + anx + apr? + azr, (6.20)
yielding 4n coefficients to determine. Every subinterval provides iditoh two conditions
yi = s(xs), (6.21)

and
Yirr = $(Tiv1), (6.22)
to be fulfilled. If we also assume thsattands” are continuous, then
si_1(xi) = s3(xi), (6.23)
yieldsn — 1 conditions. Similarly,
st (x;) = s (), (6.24)

results in additionab — 1 conditions. In total we havén coefficients andn — 2 equations to determine them,
leaving us with2 degrees of freedom to be determined.
Using the last equation we define two values for the secoridadiee, namely

si (i) = fi, (6.25)
and
87 (Tit1) = fiv1, (6.26)
and setting up a straight line betwegrand ;.1 we have
si (x) = L(Iiﬂ —z)+ L(fc - i), (6.27)
Tit1 — X4 Tip1 — T4
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and integrating twice one obtains

fi 3 fix1 5
N B )T 62y — ) T —2;) + d(zip1 — ). 6.28
si(x) 6(zi1 — xi)(x e 6(xip1 — xi)(I 2;)° + (@ — x;) + d(zip1 — @) (6.28)
Using the conditions;(z;) = y; ands;(x;+1) = y:+1 We can in turn determine the constanndd resulting
in

sil@) = s (@i — 2’ + gy (o — @)’
R e L € B (S SO )

How to determine the values of the second derivatjffeand f; 1 ? We use the continuity assumption of
the first derivatives
si_1(xi) = s3(w), (6.30)

and setr = z;. Definingh; = x;+1 — x; we obtain finally the following expression

6

h_—(yi — Yi-1), (6.31)
1—1

6
hi—1fic1 +2(hi + hi1) fi + hifis1 = E(yi—ﬁ-l — i) —

and introducing the shorthands= 2(h; + h;_1), v; = %(yiﬂ —y;)— %(yi —y;—1), we can reformulate
the problem as a set of linear equations to be solved throggh@aussian elemination, namely

Ul h,l 0 . fl U1
hl u9 hg 0 . fg (%)
0 hg us h3 0 e f3 _ V3 (6 32)
0 hn—3 Un—2 hn—2 fn—2 Un—2
0 hn—2 Up—1 fn—l Un—1

Note that this is a set of tridiagonal equations and can beeddhrough onlyO(n) operations. The functions
supplied in the program library as@line andsplint. In order to use cubic spline interpolation you need first
to call

spline(double x[], double y[], int n, double ypl, double yp2, double y2[])

This function takes as inpuf0, .., n — 1] andy|0, .., n — 1] containing a tabulatiop; = f(x;) with zg < 21 <

.. < xn—1 together with the first derivatives ¢f(x) atz, andx,, 1, respectively. Then the function returns
y2[0, ..,n— 1] which contanin the second derivativesfdf:;) at each poink;. n is the number of points. This
function provides the cubic spline interpolation for albgutervals and is called only once. Thereafter, if you
wish to make various interpolations, you need to call thefiom

splint(double x[], double y[], double y2al[l, int n, double x, double xy)

which takes as input the tabulated valugg, .., n — 1] andy|0, .., » — 1] and the output y2a[0,..,n - 1] from
spline. It returns the valug corresponding to the point

6.6 A vector and matrix class

We end this chapter by presenting a class which allows to pedatied one- and two-dimensional arrays. We
first give an example of a function which use the headenfitey . h.
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#include "Array.h"

#include <iostream>
using namespace std;

int main(){

// Create an array with (default) nrows = 1, ncols = 1:
Array<double> v1;

// Redimension the array to have length n:
int nl = 3;
vl.redim(nl);

// Extract the length of the array:
const int length = vl.getLength();

// Create a narray of specific length:
int n2 = 5;
Array<double> v2(n2);

// Create an array as a copy of another one:
Array<double> v5(vl);

// Assign the entries in an array:

v5(0) = 3.0;
v5(1) = 2.5;
v5(2) = 1.0;

for(int i=0; i<3; i++){
cout << v5(i) << endl;

}

// Extract the ith component of an array:
int i = 2;

double value = v5(1);

cout << "value: " << value << endl;

// Set an array equal another one:
Array<double> v6 = Vv5;

for(int i=0; i<3; i++){
vl(i) = 1.0;
v2(i) = 2.0
}

’

// Create a two-dimensional array (matrix):
Array<double> matrix(2, 2);

// Fill the array:
matrix(0,0) = 1;
matrix(0,1) = 2;
matrix(1,0)
matrix(1,1)

3;
4

’

// Get the entries in the array:
cout << "\nMatrix: " << endl;
for(int i=0; i<2; i++){
for(int j=0; j<2; j++){
cout << matrix(i,j) << " ";
}
cout << endl;

}
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// Assign an entry of the matrix to a variable:
double scalar = matrix(0,0);
const double b = matrix(1,1);

Array<double> vector(2);
vector(0) = 1.0;
vector(l) = 2.0;

Array<double> v = vector;
Array<double> A = matrix;
Array<double> u(2);

cout << "\nMatrix: " << endl;
for(int i=0; i<2; i++){
for(int j=0; j<2; j++){
cout << matrix(i,j) << " ";
}
cout << endl;

}

Array<double> a(2,2);
a(l,1) =5.0;

// Arithmetic operations with arrays using a
// syntax close to the mathematical language
Array<double> w = vl + 2.0%v2;

// Create multidimensional matrices and assign values to them:
int N = 3;
Array<double> multiD; multiD.redim(N,N,N);
for(int i=0; i<N; i++){
for(int j=0; j<N; j++){
for(int k=0; k<N; k++){
cout << "multD(i,j,k) = " << multiD(i,j,k) << endl;
}
}
}

multib(1,2,3) = 4.0;
cout << "multiD(1,2,3) = " << multiD(1,2,3) << endl;
}

The header file follows here

#ifndef ARRAY_H
#define ARRAY_H

#include <iostream>
#include <sstream>
#include <iomanip>
#include <cstdlib>

using namespace std;

template<class T>
class Array{

private:
static const int MAXDIM = 6;
T xdata ; /**> One-dimensional array of data.x/
int size[MAXDIM]; /x**> Size of each dimension.x/
int ndim; /*x> Number of dimensions occupied. */
int length; /**x> Total number of entries.x/

int dx1, dx2, dx3, dx4, dx5;
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void allocate(int ni=0, int nj=0, int nk=0, int n1=0, int nm=0, int nn=0){
ndim = MAXDIM;

// Set the number of entries in each dimension.
size[0]=ni;
size[1l]=nj;
size[2]=nk;
size[3]=n1;
size[4]=nm;
size[5]=nn;

// Set the number of dimensions used.
if(size[5] == 0)
ndim--;
if(sizel[4] == 0)
ndim--;
if(size[3] == 0)
ndim--;
if(size[2] == 0)
ndim--;
if(size[1l] == 0)
ndim--;
if(size[0] == 0){
ndim = 0;
length = 0;
data = NULL;
}else{
try{
int i;

// Set the length (total number of entries) of the one-dimensional array.
length = 1;
for(i=0; i<ndim; i++)

length x= size[i];

data = new T[length];

dx1l = size[0];

dx2 = dxlxsize[l];
dx3 = dx2xsize[2];
dx4 = dx3xsize[3];
dx5 = dx4xsizel[4];

}catch(std: :bad_alloc&){

std::cerr << "Array::allocate -- unable to allocate array of length " << length << std::endl;
exit(1l);
}
}
}
public:
/ **
* @brief Constructor with default arguments.
*
* Creates an array with one or two-dimensions.
*
* @param int nrows. Number of rows in the array.
* @param int ncolsd. Number of columns in the array.

*xk/
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Array(int ni=0, int nj=0, int nk=0, int nl=0, int nm=0, int nn=0){
// Allocate memory
allocate(ni,nj,nk,nl,nm,nn);

} // end constructor

//! Constructor
Array(T* array, int ndim_, int size_[]){
ndim = ndim_;

length = 1;

int i;

for(i=0; i<ndim; i++){
size[i] = size_[i]; // Copy only the ndim entries. The rest is zero by default.
length *= size[il];

}

// Now when we known the length, we should not forget to allocate memory!!!!
data = new T[lengthl;

// Copy the entries from array to data:
for(i=0; i<length; i++){
datal[i] = array[i];

}

} // End constructor.

//! Copy constructor
Array(const Array<T>& array);

//! Destructor
~Array();

/ *%

* @rief Checks the validity of the indexing.

* @param i, an integer for indexing the rows.

* @param j, an integer for indexing the columns.
*x/

bool indexOk(int i, int j=0) const;

/ *%

@brief Change the dimensions of an array.

@param ni number of entries in the first dimension.

@param nj number of entries in the second dimension.

@param nk number of entries in the third dimension.

@param nl number of entries in the fourth dimension.

@param nm number of entries in the fifth dimension.

@param nn number of entries in the sixth dimension.

*k/

bool redim(int ni, int nj=0, int nk=0, int n1=0, int nm=0, int nn=0);

I R S R I R

VAT

* @return The total number of entries in the array, i.e., the sum of the entries in all the
dimensions.

*x/

int getLength()const{return length;}

VAT
* @return The number of rows in a matrix.
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*k /
int getRows() const {return size[0];}

/*%

* @return Returns the number of columns in a matrix.
*k /

int getColumns() const {return size[1];}

/*x @brief Gives the number of entries in a dimension.

*

* @param i An integer from O to 5 indicating the dimension we want to explore.

* @return size[i] An integer for the number of elements in the dimension number 1i.
*k/

int dimension(int i) const{return size[i];}

/ **

* The number of dimensions in the array.
*k /

int getNDIM()const{return ndim;}

/*%

* @return A constant pointer to the array of data.

* This function can be used to interface C++ with Python/Fortran/C.
*xk/

const Tx getPtr() const;

/*%

* @return A pointer to the array of data.

* This function can be used to interface C++ with Python/Fortran/C.
*xk/

T* getPtr();

/**

* @return A pointer to an array with information on the length of each dimension.
*k /

intx getPtrSize();

/KKK ok K oK K oK oK K K oK K oK oK K K K K oK K K oK 3 K oK 3 K oK K K K K K K oK K K oK K K oK K K oK K K K K Kok Kok ok /
/* OPERATORS */
[/ Kok kok sk ok kK ok Kk ok K ok ok ok K ok K K ok 3 K ok 3 K ok K ok ok sk K ok K K ok 3 K ok K ok K ok ok kK ok kK ok ok /

//! Assignment operator
Array<T>& operator=(const Array<T>& array);

//! Sum operator
Array<T> operator+(const Array<T>& array);

//! Substraction operator

Array<T> operator-(const Array<T>& array)const; /// w=u-v;

//! Multiplication operator
//Array<T> operatorx(const Array<T>& array);

//! Assigment by addition operator
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Array<T>& operator+=(const Array<T>& w);

//! Assignment by substraction operator
Array<T>& operator-=(const Array<T>& w);

//! Assignment by scalar product operator
Array<T>& operatorkx=(double scalar);

//! Assignment by division operator
Array<T>& operator/=(double scalar);

//! Index operators

const T& operator()(int i)const;

const T& operator()(int i, int j)const;

const T& operator()(int i, int j, int k)const;

const T& operator()(int i, int j, int k, int 1)const;

const T& operator()(int i, int j, int k, int 1, int m)const;

const T& operator()(int i, int j, int k, int 1, int m, int n)const;

T& operator()(int i);

T& operator()(int i, int j);

T& operator()(int i, int j, int k);

T& operator()(int i, int j, int k, int 1);

T& operator()(int i, int j, int k, int 1, int m);

T& operator()(int i, int j, int k, int 1, int m, int n);

/**************************************************************/
/* FRIEND FUNCTIONS */

/3% 3k 3k sk ok ok ok sk ok ok ok ok ok ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k 3 ok ok 3k K ok ok sk 3 ok ok sk ok ok sk ok ok sk K ok ok sk ok sk k k k ok /
//! Unary operator +

template <class T2>

friend Array<T> operator+ (const Array<T>&); // u =+ v

//! Unary operator -
template <class T2>
friend Array<T> operator-(const Array<T>&); // u = - v

/ *%

* Premultiplication by a floating point number:

* | f$\mathbf{u} = a \mathbf{v}\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a array.
*x/

template <class T2>

friend Array<T> operatorx(double, const Array<T>&); // u = axv

/ *%

* Postmultiplication by a floating point number:

* | f$\mathbf{u} = \mathbf{v} a\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a array.
*k/

template <class T2>

friend Array<T> operatorx(const Array<T>&, double); // u = vxa

/ *%
* Division of the entries of a array by a scalar.
*x/
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template <class T2>
friend Array<T> operator/(const Array<T>&, double); // u = v/a

};

#include "Array.cpp"

// Destructor
template <class T>
inline Array<T>::~Array(){delete[] data;}

// Index operators
template <class T>
inline const T& Array<T>::operator()(int i)const {
#if CHECKBOUNDS_ON
index0k(i);
#endif
return datali];

}

template <class T>
inline const T& Array<T>::operator()(int i, int j)const {
#if CHECKBOUNDS_ON
indexOk(i,j);
#endif

return data[i + jxdx1];

}

template <class T>
inline const T& Array<T>::operator()(int i, int j, int k)const {
#if CHECKBOUNDS_ON
indexOk(i,j,k);
#endif

return data[i + j*dx1 + kxdx2];

}

template <class T>
inline const T& Array<T>::operator()(int i, int j, int k, int 1)const {
#if CHECKBOUNDS_ON
indexOk(i,j,k,1);
#endif

return data[i + j*dx1 + kxdx2 + 1xdx3];

}

template <class T>
inline const T& Array<T>::operator()(int i, int j, int k, int 1, int m)const {
#if CHECKBOUNDS_ON
index0Ok(i,j,k,1, m);
#endif

return data[i + j*dx1 + kxdx2 + 1xdx3 + mxdx4];

}
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template <class T>
inline const T& Array<T>::operator()(int i, int j, int k, int 1, int m, int n)const {
#if CHECKBOUNDS_ON
indexOk(i,j,k,1,m,n);
#endif

return data[i + j*dx1 + kxdx2 + 1xdx3 + mxdx4 + n*xdx5];

}

template <class T>
inline T& Array<T>::operator()(int i) {
#if CHECKBOUNDS_ON
index0k(i);
#endif
return datali];

}

template <class T>
inline T& Array<T>::operator()(int i, int j) {
#1if CHECKBOUNDS_ON
indexOk(i,j);
#endif

return data[i + j*dx1];

}

template <class T>
inline T& Array<T>::operator()(int i, int j, int k) {
#1if CHECKBOUNDS_ON
indexOk(i,j, k);
#endif

return data[i + j*dx1 + kxdx2];

}

template <class T>
inline T& Array<T>::operator()(int i, int j, int k, int 1) {
#1if CHECKBOUNDS_ON
indexOk(i,j,k,1);
#endif

return data[i + j*dx1 + kxdx2 + 1xdx3];

}

template <class T>
inline T& Array<T>::operator()(int i, int j, int k, int 1, int m) {
#1if CHECKBOUNDS_ON
indexOk(i,j,k,1,m);
#endif

return data[i + j*dx1 + kxdx2 + 1*dx3 + mxdx4];

}

template <class T>
inline T& Array<T>::operator()(int i, int j, int k, int 1, int m, int n) {
#if CHECKBOUNDS_ON
index0k(i,j,k,1,m,n);
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#endif

return data[i + j*dx1 + kxdx2 + 1xdx3 + mxdx4 + n*xdx5];

}

template <class T>
inline const Tx Array<T>::getPtr() const {return data;}

template <class T>
inline Tx Array<T>::getPtr(){return data; }

template <class T>
inline int* Array<T>::getPtrSize(){return size;}

// template <class T>
// inline int Array<T>::dim()const{return ndim;}

/KoK ok ok ok ok K ok ok K ok oK K ok K K ok K K ok KK ok ok ok ok K 3 ok K K ok K K ok K ok K ok ok ok sk ok K K ok K ok Ok sk Kok ok ok sk ok /)
/* IMPLEMENTATION OF FRIEND FUNCTIONS */

/******************************************************************/

/******************************************************************/
/% (Arithmetic) Unary operators */
/******************************************************************/
//! Unary operator +

template <class T>

inline Array<T> operator+(const Array<T>& v){ // u =+ v
return v;

}

//! Unary operator -

template <class T>

inline Array<T> operator-(const Array<T>& v){ // u = - v

return Array<T>(v.size[0],v.size[1]) -v;

}

//! Postmultiplication operator

template <class T>

inline Array<T> operatorx*(const Array<T>& v, double scalar){ // u
return Array<T>(v) *= scalar;

}

v*xa

//! Premultiplication operator
template <class T>
inline Array<T> operatorx(double scalar, const Array<T>& v){ // u = a*v
return vxscalar; // Note the call to postmultiplication operator defined above

}

//! Division of the entries in a array by a scalar

template <class T>

inline Array<T> operator/(const Array<T>& v, double scalar){
if(!scalar) std::cout << "Division by zero!" << std::endl;
return (1.0/scalar)xv;
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}

#endif

6.7 Exercises and projects

Exercise 6.1: Write your own Gaussian elimination code

(a) Consider the linear system of equations

a1121 + a12%2 + a133 = Wi
2171 + G22T2 + A23T3 = W2
a31T1 + a32T2 + a33T3 = W3.

This can be written in matrix form as

We specialize here to the following case

— Ty + 29 —4dx3 =
201 + 220 =
3171 + 3172 + 2I3 =

NI= = o

Obtain the solution (by hand) of this system of equationsdipgl Gaussian elimination.

(b) Write therafter a program which implements Gaussiamiaktion (with pivoting) and solve the above
system of linear equations. How many floating point operatre involved in the solution via Gaussian
elimination without pivoting? Can you estimate the numtdtaating point operations with pivoting?

Exercise 6.2: Cholesky factorization

If the matrix A is real, symmetric and positive definite, then it has a unige#orization (called Cholesky

factorization)
A=LU=LL"

whereLT is the upper matrix, implying that
L}, = Lji.

The algorithm for the Cholesky decomposition is a speciaéaz the general LU-decomposition algorithm.
The algorithm of this decomposition is as follows

— Calculate the diagonal elemehy; by setting up a loop fof = 0 to i = n — 1 (C++ indexing of matrices
and vectors)

i-1 1/2
Ly = (A“- -3 L§k> . (6.33)
k=0

— within the loop overi, introduce a new loop which goes froim= i + 1 ton — 1 and calculate
1 i—1
Ly =1~ (Aij - kZ_OLikzjk> : (6.34)
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For the Cholesky algorithm we have always that > 0 and the problem with exceedingly large matrix ele-
ments does not appear and hence there is no need for pivdtiitg. a function which performs the Cholesky
decomposition. Test your program against the standard lddrdposition by using the matrix

2
A=[3 21 (6.35)
2 1 1

Finally, use the Cholesky method to solve

0.0521 4+ 0.07z2 + 0.0623 4+ 0.0524 0.23
0.07z1 4 0.10z2 + 0.08z3 4+ 0.07x4 0.32
0.06z; + 0.08z2 + 0.10z3 + 0.0924 = 0.33
0.0521 4+ 0.07z2 + 0.0923 4+ 0.1024 0.31

You can also use the LU codes for linear equations to checiethsts.

Project 6.1: The one-dimensional Poisson equation

(&) We are going to solve the one-dimensional Poisson exjuatith Dirichlet boundary conditions by
rewriting it as a set of linear equations.

The three-dimensional Poisson equation is a partial @ifféal equation,

%9 %9 o pla,y2)

oz oyt 922 e«
whose solution we will discuss in chapfed 10. The functidn, y, z) is the charge density angd is
the electrostatic potential. In this project we consider dme-dimensional case since there are a few
situations, possessing a high degree of symmetry, wheseissible to find analytic solutions. Let us
discuss some of these solutions.

Suppose, first of all, that there is no variation of the vasiguantities in the/- and z-directions. In
this case, Poisson’s equation reduces to an ordinary éiffed equation inz, the solution of which is
relatively straightforward. Consider for example a vacutiode, in which electrons are emitted from
a hot cathode and accelerated towards an anode. The ancald & la large positive potenti&}, with
respect to the cathode. We can think of this as an essertdiadiydimensional problem. Suppose that the
cathode is at = 0 and the anode at = d. Poisson’s equation takes the form

¢ pl(x)

@ B €0 ’
where¢(z) satisfies the boundary condition$0) = 0 and¢(d) = V,. By energy conservation, an
electron emitted from rest at the cathode has-amlocity v(x) which satisfies
1

§mev2(x) —egp(x) =0.
Furthermore, we assume that the curtkistindependent aof between the anode and cathode, otherwise,
charge will build up at some points. From electromagnetiemaan then show that the curréns given
by I = —p(z)v(z)A, whereA is the cross-sectional area of the diode. The previous mmsatan be
combined to give

¢ _ I (%)1/2 5172

dz? A \ 2¢ '
The solution of the above equation which satisfies the baymmtanditions is

\4/3
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(b)

192

with L
I= deod (2e ! 1/03/2.
9 d?2 \me
This relationship between the current and the voltage incawa diode is called the Child-Langmuir
law.

Another physics example in one dimension is the famous TleReami model, widely used as a mean-
field model in simulations of quantum mechanical systems 33§, see Lieb for a newer and updated
discussion [40]. Thomas and Fermi assumed the existenca ehargy functional, and derived an
expression for the kinetic energy based on the density atreles,p(r) in an infinite potential well.
For a large atom or molecule with a large number of electr@whrddinger’s equation, which would
give the exact density and energy, cannot be easily handtddrfje numbers of interacting particles.
Since the Poisson equation connects the electrostatiotdteith the charge density, one can derive
the following equation for potentidl

2V V2

@
with V(0) = 1.
In our case we will rewrite Poisson’s equation in terms of@isionless variables. We can then rewrite
the equation as

—u’(x) = f(z), z€(0,1), w(0)=u(l)=0.

and we define the discretized approximationitasv; with grid pointsz; = ih in the interval from
x9g = 0toxz,11 = 1. The step length or spacing is definedlas= 1/(n + 1). We have then the
boundary conditionsy, = v,4+1 = 0. We approximate the second derivativeuofith

Vit+1 + Vi—1 —
— 5
wheref; = f(x;). Show that you can rewrite this equation as a linear set ddians of the form

2v; .
v:fi fori=1,...,n

)

Av =Db,
whereA is ann x n tridiagonal matrix which we rewrite as

2 -1 0 ... ... O

andl~)i = h2fi.
In our case we will assume thatz) = (3x+22)e®, and keep the same interval and boundary conditions.
Then the above differential equation has an analytic smugiven byu(z) = z(1 — x)e® (convince

yourself that this is correct by inserting the solution i fRoisson equation). We will compare our
numerical solution with this analytic result in the next mise.

We can rewrite our matriXA in terms of one-dimensional vectoasb, ¢ of length1 : n. Our linear
equation reads
b1 C1 0 e SN e V1 i)l
as b2 Co V2 bg
az by c3
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A tridiagonal matrix is a special form of banded matrix whallehe elements are zero except for those
on and immediately above and below the leading diagonal abbege tridiagonal system can be written
as

a;vi—1 + bivi + civip1 = by,
fori = 1,2,...,n. The algorithm for solving this set of equations is rathenge and requires two
steps only, a decomposition and forward substitution aradlfim backward substitution.

Your first task is to set up the algorithm for solving this sétieear equations. Find also the num-
ber of operations needed to solve the above equations. Staivthiey behave liké(n) with n the
dimensionality of the problem. Compare this with standaadi§sian elimination.

Then you should code the above algorithm and solve the probde matrices of the siz&é0 x 10,
100 x 100 and1000 x 1000. That means that you choose= 10, n = 100 andn = 1000 grid points.

Compare your results (make plots) with the analytic redaltthe different number of grid points in the
intervalz € (0,1). The different number of grid points corresponds to difféigtep lengthé.

Compute also the maximal relative error in the data setl, . . ., n,by setting up

).

as function oflog1o(h) for the function values; andv;. For each step length extract the max value of
the relative error. Try to increaseto n = 10000 andn = 105. Comment your results.

Vi — Uy

€ = logio (

%

(c) Compare your results with those from the LU decompasitiodes for the matrix of sizeD00 x 1000.
Use for example the unix functidime when you run your codes and compare the time usage between
LU decomposition and your tridiagonal solver. Can you rungtandard LU decomposition for a matrix
of the sizel0® x 10°? Comment your results.

Solution to exercise b)

The program listed below encodes a possible solution tolpaof the above project. Note that we have
employed Blitz++ as library and that the range of the varieors are now shifted from their default ranges
(0:n—1)to(1:n)and that we access vector elements@sinstead of the standard C++ declaratidf].

The program reads from screen the name of the ouput file andithension of the problem, which in
our case corresponds to the number of mesh points as welllditian to the two endpoints. The function
f(x) = (3x + 2%)exp () is included explicitely in the code. An obvious change is ik a separate
function, allowing thereby for a generalization to othemdtion f ().

/%
Program to solve the one-dimensional Poisson equation
-u''(x) = f(x) rewritten as a set of linear equations
A u = f where A is an n x n matrix, and u and f are 1 x n vectors
In this problem f(x) = (3x+xxx)exp(x) with solution u(x) = x(1-x)exp(x)
The program reads from screen the name of the output file.
Blitz++ 1s used here, with arrays starting from 1 to n

*/

#include <iomanip>

#include <fstream>

#include <blitz/array.h>

#include <iostream>

using namespace std;

using namespace blitz;

ofstream ofile;

// Main program only, no other functions
int main(int argc, charx argv[])

{

char xoutfilename;
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int i, j, n;

double h, btemp;

// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1);
}
else{
outfilename=argv([1];
}

ofile.open(outfilename);
cout << "Read in number of mesh points" << endl;
cin >> n;
h =1.0/( (double) n+l);
// Use Blitz to allocate arrays
// Use range to change default arrays from 0:n-1 to 1:n
Range r(1,n);
Array<double,1> a(r), b(r), c(r), y(r), f(r), temp(r);
// set up the matrix defined by three arrays, diagonal, upper and lower diagonal band
b=2.0; a=-1.0; c=-1.0;
// Then define the value of the right hand side f (multiplied by hxh)
for(i=1; i <= n; i++){
// Explicit expression for f, could code as separate function
f(1i) = hxhx(ixh*3.0+(ixh)*(ixh))*exp(ixh);

}
// solve the tridiagonal system, first forward substitution
btemp = b(1);

for(i = 2; i <= n; i++) {
temp(i) = c(i-1) / btemp;
btemp = b(i) - a(i) * temp(i);
y(i) = (f(i) - a(i) = y(i-1)) / btemp;
}
// then backward substitution, the solution is in y()
for(i =n-1; 1 >=1; i--) {
y(i) -= temp(i+l) * y(i+l1);
}
// write results to the output file
for(i =1; i <= n; i++){
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(15) << setprecision(8) << ixh;
ofile << setw(15) << setprecision(8) << y(i);
ofile << setw(1l5) << setprecision(8) << ixhx*(1.0-ixh)*exp(ixh) <<endl;
}
ofile.close();

}

The program writes also the exact solution to file. In gl wetshow the results obtained with = 10.
Even with so few points, the numerical solution is very clésehe analytic answer. With = 100 it is
almost impossible to distinguish the numerical solutiamfrthe analytical one, as shown in HIg16.5. It is
therefore instructive to study the relative error, which aigplay in Tabld &M as function of the step length
h=1/(n+1).

The mathematical truncation we made when computing thensegerivative goes lik€(h?). Our results
for n fromn = 10 to somewhere between = 10* andn = 10° result in a slope which is almost exactly
equal2,in good agreement with the mathematical truncation madgoBdn = 10° the relative error becomes
bigger, telling us that there is no point in increasing-or most practical application a relative error between
10~% and10~8 is more than sufficient, meaning that= 10* may be an acceptable number of mesh points.
Beyondn = 10°, numerical round off errors take over, as discussed in teeigus chapter as well.
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Figure 6.4: Numerical solution obtained with= 10 compared with the analytical solution.

1 | T
Numerical solution——
Analytical solution- - - - -
0.8 .
0.6 .
u(x)
0.4 -~ .
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0 0.2 0.4 0.6 0.8 1

Figure 6.5: Numerical solution obtained with= 10 compared with the analytical solution.

Table 6.4:l0g1( values for the relative error and the step lengtomputed at: = 0.5.
n_logig(h) € = logio (|(vi —wi)/uil)

10 -1.04 -2.29
100 -2.00 -4.19
1000 -3.00 -6.18
10* -4.00 -8.18
10° -5.00 -9.19
10 -6.00 -6.08

195






Chapter 7

Eigensystems

7.1 Introduction

Together with linear equations and least squares, the thajdr problem in matrix computations deals with

the algebraic eigenvalue problem. Here we limit our attentd the symmetric case. We focus in particular
on two similarity transformations, the Jacobi method, tradus QR algoritm with Householder’s method for
obtaining a triangular matrix and Francis’ algorithm foe final eigenvalues. Our presentation follows closely
that of Golub and Van Loan, see Ref. [29].

7.2 Eigenvalue problems

Let us consider the matri& of dimension n. The eigenvaluesAfare defined through the matrix equation
Ax®) = \x), (7.1)

where)\) are the eigenvalues and”) the corresponding eigenvectors. Unless otherwise stategh we use
the wording eigenvector we mean the right eigenvector. fieelgenvector is defined as

xM) A = A\Wx0),

The above right eigenvector problem is equivalent to a setexfuations wit unknownse;

a1121 + a12T2 + -+ a1pTy = AT
a21%1 + a2 + -+ + A2 Ty = A2
An1T1 + An2T2 + -+ ApnTn = ATp.

We can rewrite Eq[{711) as

(A - )\(”)I) x) =0,

with I being the unity matrix. This equation provides a solutiotht® problem if and only if the determinant
is zero, namely
‘A - )\(”)I‘ —0,

which in turn means that the determinant is a polynomial @frdern in A\. The eigenvalues of a matrix
A € C™*" are thus the: roots of its characteristic polynomial

P(\) = det(\I — A), (7.2)
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or
P =T]i=N. (7.3)

=1
The set of these roots is called the spectrum and is denoteas If A(A) = {A1, Ae,..., \,} then we

have
det(A) = /\1/\2 . /\n,

the trace ofA isTr(A) = A1 + da + - + Ay,

Procedures based on these ideas can be used if only a sraadiriraf all eigenvalues and eigenvectors are
required or if the matrix is on a tridiagonal form, but thenstard approach to solve EQ{J7.1) is to perform a
given number of similarity transformations so as to renterdriginal matrixA in either a diagonal form or
as a tridiagonal matrix which then can be be diagonalizedoyputational very effective procedures.

The first method leads us to Jacobi’s method whereas the decmnis given by Householder’s algorithm
for tridiagonal transformations. We will discuss both nuatk below.

7.3 Similarity transformations

In the present discussion we assume that our matrix is rebdymmetric, that isA € R™*". The matrixA
hasn eigenvalues\; ... \, (distinct or not). LetD be the diagonal matrix with the eigenvalues on the diagonal

A0 0 0 0 0

0 X O 0 0 0
D— 0 0 X3 O 0 0

0 )\n—l

0 0 A

If A is real and symmetric then there exists a real orthogonaixrfasuch that
STAS = diag(\1, Ao, ..., An),

and forj = 1 : nwe haveAS(:,j) = A\;S(:, j). See chapter 8 of Ref. [29] for proof.
To obtain the eigenvalues & € R"*", the strategy is to perform a series of similarity transfations on
the original matrixA, in order to reduce it either into a diagonal form as abovetar & tridiagonal form.
We say that a matriB is a similarity transform ofA if

B = STAS, where SsTs=s"'s=1

The importance of a similarity transformation lies in thetfdnat the resulting matrix has the same eigenvalues,
but the eigenvectors are in general different. To provedtieistart with the eigenvalue problem and a similarity
transformed matriB.

Ax = \x and B =STAS.

We multiply the first equation on the left I8/ and inserS”'S = I betweenA andx. Then we get
(STAS)(STx) = ASTx, (7.4)

which is the same as
B (STx) = A (STx).

The variable\ is an eigenvalue dB as well, but with eigenvect&@Tx.
The basic philosophy is to
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7.4 — Jacobi’s method

— either apply subsequent similarity transformations st tha

Sy ...STAS;...Sx =D, (7.5)

— or apply subsequent similarity transformations so fhecomes tridiagonal. Thereafter, techniques for
obtaining eigenvalues from tridiagonal matrices can beluse

Let us look at the first method, better known as Jacobi’s ntethdiven’s rotations.

7.4 Jacobi's method

Consider an#{ x n) orthogonal transformation matrix

1 0o ... 0 0 0 0
1 0 0 0 0
g _ 0 0 ... cosf 0 ... 0 sind
0 0 0 1 0 0
0 0o ... 0 0 1 0
0 0 ... —sind 0 cosf

with propertyST = S, It performs a plane rotation around an an@la the Euclideam—dimensional
space. It means that the matrix elements that differ froro ae given by

Skk = Sy = cosl, s = —sy, = —sinb, s;; = —si; =1 iF ki #£l,

A similarity transformation
B = STAS,

results in

by = au,iFkiFEl

bixk = a;xcosd —azsind,i#£ ki #£1

biy = agcos0+ a;psind i £ ki £

b = appcos 0 — 2apcoslsind + aysin?6

by = aycosd+ 2axcos0sind + agsino

b = (agr — ay)cosfsing + ax(cos*6 — sin6)

The angld is arbitrary. The recipe is to choo8eso that all non-diagonal matrix elemeiig become zero.
The algorithm is then quite simple. We perform a number afitiens until the sum over the squared
non-diagonal matrix elements are less than a prefixed thsal(y equal zero). The algorithm is more or less
foolproof for all real symmetric matrices, but becomes msiclver than methods based on tridiagonalization
for large matrices.
The main idea is thus to reduce systematically the norm obthdiagonal matrix elements of a matrix

To demonstrate the algorithm, we consider the sir2ple2 similarity transformation of the full matrix. The
matrix is symmetric, we single ott< k£ < | < n and use the abbreviations= cos § ands = sin 4 to obtain

199



Eigensystems

bkk 0 o c —S Ak Akl C S
0 bll o S C ik ap —S C ’
We require that the non-diagonal matrix eleménis= b;;, = 0, implying that

akl(CQ — 82) + (akk — CL”)CS = by = 0.

If ax; = 0 one sees immediately thais # = 1 andsin § = 0.
The Frobenius norm of an orthogonal transformation is asnggserved. The Frobenius norm is defined
as

n n
DD laisl

i=1 j=1

Al =

This means that for oWt x 2 case we have
2a3; + ajpy, + ajy = by + bjr,

which leads to

off(B)? = [[BI[3 — S b2 = off (A)? — 2a3,
=1

since
n n
IB[% — Zbi = [|A[|% - Zai‘ + (afy, + afy — by — bjy).
=1 =1
This result means that the matéx moves closer to diagonal form for each transformation.
Defining the quantitiesan§ = ¢t = s/c and

o ajp — akk
2akl

we obtain the quadratic equation
2427t —1=0,

resulting in
t=—7++1+172

andc ands are easily obtained via
1

NS

ands = tc. Choosing to be the smaller of the roots ensures tifat< 7 /4 and has the effect of minimizing
the difference between the matriddsandA since

n

2a?

B-AlR=10-0 > (@ +ad)+ L
i=1,i#k,l

The main idea is thus to reduce systematically the norm obthdiagonal matrix elements of a matrik

To implement the Jacobi algorithm we can proceed as follows
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— Choose a toleranag making it a small number, typicaliy0—8 or smaller.

— Setup awhile-test where one compares the norm of the newly computediadfathal matrix
elements

This is however a very time-comsuming test which can be oeldy the simpler test
max(ag;) > €.
— Now choose the matrix elementg; so that we have those with largest value, thatig| =
maXiz;| ;|-
— Compute thereafter = (a;; — axk)/2ax;, tan 8, cos @ andsin 6.

— Compute thereafter the similarity transformation for ge$ of valuegk, [), obtaining the new
matrixB = S(k,1,0)T AS(k, 1, 0).

— Continue till

max(a;;) < €.

The convergence rate of the Jacobi method is however poemeeds typicallyn? — 5n? rotations and
each rotation requires: operations, resulting in a total a2n3 — 20n® operations in order to zero out non-
diagonal matrix elements. Although the classical Jacajprithm performs badly compared with methods
based on tridiagonalization, it is easy to parallelize.

The slow convergence is related to the fact that when a neatioatis performed, matrix elements which
were previously zero, may change to non-zero values in tkerntation. To see this, consider the following
simple example.

We specialize to a symmetricx 3 matrix A. We start the process as follows (assuming that= a3 is
the largest non-diagonal matrix element) witk- cos # ands = sin 6

1 0 0 aj;p a2 ais 1
B = 0 ¢ —s a21 a22 A23 0
0 s ¢ as1 ase ass 0 —s c

We will choose the anglé in order to havé,; = b3z = 0. We get the new symmetric matrix

ail a12C — A13$ a128 + aisc
B=| ac—ass a99C% + a33s? — 2as3sc (ag2 — asz)sc+ agz(c? — s?)
aias +aizc  (aga — asz)sc + agsz(c® — s2) a225% + assc?® + 2as3sc

Note thata,; is unchanged! As it should.
We have then

bi1 = an

b2 = ai2c0s0 —ayzsind, 1 #£2,1+#3

b3 = ai3cos0 + ajesinfd, 1 #£2,1+#3

bas = a22c08%0 — 2a93c050sinf + asssin’o

bss = as33c0820 + 2a23c050sinf + azsin0

bas = (a2 — asz)cosfsind + agz(cos’d — sin?6)
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We will fix the anglef so thathoz = 0.
We get then a new matrix
b1 b2 bi3
B=| b2 b2 0
b1z 0 as3

We repeat assuming thé, is the largest non-diagonal matrix element and get a newimatr

c —s 0 b11 b12 b13 C s 0
C= S C 0 b12 b22 0 —s ¢ 0
0 0 1 biz 0 b33 0 01

We continue this process till all non-diagonal matrix el@etseare zero. It is easy to convince oneself that
when performing the above operations, the matrix elerbgnivhich was previously set to zero may become
different from zero. This is one of the problems which slowsvd the Jacobi procedure.

7.5 Diagonalization through the Householder’s method faidiagonalization

In this case the diagonalization is performed in two stefsst,Rfhe matrix is transformed into tridiagonal

form by the Householder similarity transformation. Sedgnithe tridiagonal matrix is then diagonalized. The
reason for this two-step process is that diagonalizingdatgonal matrix is computational much faster than
the corresponding diagonalization of a general symmetairima Let us discuss the two steps in more detail.

7.5.1 The Householder’s method for tridiagonalization
The first step consists in finding an orthogonal ma&which is the product ofn. — 2) orthogonal matrices
S=851S2...8,_9,

each of which successively transforms one row and one cobfrAninto the required tridiagonal form. Only
n — 2 transformations are required, since the last two elemestslaeady in tridiagonal form. In order to
determine eacB; let us see what happens after the first multiplication, ngmel

a1 €1 0 0 0 0
. e1 ahy abs ... ... .. dby,
S1 AS; = 0 aby abg ... ... ... ah,
0
0 aly ahs ... .. ... al,

where the primed quantities represent a mairiof dimensiorn — 1 which will subsequentely be transformed
by So. The factore; is a possibly non-vanishing element. The next transfomngtroduced bys, has the
same effect a8, but now on the submatirA’ only

ail el 0 o ... 0 0
. €1 aby e 0o ... ... 0
(S1S2) Aslsg = 0 €9 ag’3 e e N ag’n
0
0 0 aly ... ... ... al

Note that the effective size of the matrix on which we apply ttansformation reduces for every new step.
In the previous Jacobi method each similarity transforameis in principle performed on the full size of the
original matrix.

After a series of such transformations, we end with a setarjalal matrix elements

/ " n—1
@11, Q099,33+« - Ay
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and off-diagonal matrix elements

€1,€2,€3,...,En—1.
The resulting matrix reads
ai; e 0 0 ... 0 0
er ahy e 0 ... 0 0
STAS — 0 e af3 e O . 0
0 a’Szn—iliz)—l €n—1

0 €n—1 aﬁﬁll)
It remains to find a recipe for determining the transforma8q. We illustrate the method fd8; which
we assume takes the form
g (1 ot
1 — 0 P )

with 0T being a zero row vectonT = {0,0,---} of dimension(n — 1). The matrixP is symmetric with
dimension (n — 1) x (n — 1)) satisfyingP? = I andP? = P. A possible choice which fulfills the latter two
requirements is

P=1I-2uu’,

wherel is the (n — 1) unity matrix andu is ann — 1 column vector with norru”u = 1, that is its inner
product.

Note thatuu” is an outer product giving a dimensiam(— 1) x (n — 1)). Each matrix element d then
reads

Pij = 61']' — QUZ‘UJ',

wherei andj range froml to n — 1. Applying the transformatio8; results in

STAS, = < au (Pv)t )

Pv A’
wherevT = {as;,a31, -+ ,an1} andP must satisfy Pv)? = {k,0,0,---}. Then
Pv =v —2u(u’v) = ke, (7.6)

with eT = {1,0,0,...0}. Solving the latter equation gives usand thus the needed transformat®nWe do
first however need to compute the scatary taking the scalar product of the last equation with iteasp@ose
and using the fact th&? = I. We get then

Pv)IPv=k>=vIv=|v|? = Zazl,

which determines the constant= +v. Now we can rewrite Eq[{.6) as

T

v — ke =2u(u’ v),

and taking the scalar product of this equation with itsetf abtain

2(uTv)? = (v £ anv), (7.7)
which finally determines
" v — ke
- 2(uTv)’

In solving Eq.[ZJ) great care has to be exercised so as tisetthose values which make the right-hand largest
in order to avoid loss of numerical precision. The abovestep then repeated for every transformations till
we have a tridiagonal matrix suitable for obtaining the pigdues.
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7.5.2 Diagonalization of a tridiagonal matrix via Francialgorithm

The matrix is now transformed into tridiagonal form and thstistep is to transform it into a diagonal matrix
giving the eigenvalues on the diagcﬂual

Before we discuss the algorithms, we note that the eigeasadfi a tridiagonal matrix can be obtained
using the characteristic polynomial

P()) = det(\I — A) = ﬁ (A = A),
=1

which rewritten in matrix form reads

d1 - A €1 0 0 0 0
el d2 - A €9 0 0 0
P()\) _ 0 €9 dg—)\ €3 0 0
0 sttep_g - A eNScep_l
0 eNstep_l sttep_l - A

We can solve this equation in a recursive manner. W&jJé€h) be the value of: subdeterminant of the above
matrix of dimensiom x n. The polynomialP; () is clearly a polynomial of degrée Starting withP; (\) we
haveP; (\) = d; — A. The next polynomial read8;(\) = (d2 — \) P1()\) — e?. By expanding the determinant
for P,(\) in terms of the minors of theth column we arrive at the recursion relation

Pi(N) = (diy = N Pi-1 (M) — €1 Po2(N).

Together with the starting valug (\) and P,(\) and good root searching methods we arrive at an efficient
computational scheme for finding the roots@f()\). However, for large matrices this algorithm is rather
inefficient and time-consuming.

The programs which performs these transformations aréxmatk — tridiagonal matrix— diagonal matrix

C: void trd2(doubles*a, int n, double d[], double e[])
void tgli(double d[], double[], int n, doublexz)
Fortran: CALL tred2(a, n, d, e)
CALL tqli(d, e, n, 2)

The last step through the functidgli() involves several technical details. Let us describe théchdsa in
terms of a four-dimensional example. For more details, sfe[R9], in particular chapters seven and eight.
The current tridiagonal matrix takes the form

d1 €1 0 0
€1 d2 €9 0
0 €9 d3 €3
0 0 €3 d4

A:

As a first observation, if any of the elementsare zero the matrix can be separated into smaller piecessbefo
diagonalization. Specifically, if; = 0 thend; is an eigenvalue. Thus, let us introduce a transformagion

cos@ 0 0O sind

0 0 0 0

S1 = 0 00 0
—sinf 0 0 cos@

1This section is not complete it will be finished end of fall 200
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Then the similarity transformation

dy e 0 0

/
T A €1 da e 0
Sl ASl A= 0 €9 dg 6/3
0 0 e d

produces a matrix where the primed elementdinhave been changed by the transformation whereas the
unprimed elements are unchanged. If we now chédeagive the elemertt'21 = ¢’ = 0 then we have the first
eigenvalue= o}, = d;.

This procedure can be continued on the remaining threerdifmeal submatrix for the next eigenvalue.
Thus after four transformations we have the wanted diagoni.

7.6 The QR algorithm for finding eigenvalues

In preparation for 2010

7.7 Schrddinger’s equation through diagonalization

Instead of solving the Schrédinger equation as a diffeabatjuation, we will solve it through diagonalization
of a large matrix. However, in both cases we need to deal wittoblem with boundary conditions, viz., the
wave function goes to zero at the endpoints.

To solve the Schrodinger equation as a matrix diagonatiagiroblem, let us study the radial part of the
Schrddinger equation. The radial part of the wave functi®¥(r,), is a solution to
h? <1 dr2 d l(1+1)

r2dr dr r2

™ ) R(r) + V(r)R(r) = ER(r).

Then we substitut®(r) = (1/r)u(r) and obtain

n* d?

I(1+1) 12
—%Wu(r) + (V(T) + P—

2

T m

) u(r) = Bu(r).

We introduce a dimensionless variable- (1/«)r wherea is a constant with dimension length and get

2 d?
" 2ma? dp?

(1+1) 2
P2 2ma?

) + (Vo + ) o) = Bulp)

In the example below, we will replace the latter equatiomilitat for the one-dimensional harmonic oscillator.
Note however that the procedure which we give below appliggkly well to the case of e.g., the hydrogen
atom. We replaceg with z, take away the centrifugal barrier term and set the potiestjiaal to

1
V(z) = 2/4502,

with k& being a constant. In our solution we will use units so that » = m = o = 1 and the Schrddinger
equation for the one-dimensional harmonic oscillator bees
d2
da?
Let us now see how we can rewrite this equation as a matrixieidee problem. First we need to compute the
second derivative. We use here the following expressioth®second derivative of a functigh

fle+h)—2f(x) + flx—h)
h2

u(z) + r?u(x) = 2Eu(x).

= + O(h?), (7.8)
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whereh is our step. Next we define minimum and maximum values for @wéablex, R, and Ry ax,
respectively. With a given number of stepé,..,,, we then define the stépas

Rmax - Rmin
h=——.
Nstep
If we now define an arbitrary value afas
T; = Rumin +1h i:1,2,...,NStep—1

we can rewrite the Schrodinger equationfgras

_u(@g + h) = 2u(zk) + u(zk — h)
72

+ xiu(gck) = 2Fu(xy),

or in a more compact way

_ Ukg1 — 2up + Up—1
h2

U — 2ug + ug—
+ xiuk — Tkl th kol + Viur = 2Euy,

whereuy, = u(xy), upe1 = u(zg + h) andVj, = 27, the given potential. Let us see how this recipe may lead
to a matrix reformulation of the Schrodinger equation. Defirst the diagonal matrix element

2
dk == ﬁ + Vk,
and the non-diagonal matrix element
1
[ _ﬁ

In this case the non-diagonal matrix elements are given bgr@ KonstantAll non-diagonal matrix elements
are equal With these definitions the Schrddinger equation takesdhevfing form

drug + ep—1Uk—1 + exr1Ury1 = 2Buy,

whereu, is unknown. Since we hav®., — 1 values ofk we can write the latter equation as a matrix
eigenvalue problem

d1 el 0 0 0 0 U1l U1l
€1 d2 €9 0 SN 0 0 ug ug
d
0 e ds es O 0 —2F (7.9)
0 stmp,Q eNsth,1
0 BNSth,1 stmp,1 uNsmp,1 uNsmp,1

or if we wish to be more detailed, we can write the tridiaganatrix as

Vi 0 0 0 0
- AtV -5 0o ... 0 0
1 2 1
0 — 5z =+Vs —5z 0 0 (7.10)
0 ;T22+Vl¥scep—2 ) -5
0 -7z 7=+ Viaep—1

This is a matrix problem with a tridiagonal matrix of dimems$iVste, — 1 X Ngtep — 1 and will thus yield
Nstep — 1 €igenvalues. Itis important to notice that we do not set uaaimof dimensionVsiep X Ngtep SiNCE
we can fix the value of the wave functionfat= Ng.p. Similarly, we know the wave function at the other end
point, that is forz.
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The above equation represents an alternative to the numhsalution of the differential equation for the
Schrodinger equation discussed in chafter 9.

The eigenvalues of the harmonic oscillator in one dimenaierwell known. In our case, with all constants
set equal td, we have

1
En =n-+ 57

with the ground state being, = 1/2. Note however that we have rewritten the Schrddinger equat that
a constant 2 stands in front of the energy. Our program wéhtpield twice the value, that is we will obtain
the eigenvalues, 3,5, 7... ...

In the next subsection we will try to delineate how to solve #tbove equation. A program listing is also
included.

7.7.1 Numerical solution of the Schrddinger equation bydraalization
The algorithm for solving Eq[{Z12) may take the followiragrh

— Define values fotVyep, Rmin @and Rimax. These values define in turn the step sizeTypical values
for Ryax and Ry, could bel0 and—10 respectively for the lowest-lying states. The number ofimes
points Ny, could be in the range 100 to some thousands. You can checkatbibty of the results as
functions of Nycp — 1 and Riax and R,y against the exact solutions.

— Construct then two one-dimensional arrays which contdimsdlies ofz;, and the potential’,. For the
latter it can be convenient to write a small function whictsse the potential as function of,. For the
three-dimensional case you may also need to include thefcgyatl potential. The dimension of these
two arrays should go from up to Nstep.

— Construct thereafter the one-dimensional vectbexd e, whered stands for the diagonal matrix el-
ements and the non-diagonal ones. Note that the dimension of these tvaysruns froml up to
Ngtep — 1, since we know the wave functienat both ends of the chosen grid.

— We are now ready to obtain the eigenvalues by calling thetiomigli which can be found on the web
page of the course. Callirtgli, you have to transfer the matricégnde, their dimensiom = Ngep — 1
and a matrixz of dimensionNg.e, — 1 X Ngtep — 1 Which returns the eigenfunctions. On return, the
arrayd contains the eigenvalues. 4fis given as the unity matrix on input, it returns the eigetoe
For a given eigenvaluk, the eigenvector is given by the colurrin z, that is z[][k] in C, or z(:,k) in
Fortran.

— TQLI does however not return an ordered sequence of eigegsmal¥ou may then need to sort them as
e.g., an ascending series of numbers. The program we priovideles a sorting function as well.

— Finally, you may perhaps need to plot the eigenfunctions el wr calculate some other expectation
values. Or, you would like to compare the eigenfunctionfhie analytical answers for the harmonic
oscillator or the hydrogen atom. We provide a functpat which has as input one eigenvalue cho-
sen from the output dfgli. This function gives you a normalized wave functienvhere the norm is
calculated as

Rmin

Runox Nstep
/ lu(z)|* dz — h Z u? =1,
=0
and we have used the trapezoidal rule for integration dgssuligy chaptdi4.

7.7.2 Program example and results for the one-dimensiocaahbnic oscillator

We present here a program example which encodes the abarélaiy
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http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapterl2/cpp/programl.cpp

/*
Solves the one-particle Schrodinger equation
for a potential specified in function
potential(). This example is for the harmonic oscillator

*/

#include <cmath>

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// function declarations

void initialise(double&, double&, int&, int&) ;
double potential(double);

int comp(const double *, const double *);

void output(double, double, int, double x);

int main(int argc, charx argv[])
{
int i, j, max_step, orb_1;
double r_min, r_max, step, const_1, const_2, orb_factor,
xe, *d, *xw, *r, xxz;
char xoutfilename;
// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1);
}
else{
outfilename=argv[1];
}

ofile.open(outfilename);

// Read in data

initialise(r_min, r_max, orb_1, max_step);
// initialise constants

step = (r_max - r_min) / max_step;
const_.2 = -1.0 / (step * step);
const_1 = - 2.0 x const_2;

orb_factor = orb_1 % (orb_1 + 1);

// local memory for r and the potential w[r]
r = new double[max_step + 1];
w = new double[max_step + 1];
for(i = 0; i <= max_step; i++) {
r[i] = r_min + i * step;
w[i] = potential(r[i]) + orb_factor / (r[i] * r[i]);
}

// local memory for the diagonalization process

d = new double[max_step]; // diagonal elements
e = new double[max_stepl; // tridiagonal off-diagonal elements
z = (double #*x) matrix(max_step, max_step, sizeof(double));
for(i = 0; i < max_step; i++) {

d[i] = const_1 + w[i + 1];

e[i] = const_2;

z[i][i] = 1.0;

for(j =i+ 1; j < max_step; j++) {

z[i][j] = 0.0;
}
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}
// diagonalize and obtain eigenvalues
tqli(d, e, max_step - 1, z);
// Sort eigenvalues as an ascending series
gsort(d, (UL) max_step - 1,sizeof(double),
(int(*) (const void *,const void =))comp);

// send results to ouput file
output(r_min , r_max, max_step, d);
delete [] r; delete [] w; delete [] e; delete [] d;
free_matrix((void *x) z); // free memory
ofile.close(); // close output file
return 0;

} // End: function main()

/*

The function potential()

calculates and return the value of the

potential for a given argument X.

The potential here is for the 1-dim harmonic oscillator
*/

double potential(double x)
{

return xx*x;
} // End: function potential()

/%
The function int comp()
is a utility function for the library function qsort()
to sort double numbers after increasing values.

*/

int comp(const double *val_1, const double xval_2)
{

if((xval_l) <= (*val_2)) return -1;

else if((*xval_1l) > (xval_2)) return +1;

else return 0;
} // End: function comp()

// read in min and max radius, number of mesh points and 1
void initialise(double& r_min, double& r_max, int& orb_1, int& max_step)

{
cout << "Min vakues of R = ";
cin >> r_min;
cout << "Max value of R = ";

cin >> r_max;
cout << "Orbital momentum = ";
cin >> orb_1;
cout << "Number of steps = ";
cin >> max_step;
} // end of function initialise
// output of results
void output(double r_min , double r_max, int max_step, double xd)
{
int i;
ofile << "RESULTS:" << endl;
ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile <<"R_min = " << setw(15) << setprecision(8) << r_min << endl;
ofile <<"R_max = " << setw(15) << setprecision(8) << r_max << endl;
ofile <<"Number of steps = " << setw(1l5) << max_step << endl;

ofile << "Five lowest eigenvalues:" << endl;
for(i =0; i < 5; i++) {
ofile << setw(1l5) << setprecision(8) << d[i] << endl;
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}

} // end of function output

There are several features to be noted in this program.
The main program calls the functigmitialise, which reads in the minimum and maximum valuesahe
number of steps and the orbital angular momentuithereafter we allocate place for the vectors containing

r and the potential, given by the variablgg] andwli], respectively. We also set up the vectdfg ande]i]
containing the diagonal and non-diagonal matrix eleme@lling the functiontqli we obtain in turn the
unsorted eigenvalues. The latter are sorted by the intritunctiongsort.

The calculaton of the wave function for the lowest eigengasudone in the functioplot, while all output
of the calculations is directed to the fuctioatput.

The included table exhibits the precision achieved as fanaf the number of mesh poinfg. The exact
values ard, 3, 5,7, 9.

Table 7.1: Five lowest eigenvalues as functions of the nurobenesh pointsV with r,;, = —10 and
Tmax = 10.
N Ey Ey Es Es Ey
50 9.898985E-01 2.949052E+00 4.866223E+00 6.739916E+0668842E+00
100 9.974893E-01 2.987442E+00 4.967277E+00 6.936913E48896282E+00
200 9.993715E-01 2.996864E+00 4.991877E+00 6.984335E-8974301E+00
400 9.998464E-01 2.999219E+00 4.997976E+00 6.996094E-8993599E+00
1000 1.000053E+00 2.999917E+00 4.999723E+00 6.99935BE-8)999016E+00

The agreement with the exact solution improves with indnggsumbers of mesh points. However, the
agreement for the excited states is by no means impressieeedMer, as the dimensionality increases, the
time consumption increases dramatically. Matrix diagi@adion scales typically as N3. In addition, there
is @ maximum size of a matrix which can be stored in RAM.

The obvious question which then arises is whether this selismothing but a mere example of matrix
diagonalization, with few practical applications of irgst. In chaptdil3, where we dealt with interpolation and
extrapolation, we discussed also called Richardson’sdefextrapolation scheme. Applied to this particualr
case, the philosophy of this scheme would be to diagondtieeabove matrix for a set of values &f and
thereby the step length Thereafter, an extrapolation is madéeite~ 0. The obtained eigenvalues agree then
with a remarkable precision with the exact solution. Thegdtgm is then as follows

— Perform a series of diagonalizations of the matrix in EQLE?.for different values of the ste
sizeh. We obtain then a series of eigenvalug@/2*) with k = 0, 1,2, .... Thatwill give us
an array of 'x-valuesh, h/2,h/4, ... and an array of 'y-values® (h), E(h/2), E(h/4),....
Note that you will have such a set for each eigenvalue.

— Use these values to perform an extrapolation calling éng.function POLINT with the point
where we wish to extrapolate to given by= 0.

— End the iteration ovet when the error returned by POLINT is smaller than a fixed test.

The results for the 10 lowest-lying eigenstates for the dingensional harmonic oscillator are listed below
after just 3 iterations, i.e., the step size has been rediode(B only. The exact results afe 3,5, ...,19 and

we see that the agreement is just excellent for the extragmbtasults. The results after diagonalization differ
already at the fourth-fifth digit.
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Table 7.2: Result for numerically calculated eigenvaldféb®@one-dimensional harmonic oscillator after three
iterations starting with a matrix of siz®0 x 100 and ending with a matrix of dimensi@90 x 800. These
four values are then used to extrapolate the 10 lowest-kiggnvalues té = 0.. The values of: span from
—10 to 10, that means that the starting step viias- 20/100 = 0.2. We list here only the results after three

iterations. The error test was set equ@©.

Extrapolation

Diagonalization

Error

0.100000D+01
0.300000D+01
0.500000D+01
0.700000D+01
0.900000D+01
0.110000D+02
0.130000D+02
0.150000D+02
0.170000D+02
0.190000D+02

0.999931D+00
0.299965D+01
0.499910D+01
0.699826D+01
0.899715D+01
0.109958D+02
0.129941D+02
0.149921D+02
0.169899D+02
0.189874D+02

0.206825D-10
0.312617D-09
0.174602D-08
0.605671D-08
0.159170D-07
0.349902D-07
0.679884D-07
0.120735D-06
0.200229D-06
0.314718D-06

Parts of a Fortran program which includes Richardson’sgxiation scheme is included here. It performs

five diagonalizations and establishes results for variteslengths and interpolates using the funcHarIn.

! start loop over interpolations, here we set max interpolations to 5
DO interpol=l, 5
IF ( interpol == 1) THEN
max_step=start_step
ELSE
max_step=(interpol-1)*2*xstart_step
ENDIF
n=max_step-1
ALLOCATE ( e(n) , d(n) )
ALLOCATE ( w(@:max_step), r(0:max_step))
d=0. ; e =0.
! define the step size
step=(rmax-rmin)/FLOAT (max_step)
hh(interpol)=stepx*step
! define constants for the matrix to be diagonalized
constl=2./(stepxstep)
const2=-1./(step*step)
! set up r, the distance from the nucleus and the function w for energy =0
! w corresponds then to the potential

! values at
DO i=0, max_step
r(i) = rmin+ixstep
w(i) = potential(r(i))

ENDDO
! setup the diagonal d and the non-diagonal part e of
! the tridiagonal matrix matrix to be diagonalized
d(1l:n)=constl+w(1l:n) ; e(l:n)=const2
! allocate space for eigenvector info
ALLOCATE ( z(n,n) )
! obtain the eigenvalues
CALL tqli(d,e,n,z)
! sort eigenvalues as an ascending series
CALL eigenvalue_sort(d,n)
DEALLOCATE (z)
errl=0.
! the interpolation part starts here
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DO 1=1,20

err2=0.

value(interpol,1)=d(1l)

inp=d(1l)

IF ( interpol > 1 ) THEN
CALL polint(hh,value(:,1),interpol,0.d0 ,inp,err2)
errl=MAX(errl,err2)
WRITE(6,'(D12.6,2X,D12.6,2X,D12.6)"') inp, d(1l), errl

ELSE
WRITE(6,'(D12.6,2X,D12.6,2X,D12.6)"') d(1), d(1l), errl
ENDIF
ENDDO
DEALLOCATE ( w, r, d, e)
ENDDO

7.8 Exercises and projects

Project 7.1: Schrédinger’s equation for two electrons irhaee-dimensional harmonic os-
cillator well

The aim of this project is to solve Schrddinger’s equationtfeo electrons in a three-dimensional harmonic
oscillator well with and without a repulsive Coulomb intetian. Your task is to solve this equation by refor-
mulating it in a discretized form as an eigenvalue equatidmet solved with Jacobi’s method. To achieve this
you will have to write your own code which implements Jacehiethod.

Electrons confined in small areas in semiconductors, deetglantum dots, form a hot research area in
modern solid-state physics, with applications spanniomfsuch diverse fields as quantum nano-medicine to
the contruction of quantum gates.

Here we will assume that these electrons move in a threerdiimeal harmonic oscillator potential (they
are confined by for example quadrupole fields) and repel etir wia the static Colulomb interaction. We
assume spherical symmetry.

We are first interested in the solution of the radial part dirBdinger’s equation for one electron. This
equation reads

h? <1ir2i_l(l+1)

23" 7 = ) R(r) + V(r)R(r) = ER(r).

2m

In our caseV (r) is the harmonic oscillator potentiél /2)kr? with k¥ = mw? and E is the energy of the
harmonic oscillator in three dimensions. The oscillategfrency isv and the energies are

3
E, = hw <2n+l+§) )
withn =0,1,2,... andi =0,1,2,....
Since we have made a transformation to spherical coordiriateeans that € [0,00). The quantum
numberl is the orbital momentum of the electron. Then we substiR(te = (1/r)u(r) and obtain

h? d?

_hEd l(l+1)ﬁ_2
2m dr?

2 2m

u(r) + (V(r) + ) u(r) = Eu(r).

The boundary conditions at€0) = 0 andu(oco) = 0.
We introduce a dimensionless variaple- (1/a)r wherea is a constant with dimension length and get
2 d?
" 2ma? dp?

(1+1) R
P 2ma?

o)+ (Vo + ) o) = Bulp)
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We will set in this project = 0. InsertingV (p) = (1/2)ka?p* we end up with

a2

k
—Wd—pw(p) + 5’ p?u(p) = Bu(p).

2

We multiply thereafter witi2ma? /h? on both sides and obtain

d? mk 2ma’
—gEo) + Tz @ pPulp) = =5 Bulp)
The constan&x can now be fixed so that
mk 4, B
e =h
or
hQ 1/4
Defining
2ma?
A= 2 E,

we can rewrite Schrédinger’s equation as

d? 2
_d—pzu(p) + pu(p) = u(p).

This is the first equation to solve numerically. In three dasiens the eigenvalues for= 0 are\y = 3, \; =
T A =11,....
We use the by now standard expression for the second deeata functionu

W = u(p+h) —2u(p) +ulp—h)

s + O(h?), (7.11)

whereh is our step. Next we define minimum and maximum values for th@blep, pni, = 0 and pyax,
respectively. You need to check your results for the ensr@gminst different valugs,.x, since we cannot set

Pmax = OO.
With a given number of steps,:.,, we then define the stgpas

Pmax — Pmin
h=—""
nstep

Define an arbitrary value gf as
pi:pmin+ih i:01172a---anstep
we can rewrite the Schrddinger equation fpas

_u(pi +h) = 2u(p:) + u(pi — h)

2 + piulpi) = Mu(pi),

or in a more compact way

Uip1 — 2u; + U1
72

Wil — 2ui + Ui

h2 +pjus = —

whereV; = p? is the harmonic oscillator potential. Define first the diagianatrix element

2
di:ﬁ‘FVi
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and the non-diagonal matrix element

€e; = _ﬁ
In this case the non-diagonal matrix elements are given bgr@ constantAll non-diagonal matrix elements
are equal With these definitions the Schrddinger equation takesdhevfing form

diw; + €i—1Ui—1 + eip1Uip1 = AUy,

whereu; is unknown. We can write the latter equation as a matrix eigiere problem

dl €1 0 0 e 0 0 Ui U1

€1 d2 €2 O e O O (V%) ug

0 €9 d3 €3 0 0 -\ (712)
0 dnstcp72 €nstcp,1

0 e e e e enstep_l dnstep unstep_l unstep_l

or if we wish to be more detailed, we can write the tridiaganatrix as

Z+Vi -7 0 0 ... 0 0
—L %Jrlvrz Q—h—z 01 0 0
S N 719
0 e E A Va2 -5
0 — Z 4 Vi1

Recall that the solutions are known via the boundary commstiati = ng., and at the other end point,
that is forpg. The solution is zero in both cases.

a) Your task here is to write a function which implements b&saotation algorithm in order to solve
Eq. (ZI2).
We Define the quantitiegin 6 = ¢ = s/c, with s = sin 6 andc = cos ¢ and

a) — akk

t20 =7 =
co T Sy

We can then define the andleso that the non-diagonal matrix elements of the transformatlix a,;
become non-zero and we obtain the quadratic equation (usir® = 1/2(cot 6 — tan 6)

2+ 27t —1=0,

resulting in
t=—-7+V1+712,

andc ands are easily obtained via
1

VIFt?

ands = tec. Explain why we should choogeto be the smaller of the roots. Show that these choice
ensures that| < w/4) and has the effect of minimizing the difference betweenntiag¢ricesB and A
since

n

IB-Al}=4(1-¢) > (af +a3)+ =
i=1,i#k,l
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b)

How many points.s:,, do you need in order to get the lowest three eigenvalues withi€ading digits?
Remember to check the eigenvalues for the dependency ohoheemfpy,ax.

How many similarity transformations are needed before yaieh a result where all non-diagonal matrix
elements are essentially zero? Try to estimate the numhkesrdformations and extract a behavior as
function of the dimensionality of the matrix.

You can check your results against the code based on Houlsalgorithmiqli in the file lib.cpp.
Comment your results (here you could for example computéiitihe needed for both algorithms for a
given dimensionality of the matrix).

We will now study two electrons in a harmonic oscillatorIvghich also interact via a repulsive
Coulomb interaction. Let us start with the single-electeguation written as

h? d?

2mdr?

u(r) + %krgu(r) = EWuy(r),

where E() stands for the energy with one electron only. For two elerstiwith no repulsive Coulomb
interaction, we have the following Schrédinger equation

K2 42 2 42 1 1
e — —— 4 —kr? 4 Zkrd =E® .
( 2m dr% 2m dr% + 2 nt 2 7‘2) u(ry,m2) u(r1,72)

Note that we deal with a two-electron wave functiom, r2) and two-electron energE@).

With no interaction this can be written out as the productwaf single-electron wave functions, that is
we have a solution on closed form.

We introduce the relative coordinate= r; — r» and the center-of-mass coordin®e= 1/2(r; + ra).
With these new coordinates, the radial Schrédinger equatiads

1
+ Zer + kRQ) u(r, R) = E®u(r,R).

nd? R d?
(‘EW_RTR?

The equations for and R can be separated via the ansatz for the wave funetionR) = ¢ (r)¢(R)
and the energy is given by the sum of the relative enétggnd the center-of-mass enerfy;, that is

E® = E, + Ep.

We add then the repulsive Coulomb interaction between texctiedns, namely a term

pe? Be?

V(ri,ra) = m =

with 8e? = 1.44 eVnm.

Adding this term, the-dependent Schrédinger equation becomes
R? d* 1 2
(——7 + ke + 576) W(r) = Ep(r).
This equation is similar to the one we had previously in (aj am® introduce again a dimensionless
variablep = r/a. Repeating the same steps as in (a), we arrive at

d? k
) + ) +

mafe? ma?

phg 1/)(0) = FETMJ(/))
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d)
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We want to manipulate this equation further to make it aslaintd that in (a) as possible. We define
k. = 1/4k The constant is then again fixed so that

mk,

@ =
or b2 \ 1
a:(mkr) |

Defining

we can rewrite Schrédinger’s equation as

2

_d_p2

b(p) + p*0(p) + % — \(p),

with
B ma3e?
We treaty as a parameter which reflects the strength of the oscillatmpial.

Here we will study the cases= 0,y = 0.5, v = 1, v = 2 and~ = 4. for the ground state only, that is
the lowest-lying state.

For~ = 0 you should get a result which corresponds to the relativeggre a non-interacting system.
The way we have written the equations means you get the samgaysfory = 0. Make sure your
results are stable as functionsgf.. and the number of steps.

We are only interested in the ground state with 0. We omit the center-of-mass energy.
You can reuse the code you wrote for (a), but you need to chizwegeotential fronp? to p? + ~/p.
Comment the results for the lowest state (ground state)radifun of varying strengths of.

For specific oscillator frequencies, the above equatiorahas/tic answers, see the article by M. Taut,
Phys. Rev. A 48, 3561 - 3566 (1993). The article can be retddvom the following web address
http://prola.aps.org/abstract/PRA/v48/i5/p3561_1.

In this exercise we want to plot the wave function for tweattons as functions of the relative coordinate
r and different values of.. Fory = 0 your wave function should correspond to that of a harmonic
oscillator. Varyingy, the shape of the wave function will change.

We are only interested in the wave function for the grountéstdth [ = 0 and omit again the center-of-
mass motion.

You can choose between two approaches; the first is to usaigtmgtqli function. Here the eigenvec-
tors are obtained from the matri¥i][j], where the indey refers to eigenvalug. The index; points to

the value of the wave function in positipn. That is,u*s)(p;) = z[i][j].

The eigenvectors are normalized. Plot then the normalizaeviunctions for different values afand
comment the results.

The other alternative is to add a piece to your Jacobi rowutimeh also returns the eigenvectors. This is
the more difficult part. You will need to normalize the eigeators.


http://prola.aps.org/abstract/PRA/v48/i5/p3561_1

Part Il

Ordinary and Partial Differential
Equations
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Chapter 8

Differential equations

If God has made the world a perfect mechanism, he has at leas¢ded so much to our im-
perfect intellect that in order to predict little parts gfite need not solve innumerable differential
equations, but can use dice with fair succebtax Born, quoted in H. R. Pagels, The Cosmic
Code [41]

8.1 Introduction

We may trace the origin of differential equations back to kawin 1681 and his treatise on the gravitational
force and what is known to us as Newton'’s second law in dynsimic

Needless to say, differential equations pervade the seseand are to us the tools by which we attempt
to express in a concise mathematical language the laws dbmof nature. We uncover these laws via
the dialectics between theories, simulations and expertisnand we use them on a daily basis which spans
from applications in engineering or financial engineermysic research in for example biology, chemistry,
mechanics, physics, ecological models or medicine.

We have already met the differential equation for radio@atiecay in nuclear physics. Other famous dif-
ferential equations are Newton'’s law of cooling in thermoainics. the wave equation, Maxwell’s equations in
electromagnetism, the heat equation in thermodynamidgkcefs equation and Poisson’s equation, Einstein’s
field equation in general relativity, Schrédinger equatioguantum mechanics, the Navier-Stokes equations
in fluid dynamics, the Lotka-Volterra equation in populatidynamics, the Cauchy-Riemann equations in
complex analysis and the Black-Scholes equation in fingnsefo mention a few. Excellent texts on differ-
ential equations and computations are the texts of Erikdsstiep, Hansbo and Johnson [42], Butcher [43] and
Hairer, Ngrsett and Wanner [44].

There are five main types of differential equations,

— ordinary differential equations (ODESs), discussed in tapter for initial value problems only. They
contain functions of one independent variable, and devieain that variable. The next chapter deals
with ODEs and boundary value problems.

— Partial differential equations with functions of multigledependent variables and their partial deriva-
tives, covered in chaptEr1L0.

— So-called delay differential equations that involve fumies of one dependent variable, derivatives in
that variable, and depend on previous states of the depevalgables.

INewton had most of the relations for his laws ready 22 yeai@gavhen according to legend he was contemplating fglipples.
However, it took more than two decades before he publishethbbries, chiefly because he was lacking an essential matiocal tool,
differential calculus.
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— Stochastic differential equations (SDESs) are differdmtipiations in which one or more of the terms is
a stochastic process, thus resulting in a solution whictsédfia stochastic process.

— Finally we have so-called differential algebraic equati¢DAES). These are differential equation com-
prising differential and algebraic terms, given in imgli@rm.

In this chapter we restrict the attention to ordinary déf@ial equations. We focus on initial value problems

and present some of the more commonly used methods for gaduich problems numerically. The physical
systems which are discussed range from the classical penduith non-linear terms to the physics of a
neutron star or a white dwarf.

8.2 Ordinary differential equations

In this section we will mainly deal with ordinary differeatiequations and numerical methods suitable for
dealing with them. However, before we proceed, a brief raohai on differential equations may be appropri-
ate.

220

— The order of the ODE refers to the order of the derivative @n¢ift-hand side in the equation

dy
— = f(t,y). 8.1
o = ty) (8.1)
This equation is of first order anglis an arbitrary function. A second-order equation goeiy like
d*y dy
A well-known second-order equation is Newton’s second law
d’x

wherek is the force constant. ODE depend only on one variable, vesere

— partial differential equations like the time-dependerir®dinger equation

LOP(x,t) R (0%Y(x,t) | 0*p(x,t) | 0*p(r,t)
ih ot “om ( Ox2 + dy? + 922 ) + V(x)(x,t), (8.4)

may depend on several variables. In certain cases, likeltbeeaequation, the wave function can be
factorized in functions of the separate variables, so thetSchrédinger equation can be rewritten in
terms of sets of ordinary differential equations.

— We distinguish also between linear and non-linear difféaéequation where e.g.,

W o), 8.5)

is an example of a linear equation, while

Y — P () - 90, X

is a non-linear ODE. Another concept which dictates the migakmethod chosen for solving an ODE,
is that of initial and boundary conditions. To give an examh our study of neutron stars below, we

will need to solve two coupled first-order differential etjaas, one for the total mass and one for the

pressureP as functions op
d
—dT: = 4nr?p(r)/c?,
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and dP G

o TQ(T)P(T)/CQ-
wherep is the mass-energy density. The initial conditions areatiict by the mass being zero at the
center of the star, i.e., when= 0, yieldingm(r = 0) = 0. The other condition is that the pressure
vanishes at the surface of the star. This means that at theygbéere we havé® = 0 in the solution of
the integral equations, we have the total radiuef the star and the total mass(r = R). These two
conditions dictate the solution of the equations. Sincedifferential equations are solved by stepping
the radius fromr = 0 to r = R, so-called one-step methods (see the next section) or Rkutje
methods may yield stable solutions.

In the solution of the Schrodinger equation for a particla jpotential, we may need to apply boundary
conditions as well, such as demanding continuity of the vaxetion and its derivative.

— In many cases it is possible to rewrite a second-order éiffigall equation in terms of two first-order
differential equations. Consider again the case of Newtsatond law in Eq[T8.3). If we define the
positionz(t) = 1) (t) and the velocity(t) = y(?)(t) as its derivative

dyM () dx(t)

= =yt 8.7
p ik AN O (8.7)

we can rewrite Newton's second law as two coupled first-odiféarential equations

dy® (t)

o = —ka(t) = —ky M (1), (8.8)

m

and
= =y ). (8.9)

8.3 Finite difference methods

These methods fall under the general class of one-step detfde algoritm is rather simple. Suppose we
have an initial value for the functiop(t) given by

Yo = y(t = to). (810)

We are interested in solving a differential equation in dordn space [a,b]. We define a stigoy splitting
the interval inN sub intervals, so that we have

b—a
h= . 8.11
¥ (8.11)
With this step and the derivative gfwe can construct the next value of the functipat
y1 =y(t1 =to+h), (8.12)

and so forth. If the function is rather well-behaved in thendin [a,b], we can use a fixed step size. If not,
adaptive steps may be needed. Here we concentrate on feqedasthods only. Let us try to generalize the
above procedure by writing the stgp.; in terms of the previous stap

yirr = y(t = ti + h) = y(t:) + hA(ts, yi(t:) + O(hP), (8.13)
whereO(hP*1) represents the truncation error. To determineve Taylor expand our function

Pt
p!

Yier = y(t = 1+ 1) = y(t) + b <y’<tz—> ey ) ) Lo, (8.14)
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where we will associate the derivatives in the parenthetis w

1

At galt)) = O/ (t) + -+ () — ). (8.15)
We define
y'(t:) = f(ti,ys) (8.16)
and if we truncate\ at the first derivative, we have
Yirr = y(ti) + hf(ts,y:) + O(h?), (8.17)

which when complemented with,; = ¢; + h forms the algorithm for the well-known Euler method. Note
that at every step we make an approximation error of the atiéx(h?), however the total error is the sum
over all stepsV = (b — a)/h, yielding thus a global error which goes liRéO(h?) ~ O(h). To make Euler’s
method more precise we can obviously decréaiacreaseV). However, if we are computing the derivative
f numerically by e.g., the two-steps formula

fre(w) = w +0(h),

we can enter into roundoff error problems when we subtragtimost equal numbey§z + h) — f(z) ~ 0.
Euler's method is not recommended for precision calcutatdthough it is handy to use in order to get a first
view how a solution may look like. As an example, consider Ma&Vs equation rewritten in Eqd_{8.8) and
@B3). We defingyy = y(V)(t = 0) anvy = y? (¢t = 0). The first steps in Newton’s equations are then

y§1) = yo + hvo + O(h?) (8.18)
and
12 = vy — hyok/m + O(h?). (8.19)

The Euler method is asymmetric in time, since it uses infeiznaabout the derivative at the beginning of
the time interval. This means that we evaluate the positi(yﬁlé using the velocity ay((f) = vp. A simple
variation is to determingf}j1 using the velocity ayfﬁl that is (in a slightly more generalized form)

)y =y + hyZ, + o(n?) (8.20)
and
ol =y @ + hayn + O(h?), (8.21)

The acceleration,, is a function ofan(y,(}), y,(f), t) and needs to be evaluated as well. Thisis the Euler-Cromer

method.
Let us then include the second derivative in our Taylor esgam We have then
df (ti,yi)

A(ti, yilti)) = f(t:) + gT + O(h?). (8.22)

The second derivative can be rewritten as

v_p_ W _0F O0f0y _Of Of
Vel sw T w Tagar T o oy 8.23)
and we can rewrite E.{8114) as

h2
Yir1r =yt =t; +h) =y(t;) + hf(ti) + — <8f of

(Y a—yf) ) (8.24)
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which has a local approximation errox 1) and a global erro©(h?). These approximations can be general-
ized by using the derivativé to arbitrary order so that we have

p—1
Yir1 =yt =t; +h) = y(t;) + h(f(ti,y:) + .. 'f(p_l)(tivyi)hp! )+ O(hPHh). (8.25)

These methods, based on higher-order derivatives, arenierglenot used in numerical computation, since
they rely on evaluating derivatives several times. Unlessltas analytical expressions for these, the risk of
roundoff errors is large.

8.3.1 Improvements of Euler’s algorithm, higher-order hoets

The most obvious improvements to Euler’'s and Euler-Crosreddorithms, avoiding in addition the need for
computing a second derivative, is the so-called midpoirthioe We have then

h
W = o0+ 2 (24 02) + o) .20
and
b2 =@ 4 hay + O(h2), (8.27)
yielding
2
yy =y + by + %an +O(h?) (8.28)

implying that the local truncation error in the position iewmO(h?), whereas Euler's or Euler-Cromer’s
methods have a local error 6f(h?). Thus, the midpoint method yields a global error with seeordkr
accuracy for the position and first-order accuracy for thiecity. However, although these methods yield
exact results for constant accelerations, the error ise®m general with each time step.

One method that avoids this is the so-called half-step ntetHere we define

Uihijs = U1 s+ han + O(R?), (8.29)
and
1 2
=) + hyflll/z +O0(h?). (8.30)

Note that this method needs the calculatioryg/fz. This is done using e.g., Euler's method

h
yh = u” + g0+ O(h?). (8.31)
As this method is numerically stable, it is often used ingteBEuler’s method. Another method which one

may encounter is the Euler-Richardson method with

e = yP 4 han g + O(h?), (8.32)
and
1 2
vl =y +hyl) |+ O (8.33)

8.3.2 Predictor-Corrector methods
Consider again the first-order differential equation

dy
E - f(tay)a

which solved with Euler’s algorithm results in the followialgorithm
Yiv1 = y(ti) + hf(ti,yi)
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with ¢;11 = t; + h. This means geometrically that we compute the slopg ahd use it to predicj;; at a
later timet; ;. We introduce:; = f(t;,y;) and rewrite our prediction fay; 1 as

Yi+1 = y(tl) + hkl

We can then use the predictign,; to compute a new slope 8t by definingks = f(ti+1,yi+1). We define
the new value ofj;; 1 by taking the average of the two slopes, resulting in

i~ y(t) + 5 (k1 + k).
The algorithm is very simple,namely
1. Compute the slope &t, that is define the quantityy = f(¢;, y;).
2. Make a predicition for the solution by computing 1 ~ y(¢;) + hk1 by Euler's method.
3. Use the predicition; 1 to compute a new slope &t.; defining the quantityes = f(ti+1, Yi+1)-
4. Correctthe value af; 11 by taking the average of the two slopes yielding: ~ y(¢;) + %(kl + ko).

It can be shown [25] that this procedure results in a mathiealatuncation which goes lik&(h?), to be
contrasted with Euler's method which runs@éh). One additional function evaluation yields a better error
estimate.

This simple algorithm conveys the philosophy of a largestafamethods called predictor-corrector meth-
ods, see chapter 15 of Ref. [37] for additional algorithmssirple extension is obviously to use Simpson’s
method to approximate the integral

tit1
Yi+1 = Yi + / f(tv y)dtv
ti
when we solve the differential equation by successive maté&mns. The next section deals with a particular
class of efficient methods for solving ordinary differehéigquations, namely various Runge-Kutta methods.

8.4 More on finite difference methods, Runge-Kutta methods
Runge-Kutta (RK) methods are based on Taylor expansionudtarenbut yield in general better algorithms for

solutions of an ODE. The basic philosophy is that it providesntermediate step in the computationyof; .
To see this, consider first the following definitions

) (3:3)
and
o) = [ fiepat (8.35)
and -
Yis1 =y + / F(t )t (8.36)

To demonstrate the philosophy behind RK methods, let usidenthe second-order RK method, RK2. The
first approximation consists in Taylor expandifi@, y) around the center of the integration interyato ¢, 1,
i.e., att; + h/2, h being the step. Using the midpoint formula for an integrefidngy(t; + 1/2) = y;11/2
andt; + h/2 = t; 14 /o, we obtain

/ T F(t )t~ hf (ti o isj2) + O(RY). (8.37)

t;
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This means in turn that we have

Yir1 = Yi + hf (tiz1/2,Yivr1/2) + O(R?). (8.38)

However, we do not know the value 9f,,,,. Here comes thus the next approximation, namely, we use
Euler's method to approximaig, ; . We have then

hdy h
; = Y; —— =yl — (s, yq)- 8.39
Yari/2) = Yit 5 y(ti) + 2f( Yi) (8.39)

This means that we can define the following algorithm for #heosid-order Runge-Kutta method, RK2.

ki = hf(ti,yi), (8.40)
ko = hf(tiz1/2,yi +k1/2), (8.41)

with the final value
Yir1 = Yi + ko + O(R). (8.42)

The difference between the previous one-step methods tisvinaow need an intermediate step in our
evaluation, namely; + h/2 = t(;;1/2) where we evaluate the derivatiye This involves more operations,
but the gain is a better stability in the solution. The forwstder Runge-Kutta, RK4, which we will employ in
the solution of various differential equations below, isiBederived. The steps are as follows. We start again
with the equation

tit1
Yir1 = Yi +/ f(t,y)dt,

t;
but instead of approximating the integral with the midpairle, we use now Simpsons’ rule at+ h/2, h
being the step. Using Simpson’s formula for an integral riegy (t; +-7/2) = y; 12 andt; +h/2 = t, 12,
we obtain

tit1
[ pwde = § [ + 45 i ) + ftin,en)] 000 (8.43)

t;
This means in turn that we have
h 5
v =vitg [f(ti,yi) + A (tig1 2, Yir1/2) + [ (tiv1, yig1) ] + O(R®). (8.44)
However, we do not know the values gf, ; » andy; 1. The fourth-order Runge-Kutta method splits the

midpoint evaluations in two steps, that is we have

h
Yit1 = Yi + 5 [f (i, ys) + 21 (tig1 /2, Yir1/2) + 2f (biy1 )25 Yig12) + F (i1, yir1)]

since we want to approximate the slopgat, /, in two steps. The first two function evaluations are as for the
second order Runge-Kutta method. The algorithm is as fallow

1. We compute first
which is nothing but the slope &tIf we stop here we have Euler's method.

2. Thenwe compute the slope at the midpoint using Euler$ioteto predicy; ., /», as in the second-order
Runge-Kutta method. This leads to the computation of

ko =hf(t;+h/2,y; + k1/2). (8.46)
3. The improved slope at the midpoint is used to further inpithe slope ofj; ,,» by computing

ks =hf(ti+h/2,y; + k2/2). (8.47)
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4. With the latter slope we can in turn predict the valugqf; via the computation of

ks =hf(ti + h,yi + k3). (8.48)

5. The final algorithm becomes then

1
Yi+1 = Yi + 6 (kl + 2ko + 2k3 + k4) . (849)

Thus, the algorithm consists in first calculatiiagwith ¢;, y; and f as inputs. Thereafter, we increase the step
size byh/2 and calculaté,, thenks and finallyk,. With this caveat, we can then obtain the new value for the
variabley. It results in four function evaluations, but the accuracincreased by two orders compared with
the second-order Runge-Kutta method. The fourth order Bdfigta method has a global truncation error
which goes likeO(h*). Fig.[821 gives a geometrical interpretation of the foustder Runge-Kutta method.

y; andk;

ti ti+h/2 ti+h t

Figure 8.1: Geometrical interpretation of the fourth-arRBeinge-Kutta method. The derivative is evaluated
at four points, once at the intial point, twice at the trialdpoint and once at the trial endpoint. These four
derivatives constitute one Runge-Kutta step resultingérfinal value fory; 1 = y;+1/6(k1+2ko+2ks+ky4).

8.5 Adaptive Runge-Kutta and multistep methods

In preparation.
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Figure 8.2: Block tied to a wall with a spring tension actingio

8.6 Physics examples

8.6.1 Ideal harmonic oscillations

Our first example is the classical case of simple harmonitl@sons, namely a block sliding on a horizontal
frictionless surface. The block is tied to a wall with a sgriportrayed in e.g., Fig._8.2. If the spring is not
compressed or stretched too far, the force on the block ateagiositionz is

F = —ka. (8.50)

The negative sign means that the force acts to restore tleetaioj an equilibrium position. Newton’s
equation of motion for this idealized system is then

d2
Wf = —kz, (8.51)
or we could rephrase it as
d’z k
TE == —wi, (8.52)

with the angular frequenay? = k/m.
The above differential equation has the advantage thahibeasolved analytically with solutions on the
form
z(t) = Acos(wot + v),

whereA is the amplitude and the phase constant. This provides in turn an important eeshé numerical
solution and the development of a program for more comm@itatises which cannot be solved analytically.

As mentioned earlier, in certain cases it is possible toitever second-order differential equation as two
coupled first-order differential equations. With the piasitz(¢) and the velocitw(t) = dx/dt we can refor-
mulate Newton’s equation in the following way

d"’:lit) —u(t), (8.53)
and ol
1:15:) = —w2x(t). (8.54)
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We are now going to solve these equations using the RungexKugthod to fourth order discussed previ-

ously. Before proceeding however, it is important to nosg th addition to the exact solution, we have at least
two further tests which can be used to check our solution.

Since functions like:os are periodic with a perio@r, then the solutior:(¢) has also to be periodic. This

means that

wit

z(t+T)==z(t), (8.55)
h T the period defined as

_ 2T 2

T (8.56)

wo +/k/m
Observe thal” depends only ok /m and not on the amplitude of the solution or the constant

In addition to the periodicity test, the total energy has atsbe conserved.
Suppose we choose the initial conditions

z(t=0)=1m v(t =0) =0m/s, (8.57)

meaning that block is at rest &t 0 but with a potential energy

Ey = %kw(t =0)%= k. (8.58)

The total energy at any timehas however to be conserved, meaning that our solution Halitthe condition

An

Ey = %kx(t)Q + %mv(t)z. (8.59)

algorithm which implements these equations is includeldw.

1. Choose the initial position and speed, with the most comoiwicev(t = 0) = 0 and some fixed
value for the position. Since we are going to test our reagtsnst the periodicity requirement, it is
convenient to set the final time equal= 27, where we choosk/m = 1. The initial time is set equal
tot; = 0. You could alternatively read in the ratig'm.

2. Choose the method you wish to employ in solving the problerthe enclosed program we have chosen
the fourth-order Runge-Kutta method. Subdivide the tinteriral[¢;, ¢ /] into a grid with step size

_lp =t

h
N )

whereN is the number of mesh points.

3. Calculate now the total energy given by

1 1
0=3 a( 0) D)

and use this when checking the numerically calculated grfeogn the Runge-Kutta iterations.

4. The Runge-Kutta method is used to obtain; andv;, starting from the previous values andv;..

5. When we have computedv),; we upgrade;; = t; + h.

6. This iterative process continues till we reach the maxmtime¢; = 2.
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Program to solve the differential equations for a sliding bbck

The program which implements the above algorithm is presthére, with a corresponding

http://www.fys.ulio.no/compphys/cp/programs/FYS3150/chapterl3/cpp/programl. cpp

/* This program solves Newton's equation for a block
sliding on a horizontal frictionless surface. The block
is tied to a wall with a spring, and Newton's equation
takes the form

m d*2x/dt"2 =-kx
with k the spring tension and m the mass of the block.
The angular frequency is omega™2 = k/m and we set it equal
1 in this example program.

Newton's equation is rewritten as two coupled differential
equations, one for the position x and one for the velocity v
dx/dt = v and
dv/dt -x when we set k/m=1

We use therefore a two-dimensional array to represent x and v
as functions of t

y[0] == x

y[l] == v

dy[0]/dt = v

dy[1]/dt -X

The derivatives are calculated by the user defined function
derivatives.

The user has to specify the initial velocity (usually v_0=0)
the number of steps and the initial position. In the programme
below we fix the time interval [a,b] to [0,2xpi].

*/

#include <cmath>

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// function declarations

void derivatives(double, double *, double x*);

void initialise ( double&, double&, inté&);

void output( double, double *, double);

void runge_kutta_4(double %, double *, int, double, double,
double *, void (*)(double, double *, double x*));

int main(int argc, charx argv[])
{
// declarations of variables
double *y, *xdydt, *yout, t, h, tmax, EO;
double initial_x, initial_v;
int i, number_of_steps, n;
char xoutfilename;
// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1);
}
else{

outfilename=argv([1l];
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}

ofile.open(outfilename);

// this is the number of differential equations

n=2;

// allocate space in memory for the arrays containing the derivatives
dydt = new double[n];

y = new double[n];

yout = new double[n];

// read in the initial position, velocity and number of steps
initialise (initial_x, initial_v, number_of_steps);

// setting initial values, step size and max time tmax

h = 4.xacos(-1.)/( (double) number_of_steps); // the step size

tmax = hxnumber_of_steps; // the final time
y[0] = initial_x; // initial position
y[1] = initial_v; // initial velocity
t=0.; // initial time

EO = 0.5xy[0]*y[0]+0.5+xy[1]*xy[1]; // the initial total energy
// now we start solving the differential equations using the RK4 method
while (t <= tmax){
derivatives(t, y, dydt); // initial derivatives
runge_kutta_4(y, dydt, n, t, h, yout, derivatives);
for (i =0; i <n; i++) {
y[i] = yout[i];

}

t += h;

output(t, y, EO); // write to file
}

delete [] y; delete [] dydt; delete [] yout;
ofile.close(); // close output file
return 0;

} // End of main function

// Read in from screen the number of steps,

// initial position and initial speed

void initialise (double& initial_x, double& initial_v, int& number_of_steps)
{

cout << "Initial position = ";
cin >> initial_x;

cout << "Initial speed = ";
cin >> initial_v;

cout << "Number of steps = ";
cin >> number_of_steps;

} // end of function initialise

// this function sets up the derivatives for this special case
void derivatives(double t, double xy, double *dydt)
{
dydt[0]=y[1]; // derivative of x
dydt[1]=-y[0]; // derivative of v
} // end of function derivatives

// function to write out the final results

void output(double t, double *y, double EO)

{
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(1l5) << setprecision(8) << t;
ofile << setw(1l5) << setprecision(8) << y[0];
ofile << setw(1l5) << setprecision(8) << y[1];
ofile << setw(1l5) << setprecision(8) << cos(t);
ofile << setw(1l5) << setprecision(8) <<

0.5xy[0]+y[0]+0.5%xy[1]*y[1]-EO << endl;
} // end of function output

/* This function upgrades a function y (input as a pointer)
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and returns the result yout, also as a pointer. Note that
these variables are declared as arrays. It also receives as
input the starting value for the derivatives in the pointer
dydx. It receives also the variable n which represents the
number of differential equations, the step size h and
the initial value of x. It receives also the name of the
function *xderivs where the given derivative is computed
*/
void runge_kutta_4(double *y, double *dydx, int n, double x, double h,
double *yout, void (=xderivs)(double, double *, double x))

{

int i;

double xh, hh,h6;

double *dym, x*dyt, x*yt;

// allocate space for local vectors

dym = new double [n];

dyt = new double [n];

yt = new double [n];
hh = hx0.5;
hé = h/6.;
xh = x+hh;

for (1 =0; i <n; i++) {
yt[i] = y[il+hhxdydx[i];
}
(xderivs) (xh,yt,dyt); // computation of k2, eq. 3.60
for (i =0; i <n; i++) {
yt[i] = y[i]+hhxdyt[i];
}
(*derivs) (xh,yt,dym); // computation of k3, eq. 3.61
for (i=0; i < n; i++) {
yt[i] = y[i]+hxdym[i];
dym[i] += dyt[i];

}
(*derivs) (x+h,yt,dyt); // computation of k4, eq. 3.62
// now we upgrade y in the array yout

for (i =0; i < n; i++){
yout[i] = y[i]+h6x(dydx[i]+dyt[i]+2.0xdym[i]);
}
delete []ldym;
delete [] dyt;
delete [] yt;
} // end of function Runge-kutta 4

In Fig.[B:3 we exhibit the development of the difference leswthe calculated energy and the exact energy at
t = 0 after two periods and wittv = 1000 and N = 10000 mesh points. This figure demonstrates clearly the
need of developing tests for checking the algorithm usedsé&®ahat even fav = 1000 there is an increasing
difference between the computed energy and the exact eaftegyonly two periods.

8.6.2 Damping of harmonic oscillations and external forces

Most oscillatory motion in nature does decrease until tispldcement becomes zero. We call such a motion
for damped and the system is said to be dissipative rathardbaservative. Considering again the simple
block sliding on a plane, we could try to implement such aig&ts/e behavior through a drag force which is
proportional to the first derivative af, i.e., the velocity. We can then expand HQ. (8.52) to

d*x 9 dz
— = —WyT — V—,
dt2 0 dt

wherev is the damping coefficient, being a measure of the magnitbitteealrag term.
We could however counteract the dissipative mechanism plyiyg e.g., a periodic external force

(8.60)

F(t) = Bcos(wt), (8.61)
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Figure 8.3: Plot oNE(t) = Ep — Ecomputed fOr N = 1000 andN' = 10000 time steps up to two periods. The
initial positionxzg = 1 m and initial velocityvy = 0 m/s. The mass and spring tension are séttom = 1.
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Figure 8.4: Simple RLC circuit with a voltage soure

and we rewrite Eq{8.80) as
d*z 9 dx
Tz —WwoT — VE
Although we have specialized to a block sliding on a surféoe,above equations are rather general for
guite many physical systems.
If we replacer by the chargé), v with the resistanc&, the velocity with the current, the inductancé
with the massn, the spring constant with the inverse capacitafiand the forcer” with the voltage drop/,
we rewrite Eq.[8.82) as

+ F(t). (8.62)

L—2+ 2+ R =V(t). (8.63)

The circuit is shown in Fid_8l4.

How did we get there? We have defined an electric circuit whimhsists of a resistand@ with volt-
age drop/ R, a capacitor with voltage drof/C and an inductol. with voltage dropLdI/dt. The circuit
is powered by an alternating voltage source and using Kofflshlaw, which is a consequence of energy
conservation, we have

V(t)=IR+ Ldl/dt+ Q/C, (8.64)
and using
_daQ
I — - (8.65)
we arrive at Eq.[(8.83).

This section was meant to give you a feeling of the wide rarfggpplicability of the methods we have
discussed. However, before leaving this topic entirelyllwevelve into the problems of the pendulum, from
almost harmonic oscillations to chaotic motion!

8.6.3 The pendulum, a nonlinear differential equation

Consider a pendulum with massat the end of a rigid rod of lengthattached to say a fixed frictionless pivot
which allows the pendulum to move freely under gravity inweetical plane as illustrated in Fig_8.5.
The angular equation of motion of the pendulum is again giweMewton’s equation, but now as a non-

linear differential equation
d*0 ,
mlW + mgsin(6) = 0, (8.66)

with an angular velocity and acceleration given by

do
=l— 8.67
v=15, (8.67)

233



Differential equations

pivot

length |

mass

mg

Figure 8.5: A simple pendulum.

and )
d=0

For small angles, we can use the approximation
sin(6) =~ 6.
and rewrite the above differential equation as

d?o g
el —79, (8.69)
which is exactly of the same form as ER.(8.52). We can thuslcber solutions for small values éfagainst

an analytical solution. The period is how

o (8.70)

l/g
We do however expect that the motion will gradually come t@ad due a viscous drag torque acting on
the pendulum. In the presence of the drag, the above equammes
d*0 de
mlW + v + mgsin(6) =0, (8.71)
wherev is now a positive constant parameterizing the viscosithefhedium in question. In order to maintain
the motion against viscosity, it is necessary to add somereak driving force. We choose here, in analogy
with the discussion about the electric circuit, a periodividg force. The last equation becomes then
d*0 de .
mlW + o + mgsin(0) = Acos(wt), (8.72)
with A andw two constants representing the amplitude and the ang@quéncy respectively. The latter is
called the driving frequency.
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If we now define the natural frequency
wo = /g/l, (8.73)

the so-called natural frequency and the new dimensionlesstiies

t = wot, (8.74)
with the dimensionless driving frequency
o=2 (8.75)
wo

and introducing the quantity, called thequality factor,

Q= ﬂ’ (8.76)
wolV
and the dimensionless amplitude
A=A (8.77)
mg
we can rewrite Eq{8.12) as
d29+ L (6) = Acos(wi) (8.78)
ve - = Sin = cos(wt). .
ez Qdt

This equation can in turn be recast in terms of two coupletdirder differential equations as follows

do

— =1, 8.79
=0 (8.79)

and i .
d_ltj = —% — sin(0) 4+ Acos(t). (8.80)
These are the equations to be solved. The fagtoepresents the number of oscillations of the undriven
system that must occur before its energy is significantlyced due to the viscous drag. The amplitutie
is measured in units of the maximum possible gravitatiooajue whilew is the angular frequency of the

external torque measured in units of the pendulum’s naftegliency.

8.6.4 Spinning magnet

Another simple example is that of e.g., a compass needleigifage to rotate in a periodically reversing
magnetic field perpendicular to the axis of the needle. Thaton is then

d*6
i —%Bocos(wt)sin(ﬁ), (8.81)
whered is the angle of the needle with respect to a fixed axis alondidie 1 is the magnetic moment of
the needle/ its moment of inertia an®, andw the amplitude and angular frequency of the magnetic field
respectively.

8.7 Physics Project: the pendulum

8.7.1 Analytic results for the pendulum

Although the solution to the equations for the pendulum aalg be obtained through numerical efforts, it is
always useful to check our numerical code against analgtigions. For small angle® we havesinf ~ 6

and our equations become
de

— =1, 8.82
Z=0 (8.82)
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and i .

d—? - _% — 0+ Acos(wi). (8.83)
These equations are linear in the angknd are similar to those of the sliding block or the RLC citcWith
given initial conditionsiy andf, they can be solved analytically to yield

s B
o(t) = [90 - (1_01:‘2)()1271;&@2} e~ T/?Rcos(,/1 — o 7) (8.84)

~ A(1—302 _r . A(1—=0?)cos(OT)+ L sin(oT
+ [Uo + 29—602 - 7({4_(é2)?’2+gé2/g2} e~/ Rsin(, /1 — ﬁr) + ( (1)_@52_&&2/@@2 ( )7

A~
0(t) = [{20 — %} e~ T/?Rcos(,/1 — #7’) (8.85)
D Al(1—02)—@2 2 _r . DA[—(1—0?)sin(OT)+2 cos(wT
- [90 tag - Iél([l(iwz)z)m%/g?q ¢ /QQSW(\/ 1= 7))+ = (17232)2(%3/(52 e,

with @ > 1/2. The first two terms depend on the initial conditions and geogonentially in time. If we
wait long enough for these terms to vanish, the solutionsimecndependent of the initial conditions and the
motion of the pendulum settles down to the following simpleitin phase space

A1 — &?)cos(oT) + %szn(dﬁ)

o(t) = (1—a?)2+a2/Q? ’

(8.86)

and . 5
WA~ (1 = &?)sin(wT) + Geos(wT)]
(1-0%)?+0%/Q? ’

() -

A

VI =22 +02/Q
This curve forms an ellipse whose principal axes@endo. This curve is closed, as we will see from the
examples below, implying that the motion is periodic in tinike solution repeats itself exactly after each
periodT = 27/&. Before we discuss results for various frequencies, qudittors and amplitudes, it is
instructive to compare different numerical methods. In we show the angkas function of timer for
the case with) = 2, & = 2/3 andA = 0.5. The length is set equal tom and mass of the pendulum is set
equal tol kg. The inital velocity isi, = 0 andfy = 0.01. Four different methods have been used to solve
the equations, Euler's method from HQ.(8.17), Euler-Ridban’s method in Eq4_{8.B7)-(8133) and finally the
fourth-order Runge-Kutta scheme RK4. We note that aftertfieve steps, we obtain the classical harmonic
motion. We would have obtained a similar picture if we weresdtch off the external forced = 0 and
set the frictional damping to zero, i.€), = 0. Then, the qualitative picture is that of an idealized harimo
oscillation without damping. However, we see that Euler&timod performs poorly and after a few steps its
algorithmic simplicity leads to results which deviate dolesably from the other methods. In the discussion
hereafter we will thus limit ourselves to present resultaoted with the fourth-order Runge-Kutta method.

The corresponding phase space plot is shown in[Elg. 8.7 hiosame parameters as in HIg18.6. We
observe here that the plot moves towards an ellipse wittogierimotion. This stable phase-space curve is
called a periodic attractor. It is called attractor becairsespective of the initial conditions, the trajectory in
phase-space tends asymptotically to such a curve in thedimb oo. It is called periodic, since it exhibits
periodic motion in time, as seen from FIg.18.6. In additio® should note that this periodic motion shows
what we call resonant behavior since the the driving frequexfi the force approaches the natural frequency

i(t) =

tracing the closed phase-space curve

(8.87)

with
A p—

(8.89)

236



8.7 — Physics Project: the pendulum
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Figure 8.6: Plot of) as function of timer with @ = 2, & = 2/3 andA = 0.5. The mass and length of the
pendulum are set equal to The initial velocity isty = 0 andf, = 0.01. Four different methods have been
used to solve the equations, Euler's method from Eq.18th&)half-step method, Euler-Richardson’s method
in Egs. [B3R){[8:33) and finally the fourth-order Rungetischeme RK4. Onlyv = 100 integration points
have been used for a time intervat [0, 107].

>

Figure 8.7: Phase-space curve of a linear damped pendultmw= 2, & = 2/3 andA = 0.5. The inital
velocity istg = 0 andfy = 0.01.
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of oscillation of the pendulum. This is essentially due @ fdict that we are studying a linear system, yielding
the well-known periodic motion. The non-linear system bilia much richer set of solutions and these can
only be studied numerically.

In order to go beyond the well-known linear approximationah@nge the initial conditions to sa@y =
0.3 but keep the other parameters equal to the previous case.curtie for6 is shown in Fig[8I8. The

0.5

SIS

Figure 8.8: Plot of as function of timer with Q = 2, © = 2/3 andA = 0.5. The mass of the pendulum is
set equal td kg and its length to 1 m. The inital velocityig = 0 andfy = 0.3.

corresponding phase-space curve is shown in[E1§. 8.9. TiNeaemonstrates that with the above given sets
of parameters, after a certain number of periods, the pHpaee curve stabilizes to the same curve as in the
previous case, irrespective of initial conditions. Howeutetakes more time for the pendulum to establish a
periodic motion and when a stable orbit in phase-space thesbtthe pendulum moves in accordance with the
driving frequency of the force. The qualitative picture iach the same as previously. The phase-space curve
displays again a final periodic attractor.

If we now change the strength of the amplitudefte= 1.35 we see in FigC8-10 thatas function of time
exhibits a rather different behavior from FIg.18.8, evenuido the initial conditions and all other parameters
exceptd are the same. The phase-space curve is shown ifiEg. 8.11.

We will explore these topics in more detail in Section 8.8Heve we extend our discussion to the phe-
nomena of period doubling and its link to chaotic motion.

8.7.2 The pendulum code

The program used to obtain the results discussed above semiesl here. The enclosed code solves the
pendulum equations for any andlevith an external forcelcos(wt). It employes several methods for solving
the two coupled differential equations, from Euler's methmadaptive size methods coupled with fourth-order
Runge-Kutta. It is straightforward to apply this progranother systems which exhibit harmonic oscillations
or change the functional form of the external force.

We have also introduced the class concept, where we defimmgamnethods for solving ordinary and
coupled first order differential equations via th@asspendulum. This methods access variables which belong
only to this particular class via theivate declaration. As such, the methods we list here can easilgused
by other types of ordinary differential equations. In theedelow, we list only the fourth order Runge Kutta
method, which was used to generate the above figures. Fairltbede see programs/chapterl3/program2.cpp.
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Figure 8.9: Phase-space curve wigh= 2, © = 2/3 andA = 0.5. The mass of the pendulum is set equal to
kg and its lengtli = 1 m.. The inital velocity i=oy = 0 andd, = 0.3.

0 20 40 60 80 100

>

Figure 8.10: Plot of as function of timer with @ = 2, & = 2/3 andA = 1.35. The mass of the pendulum
is set equal td kg and its length to 1 m. The inital velocity iy = 0 andf, = 0.3. Every timef passes the
value+t7 we reset its value to swing betweére [—, pi]. This gives the vertical jumps in amplitude.
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1.5
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Figure 8.11: Phase-space curve after 10 periods @itk 2, © = 2/3 andA = 1.35. The mass of the
pendulum is set equal tokg and its lengthi = 1 m. The inital velocity isip = 0 andfy = 0.3.

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/chapterl3/cpp/program2.cpp

#include <stdio.h>

#include <iostream.h>

#include <math.h>

#include <fstream.h>

/%

Different methods for solving ODEs are presented
We are solving the following egation:

mxl*(phi)'"' + viscosity*x(phi)' + mxgxsin(phi) = Axcos(omegaxt)

If you want to solve similar equations with other values you have to

rewrite the methods 'derivatives' and 'initialise' and change the variables in the private
part of the class Pendulum

At first we rewrite the equation using the following definitions:

omega_0 = sqrt(g*l)

t_roof = omega_0xt
omega_roof = omega/omega_0
Q = (mxg)/(omega_0xreib)
A_roof = A/(mxg)

and we get a dimensionless equation
(phi)'' + 1/Qx(phi)' + sin(phi) = A_roofxcos(omega_roofxt_roof)
This equation can be written as two equations of first order:

(phi)"' =v
(v)' = -v/Q - sin(phi) +A_roofxcos(omega_roof*t_roof)

ALl numerical methods are applied to the last two equations.

The algorithms are taken from the book "An introduction to computer simulation methods"
*/
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class pendelum

{

private:
double Q, A_roof, omega_0, omega_roof,g; //
double y[2]; //for the initial-values of phi and v
int n; // how many steps

double delta_t,delta_t_roof;
// Definition of methods to solve ODEs
public:
void derivatives(double,doublex,doublex);
void initialise();
void euler();
void euler_cromer();
void midpoint();
void euler_richardson();
void half_step();
void rk2(); //runge-kutta-second-order
void rk4_step(double,doublex,doublex,double); // we need it in function rk4() and asc()
void rk4(); //runge-kutta-fourth-order
void asc(); //runge-kutta-fourth-order with adaptive stepsize control

+;

// This function defines the particular coupled first order ODEs
void pendelum::derivatives(double t, doublex in, doublex out)
{ /* Here we are calculating the derivatives at (dimensionless) time t
'in' are the values of phi and v, which are used for the calculation
The results are given to 'out' */

out[@]=in[1]; //out[0] = (phi)' = v
if(Q)
out[1l]=-in[1]1/((double)Q)-sin(in[0])+A_roof*xcos(omega_roofxt); //out[1l] = (phi)"''
else
out[1l]=-sin(in[0])+A_roof*cos(omega_roofxt); //out[l] = (phi)"''
}
// Here we define all input parameters.

void pendelum::initialise()

{
double m,1,omega,A,viscosity,phi_0,v_0,t_end;
cout<<"Solving the differential egation of the pendulum!\n";
cout<<"We have a pendulum with mass m, length 1. Then we have a periodic force with amplitude A

and omega\n";

cout<<"Furthermore there is a viscous drag coefficient.\n";
cout<<"The initial conditions at t=0 are phi_0 and v_0\n";
cout<<"Mass m: ";
cin>>m;
cout<<"length 1: ";
cin>>1;
cout<<"omega of the force: ";
cin>>omega;
cout<<"amplitude of the force: ";
cin>>A;
cout<<"The value of the viscous drag constant (viscosity): ";
cin>>viscosity;
cout<<"phi_0: ";
cin>>y[0];
cout<<"v_0: ";
cin>>y[1];
cout<<"Number of time steps or integration steps:";
cin>>n;
cout<<"Final time steps as multiplum of pi:";
cin>>t_end;
t_end *x= acos(-1.);
9=9.81;
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// We need the following values:
omega_0=sqrt(g/((double)l)); // omega of the pendulum
if (viscosity) Q= mxg/((double)omega_0*viscosity);
else Q=0; //calculating Q
A_roof=A/((double)mxg);
omega_roof=omega/((double)omega_0);
delta_t_roof=omega_0+t_end/((double)n); //delta_t without dimension
delta_t=t_end/((double)n);
}
// fourth order Run
void pendelum::rk4_step(double t,double *yin,double *yout,double delta_t)
{
/%
The function calculates one step of fourth-order-runge-kutta-method
We will need it for the normal fourth-order-Runge-Kutta-method and
for RK-method with adaptive stepsize control

The function calculates the value of y(t + delta_t) using fourth-order-RK-method
Input: time t and the stepsize delta_t, yin (values of phi and v at time t)
Output: yout (values of phi and v at time t+delta_t)

*/

double k1[2],k2[2],k3[2],k4[2],y_k[2];

// Calculation of k1

derivatives(t,yin,yout);

k1[1l]=yout[1l]*delta_t;

k1[0]=yout[0]*delta_t;

y_k[0]=yin[0]+k1[0]*0.5;

y_k[1]=yin[1]+k1[1]%0.5;

/+Calculation of k2 =/

derivatives(t+delta_t*0.5,y_k,yout);

k2[1]=yout[1l]*delta_t;

k2[0]=yout[0]*delta_t;

y_k[0]=yin[0]+k2[0]%0.5;

y_k[1]=yin[1]+k2[1]%0.5;

/* Calculation of k3 */

derivatives(t+delta_t*0.5,y_k,yout);

k3[1]=yout[1l]*delta_t;

k3[0]=yout[0]*delta_t;

y-k[0]=yin[0]+k3[0];

y_k[1]=yin[1]+k3[1];

/*Calculation of k4 x/

derivatives(t+delta_t,y_k,yout);

k4[1l]l=yout[1l]*delta_t;

k4[0]=yout[0]*delta_t;

/*Calculation of new values of phi and v x/

yout[0]=yin[0]+1.0/6.0*(k1[0]+2xk2[0]+2xk3[0]+k4[0]);

yout[1l]l=yin[1]+1.0/6.0*(K1[1]+2xk2[1]+2xk3[1]+k4[1]);
}

void pendelum::rk4()
{
/+We are using the fourth-order-Runge-Kutta-algorithm
We have to calculate the parameters k1, k2, k3, k4 for v and phi,
so we use to arrays k1[2] and k2[2] for this
k1[0], k2[0] are the parameters for phi,
k1[1], k2[1] are the parameters for v
*/

int i;
double t_h;
double yout[2],y_h[2]; //K1[2],k2[2],k3[2],k4[2],y_Kk[2];

t_h=0;
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y-h[0]=y[0]; //phi

y-h[1]l=y[1]; //v

ofstream fout("rk4.out");

fout.setf(ios::scientific);

fout.precision(20);

for(i=1; i<=n; i++){
rk4_step(t_h,y_h,yout,delta_t_roof);
fout<<ixdelta_t<<"\t\t"<<yout[0]<<"\t\t"<<yout[1l]<<"\n";
t_h+=delta_t_roof;
y_h[0]=yout[0O];
y-h[1]=yout[1];

}

fout.close;

}

int main()

{
pendelum testcase;
testcase.initialise();
testcase.rk4();
return 0;

} // end of main function

We can generalize the above by defining a class which inclselesral methods by defining the classes

ODESolver and ODEProblem. The header files of these classéscuded here.

ODESolver.h

VAT

ECEE R R R A

*

@code

#include "ODEProblem.h"
#include "ODESolver.h"
#include "SlidingBlock.h"

#include <cmath>

#include <fstream>
#include <iomanip>
#include <iostream>

ofstream ofile;

// Because an ODEProblem can have an ODESolver and an ODESolver can have

// an ODEProblem, we need pointers in both direction. This results often

// is so-called circular references. Deallocation of memory in one of these
// classes results in segmentation fault in the other, which can be tricky

// to fix for new begynner. To avoid this problem, we create the following

// and administrating the simulation herefrom.

// A more elaborate solution consists in using handles.

void run(ODEProblem *problem, ODESolverx solver, charx outputfile){

@file ODESolver.h
@class ODESolver
@brief Interface for solvers of ordinary differential equations.

@see ODEProblem

Example usage:

ofile.open(outputfile);

double x = problem->xmin();

double xf = problem->xmax();

double nsteps = solver->getSteps();

double dx = 4.xacos(-1.)/( (double) nsteps); // the step size
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Array<double> y = problem->getIC();

// Write initial conditions to file

ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(1l5) << setprecision(8) << x ;

ofile << setw(1l5) << setprecision(8) << y(0);

ofile << setw(1l5) << setprecision(8) << y(1) << endl;

while(x <= xf){
// Do an step of the algorithm for solving ODEs
solver->stepper(y, x, dx);

// Write the results of this step to file

ofile << setw(1l5) << setprecision(8) << x ;

ofile << setw(1l5) << setprecision(8) << y(0);

ofile << setw(15) << setprecision(8) << y(1l) << endl;

int main(int argc, char*x argv){

charx outputfile = argv[1l]; // Name of the output file
int neqs = 2; // Number of equations
int nsteps = 100; // Number of integration points

// Set an ODE problem
ODEProblem xproblem = new SlidingBlock(neqs);

// Set the initial conditions of the problem
problem->init();

// Set a ODE solver

ODESolver xsolver = new ForwardEuler(problem, nsteps);
///new RungeKuttad4(problem, nsteps);
/// new RungeKutta2(problem, nsteps);

// Run the simulation and print results to file
run(problem, solver, outputfile);

} // End main()

@endcode
*kk /

#ifndef ODESOLVER_H
#define ODESOLVER_H

#include "Array.h"
#include "Function.h"
#include "ODEProblem.h"

#include <cmath>
#include <iostream>
using namespace std;

/3 3k ok sk ok sk ok sk ok sk ok ok ok sk K ok ok sk K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k ok ok sk ok ok kK ok sk k /)

/* ODE SOLVER */

/**************************************************************/
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class ODESolver{

protected: // Access in the subclasses

ODEProblemx problem; ///< An ODESolver "has an" ODEProblem.

int nsteps; ///< Number of steps used in the numerical scheme.
public: // Access from outside the class

/**

* @brief Constructor

*

* @param problem_ Pointer to an object of the ordinary differential problem to be solved.
* @param nsteps_ Number of steps used in the numerical scheme.

** /

ODESolver (ODEProblem* problem_, int nsteps_): problem(problem_), nsteps(nsteps_){}

//! Destructor
virtual ~ODESolver();

/**

* @return Number of steps used in the numerical scheme.
** /

double getSteps()const{return nsteps;}

/**

* @brief Implement one step of the base algorithm.

*

* Base algorithms are ForwardEuler, BackwardEuler,

* RungeKutta2, RungeKutta4, etc and they has to be coded

* 1in the subclasses.

*

* @param y Dependent scalar/vectorial variable, i.e., the solution.

* @param t Independent variable.

* @param dt Step size of the independent variable in \f$t_{n+1} = t_n + dt\f$

** /
virtual void stepper(Array<double>& y, double& t, double& dt)=0;

};

// Note: It is very important to define a destructor in the superclass.

// In this way we avoid memory problems in case we forget to remove the pointer
// to ODEProblem in the subclasses.

inline ODESolver::~0DESolver(){delete problem;}

[ KKk ok ok KK sk oK ok K K oK oK oK o K K 3K oK oK oK K K K 3K oK ok K K 3K oK ok K K 3K oK ok S K KK oK ok o K KK oK ok ok o Kk sk ok ok /
/* RUNGE-KUTTA 2 */

/3 3k ok sk ok sk ok sk ok sk ok ok ok sk K ok ok 3k 3 ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok 3k K ok ok sk ok ok sk ok ok sk k /)

/**

* @file ODESolver.h

* @class RungeKutta2

* @brief Class implementing the Runge-Kutta 2 method for solving (systems of) ordinary differential
* equations.

*kk /

class RungeKutta2: public ODESolver{
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private:
Array<double> yt; // Temporary array
Array<double> k1; // Arrays needed in the algorithm
Array<double> k2;

public:
VAT
* @brief Constructor
*
* @param problem_ Pointer to an object of the ordinary differential problem to be solved.
* @param nsteps_ Number of steps used in the numerical scheme.
*x /
RungeKutta2(ODEProblem *problem_, int nsteps): ODESolver(problem_, nsteps){
int n = problem->size();
yt.redim(n);
kl.redim(n);
k2.redim(n);
}

//! Destructor. Override the destructor in the superclass ODESolver.
~RungeKutta2(){delete problem;}

VEE:

*+ @brief Implement one step of the base algorithm.

*

* Base algorithms are ForwardEuler, BackwardEuler,

* RungeKutta2, RungeKutta4, etc and they has to be coded

* 1in the subclasses.

*

* @param y Dependent scalar/vectorial variable, i.e., the solution.

*+ @param t Independent variable.

* @param dt Step size of the independent variable in \f$t_{n+1} = t_.n + dt\f$

*%/
void stepper(Array<double>& y, double& x, double& h);

/**************************************************************/
/* RUNGE -KUTTA 4 */
/**************************************************************/
VA
* @file ODESolver.h
* @class RungeKutta4
*+ @brief Class implementing the Runge-Kutta 4 method for solving (systems of) ordinary differential
* equations.
*kk /
class RungeKuttad4: public ODESolver{
private:

// Arrays needed in the algorithm

Array<double> k1;

Array<double> k2;

Array<double> k3;

Array<double> yt; // temporary array

public:
VAT
* @brief Constructor
*
* @param problem_ Pointer to an object of the ordinary differential problem to be solved.
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** /
RungeKutta4 (ODEProblemx problem_, int nsteps): ODESolver(problem_, nsteps){
int n = problem->size();
kl.redim(n);
k2.redim(n);
k3.redim(n);
yt.redim(n);

//! Destructor. Override the destructor in the superclass ODESolver.
~RungeKutta4(){delete problem;}

/**
* @brief Advance the solution one step in the Runge-Kutta 4 algorithm.

*

* @param y A scalar/vectorial quantity representing the solution, i.e., dependent variable.
* @param x Independent variable.

* @param h Step size in \f$x_{n+1} = x_n + h\f$.

*

**/

void stepper(Array<double>& y, double& x, double& h);

/**************************************************************/
/* FORWARD EULER */
/**************************************************************/
/**
* @file ODESolver.h
* @class ForwardEuler
* @brief Class implementing the forward Euler method for solving (systems of) ordinary differential
* equations.
*kk /
class ForwardEuler: public ODESolver{
private:
Array<double> dydx; // Derivative

public:

/**
* @brief Constructor
*
* @param problem_ Pointer to an object of the ordinary differential problem to be solved.
**/
ForwardEuler (ODEProblem *problem_, int nsteps): ODESolver(problem_, nsteps){
int n = problem->size();
dydx.redim(n);
}

//! Destructor. Override the destructor in the superclass ODESolver.
~ForwardEuler(){delete problem;}

/**

* @brief Advance the solution one step in the forward algorithm.

*

* @param y A scalar/vectorial quantity representing the solution, i.e., dependent variable.
* @param x Independent variable.

* @param h Step size in \f$x_{n+1l} = x_n + h\f$.
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*%/
void stepper(Array<double>& y, double& x, double& h);

+;

#endif

The ODEProblem class is defined in the file ODEProblem.huahedl here for the sake of completeness.

ODEProblem.h

VAT

* @file ODEProblem.h

* @class ODEProblem

*+ @brief Class describing an ordinary differential problem in general terms.
*

* The ordinary differential problem can be represented mathematically by a

* system of N-ordinary differential equations. For an initial value problem,
* for example:

*

* \f{egnarray}{

*  \frac{dy_i}{dt} &=& f(t, y_1, y_2,\cdots,y_N), \label{eq} \\

21, y_2
y-i(0) &=& y_{i}~{0}, \, i=1, 2,\cdots, N \label{ic}

\f}
*
*
* The scheme can also be applied to boundary value problems (BVP), etc.
*
* The specific ordinary differential equation is implemented in @ref equation, while
* the initial/boundary conditions are set in @ref init, in the respective subclases.
*
* Example usage:
*
*x /

#ifndef ODEPROBLEM_H
#define ODEPROBLEM_H

#include "Array.h"

/*****************************************************************************/

/* ODEPROBLEM CLASS */

/3 sk sk sk ok sk ok sk ok sk K ok ok sk K ok ok 3k 3 ok ok 3k 3 oK ok 3k 3 ok ok 3k 3 oK ok 3k 3 ok ok 3k K oK ok 3k K ok ok 3k K oK ok 3k 3 oK ok 3k 3 ok ok sk 3 oK ok 3k 3 ok ok sk 3k ok ok sk K ok sk sk ok ok ok /

class ODEProblem{
protected:
int negs; ///< Size of the odes system.
Array<double> y0; ///< Initial conditions.

// Variables used in the time loop:

double x0; ///< Initial value of the independent variable .

double xf; ///< Final value of the independent variable.
public:

/*%

* @brief Constructor. Create an ordinary differential equation (ODE) problem object.

* @param neqs_ Number of equations or size of the ordinary differential equation problem.
*%/

ODEProblem(int neqgs_): neqs(neqs_){y0.redim(neqs);}

VAT
*+ @brief Set the equation constituting the ODE problem.

248




8.8 — Exercises and projects

The right hand side function in the ODEs problem is defined according to:

O

\f$ \frac{d\mathbf{y}}{dt} = \frac{d}{dt}\left(

\begin{array}{c}

y-1\\

y_2

\end{array} \right)=\mathbf{f}(\mathbf{y}(t), t)

\f$

*

** /

virtual void equation(double x, const Array<double>& y, Array<double>& f)=0;

/x%

* @brief Get the initial conditions of the ODE problem.

* @return An array of doubles with the initial conditions of the ODE problem.
**/

Array<double>& getIC(){return y0;}

/**

* @return The minimum value of the independent variable.
** /

double xmin()const{return x0;}

/**

* @return The maximum value of the independent variable.
*%/

double xmax()const{return xf;}

//! Set initial conditions defined in \ref{ic}.
virtual void init()=0;

/**

* @return The size of the ODEs system.
*%/

int size()const{return neqgs;}

}; // End ODEProblem class definition

#endif

8.8 Exercises and projects

Project 8.1: studies of neutron stars

In the pendulum example we rewrote the equations as twordiff@al equations in terms of so-called dimen-
sionless variables. One should always do that. There aeasittwo good reasons for doing this.

— By rewriting the equations as dimensionless ones, the progvill most likely be easier to read, with
hopefully a better possibility of spotting eventual errots addtion, the various constants which are
pulled out of the equations in the process of rendering thagons dimensionless, are reintroduced at
the end of the calculation. If one of these constants is noécty defined, it is easier to spot an eventual
error.

249



Differential equations

— In many physics applications, variables which enter a difftial equation, may differ by orders of
magnitude. If we were to insist on not using dimensionlessijties, such differences can cause serious
problems with respect to loss of numerical precision.

An example which demonstrates these features is the setuatieqs for gravitational equilibrium of a
neutron star. We will not solve these equations numeridadise, rather, we will limit ourselves to merely
rewriting these equations in a dimensionless form.

The equations for a neutron star

The discovery of the neutron by Chadwick in 1932 prompteddaarto predict the existence of neutron stars.
The birth of such stars in supernovae explosions was sugjbgtBaade and Zwicky 1934. First theoretical
neutron star calculations were performed by Tolman, Opeiemér and Volkoff in 1939 and Wheeler around
1960. Bell and Hewish were the first to discover a neutronistd®67 as aadio pulsar The discovery of
the rapidly rotating Crab pulsar ( rapidly rotating neutstar) in the remnant of the Crab supernova observed
by the chinese in 1054 A.D. confirmed the link to supernovaali®pulsars are rapidly rotating with periods
in the range).033 s < P < 4.0 s. They are believed to be powered by rotational energy lodsaee rapidly
spinning down with period derivatives of ord&r ~ 10~'2 — 10~!6. Their high magnetic field3 leads to
dipole magnetic braking radiation proportional to the metgrfield squared. One estimates magnetic fields of
the order ofB ~ 10'' — 10'3 G. The total number of pulsars discovered so far has justehenk1000 before
the turn of the millenium and the number is increasing rapidl

The physics of compact objects like neutron stars offersttiguing interplay between nuclear processes
and astrophysical observables, see Refs. [45—-47] forduitfiormation and references on the physics of neu-
tron stars. Neutron stars exhibit conditions far from theseountered on earth; typically, expected densities
p of a neutron star interior are of the orderi®f or more times the density; ~ 4 - 10!! g/cn?® at 'neutron
drip’, the density at which nuclei begin to dissolve and negagether. Thus, the determination of an equation
of state (EoS) for dense matter is essential to calculatdmeeutron star properties. The EoS determines
properties such as the mass range, the mass-radius rstafipthe crust thickness and the cooling rate. The
same EoS is also crucial in calculating the energy releasagupernova explosion.

Clearly, the relevant degrees of freedom will not be the siarttee crust region of a neutron star, where the
density is much smaller than the saturation density of rmucteatter, and in the center of the star, where density
is so high that models based solely on interacting nucleomsgj@estionable. Neutron star models including
various so-called realistic equations of state result éftilowing general picture of the interior of a neutron
star. The surface region, with typical densities: 10° g/cn?, is a region in which temperatures and magnetic
fields may affect the equation of state. The outer crust6§rg/cn?® < p < 4 - 10*'g/cn? is a solid region
where a Coulomb lattice of heavy nuclei coexistFequilibrium with a relativistic degenerate electron gas.
The inner crust fod - 10! g/lcm? < p < 2-10*g/cn? consists of a lattice of neutron-rich nuclei together with
a superfluid neutron gas and an electron gas. The neutrad fap2 - 104 g/cm? < p < -10'°g/cm? contains
mainly superfluid neutrons with a smaller concentrationugfesconducting protons and normal electrons. At
higher densities, typicallg — 3 times nuclear matter saturation density, interesting @li@ssitions from a
phase with just nucleonic degrees of freedom to quark matssrtake place. Furthermore, one may have a
mixed phase of quark and nuclear matter, kaon or pion comdgiesishyperonic matter, strong magnetic fields
in young stars etc.

Equilibrium equations

If the star is in thermal equilibrium, the gravitational éeron every element of volume will be balanced by
a force due to the spacial variation of the presdareél'he pressure is defined by the equation of state (EoS),
recall e.g., the ideal ga8 = NkpT'. The gravitational force which acts on an element of voluteedistance

r is given by

Gm
FG'r‘av = _T—QP/CQa (890)
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where( is the gravitational constani(r) is the mass density and(r) is the total mass inside a raditisThe
latter is given by

mir) = [ ot ®91)
¢ Jo
which gives rise to a differential equation for mass and igns
C;—T: = dnr’p(r)/c. (8.92)
When the star is in equilibrium we have
dP Gm(r) 5
= = - p(r)/c. (8.93)

The last equations give us two coupled first-order diffaedieiguations which determine the structure of a
neutron star when the EoS is known.

The initial conditions are dictated by the mass being zetbaicenter of the star, i.e., when= 0, we
havem(r = 0) = 0. The other condition is that the pressure vanishes at tHacgiof the star. This means
that at the point where we ha¥e= 0 in the solution of the differential equations, we get thatoadiusR of
the star and the total mass(r = R). The mass-energy density when= 0 is called the central densiy;.
Since both the final mas® and total radius? will depend onp;, a variation of this quantity will allow us to
study stars with different masses and radii.

Dimensionless equations

When we now attempt the numerical solution, we need howeverdcale the equations so that we deal with
dimensionless quantities only. To understand why, considevalue of the gravitational constaitand the
possible final mass:(r = R) = Mpg. The latter is normally of the order of some solar masgks with

Mg = 1.989 x 103 Kg. If we wish to translate the latter into units of MeV/ave will have thatM z ~ 1059
MeV/c%. The gravitational constant is in units 6f= 6.67 x 10745 x hic (MeV/c?)~2. Itis then easy to see
that including the relevant values for these quantitiesunaguations will most likely yield large numerical
roundoff errors when we add a huge num%érto a smaller numbeP in order to obtain the new pressure.
We list here the units of the various quantities and in cagghgs$ical constants, also their values. A bracketed
symbol like[P] stands for the unit of the quantity inside the brackets.

Quantity  Units

[P] MeVfm~—3

[p] MeVfm—3

[n] fm—3

[m] MeVc—2

Mg 1.989 x 1030 Kg= 1.1157467 x 10%° MeVc 2
1Kg =103°/1.78266270D0 MeVc 2

[r] m

G he6.67259 x 10~4° MeV—2¢~*

he 197.327 MeVfm

We introduce therefore dimensionless quantities for th&us = r/ Ry, mass-energy densify= p/ps,
pressure® = P/p, and massn = m,/ M.
The constants/, and Ry can be determined from the requirements that the equatinn%’}f and %
should be dimensionless. This gives
dMorin

TR - A R272 psp, (8.94)
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yielding
din o
- = A R3# psp/ M. (8.95)

If these equations should be dimensionless we must demand th
4mR3ps /Mo = 1. (8.96)
Correspondingly, we have for the pressure equation

dpSI:’

mpsp
= —GM, 8.97
dRo7 0 (8.97)

272
Rg7

and since this equation should also be dimensionless, Wweavié
GMy/Ry = 1. (8.98)

This means that the constarits and M, which will render the equations dimensionless are given by
1

Ry= —— 8.99
0 /—p5G47T’ ( )
and A
TPs
My= ————. 8.100
O N o (8.100)

However, since we would like to have the radius expressedits af 10 km, we should multiply, by 1019,
since 1 fm =10~'> m. Similarly, M, will come in units of MeV/c?, and it is convenient therefore to divide it
by the mass of the sun and express the total mass in termsaofrsaksed/ .

The differential equations read then

AP mp  din
= — =TT
dr 727 dr
Inthe solution of our problem, we will assume that the massrgy density is given by a simple parametriza-

tion from Bethe and Johnson [48]. This parametrizationgjivas a function of the number density= N/V/,
with IV the total number of baryons in a volurie It reads

p. (8.101)

n) = 236 x n?%* 4+ nm,, 8.102
p(n) ,

wherem,, = 938.926MeV/c?, the mass of the neutron (averaged). This means that gihem—3, we have
that the dimension of is [p] =MeV/c* fm~3. Through the thermodynamic relation

P= —2—5, (8.103)
whereF is the energy in units of MeVfcwe have
P(n) = nag(n) — p(n) = 363.44 x n?5%, (8.104)
n

We see that the dimension of pressure is the same as thatmétseenergy density, i.6] =MeV/c?fm—3.
Here comes an important point you should observe when gpthi@ two coupled first-order differential
equations. When you obtain the new pressure given by
dP

Pnew =—+ Polda (8105)
dr

this comes as a function ef However, having obtained the new pressure, you will neasstoEq. [8.104)
in order to find the number density. This will in turn allow you to find the new value of the massegy
densityp(n) at the relevant value of

In solving the differential equations for neutron star diguium, you should proceed as follows
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1. Make first a dimensional analysis in order to be sure thailations are really dimensionless.

2. Define the constant®, and M, in units of 10 km and solar magd,. Find their values. Explain why
it is convenient to insert these constants in the final resuitl not at each intermediate step.

3. Set up the algorithm for solving these equations and \ariteain program where the various variables
are defined.

4. Write thereafter a small function which uses the expogssior pressure and mass-energy density from

Egs. [B10¥) and(8.1ID2).

5. Write then a function which sets up the derivatives

mp A2 A
— TP (8.106)

6. Employ now the fourth order Runge-Kutta algorithm to abteew values for the pressure and the mass.
Play around with different values for the step size and camile results for mass and radius.

7. Replace the fourth order Runge-Kutta method with the Er&pler method and compare the results.

8. Replace the non-relativistic expression for the deikeatf the pressure with that from General Relativ-
ity (GR), the so-called Tolman-Oppenheimer-Volkov eqoati
dpP P+ p) (P 4+
_ LA AF P ) (8.107)

i 72 — 2rnf

and solve again the two differential equations.

9. Compare the non-relatistic and the GR results by plottiags and radius as functions of the central
density.

Project 8.2: studies of white dwarf stars

This project contains a long description of the physics @hpact objects such as white dwarfs. It serves as a
background for understanding the final differential equragiyou need to solve. This project is taken from the
text of Koonin and Meredith [4].

White dwarfs are cold objects which consist mainly of heauglei such as%Fe, with 26 protons, 30
neutrons and their respective electrons, see for examgdle[4&4. Charge equilibrium results in an equal
quantity of electrons and protons. You can read more aboitéwkvarfs, neutron stars and black holes at the
website of the Joint Institute for Nuclear Astrophysics wijivaweb.org or NASA's website www.nasa.org.
These stars are the endpoints of stars with masses of thersirealler than our sun. They are the outcome
of standard nuclear processes and end their lives as cadtshiike white dwarfs when they have used up all
their nuclear fuel.

Where a star ends up at the end of its life depends on the maasount of matter, it was born with. Stars
that have a lot of mass may end their lives as black holes drarestars. Low and medium mass stars will
become something called a white dwarf. A typical white dvigtfalf as massive as the Sun, yet only slightly
bigger than the Earth. This makes white dwarfs one of theel#risrms of matter, surpassed only by neutron
stars.

Medium mass stars, like our Sun, live by burning the hydrapen dwells within their cores, turning it
into helium. This is what our Sun is doing now. The heat the §merates by its nuclear fusion of hydrogen
into helium creates an outward pressure. In another 5 bijlears, the Sun will have used up all the hydrogen
in its core.

This situation in a star is similar to a pressure cooker. idgatomething in a sealed container causes
a build up in pressure. The same thing happens in the Sunoudththe Sun may not strictly be a sealed
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container, gravity causes it to act like one, pulling the stevard, while the pressure created by the hot gas in
the core pushes to get out. The balance between pressureaaitst ¢ very delicate.

Because a white dwarf is no longer able to create internaispre, gravity unopposedly crushes it down
until even the very electrons that make up a white dwarf’sstare mashed together. In normal circumstances,
identical electrons (those with the same "spin™) are nawad to occupy the same energy level. Since there
are only two ways an electron can spin, only two electronsazaupy a single energy level. This is what's
know in physics as the Pauli Exclusion Principle. And in anakgas, this isn't a problem; there aren’t enough
electrons floating around to completely fill up all the endeyels. But in a white dwarf, all of its electrons are
forced close together; soon all the energy levels in its atara filled up with electrons. If all the energy levels
are filled, and it is impossible to put more than two electrionsach level, then our white dwarf has become
degenerate. For gravity to compress the white dwarf anypitomeust force electrons where they cannot go.
Once a star is degenerate, gravity cannot compress it any Ibecause quantum mechanics tells us there is no
more available space to be taken up. So our white dwarf sesyivot by internal combustion, but by quantum
mechanical principles that prevent its complete collapse.

With a surface gravity of 100,000 times that of the earth atmosphere of a white dwarf is very strange.
The heavier atoms in its atmosphere sink and the lighter mamaain at the surface. Some white dwarfs have
almost pure hydrogen or helium atmospheres, the lightesteofients. Also, the very strong gravity pulls the
atmosphere close around it in a very thin layer, that, if weos earth, would be lower than the tops of our
skyscrapers!

8.8.1 Equilibrium equations

We assume that the star is in thermal equilibrium. It exkillso charge equilibrium, meaning the number of
electrons has to balance the number of protons. The griavitdipull on every element of volume is balanced
by the pressure set up by a degenerate gas of electrdfis=at), since the temperature of the star is well
below the so-called Fermi temperature of the electrons.€ldtrons are assumed to be relativistic and since
the protons and neutrons have much lower kinetic energy,ssenae that the pressure which balances the
gravitational force is mainly set up by the relativisticatens. The kinetic energy of the electrons is also
much larger than the electron-electron repulsion or thattbn from the nuclei. This means that we can treat
the system as a gas of free degenerate electrdfis-ad moving in between a lattice of nuclei like iron. This
is our ansatz. Based on this we can derive the pressure whictterbalances the gravitational force given by
(for every element of volume in a distancérom the center of the star)

Gm(r)
r2

p(r),

with G being the gravitational constani(r) the mass density (mass per volume) of a volume element a
distancer from the center of the star, amd(r) is the integrated mass within a radiusThe latter reads

FGrav = -

m(r) = 471'/ p(r )" dr’
0

which yields a differential equation between the total nessthe mass density

d
% = 47nrp(r).

In equilibrium, the pressur® balances the gravitational force

= e o,

and usingiP/dp = (dp/dr)(dP/dp) we obtain

dp  (dP\ "' Gm
dr dp 2 P

254



8.8 — Exercises and projects

Together with‘g—’f = 4mr?p(r) we have now two coupled first-order ordinary differentialiations which
determine the structure of the white dwarf given an equatiostate P(p). The total radius is given by the
conditionp(R) = 0. Similarly, the mass for = 0 is m = 0. The density at = 0 is given by the central
densityp.., a parameter you will have to play with as input parameter.

By integrating the last equation, we find the density profiléhe star. The radiu® is determined by the
point where the density distributionis= 0. The mass is then given iy = m(R). Since both the total mass
and the radiug will depend on the central density, a variation of this parameter will allow us to study stars
with different masses. However, before we can proceed, wé the pressure for a relativistic gas of electrons.

Equation of state for a white dwarf

We will treat the electrons as a relativistic gas of fermiah% = 0. From statistical physics we can then
obtain the particle density as
Lo, ki
=N/V=— k*dk = —=
" / 2 /0 32’
wherekr is the Fermi momentum, here represented by the wave nukaberhe wave number is connected
to the momentum vidr = pr/h. The energy density is given by

1 [k
e=E/V = k2dk+/(hck)? 4+ m2ct.

2 Jo
This expression is of the forrfiy?/y? + a2. Performing the integration we obtain
E/V = ngmec?zie(x),

where we have defined
e(z) = 833 (x(l +22°)V/1+ 22 —In(z+ 1+ IQ)) ,
xr

with the variabler defined as
hkp
xr=

MeC
We can rewriter in terms of the particle density as well

ki
— NV = 2E
" / 32’

so that

hkp  (nh3r2\'?
mec  \ m3c3 ’

3
where we defineg = Ame)e \yith m. the electron mass. Using the constagtesults finally in

372 (h)3
hkp < n )1/ 5
T = = — .
MeC no
Since the mass of the protons and neutrons are larger byaa taétthan the mass of the electroms, we can

approximate the total mass of the star by the mass densiheafucleons (protons and neutrons). This mass
density is given by

p = Mpny,

with M, being the mass of the proton ang the particle density of the nucleons. The mass of the praton a
the neutron are almost equal and we have set them equal heeepdrticle density:, can be related to the
electron density:, which is the quantity we can calculate. The relation is $anp

ny =n/Ye,
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whereY, is the number of electrons per nucleon. Ftfe we getr, = % = 0.464, since we need to have as

many electrons as protons in order to obtain a total chargerof Inserting numerical values for the electron
mass we get

no = 5.89 x 10¥cm 3.
The mass density is now
p=Myn/Y,,

( n )1/3 ( p )1/3
xTr = _— = _ 5
no £o

and inserting the numerical value for the proton mass weimbta
- ]\/[pno
Y.
Using the parametér, we can then study stars with different compositions. Thg ovdut parameters to your

code are thep. andY..

Now we want the equation for the pressure, based on the edemngity. Using the thermodynamical
relation

and with

7 =9.79 x 10°Y, 'g cm 3.

p_ OE  OF Ox
TV dx v’

we can find the pressure as a function of the mass densithereafter we can fin%%, which allows us to

determine the mass and the radius of the star.

The term
ox

v’
can be found using the fact thatx n'/3 oc V=2 This results in

ox T

av 3V’
Taking the derivative with respect towe obtain

1 de
P= —n0m602x4 —.

3 dx

1/3
We want the derivative aP in terms of the mass density Usingx = (%) , We obtain

dP  dPdx
dp — dwdp’
With
P 1 dz* <
%—gnome< dx )’
and
dr lpg/3 1
dp — 3pop*/3  3pyz?’
we find

dP MeC? ()
= TIe Z),
dp M,

where we defined )

v(z) = IWiswk

This is the equation for the derivative of the pressure todsaluo find

dp __(dP\"' Gm
dr dp 2 P

Note thatr and~y(x) are dimensionless quantities.
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Dimensionless form of the differential equations

In the numerical treatment of the two differential equasiome need to rescale our equations in terms of
dimensionless quantities, since several of the involvatstamts are either extremely large or very small.
Furthermore, the total mass is of the order of the mass ofithespproximatel x 103°kg while the mass of
the electron i® x 10731 kg.

We introduce therefore a dimensionless radius r/ Ry, a dimensionless densigy= p/po (recall that
2% = p/po) and a dimensionless mags= m /M.

We determine below the constanif, and Ry by requiring that the equations fdj% and% have to be
dimensionless. We get then

dMym 99  _
=47R,
dRor o pop;
resulting in
dm P
e A R3T? pop/ M.

If we want this equation to be dimensionless, we must require
4T R3po/ My = 1.

Correspondingly, we have

dp()ﬁ _ GMoMp m p ﬁ
Yemec? ) yR3T? o
with Ry
Y.mec?
0 (47Tp0GMp

in order to yield a dimensionless equation. This results in

1/2
) =7.72 x 10®Y,cm.

My = 47 R3py = 5.67 x 10*3Y2g.

The radius of the sun iR = 6.95 x 10'° cm and the mass of the sunfig, = 1.99 x 1033 g.
Our final differential equationg andm read

d?

e

=7%p.

dp mp
v 7

These are the equations you need to code.

a) Verify the steps in the above derivations. Write a progveimch solves the two coupled differential

equations
dp _ m7p
a7
and
dm _5_
20— F
dr P

using the fourth order Runge-Kutta method by integratingvand from7 = 0. ChooseY, = 1 and
calculate the mass and radius of the star by varying the aleténsity, ranging from10~! to 10°.
Check the stability of your solutions by varying the radigsh. Discuss your results.

b) Compute also the density profiles for the above input patars and calculate the total kinetic energy
and rest energy of the electrons given by

R
U= / 4 <E) r2dr,
0 V
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where we have defined
E/V = ngmec?z3e(z),

with
e(z) = 83—3 (x(l +22%)V/1 422 —In(z + V1 + :102)) )
T

and the variable defined as
hkp

MeC

Compute also the gravitational energy

_ R Gm(r)p(r) 2 dr
W = /0 —— L A4qridr.

r

You need to make these equations dimensionless.

Try to discuss your results and trends through simple phi/sé@asoning.

c) Scale the mass-radius relation you found in a) to the aamessponding t6°Fe and*2C. Three white
dwarf stars, Sirius B, 40 Eri B and Stein 2051, have massesatidn units of solar values determined
from observations to b .053+0.028 M, 0.0074+0.0006 R), (0.48+0.02M ¢, 0.01244+0.0005R),
and(0.72+0.08 M, 0.0115 +0.0012R), respectively. Verify that these values are consisterit thie
model you have developed. Can you say something about theasitions of these stars?

Project 8.3: Period doubling and chaos

The angular equation of motion of the pendulum is given by téeég equation and with no external force it

reads
2

d=0 .
mlW + mgsin(6) =0, (8.108)

with an angular velocity and acceleration given by

df

=[— 8.109

=15, (8.109)
and ,
d-6

We do however expect that the motion will gradually come t@ad due a viscous drag torque acting on
the pendulum. In the presence of the drag, the above equatmmes

2
a0 + ud—9 + mgsin(6) =0, (8.111)

l_
e T

wherev is now a positive constant parameterizing the viscosithefhedium in question. In order to maintain
the motion against viscosity, it is necessary to add somereat driving force. We choose here a periodic
driving force. The last equation becomes then

d*0 df , .
mlw + v + mgsin(f) = Asin(wt), (8.112)

with A andw two constants representing the amplitude and the ang@guéncy respectively. The latter is
called the driving frequency.

a) Rewrite Eqs[18.111) and(8.112) as dimensionless emsati
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b)

d)

e)

Write then a code which solves ER(81111) using the feartter Runge Kutta method. Perform cal-
culations for at least ten periods witfi = 100, N = 1000 and N = 10000 mesh points and values of
v=1v=>5andv = 10. Setl = 1.0 m, g = 1 m/$> andm = 1 kg. Choose as initial conditions
6(0) = 0.2 (radians) and)(0) = 0 (radians/s). Make plots df (in radians) as function of time and
phase space plots 6fversus the velocity. Check the stability of your results as functions of time and
number of mesh points. Which case corresponds to dampedrdariped and overdamped oscillatory
motion? Comment your results.

Now we switch to Eq[{8.112) for the rest of the project. Audfdexternal driving force and set g = 1,
m = 1,v = 1/2andw = 2/3. Choose as initial conditior®§0) = 0.2 andv(0) = 0 andA = 0.5 and
A = 1.2. Make plots off (in radians) as function of time for at least 300 periods amaisg space plots
of 6 versus the velocity. Choose an appropriate time step. Comment and explain siuésdor the
different values ofA.

Keep now the constants from the previous exercise fixeddtuhowA = 1.35, A = 1.44 and A =
1.465. Plot# (in radians) as function of time for at least 300 periods f@se values aft and comment
your results.

We want to analyse further these results by making phasmegpots o) versus the velocity using
only the points where we havet = 2nm wheren is an integer. These are normally called the drive
periods. This is an example of what is called a Poincare@eetnd is a very useful way to plot and
analyze the behavior of a dynamical system. Comment youttses
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Chapter 9

Two point boundary value problems

9.1 Introduction

When diffential equations are required to satisfy boundanditions at more than one value of the independent
variable, the resulting problem is calledbaundary value probleniThe most common case by far is when
boundary conditions are supposed to be satisfied at twogeurgually the starting and ending values of the
integration. The Schroédinger equation is an important garof such a case. Here the eigenfunctions are
typically restricted to be finite everywhere (in particuar = 0) and for bound states the functions must go
to zero at infinity.

In the previous chapter we discussed the solution of diffggeequations determined by conditions im-
posed at one point only, the so-called initial condition.réd&e move on to differential equations where the
solution is required to satisfy conditions at more than ooiatp Typically these are the endpoints of the in-
terval under consideration. When discussing differemtiplations with boundary conditions, there are three
main groups of numerical methods, shooting methods, finfferdnce and finite element methods. In this
chapter we focus on the so-called shooting method, whetegster§l7 and10 focus on finite difference meth-
ods. Chaptelf]7 solves the finite difference problem as ameddge problem for a one variable differential
equation while in chaptér10 we present the simplest finfferdince methods for solving partial differential
equations with more than one variable. The finite elemenhaotkis not discussed in this text, see for example
Ref. [49] for a computational presentation of the finite edetrmethod.

In the discussion here we will limit ourselves to the simpesssible case, that of a linear second-order
differential equation whose solution is specified at twaidet points, for more complicated systems and equa-
tions see for example Refs. [50, 51]. The reader should ait®that the techniques discussed in this chapter
are restricted to ordinary differential equations only,lefiinite difference and finite element methods can
also be applied to boundary value problems for partial ciffidial equations. The discussion in this chapter
and chaptel]7 serves therefore as an intermediate step ahel toahe chapter on partial differential equa-
tions. Partial differential equations involve both boundeonditions and differential equations with functions
depending on more than one variable.

In this chapter we will discuss in particular the solutiortiod one-particle Schédinger equation and apply
the method to hydrogen-atom like problems. We start howesttr a familiar problem from mechanics,
namely that of a tightly stretched and flexible string or rofpseed at the endpoints. This problem has an
analytic solution which allows us to define our numericabaiilyims based on the shooting methods.
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9.2 Shooting methods

In many physics applications we encounter differentialagiguns like

PY 1200y — - b 9.1
@‘i‘ (x)y=F(x); a<x <D, (9.1)

with boundary conditions
y(a) = a, y(b) = p. (9.2)

We can interpref’(x) as an inhomogenous driving force whitézx) is a real function. If it is positive the
solutionsy(x) will be oscillatory functions, and if negative they are erpationally growing or decaying
functions.

To solve this equation we could start with for example the gl utta method or various improvements
to Euler’'s method, as discussed in the previous chapten ieavould need to transform this equation to a set
of coupled first-order equations. We could however stait thie discretized version for the second derivative.
We discretise our equation and introduce a step lehgth (b — a)/N, with N being the number of equally
spaced mesh points. Our discretised second derivative egadstep:;; = a + ih withi = 0,1, ...

v Yitl T Yio1 — 2y
[ h2

+0(h?),
leading to a discretised differential equation

Yir1 +¥i—1 — 2y;
72

+O(h?) + kiyi = Fi. (9.3)

Recall that the fourth-order Runge-Kutta method has a lexal of O(h*).
Since we want to integrate our equation fregni= a to 2y = b, we rewrite it as

Starting at = 1 we have after one step
Y2 = —1Yo + 1 (2 — th% —+ hQFl) .

Irrespective of method to approximate the second derwathis equation uncovers our first problem. While
yo = y(a) = 0, our function valuey; is unknown, unless we have an analytic expressionyfo) atz = 0.
Knowingy; is equivalent to knowing’ atz = 0 since the first derivative is given by

/ Yit1 — Y
N T 9.5
Y ” (9.5)

This means that we hayg =~ yo + hy.

9.2.1 Improved approximation to the second derivative, &oris method

Before we proceed, we mention how to improve the local trtionarror fromO(h?) to O(h%) without too
many additional function evaluations.

Our equation is a second order differential equation wittemy first order derivatives. Let us also for
the sake of simplicity assume tha¥xz) = 0. Numerov's method is designed to solve such an equation
numerically, achieving a local truncation er@(h°).

We start with the Taylor expansion of the desired solution

1) h? () e bt
) = y(e) + @) + oy (@) + 2y )+ Ly ) 4
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Herey(™ (x) is a shorthand notation for the nth derivativey /d2". Because the corresponding Taylor
expansion of)(xz — h) has odd powers df appearing with negative signs, all odd powers cancel wheadde
y(x + h) andy(x — h)

W+ 1) + 9z = h) = 20(e) + h2y D (a) + Ly (@) + 0010

We obtain
y(x +h)+ylx —h) —2y(x h?
To eliminate the fourth-derivative term we apply the operat + ’f—; j—;) on the differential equation
h? h? d?
y? (@) + 159 @) + B(@)y(@) + 575 (F(@)y() ~ 0.

In this expression thg(®) terms cancel. To treat the generatiependence of?(x) we approximate the
second derivative ofk?(z)y(x) by

P (ky(x) _ (B + Myl +h) + k(@)y(@) + (K@ = hy(e = h) + k(z)y(x))
da? h2 '

We replace theg(z + k) with the shorthand;; (and similarly for the other variables) and obtain a final
discretised algorithm for obtaining.

Yir1 = ( 12 ) hz( 5 12 1) + O(I’LG),
1+ 35k

wherex; = ih, k; = k(z; = ih) andy; = y(x; = ih) etc.
It is easy to add the termi; since we need only to take the second derivative. The finakigihgn reads
then
2(1— Sh%k2) y; — (L + Sh%k2 ) yio1 B2
Yit1 = 0=z ) hg( 2 1) Yt + = (Fip1 + Fio1 — 2F) + O(R°).
L+ Ekiﬂ 12

Starting at = 1 results in, using the boundary conditign= 0,

2 (1 — —152 h2k1y1) — (1 + —112 thgyo) h?
: + — (Fy + Fy — 2F)) + O(h").

Y2 =

This equation carries a local truncation error proportiea#. This is an order better than the fourth-order
Runge-Kutta method which has a local error proportiona®oThe global for the fourth-order Runge-Kutta
is proportional toh* while Numerov’s method has an error proportionahfo With few additional function
evulations, we have achieved an increased accuracy.

But even with an improved accuracy we end up with one unknowthe right hand side, namejy;.
The value ofy; can again be determined from the derivativg@tor by a good guess on its value. We need
therefore an additional constraint on our set of equati@fierk we start. We could then add to the boundary
conditions

y(a’) =a, y(b) =B,

the requiremeny’(a) = ¢, whered could be an arbitrary constant. In quantum mechanical egiins with
homogenous differential equations the normalization efgblution is normally not known. The choice of the
constant can therefore reflect specific symmetry requirements ofdhdisn.
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9.2.2 Wave equation with constant acceleration

We start with a well-known problem from mechanics, that oftariing string or rope fixed at both ends. We

could think of this as an idealization of a jumping rope aridggestions about its shape as it spins. Obviously,

in deriving the equations we will make several assumptiar@der to obtain an analytic solution. However,

the general differential equation it leads to, with addemhpglications not allowing an analytic solution, can be

solved numerically. We discuss the shooting methods as ossle numerical approach in the next section.
Our aim is to arrive at a differential equation which takess fibllowing form

y" + Ay =0; y(0) =0, y(L) =0,

wherelL is the length of the string andla constant or function of the variahleto be defined below.

We derive an equation fay(x) using Newton’s second lat = ma acting on a piece of the string with
masspAx, wherep is the mass density per unit length afa is small displacement in the intervalx + Ax.
The change\x is our step length.

We assume that the only force acting on this string elemeatcsnstant tensiofi’ acting on both ends.
The net vertical force in the positivedirection is

F =Tsin(0 + Af) — Tsin(0) = Tsin(0;41) — T'sin(6;).
For the angles we employ a finite difference approximation

sin(fiy1) = % +O0(Az?).

Using Newton’s second law = ma, with m = pAxz = ph and a constant angular velocitywhich relates
to the acceleration as= —w?y we arrive at

Yit1 +Yi-1 — 2y
T
Ax?

and taking the limitAz — 0 we can rewrite the last equation as

~ —pw’y,

Ty" + pw’y =0,

and defining\ = pw?/T and imposing the condition that the ends of the string arelfixe arrive at our final
second-order differential equation with boundary conodisi

y" + Ay =0; y(0) =0, y(L) =0. (9.6)

The reader should note that we have assumed a constantratioeleReplacing the constant acceleration with
the second derivative af as function of both position and time, we arrive at the welbdn wave equation
for y(z,t) in 1 4+ 1 dimension, namely
0%y B 0%y
o2~ "oz
We discuss the solution of this equation in chapifér 10.
If A > 0 the above wave equation has a solution of the form

y(x) = Acos(azx) + Bsin(ax), 9.7)

and imposing the boundary conditions results in an infirsguence of solutions of the form

yn(x) = sin(n—zx), n=123,... (9.8)
with eigenvalues
7’?,271'2
)\nzﬁ,n:1,2,3,... (99)
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Table 9.1: Integrated and exact solution of the differémtéaiationy” + Ay = 0 with boundary conditions

y(0) = 0 andy(1) = 0.

sin(mwa;)

y(z:)

0.000000E+00
0.100000E+00
0.200000E+00
0.300000E+00
0.400000E+00
0.500000E+00
0.600000E+00
0.700000E+00
0.800000E+00
0.900000E+00
0.100000E+01

0.000000E+00
0.951057E+00
0.587785E+00
-.587785E+00
-.951056E+00
0.268472E-06
0.951057E+00
0.587785E+00
-.587786E+00
-.951056E+00
0.000000E+00

0.000000E+00
0.125664E+01
0.528872E+00
-.103405E+01
-.964068E+00
0.628314E+00
0.122850E+01
-.111283E+00
-.127534E+01
-.425460E+00
0.109628E+01

For A = 0 we have

y(z) = Az + B,

(9.10)

and due to the boundary conditions we hgye) = 0, the trivial solution, which is not an eigenvalue of the
problem. The classical problem has no negative eigenvaliesve cannot find a solution fox < 0. The
trivial solution means that the string remains in its edpilim position with no deflection.

If we relate the constant angular spegtb the eigenvalues,, we have

oy =y 2L T a5
p L\ p

resulting in a series of discretised critical speeds of &argaotation. Only at these critical speeds can the string
change from its equilibrium position.

There is one important observation to made here, sincewagewill discuss Schrddinger’s equation. We
observe that the eigenvalues and solutions exist only fdaicediscretised values,,, y,,(z). This is a con-
sequence of the fact that we have imposed boundary conslitifimus, the boundary conditions, which are a
consequence of the physical case we wish to explore, yidycaoset of possible solutions. In quantum physics,
we would say that the eigenvalugs are quantized, which is just another word for discretisg@malues.

We have then an analyt

from

ic solution

nmx

yn(2) = sin(——),

n?n?

yl/ +

779 =0 y(0)

L

0, y(1) = 0.

(9.11)

Choosing: = 4 andL = 1, we havey(z) = sin(4wx) as our solution. The derivative is obvioudhycos(rz).
We can start to integrate our equation using the exact esiprefor the derivative a§;. This yields

Yo & —Yo + Y1 (2 — h%k} + h) = 4hmcos(4mxo) (2 — 16h27r2) =dr (2 — 16h2ﬂ'2) .

If we split our intervalz € [0,1] into 10 equally spaced points we arrive at the results dygolan Table
[B71. We note that the error at the endpoint is much largertiachosen mathematical approximat@m?),
resulting in an error of approximately01. We would have expected a smaller error. We can obviously get
better precision by increasing the number of integratidntgpbut it would not cure the increasing discrepancy
we see towards the endpoints. With= 100, we have).829944F — 02 atx = 1.0, while the error is~ 10~

with 100 integration points.
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It is also important to notice that in general we do not knoergfgenvalue and the eigenfunctions, except
some of their limiting behaviors close to the boundariese ®rthod for searching for these eigenvalues is to
set up an iterative process. We guess a trial eigenvalue @ametgte a solution by integrating the differential
equation as an initial value problem, as we did above exdgitwe have here the exact solution. If the
resulting solution does not satisfy the boundary condgjeve change the trial eigenvalue and integrate again.
We repeat this process until a trial eigenvalue satisfiebthmdary conditions to within a chosen numerical
error. This approach is what constitutes the so-calledtsgpmethod.

Upon integrating to our other boundasy= 1 in the above example, we obtain normally a non-vanishing
value fory(1), since the trial eigenvalue is normally not the correct die. can then readjust the guess for
the eigenvalue and integrate and repeat this process titbtagn a value fog(1) which agrees to within the
precision we have chosen. As we will show in the next sectiois,results in a root-finding problem, which
can be solved with for example the bisection or Newton methtbiscussed in chaptér 5.

The example we studied here hides however an importantgmobDur two solutions are rather similar,
they are either represented byia () form or acos(z) solution. This means that the solutions do not differ
dramatically in behavior at the boundaries. Furthermwewave function is zero beyond the boundaries. For
a quantum mechanical system, we would get the same solutiangarticle is trapped in an infinitely high
potential well. Then the wave function cannot exist outsidepotential. However, for a finite potential well,
there is always a quantum mechanical probability that thrdgb& can be found outside the classical region.
The classical region defines the so-called turning pointspuints from where a classical solution cannot
exist. These turning points are useful when we want to saletum mechanical problems.

Let us however perform our brute force integration for arotlifferential equation as well, namely that of
the quantum mechanical harmonic oscillator.

The situation worsens dramatically now. We have then a amertsional differential equation of the type,
see Eq.[[T416), (all physical costants are set equal to batism =c=h =k =1)

P’y 1 2

1

with boundary conditiong(—oc) = y(c0) = 0. For the lowest lying state, the eigenvalue is 1/2 and the
eigenfunction is

y(z) = (%)/ exp (—22/2).

The reader should observe that this solution is imposeddpdiundary conditions, which again follow from
the quantum mechanical properties we require for the swlutiVe repeat the integration exercise which we
did for the previous example, starting from a large negatiweber ¢, = —10, which gives a value for the
eigenfunction close to zero) and choose the lowest enemjjtsinorresponding eigenfunction. We obtain for
Y2

Yo & —yo + 11 (2 + h22® — h?),

and using the exact eigenfunction we can replacwith the derivative at. We use nowN = 1000 and
integrate our equation fromy = —10to zy = 10. The results are shown in Taljle]9.2 for selected values of
x;. Inthe beginning of our integrational interval, we obtamiategrated quantity which resembles the analytic
solution, but then our integrated solution simply exploded diverges. What is happening? We started with
the exact solution for both the eigenvalue and the eigerifmc

The problemis due to the fact that our differential equatias two possible solution for eigenvalues which
are very close{1/2 and+1/2), either

y(x) ~ exp (2% /2),

or
y(z) ~ exp (2% /2).
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Table 9.2: Integrated and exact solution of the differéetmation—y” +x2y = 2ey with boundary conditions

y(—o0) = 0 andy(co) = 0.

v —ih_exp(—a%2) _ y(w)

-.100000E+02 0.192875E-21 0.192875E-21
-.800000E+01 0.126642E-13 0.137620E-13
-.600000E+01 0.152300E-07 0.157352E-07
- 400000E+01 0.335462E-03 0.331824E-03
-.200000E+01 0.135335E+00 0.128549E+00

0.000000E-00
0.200000E+01
0.400000E+01
0.600000E+01
0.800000E+01
0.900000E+01

0.100000E+01
0.135335E+00
0.335463E-03
0.152300E-07
0.126642E-13
0.257677E-17

0.912665E+00
0.118573E+00
-.165045E-01
-.250865E+03
-.231385E+09
-.101904E+13

The boundary conditions, imposed by our physics requiréspeanle out the last possibility. However, our
algorithm, which is nothing but an approximation to the eliéfntial equation we have chosen, picks up demo-
cratically both solutions. Thus, although we start with tloerect solution, when integrating we pick up the
undesired solution. In the next subsections we discuss dawre this problem.

9.2.3 Schroédinger equation for spherical potentials

We discuss the numerical solution of the Schrédinger equodtir the case of a particle with massmoving
in a spherical symmetric potential.
The initial eigenvalue equation reads

In detail this gives

(_%w i vm) b(r) = Eb(r).

The eigenfunction in spherical coordinates takes the form

P(r) = R(r)Y;" (0, 9),

and the radial patk(r) is a solution to

h2

~2m

r2 dr

dr

(iirgi_l(l—i—l)

r2

Then we substitut®(r) = (1/r)u(r) and obtain

"~ 2mdr?"

h? d?

(r) + <V(r) +

1(1+1) 2
2 2m

) R(r) + V(r)R(r) = ER(r).

) u(r) = Bu(r).

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

We introduce a dimensionless variable- (1/«)r wherex is a constant with dimension length and get

R?  d? I(1+1) R
- %4 =F .
sz gz )+ (Vo + ) ) = Bt
In our case we are interested in attractive potentials
V(T) = _‘/Of(r)a

(9.18)

(9.19)
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whereV; > 0 and analyze bound states whéfe< 0. The final equation can be written as

2

d—pgu(l’) + k(p)u(p) =0, (9.20)
where
11(1+1)
k(p) = ~ (f p)—— - 6)
(v) ()= 2=
2maVj
7= 72
Bl
= = 9.21
¢ T (9.21)
Schradinger equation for a spherical box potential
Let us now specify the spherical symmetric potential to
1 r<a
fir)y = { 0 for v (9.22)
and choosex = a. Then
1—6—l—l(l-21) r<a
k(p) = fy{ o _gl(fgl) for s a (9.23)

The eigenfunctions in E.{3114) are subject to conditiohietvlimit the possible solutions. Of importance for
the present example is thatr) must be finite everywhere arfd|u(r)|*dr must be finite. The last condition
means thatR(r) — 0 for r — oo. These conditions imply that(r) must be finite at = 0 andu(r) — 0
forr — co.

Analysis of u(p) atp =0

For smallp Eq. (320) reduces to

2
j—pw(p) — l(l; Yutp) =0, (9.24)

with solutionsu(p) = p!*! or u(p) = p~'. Since the final solution must be finite everywhere we get the
condition for our numerical solution

u(p) = p!™t  for smallp (9.25)
Analysis of u(p) for p — oo
For largep Eq. [@.20) reduces to

d2

d—pQU(p) —yeu(p) =0 >0, (9.26)

with solutionsu(p) = exp(+vyep) and the condition for large means that our numerical solution must satisfy
u(p) = e 7 forlargep (9.27)

As for the harmonic oscillator, we have two solutions at tbardaries which are very different and can
easily lead to totally worng and even diverging solutionséfjust integrate from one endpoint to the other. In
the next section we discuss how to solve such problems.
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9.3 Numerical procedure, shooting and matching

The eigenvalue problem in EQ.{9]120) can be solved by theaieecshooting methods. In order to find a
bound state we start integrating, with a trial negative edlr the energy, from small values of the variable
p, usually zero, and up to some large valueyofAs long as the potential is significantly different fromaer
the function oscillates. Outside the range of the potetttiaffunction will approach an exponential form. If
we have chosen a correct eigenvalue the function decreapesentially asu(p) = e~ 7¢*. However, due
to numerical inaccuracy the solution will contain small axtores of the undesireable exponential growing
functionu(p) = e™¢. The final solution will then become unstable. Thereforés lietter to generate two
solutions, with one starting from small values@énd integrate outwards to some matching ppint p,,.
We call that function:<(p). The next solution:” (p) is then obtained by integrating from some large value
p where the potential is of no importance, and inwards to tineesaatching poinp,,,. Due to the quantum
mechanical requirements the logarithmic derivative atrtta#ching pointp,,, should be well defined. We
obtain the following condition ) .
d—pu<(P) _ d—pu>(P) _

=)~ w0 at p=pn. (9.28)
We can modify this expression by normalizing the functiohu<(p,,) = Cu”u” (p,). Then Eq.[2.28)
becomes

d < d >

@ -2 t p=pm 9.29
" (p) " (p) at p=p (9.29)
For an arbitary value of the eigenvalue Hg. (9.28) will noshésfied. Thus the numerical procedure will be
to iterate for different eigenvalues until E.{9.29) issfad.

We can calculate the first order derivatives by

d - u=(pm) — u=(pm — h)
a;u (pm) = A
d . u” (pm) — u” (pm + h)
— ) A 9.30
" (pm) - (9.30)
Thus the criterium for a proper eigenfunction will be
f=u"(pm +h)—u<(pm —h)=0. (9.31)

9.3.1 Algorithm for solving Schrodinger’s equation

Here we outline the solution of Schrédinger’s equation asrarnon differential equation but with boundary
conditions. The method combines shooting and matching. shieeting part involves a guess on the exact
eigenvalue. This trial value is then combined with a staddaethod for root searching, e.g., the secant or
bisection methods discussed in chapier 5.

The algorithm could then take the following form

— Initialise the problem by choosing minimum and maximum ealfor the energy, i, and Ey,., the
maximum number of iterationaax_iter and the desired numerical precision.

— Search then for the roots of the functignwhere the root(s) is(are) in the intenl € [E\in, Fmax]
using for example the bisection method. Newton’s methosl discussed in chaptEl 5 requires an
analytic expression fof. A possible approach is to use the standard bisection métindatalizing the
eigenvalue and then use the secant method to obtain a bstiteate.

The pseudocode for such an approach can be written as

do {
i++;
e = (e_min+e_max)/2.; /* bisection x/
if ( f(e)xf(e_max) > 0 ) {
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e_max = e; /* change search interval =/
}
else {
e_min = e;
}
} while ( (fabs(f(e) > convergence_test) /! (i <= max_iterations))

The use of a root-searching method forms the shooting paintecdlgorithm. We have however not yet
specified the matching part.

— The matching part is given by the functigife) which receives as argument the present valug.ofhis
function forms the core of the method and is based on an itiegrof Schrddinger’s equation from
p = 0andp = co. If our choice ofE satisfies EqI{3.31) we have a solution. The matching codeés g
below. To choose the matching point it is convenient to staegrating inwards, that is from the large
r-values. When the wave function turns, we use that point tmel¢he matching point. The reason for
this is that we start integrating from a region which cormsgs normally to classically forbidden ones,
and integrating into such regions leads normally to inaateusolutions and the pick up of the undesired
solutions. The consequence is that the solution divergescaM therefore define as a matching point
the classical turning point and start to integrate fromeargalues. In the absence of such a point, we
can use the point where the wave function turns.

The functionf (E) above receives as input a guess for the energy. In the vamamented below, we
use the standard three-point formula for the second demyatamely

fn _2f0+ffh'

fél ~ h2

We leave it as an exercise to the reader to implement Nunsadyodrithm.

//

// The function

// ()

// calculates the wave function at fixed energy eigenvalue.
//

double f(double step, int max_step, double energy, double xw, double x*wf)
{
int loop, loop_1,match;
double const sqrt_pi = 1.77245385091;
double fac, wwf, norm;
// adding the energy guess to the array containing the potential
for(loop = 0; loop <= max_step; loop ++) {
w[loop] = (w[loop] - energy) * step x step + 2;
}
// integrating from large r-values
wf[max_step] = 0.0;
wf[max_step - 1] = 0.5 * step * step;
// search for matching point
for(loop = max_step - 2; loop > 0; loop--) {
wf[loop] = wf[loop + 1] * w[loop + 1] - wf[loop + 2];
if(wf[loop] <= wf[loop + 1]) break;
}
match = loop + 1;
wwf = wf[match];
// start integrating up to matching point from r =0
wf[0] = 0.0;
wf[l] = 0.5 x step * step;
for(loop = 2; loop <= match; loop++) {
wf[loop] = wf[loop -1]1 * w[loop - 1] - wf[loop - 2];
if(fabs(wf[loop]l) > INFINITY) {
for(loop_1 = 0; loop_1 <= loop; loop_1++) {
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wf[loop_1] /= INFINITY;
}
}
}
// now implement the test of Eq. (10.25)
return (wf[match-1]-wf[match+1]);
} // End: funtion plot()

The approach we have described here suffers from the facthitbanatching point is not properly de-
fined. Using a Green'’s function approach we can easily déterthe matching point as the midpoint of the
integration interval and compute safely the solution. Thibe topic of the next section.

9.4 Green’s function approach
A slightly different approach, which however still keeps tmatching procedure discussed above, is based on
the computation of the Green'’s function and its relatiorhdolution of a differential equation with boundary

values.
Consider the differential equation

- u(x)ll = f($), S (07 1)a U(O) = u(l) =0, (932)
and using the fundamental theorem of calculus, there is staota; such that
uw =ei+ [ Wy
0

and a constant,
Yy
U (y) = co +/ v’ (2)dz.
0

This is true for any twice continuously differentiable ftion v
If u satisfies the above differential equation we have then

) == [ )

which inserted into the equation fargives
z Yy
u(z) = 1 + cox — / (/ f(z)dz) dy,
0 0

F@zéﬁwm

and performing an integration by parts we obtain
x x Y x
/ F(y)dy = / (/ f(Z)dZ) dy = / (z —y)f(y)dy.
0 0 0 0

uuw:q+@x—47x—mﬂm@.

The boundary condition(0) = 0 yieldsc¢; = 0 andu(1) = 0, resulting in

and defining

This gives us

1
Co :/O (1 —-y)f(y)dy,
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meaning that we can write the solution as

x

u(w) =z / (1~ y)f(y)dy — / (z — ) (y)dy

The solution to our differential equation can be represkint& compact way using the so-called Green'’s
functions, which are also solutions to our differential ation with f(«) = 0. If we then define the Green’s
function as

6@ ={ 211y i asyel
we can write the solution as .
uw) = [ Glen s
The Green'’s function, see for example Refs. [51, 52] is
continuous
it is symmetric in the sense th@(z, y) = G(y, )
it has the propertie§(0,y) = G(1,y) = G(z,0) = G(z,1) =0
it is a piecewise linear function effor fixed y and vice versa(’ is discontinuos ay = z.

G(z,y) > 0forall z,y € [0,1]

o g c w dp P

it is the solution of the differential equation

d2
EG(%Q) = —60(z —y).
The Green’s function can now be used to define the solutiooreeind after a specific matching point in the
domain.
The Green’s function satisfies the homogeneous equation $orr and its derivative is discontinuous at
x = y. We can see this if we integrate the differential equation
d2

@G(I, y) = —d(z —y)

fromx =y — etox = y + ¢, with € as an infinitesmally small number. We obtain then

dG dG

E|w:y+e T dr |w:y—€ =1

The problem is obvioulsy to find'.

We can obtain this by considering two solutions of the homogs equation. We choose a general domain
x € [a, b] with a boundary condition on the general solutidia) = u(b) = 0.

One solution is obtained by integrating framo b (calledu ) and one by integrating inward froino a,
labelledu-..

Using the continuity requirement on the function and itSwdgive we can compute the Wronskian [51, 52]

and using
dG dG

%h:y-ﬁ-e - dz |m:y—€ = 11

and one can then show that the Green’s function reads
G(,CC, y) = U<(.I'<)U>(.T>), (933)
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9.4 — Green'’s function approach

wherez . is defined forr = y — ¢ andz~ = y + €. Using the definition of the Green’s function in EQ.9.33)
we can now solve Eq{3.B2) far € [a, b] using

b

u(z) = u” () /1 us(2") f(x')dx" + u<(ar)/ u” (') f(x")dr’ (9.34)

The algorithm for solving EqL{3:32) proceed now as folloWsur task is to choose a matching point, say
the midpoint, and then compute the Greens’ function after lyave used Numerov'’s algo to find(inward
and outward integration for all points). Findintegrating with the Green'’s function.

— Compute the solution of the homogeneous part of EQ.19.38yidumerov’s method. You should then
have both the inward and the outward solutions.

— Compute the Wronskian at the matching point using

du _u(x+h)—u(z+h)

dr ~ 2h ’
for the first derivative and choose the matching point as titpaint. You should try the stability of the
solution by choosing other matching points as well.

— Compute then the outward integral of the Green’s functiqgreach, including the inhomogeneousterm.
For the integration one can employ for example Simpson&digcussed in chapi@r 4.

— Compute thereafter the inward integral of the Green'’s foncapproach. Adding these two integrals
gives the resulting wave function of EG.{9.34).

An example of a code which performs all these steps is listed h

void wfn(Array<double,2> &k, Array<double,2> &ubasis, Array<double,1> &r, Array<double,2>
&F,Array<double, 1> &uin, Array<double, 1> &uout)
{
int loop, loop_1, midpoint, j;
double norm, wronskian, sum, term;

ubasis=0;uin=0;uout=0;

// Compute inwards homogenous solution
for(j=0;j<mat_size;j++){

uin(max_step)

= 0.0;
uin(max_step-1) = 1.

0E-10;
for(loop = max_step-2; loop >= 0; loop--) {
uin(loop) = (2.0%(1.0-5.0xk(loop+1,j)/12.0)* uin(loop+1l)- (1.0+k(loop+2,j)/12.0)x*
uin(loop+2))/(1.0+k(loop,j)/12.0);
}

// Compute outwards homogenous solution

uout (0) 0.0;
uout (1) 1.0E-10;

for(loop = 2; loop <= max_step; loop++) {
uout (loop) = (2.0%(1.0-5.0xk(loop-1,j)/12.0)* uout(loop-1)-
(1.0+k(loop-2,j)/12.0)*uout(loop-2))/(1.0+k(loop,j)/12.0);
}

// Compute Wronskian at matching mid-point

midpoint = (max_step)/2;
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// first part of Wronskian

wronskian = (uin(midpoint+1)-uin(midpoint-1))x* uout(midpoint)/(2xstep);
// second part

wronskian -= (uout(midpoint+1)-uout(midpoint-1))* uin(midpoint)/(2x*step);

// Outward integral of Greens function

sum = 0.0;

for(loop = 0; loop <= max_step; loop++) {
term = uout(loop)=*F(loop,j);
sum += term;
ubasis(loop,j) = uin(loop)xsumkstep;

}
// Inward integral of Greens function

sum = 0.0;
for(loop = max_step; loop >= 0; loop--) {
term = uin(loop)x*F(loop,j);
sum += term;
ubasis(loop,j) = (ubasis(loop,j)+uout(loop)*sum*step)/wronskian;

}
// Compute the norm

for(loop = 0, norm = 0.0; loop <= max_step; loop++) {
norm += ubasis(loop,j)*ubasis(loop,j) * step;//wf[loop] * step;//fabs(wf[loop] *
step);//wf[loop]l* wf[loop] * step;
}

if(fabs(norm) < 1.0e-15) {
printf("\n\nError in norm in function wfn(): ");
//exit(1);

}

norm = 1./sqrt(norm); //

for(loop = 0; loop <= max_step; loop++) {
ubasis(loop,j) *= norm;
}

}
} // End: funtion wfn()

9.5 Projects and exercises

Exercise 9.1: Solution of Poisson’s equation with the Gi&mction method

In this project we will solve the one-dimensional Poisssquation
—u"(z) = f(z), 2€(0,1), u(0)=u(l)=0.

with the inhomogeneous given bfifz) = 100e~1%. This equation hag(z) =1 — (1 — e %)z — ¢719% as
analytic solution.

Write a code which solves the above differential equatiangi®lumerov’s algorithm and the Green’s
function method. Can you find an analytic expression for thee@'s function?

Compare these results with those obtained by solving theealifferential equation as a set of linear
equations, as done in chapiér 6. Which method would you f#refe
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Project 9.1: Solution of Schroédinger’s equation

We are going to study the solution of the Schrédinger eqodiio a system with a neutron and a proton
(the deuteron) for a simple box potential. This potentidl later be replaced with a realistic one fitted to
experimental phase shifts.

We begin our discussion of the Schrédinger equation wittéhgron-proton (deuteron) system with a box
potentialV/ (r). We define the radial part of the wave functiBfr) and introduce the definition(r) = rR(R)
The radial part of the SE for two particles in their centemudss system and with orbital momentima 0 is
then

h? d*u(r)
~ 5 TV (ru(r) = Bu(r), (9.35)
with
m = o pn (9.36)
mp + My

wherem,, andm,, are the masses of the proton and neutron, respectively. @aarem = 938 MeV. Our
potential is defined as

0 rT>a
Viry)=¢ -V 0<r<a , (9.37)
00 r<0
displayed in Figr9]1.
V(x)
0 a

Y
x

Vo

Figure 9.1: Example of a finite box potential with vala&} in 0 < x < q, infinitely large forx < 0 and zero
else.

Bound states correspond to negative endrggnd scattering states are given by positive energies. The SE
takes the form (without specifying the sign b}

d?u(r) m

dr? + h?

Vo+E)u(r)=0 r<a, (9.38)
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and

a)

b

~

d)
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d?u(r m
dr(Q ) + ﬁEu(r) =0 r>a. (9.39)

We are now going to search for eventual bound states/i.e:,0. The deuteron has only one bound
state at energyy = —2.223 MeV. Discuss the boundary conditions on the wave functiahuse these
to show that the solution to the SE is

u(r) = Asin(kr) r<a, (9.40)

and
u(r) = Bexp (—fr) r>a, (9.41)

whereA andB are constants. We have also defined

k= /m(Vo — |E|)/h, (9.42)

and
8 =+/m|E|/h. (9.43)
Show then, using the continuity requirement on the wavetfanthat atr = « you obtain the transcen-

dental equation
kcot(ka) = —p. (9.44)

Insert values of, = 60 MeV anda = 1.45 fm (1 fm = 10-'> m) and make a plot of EqLIZK4) as
function of energy in order to find eventual eigenvalues. See if these valuedtiasa bound state for
E.

When you have localized on your plot the point(s) where Egi4Pis satisfied, obtain a numerical value
for E using for example Newton-Raphson’s method or similar mishsee chaptél 5. To use these
functions you need to provide the functibrot(ka) + § and its derivative as function &.

What is smallest possible value & which gives one bound state only?

Write a program which implements the Green'’s functiontradtusing Numerov’s method for this po-
tential and find the lowest eigenvalue for the case Wyatupports only one bound state. Use the results
from b) to guide your choice of trial eigenvalues. Plot thevevfunction and discuss your results.

We turn now to a fitted interaction which reproduces the-lpwg phase shifts for scattering between
a proton and neutron. The parametrized version of this piatdits the experimental phase-shifts. It is
given by

—ax —bx —cz

V(r) = Vot + h— + V.5 (9.45)
X X xr

with z = pr, p = 0.7 fm~! (the inverse of the pion mass), = —10.463 MeV anda = 1, V}, =
—1650.6 MeV andb = 4 andV,. = 6484.3 MeV andc = 7. Replace the box potential from point ¢) and
find the wave function and possible eigenvalues for thisrgakas well. Discuss your results.



Chapter 10

Partial differential equations

10.1 Introduction

In the Natural Sciences we often encounter problems withynaariables constrained by boundary conditions
and initial values. Many of these problems can be modellguhasal differential equations. One case which
arises in many situations is the so-called wave equatiors&/bae-dimensional form reads
0%u 0%u
— =A— 10.1
Ox2 ot?’ ( )
whereA is a constant. The solutiandepends on both spatial and temporal variableswiz.u(z, t). In two
dimension we have = u(z,y,t). We will, unless otherwise stated, simply usén our discussion below.
Familiar situations which this equation can model are wawea string, pressure waves, waves on the surface
of a fjord or a lake, electromagnetic waves and sound waveeetdion a few. For e.g., electromagnetic waves
we have the constant = ¢2, with ¢ the speed of light. It is rather straightforward to extend #guation to
two or three dimension. In two dimensions we have
0? 0? 0?
AL iy (10.2)
ox? = Oy? ot?

In ChaptefZIP we saw another case of a partial differentiahign widely used in the Natural Sciences,
namely the diffusion equation whose one-dimensional gargie derived from a Markovian random walk. It
reads 52 5

u U
— =A— 10.3
Ox2 ot’ ( )
and A is in this case called the diffusion constant. It can be usechddel a wide selection of diffusion
processes, from molecules to the diffusion of heat in a giwaterial.

Another familiar equation from electrostatics is Laplaosjuation, which looks similar to the wave equa-
tion in Eqg. [I0.1) except that we have skt 0

u  0%u
— +=5=0 10.4
oz T O (10.4)

or if we have a finite electric charge represented by a chagsityp(x) we have the familiar Poisson equation

0%y O%u

W + 8—y2 = —47Tp(X). (105)

Other famous partial differential equations are the Heliizhor eigenvalue) equation, here specialized to
two dimensions only
u  0%u B
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the linear transport equation (H- 1 dimensions) familiar from Brownian motion as well

ou Ou Ju
e Ed 10.7
Ox + Ox + Oy 0 ( )
and Schrédinger’s equation
P Pu o
912 9y U=V
Important systems of linear partial differential equati@ne the famous Maxwell equations
%—]f = curlB; —curlE = B; divE = divB = 0.

Similarly, famous systems of non-linear partial diffeiahequations are for example Euler’s equations for

incompressible, inviscid flow

(?9—1; +uVu = —Dp; divu = 0,

with p being the pressure and
v 0 n 0
= —€ —¢€
oxr oy V
in the two dimensions. The unit vectors areande,,. Another example is the set of Navier-Stokes equations
for incompressible, viscous flow

% +uVu— Au= —Dp; divu = 0.
Ref. [53] contains a long list of interesting partial ditéatial equations.

In this chapter we focus on so-called finite difference saf®ind explicit and implicit methods. The
more advanced topic of finite element methods are not treatdds text. For texts with several numerical
examples, see for example Refs. [49, 54].

As in the previous chapters we will focus mainly on widely digdgorithms for solutions of partial dif-
ferential equations. A text like Evans’ [53] is highly recoranded if one wishes to study the mathematical
foundations for partial differential equations, in pauter how to determine the uniqueness and existence of a
solution. We assume that our problems are well-posedtlgtnteaning that the problem has a solution, this
solution is unique and the solution depends continuousiemlata given by the problem. While Evans’ text
provides a rigorous mathematical exposition, the textsafdtangen, Ramdas-Mohan, Winther and Tveito
and Evan®t al. contain a more practical algorithmic approach see Refs 54954, 55].

A general partial differential equation with two given dinstons reads

0%u 9%u 9%u ou Ou
and if we set
B=C=0, (10.9)

we recover thel 4+ 1-dimensional diffusion equation which is an example of acatbed parabolic partial
differential equation. With
B =0, AC <0 (10.10)

we get the2 + 1-dim wave equation which is an example of a so-called edipDE, where more generally we
haveB? > AC. For B2 < AC we obtain a so-called hyperbolic PDE, with the Laplace équan Eq. [I0.})
as one of the classical examples. These equations can aksbg extended to non-linear partial differential
equations and + 1 dimensional cases.

The aim of this chapter is to present some of the more familiierence methods and their possible
implementations.

278



10.2 — Diffusion equation

10.2 Diffusion equation

The diffusion equation describes in typical applicatidresévolution in time of the densityof a quantity like
the particle density, energy density, temperature gradiaemical concentrations etc.
The basis is the assumption that the flux densitpeys the Gauss-Green theorem

/divpdx:/ pndS,
\%4 ov

wheren is the unit outer normal field and is a smooth region with the space where we seek a solution. The
Gauss-Green theorem leads to
divp = 0.

Assuming that the flux is proportional to the gradi&nt but pointing in the opposite direction since the flow
is from regions of high concetration to lower concentragiome obtain

p=—DVu,

resulting in
divVu = DAu =0,

which is Laplace’s equation, an equation whose one-dimeasiversion we met in chapi@r 6. The constant
can be coupled with various physical constants, such asffasidn constant or the specific heat and thermal
conductivity discussed below. We will discuss the solutibthe Laplace equation later in this chapter.

If we let« denote the concetration of a particle species, this reisulfiek’s law of diffusion, see Ref. [56].
If it denotes the temperature gradient, we have Fouriev'sibheat conduction and if it refers to the electro-
static potential we have Ohm'’s law of electrical conduction

Coupling the rate of change (temporal dependence)with the flux density we have

15
5)_7: = —divp,
which results in
ou .
— = DdivVu = DAu,
ot

the diffusion equation, or heat equation.

If we specialize to the heat equation, we assume that thesibiffi of heat through some material is pro-
portional with the temperature gradi€fitx,¢) and using conservation of energy we arrive at the diffusion
equation x.8)

K <o oT (x,t

C_pv T(x,t) = 5
whereC is the specific heat and the density of the material. Here we let the density be remtesl by a
constant, but there is no problem introducing an explicitisph dependence, viz.,

(10.11)

K 9 oT (x,t)
T(x,t) = . 10.12
Setting all constants equal to the diffusion constant.e.,
D= @, (10.13)
K
we arrive at oT
V2T(x,1) = D gt‘ b (10.14)
Specializing to thd + 1-dimensional case we have
2
0T (z,t) _ D@T(I,t). (10.15)

0x2 ot
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We note that the dimension & is time/lengti. Introducing the dimensionless variabtes = = we get

0?T (x,t) OT (x,t)
e = D (10.16)

and sincex is just a constant we could defia€ D = 1 or use the last expression to define a dimensionless
time-variablel. This yields a simplified diffusion equation

T (2,1)  0T(,t)
- v (10.17)

It is now a partial differential equation in terms of dimemsiess variables. In the discussion below, we will
however, for the sake of notational simplicity replate— = and¢ — t. Moreover, the solution to the
1 + 1-dimensional partial differential equation is replacedmtiyi, t) — u(z, ).

10.2.1 Explicit scheme

In one dimension we have the following equation

t
V2u(z, 1) = 248D (10.18)
ot
or
Upy = Uy, (10.19)
with initial conditions, i.e., the conditions at= 0,
u(z,0)=g(z) O<z<L (10.20)
with L = 1 the length of ther-region of interest. The boundary conditions are
u(0,t) =a(t) t>0, (10.21)
and
u(L,t) =b(t) t>0, (10.22)

wherea(t) andb(¢) are two functions which depend on time only, whiler) depends only on the position
2. Our next step is to find a numerical algorithm for solvingsteguation. Here we recur to our familiar
equal-step methods discussed in Chalgter 3 and introdueeetif step lengths for the space-variabland
time ¢ through the step length far

Ar = L (10.23)
n+1
and the time step lengthi¢. The position aftef steps and time at time-stgmmre now given by
tj = jAt j=>0
{:viziA:C 0<:1<n+1 (10.24)
If we then use standard approximations for the derivativeshtain
_ulzt+ A —u(w,t)  ulwity + At) — u(w, t)
with a local approximation errap(At¢) and
v u(x + Az, t) —2u(a:,t)—|—u(:c—A:c,t)7 (10.26)
Ax?
of A 2 A
Uy A U(Il + xvtj) B U(ZCZ', tj) + U(ZCZ — A, tj) (1027)

Ax? ’
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with a local approximation errad(Axz?). Our approximation is to higher order in coordinate spadgs €an
be justified since in most cases it is the spatial dependehimwauses numerical problems. These equations
can be further simplified as

Wi j+1 — Uij
R 10.28
Ut At ) ( )
and )
o Yitly = 2+ Uio;
Uy R N . (10.29)
The one-dimensional diffusion equation can then be resvriitt its discretized version as
Wil — Uij _ Wir1j — 25+ Uio1j
= . 10.30
At Ax? ( )
Defininga = At/Az? results in the explicit scheme
ui7j+1 = aui,lyj —|— (1 — 20[)11,1'7]' —|— O‘ui+17j' (1031)

Since all the discretized initial values

Ui, j+1
a(t b(t
( ) Ui—1,5 | Uij Ui4-1,5 ( )
g9(z) z

Figure 10.1: Discretization of the integration area usetha solution of thel + 1-dimensional diffusion
equation. This discretization is often called calculatiamolecule.

ui0 = g(zi), (10.32)
are known, then after one time-step the only unknown qugistit; ; which is given by
i1 = ati—10+ (1 —2a)u;0 + auipr10 = ag(xi—1) + (1 — 2a)g(z;) + ag(@iyr). (10.33)

We can then obtain, 5 using the previously calculated values, and the boundary conditiorgt) andb(t).
This algorithm results in a so-called explicit scheme, sitiee next functions; ;11 are explicitely given by
Eq. (I031). The procedure is depicted in FIg10.1.
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We specialize to the casgt) = b(t) = 0 which results inuy ; = u,+1,; = 0. We can then reformulate
our partial differential equation through the vectgrat the timet; = jAt

U1, j
vi=| “% |. (10.34)
o
This results in a matrix-vector multiplication
Vip = AV (10.35)

with the matrixA given by
1—2«a a 0 0...

o 1—-2a « 0

A= o (10.36)
0... 0... a 1-—2«
which means we can rewrite the original partial differergiguation as a set of matrix-vector multiplications
Visi = AV = - = AT, (10.37)

whereV} is the initial vector at time = 0 defined by the initial valug(x). In the numerical implementation
one should avoid to treat this problem as a matrix vectoriplidation since the matrix is triangular and at
most three elements in each row are different from zero.

It is rather easy to implement this matrix-vector multiplion as seen in the following piece of code

// First we set initialise the new and old vectors
// Here we have chosen the boundary conditions to be zero.
// n+l is the number of mesh points in x
u[0] = unew[0] = u[n] = unew = 0.0;
for (int i =1; 1 < n; i++) {
x = ixstep;
// initial condition
uf[i] = func(x);
// intitialise the new vector
unew[i] = 0;
}
// Time iteration
for (int t = 1; t <= tsteps; t++) {
for (int 1 = 1; 1 < n; i++) {
// Discretized diff eq
unew[i] = alpha * u[i-1] + (1 - 2xalpha) * u[i] + alpha * u[i+l];
}

// note that the boundaries are not changed.

However, although the explicit scheme is easy to implemthgs a very weak stability condition, given
by
At/Az? < 1/2. (10.38)
This means that ifz? = 0.01, thenA = 5 x 10~°. This has obviously bad consequences if our time interval
is large. In order to derive this relation we need some redtdim studies of iterative schemes. If we require
that our solution approaches a definite value after a ceatmiount of time steps we need to require that the
so-called spectral radiyg A) of our matrix A satisfies the condition

p(A) <1, (10.39)

see for example chapter 10 of Ref. [29] or chapter 4 of [24bfa@ofs. The spectral radius is defined as
p(A) = max{|/\| - det(A — \) = o} , (10.40)
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which is interpreted as the smallest number such that aaiith radius centered at zero in the complex plane
contains all eigenvalues of. If the matrix is positive definite, the condition in EG.(EE) is always satisfied.

We can obtain analytic expressions for the eigenvaluek dfo achieve this it is convenient to rewrite the
matrix as

A=1-aB,
with

The eigenvalues ol are\; = 1 — ay;, with ; being the eigenvalues @f. To find .; we note that the matrix
elements oBB are
bij = 20ij — 0iy1j — Gi—1j,

meaning that we have the following set of eigenequationsdarponent

(BZ)i = piti, (10.41)
resulting in
(Bi); = Z (2055 — dig1j — Oim1j) Tj = 205 — Tig1 — Tim1 = Wil (10.42)
j=1
If we assume that can be expanded in a basiswot= (sin(6), sin(20), ..., sin(nd)) with 6 = Ir/n + 1,

where we have the endpoints givendtyy= 0 andx,,+1 = 0, we can rewrite the last equation as
2sin(if) — sin((i + 1)8) — sin((i — 1)0) = p;sin(i0),

or
2 (1 — cos(0)) sin(if) = p;sin(if),

which is nothing but
2(1 —cos(9)) x; = pix;,

with eigenvalueg,; = 2 — 2cos(6).
Our requirement in EqQITIO.BY) results in

—1<1—a2(1—-cos(9)) <1,
which is satisfied only ift < (1 — cos(6)) ™" resulting ina < 1/2 or At/Az? < 1/2.

10.2.2 Implicit scheme

In deriving the equations for the explicit scheme we stavtétl the so-called forward formula for the first
derivative, i.e., we used the discrete approximation

u(wi, t; + At) - u(xi, tj)

However, there is nothing which hinders us from using th&kbacd formula
e u(wi,tj) —u(wi,tj —At) (1044)

At ’

still with a truncation error which goes lik@(At). We could also have used a midpoint approximation for the
first derivative, resulting in
U(Ii, tj + At) — U(ZCZ', tj — At)

10.45
SAL ; (10.45)

Uy ~
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with a truncation erro©(At?). Here we will stick to the backward formula and come back eolétter below.
For the second derivative we use however

_ou(w + Az, ty) — 2u(wg, b)) +ulz; — Ax,t))

Ugy N N , (10.46)
and define again = At/Ax?. We obtain now
Ui j—1 = —aui—1; + (1 = 20)u;j — QUi (10.47)
Hereu; ;. is the only unknown quantity. Defining the matrix
1+ 2a -« 0 0...
Ao -« 1420 —a 0... ’ (10.48)
0... 0. —a 1+2
we can reformulate again the problem as a matrix-vectoripligtition
AV; =V, (10.49)
meaning that we can rewrite the problem as
V= A", = AT (A—lvj_Q) = =AY, (10.50)

This is an implicit scheme since it relies on determining ¥ieetorw; ;—; instead ofu; j41. If o does not
depend on time, we need to invert a matrix only once. Alternatively we calvadhis system of equations
using our methods from linear algebra discussed in chEbt&éhése are however very cumbersome ways of
solving since they involve- O(N?) operations for @V x N matrix. It is much faster to solve these linear
equations using methods for tridiagonal matrices, sinesdtinvolve only~ O(N) operations. The function
tridag Of Ref. [37] is suitbale for these tasks.

The implicit scheme is always stable since the spectrahsasﬁttisfie$>(A) < 1. We could have inferred
this by noting that the matrix is positive definite, viz. alljenvalues are larger than zero. We see this from
the fact thatd = I + B has eigenvalues; = 1 + a(2 — 2cos(#)) which satisfy)\; > 1. Since it is the
inverse which stands to the right of our iterative equaﬁm,havep(/l—l) < 1 and the method is stable for
all combinations ofAt andAz. The calculational molecule for the implicit scheme is shawFig.[TO.2.

Program example for implicit equation

We show here parts of a simple example of how to solve the @mertsional diffusion equation using the
implicit scheme discussed above. The program uses theidurict solve linear equations with a tridiagonal
matrix discussed in chaptér 6.

// parts of the function for backward Euler
void backward_euler(int xsteps, int tsteps, double delta_x, double alpha)

{

double *v, *r, a, b, c;

\
r

new double[xsteps+1]; // This is u
new double[xsteps+1]; // Right side of matrix equation Av=r

// Initialize vectors

for (int i = 0; i < xsteps; i++) {
r[i]l = v[i] = func(delta_xx*i);

}

r[xsteps] = v[xsteps] = 0;

// Matrix A, only constants

a = c = - alpha;
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b = 1 + 2xalpha;
// Time iteration
for (int t = 1; t <= tsteps; t++) {
// here we solve the tridiagonal linear set of equations
tridag(a, b, c, r, v, x_steps+l);
// boundary conditions
v[0] = 0;
v[xsteps] = 0;
for (int i = 0; i <= x_steps; i++) {
r{il = v[il;
}
}

}
// Function used to solve systems of equations for tridiagonal matrices
void tridag(double a, double b, double c, double *r, double *u, int n)
{
double bet, xgam;
gam = new double[n];
bet = b;
// forward substitution
ul0]=r[0]/bet;
for (int j=1;j<n;j++) {
gam[j] = c/bet;
bet = b - axgam[j];
if (bet == 0.0) {cout << "Error 2 in tridag" << endl;}
uljl = (r[j1 - a*u[j-1])/bet;
}
// backward substitution
for (int j=n-2; j>=0; j--) {ulj] -= gam[j+1]*u[j+1];}
delete [] gam;

10.2.3 Crank-Nicolson scheme

It is possible to combine the implicit and explicit methodsislightly more general approach. Introducing a
parameted (the so-called-rule) we can set up an equation

0 1-6 1
A (Wim1,j — 2uij + uip1,5) + A2 (Wig1,j—1 — 2Ui -1 + U1 j—1) = AL (wij —uij—1), (10.51)

which for# = 0 yields the forward formula for the first derivative and th@koit scheme, whil@ = 1 yields
the backward formula and the implicit scheme. These tworselsaare called the backward and forward Euler
schemes, respectively. Fér= 1/2 we obtain a new scheme after its inventors, Crank and Nicol3tis
scheme yields a truncation in time which goes likeAt?) and it is stable for all possible combinations/of
andAz.

Using our previous definition af = At/Ax? we can rewrite the latter equation as

— QU;—1,j + (2 + 20() U5 — QU] j = QUi—1 j—1 + (2 - 204) U j—1 + QUit1,5-1, (1052)

or in matrix-vector form as
(21 +aB) Vs = (21— aB) V., (10.53)

where the vectoV; is the same as defined in the implicit case while the mairis
B= o (10.54)
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We can rewrite the Crank-Nicolson scheme as follows

v, = (2f + aB)fl (2f - aB) Vi1 (10.55)

We have already obtained the eigenvalues for the two mat(ifEéJr aB) and (2f — aB). This means that
the spectral function has to satisfy

p(zi+a3)*l@f_aé)><1

meaning that

(@+ap) ™ 2 - am)| <1,

and sinceu; = 2 — 2cos(f) we haved < p; < 4. A little algebra shows that the algorithm is stable for all
possible values oAt andAx.
The calculational molecule for the Crank-Nicolson schesnghiown in Fig[I013.

Parts of code for the Crank-Nicolson scheme

We can code in an efficient way the Crank-Nicolson algortilynfitst multplying the matrix
f/.vj_l = (2f — OéB) Vlvj_l,

with our previous vecto¥;_; using the matrix-vector multiplication algorithm for adiagonal matrix, as
done in the forward-Euler scheme. Thereafter we can sotvedhation

(2f+ af?) Vi =V_1,

using our method for systems of linear equations with aggdnal matrix, as done for the backward Euler
scheme.
We illustrate this in the following part of our program.

void crank_nicolson(int xsteps, int tsteps, double delta_x, double alpha)

{

double xv, a, b, c, *r;

new double[xsteps+1]; // This is u
new double[xsteps+1l]; // Right side of matrix equation Av=r

r

// setting up the matrix
a c = - alpha;
b 2 + 2xalpha;

// Time iteration
for (int t = 1; t <= tsteps; t++) {

// Calculate r for use in tridag, right hand side of the Crank Nicolson method
for (int i = 1; i < xsteps; i++) {
r[i] = alphaxv[i-1] + (2 - 2xalpha)*v[i] + alphaxv[i+1];
}
r[0] = 0;
r[xsteps] = 0;
// Then solve the tridiagonal matrix
tridag(a, b, c, r, v, xsteps+l);
v[O] = 0;
v[xsteps] = 0;
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Ui—1,j4
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Figure 10.2: Calculational molecule for the implicit schem
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Figure 10.3: Calculational molecule for the Crank-Nicolscheme.
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10.2.4 Numerical truncation

We start with the forward Euler scheme and Taylor expad ¢t + At), u(z + Az, t) andu(z — Az, t)

u(e + Az, t) = u(z, t) + 2480 Ay 4 Zuet) Ng2 L 0(Ag?), (10.56)
w(z — Az, t) =u(z,t) — 6“@ uat) Ny 4 O “>Ax +O(Az?),
u(z,t + At) = u(:v,t)—i— "’“a—j“AHO(At?).

With these Taylor expansions the approximations for thevdtves takes the form

Au(z,t) Qu(z,t)
|2t ] o= B+ O(A), (10.57)
2u(z, 2u(z,
[a 8; 2S)Llpprox: : Bi2 2+ O(Az?).

It is easy to convince oneself that the backward Euler methaost have the same truncation errors as the
forward Euler scheme.

For the Crank-Nicolson scheme we also need to Taylor expand Ax,t + At) andu(z — Az, t + At)
aroundt’ = ¢ + At/2.

u(x—i— Az, t + At) _ u(w,t') + Bu(awz,t/)A + Bu(m,t')g + % u(x,t’ )A(E + &u(z,t’) Atz +

2812 20t2
*u(x,
aiatt ) StAz +O(AL)
u(x—Ax,t—i—At) :u(w,t')— uwt)A +6u(mt)At+6;Laazc2t)Ax + 2[():2,{)%152_
- gmztt : AtAI +O(At?)
’ 2 ’
u(e+ At) = ue,t) + 2 Ag — P Ay TUn N2 4 TRl AL
Pulet) At Az 4 O(AL)
u\x, ! u(x ulxr 2u x, !
(e — Az t) = u(,t) - 2Ly - QAL SarlI A2 4 TUE AL
Au(z,t’) A
sem— SEAT + O(At?)
u(z,t + At) — u(z, ) + 2o t) Ay 4 Oulet) N2 | O(A)
u(, t) = u(a, ') — 2ot A | D) A2 (AL
We now insert these expansions in the approximations fod¢hnieatives to find
] = 2 4 o(ar 10.58
(250 = e ro@n), (10.58)
2 ’ 2 /
[Zaz)] - Zue ) o(ar?),
pprox
The following table summarizes the three methods.
| Scheme: | Truncation Error: | Stability requirements: |

Crank-Nicolson| O(Az?) andO(At?) | Stable for allAt andAx.
Backward Euler] O(Az?) andO(At) | Stable for allAt andAx.
Forward Euler | O(Ax?) andO(At) At < L Az?

Table 10.1: Comparison of the different schemes.
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10.2.5 Analytic solution for the one-dimensional diffusgmguation

It cannot be repeated enough, it is always useful to find cakese one can compare the numerics and the
developed algorithms and codes with analytic solution. dlb@ve case is also particularly simple. We have
the following partial differential equation

with initial conditions

The boundary conditions are
w(0,t) =0 >0, w(L,t)=0 t>0,
We assume that we have solutions of the form (separationriathla)
u(z,t) = F(x)G(t). (10.59)
which inserted in the partial differential equation resut

1 !
% = % (10.60)

where the derivative is with respecttoon the left hand side and with respectiton right hand side. This
equation should hold for alt and¢. We must require the rhs and |hs to be equal to a constant. IMhisa
constant-\2. This gives us the two differential equations,

F" + \’F =0; G' = -\G, (10.61)

with general solutions
F(z) = Asin(Az) + B cos(Az); G(t) = Ce . (10.62)
To satisfy the boundary conditions we requite= 0 and\ = nz/L. One solution is therefore found to be
u(z,t) = A, sin(nmc/L)efnz’th/Lz. (10.63)

But there are infinitely many possiblevalues (infinite number of solutions). Moreover, the diftusequation
is linear and because of this we know that a superpositionlafiens will also be a solution of the equation.
We may therefore write

u(z,t) = Z A, sin(nﬂ'a:/L)efnz’th/Lz. (10.64)
n=1

The coefficient4,, is in turn determined from the initial condition. We require
u(z,0) = g(z) = Z Ay sin(nmz/L). (10.65)
n=1

The coefficient4,, is the Fourier coefficients for the functigitiz). Because of this4,, is given by (from the
theory on Fourier series)
2 L
A, = E/ g(x)sin(nrz/L)dx. (10.66)
0
Differentg(z) functions will obviously result in different results fat,,. A good discussion on Fourier series

and their links with partial differential equations can berd in Ref. [51].
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10.3 Laplace’s and Poisson’s equations

Laplace’s equation reads
V2u(X) = Uz + tyy = 0. (10.67)

with possible boundary conditiongz, y) = g(«x, y) on the bordes(2. There is no time-dependence. We seek
a solution in the regiof2 and we choose a quadratic mesh with equally many steps indi@tttions. We
could choose the grid to be rectangular or following polarrdinates:, 6 as well. Here we choose equal steps
lengths in ther and they directions. We set

L

n

wherelL is the length of the sides and we have- 1 points in both directions.
The discretized version reads

u(z + h,y) — 2u(z,y) + ulz — h,y)

o v 7 (10.68)
and
u ~ w(z,y + h) — 2u(h:c£ y) +u(z,y - h)7 (10.69)
which we rewrite as
s Uig1,j — 21;;3‘ + Ui—l,j’ (10.70)
and
gy Ui jr1 — Qz;j + Ui-,jfl’ (10.71)
which gives when inserted in Laplace’s equation
Ujj = L [Wi 1 + W1 + i1+ wim14] - (10.72)

4

This is our final numerical scheme for solving Laplace’s @mquen Poisson’s equation adds only a minor
complication to the above equation since in this case we have

Ugy + Uyy = _p(Ia y)7

and we need only to add a discretized versiop(s) resulting in

1 h?
Uiy = g [Wige1 + w1+ Uirrg +uim1g] + - pig (10.73)
The boundary condtions read
uio=¢io 0<i<n+l1,

UL = ¢gio 0<i<n+1,
o =go; 0<j<n+1,

and
ur; =gr; 0<j<n+1

The calculational molecule for the Laplace operator of EG.12) is shown in Fig_10.4.

With n + 1 mesh points the equations foresult in a system afn + 1)? linear equations in thé + 1)?
unknownu, ;. One can show that there exist unique solutions for the lcapdand Poisson problems, see for
example Ref. [51] for proofs. However, solving these eauegiusing for example the LU decomposition
techniques discussed in chagfer 6 becomes inefficient gieamatrices are sparse. The relaxation techniques
discussed below are more efficient.
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10.3.1 Jacobi Algorithm for solving Laplace’s equation

Itis fairly straightforward to extend this equation to thede-dimensional case. Whether we solve EG.{10.72)
or Eq. [I0.7B), the solution strategy remains the same. Wevlkhe values of. ati = 0 ori = n + 1 and at
j=0orj=mn+ 1butwe cannot start at one of the boundaries and work our vtayaimd across the system
since Eq.[[T042) requires the knowledgeuadt all of the neighbouring points in order to calculatat any
given point.

The way we solve these equations is based on an iterativenscballed the Jacobi method or relaxation
method. See for example Refs. [51, 53] for a discussion ofdlaxation method and its pertinent proofs. Its
steps are rather simple. We start with an initial guesmf@r where all values are known. To obtain a new

. . . . (1) . . .
solution we solve Eq[{I0.¥2) or EG.{I0.73) in order to abtanew solution:; /. Most likely this solution

will not be a solution to EqI{I0.¥2). This solution is in tweed to obtain a new and improve{dz). We
continue this process till we obtain a result which satis§im®e specific convergence criterion. Summarized,
this algorithm reads

1. Make an initial guess far; ; at all interior pointg(, j) foralli =1:nandj =1:n

2. Use Eq.[[10:12) to computé™ at all interior points7, ). The indexm stands for iteration numbes.
3. Stop if prescribed convergence threshold is reachednotbe continue on next step.

4. Update the new value affor the given iteration

5. Goto step 2

A simple example may help in visualizing this method. We éd&rsa condensator with parallel plates
separated at a distanéeresulting in e.g., the voltage differencegr,0) = 100sin(27z/L) andu(z,1) =
—100sin(2w2/L). These are our boundary conditions and we ask what is thagmitbetween the plates?
To solve this problem numerically we provide below a Fortpamgram which solves iteratively EQ_{I0172).
Only the part which computes EG.{I072) is included here.

! define the step size
h = (xmax-xmin)/FLOAT(ndim+1)
length = xmax-xmin
! allocate space for the vector u and the temporary vector to
! be upgraded in every iteration
ALLOCATE ( u( ndim, ndim) )
ALLOCATE ( u_temp( ndim, ndim) )
pi = ACOS(-1.)
! set up of initial conditions at t = 0 and boundary conditions
u=0.
DO i=1, ndim
x = ixhxpi/length
u(i,1) = func(x)
u(i,ndim) = -func(x)
ENDDO
! iteration algorithm starts here
iterations = 0
DO WHILE ( (iterations <= 20) .OR. ( diff > 0.00001) )
u_temp = u; diff = 0.
DO j = 2, ndim - 1
DO 1 = 2, ndim -1
u(j,l) = 0.25x(u_temp(j+1,1)+u_temp(j-1,1)+ &
u_temp(j,l+1)+u_temp(j,1-1))
diff = diff + ABS(u_temp(i,j)-u(i,j))
ENDDO
ENDDO
iterations = iterations + 1
diff = diff/(ndim+1)**2
ENDDO
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The important part of the algorithm is applied in the funotiwhich sets up the two-dimensional Laplace
equation. There we have a do-while statement which testditfezence between the temporary vector and
the solutionu; ;. Moreover, we have fixed the number of iterations to be at @2@sT his is sufficient for the
above problem, but for more general applications you negestdhe convergence of the algorithm.

While the Jacobi iteration scheme is very simple and pdizdlele, its slow convergence rate renders it
impractical for any "real world" applications. One way tocesp up the convergent rate would be to "over
predict" the new solution by linear extrapolation. Thisdedo the Successive Over Relaxation scheme, see
chapter 19.5 on relaxation methods for boundary value problof Ref. [37].

10.4 Wave equation in two dimensions

Thel + 1-dimensional wave equation reads

?u  9%u

= 10.74

ox2  Ot2’ ( )
with v = u(z, t) and we have assumed that we operate with dimensionlesblearidossible boundary and
initial conditions withL = 1 are

Ugy = Utt xE(O,l),t>0
u(z,0) = g(z) z € (0,1)
u(0,¢) =u(1,¢) =0 t>0 (10.75)
Ou/0tl=o =0 z € (0,1)
We discretize again time and position,
s u(r + Az, t) — 2u(x,t) + u(z — Ax,t)’ (10.76)
Ax?
and t+ At 2 t t— At
U = u(z,t+ A1 - uA(j; ) ulzt= ), (20.77)
which we rewrite as s+ +
WUi4-1,5 — 4Uq,5 Ui—1,5
wa N ; 10.78
u A2 ( )
and o s+
Uj j+1 — aUg,j Uj,5—1
~ 10.79
Utt AL2 ) ( )
resulting in
At?
Uit = i = U1+ 5y (Uit — 2ui + Uimg) (10.80)

If we assume that all values at times= j andt = j — 1 are known, the only unknown variableis ;4
and the last equation yields thus an explicit scheme for tipgléhis quantity. We have thus an explicit finite
difference scheme for computing the wave functionThe only additional complication in our case is the
initial condition given by the first derivative in time, nalp&u/0t|;—o = 0. The discretized version of this

first derivative is given by
U(Ii, tj + At) — U(SCZ', tj — At)

=~ 10.81
Ut 2At ’ ( )
and att = 0 it reduces to
Uj,+1 — Uj—1
~ T =) 10.82
Ut 2At ) ( )

implying thatu; 11 = u; . If we insert this condition in EqLTI0BO) we arrive at a speformula for the
first time step
At?

AL (Wit1,0 — 2ui,0 + Ui—1,0) - (10.83)

Ui 1 = Uj0 +
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We need seemingly two different equations, one for the fire step given by EqQ{ITO.B3) and one for all other
time-steps given by EqL{I0I80). However, it suffices to uge(lEQ.8D) for all times as long as we provide
u(i,—1) using
2
Uj,—1 = Uj,0 + Ktﬁ (Wit1,0 — 2ui0 + ui—1,0) (10.84)
in our setup of the initial conditions.
The situation is rather similar for the+ 1-dimensional case, except that we now need to discretize the

spatialy-coordinate as well. Our equations will now depend on thee@bles whose discretized versions are

now
t; = IAt >0

v =1Ar 0<i<n, |, (10.85)
y; =JjAy 0<j<ny
and we will letAx = Ay = h andn, = n, for the sake of simplicity. The equation with initial and Imolary
conditions reads now

Ugy + Uyy = Upt z,y € (0,1),t >0
U(.I',y, )—g(l’ y) ‘Taye (011)
w(0,0,¢) = u(1,1,t) = 0 t>0 ' (10.86)
Ou/Ot|;=o =0 z,y € (0,1)

We have now the following discretized partial derivatives

l l l
Uipyj = 2u 5+ Uy

Uy R e , (10.87)
and
Ui~ 205+ Ui
Uyy A —= h2 , (10.88)
and l+1 l -1
—2u;  +u; .
1 J 3 2,3
Ut = At2 ) (1089)
which we merge into the discretiz@dt- 1-dimensional wave equation as
W = 9 l A Al l L L 10.90
;5 = - T+ T2 ( Uiy, j — AUy 5 T U_q U s T ui,jfl) ) (10.90)

where again we have an explicit scheme wi ﬁl as the only unknown quantity. It is easy to account for
different step lengths for andy. The partial derivative is treated in much the same way ashferone-
dimensional case, except that we now have an additionakidde to the extra spatial dimension, viz., we
need to comput&;j1 through

At
u; = ug+ BY%) (ufyry — 4 +uiqj+ud o +ud ), (10.91)

4,7
in our setup of the initial conditions.

10.4.1 Analytic solution

We develop here the analytic solution for the- 1 dimensional wave equation with the following boundary

and initial conditions
2 (Ugy + Uyy) = Utt xz,y € (0,L),t>0

u(z,y,0) = f(z,y) xz,y € (0,L)
w(0,0,¢) = u(L,L,t) = 0 £>0
Ou/ot|i=o = g(x,y) z,y € (0,L)

Ouir first step is to make the ansatz
u(z,y,t) = F(z,y)G(t),

293



Partial differential equations

resulting in the equation

FGtt = 02(FIIG + Fny),
or o )

tt o 2
The lhs and rhs are independent of each other and we obtaidifferential equations

Fup + Fyy + FU* =0,
and
Gtt + GCQV2 = Gtt + G/\2 = O,

with A = cv. We can in turn make the following ansatz for thandy dependent part

F(z,y) = H(z)Q(y),

which results in ) )
EHM = _Q(ny +Qv?) = —r%

Since the |hs and rhs are again independent of each otherqnvseparate the latter equation into two inde-
pendent equations, one forand one fory, namely

H,, +r*H =0,

and
ny + PQQ =0,
with p? = 2 — K2,
The second step is to solve these differential equationshnatl have trigonometric functions as solutions,

viz.

H(xz) = Acos(kz) + Bsin(kx),
and

Q(y) = Ccos(py) + Dsin(py).
The boundary conditions require th@fz, y) = H(x)Q(y) are zero at the boundaries, meaning tHg0) =
H(L) = Q(0) = Q(L) = 0. This yields the solutions

Ho(@) =sin(77=)  Quly) =sin(),
or
Fon(z,y) = sin(?) sin(%).

With p? = 1?2 — k? and\ = cv we have an eigenspectruin= c\/x2 + p2 or A\, = cr/Lv'm? +n2. The
solution forG is
Gmn(t) = Bmn cos(Amnt) + D sin(Amnt),

with the general solution of the form

mn=1 mn=1

The final step is to determine the coefficiets,, andD,,,,, from the Fourier coefficients. The equations
for these are determined by the initial conditians, y,0) = f(z,y) anddu/dt|;—o = g(z,y). The final
expressions are

mmnx nmy

L ,L

and

2 L L
D = f/o /0 dwdyg(w,y)sin(?)sin(%)-

Inserting the particular functional forms ¢fx, y) andg(z, y) one obtains the final analytic expressions.
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10.5 Exercises and projects

Project 10.1: two-dimensional wave equation

Consider the two-dimensional wave equation for a vibratimgmbrane given by the following initial and
boundary conditions

Ugg + Uyy = Ut xz,y € (0,1),t >0
u(z,y,0) = sin(x)cos(y) z,y € (0,1)
u(0,0,4) = u(1,1,£) = 0 t>0

Ou/0tl—o =0 z,y € (0,1)

a) Find the analytic solution for this equation using thenteéque of separation of variables.

b) Write down the algorithm for solving this equation and gpta program to solve the discretized wave
equation. Compare your results with the analytic solutidse a quadratic grid.

c) Consider thereaftera+ 1 dimensional wave equation with variable velocity, given by

0%u

If \is constant, we obtain the standard wave equation discussieel two previous points. The solution
u(z,y,t) could represent a model for water waves. It represents thesurface elevation from still
water. The functior\ simulates the water depth using for example measuremestslafater depths
in say a fjord or the north sea. The boundary conditions am® tletermined by the coast lines. You can

discretize 5 5 5 5
u u
VOV = 5 (anGe) + 5 (M)

as follows using again a quadratic domain foaindy:

0 du 1 uly;—ul ;] (b —ul ]
A ~ s | Yit1,g 2 U R X i—1,j
ox ( (x’y)(?:zr) Ax ( +1/2 Ax i=1/23 Ax ’

and

0 ou 1 -uli,j+1 - u’le Uij — Wij—1 ]
8_y <)\(x’y)8_y) ~ A_y (/\i,j+1/2 T - )\i,j—l/2 Ay :

Convince yourself that this equation has the same truntatimr as the expressions used in a) and b)
and that they result in the same equations whéna constant.

d) Develop an algorithm for solving the new wave equationarite a program which implements it.

Project 10.2, one- and two-dimensional diffusion equation

We are looking at a one-dimensional problem

or

0%u(x,t) _ ou(x,t)

t L 10.92
57 5 ot > 0,2€0,L] ( )

Upy = Ug, (10.93)

with initial conditions, i.e., the conditions at= 0,

wz,0)=0 0<z<L (10.94)

with I = 1 the length of thex-region of interest. The boundary conditions are

w0,t)=0 t>0, (10.95)
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and
u(L,t)=1 ¢>0. (10.96)

The functionu(z, t) can be the temperature gradient of a the rod or representillevéliocity in a direction
parallel to the plates, that is normal to thexis. In the latter case, for smallonly the part of the fluid close
to the moving plate is set in significant motion, resultingithin boundary layer at = L. As time increases,
the velocity approaches a linear variation within this case, which can be derived from the incompressible
Navier-Stokes, the above equations constitute a modeiidysg friction between moving surfaces separated
by a thin fluid film.

In this project we want to study the numerical stability ofeh methods for partial differential equations
(PDESs). These methods are

1. The explicit forward Euler algorithm with discretizedrs®ns of time given by a forward formula and
a centered difference in space resulting in

u(z, t + At) —u(z,t)  w(z, t; + At) —ulx, ty)

o Y _ ) (10.97)
and A A
gy e YT B2, 8) — 20w, 1) +ulw — A, t) (10.98)
Ax?
or A A
v o Ui AT 1) = 2u(wisty) +ulws = Ay ty) (10.99)
Ax?
2. The implicit Backward Euler with
_ulzt) —u(z,t = At u(wiyty) —u(wi, t; — At)
" ul _ u (10.100)
and A A
w,, n W@ AT = 2z t) +ule - xvﬂ’ (10.101)
Ax?
or A A
o o Uit A1) = 2u(wi,ty) +ulz = Az t)) (10.102)

Ax? ’
3. Finally we use the implicit Crank-Nicolson scheme witlinag-centered scheme @t, ¢ + At/2)

_u(w, 4+ At) —u(z,t)  ulz, by + At) —u(w, t))
up A A7 = A7 . (10.103)

The corresponding spatial second-order derivative reads

(10.104)

1 (u(m; + Az, t;) — 2u(z,, t;) + u(z; — Az, t;)
Ugpe = = +
Ax?

Az?

Note well that we are using a time-centered schemetwih\¢/2 as center.

w(x; + Ax,t; + At) — 2u(zg, t; + At) + u(z; — Ax,tj + At))

a) Write down the algorithms for these three methods and gbate®ns you need to implement. For the
implicit schemes show that the equations lead to a tridiabaratrix system for the new values.

b) Find the truncation errors of these three schemes andtigate their stability properties. Find also the
analytic solution to the continuous problem. A useful hietéis to solve fow(z,t) = u(x,t) — x
instead. The boundary conditions fa(tz, t) are simplerp(0,¢) = v(1,¢) = 0 and the initial conditions
arev(z,0) = —uz.
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c)

d)

Implement the three algorithms in the same code and perfests of the solution for these three ap-
proaches foAz = 1/10, Az = 1/100 usingAt as dictated by the stability limit of the explicit scheme.
Study the solutions at two time points and¢, whereu(z, t1) is smooth but still significantly curved
andu(z, t2) is almost linear, close to the stationary state.

Compare the solutions &t andt, with the analytic result for the continuous problem. Whidtthe
schemes would you classify as the best?

Generalize this problem to two dimensions and write ddveraigorithm for the forward and backward
Euler approaches. Write a program which solves the diffugiquation in2 + 1 dimensions. The
program should allow for general boundary and initial ctinds.

Project 10.3, simple Tusnami model

In this project will first study the simple two-dimensionaave equation and compare our humerical
solution with analytic results. Thereafter we introducénapte model for a tsunami.

Consider first the two-dimensional wave equation for a vibgesquare membrane given by the follow-
ing initial and boundary conditions

A(%+%):§Tg 2y € 0,1,t>0
u(z,y,0) = sin(rz)sin(2my) z,y € (0,1)
u = 0 boundary t>0
Ou/Ot|i—o =0 x,y € (0,1)

The boundary is defined hy= 0,2 =1,y = 0 andy = 1.

a) Find the analytic solution for this equation using thétéque of separation of variables.

b) Write down the algorithm for the explicit method for salgithis equation and set up a program to
solve the discretized wave equation. Describe in partidudav you treat the boundary conditions
and initial conditions. Compare your results with the atialyolution. Use a quadratic grid.

Check your results as function of the number of mesh poindsraparticular against the stability

condition o
1 1 1
At< — | — + —=
~ V) <A:102 + Ay2>
whereAt, Az andAy are the chosen step lengths. In our cAse= Ay. It can be useful to make

animations of the results (a simple recipe with gnuplot aytthgn for this is available under the
project link for project 4 at the webpage).

We modify now the wave equation in order to considral dimensional wave equation with a position
dependent velocity, given by
0%u
a2
If \is constant, we obtain the standard wave equation discussieel two previous points. The solution
u(z,y,t) could represent a model for water waves. It represents theesurface elevation from still
water. We will model\ as

=V - (Az,y)Vu).

A=gH(z,y),
with g being the acceleration of gravity aiifi(x, y) is the still water depth.

The functionH (x, y) simulates the water depth using for example measuremestl @fater depths in
say a fjord or the north sea. The boundary conditions aredbtarmined by the coast lines as discussed
in point d) below. We have assumed that the vertical motiameigligible and that we deal with long
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wavelenghts\ compared with the depth of the séh that is:\/H > 1. We will also neglect Coriolis
effects.

You can discretize

Ve (M, y)Vu) = % (A(w,y)%) + a% (/\(x,y)g—;t) :

as follows using again a quadratic domain foandy:

0 ou 1 by —ul ] ful =l ]
I\ ~ A g Ty Y T i
Ox < (x’y)ax) Az < +1/2. Az =1/2 Az ’

and

0 ou 1 -uli,j+1 - uli,j_ _ulm- B ué-jfl-
8_y <)\(x’y)8_y) ~ A_y </\i,j+1/2 T - )\i,j—l/2 _ Ay ] )

c) Show that this equation has the same truncation errorasdbressions used in a) and b) and that
they result in the same equations wheis a constant.

We assume that we can approximate the coastline with a giiagral. As boundary condition at the

coastline we will employ

ou

— =Vu-n=0

on b ’
wheredu/dn is the derivative in the direction normal to the boundary.
We are going to model the impact of an earthquake on sea walkgs. is normally modelled via an
elevation of the sea bottom. We will assume that the movenfdéhe sea bottom is very rapid compared
with the period of the propagating waves. This means thatameapproximate the bottom elevation with
an initial surface elevation. The initial conditions arentgiven by (withZ the length of the grid)

u(:c,y,O):f(x,y) T,y € (O,L),

and
Ou/Ot|;=o =0 z,y € (0,L).

We will approximate the initial elevation with the function

2 2
O — Ye
f(x,y>:Aoexp(—{ | -] )
O Oy
whereA, is the elevation of the surface and is typically- 2 m. The variables,, ando, represent the

extensions of the surface elevation. In this project we Milb,, = 80 km ando, = 200 km. The 2004
tsunami had extensions of approximately 200 and 1000 kmentisely.

The variables:. andy, represent the epicentre of the earthquake.

We need also to model the sea bottom and the functiony) = gH (z,y). We assume that we can
model the sea bottom as depicted in the following figure, w&ithiater depth of 5000 m and a surface
elevation of 2 m. We assume the sea bottom depends only oatiadlexr and has depth 5000 m before
it starts increasing towards the coastline. We fix the afigle 1 degree. From the figure you will be
asked below to model thedependence off ().

Your tasks are as follows:

d) Develop an algorithm for solving the new wave equationarnite a program which implements
it. Pay in particular attention to the implementation of ttmundary conditions and the initial
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g(x,y)

Ui j+1
9(z,y)
Ui—1,5 | Uq,j Ui41,5
Uj,5—1
9(x,y) T

Figure 10.4: Five-point calculational molecule for the leaq@ operator of EQL{IOJ2). The bordé&l defines

the boundary condition(z, y) = g(x, y).

Sea surface elevation

H=5000 m

Sea hottom

Coast

Figure 10.5: The sea bottom towards one of the coastlines Ishsipe with an inclication of degree and
depth where the earthquake takes place of 5000 m. The swifa@dion is exaggerated on the figure.
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conditions. Figure out how to deal with the fictitious valuesime and space for the discretized
functions. You need also to find the functional formtz, y) = H(z).

Be careful to scale the equations properly. With the depB080 m, extensions,, = 80 km and
oy = 200 km you need to figure out the proper dimensions of the grid L. Scale the equations
so that you can use dimensionless quantities.

With the above parameters, initial values and boundary itiond, study the temporal evolution
of the wave towards the coastline. Comment your resultsarthe useful to make animations of
the results (a simple recipe with gnuplot and python for ih&vailable under the project link for
project 4 at the webpage).

It also important that you keep in mind the stability conatiti

1 1 1\ V2
At < +
maxA(z, y) (A$2 A?/Q)

e) We keep now the same shape of the sea bottom and the sanmef@saas in d), but we shift the
center of the earthquake to the right, as indicated in Fig. 2.

Sea surface elevation Coast

H=5000 m

Sea hottom |

Figure 10.6: The sea bottom towards one of the coastlinea lshape with an inclication df degree. The
center of the earthquake is shifted to the right with respe&tig. 1 as indicated by the exaggerated surface
elevation. In this part the surface elevation is moved 40d&ihé right.

The surface elevation is moved 40 km to the right. Which ontb@two earthquakes will produce
the largest impact (wave elevation) at the coastline? Camhgraur results.

f) We keep the same shape of the sea bottom as in d) but indteaihg the supplied Gaussian shape
of the initial surface elevation we will now use realistidaléor the surface elevation. These data,
with the respective parameters are listed in the file ind&tlon the webpage of the course.

Write a program which reads in these data sets and use sptierpdlation to find the desired
values of the surface elevationiat= 0. Your mesh points may not coincide with the tabulated
points and you may therefore need to interpolate betweedataepoints.

To perform the interpolation you can use either the splirgslint functions included in lib.cpp
or, based on your results from project 1, write your own quipiine interpolation function.
Compare then the results you obtain in this case with thase &) and comment your results.
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Chapter 11

Outline of the Monte Carlo strategy

‘lacta Alea est’, the die is cast, is what Julius Caesar isntepl by Suetonius to have said
on January 10, 49 BC as he led his army across the River Rubi¢dorthern Italy. (Twelve
Ceasarsy>aius Suetonius

11.1 Introduction

Monte Carlo methods are widely used in the Sciences, fronmtiegration of multi-dimensional inte-
grals to solving ab initio problems in chemistry, physicgdicine, biology, or even Dow-Jones fore-
casting. Computational finance is one of the novel fields eionte Carlo methods have found a new
field of applications, with financial engineering as an ermgydield, see for example Refs. [57, 58].
Emerging fields like econophysics [59—61] are new examflapplications of Monte Carlo methods.

Numerical methods that are known as Monte Carlo methodsedoosely described as statistical sim-
ulation methods, where statistical simulation is defineduite general terms to be any method that
utilizes sequences of random numbers to perform the simalafs mentioned in the introduction to
this text, a central algorithm in Monte Carlo methods is thetfdpolis algorithm, ranked as one of the
top ten algorithms in the last century. We discuss this d@lgorin the next chapter.

Statistical simulation methods may be contrasted to cdiwes numerical discretization methods,
which are typically applied to ordinary or partial diffetex equations that describe some underly-
ing physical or mathematical system. In many applicatiohMonte Carlo, the physical process is
simulated directly, and there is no need to even write dowrdifferential equations that describe the
behavior of the system. The only requirement is that theiphi/6r mathematical) system be described
by probability distribution functions (PDF’'s). Once the PB are known, the Monte Carlo simula-
tion can proceed by random sampling from the PDF's. Many kitirans are then performed (multiple
“trials” or “histories”) and the desired result is taken asaverage over the number of observations
(which may be a single observation or perhaps millions oéolagtions). In many practical applications,
one can predict the statistical error (the “variance”) iis tverage result, and hence an estimate of the
number of Monte Carlo trials that are needed to achieve angiveor. If we assume that the physical
system can be described by a given probability density fancthen the Monte Carlo simulation can
proceed by sampling from these PDF’s, which necessitatastand effective way to generate random
numbers uniformly distributed on the interval [0,1]. Theeammes of these random samplings, or trials,
must be accumulated or tallied in an appropriate mannerddyae the desired result, but the essential
characteristic of Monte Carlo is the use of random samplkotniques (and perhaps other algebra to
manipulate the outcomes) to arrive at a solution of the maygiroblem. In contrast, a conventional
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numerical solution approach would start with the mathecahtnodel of the physical system, discretiz-
ing the differential equations and then solving a set ofladgie equations for the unknown state of the
system. It should be kept in mind that this general desonipdf Monte Carlo methods may not directly
apply to some applications. It is natural to think that Mo@@&rlo methods are used to simulate ran-
dom, or stochastic, processes, since these can be dedoyiB#F's. However, this coupling is actually
too restrictive because many Monte Carlo applications inavapparent stochastic content, such as the
evaluation of a definite integral or the inversion of a systéiimear equations. However, in these cases
and others, one can pose the desired solution in terms of¥Bxkd while this transformation may seem
artificial, this step allows the system to be treated as ahaii process for the purpose of simulation
and hence Monte Carlo methods can be applied to simulate/siens.

There are at least four ingredients which are crucial in oi@@nderstand the basic Monte-Carlo strat-
egy. These are

(a) Random variables,

(b) probability distribution functions (PDF),
(c) moments of a PDF

(d) and its pertinent varianee®.

All these topics will be discussed at length below. We feeléer that a brief explanation may be
appropriate in order to convey the strategy behind a Moragealculation. Let us first demystify the
somewhat obscure concept of a random variable. The exangtdoose is the classic one, the tossing
of two dice, its outcome and the corresponding probabilityrinciple, we could imagine being able to
determine exactly the motion of the two dice, and with giveitial conditions determine the outcome
of the tossing. Alas, we are not capable of pursuing thislisielgeme. However, it does not mean that
we do not have a certain knowledge of the outcome. This p&ri@vledge is given by the probablity
of obtaining a certain number when tossing the dice. To beerpozcise, the tossing of the dice yields
the following possible values
{2,3,4,5,6,7,8,9,10,11,12}.

These values are called tHemain To this domain we have the correspondprgbabilities
{1/36,2/36/3/36,4/36,5/36,6/36,5/36,4/36,3/36,2/36,1/36}.

The numbers in the domain are the outcomes of the physice¢psdossing the dicke cannot tell be-
forehand whether the outcome is 3 or 5 or any other numbeiigndbmain. This defines the randomness
of the outcome, or unexpectedness or any other synonimadswinich encompasses the uncertitude
of the final outcome.The only thing we can tell beforehand is that say the outcorha2a certain
probability. If our favorite hobby is to spend an hour evevgring throwing dice and registering the
sequence of outcomes, we will note that the numbers in theeathamain

{2,3,4,5,6,7,8,9,10,11, 12},
appear in a random order. After 11 throws the results may li@ek
{10,8,6,3,6,9,11,8,12,4,5}.

Eleven new attempts may results in a totally different sagaef numbers and so forth. Repeating this
exercise the next evening, will most likely never give yoa #ame sequences. Thus, we say that the
outcome of this hobby of ours is truly random.

Random variables are hence characterized by a domain wtodtains all possible values that the
random value may take. This domain has a corresponding PDF.

To give you another example of possible random number spaesdctivities, consider the radioactive
decay of arx-particle from a certain nucleus. Assume that you have at glisposal a Geiger-counter
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which registers every 10 ms whether@iparticle reaches the counter or not. If we record a hit asdl an
no observation as zero, and repeat this experiment for atlioreg the outcome of the experimentis also
truly random. We cannot form a specific pattern from the almhaervations. The only possibility to
say something about the outcome is given by the PDF, whidhisrcase is the well-known exponential
function

Aexp —(Az),

with A\ being proportional to the half-life of the given nucleus efhdecays.

If you wish to read more about the more formal aspects of M@#do methods, see for example
Refs. [62-64].

11.1.1 Definitions

Random numbers as we use them here are numerical appraxistiithe statistical concept of stochas-
tic variables, sometimes just called random variables. fideustand the behavior of pseudo random
numbers we must first establish the theoretical framewosdtafhastic variables. Although this is typi-
cal textbook material, the nomenclature may differ from ten¢book to another depending on the level
of difficulty of the book. We would therefore like to estalhlia nomenclature suitable for our purpose,
one that we are going to use consequently throughout this tex

A stochastic variable can be either continuous or discteteny case, we will denote stochastic variables
by capital lettersX, Y, . ..

There are two main concepts associated with a stochastabler Thedomainis the selD = {«} of all
accessible values the variable can assume, sothaiD. An example of a discrete domain is the set of
six different numbers that we may get by throwing of a dieg;, {1, 2, 3, 4, 5, 6}.

Theprobability distribution function (PDFjs a functionp(z) on the domain which, in the discrete case,
gives us the probability or relative frequency with whiclkesk values ok occur

p(z) = Prob(X = z)

In the continuous case, the PDF does not directly depict ¢heabprobability. Instead we define the
probability for the stochastic variable to assume any valuen infinitesimal interval aroune to be
p(x)dz. The continuous functiop(z) then gives us thdensityof the probability rather than the proba-
bility itself. The probability for a stochastic variableassume any value on a non-infinitesimal interval

[a, ] is then just the integral
b

Prob(a < X <b) = / p(x)dx

Qualitatively speaking, a stochastic variable represtir@s/alues of numbers chosen as if by chance
from some specified PDF so that the selection of a large sbesttnumbers reproduces this PDF.

Also of interest to us is theumulative probability distribution function (CDFP(z), which is just the
probability for a stochastic variablg to assume any value less than

P(x) = Prob(X < z) = / p(x')dx’
The relation between a CDF and its corresponding PDF is then
d
p(x) = —P(x)

There are two properties that all PDFs must satisfy. Theditstis positivity
0<px)<1
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Naturally, it would be nonsensical for any of the values @fdomain to occur with a probability greater
than1l or less thar). Also, the PDF must be normalized. That is, all the prob&dédimust add up to
unity. The probability of “anything” to happen is always tyniFor both discrete and continuous PDFs,
this condition is

> oplw) = 1

z; €D

‘pr@ﬁh =1

In addition to the exponential distribution discussed ahtlere are two other continuous PDFs that are
especially important. The first one is the most basic PDF;alathe uniform distribution

p@):3ézmx_aw@_x) (11.1)
with:
O(z)=0 =<0
f(z)=1 >0

The second one is the Gaussian Distribution, often callechttmal distribution

T — )2
exp(_ﬂ)

p(z) = T 557

Let h(x) be an arbitrary function on the domain of the stochasticatdeiX whose PDF ig(z). We
define theexpectation valuef i with respect tg as follows

(hyx = /h(z)p(:c) dz (11.2)

Whenever the PDF is known implicitly, like in this case, weél\drop the indexX for clarity.

A particularly useful class of special expectation valuestatemomentsThen-th moment of the PDF
p is defined as follows

(™) = /:C"p(x) dx

The zero-th momentl) is just the normalization condition @f The first moment{z), is called the
meanof p and often denoted by the letter

() =p= /wp(:v) da

Qualitatively it represents the centroid or the averagee/alf the PDF and is therefore often simply
called the expectation value pﬂ A PDF can in principle be expanded in the set of its momentk [65
For two PDFs to be equal, each of their moments must be equal.

A special version of the moments is the setehtral momentghe n-th central moment defined as

(@ — (@) = / (& — (2))"p(z) de

1We should now formulafe_T.2 in a more rigorous manner. ltashematically more correct to speak’ofs a function transforming
the stochastic variabl& to the stochastic variablg, Y = h(X). Letp  (z) be the known PDF o, andp, (y) be the unknown PDF
of Y. It can then be shown [65] that the expectation valu& ohamely(y),. = [yp, (y) dy, must equal what we have defined as the
expectation value di(z) with respect tg -, namely(h) , = [h(z)py (z) dz.
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The zero-th and first central moments are both trivial, eqy@ald0, respectively. But the second central
moment, known as thearianceof p, is of particular interest. For the stochastic variaklgthe variance
is denoted as?% or Var(X)

The square root of the varianee,= /((z — (x))?2) is called thestandard deviatiomf p. It is clearly
just the RMS (root-mean-square) value of the deviation efRDF from its mean value, interpreted
qualitatively as the “spread” gof around its mean.

We will also be interested in finding the PDF ofumctionof a stochastic variable. Let the stochastic
variableX have the PDR (), and letY” = h(X) be a function ofX. What we want to find is the
PDF ofY, py (y). We will have to restrict ourselves to the case whief&) is invertible, so that it has
to be strictly monotonous. First we construct the cumudadiistribution ofY”, considering only the case
whereh increases

Py (y) = Prob(Y < y) = Prob(h(X) <y) = Prob(X < h~'(y)) = Px (h"'(y))

whereh 1! is the inverse function of, meaning that ify = h(z) thenz = h=1(y). This gives the PDF

of Y p p
py(y) = d_UPY (y) = d_UPX (h™(v))

Considering in a similar manner the other case of a decrgésive arrive at

d

) = px () | 07 0) (113)
This formula will become useful when transforming simpleyado random number generators to more

general ones.

All the PDFs above have been written as functions of only doehastic variable. Such PDFs are called
univariate A PDF may well consist of any number of variables, in whickeave call itmultivariate

A general multivariate expectation value is defined sirhjlas for the univariate case, but all stochastic
variables are taken into account at once. P¢k;,...,z,) be the multivariate PDF for the séfX;}

of n stochastic variables and I&k(z+, . . ., z,,) be an arbitrary function over the joint domain of l}.
The expectation value df with respect taP is defined as follows

<H>X1...Xn :/-"/H(,Tl,...,LL‘n)P(.Tl,...,LL'n)d‘Tl...dl‘n

If we want to find the expectation value of an arbitrary fuanfi(z;) on the domain of just one stochastic
variableX;, we must still use the joint PDP and remember to integrate over the total domain okall

<h>X1an = / . /h(xl)P(:vl, e ,LL‘n) dl‘l e dl‘n (114)

We will now define the property of correlation, of great imamrce for our study of random numbers.
Let us continue with the same seto$tochastic variablegX; } as above. The variables arecorrelated
(or independent) if? may be factorized in the following form

P(x1,2,...,2) = [ [ pi()
i=1
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wherep;(z;) is the univariate PDF oX;. Notice, that if alLX; are uncorrelated, then the above equation
for the expectation value of the univariate functioneq. [II.H) reduces, nicely to the familiar simple
univariate form of eq[{1112).

To understand the definition of independence qualitatjgglgsider a process afsequential events de-
termined by the stochastic variabl&s Vi € {1,2,...,n}. The PDFp,(x;) determines the probability

density that the-th event (governed by;) will have the outcome;. If the individual events are to

be independent, then the joint probability density shontditively be just the product of the individual
densities. The events receive no information about eacdtr.offhe probability to get some particular
outcome of an event is independent of whether other eveatsagpening at all or not.

11.1.2 Firstillustration of the use of Monte-Carlo methpdside integration

With this definition of a random variable and its associatBdrRve attempt now a clarification of the
Monte-Carlo strategy by using the evaluation of an integsabur example.

In chapteft we discussed standard methods for evaluatiimjegral like

1 N
I= /0 f(z)dz ~ ;wz‘f(ﬂfi),

wherew; are the weights determined by the specific integration nteflike Simpson’s or Taylor’s
methods) withz; the given mesh points. To give you a feeling of how we are tduaita the above
integral using Monte-Carlo, we employ here the crudestiptesapproach. Later on we will present
slightly more refined approaches. This crude approach swnisi setting all weights equal &; = 1.
That corresponds to the rectangle method presented i B, (dsplayed again here

b N
I= / f(x)dx ~ hZf(ﬂCi71/2)7
a i=1

where f(z;_1/2) is the midpoint value off for a given valuer;_,,,. Settingh = (b — a)/N where
b =1, a = 0, we can then rewrite the above integral as

1 1 N

1= dr =~ — i

/0 f(f) x Nzlf(fz 1/2)7

=

wherez;_, /, are the midpoint values af. Introducing the concept of the average of the functidor
a given PDFp(z) as

N

1
() =5 2 Flapla),

=1
and identifyp(x) with the uniform distribution, vizo(x) = 1 whenz € [0, 1] and zero for all other
values ofz. The integral is is then the averagejfobver the intervak € [0, 1]

= / f(@)dz ~ ().

In addition to the average valug) the other important quantity in a Monte-Carlo calculatierthe
variances? and the standard deviatian We define first the variance of the integral withfor a
uniform distribution in the intervat € [0,1] to be

1 N
TN ;u(xa — (£)?plwo),
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and inserting the uniform distribution this yields

or
af = ((f%) = (7).

which is nothing but a measure of the extent to whjcteviates from its average over the region of

integration. The standard deviation is defined as the squateof the variance. If we consider the

above results for a fixed value @f as a measurement, we could recalculate the above average and

variance for a series of different measurements. If each su@asumerent produces a set of averages

for the integrall denotedf);, we have forM measurements that the integral is given by

1 M
(D = 223U
=1

We show in sectiof_T11.3 that if we can consider the probghifittorrelated events to be zero, we can
rewrite the variance of these series of measurements aatiegii/ = N)
L - -4 (11.5)
NTN N’ ‘
We note that the standard deviation is proportional to thkierse square root of the number of measure-

ments
1

ON ~ —F—.

vN
The aim of Monte Carlo calculations is to hawg as small as possible afté¥ samples. The results
from one sample represents, since we are using conceptsfatistics, a 'measurement’.

The scaling in the previous equation is clearly unfavoralsismpared even with the trapezoidal rule.
In chaptef we saw that the trapezoidal rule carries a ttiorcarrorO(h?), with h the step length.
In general, methods based on a Taylor expansion such asapeztiidal rule or Simpson’s rule have
a truncation error which goes like O(R¥), with & > 1. Recalling that the step size is defined as
h = (b—a)/N, we have an error which goes like N =*.

However, Monte Carlo integration is more efficient in higldiémensions. To see this, let us assume
that our integration volume is a hypercube with siland dimensioni. This cube contains hence
N = (L/h)¢ points and therefore the error in the result scaled’as/? for the traditional methods.
The error in the Monte carlo integration is however indegenidfd and scales as ~ 1/v/N, always!
Comparing this error with that of the traditional methodsyws that Monte Carlo integration is more
efficient than an algorithm with error in powers/ofvhend > 2k. In order to expose this, consider the
definition of the quantum mechanical energy of a system stingiof 10 particles in three dimensions.
The energy is the expectation value of the Hamiltoniaand reads

_ JdRidR, ... dRNT*(Ry, Ry, ..., Ry)H(R1, R, ..., Ry)¥(R1, Ry, ..., Ry)

E
[dRidR;...dRyU*(R1, Ry, ..., Ry)¥(Ry, Ry, ..., Ry) ’

whereV is the wave function of the system aRt} are the coordinates of each particle. If we want to
compute the above integral using for example Gaussian gtiadrand use for example ten mesh points
for the ten particles, we need to compute a ten-dimensionedial with a total ofil03° mesh points.

As an amusing exercise, assume that you have access togdéastg'st computer with a theoretical peak
capacity of more than one Petaflops, that($® floating point operations per second. Assume also that
every mesh point corresponds to one floating operation memse Estimate then the time needed to
compute this integral with a traditional method like Gaassjjuadrature and compare this number with
the estimated lifetime of the universe,~ 4.7 x 10'”s. Do you have the patience to wait?
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We end this first part with a discussion of a brute force Morad&program which integrates

1
4
| o =
0 14+a?

where the input is the desired number of Monte Carlo samples.program is listed below.

What we are doing is to employ a random number generator &irobtimbers:; in the intervall0, 1]
through a call to one of the library functiongn0, ranl, ran2 or ran3 which generate random numbers
in the intervalz € [0, 1]. These functions will be discussed in the next section. Mersimply employ
these functions in order to generate a random variable.aftiom number generators produce pseudo-
random numbers in the intervfl, 1] using the so-called uniform probability distributipfz) defined

as
1

“b_a
with a = 0 ogb = 1 and whered is the standard Heaviside function or simply the step fumctilf

we have a general interval, b], we can still use these random number generators througaraetof
variables

p(x) Oz —a)0(b - ),

z=a+ (b—a)z,
with z in the intervall0, 1].

The present approach to the above integral is often calledé& or 'Brute-Force’ Monte-Carlo. Later on

in this chapter we will study refinements to this simple appto The reason is that a random generator
produces points that are distributed in a homogenous waeimterval0, 1]. If our function is peaked
around certain values af, we may end up sampling function values wh¢te) is small or near zero.
Better schemes which reflect the properties of the functidretintegrated are thence needed.

The algorithm is as follows

— Choose the number of Monte Carlo samplés

— Perform a loop ovelV and for each step generate a a random nurabén the interval|0, 1]
through a call to a random number generator.

— Use this number to evaluaféz; ).
— Evaluate the contributions to the mean value and the stdrtéasiation for each loop.
— After N samples calculate the final mean value and the standardidevia
The following C/C++ prograﬁﬂmplements the above algorithm using the library functiem0 to

computer. Note again the inclusion of thgb. file which has the random number generator function
ranO.

http://www.Tys.ulio.no/compphys/cp/programs/FYS3150/chapter08/cpp/programl. cpp

#include <iostream>
#include "lib.h"
using namespace std;

// Here we define various functions called by the main program
// this function defines the function to integrate

double func(double x);

// Main function begins here
int main()
{

int i, n;

2The Fortran 90/95 programs are not listed in the main texty tire found under the corresponding chapter as prograaps/ch
ter8/program.fo0.
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11.1 — Introduction

long idum;
double crude_mc, x, sum_sigma, fx, variance;
cout << "Read in the number of Monte-Carlo samples" << endl;
cin >> n;
crude_mc = sum_sigma=0. ; idum=-1 ;
// evaluate the integral with the a crude Monte-Carlo method
for (1 =1; 1 <= n; i++){
x=ran0(&idum);
fx=func(x);
crude_mc += fx;
sum_sigma += fxx*xfx;
}
crude_mc = crude_mc/((double) n );
sum_sigma = sum_sigma/((double) n );
variance=sum_sigma-crude_mc*crude_mc;

// final output
cout << " variance= " << variance << " Integral = "
<< crude_mc << " Exact= " << M_PI << endl;

} // end of main program
// this function defines the function to integrate
double func(double x)
{

double value;

value = 4/(1.+x*x);

return value;
} // end of function to evaluate

Note that we transfer the variabléum in order to initialize the random number generator from the
functionran0. The variableidum gets changed for every sampling. This variable is calledstezl
The results of our computations are listed in TABIE]11.1. Wie that asV increases, the integral itself
never reaches more than an agreement to the fourth or fifth @ilge variance also oscillates around its
exact valuet.13581F — 01. Note well that the variance need not be zero but one can,apipinopriate
redefinitions of the integral be made smaller. A smallerarzee yields also a smaller standard deviation.
Improvements to this crude Monte Carlo approach will beused in the coming sections.

As an alternative, we could have used the random number gtngrovided by the C/C++ compiler
through the functionsrand andrand. In this case we initialise it via the functiemand. The random
number generator is called via the functiamd, which returns an integer from 0 to its maximum value,
defined by the variablenp_Max as demonstrated in the next few lines of code.

invers_period = 1./RAND_MAX;
// initialise the random number generator
srand (time(NULL));
// obtain a floating number x in [0,1]
x = double(rand())*invers_period;

11.1.3 Second illustration, particles in a box

We give here an example of how a system evolves towards a efitled equilibrium state.

Consider a box divided into two equal halves separated bylla wathe beginning, time = 0, there
areN particles on the left side. A small hole in the wall is thenepeand one particle can pass through
the hole per unit time.

After some time the system reaches its equilibrium state equally many particles in both halveg/2.
Instead of determining complicated initial conditions &system ofV particles, we model the system
by a simple statistical model. In order to simulate thisegstwhich may consist af > 1 particles, we
assume that all particles in the left half have equal prdhisi of going to the right half. We introduce

311



312

Outline of the Monte Carlo strategy

Table 11.1: Results faf = 7 = 4[01 dz/(1 + z?) as function of number of Monte Carlo sampl&'s The
exact answer i8.14159F + 00 for the integral and.13581F — 01 for the variance with six leading digits.
N I ON

10 3.10263E+00 3.98802E-01

100 3.02933E+00 4.04822E-01

1000 3.13395E+00 4.22881E-01

10000 3.14195E+00 4.11195E-01

100000 3.14003E+00 4.14114E-01

1000000 3.14213E+00 4.13838E-01

10000000 3.14177E+00 4.13523E-01

10° 3.14162E+00 4.13581E-01

the labeln; to denote the number of particles at every time on the le&,saddn, = N — n; for those

on the right side. The probability for a move to the right dara time step\t is n;/N. The algorithm
for simulating this problem may then look like this

— Choose the number of particl@s.

— Make a loop over time, where the maximum time (or maximum nemnalh steps) should be larger
than the number of particles.

— For every time stef\t there is a probability,; /N for a move to the right. Compare this probability
with a random numbet.

— If x <n;/N, decrease the number of particles in the left half by ongyi;e= n; — 1. Else, move
a particle from the right half to the left, i.ey; = n; + 1.

— Increase the time by one unit (the external loop).

In this case, a Monte Carlo sample corresponds to one tinte\#ni

The following simple C/C++-program illustrates this madel

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapter08/cpp/program2.cpp
// Particles in a box

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

ofstream ofile;
int main(int argc, charx argv[])
{

char xoutfilename;

int initial_n_particles, max_time, time,

random_n, nleft;
long idum;

// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1l);
}
else{
outfilename=argv[1l];
}

ofile.open(outfilename);
// Read in data
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cout << "Initial number of particles = " << endl ;
cin >> initial_n_particles;

// setup of initial conditions

nleft = initial_n_particles;

max_time = 1O0+initial_n_particles;

idum = -1;

// sampling over number of particles

for( time=0; time <= max_time; time++){

random_n = ((int) initial_n_particles*ran0(&idum));
if ( random_n <= nleft){
nleft -= 1;
}
else{
nleft += 1;

}
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(15) << time;
ofile << setw(15) << nleft << endl;
}
return 0;
} // end main function

Figure[IT1l shows the development of this system as functidime steps. We note that fa¥v =
1000 after roughly2000 time steps, the system has reached the equilibrium staterere however
noteworthy fluctuations around equilibrium.

If we denote(n;) as the number of particles in the left half as a time averageeduilibrium is reached
we can define the standard deviation as

o =4/ (n?) — ()2 (11.6)

This problem has also an analytic solution to which we canpgam@our numerical simulation. #f;(¢)
is the number of particles in the left half aftemoves, the change im; (¢) in the time intervalAt is

An — (N —;l(t) 3 né\(ft)> A,

and assuming that, andt are continuous variables we arrive at

dnl(t) 71 2nl(t)
dt N’

whose solution is N
ni(t) = 5 (1 + 672t/N) ;

with the initial conditionn;(t = 0) = N. Note that we have assumedo be a continuous variable.
Obviously, particles are discrete objects.

11.1.4 Radioactive decay

Radioactive decay is among one of the classical examplesotéACarlo simulations. Assume that at
the timet = 0 we haveN (0) nuclei of typeX which can decay radioactively. At a time> 0 we are
left with N (¢) nuclei. With a transition probability, which expresses the probability that the system
will make a transition to another state during a time stepnef gecond, we have the following first-order
differential equation

dN(t) = —wN (t)dt,

whose solution is

313



Outline of the Monte Carlo strategy

1000

I I | |
\ MC simulation with N=1000 ——

900 _\\ Exact result -~ - - |

800 - i
700 - -

ni(At)
600

500

400 - -

300 | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000

At

Figure 11.1: Number of particles in the left half of the canéat as function of the number of time steps. The
solution is compared with the analytic expressidh—= 1000.

where we have defined the mean lifetimef X as

1
T=—.
w
If a nucleusX decays to a daugther nucleliswhich also can decay, we get the following coupled

equations
dNx (¢
T)i() = —wXNx(t),

and
dNy (1)

dt
The program example in the next subsection illustrates hevean simulate such the decay process of
one type of nuclei through a Monte Carlo sampling procedure.

= —wy Ny (t) + wx Nx(¢).

11.1.5 Program example for radioactive decay of one typeaiofaus

The program is split in four tasks, a main program with vasideclarations,

http://www.fys.uilo.no/compphys/cp/programs/FYS3150/chapter08/cpp/program3.cpp

314

// Radioactive decay of nuclei

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

ofstream ofile;

// Function to read in data from screen

void initialise(int&, int&, int&, double& ) ;
// The Mc sampling for nuclear decay

void mc_sampling(int, int, int, double, intx);
// prints to screen the results of the calculations
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void output(int, int, int x*);
int main(int argc, charx argv[])
{
char xoutfilename;
int initial_n_particles, max_time, number_cycles;
double decay_probability;
int xncumulative;
// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1l);
}
else{
outfilename=argv[1l];
}

ofile.open(outfilename);

// Read in data

initialise(initial_n_particles, max_time, number_cycles,
decay_probability) ;

ncumulative = new int [max_time+1];

// Do the mc sampling

mc_sampling(initial_n_particles, max_time, number_cycles,
decay_probability, ncumulative);

// Print out results

output(max_time, number_cycles, ncumulative);

delete [] ncumulative;

return 0;

} // end of main function

followed by a part which performs the Monte Carlo sampling

void mc_sampling(int initial_n_particles, int max_time,
int number_cycles, double decay_probability,
int xncumulative)

int cycles, time, np, n_unstable, particle_limit;
long idum;

idum=-1; // initialise random number generator
// loop over monte carlo cycles
// One monte carlo loop is one sample
for (cycles = 1; cycles <= number_cycles; cycles++){
n_unstable = initial_n_particles;
// accumulate the number of particles per time step per trial
ncumulative[0] += initial_n_particles;
// loop over each time step
for (time=1; time <= max_time; time++){
// for each time step, we check each particle
particle_limit = n_unstable;
for ( np = 1; np <= particle_limit; np++) {
if( ran0(&idum) <= decay_probability) {
n_unstable=n_unstable-1;
}
} // end of loop over particles
ncumulative[time] += n_unstable;
} // end of loop over time steps
} // end of loop over MC trials
} // end mc_sampling function

and finally functions for reading input and writing outputalal he latter are not listed here but contained
in teh full listing available at webpage. The input variabéee the number of Monte Carlo cycles, the
maximum number of time steps, the initial number of parti@dad the decay probability. The output
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consists of the number of remaining nuclei at each time step.

11.1.6 Brief summary
In essence the Monte Carlo method contains the followingeidignts

— A PDF which characterizes the system

— Random numbers which are generated so as to cover in an asmi§ possible way on the unity
interval [0,1].

— A sampling rule

— An error estimation

— Techniques for improving the errors

In the next section we discuss various PDF’s which may belefaace here, thereafter we discuss how
to compute random numbers. Seciion11.4 discusses Monle i@&gration in general, how to choose
the correct weighting function and how to evaluate integwgth dimensiong > 1.

11.2 Probability distribution functions

Hitherto, we have tacitly used properties of probabilitgtdbution functions in our computation of
expectation values. Here and there we have referred to tifiermnnPDF. It is now time to present
some general features of PDFs which we may encounter wheyg gbiysics and how we define various
expectation values. In addition, we derive the centraltlimorem and discuss its meaning in the light
of properties of various PDFs.

The following table collects properties of probability wilsution functions. In our notation we reserve
the labelp(z) for the probability of a certain event, while(x) is the cumulative probability.

Table 11.2: Important properties of PDFs.

Discrete PDF Continuous PDF
Domain {z1,22,25,..., 2N} [a, b]
Probability p(x;) p(z )dx
Cumulative P=5_ pla) (x) = [F p
Positivity 0<pz;) <1 p(z) >
Positivity 0<P<1 0< Pz )
Monotonic P, > P;ifx; >x; P(x;) > P(xy) |f ;i z x;
Normalization Py =1 P(b) =

With a PDF we can compute expectation values of selectedtitjearsuch as

1 N
=< > aip)
N =1

if we have a discrete PDF or ,
@) = [ atplayds,

in the case of a continuous PDF. We have already defined the waéize,, and the variance?.
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The expectation value of a quantifyx) is then given by for example

b
() = / f(@)p(z)dz.

We have already seen the use of the last equation when wedpé crude Monte Carlo approach to
the evaluation of an integral.

There are at least three PDFs which one may encounter. Treteea

(a) uniform distribution
1
p(z) = m@(x —a)O(b—x),
yielding probabilities different from zero in the intenjal b]. The mean value and the variance for
this distribution are discussed in section11.3.

(b) The exponential distribution
p(x) = aexp (—ax),
yielding probabilities different from zero in the interjél oo) and with mean value

oo o0 1
W= / xp(x)dx = / xaexp (—ax)dr = —
0 0 @

and variance
1

o0
2 2 2
o /0 x“p(x)dr — p =

(c) Finally, we have the so-called univariate normal disttion, or just the normal distribution

o= e (12227)

with probabilities different from zero in the intervatco, o). The integral(_exp (—(2?)dx
appears in many calculations, its valueis, a result we will need when we compute the mean
value and the variance. The mean value is

o 1 o (x — a)2)
= xp(z)de = Te — dz,
: /0 pl) bv2m /_Oo P ( 2b?

which becomes with a suitable change of variables

1 o0
=— bv2(a + bv2 —y2dy = a.
a wﬂ/m (@ y)exp —ydy = a

Similarly, the variance becomes

e [ e (-2

and inserting the mean value and performing a variable ahamgobtain

1 e 202 [

2 2 2 2 2

= bV2(bvV2y) exp (—y?)dy = == exp (—y?)dy,
b\/ﬂ/m (bv2y)? exp (—y*)dy =) Y p (—y°)dy

and performing a final integration by parts we obtain the Wathwn resulto? = b2. It is useful
to introduce the standard normal distribution as well, dafiby, = a = 0, viz. a distribution
centered around zero and with a varianée= 1, leading to

g

2

p(z) = \/% exp <_%> (11.7)
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The exponential and uniform distributions have simple clative functions, whereas the normal distri-
bution does not, being proportional to the so-called emacfioner f (x), given by

P(z) = \/% /_OO exp <—g>dt,

which is difficult to evaluate in a quick way. Later in this gi@r we will present an algorithm by Box
and Mueller which allows us to compute the cumulative disiibn using random variables sampled
from the uniform distribution.

Some other PDFs which one encounters often in the natusices are the binomial distribution

p(x) = < " )y“(l—y)"z r=0,1,...,n,

x
wherey is the probability for a specific event, such as the tossirggaafin or moving left or right in case
of a random walker. Note thatis a discrete stochastic variable.
The sequence of binomial trials is characterized by thefoig definitions

— Every experiment is thought to consist&findependent trials.

— In every independent trial one registers if a specific situalhappens or not, such as the jump to
the left or right of a random walker.

— The probability for every outcome in a single trial has theeaalue, for example the outcome of
tossing a coin is alwayk/2.
In the next chapter we will show that the probability distion for a random walker approaches the
binomial distribution.

In order to compute the mean and variance we need to recalidd&binomial formula

w35 (7 Yo,

n=0

which can be used to show that

=0

the PDF is normalized to one. The mean value is

n

IR A e S o UV

=0 x=0
resulting in
o= ix (n — 1)' ym—l(l _ y)n—l—(m—l)
= (z—D(n—-1-(z—1))! ’

which we rewrite as
- n—1
_ - v 1— n—1-—v — 1— n—1 — )
p nyEO( y )y( Y) ny(y +1—y) ny
-

The variance is slightly trickier to get. It read$ = ny(1 — y).

Another important distribution with discrete stochastiziablesr is the Poisson model, which resem-
bles the exponential distribution and reads

Ail)
p(x):ge*)‘ x=0,1,...,;A>0.
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In this case both the mean value and the variance are easigictdate,

oo

e T z—1
=2 e =N oy ;
= r—e =

x! (z —1)!
=0

and the variance i8> = \. An example of applications of the Poisson distributionlddae the counting
of the number ofv-particles emitted from a radioactive source in a given tinterval. In the limit of
n — oo and for small probabilitieg, the binomial distribution approaches the Poisson distidin.

Setting\ = ny, with y the probability for an event in the binomial distribution w&n show that

: n x n—m—)\oo_)\m —A
dim (5 )y o= e,

see for example Refs. [62, 63] for a proof.

11.2.1 Multivariable Expectation Values

An important quantity is the so called covariance, a varignthe variance. Consider the sgk;}
of n stochastic variables (not necessarily uncorrelated) thithmultivariate PDRP (1, ..., z,). The
covarianceof two of the stochastic variableX,;, and X, is defined as follows

Cov(X;, X;) = ((w — (@) (z; — (x;)))
_ / (@ = @)@y — @) Plars... en) ey ... de,  (11.8)

(a:l->:/-u/xiP(Il,...,xn)dxl...dxn

If we consider the above covariance as a maikix= Cov(X;, X;), then the diagonal elements are just
the familiar variances;; = Cov(X;, X;) = Var(X;). It turns out that all the off-diagonal elements
are zero if the stochastic variables are uncorrelated. iShgasy to show, keeping in mind the linearity
of the expectation value. Consider the stochastic varsalleand X ;, (i # j)

<( - x7 - <x3>)>

(i, xz<%> (i)z; + (i) (2;5))

= (zz > (i{z;)) — ((wa)a;) + ((@i)(z;))
(ziz
(ziz

with

COV(XZ', Xj) =

wiay) — (wi)(@s) — (i) (5) + (i) ()
i) — (@) ()

If X; andX; are independent, we gét;z;) = (z;)(x;), resulting inCov(X;, X;) =0 (¢ # j).

Also useful for us is the covariance of linear combinatiohstochastic variables. L€tX;} and{Y;}
be two sets of stochastic variables. Let algg} and{b;} be two sets of scalars. Consider the linear

combination
U= aX; V=) by
i J

By the linearity of the expectation value, it can be showr] [B&t

Cov(U,V) =Y a;b;Cov(X;,Y;)

.3
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Now, since the variance is justr(X;) = Cov(X;, X;), we get the variance of the linear combination
U= Zi ain-
Var(U) = ZaiajCOV(Xi,Xj) (119)
i,j
And in the special case when the stochastic variables am@rtatated, the off-diagonal elements of the
covariance are as we know zero, resulting in

Var(U) = Y a?Cov(X;, X;) = > afVar(X;)

VaI‘(Z aZXZ) = Z szvar(Xi)

which will become very useful in our study of the error in thean value of a set of measurements.

Now that we have constructed an idealized mathematicaldwaork, let us try to apply it to empirical
observations. Examples of relevant physical phenomenabaagpontaneous decays of nuclei, or a
purely mathematical set of numbers produced by some detestinimechanism. It is the latter we will
deal with, using so-called pseudo-random number genetatioigeneral our observations will contain
only a limited set of observables. We remind the reader thstbehastic process a process that
produces sequentially a chain of values

{z1,29,... T, ... }.

We will call these values ouneasurementand the entire set as our measusaahple The action of
measuring all the elements of a sample we will call a stoahagperimen{since, operationally, they
are often associated with results of empirical observatfaome physical or mathematical phenomena;
precisely an experiment). We assume that these valuessirivdied according to some PRk (z),
whereX is just the formal symbol for the stochastic variable whoB& s p  (x). Instead of trying to
determine the full distributiop we are often only interested in finding the few lowest momdikis the
meanu , and the variance .

In practical situations however, a sample is always of figige. Let that size ba. The expectation
value of a sample, thesample mearis then defined as follows

n
1
Lo = — E xa,k.
n
k=1

Thesample varianceés:

n

Var(z) = % Z(Iak —Za)?,

k=1
with its square root being th&andard deviation of the sample
You can think of the above observables as a set of quantitiéshwlefine a given experiment. This
experiment is then repeated several timesadimes. The total average is then

_ 1 & 1
X = — ;xa =— ;xak (11.10)

where the last sums endwatandn. The total variance is

1 _
07271 = — (ja - Xm)Qa
m a=1
which we rewrite as
1 m n B _
R ~ SN @ak — X)) (@au — Xom). (11.11)
a=1kl=1
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We define also the sample varianceof all mn individual experiments as

o = % i Zn:(xa,k - X2 (11.12)

a=1 k=1

These quantities, being known experimental values or theltseefrom our calculations, may differ, in
some cases significantly, from the similarly named exaatesfor the mean valuex, the variance
Var(X) and the covarianc€ov(X,Y).

The law of large numbers (see for example [65] and the nextexttlon) states that as the size of our
sample grows to infinity, the sample mean approaches therteasy: , of the chosen PDF:

lim Zo = py

n—oo

The sample mean,, works therefore as an estimate of the true mean

What we need to find out is how good an approximatigris to i . In any stochastic measurement,
an estimated mean is of no use to us without a measure of ds &rquantity that tells us how well
we can reproduce it in another experiment. We are therefibeedsted in the PDF of the sample mean
itself. Its standard deviation will be a measure of the spfasample means, and we will simply call it
the error of the sample mean, or just sample error, and denotediby. In practice, we will only be
able to produce aestimateof the sample error since the exact value would require tevladge of the
true PDFs behind, which we usually do not have.

The straight forward brute force way of estimating the sangptor is simply by producing a number of
samples, and treating the mean of each as a measurementtambarsl deviation of these means will
then be an estimate of the original sample error. If we ardlenta produce more than one sample, we
can split it up sequentially into smaller ones, treatingheiacthe same way as above. This procedure
is known asblockingand will be given more attention in later chapters. At thignpd is worth while
exploring more indirect methods of estimation that willhek understand some important underlying
principles of correlation effects.

Let us first take a look at what happens to the sample erroreasizk of the sample grows. We derive
here the central limit theorem first.

11.2.2 The central limit theorem

Suppose we have a PQix) from which we generate a seridsof averagesz;). Each mean valuér;)

is viewed as the average of a specific measurement, e.gwitlyyaice 100 times and then taking the
average value, or producing a certain amount of random ntsnber notational ease, we det) = z;

in the discussion which follows.

If we compute the mean of m such mean values;

_ Xt T2A T

- )

m
the question we pose is which is the PDF of the new variable

The probability of obtaining an average valués the product of the probabilities of obtaining arbitrary
individual mean values;, but with the constraint that the average id3Me can express this through the
following expression

T1+ T4+ Ty
m

5:) = [ dwip(e) [ draplaa) .. [ dplan)ae -

where thed-function enbodies the constraint that the mean.iAll measurements that lead to each
individual z; are expected to be independent, which in turn means that wexgaes$ as the product

),
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of individual p(z;). The independence assumption is important in the derivatfathe central limit
theorem.

If we use the integral expression for thdunction

5(z —

= — d
m ) 27 ac

3

Tzt ATy, 1 /OO (iq(z—iteattom))

— 00

and inserting:?#7—%4 wherey is the mean value we arrive at

1 [e’e} ) [e’e} . m
i) = L / dqeliaz—n) [ / dxp(x)euq(uz)/m)] 7

2m —o0 —0o0

with the integral over: resulting in

o0

| dsntyexp Gate —)m) = [

— 00 — 0o

dzp(z) [1 + iq(”m_ @) _ QQ(gn;I)Q +. ] .

The second term on the rhs disappears since this is just tae amel employing the definition of we

have
o) 2 2
(ig(p—a)/m) _ 1 _ 17
/_Oodxp(x)e 1 53 +...,
resulting in
o0 ) m q20_2 m
[/Oodxp(:v)exp(zq(,u—x)/m)} ~ [1— Py —i—] ,
and in the limitm — oo we obtain
(2) e (L)
= X S s
V2r(o//m) 2(0/y/m)?

which is the normal distribution with varianee, = o2/m, whereo is the variance of the PDp{x)
andy is also the mean of the PDRz).

Thus, the central limit theorem states that the BIDH of the average af: random values corresponding
to a PDFp(x) is a normal distribution whose mean is the mean value of tHe;®PD) and whose variance
is the variance of the PDp{z) divided bym, the number of values used to comprte

The theorem is satisfied by a large class of PDFs. Note howbaérfor a finitem, it is not always
possible to find a closed expression fdr:). The central limit theorem leads then to the well-known
expression for the standard deviation, given by

Om = ——.

Jm

The latter is true only if the average value is known exadlhis is obtained in the limitn — oo only.
Because the mean and the variance are measured quantitesairethe familiar expression in statistics

see for example Ref. [65] for further discussions.

In many cases however the above estimate for the standaiatiday in particular if correlations are
strong, may be too simplistic. We need therefore a more geeaefintion of the error and the variance
in our results.
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11.2.3 Definition of correlations functions and standardidgon

Let us now return to the definition of the variance and stashdi@viation of our measurements. Our
estimate of the true average is then the sample meax,,

1 m n
Hx ~ Xy = %sza,k-

a=1 k=1

We can then use Eq.(1T]11)

3
3

mn?
a=1 kl:l

and rewrite it as
) _ _
om—? mnzzzxak— )(@ak — Xm),
a=1 k<l

where the first term is the sample variance ofiall experiments divided by and the last term is nothing
but the covariance which arises when# [. If the observables are uncorrelated, then the covariance
is zero and we obtain a total variance which agrees with théradimit theorem. Correlations may
often be present in our data set, resulting in a non-zeror@wee. The first term is normally called the
uncorrelated contribution. Computationally the uncated first term is much easier to treat efficiently
than the second. We just accumulate separately the vatussdz for every measurementwe receive.

The correlation term, though, has to be calculated at theoétite experiment since we need all the
measurements to calculate the cross terms. Therefore gabumements have to be stored throughout
the experiment.

Let us analyze the problem by splitting up the correlatiomtato partial sums of the form

m n—d

= Lm ZZ Tok — X )(«ra,k+d_Xm)7
a=1 k=1

The correlation term of the total variance can now be regmith terms off,

mizgzak— )(@ay — Xm) —2Zfd

The value off, reflects the correlation between measurements separatid thigtance in the samples.
Notice that ford = 0, f is just the sample variance?. If we divide f; by o2, we arrive at the so called
autocorrelation function
Rqg = ﬁ
o2
which gives us a useful measure of the correlation pair tatiom starting always at for d = 0.

The sample variance of then experiments can now be written in terms of the autocoraidtinction

afn:%% X_:f—j<1+2zn>—a —-02 (11.13)

and we see thatx can be expressed in terms of the uncorrelated sample vartanes a correction
factor 7 which accounts for the correlation between measuremenécalV this correction factor the
autocorrelation time

T=1+2) kKa (11.14)
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For a correlation free experiment,equals 1. From the point of view of Eq.{IIl13) we can interpre
a sequential correlation as an effective reduction of thmbler of measurements by a factar The
effective number of measurements becomes

n
Neff = —
T

To neglect the autocorrelation timewill always cause our simple uncorrelated estimatepf~ o2 /n

to be less than the true sample error. The estimate of thewiltde too “good”. On the other hand,
the calculation of the full autocorrelation time poses ditieincy problem if the set of measurements is
very large. The solution to this problem is given by more ficafly oriented methods like the blocking
technique, see for example Ref. [66] for more details. Theghod is discussed in more detail in chapter

3.

11.3 Random numbers

Uniform deviates are just random numbers that lie withinecgffed range (typically 0 to 1), with any
one number in the range just as likely as any other. They arethier words, what you probably think
random numbers are. However, we want to distinguish unifdewviates from other sorts of random
numbers, for example numbers drawn from a normal (Gaussiiatrjbution of specified mean and
standard deviation. These other sorts of deviates are afitvessys generated by performing appropriate
operations on one or more uniform deviates, as we will sealiseguent sections. So, a reliable source
of random uniform deviates, the subject of this sectionnigssential building block for any sort of
stochastic modeling or Monte Carlo computer work. A disuokai is however appropriate. It should be
fairly obvious that something as deterministic as a conmpzganot generate purely random numbers.

Numbers generated by any of the standard algorithms aralityrpseudo random numbers, hopefully
abiding to the following criteria:

(a) they produce a uniform distribution in the interval [0,1
(b) correlations between random numbers are negligible

(c) the period before the same sequence of random numbezpasated is as large as possible and
finally

(d) the algorithm should be fast.

That correlations, see below for more details, should benadl is possible resides in the fact that every
event should be independent of the other ones. As an exampégticular simple system that exhibits
a seemingly random behavior can be obtained from the iterptiocess

Ti+1 = C.’L‘i(l — .%'i)7

which is often used as an example of a chaotic system. Thahlaciis a constant and for certain values
of c andx, the system can settle down quickly into a regular periodigisace of values,, z2, zs, . . ..
Forzy = 0.1 andc = 3.2 we obtain a periodic pattern as shown in ig.11.2. Changilog: = 3.98
yields a sequence which does not converge to any speciferpaithe values of; seem purely random.
Although the latter choice aof yields a seemingly random sequence of values, the varidusvafx
harbor subtle correlations that a truly random number secgieould not possess.

The most common random number generators are based onledcialear congruential relations of
the type

N; = (aNi_1 + ¢)MOD(M),
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Figure 11.2: Plot of the logistic mapping;; = cx;(1 — z;) for zy = 0.1 andec = 3.2 andc = 3.98.

which yield a number in the interval [0,1] through

The numbeV! is called the period and it should be as large as possiblé\grid the starting value, or
seed. The functiodOD means the remainder, that is if we were to eval§a3g¢MOD(9), the outcome

is the remainder of the divisiol8/9, namely4.

The problem with such generators is that their outputs aredie; they will start to repeat themselves
with a period that is at most/. If however the parametetsandc are badly chosen, the period may be
even shorter.

Consider the following example
N; = (6N1'71 + 7)MOD(5),

with a seedN, = 2. This generator produces the seque#¢ck 3,0,2,4,1,3,0,2,......, i.e., a se-
quence with period. However, increasind/ may not guarantee a larger period as the following
example shows

N; = (27N1'71 + 11)MOD(54),

which still, with Ny = 2, results inl1,38,11,38,11, 38, ..., a period of jus®.

Typical periods for the random generators provided in tlogy@m library are of the order ef 10° or
larger. Other random number generators which have becorneaisingly popular are so-called shift-
register generators. In these generators each successieen depends on many preceding values
(rather than the last values as in the linear congruentrgigeor). For example, you could make a shift
register generator whosgth number is the sum of thle— ith and! — jth values with moduld/,

N, = (aNl_i + CNl_j)MOD(M).

Such a generator again produces a sequence of pseudoranddrans but this time with a period much
larger than)/. It is also possible to construct more elaborate algorithyriscluding more than two past
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terms in the sum of each iteration. One example is the gasresdMarsaglia and Zaman [67] which
consists of two congruential relations

Ny = (N;_3 — N;_1)MOD(23! —69), (11.15)

followed by
N; = (69069N;_; + 1013904243)MOD(2%?), (11.16)

which according to the authors has a period larger #¥4n

Moreover, rather than using modular addition, we could hisebitwise exclusive-ORi() operation so
that

Ny = (Ni—i) ® (Ni—5)
where the bitwise action ab means that ifV;_; = N;_; the result i9 whereas ifN;,_; # N;_; the
resultisl. As an example, consider the case wh&je; = 6 andN;_; = 11. The first one has a bit
representation (using 4 bits only) which re@d30 whereas the second numbeti sl 1. Employing the
@ operator yields 101, or 23 + 22 + 20 = 13.

In Fortran90, the bitwised operation is coded through the intrinsic functidfOR(m, n) wherem and
n are the input numbers, while @ it is given bym A n. The program below (from Numerical Recipes,
chapter 7.1) shows how the functiean0 implements

However, since: andNV;_; are integers and their multiplication could become grethizn the standard
32 bit integer, there is a trick via Schrage’s algorithm vbhipproximates the multiplication of large
integers through the factorization

M =aq+r,
where we have defined
q = [M/ad],
and
r =M MOD a.

where the brackets denote integer division. In the codewbtie numberg andr are chosen so that
r < q. To see how this works we note first that

since we can add or subtract any integer multipl&éofrom aNV;_;. The lastterniV;_1 /¢ M MOD(M)
is zero since the integer divisidiV;_1 /q] just yields a constant which is multiplied with/. We can
now rewrite Eq.[(IT7) as

(aN;—1)MOD(M) = (aN;—1 — [N;—1/q|(ag + r))MOD(M), (11.18)
which results in
yielding
(aN;—1)MOD(M) = (a(N;—1MOD(q)) — [N;—1/q]r)) MOD(M). (11.20)

The term[N;_1/g|r is always smaller or equa¥;_1 (r/¢) and withr < ¢ we obtain always a number
smaller thanV;_1, which is smaller thad/. And since the numbe¥;_;MOD(q) is between zero and
q — 1 thena(N,;-1MOD(q)) < aq. Combined with our definition of = [M /a] ensures that this term
is also smaller thal/ meaning that both terms fit into a 32-bit signed integer. Nafrtbese two terms
can be negative, but their difference could. The algoritieholw adds)M if their difference is negative.
Note that the program uses the bitwiseperator to generate the starting point for each generafian
random number. The period n0 is ~ 2.1 x 10°. A special feature of this algorithm is that is should
never be called with the initial seed setto
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/%
*x The function
*k ran0@()

#x 1S5 an "Minimal" random number generator of Park and Miller
*x Set or reset the input value
*x idum to any integer value (except the unlikely value MASK)
#x to initialize the sequence; idum must not be altered between
xx calls for sucessive deviates in a sequence.
#x The function returns a uniform deviate between 0.0 and 1.0.
*/
double ran0(long &idum)
{
const int a = 16807, m = 2147483647, q = 127773;
const int r = 2836, MASK = 123459876;
const double am = 1./m;
long k;
double ans;
idum "= MASK;
k = (xidum)/q;
idum = ax(idum - kxq) - rxk;
// add m if negative difference
if(idum < 0) idum += m;
ans=amx (idum);
idum "= MASK;
return ans;
} // End: function ran0O()

The other random number generatess1, ran2 andran3 are described in detail in Ref. [37]. Here
we limit ourselves to study selected properties of thesexgars.

11.3.1 Properties of selected random number generators

As mentioned previously, the underlying PDF for the genenabf random numbers is the uniform
distribution, meaning that the probability for finding a noenz in the interval [0,1] isp(z) = 1.

A random number generator should produce numbers whicbumly distributed in this interval. Table
I3 shows the distribution df = 10000 random numbers generated by the functions in the program
library. We note in this table that the number of points in¥aeous interval$.0 — 0.1, 0.1 — 0.2 etc

are fairly close tal 000, with some minor deviations.

Two additional measures are the standard deviatiand the meap = (z).

For the uniform distribution, the mean valuds then

while the standard deviation is

= 0.2886.

The various random number generators produce results vegode rather well with these limiting
values.

There are many other tests which can be performed. Oftentariof the numbers generated may
reveal possible patterns.

Since our random numbers, which are typically generated lireear congruential algorithm, are never
fully independent, we can then define an important test winiehsures the degree of correlation, namely
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Table 11.3: Number of-values for various intervals generated by 4 random numbeeigtors, their cor-
responding mean values and standard deviations. All alons have been initialized with the variable
idum = —1.

328

z-bin ran0 ranl ran2 ran3
0.0-0.1 1013 991 938 1047
0.1-0.2 1002 1009 1040 1030
0.2-0.3 989 999 1030 993
0.3-0.4 939 960 1023 937
0.4-0.5 1038 1001 1002 992
0.5-0.6 1037 1047 1009 1009
0.6-0.7 1005 989 1003 989
0.7-0.8 986 962 985 954
0.8-0.9 1000 1027 1009 1023
0.9-1.0 991 1015 961 1026
1 0.4997 0.5018 0.4992 0.4990

o 0.2882 0.2892 0.2861 0.2915

the so-called auto-correlation function defined previgusge again EqL{IT2.3). We rewrite it here as

fa

o2’

Cy =

with Cy = 1. Recall thav? = (2?) — (z;)2. The non-vanishing of’;. for k£ # 0 means that the random
numbers are not independent. The independence of the ramdiminers is crucial in the evaluation of
other expectation values. If they are notindependent,ssuraption for approximatingy in Eq. (I1.5)

is no longer valid.

Figured[ITB compares the auto-correlation function catedl fromran0 andranl. As can be seen, the
correlations are non-zero, but small. The fact that cotitela are present is expected, since all random
numbers do depend in some way on the previous numbers.

11.4 Improved Monte Carlo integration

In sectior”ITH we presented a simple brute force approaokegration with the Monte Carlo method.
There we sampled over a given number of points distributédumly in the intervall0, 1]

1 N 1 N
1= [ fode = et = 5 301w = )

with the weightso;, = 1.

Here we introduce two important topics which in most casggave upon the above simple brute force
approach with the uniform distributiop(«) = 1 for € [0,1]. With improvements we think of a
smaller variance and the need for fewer Monte Carlo samplémugh each new Monte Carlo sample
will most likely be more times consuming than correspondings of the brute force method.

— The first topic deals with change of variables, and is linleethe cumulative functiod(z) of a
PDFp(x). Obviously, not all integration limits go from = 0 to « = 1, rather, in physics we are
often confronted with integration domains likec [0, 00) or z € (—o0, 00) etc. Since all random
number generators give numbers in the intesval [0, 1], we need a mapping from this integration
interval to the explicit one under consideration.
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Figure 11.3: Plot of the auto-correlation functiéh for variousk-values forN = 10000 using the random
number generatorsin0 andranl.

— The next topic deals with the shape of the integrand itsedft us for the sake of simplicity just
assume that the integration domain is again from 0 to =z = 1. If the function to be integrated
f(x) has sharp peaks and is zero or small for many values®f0, 1], most samples of (x) give
contributions to the integrdl which are negligible. As a consequence we need niérsamples
to have a sufficient accuracy in the region whg¢(e) is peaked. What do we do then? We try to
find a new PDFp(z) chosen so as to matgt{z) in order to render the integrand smooth. The new
PDF p(z) has in turn anc domain which most likely has to be mapped from the domain ef th
uniform distribution.

Why care at all and not be content with just a change of vagsainl cases where that is needed? Below
we show several examples of how to improve a Monte Carlo matemn through smarter choices of
PDFs which render the integrand smoother. However oneiclagample from quantum mechanics
illustrates the need for a good sampling function.

In quantum mechanics, the probability distribution fuantis given byp(x) = ¥(z)*¥(x), where
U (z) is the eigenfunction arising from the solution of e.g., tineetindependent Schrédinger equation.
If ¥(x) is an eigenfunction, the corresponding energy eigenvalgaen by

H(2)¥(z) = EY(x),

where H(x) is the hamiltonian under consideration. The expectatidnevaf H, assuming that the
quantum mechanical PDF is normalized, is given by

We could insertl () /¥ (x) right to the left of H and rewrite the last equation as

(H) = /d:v\I!(:v)*\I/(x) g((;”)) U(z), (11.21)
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or
(H) = / dap(a) 1 (z),

which is on the form of an expectation value with

The crucial point to note is that if(z) is the exact eigenfunction itself with eigenvalBe then H (z)
reduces just to the constaftand we have

(H) = / dap(z)E = E,

sincep(z) is normalized.

However,in most cases of interest we do not have the edacBut if we have made a clever choice
for ¥(z), the expressioitl () exhibits a smooth behavior in the neighbourhood of the esalcttion.
The above example encompasses the main essence of the Mola@kilosophy. Itis a trial approach,
where intelligent guesses lead to hopefully better results

11.4.1 Change of variables

The starting point is always the uniform distribution

dr 0<z<1

m@m_{ )

else

/Zp@MI—L

All random number generators provided in the program lippganerate numbers in this domain.

with p(x) = 1 and satisfying

When we attempt a transformation to a new variable y we have to conserve the probability
p(y)dy = p(z)dz,
which for the uniform distribution implies

p(y)dy = du.

Let us assume that(y) is a PDF different from the uniform PDp{(z) = 1 with =z € [0,1]. If we
integrate the last expression we arrive at

Y
x(y) = / p(y")dy',
0
which is nothing but the cumulative distributiongfy), i.e.,
Y / /
o(0) = P) = [ 00’
0

This is an important result which has consequences for eaéimhprovements over the brute force
Monte Carlo.

To illustrate this approach, let us look at some examples.
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Transformed uniform distribution

Suppose we have the general uniform distribution

A g <y<b
dy =4 b-e 7=
p(y)dy { 0

else

If we wish to relate this distribution to the one in the int&rv € [0, 1] we have
dy
p(y)dy = = dz,

T b—a

and integrating we obtain the cumulative function
Yy dy/
o) = [ 72

y=a+ (b—a)z,

yielding
a well-known result!

Exponential distribution

Assume that
p(y) = exp (—y),
which is the exponential distribution, important for theadysis of e.g., radioactive decay. Agajrx)

is given by the uniform distribution witl: € [0, 1], and with the assumption that the probability is
conserved we have

p(y)dy = exp (—y)dy = duz,
which yields after integration

z(y) = Py) = /y exp (—y')dy’ =1 — exp (~y),
0
or
y(z) = —=in(1 — ).

This gives us the new random variahjen the domainy € [0, c0) determined through the random
variablex € [0, 1] generated by functions likexn0.

This means that if we can factor osstp (—y) from an integrand we may have

I= /OOO F(y)dy—/ooo exp (—y)G(y)dy

which we rewrite as

o'} 1 1 N
|, v vewi= [ o = 5 3Gt

wherezx; is a random number in the interval [0,1]. We have changeditagration limits in the second
integral, since we have performed a change of variablexeSire have used the uniform distribution
defined forz € [0, 1], the integration limits change tband1. The variabley is now a function ofx.
Note also that in practical implementations, our random lpeingenerators for the uniform distribution
never return exactly O or 1, but we we may come very close. Waldthus in principle set € (0, 1).

The algorithm for the last example is rather simple. In thecfion which sets up the integral, we simply
need to call one of the random number generatorsiike), ranl, ran2 or ran3 in order to obtain
numbers in the interval [0,1]. We obtajnby the taking the logarithm oft — ). Our calling function
which sets up the new random variablenay then include statements like
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idum=-1;
x=ran0 (&idum) ;
=-log(1l.-x);

Another example

Another function which provides an example for a PDF is

dy

p(y)dy = m7

with n > 1. It is normalizable, positive definite, analytically integle and the integral is invertible,
allowing thereby the expression of a new variable in termtefld one. The integral

/OO dy B 1

o atby™  (n—Dpan 1
gives

(n — 1)ba™1

dy,
(atoy)r Y

p(y)dy =
which in turn gives the cumulative function

n — 1)ba™ 1 m

x(y)_P(y)_/Oy((a—i—W

resulting in
1
= 1 -_—_—
=) (1 +b/ay) =1’

or
y= % ((1 — )"V 1) .

With the random variable € [0, 1] generated by functions likean0, we have again the appropriate
random variable for a new PDF.

Normal distribution
For the normal distribution, expressed here as

9(x,y) = exp (—(2* + y*)/2)dxdy.

it is rather difficult to find an inverse since the cumulativstidbution is given by the error function
erf(z).
If we however switch to polar coordinates, we haved@ndy

_1E

)1/2 0 = tan ,
Yy

r= (x2 + y2
resulting in
g(r,0) = rexp (—r?/2)drdd,

where the anglé could be given by a uniform distribution in the regifth2=]. Following example 1
above, this implies simply multiplying random numbers [0, 1] by 27. The variabler, defined for
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r € [0,00) needs to be related to to random numberg [0, 1]. To achieve that, we introduce a new
variable

and define a PDF
exp (—u)du,

with u € [0, 00). Using the results from example 2, we have that
u=—In(l—21a'),
wherez’ is a random number generated fiére [0, 1]. With
x = rcos(0) = v2ucos(0),

and

y = rsin(0) = V2usin(6),
we can obtain new random numbets, through
x =+/—2In(1l — 2")cos(0),

and
y =/ —2In(1 — x")sin(H),
with 2’ € [0, 1] andd € 270, 1].

A function which yields such random numbers for the normsiriiution would include statements like

radius=sqrt(-2+«ln(1l.-ran®(idum)));
theta=2*pixran0(idum);
x=radiusx*cos(theta);
y=radiusxsin(theta);

11.4.2 Importance sampling

With the aid of the above variable transformations we addresv one of the most widely used ap-
proaches to Monte Carlo integration, namely importanceptiag

Let us assume that(y) is a PDF whose behavior resembles that of a functiodefined in a certain
interval [a, b]. The normalization condition is

/abp(y)dy =1

We can rewrite our integral as

I=/abF(y)dy=/abp(y)—dy-

This integral resembles our discussion on the evaluatidineoénergy for a quantum mechanical system

in Eq. (TT21).
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Since random numbers are generated for the uniform disimibbw(z) with z € [0,1], we need to
perform a change of variables— y through

x@:/%wmn

where we used
p(x)dz = dx = p(y)dy.
If we can invertz(y), we findy(z) as well.
With this change of variables we can express the integratjio{ELZ2) as

b b
Fy) F(y(x))
I=/py—dy=/ dz,
A )
meaning that a Monte Carlo evalutaion of the above integvalsg
b N
yﬁmed1§:ﬂwm>
xTr = — _— .
a P(y(x)) N < p(y(x:))
Note the well the change in integration limits frenandb to a andb. The advantage of such a change of
variables in casg(y) follows closelyF is that the integrand becomes smooth and we can sample over

relevant values for the integrand. It is however not trivgafind such a functiop. The conditions op
which allow us to perform these transformations are

(a) pis normalizable and positive definite,
(b) itis analytically integrable and
(c) the integral is invertible, allowing us thereby to exgg@ new variable in terms of the old one.

The variance is now with the definition

given by

The algorithm for this procedure is

— Use the uniform distribution to find the random variaplm the interval [0,1]. The functiop(x)
is a user provided PDF.

— Evaluate thereafter

p(z)
by rewriting ) '
F(z) 7 F(z(y))
[ rerse= [ e
since J
= = pla).

— Perform then a Monte Carlo sampling for

PFy) ;1 es Fla(y)
épmm@“N;mmm’

2

with Y; € [O, 1],
— and evaluate the variance as well according to EqQ._(111.4.2).
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11.4.3 Acceptance-Rejection method

This is rather simple and appealing method after von Neumakssume that we are looking at an
intervalz € [a,b], this being the domain of the PD)x). Suppose also that the largest value our
distribution function takes in this interval i/, that is

plxz) <M x € [a, bl.

Then we generate a random numbdrom the uniform distribution for: € [a, ] and a corresponding
numbers for the uniform distribution betweeld, M]. If

p(x) > s,

we accept the new value of else we generate again two new random numbensds and perform the
test in the latter equation again.

As an example, consider the evaluation of the integral

3
Iz/ exp (z)dz.
0

Obviously to derive it analytically is much easier, howetrer integrand could pose some more difficult
challenges. The aim here is simply to show how to implent twptance-rejection algorithm. The
integral is the area below the curyéxz) = exp (z). If we uniformly fill the rectangle spanned by
x € [0,3] andy € [0, exp (3)], the fraction below the curve obtained from a uniform disition, and
multiplied by the area of the rectangle, should approxintatechosen integral. It is rather easy to
implement this numerically, as shown in the following code.

Acceptance-Rejection algorithm

// Loop over Monte Carlo trials n
integral =0.;
for (int i =1; i <= n; i++){
// Finds a random value for x in the interval [0, 3]
X = 3xran0(&idum);
// Finds y-value between [0,exp(3)]
y = exp(3.0)*ran0(&idum);
// 1if the value of y at exp(x) is below the curve, we accept
if (y < exp(x)) s = s+ 1.0;
// The integral is area enclosed below the line f(x)=exp(x)
}
// Then we multiply with the area of the rectangle and divide by the number of cycles
Integral = 3.xexp(3.)*s/n

11.5 Monte Carlo integration of multidimensional integral

When we deal with multidimensional integrals of the form

1 1 1
I:/ d:vl/ dCCQ/ dxdg(xl,...,xd),
0 0 0

with z; defined in the intervdk;, b;] we would typically need a transformation of variables offibven
x; = a; + (b — a;)ts,
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if we were to use the uniform distribution on the interf¢gll]. In this case, we need a Jacobi determinant

d

H(bi —a;),

=1

and to convert the functiof(z1, . . ., z4) to
g(x1,...,2q) — glar + (b1 —a1)t1,...,aq + (ba — ag)ta).

As an example, consider the following six-dimensionalgnad

/ dxdyg(x,y),

where
g(x,y) =exp (—x* — y* — (x —y)?/2),
with d = 6.

We can solve this integral by employing our brute force salean using importance sampling and
random variables distributed according to a gaussian P@RhE latter, if we set the mean value= 0
and the standard deviatien= 1/+/2, we have

% exp (—2?),
and using this normal distribution we rewrite our integial a
3 ‘ 1 2 2
v /Zl:[l <ﬁ exp (—:171-)> exp(—(x —y)*/2)dx;. .. .dxg,
which is rewritten in a more compact form as
/f(:cl, oo xg)Fxy, .o xq) Hda:l-,

wheref is the above normal distribution and
F(Ila"'axﬁ) = F(Xay) :exp—(x—y2/2,

Below we list two codes, one for the brute force integrationd the other employing importance sam-
pling with a gaussian distribution.

11.5.1 Brute force integration

http://www.fys.ulo.no/compphys/cp/programs/FYS3150/chapter08/cpp/program4.cpp
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#include <iostream>
#include <fstream>
#include <iomanip>
#include "lib.h"
using namespace std;

double brute_force_MC(double x);
// Main function begins here
int main()

{



http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program4.cpp
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int n;
double x[61, y, fx;
double int_mc = 0.; double variance = 0.;
double sum_sigma= 0. ; long idum=-1 ;
double length=5.; // we fix the max size of the box to L=5
double volume=pow((2+length),6);
cout << "Read in the number of Monte-Carlo samples" << endl;
cin >> n;
// evaluate the integral with importance sampling
for ( int i =1; i <= n; i++){
// x[] contains the random numbers for all dimensions
for (int j = 0; j< 6; j++) {
x[j]=-length+2xlength*xran0(&idum);
}
fx=brute_force_MC(x);
int_mc += fx;
sum_sigma += fx*xfx;
}
int_mc = int_mc/((double) n );
sum_sigma = sum_sigma/((double) n );
variance=sum_sigma-int_mcx*xint_mc;
// final output
cout << setiosflags(ios::showpoint | ios::uppercase);

cout << " Monte carlo result= " << setw(10) << setprecision(8) << volumexint_mc;

cout << " Sigma= " << setw(10) << setprecision(8) << volumexsqrt(variance/((double) n ))
<< endl;

return 0;

} // end of main program
// this function defines the integrand to integrate

double brute_force_MC(double *x)
{
double a = 1.; double b = 0.5;
// evaluate the different terms of the exponential
double xx=x[0]1*x[O1+x[1]*x[1]+x[2]*x[2];
double yy=x[31*x[31+x[4]1*x[4]+x[5]*x[5];
double xy=pow((x[0]-x[31),2)+pow((x[1]-x[4]),2)+pow((x[2]-%x[5]),2);
return exp(-axxx-axyy-bxxy);
} // end function for the integrand

11.5.2 Importance sampling

This code includes a call to the functiermal_random, which produces random numbers from a
gaussian distribution.

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@8/cpp/program5. cpp

// importance sampling with gaussian deviates
#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

double gaussian_MC(double x);
double gaussian_deviate(long *);
// Main function begins here
int main()
{
int n;
double x[61, y, fx;
cout << "Read in the number of Monte-Carlo samples" << endl;
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cin >> n;
double int_mc = 0.; double variance = 0.;
double sum_sigma= 0. ; long idum=-1 ;

double length=5.; // we fix the max size of the box to L=5
double volume=pow(acos(-1.),3.);
double sqrt2 = 1./sqrt(2.);
// evaluate the integral with importance sampling
for (int i =1; i <= n; i++){
// Xx[] contains the random numbers for all dimensions
for (int j =0; j < 6; j++) {
x[j] = gaussian_deviate(&idum)x*sqrt2;
}
fx=gaussian_MC(x);
int_mc += fx;
sum_sigma += fx*xfx;
}
int_mc = int_mc/((double) n );
sum_sigma = sum_sigma/((double) n );
variance=sum_sigma-int_mc*xint_mc;
// final output
cout << setiosflags(ios::showpoint | ios::uppercase);

cout << " Monte carlo result= " << setw(10) << setprecision(8) << volumexint_mc;

cout << " Sigma= " << setw(1l0) << setprecision(8) << volumexsqrt(variance/((double) n ))
<< endl;

return 0;

} // end of main program
// this function defines the integrand to integrate

double gaussian_MC(double *x)

{
double a = 0.5;

// evaluate the different terms of the exponential
double xy=pow((x[0]1-x[31),2)+pow((x[1]-x[4]1),2)+pow((x[2]-%x[5]),2);
return exp(-axxy);

} // end function for the integrand

// random numbers with gaussian distribution
double gaussian_deviate(long * idum)
{

static int iset = 0;

static double gset;

double fac, rsq, vl, v2;

if ( idum < 0) iset =0;
if (iset == 0) {

do {
vl = 2.xran@(idum) -1.0;
v2 = 2.xranO(idum) -1.0;

rsq = vlxv1l+v2xv2;
} while (rsq >= 1.0 || rsq == 0.);
fac = sqrt(-2.xlog(rsq)/rsq);
gset = vlxfac;
iset = 1;
return v2xfac;
} else {
iset =0;
return gset;

}

} // end function for gaussian deviates
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The following table lists the results from the above two pergs as function of the number of Monte
Carlo samples. The suffer stands for the brute force approach whitestands for the use of a Gaussian
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distribution function. One sees clearly that the approattha Gaussian distribution function yields a
much improved numerical result, with fewer samples.

Table 11.4: Results as function of number of Monte Carlo das\y. The exact answer i =~ 10.9626
for the integral. The suffixr stands for the brute force approach whjléstands for the use of a Gaussian
distribution function. All calculations use ran0Q as fuoctto generate the uniform distribution.
N Icr Igd
10000 1.15247E+01 1.09128E+01
100000 1.29650E+01 1.09522E+01
1000000 1.18226E+01 1.09673E+01
10000000 1.04925E+01 1.09612E+01

11.6 Classes for random number generators

We end this chapter with presenting a possible class folgusindom number genrerators. The class
consists of five files, one which defines the random numbermrgts, random.h and four separate files
Ran0.h, Ranl.h, Ran2.h and Ran3.h discussed in the texisMiete only the definitions contained in
random.h. The file is well commented and all information isteined within the file itself.

The file random.h

/*%

* @file Random.h

* @class Random

*

* Interface for random number generators (RNG). The particular RNG are
* implemented in the various subclasses.

*

*xk/

#ifndef RANDOM_H
#define RANDOM_H

class Random{
protected:
long seed;

public:
/*%
* @brief Constructor.
*
* @param seed_ A negative long integer. If none is given, seed takes the default value -1.
*xk/
Random(long seed_=-1): seed(seed_){}

//! Destructor
virtual ~Random();

/*%

* This function is useful in cases where it is necessary to take care of the seed in order
* to reproduce experiments with the same sequences.

*

* @return The seed used during the initialization of the Random Number Generator.

*k/

long getSeed()const{return seed;}

339



Outline of the Monte Carlo strategy

//! Modify the seed.
virtual reseed(long seed_){seed = seed_;}

/*k
* @return A random number from a particular Random Number Generator
* implemented in the subclasses.
*k/
virtual double sample()=0;
+
#inline Random::~Random(){}
#endif

11.7 Exercises and projects

Exercise 11.1: Cumulative functions

Calculate the cumulative functiod®(z) for the binomial and the Poisson distributions and theii-var
ances.

Exercise 11.2: Random number algorithm
Make a program which computes random numbers accordingtalgforithm of Marsaglia and Zaman,

Egs. [IT.Ib) and(IT116). Compute the correlation funafigrand compare with the auto-correlation
function from the functiomran0.

Exercise 11.3: Normal distribution and random numbers

Make a functiomormal_random which computes random numbers for the normal distributasehl
on random numbers generated from the functien0.

Exercise 11.4: Exponential distribution and random nursber

Make a functiorexp_random which computes random numbers for the exponential digtabw(y) =
e~ Y based on random numbers generated from the functiof.

Exercise 11.5: Monte Carlo integration

1 2
I:/ e " dx,
0

using brute force Monte Carlo with(z) = 1 and importance sampling wif(z) = ae~* where
a is a constant.

(a) Calculate the integral

(b) Calculate the integral

i 1
1= —d
/0 x2 + cos?(x) “

with p(z) = ae™* wherea is a constant. Determine the valueaoivhich minimizes the variance.
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Project 11.1: Decay of'°Bi and?'°Po

In this project we are going to simulate the radioactive glerfathese nuclei using sampling through
random numbers. We assume that at 0 we haveNx (0) nuclei of the typeX which can decay
radioactively. At a given time we are left withNx (¢) nuclei. With a transition rate x, which is the
probability that the system will make a transition to anotstate during a time step of one second, we
get the following differential equation

dNX (t) = —WXNX (t)dt,

whose solution is
Nx(t) = Nx(O)e_th,

and where the mean lifetime of the nuclexiss
1

T=—.
wx

If the nucleusX decays td", which can also decay, we get the following coupled equation

dNx(t)

— —wyNx(t
dt wx X()a

and
dNy (t)

dt

We assume that at= 0 we haveNy (0) = 0. In the beginning we will have an increase/®{ nuclei,
however, they will decay thereafter. In this project we ket nucleus’'Bi representX. It decays
through3-decay to®>'°Po, which is the” nucleus in our case. The latter decays through emision of an
a-particle to?°6Pb, which is a stable nucleu$'°Bi has a mean lifetime of 7.2 days whité’Po has a
mean lifetime of 200 days.

= —wy Ny (t) + wx Nx(t).

a) Find analytic solutions for the above equations assucongjnuous variables and setting the num-
ber of21°Po nuclei equal zero at= 0.

b) Make a program which solves the above equations. Whatéasonable choice of timestép?
You could use the program on radioactive decay from the vwagief the course as an example
and make your own for the decay of two nuclei. Compare thdteBom your program with the
exact answer as function &fx (0) = 10, 100 and1000. Make plots of your results.

c) When?'9Po decays it produces anparticle. At what time does the production efparticles
reach its maximum? Compare your results with the analytesdar Nx (0) = 10, 100 and1000.

Project 11.2: Numerical integration of the correlation egg of the helium atom

The task of this project s to integrate in a brute force maarsx-dimensional integral which is used to
determine the ground state correlation energy betweenl@etrens in a helium atom. We will employ
both Gauss-Legendre quadrature and Monte-Carlo integraturthermore, you will need to parallelize
your code for the Monte-Carlo integration.

We assume that the wave function of each electron can be teddik&k the single-particle wave function
of an electron in the hydrogen atom. The single-particleedfawnction for an electrofiin the 1s state is
given in terms of a dimensionless variable (the wave fumasaot properly normalized)

r, = x;€, + Yi€y + Zi€yz,

as
P1s(r;) = e,
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wherea is a parameter and

ri =\/x? +y?+ 22

We will fix o = 2, which should correspond to the charge of the helium atom 2.

The ansatz for the wave function for two electrons is theeigiyy the product of twas wave functions
as
U(ry,ry) = e (72,

Note that it is not possible to find an analytic solution to iSclinger’s equation for two interacting
electrons in the helium atom.

The integral we need to solve is the quantum mechanical éxp@t value of the correlation energy
between two electrons, namely

1 e 1

Ly / drydrpe—20ttr) 1 (11.22)
r1 — 1o . r1 — 12

Note that our wave function is not normalized. There is a radization factor missing, but for this

project we don’t need to worry about that.

a) Use Gauss-Legendre quadrature and compute the intggrgtelgrating for each variabley, v,
21, X2, Y2, 22 from —oo to co. How many mesh points do you need before the results corsvatge
the level of the fourth leading digit? Hint: the single-peld wave functiore=®": is more or less
zero atr; ~ 10 — 15. You can therefore replace the integration limitsoc andoo with —10 and
10, respectively. You need to check that this approximatiaatssfactory.

b) Compute the same integral but now with brute force MontdaCand compare your results with
those from the previous point. Discuss the differencesh\WWitice force we mean that you should
use the uniform distribution.

¢) Improve your brute force Monte Carlo calculation by usimgportance sampling. Hint: use the
exponential distribution. Does the variance decrease® BmeCPU time used compared with the
brute force Monte Carlo decrease in order to achieve the samgacy? Comment your results.

d) Parallelize your code from the previous point and complaeeCPU time needed with that from
point [c)]. Do you achieve a good speedup?

e) The integral of EQI{TI22) has an analytical expressiam you find it?



Chapter 12

Random walks and the Metropolis
algorithm

Nel mezzo del cammin di nostra vita, mi ritrovai per una selseaura, ché la diritta via
era smarrita. (Divina Commedia, Inferno, Canto |, 15@nte Alighieri

The way that can be spoken of is not the constant way. (Tao TegCBook I, I.1)Lao
Tzu

12.1 Motivation

In the previous chapter we discussed technical aspects aféMarlo integration such as algorithms
for generating random numbers and integration of multidisrenal integrals. The latter topic served to
illustrate two key topics in Monte Carlo simulations, naynalproper selection of variables and impor-
tance sampling. An intelligent selection of variables, disampling techniques and guiding functions
can be crucial for the outcome of our Monte Carlo simulatidisamples of this will be demonstrated in
the chapters on statistical and quantum physics applitatidere we make a detour from this main area
of applications. The focus is on diffusion and random walkse rationale for this is that the tricky part
of an actual Monte Carlo simulation resides in the appropisalection of random states, and thereby
numbers, according to the probability distribution (PDEhand. With appropriate there is however
much more to the picture than meets the eye.

Suppose our PDF is given by the well-known normal distrinuti Think of for example the velocity
distribution of an ideal gas in a container. In our simulasiove could then accept or reject new moves
with a probability proportional to the normal distributiofhis would parallel our example on the sixth
dimensional integral in the previous chapter. Howeverhis tase we would end up rejecting basically
all moves since the probabilities are exponentially snralniost cases. The result would be that we
barely moved from the initial position. Our statistical eages would then be significantly biased and
most likely not very reliable.

Instead, all Monte Carlo schemes used are based on Markoegses in order to generate new random
states. A Markov process is a random walk with a selectedatnitty for making a move. The new
move is independent of the previous history of the systerne Nlarkov process is used repeatedly in
Monte Carlo simulations in order to generate new randonestatl he reason for choosing a Markov
process is that when it is run for a long enough time startiith & random state, we will eventually
reach the most likely state of the system. In thermodynarthis means that after a certain number of
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Markov processes we reach an equilibrium distributionsThimicks the way a real system reaches its
most likely state at a given temperature of the surroundings

To reach this distribution, the Markov process needs to slveymportant conditions, that of ergodicity
and detailed balance. These conditions impose consti@intsir algorithms for accepting or rejecting
new random states. The Metropolis algorithm discussed dlgides to both these constraints and is
discussed in more detail in Sectibn12.5. The Metropolisritlgm is widely used in Monte Carlo
simulations of physical systems and the understanding refsiis within the interpretation of random
walks and Markov processes. However, before we do that veaissthe intimate link between random
walks, Markov processes and the diffusion equation. IneediZ3 we show that a Markov process is
nothing but the discretized version of the diffusion equatiDiffusion and random walks are discussed
from a more experimental point of view in the next section.efehwe show also a simple algorithm
for random walks and discuss eventual physical implicatiowe end this chapter with a discussion
of one of the most used algorithms for generating new stegrmety the Metropolis algorithm. This
algorithm, which is based on Markovian random walks sasdfieth the ergodicity and detailed balance
requirements and is widely in applications of Monte Carlmdations in the natural sciences. The
Metropolis algorithm is used in our studies of phase tréonsitin statistical physics and the simulations
of quantum mechanical systems.

12.2 Diffusion equation and random walks

Physical systems subject to random influences from the arnb#ve a long history, dating back to the
famous experiments by the British Botanist R. Brown on pobé different plants dispersed in water.
This lead to the famous concept of Brownian motion. In gelneraall fractions of any system exhibit
the same behavior when exposed to random fluctuations of ddtum. Although apparently non-
deterministic, the rules obeyed by such Brownian systembaad out within the framework of diffusion
and Markov chains. The fundamental works on Brownian motrere developed by A. Einstein at the
turn of the last century.

Diffusion and the diffusion equation are central topicsatibPhysics and Mathematics, and their ranges
of applicability span from stellar dynamics to the diffusiof particles governed by Schrédinger’s equa-
tion. The latter is, for a free particle, nothing but the déffon equation in complex time!

Let us consider the one-dimensional diffusion equation sty a large ensemble of particles perform-
ing Brownian motion along the-axis. There is no interaction between the particles.

We definew(x, t)dx as the probability of finding a given number of particles irirgerval of lengthdx
inz € [z, z + dx] at a timet. This quantity is our probability distribution functionfF). The quantum
physics equivalent of)(z, t) is the wave function itself. This diffusion interpretatiohSchrddinger’s
equation forms the starting point for diffusion Monte Cadchniques in quantum physics.

Good overview texts are the books of Robert and Casella anat$és, see Refs. [62, 68].

12.2.1 Diffusion equation

From experiment there are strong indications that the flusaoficles;(z, t), viz., the number of par-
ticles passing: at a timet is proportional to the gradient af(x,¢). This proportionality is expressed
mathematically through

(12.1)
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where D is the so-called diffusion constant, with dimensionalgngt? per time. If the number of
particles is conserved, we have the continuity equation

9j(z,t) _ Ow(z,?)

or ot (12.2)
which leads to .1) 2 (1)
ow(z,t)  _07w(x,t

T D I (12.3)

which is the diffusion equation in one dimension.

With the probability distribution functiom (z, t)dz we can use the results from the previous chapter to
compute expectation values such as the mean distance

(x()) = /_OO zw(z,t)dz, (12.4)
or o
(z2(t)) :[ 2?w(z, t)d, (12.5)

which allows for the computation of the variangé = (22(¢)) — (z(¢))?. Note well that these expec-
tation values are time-dependent. In a similar way we cam dddine expectation values of functions

f(z,t) as
(f(z, 1)) :/_ f(z, t)w(x, t)dx. (12.6)

Sincew(z, t) is now treated as a PDF, it needs to obey the same criterissagsdied in the previous
chapter. However, the normalization condition

/00 w(z,t)de =1 (12.7)

— 0o

imposes significant constraints arfz, t). These are

w(x = +o0,t) =0 M|zzim =0, (12.8)
oz
implying that when we study the time-derivativéx(t)) /0t, we obtain after integration by parts and
using Eq.[IZ3)
Nx) [ ow(x,t), < 9%w(w,t)
9% = /_OO Y der=D /_OO T3 dz, (12.9)
leading to
ox) | Ow(x,t) ° Qw(z,t)
implying that
Ox) _
5 = 0. (12.112)

This means in turn thatx) is independent of time. If we choose the initial positioft = 0) = 0,
the average displacemefit) = 0. If we link this discussion to a random walk in one dimension
with equal probability of jumping to the left or right and Wwitan initial positionz = 0, then our
probability distribution remains centered aroufad = 0 as function of time. However, the variance
is not necessarily 0. Consider first

o) . ,0w(w,t) < Ow(x,t)
ar 0T, |”:i°°_2D/,OO“’ Fra

(12.12)
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Figure 12.1: Time development of a normal distribution witltiances? = 2Dt and withD = 1m?/s. The
solid line represents the distributiontat 2s while the dotted line stands for= 8s.
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where we have performed an integration by parts as we dicflﬁf. A further integration by parts
results in

{x?) e
Erale —Dzw(z,t)|s=too + 2D w(x,t)de = 2D, (12.13)
leading to
(z?) = 2Dt, (12.14)
and the variance as
(x?) — (x)? = 2Dt. (12.15)

The root mean square displacement after a timsehen

V{(@?) — ()2 = V2Dt. (12.16)

This should be contrasted to the displacement of a freegpautiith initial velocityvg. In that case the
distance from the initial position after a timés z(¢t) = vt whereas for a diffusion process the root mean
square value is/(x2) — (x)2 « +/t. Since diffusion is strongly linked with random walks, weutd
say that a random walker escapes much more slowly from thngtgoint than would a free particle.
We can vizualize the above in the following figure. In FIgZl®e have assumed that our distribution is
given by a normal distribution with varianeé = 2Dt, centered ai = 0. The distribution reads

72

1
IR NN
V0 P i

Atatimet = 2sthe new variance is> = 4Ds, implying that the root mean square valug/gz?) — ()2 =

2v/D. At a further timet = 8 we have,/(z2) — ()2 = 4y/D. While time has elapsed by a factor of

4, the root mean square has only changed by a factor of 2[Ff.detnonstrates the spreadout of the
distribution as time elapses. A typical example can be tffasion of gas molecules in a container or

the distribution of cream in a cup of coffee. In both cases areassume that the the initial distribution

is represented by a normal distribution.

w(x, t)dr = )d. (12.17)
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Figure 12.2: One-dimensional walker which can jump eitbaht left or to the right. Every step has length
Az =1.

12.2.2 Random walks

Consider now a random walker in one dimension, with proligthit of moving to the right and. for
moving to the left. Att = 0 we place the walker at = 0, as indicated in Fid_I2.2. The walker can
then jump, with the above probabilities, either to the leftmthe right for each time step. Note that
in principle we could also have the possibility that the vealkemains in the same position. This is not
implemented in this example. Every step has lenyth= [. Time is discretized and we have a jump
either to the left or to the right at every time step. Let us rm@sume that we have equal probabilities
for jumping to the left or to the right, i.e, = R = 1/2. The average displacement aftetime steps is

(@(n)) =Y Az; =0 Az; = +l, (12.18)
since we have an equal probability of jumping either to ttiedeto right. The value ofz(n)?) is
1#]

(x(n)?) = <i Axi> (i ij> = i Az + i Az;Az; = I*n. (12.19)

For many enough steps the non-diagonal contribution is

N
> AwiAz; =0, (12.20)
i#]
sinceAx; ; = +l. The variance is then
(x(n)?) — (z(n))* = I*n. (12.21)

It is also rather straightforward to compute the variancefe4 R. The resultis
(x(n)?) — (z(n))? = 4LRI*n. (12.22)

In Eq. (IZ21) the variable represents the number of time steps. If we define ¢/At, we can then
couple the variance result from a random walk in one dimensiith the variance from the diffusion
equation of EqI{IZ15) by defining the diffusion constant as

l2

(12.23)

In the next section we show in detail that this is the case.

The program below demonstrates the simplicity of the omeedisional random walk algorithm. It is
straightforward to extend this program to two or three digiens as well. The input is the number of
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time steps, the probability for a move to the left or to théatignd the total number of Monte Carlo sam-
ples. It computes the average displacement and the varfianoae random walker for a given number
of Monte Carlo samples. Each sample is thus to be considsregeexperiment with a given number of
walks. The interesting part of the algorithm is describetthafunctiomc_sampling. The other functions
read or write the results from screen or file and are similatrincture to programs discussed previously.
The main program reads the name of the output file from scredrsets up the arrays containing the
walker’s position after a given number of steps. The cowadmg program for a two-dimensional
random walk (not listed in the main text) is found under pergs/chapter9/program2.cpp

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@9/cpp/programl.cpp

/%
1-dim random walk program.
A walker makes several trials steps with
a given number of walks per trial

*/

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// Function to read in data from screen, note call by reference
void initialise(int&, int&, double&) ;

// The Mc sampling for random walks

void mc_sampling(int, int, double, int %, int x);

// prints to screen the results of the calculations

void output(int, int, int %, int x);

int main()
{
int max_trials, number_walks;
double move_probability;
// Read in data
initialise(max_trials, number_walks, move_probability) ;
int xwalk_cumulative = new int [number_walks+1];
int xwalk2_cumulative = new int [number_walks+1];
for (int walks = 1; walks <= number_walks; walks++){
walk_cumulative[walks] = walk2_cumulative[walks] = 0;
} // end initialization of vectors
// Do the mc sampling
mc_sampling(max_trials, number_walks, move_probability,
walk_cumulative, walk2_cumulative);
// Print out results
output(max_trials, number_walks, walk_cumulative,
walk2_cumulative);
delete [] walk_cumulative; // free memory
delete [] walk2_cumulative;
return 0;
} // end main function

The input and output functions are

void initialise(int& max_trials, int& number_walks, double& move_probability)
{

cout << "Number of Monte Carlo trials =";

cin >> max_trials;

cout << "Number of attempted walks=";

cin >> number_walks;

cout << "Move probability=";

cin >> move_probability;
} // end of function initialise
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void output(int max_trials, int number_walks,
int *walk_cumulative, int xwalk2_cumulative)
{
ofstream ofile("testwalkers.dat");
for( int i = 1; i <= number_walks; i++){
double xaverage = walk_cumulative[i]/((double) max_trials);
double x2average = walk2_cumulative[i]/((double) max_trials);
double variance = x2average - Xxaveragexxaverage;
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(6) << i;
ofile << setw(15) << setprecision(8) << xaverage;
ofile << setw(15) << setprecision(8) << variance << endl;
}
ofile.close();
} // end of function output

The algorithm is in the functiofic_sampling and tests the probability of moving to the left or to the right

by generating a random number.

void mc_sampling(int max_trials, int number_walks,
double move_probability, int *walk_cumulative,
int xwalk2_cumulative)
{
long idum;
idum=-1; // initialise random number generator
for (int trial=1l; trial <= max_trials; trial++){
int position = 0;
for (int walks = 1; walks <= number_walks; walks++){
if (ran0@(&idum) <= move_probability) {
position += 1;
}
else {
position -= 1;
}
walk_cumulative[walks] += position;
walk2_cumulative[walks] += positionxposition;
} // end of loop over walks
} // end of loop over trials
} // end mc_sampling function

Fig.[IZ3B shows that the variance increases linearly adiftmaf the number of time steps, as expected

from the analytic results. Similarly, the mean displacemeiig.[IZ3 oscillates around zero.

12.3 Microscopic derivation of the diffusion equation

When solving partial differential equations such as théudibn equation numerically, the derivatives
are always discretized. Recalling our discussions fronp@hi, we can rewrite the time derivative as

ow(z,t) w(i,n+1)—w(in)

T A7 , (12.24)
whereas the gradient is approximated as
0?w(w,t) w(i+1,n)+w(E —1,n) —2w(i,n)
D R D (An)? , (12.25)
resulting in the discretized diffusion equation
w(i,n+1) —w(i,n) _ Dw(z +1,n)+w(iE—1,n)— 2w(2,n)’ (12.26)

At (Az)?2
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Figure 12.3: Time development of for a random walker. 100000 Monte Carlo samples were usduttt
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Figure 12.4: Time development ¢f(¢)) for a random walker. 100000 Monte Carlo samples were uséd wit
the function ranl and a seed set-to.
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wheren represents a given time step aralstep in thex-direction. We will come back to the solution of
such equations in our chapter on partial differential eiguat see Chapt€rlL0. The aim here is to show
that we can derive the discretized diffusion equation frdeakov process and thereby demonstrate the
close connection between the important physical procdissitin and random walks. Random walks
allow for an intuitive way of picturing the process of diffas. In addition, as demonstrated in the
previous section, it is easy to simulate a random walk.

12.3.1 Discretized diffusion equation and Markov chains

A Markov process allows in principle for a microscopic dgsiion of Brownian motion. As with the
random walk studied in the previous section, we considerticiawhich moves along the-axis in the

form of a series of jumps with step lengtsz = /. Time and space are discretized and the subsequent
moves are statistically indenpendent, i.e., the new mopem#s only on the previous step and not on
the results from earlier trials. We start at a positios jl = jAxz and move to a new position= iAx
during a stepAt = ¢, wherei > 0 andj > 0 are integers. The original probability distribution fuioct
(PDF) of the particles is given hy; (t = 0) wherei refers to a specific position on the grid in Hig. 2.2,
with ¢ = 0 representing: = 0. The functionw; (¢ = 0) is now the discretized version af(x,t). We

can regard the discretized PDF as a vector. For the Markamegsowe have a transition probability from

a positionz = jl to a positionz = il given by

li—jl =1

olse , (12.27)

O Nl

Wij (6) = W(Zl —jl,e) = {

whereW;; is normally called the transition probability and we canresgnt it, see below, as a matrix.
Note that this matrix is not a stochastic matrix as long as finite matrix. Our new PD; (¢t = €) is
now related to the PDF at= 0 through the relation

wi(t =€) = Z W (j — i)w;(t =0). (12.28)

This equation represents the discretized time-developofean original PDF. It is a microscopic way
of representing the process shown in Eig112.1. Since Bothndw represent probabilities, they have
to be normalized, i.e., we require that at each time step we ha

Z w;(t) = 1, (12.29)

and
S w(—i) =1, (12.30)
J

which applies for allj-values. The further constraints afe< W;; < 1 and0 < w; < 1. Note that
the probability for remaining at the same place is in geneoahecessarily equal zero. In our Markov
process we allow only for jumps to the left or to the right.

The time development of our initial PDF can now be repregkttieough the action of the transition
probability matrix applied: times. At a timet,, = ne our initial distribution has developed into

witn) = Y Wij(tn)w; (0), (12.31)
J
and defining
W (il — jl,ne) = (W"(€))ij (12.32)
we obtain
wi(ne) =Y (W (€))ijw;(0), (12.33)

J
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or in matrix form

w(ne) = W (e)(0). (12.34)
The matrixi¥’ can be written in terms of two matrices
. 1/.
W= (L + R) : (12.35)

whereL andR represent the transition probabilities for a jump to thedefthe right, respectively. For
a4 x 4 case we could write these matrices as

0 0 0O

N 1 0 0 O

R= 010 0l (12.36)
0 010

and

01 00

A 0 01 0

L= 00 0 1 (12.37)
0 0 0O

However, in principle these are infinite dimensional masisince the number of time steps are very
large or infinite. For the infinite case we can write these it@s$iR;; = d; (j+1) andL;; = 6415,
implying that

LR=RL=1, (12.38)

which applies in the case of infinite matrices and
L=nRr"1 (12.39)
To see thal. R = RL = 1, perform e.g., the matrix multiplication
LR=> LiRij =Y (i1 10n41) = dis141 = i, (12.40)
k k

and only the diagonal matrix elements are different fronozer
For the first time step we have thus
« 1/ -
W= (L + R) , (12.41)
and using the properties in EqE.{12.38) dnd (112.39) we Héetevo time steps
372 1 /29 52 57
W2(2e) = 7 (L + R+ 2RL) , (12.42)

and similarly after three time steps

W3 (3¢) = (ﬁ?’ + R4 3RIZ + 3R2ﬁ) . (12.43)

1
8

Using the binomial formula

n

> ( ) > a*b"r = (a+b)", (12.44)

k=0
we have that the transition matrix aftetime steps can be written as

W (ne)) = in znj ( Z ) RELnF (12.45)
k=0
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or

n n

W (ne)) = 2% 3 ( Z ) L2k = 2in 3 ( Z ) R, (12.46)

k=0 k=0
and usingR;? = 0; (j+m) andL;} = (i1, ; We arrive at
L n . _ . <
W (il — jl,ne) = 2" ( Ln+i—j) ) i=jlsn (12.47)
0 else

andn + i — j has to be an even number. We note that the transition matrix fdarkov process has
three important properties:
— It depends only on the difference in space j, it is thus homogenous in space.
— Itis also isotropic in space since it is unchanged when we@u {i, j) to (—i, —j).
— It is homogenous in time since it depends only the differdmatgveen the initial time and final
time.

If we place the walker at = 0 att = 0 we can represent the initial PDF with; (0) = ;0. Using

Eq. (IZ34) we have

w;(ne) = ;(W (€))ijw;(0) = Zj: o ( Lntie ) ) 550, (12.48)
resulting in
1 n )
w;(ne) = o < %(n +i) > li] < n. (12.49)

We can then use the recursion relation for the binomials

( %(nn++11+ i) ) - ( 2(n +n¢+1) )+( L(n +n2.) 1 ) (12.50)

to obtain the discretized diffusion equation. In order thiace this, we define = il, wherel andi are
integers, and = ne. We can then rewrite the probability distribution as

1 n
— 3 e . = — | < .
w(x,t) = w(il, ne) = w;(ne) o < Lin+ ) > li] <, (12.51)
and rewrite Eq.[[IZ50) as
w(z,t+¢€) = %w(z—l—l,t)—i— %w(x—l,t). (12.52)

Adding and subtracting)(z, t) and multiplying both sides witk? /e we have

— 2 - -
w(@, b+ €) w(z,t):é_w(x‘i‘lat) 2w§§f,t)+w(f Le) (12.53)
€ €

If we identify D = i?/2¢ andl = Az ande = At we see that this is nothing but the discretized version
of the diffusion equation. Taking the limitdz — 0 andAt¢ — 0 we recover

ow(x,t) Dazw(x, t)
ot dz?

the diffusion equation.
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An illustrative example

The following simple example may help in understanding theaning of the transition matri¥’ and
the vectoro. Consider thg x 3 matrix W

1/4 1/8 2/3
W=\ 3/4 5/8 0 |,
0 1/4 1/3

and we choose our initial state as

We note that both the vector and the matrix are properly nbzeth Summing the vector elements gives
one and summing over columns for the matrix results also @ e act then o with . The first
iteration is

W(t =€) = Wai(t = 0),

resulting in

The next iteration results in

resulting in
5/32
w(t=2¢) = 21/32
6/32

Note that the vectot) is always normalized td. We find the steady state of the system by solving the
linear set of equations
w(t=00) = Ww(t = 0).

This linear set of equations reads

Wllwl(t = OO) + W12’LU2(t = OO) + ngwg(t = OO) = wl(t = OO)
Waoiwq (t = OO) + ngwg(t = OO) + W23w3(t = OO) = ’wg(t = OO)
Ws31w; (t = OO) + W32w2(t = OO) + W33w3(t = OO) = wg(t = OO)

(12.54)

with the constraint that

Zwi(t =o00)=1,

yielding as solution
4/15
W(t=o00)= | 8/15
3/15

Table[IZ]l demonstrates the convergence as a function ofutinder of iterations or time steps. We
have aftett-steps

Ww(t) = W (0),



12.3 — Microscopic derivation of the diffusion equation

Table 12.1: Convergence to the steady state as functionrobauof iterations.

Iteration w; Wo w3

1.00000 0.00000 0.00000
0.25000 0.75000 0.00000
0.15625 0.62625 0.18750
0.24609 0.52734 0.22656
0.27848 0.51416 0.20736
0.27213 0.53021 0.19766
0.26608 0.53548 0.19844
0.26575 0.53424 0.20002
0.26656 0.53321 0.20023
0.26678 0.53318 0.20005
0.26671 0.53332 0.19998
0.26666 0.53335 0.20000
0.26666 0.53334 0.20000
13 0.26667 0.53333 0.20000
0.26667 0.53333 0.20000

©Coo~NOoOOhWNEO

=
N RO

=4
!
g

with w(0) the distribution at = 0 andW representing the transition probability matrix. We canagis/
expandw(0) in terms of the right eigenvectofsof W as

W(O) = Z Oéi\A’i,

resulting in
W(t) = W' (0) = W' a9 = > Ma¥,

with \; thei*! eigenvalue corresponding to the eigenveétor

If we assume thaX is the largest eigenvector we see that in the limit co, w(t) becomes proportional
to the corresponding eigenvectay. This is our steady state or final distribution.

12.3.2 Continuous equations

Hitherto we have considered discretized versions of albéiqos. Our initial probability distribution
function was then given by

w;(0) = 45,0,
and its time-development after a given time sfep= ¢ is
wi(t) =Y W(j — i)w;(t = 0).
J

The continuous analog to;(0) is
w(x) — §(x), (12.55)

where we now have generalized the one-dimensional posittora generic-dimensional vectar The
Kroenecke function is replaced by thé distribution functiory(x) att = 0.

The transition from a statgto a state is now replaced by a transition to a state with posityoftom
a state with positiox. The discrete sum of transition probabilities can then Ipéad by an integral
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and we obtain the new distribution at a time At as
w(y,t + At) = /W(y,x, At)w(x, t)dx, (12.56)
and aftern time steps we have
w(y,t + mAt) = /W(y,x, mAt)w(x, t)dx. (12.57)
When equilibrium is reached we have
wly) = [ Wiyx o (12.58)

We can solve the equation far(y,t) by making a Fourier transform to momentum space. The PDF
w(x, t) is related to its Fourier transform(k, t) through

w(x,t) = /00 dk exp (tkx)w(k,t), (12.59)

— 0o

and using the definition of th&function

i(x) = %/ dk exp (ikx), (12.60)
ﬂ- — 00
we see that
w(k,0) = 1/2. (12.61)
We can then use the Fourier-transformed diffusion equation
w — —DK*w(k, 1), (12.62)
with the obvious solution
w(k,t) = w(k,0) exp [—(Dk%t)) = 2i exp [—(Dk?t)]. (12.63)
v
Using Eq. [TZ59) we obtain
w(x,t) = /OO dk exp [ikx]i exp [—(Dk*t)] = ! exp [—(x*/4Dt)] (12.64)
’ oo 27 VArDt ’
with the normalization condition -
w(x, t)dx = 1. (12.65)

Itis rather easy to verify by insertion that EQ.{12.64) i®kuson of the diffusion equation. The solution
represents the probability of finding our random walker aitpan x at timet if the initial distribution
was placed ak = 0 att = 0.

There is another interesting feature worth observing. Téerete transition probabilitiy” itself is given

by a binomial distribution, see Eq.{12147). The resultsfithe central limit theorem, see Sdci. 111.2.2,
state that transition probability in the limit — oo converges to the normal distribution. It is then
possible to show that

W (il — jl,ne) — W(y,x, At) = —((y —x)?/ADAt)], (12.66)

1
——ex
vVar DAt P [

and that it satisfies the normalization condition and idfigssolution to the diffusion equation.
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12.3.3 Numerical simulation

In the two previous subsections we have given evidence thdar&ov process actually yields in the
limit of infinitely many steps the diffusion equation. It ka therefore in a physical intuitive way the
fundamental process of diffusion with random walks. It cbtllerefore be of interest to visualize this
connection through a numerical experiment. We saw in théigus subsection that one possible solution
to the diffusion equation is given by a normal distributidn.addition, the transition rate for a given
number of steps develops from a binomial distribution intmamal distribution in the limit of infinitely
many steps. To achieve this we construct in addition a hiatagvhich contains the number of times
the walker was in a particular positian This is given by the variablgrobability, which is normalized

in the output function. We have omitted the initializatiam€tion, since this identical to programl.cpp
or program2.cpp of this chapter. The arpaybability extends fromnumber_walks tO +number_walks

http://www.Tys.ulo.no/compphys/cp/programs/FYS3150/chapter@9/cpp/program2.cpp

/*
1-dim random walk program.
A walker makes several trials steps with
a given number of walks per trial

*/

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// Function to read in data from screen, note call by reference
void initialise(int&, int&, double&) ;

// The Mc sampling for random walks

void mc_sampling(int, int, double, int =, int x, int x);

// prints to screen the results of the calculations

void output(int, int, int %, int %, int *);

int main()
{
int max_trials, number_walks;
double move_probability;
// Read in data
initialise(max_trials, number_walks, move_probability) ;
int xwalk_cumulative = new int [number_walks+1];
int xwalk2_cumulative = new int [number_walks+1];
int *probability = new int [2*x(number_walks+1)];
for (int walks = 1; walks <= number_walks; walks++){
walk_cumulative[walks] = walk2_cumulative[walks] = 0;
}
for (int walks = 0; walks <= 2xnumber_walks; walks++){
probability[walks] = 0;
} // end initialization of vectors
// Do the mc sampling
mc_sampling(max_trials, number_walks, move_probability,
walk_cumulative, walk2_cumulative, probability);
// Print out results
output(max_trials, number_walks, walk_cumulative,
walk2_cumulative, probability);
delete [] walk_cumulative; // free memory
delete [] walk2_cumulative; delete [] probability;
return 0;
} // end main function

The output function contains now the normalization of thelyability as well and writes this to its own
file.
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void output(int max_trials, int number_walks,
int *walk_cumulative, int *walk2_cumulative, int * probability)
{
ofstream ofile("testwalkers.dat");
ofstream probfile("probability.dat");
for( int i = 1; i <= number_walks; i++){
double xaverage = walk_cumulative[i]/((double) max_trials);
double x2average = walk2_cumulative[i]/((double) max_trials);
double variance = x2average - Xxaveragexxaverage;
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(6) << i;
ofile << setw(15) << setprecision(8) << xaverage;
ofile << setw(15) << setprecision(8) << variance << endl;
}
ofile.close();
// find norm of probability
double norm = 0.;

for( int i = -number_walks; i <= number_walks; i++){
norm += (double) probability[i+number_walks];

}

// write probability

for( int i = -number_walks; i <= number_walks; i++){

double histogram = probability[i+number_walks]/norm;
probfile << setiosflags(ios::showpoint | ios::uppercase);
probfile << setw(6) << i;
probfile << setw(15) << setprecision(8) << histogram << endl;
}
probfile.close();
} // end of function output

The sampling part is still done in the same function, but amstnow the setup of a histogram containing
the number of times the walker visited a given position

void mc_sampling(int max_trials, int number_walks,
double move_probability, int *walk_cumulative,
int *walk2_cumulative, int *probability)
{
long idum;
idum=-1; // initialise random number generator
for (int trial=1l; trial <= max_trials; trial++){
int position = 0;
for (int walks = 1; walks <= number_walks; walks++){
if (ran0(&idum) <= move_probability) {
position += 1;
}
else {
position -= 1;
}
walk_cumulative[walks] += position;
walk2_cumulative[walks] += positionxposition;
probability[position+number_walks] += 1;
} // end of loop over walks
} // end of loop over trials
} // end mc_sampling function

Fig.[IZ% shows the resulting probability distributioneaft steps In FiglZIZ15 we have plotted the
probability distribution function after a given number ohe steps. Do you recognize the shape of the
probabiliy distributions?
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Figure 12.6: Entropy; as function of number of time stepdor a random walk in one dimension. Here we
have used 100 walkers on a lattice of length frbrs= —50 to L = 50 employing periodic boundary conditions
meaning that if a walker reaches the point= L + 1 it is shifted tox = —L and ifz = —L it is shifted to
r=L.
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12.4 Entropy and Equilibrium Features

We use this section to motivate, in a physically intuitivepthe importance of the ergodic hypothesis
via a discussion of how a Markovian process reaches an kquiti situation after a given number
of random walks. It serves then purpose of bridging the gawédeen a Markovian process and our
discussion of the Metropolis algorithm in the next section.

To achieve this, we will use the program from the previousisacsee programs/chapter9/program3.cpp
and introduce the concept of entrofy We discuss the thermodynamical meaning of the entropy and
its link with the second law of thermodynamics in the nextatea Here it will suffice to state that the
entropy is a measure of the disorder of the system, thus amywhich is fully ordered and stays in its
fundamental state (ground state) has zero entropy, whileaadkred system has a large and nonzero
entropy.

The definition of the entrop¥ (as a dimensionless quantity here) is

S==> win(w), (12.67)

wherew; is the probability of finding our system in a statd-or our one-dimensional random walk case
discussed in the previous sections it represents the pitipédr being at position, = iAx after a given
number of time steps. In order to test this, we start with ttevipus program but assume now that we
haveN random walkers at= 0 andt = 0 and let these random walkers diffuse as function of times Thi
means simply an additional loop. We compute then, as in tdqus program example, the probability
distribution for NV walkers after a given number of stejeongx and time stepg. We can then compute
an entropyS; for a given number of time steps by summing over all probaédi. We show this in
Fig.[IZ®. The code used to compute these results is in pregchapter9/program4.cpp. Here we
have used 100 walkers on a lattice of length from= —50 to L = 50 employing periodic boundary
conditions meaning that if a walker reaches the point L it is shifted tox = —L and ifx = —L it
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is shifted tox = L. We see from Fig_I216 that for small time steps, where alligias N are in the
same position or close to the initial position, the entrapyeary small, reflecting the fact that we have
an ordered state. As time elapses, the random walkers spoe@u space (here in one dimension) and
the entropy increases as there are more states, that impesitcesible to the system. We say that the
system shows an increased degree of disorder. After sdimeasteps, we see that the entropy reaches a
constant value, a situation called a steady state. Thislsighat the system has reached its equilibrium
situation and that the random walkers spread out to occuppasible available states. At equilibrium
it means thus that all states are equally probable and thistibaked into any dynamical equations
such as Newton’s law of motion. It occurs because the systeatidwed to explore all possibilities.
An important hypothesis, which has never been proven rigglydout for certain systems, is the ergodic
hypothesis which states that in equilibrium all availaltétes of a closed system have equal probability.
For a discussion of the ergodicity hypothesis and the Metialgorithm, see for example Ref. [62].
This hypothesis states also that if we are able to simulatg Enough, then one should be able to
trace through all possible paths in the space of availablesto reach the equilibrium situation. Our
Markov process should be able to reach any state of the sysbemany other state if we run for long
enough. Markov processes fullfil the requirement of ergtdgince all new steps are independent of
the previous ones and the random walkers can thus expldneegital probability all possible positions.
In general however, we know that physical processes arendependent of each other. The relation
between ergodicity and physical systems is an unsettldéd.top

The Metropolis algorithm which we discuss in the next seci®based on a Markovian process and
fullfils the requirement of ergodicity. In addition, in thext section we impose the criterion of detailed
balance.

12.5 The Metropolis algorithm and detailed balance

Let us recapitulate some of our results about Markov chaidsandom walks.
— The time development of our PDK(t), after one time-step from= 0 is given by
wi(t = 6) = W(] — z')wj(t = 0)

This equation represents the discretized time-developofem original PDF. We can rewrite this
asa

’LUZ(t = 6) = Wijwj(t = O)

with the transition matriXy” for a random walk given by

. 1 li—jl=1
Wi»(e)ZW(zl—jl,e)Z{(Q) | eﬂe

We callW;; for the transition probability and we represent it as a matri

— Both W andw represent probabilities and they have to be normalizednimgdhat at each time
step we have
Z wj (t) =1,

and

S W —i)=1.
j
The further constraints afe< W;; < 1and0 < w; < 1.
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— We can thus write the action & as

i(t+1) Z Wijw; (t) (12.68)

or as vector-matrix relation
w(t+1) = Ww(t), (12.69)

and if we have thaliw (¢t + 1) — w(¢)|| — 0, we say that we have reached the most likely state of
the system, the so-called steady state or equilibrium.statether way of phrasing this is

w(t = o00) = Ww(t = 00). (12.70)

An important condition we require that our Markov chain sliasatisfy is that of detailed balance. In
statistical physics this condition ensures that it is dlge, Boltzmann distribution which is generated
when equilibrium is reached.

To derive the conditions for equilibrium, we start from tleealled Master equation, which relates the
temporal dependence of a P@F(t) to various transition rates. The equation can be derived fiee
so-called Chapman-Einstein-Enskog-Kolmogorov equaser for example Ref. [69]. The equation is
given as

et Z W — w; — W(E — j)w], (12.71)

J

which simply states that the rate at which the systems mooes & statej to a final state (the first
term on the right-hand side of the last equation) is balafgeithe rate at which the system undergoes
transitions from the statéto a statej (the second term). If we have reached the so-called steady
state, then the temporal development is zero since we arssatisfying Eq.[1215). This means that in
equilibrium we have

dt

The definition for being in equilibrium is thus that the raggsvhich a system makes a transition to or
from a given state have to be equal, that is

ZW]—>Z ZW@—>] (12.73)

= 0. (12.72)

We see that this is compatible with our definition of the newbability if we sum overj on the
right-hand side of the last equation and use the fact thatransition probability is normalized, that
is> >, W(i— j) =1, whichyields

w; = ZW(] — 1w,
J

However, the condition that the rates should equal eachr @ghie general not sufficient to guarantee
that we, after many simulations, generate the correctibligion. We may risk to end up with so-called
cyclic solutions. To avoid this we therefore introduce adiidnal condition, namely that of detailed
balance

W(j — id)w; = W(i — j)w;. (12.74)
These equations were derived by Lars Onsager when studyewgisible processes, see Ref. [70]. At
equilibrium detailed balance gives thus

=— (12.75)
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We introduce now the Boltzmann distribution

_exp (=B(E))
wy = =, (12.76)

which states that the probability of finding the system ireéestwith energyE; at an inverse temperature
B =1/kpgT isw; x exp(—0B(F;)). The denominatof is a normalization constant which ensures that
the sum of all probabilities is normalized to one. It is defires the sum of probabilities over all
microstateg of the system

Z = Zexp (—B(Ey)). (12.77)

From the partition function we can in principle generatarglresting quantities for a given system in
equilibrium with its surroundings at a temperatiteThis is demonstrated in the next chapter.

With the probability distribution given by the Boltzmanrstiibution we are now in a position where we
can generate expectation values for a given varidktierough the definition

() = 3 gy = =P B, (12.78)

In general, most systems have an infinity of microstates ngattiereby the computation &f practi-
cally impossible and a brute force Monte Carlo calculatisara given number of randomly selected
microstates may therefore not yield those microstatestwdiie important at equilibrium. To select the
most important contributions we need to use the conditiométailed balance. Since this is just given
by the ratios of probabilities, we never need to evaluateptimition functionZ. For the Boltzmann
distribution, detailed balance results in
= exp (—B(E; — E))). (12.79)
wj
Let us now specialize to a system whose energy is defined hyribietation of single spins. Consider
the state, with given energye; represented by the followinly spins

rr1v... v L 1T . 1T |
123 ... k-1 k k+1 ... N-1 N

We are interested in the transition with one single spinflip hew statg with energyE;

r1m ... 1 1 1 .. 1 |
123 ... k-1 k k+1 ... N-1 N

This change from one microstat€or spin configuration) to another microstgtés the configuration
space analogue to a random walk on a lattice. Instead of jugpfpdm one place to another in space, we
‘jump’ from one microstate to another.

However, the selection of states has to generate a finalbdistn which is the Boltzmann distribution.
This is again the same we saw for a random walker, for the elisacrase we had always a binomial
distribution, whereas for the continuous case we had a riaistabution. The way we sample configu-
rations should result, when equilibrium is establisheth@Boltzmann distribution. Else, our algorithm
for selecting microstates has to be wrong.

Since we do not know the analytic form of the transition rate are free to model it as
Wi — j)=g(i — j)Ai — j), (12.80)

whereg is a selection probability whilel is the probability for accepting a move. It is also called the
acceptance ratio. The selection probability should be gamedl possible spin orientations, namely
1

9t —=J) = - (12.81)
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With detailed balance this gives
g(j — )A(G —19)
- " = =exp (—0(F; — E;)), 12.82
g(z—>])A(2—>]) p( 5( J)) ( )
but since the selection ratio is the same for both transtiae have

= exp (—5(E1 — EJ)) (1283)

In general, we are looking for those spin orientations witislrespond to the average energy at equilib-
rium.

We are in this case interested in a new sfatavhose energy is lower thal;, viz., AE = E; — E; < 0.

A simple test would then be to accept only those microstateéstwower the energy. Suppose we have
ten microstates with energyy < E; < Fs < F3 < --- < FEg. Our desired energy i&y. At a given
temperaturd” we start our simulation by randomly choosing state Flipping spins we may then find

a path fromky — Es — E7--- — FEy — Ejy. This would however lead to biased statistical averages
since it would violate the ergodic hypothesis discussedh@pgrevious section. This principle states
that it should be possible for any Markov process to reachygwessible state of the system from any
starting point if the simulations is carried out for a longpagh time.

Any state in a Boltzmann distribution has a probability eli#int from zero and if such a state cannot be
reached from a given starting point, then the system is rgmdic. This means that another possible
path toE, could beFy — E; — Eg--- — FE9 — E5 — Ej and so forth. Even though such a path
could have a negligible probability it is still a possihyjliand if we simulate long enough it should be
included in our computation of an expectation value.

Thus, we require that our algorithm should satisfy the ppiecof detailed balance and be ergodic. The
problem with our ratio

i A —B(E; — E;)),

A=) exp (—0( i)
is that we do not know the acceptance probability. This eqoainly specifies the ratio of pairs of
probabilities. Normally we want an algorithm which is as@éfint as possible and maximizes the number
of accepted moves. Moreover, we know that the acceptandmpildy has zero as its smallets value
and one as its largest.

One possibility to model the acceptance probability is give the so-called Metropolis algorithm. Here
we take into account the fact that the largest value the &aoee probability can take is one. We adjust
thereafter the other acceptance probability to this cairstr

To understand this better, assume that we have two enefgiasdE;, with £; < E;. This means that
the largest acceptance value must4{g — i) since we move to a state with lower energy. It follows
from also from the fact that the probability; is larger thanv;. The trick then is to fix this value to one.
It means that the other acceptance probability has to be

A(Z — ]) = exp (—ﬁ(EJ — El))
One possible way to encode this equation reads

exp (—ﬁ(EZ — EJ)) E; — Ej >0

A —i) = { ] i (12.84)

implying that if we move to a state with a lower energy, we alsvaccept this move with acceptance
probability A(j — ¢) = 1. If the energy is higher, we need to check this acceptandeaility with the
ratio between the probabilities from our PDF. From a pratfioint view, the above ratio is compared
with a random number. If the ratio is smaller than a given camchumber we accept the move to a
higher energy, else we stay in the same state.
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Nothing hinders us obviously in choosing another acce@aaiio, like a weighting of the two energies
via

. 1
A(j — 1) = exp (=5 6(B; - Ej)).
However, it is easy to see that such an acceptance ratio vesutt m fewer accepted moves.

The Metropolis algorithm satisfies the condition for detdibalance and ergodicity.

12.5.1 Brief summary

The Monte Carlo approach, combined with the theory for Marttwains can be summarized as follows:
A Markov chain Monte Carlo method for the simulation of a disition w is any method producing an
ergodic Markov chain of eventswhose stationary distribution is. The Metropolis algorithm can be
phrased as

— Generate an initial value(®.

— Generate a trial valug; with probability f(y;|2(*)). The latter quantity represents the probability
of generatingy; givenz(?.

— Take a new value
20+ — Yt with probability = A(z(®) - i)
(M with probability = 1 — A(I(z) — )

— We have defined the transition (acceptance) probability as

w(y) f(z]y)
w(@) [ (yle)’ 1} |

The distributionf is often called the instrumental (we will relate it to the joimg of a walker) or
proposal distribution whiled is the Metropolis-Hastings acceptance probability. Whiegz) is
symmetric it is just called the Metropolis algorithm.

Az — y) zmin{

Using the Metropolis algorithm we can in turn set up the gahealculational scheme as shown in the
following figure:

12.6 Exercises and projects

Exercise 9.1: Two dimensional randow walk

Extend the first program discussed in this chapter to a twredsional random walk with probability
1/4 for a move to the right, left, up or down. Compute the variafocdoth thex andy directions and
the total variance.

Exercise 12.1: Two dimensional randow walk

Use the second program to fit the computed probability @istion with a normal distribution using
your calculated values of? and(z).
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Initialize:
Establish an initial
state, for example

a positionz(?)

—>| Suggest a move;

Generate a
uniformly

Compute ac-
ceptance ratio

distributed Ale® = g)

variable r

s : Reject move:
p(+1) — 2(9)

Accept move:
() =
yp = z(+D)

Get local ex-
pectation values

Last
MC
step?

|yes

Collect samples

no

End

Figure 12.7: Chart flow for the Quantum Varitional Monte @aalgorithm.
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Project 12.1: simulation of the Boltzmann distribution

In this project the aim is to show that the Metropolis alguritgenerates the Boltzmann distribution

with 8 = 1/kT being the inverse temperatur®, is the energy of the system aiflis the partition
function. The only functions you will need are those to gateerandom numbers.

We are going to study one single particle in equilibrium withsurroundings, the latter modelled via a
large heat bath with temperature

The model used to describe this particle is that of an idesligane dimension and with velocity-v
orv. We are interested in finding (v)dv, which expresses the probability for finding the system with
given velocityv € [v,v + dv]. The energy for this one-dimensional system is
1 1,
E = §]€T = 51} N
with massm = 1. In order to simulate the Boltzmann distribution, your mang should contain the
following ingredients:

— Reads in the temperaturé the number of Monte Carlo cycles, and the initial velociyu should
also read in the change in velocily used in every Monte Carlo step. Let the temperature have
dimension energy.

— Thereafter you choose a maximum velocity given by for exaapl,. ~ 10v/7T. This should
include all relevant velocities which give a non-zero phaibgy. But you need to check whether
this is true or not.

Then you construct a velocity interval defined by, and divide it in small intervals through
Umaz /N, With N ~ 100 — 1000. For each of these intervals your task is to find out how many
times a given velocity during the Monte Carlo sampling app@aeach specific interval.

— The number of times a given velocity appears in a specificvatés used to construct a histogram
representingP(v)dv. To achieve this you should construct a veckt[iV] which contains the
number of times a given velocity appears in the subintaryvak dv.

In order to find the number of velocities appearing in eackrirgl we will employ the Metropolis
algorithm. A pseudocode for this is

for( montecarlo_cycles=1; Max_cycles; montecarlo_cycles++) {

// change speed as function of delta v
v_change = (2*xranl(&idum) -1 )* delta_v;
v_new = v_old+v_change;
// energy change
delta_E = 0.5x(v_newxv_new - v_oldxv_old) ;
// Metropolis algorithm begins here
if ( ranl(&idum) <= exp(-betaxdelta_E) ) {
accept_step = accept_step + 1 ;
v_old = v_new ;

// thereafter we must fill in P[N] as a function of
// the new speed
P[?] = ...

// upgrade mean velocity, energy and variance

}
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a)

b)

c)

d)

f)

Make your own algorithm which sets up the histogr&tv)dv, find mean velocity, energy,
energy variancd/ar(E) and the number of accepted steps for a given temperaturely &ie
change of the number of accepted moves as a functiaiv.ofCompare the final energy with
the closed form resulE = £7'/2 for one dimension. Find also the closed-form expressions fo
the energy variance and the mean velocity and compare ytuulatons with these results. Use
T = 4 and set the intial velocity to zero, i.e;y = 0. Try different values obv. Check the final
result for the energy as a function of the number of Monte&eytles.

Repeat the calculation in the previous exercise but usowg a normal distribution. Does that
improve your results compared with the exact expressions?

Make thereafter a plot di.(P(v)) as function ofE and see if you get a straight line. Comment
the result.

In our analysis under [a) we have not discussed how themsystaches the most likely state, that
is whether equilibrium has been reached or not. Make a pltteMmean velocity, energy, energy
variance and the number of accepted steps for a given tetapeias function of the number of
Monte Carlo samples. Perform these calculations for sévenaperatures, namely = 0.5,

T =1,T =2andT = 10 and comment your results. Can you find a rough measure for tieen
most likely state has been reached?

The analysis in point [d) is rather rough and obviously uspendent, in the sense that it is very
much up to the user to define when an equilibrium situationdees reached or not. To improve
upon this, compute the so-called time autocorrelationtfonalefined here as

tmax—t tmax—t tmax—t
1 max B B max B 1 max B
o(t) = E EWE({X +t) — E E{t) x ——— E Bt +t
( ) tmax t =0 ( ) ( ) tmax =0 ( ) tmax t =0 ( )

for the mean energg(t) and plot it as function of the number of Monte Carlo steps liertem-
peratures in [c). The timecorresponds to a given number of Monte Carlo cycles. Can yoaa
an equilibration measure? How does the correlation timeNehs function of temperature? Com-
ment your results. Be careful in choosing values tfiey should not be too closetg.... Compute
the autocorrelation function for all temperatures listedd) and compare your results with those
in [d). Comment your results.

In the previous analysis we computed the time autocdicglgfunction. This quantity can be
related to the covariance of our measurements. To achievgdh need to store the results of all
contributions to the measurements of the mean energy avaritncer? given by

1< 2 _ _
UJQE:n_ZEk— +EZ(E1¢—E)(E1—E)

k<l

Here we assume that corresponds to the number of Monte Carlo samples in one iexest
and that we repeat these experiments a given time. We camadsere that we repeat these
experimentsn = n times. The value is the mean energy whilg), ; represent individual mea-
surements. The first term is the same as the error in the welated case. This means that the
second term accounts for the error correction due to cdivel@etween the measurements. For
uncorrelated measurements this second term is zero.

Computationally the uncorrelated first term is much easi¢rdat efficiently than the second.
Var(E :lzn:Ek— lzn:EQ — E?
n k=1 n k=1 *

We just accumulate separately the valligsand £, for every measuremet,, we receive. The
correlation term, though, has to be calculated at the enteoéxperiment since we need all the
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measurements to calculate the cross terms. ThereforeeaBumements have to be stored through-
out the experiment.
Let us analyze the problem by splitting up the correlatiomtato partial sums of the form:

n—d

fa= % > (Bx — E)(Exya — E)

k=1

The correlation term of the error can now be rewritten in ®ohfy:

n—1
S (B BB~ B) =23 s
d=1

k<l

The value off, reflects the correlation between measurements separatbe lojstancel in the
samples. Notice that fat = 0, f is just the sample variancFar(FE). If we divide f; by Var(E),
we arrive at the so callegutocorrelation function

__Ja
- Var(E)

Rd

which gives us a useful measure of the correlation pair taiiom starting always at for d = 0.
The sample variance can now be written in terms of the auteledion function:

Op =

- Var(E) (12.85)

and we see that can be expressed in terms the uncorrelated sample variameza correction
factor which accounts for the correlation between measuremenrgscal\/this correction factor
theautocorrelation time

n—1
T=14+2) ka (12.86)
d=1

For a correlation free experimentgquals 1. From the point of view of EQ.{12185) we can interpre
a sequential correlation as an effective reduction of threlmer of measurements by a factorThe
effective number of measurements becomes

n
Neff = —
T

From the previous exercise you needed to store all expetsgnin order to compute the time
autocorrelation function. You can reuse these data in ttescése and compute the full variance
o%, the covariance, the autocorrelation timand the effective number of measuremenig. It

is sufficient to choose only one of the temperatures fromaseff). Comment your results. Can
you relate the correlation timeto what you found in [e)? What about the covariance and the tim
autocorrelation function?
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Chapter 13

Monte Carlo methods In statistical
physics

When you are solving a problem, don’t worry. Now, after youdaolved the problem,
then that’s the time to wornRichard Feynman

13.1 Introduction and motivation

The aim of this chapter is to present examples from the phls@ences where Monte Carlo methods
are widely applied. Here we focus on examples from stagispbiysics. and discuss one of the most
studied systems, the Ising model for the interaction amdegsical spins. This model can exhibit both
first and second order phase transitions and is perhaps otiee @host studied system in statistical
physics with respect to simulations of phase transitionlse Worwegian-born chemist Lars Onsager
developed in 1944 an ingenious mathematical descriptidhevfsing model [71] meant to simulate a
two-dimensional model of a magnet composed of many smathiatmagnets. This work proved later
useful in analyzing other complex systems, such as gasgsngtito solid surfaces, and hemoglobin
molecules that absorb oxygen. He got the Nobel prize in cteynin 1968 for his studies of non-
equilibrium thermodynamics. Many people argue he shoule lnaceived the Nobel prize in physics
as well for his work on the Ising model. Another model we dgscat the end of this chapter is the so-
called class of Potts models, which exhibits both first arbséd order type of phase transitions. Both
the Ising model and the Potts model have been used to modsé pransitions in solid state physics,
with a particular emphasis on ferromagnetism and antifeagnetism.

Metals like iron, nickel, cobalt and some of the rare eartfal6linium, dysprosium) exhibit a unique
magnetic behavior which is called ferromagnetism becawse(ferrum in Latin) is the most common
and most dramatic example. Ferromagnetic materials ebénibing-range ordering phenomenon at the
atomic level which causes the unpaired electron spinséaiparallel with each other in a region called
a domain. The long range order which creates magnetic danmaferromagnetic materials arises from
a quantum mechanical interaction at the atomic level. Tisraction is remarkable in that it locks
the magnetic moments of neighboring atoms into a rigid pelrafder over a large number of atoms in
spite of the thermal agitation which tends to randomize dayn&-level order. Sizes of domains range
from a 0.1 mm to a few mm. When an external magnetic field isiagpthe domains already aligned
in the direction of this grow at the expense of their neigsbdtor a given ferromagnetic material the
long range order abruptly disappears at a certain temperatich is called the Curie temperature for
the material. The Curie temperature of iron is about 1043 Kenhetals like cobalt and nickel have a
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Figure 13.1: Example of a cubic lattice with atoms at eacimenrEach atom has a finite magnetic moment
which points in a particular direction.
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Curie temperature of 1388 K and 627 K, respectively, and soiitiee rare earth metals like gadolinium
and dysprosium have 293 K and 85 K, respectively. We coultktbf an actual metal as composed of
for example a cubic lattice with atoms at each corner withsaltaeng magnetic moment pointing in a
particular direction, as portrayed in FIg_TI3.1. In manypeags, these atomic magnets are like ordinary
magnets and can be thought of in terms of little magnet vegointing from south to north poles. The
Ising model provides a simple way of describing how a magmetterial responds to thermal energy
and an external magnetic field. In this model, each domairat@sresponding spin of north or south.
The spins can be thought of as the poles of a bar magnet. Thelmsslgns a value of +1 or -1 to the
spins north and south respectively. The direction of thespifluences the total potential energy of the
system.

Another physical case where the application of the Ising @hedjoys considerable success is the de-
scription of antiferromagnetism. This is a type of magmetigshere adjacent ions spontaneously align
themselves at relatively low temperatures into oppositeardiparallel, arrangements throughout the
material so that it exhibits almost no gross external magmetin antiferromagnetic materials, which
include certain metals and alloys in addition to some ioplis, the magnetism from magnetic atoms
or ions oriented in one direction is canceled out by the setadnetic atoms or ions that are aligned in
the reverse direction.

This spontaneous antiparallel coupling of atomic magrettisrupted by heating and disappears en-
tirely above a certain temperature, called the Néel tentiperacharacteristic of each antiferromagnetic
material. (The Néel temperature is named for Louis Néehéhehysicist, who in 1936 gave one of the
first explanations of antiferromagnetism.) Some antifie@gnetic materials have Néel temperatures at,
or even several hundred degrees above, room temperattitsually these temperatures are lower. The
Néel temperature for manganese oxide, for example, is 122 K.
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Figure 13.2: The open (white) circles at each lattice poamt epresent a vacant site, while the black circles
can represent the absorption of an atom on a metal surface.

Antiferromagnetic solids exhibit special behaviour in gpleed magnetic field depending upon the
temperature. At very low temperatures, the solid exhibitsesponse to the external field, because
the antiparallel ordering of atomic magnets is rigidly ntained. At higher temperatures, some atoms
break free of the orderly arrangement and align with theregidfield. This alignment and the weak
magnetism it produces in the solid reach their peak at thé tdémperature. Above this temperature,
thermal agitation progressively prevents alignment oftfoens with the magnetic field, so that the weak
magnetism produced in the solid by the alignment of its atooméinuously decreases as temperature is
increased. For further discussion of magnetic propertidssalid state physics, see for example the text
of Ashcroft and Mermin [72].

As mentioned above, spin models like the Ising and Potts lsa@d@ be used to model other systems as
well, such as gases sticking to solid surfaces, and hemimghodlecules that absorb oxygen. We sketch
such an application in Fig_13.2.

However, before we present the Ising model, we feel it is ajppate to refresh some important quantities
in statistical physics, such as various definitions of stiatil ensembles, their partition functions and
relevant variables.

13.2 Review of Statistical Physics

In statistical physics the concept of an ensemble is oneettinerstones in the definition of ther-
modynamical quantities. An ensemble is a collection of opbiysics systems from which we derive
expectations values and thermodynamical propertiesectatexperiment. As an example, the specific
heat (which is a measurable quantity in the laboratory) ofséesn of infinitely many particles, can be
derived from the basic interactions between the microscomistituents. The latter can span from elec-
trons to atoms and molecules or a system of classical spihtheése microscopic constituents interact
via a well-defined interaction. We say therefore that statisphysics bridges the gap between the mi-
croscopic world and the macroscopic world. Thermodynahgjoantities such as the specific heat or
net magnetization of a system can all be derived from a mécnais theory.

There are several types of ensembles, with their pertingrgtaaction values and potentials. TARIET3.1
lists the most used ensembles in statistical physics tegeiith frequently arising extensive (depend on
the size of the systems such as the number of particles) &ankine variables (apply to all components
of a system), in addition to associated potentials.

373



Monte Carlo methods in statistical physics

Table 13.1: Overview of the most common ensembles and theaies. Here we have defind - to be the
magnetizationD - the electric dipole moment{ - the magnetic field anél - to be the electric field. The last
two replace the pressure as an intensive variable, whilmtgnetisation and the dipole moment play the same
role as volume, viz they are extensive variables. The insmnperaturs regulates the mean energy while the
chemical potentigl regulates the mean number of particles.

Microcanonical| Canonical| Grand canonica| Pressure canonical

Exchange of heat no yes yes yes
with the environment
Exchange of particles no no yes no
with the environemt
Thermodynamical V,M,D V,M,D V,M,D PH,E
parameters E T T T

N N 1 N
Potential Entropy Helmholtz PV Gibbs
Energy Internal Internal Internal Enthalpy
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13.2.1 Microcanonical Ensemble

The microcanonical ensemble represents an hypothetisalbted system such as a nucleus which does
not exchange energy or particles via the environment. Taethdynamical quantity of interest is the
entropyS which is related to the logarithm of the number of possiblerggcopic stateQ(FE) at a given
energyF that the system can access. The relation is

S = kplnf. (13.1)

When the system is in its ground state the entropy is zer@ $hwmre is only one possible ground state.
For excited states, we can have a higher degeneracy thamdribws an entropy which is larger than
zero. We may therefore loosely state that the entropy meagshe degree of order in a system. At
low energies, we expect that we have only few states whiclaeressible and that the system prefers
a specific ordering. At higher energies, more states becacesaible and the entropy increases. The
entropy can be used to compute observables such as the storper

1 dlnS)
_ - == 13.2
o (5.0 4s2
the pressure
P 0ln$)
—— = = 13.3
= (5 133
or the chemical potential.
I lns)
= === ) 13.4
kT < ON )V_’E ( )
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It is very difficult to compute the density of stat@$F) and thereby the partition function in the micro-
canonical ensemble at a given enetgysince this requires the knowledge of all possible mictesta
at a given energy. This means that calculations are selddonlg in the microcanonical ensemble. In
addition, since the microcanonical ensemble is an isolggetem, it is hard to give a physical meaning
to a quantity like the microcanonical temperature.

13.2.2 Canonical Ensemble

One of the most used ensembles is the canonical one, whiekated to the microcanonical ensemble
via a Legendre transformation. The temperature is an iMenariable in this ensemble whereas the
energy follows as an expectation value. In order to caleldapectation values such as the mean energy
(E) at a given temperature, we need a probability distributibis.given by the Boltzmann distribution

e PBE:

Pi(B) = 7

with 3 = 1/kgT being the inverse temperatures is the Boltzmann constank; is the energy of a
microstate; while 7 is the partition function for the canonical ensemble defiagd

M
Z = Z e PEi
i=1

where the sum extends over all microstaiés The potential of interest in this case is Helmholtz’ free
energy. It relates the expectation value of the energy atengemperatuf” to the entropy at the same
temperature via

F = —kpTinZ = (E) - TS.

Helmholtz’ free energy expresses the struggle betweenrpoitant principles in physics, namely the
strive towards an energy minimum and the drive towards hiightopy as the temperature increases. A
higher entropy may be interpreted as a larger degree ofabsdWwhen equilibrium is reached at a given
temperature, we have a balance between these two princigiesnumerical expression is Helmholtz’
free energy. The creation of a macroscopic magnetic fielth fxdounch of atom-sized mini-magnets, as
shown in Fig[I3MN results from a careful balance betweeseth&o somewhat opposing principles in
physics, order vs. disorder.

In the canonical ensemble the entropy is given by

oT

dlnZ
P = kBT ( ) .
oV ) nr

Similarly we can compute the chemical potential as

olnZ
Hn = —/{BT ( ) .
ON v, T

For a system described by the canonical ensemble, the eiseagyexpectation value since we allow
energy to be exchanged with the surroundings (a heat bathevitperaturd’).

S = kplnZ + kgT (3an) ,
N,V

)

and the pressure by

This expectation value, the mean energy, can be calculatad u

olnZ
(E) = kpT? ( )
T )y n
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or using the probability distributiof; as

M 1 M
<E> = ZEZP’L(B) = E ZEieiﬂEi.
=1 =1

The energy is proportional to the first derivative of the ptitd, Helmholtz’ free energy. The corre-
sponding variance is defined as

LM LM 2
of = (B%) —(E)* = & > ERemfE - <E ZEieﬁEi> :
=1 1=1

If we divide the latter quantity wittkT2 we obtain the specific heat at constant volume

1

Cv = kpT?

((B%) —(B)?),

which again can be related to the second derivative of Heltzitfoee energy. Using the same prescrip-
tion, we can also evaluate the mean magnetization through

M | M
(M) = ZMsz(ﬁ) =7 ZMﬂ*ﬁEi,

and the corresponding variance

1Y 1Y ’
03\/1 = <M2> - <M>2 =7 ZMge_ﬁEi’ - <§ ZMie_BEi> .
=1 =1

This quantity defines also the susceptibility

1

= o7 (M) = ().

X

13.2.3 Grand Canonical and Pressure Canonical

Two other ensembles which are much used in statistical physid thermodynamics are the grand
canonical and pressure canonical ensembles. In the firstlowe the system (in contact with a large
heat bath) to exchange both heat and particles with the@mwient. The potential is, with a partition
function=(V, T, 1) with variablesV, T andp,

PV = kgTinZ,

and the entropy is given by

dln=
=kpln=+ kT | ——
S Bln=+ kp < T )V,H,

while the mean number of particles is

oln=
(N) = kpT <—> .
o )vr

Oln=
p=kgT (—) )
oV W T

In the pressure canonical ensemble we employ with Gibbsg' émergy as the potential. It is related
to Helmholtz’ free energy vigx = F' + pV. The partition function isA(N, p, T'), with temperature,

The pressure is determined as
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pressure and the number of particles as variables. Theupesasd volume term can be replaced by
other external potentials, such as an external magnetit (iola gravitational field) which performs
work on the system. Gibbs’ free energy reads

G = —kBTlnA,

and the entropy is given by

S = kplnA + kgT (azm) .
oT ) x

)

We can compute the volume as

and finally the chemical potential

In this chapter we work with the canonical ensemble only.

13.3 Ising model and phase transitions in magnetic systems

13.3.1 Theoretical background

The model we will employ in our studies of phase transitiarfsnéte temperature for magnetic systems
is the so-called Ising model. In its simplest form the enésgxpressed as

N N
E=-J Z SkSl—BZSk,

<kl> k

with s, = +1, N is the total number of sping] is a coupling constant expressing the strength of the
interaction between neighboring spins ahd an external magnetic field interacting with the magnetic
moment set up by the spins. The symbolk/ > indicates that we sum over nearest neighbors only.
Notice that forJ > 0 it is energetically favorable for neighboring spins to bgréd. This feature leads
to, at low enough temperatures, a cooperative phenometied spontaneous magnetization. That is,
through interactions between nearest neighbors, a givgmetiea moment can influence the alignment
of spins that are separated from the given spin by a macrasdigance. These long range correlations
between spins are associated with a long-range order irvthélattice has a net magnetization in the
absence of a magnetic field. In our further studies of theglsiodel, we will mostly limit the attention

to cases wittB = 0 only.

In order to calculate expectation values such as the meagye{fé) or magnetizatiod M) in statistical
physics at a given temperature, we need a probability digtan

e~ BEi

Z

Pi(B) =

with 5 = 1/kT being the inverse temperatuethe Boltzmann constang; is the energy of a state
while Z is the patrtition function for the canonical ensemble defiagd

M
i=1
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where the sum extends over all microstatés P; expresses the probability of finding the system in a
given configuration.

The energy for a specific configuratiors given by

To better understand what is meant with a configuration,idengirst the case of the one-dimensional
Ising model with3 = 0. In general, a given configuration 8f spins in one dimension may look like

rr1.... v 1+ 1 ... 1T 1

1 2 3 t1—1 ¢ 241 ... N—-1 N
In order to illustrate these features let us further speadb just two spins.
With two spins, since each spin takes two values only, we bAve 4 possible arrangements of the two
spins. These four possibilities are

1=11 2= 3=11 4=l

What is the energy of each of these configurations?
For small systems, the way we treat the ends matters. Tws eas®ften used.
(a) In the first case we employ what is called free ends. Thnsi¢hat there is no contribution from

points to the right or left of the endpoints. For the one-digsienal case, the energy is then written
as a sum over a single index

N-1
Ei =-J E S5Sj+1,
j=1

If we label the first spin as; and the second as we obtain the following expression for the
energy

E = —JSlSQ.

The calculation of the energy for the one-dimensionaldattiith free ends for one specific spin-
configuration can easily be implemented in the followingén

for ( j=1; j < N; j++) {
energy += spin[jl*xspin[j+1];

}

where the vectospin|] contains the spin valug, = +1. For the specific stat&;, we have chosen
all spins up. The energy of this configuration becomes then

By =By =—J.

The other configurations give
Ey = ETi = +J,

FE3 = E“ = +J,

and
E,=E) =-J
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(b) We can also choose so-called periodic boundary comditidhis means that the neighbour to the
right of sy is assumed to take the valuegqf Similarly, the neighbour to the left of, takes the
valuesy. In this case the energy for the one-dimensional latticdsea

N
Ei =-J E S5Sj+1,
j=1

and we obtain the following expression for the two-spin case
E = —J(s182 + s251).
In this case the energy fdt; is different, we obtain namely
Ey=Epp =-2J.
The other cases do also differ and we have
Ey = Eyp =424,

E3 = E“ = +2J,

and
E,=FE) =-2J.

If we choose to use periodic boundary conditions we can doglalbove expression as

jm=N;

for ( j=1; j <=N; j++) {
energy += spin[j]xspin[jm];
jm =173 3

}

The magnetization is however the same, defined as

N
Miz E S5,
Jj=1

where we sum over all spins for a given configuration
Table[I3P lists the energy and magnetization for both frels@nd periodic boundary conditions.

Table 13.2: Energy and magnetization for the one-dimerasising model withN = 2 spins with free ends
(FE) and periodic boundary conditions (PBC).

State  Energy (FE) Energy (PBC) Magnetization

1=11 —J —27 2
2=1] J 2J 0
3=|1 J 2J 0
4=]] —J —2J -2

We can reorganize Talle_IB.2 according to the number of guiméing up, as shown in Tab[e~IB.3. It
is worth noting that for small dimensions of the lattice, émergy differs depending on whether we use
periodic boundary conditions or free ends. This means absithe partition functions will be different,
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Table 13.3: Degeneracy, energy and magnetization for teedimensional Ising model wittv' = 2 spins
with free ends (FE) and periodic boundary conditions (PBC).

Number spinsup Degeneracy Energy (FE) Energy (PBC) Mazatain

2 1 —J -2J 2
1 2 J 2J 0
0 1 —J -2J -2

as discussed below. In the thermodynamic limit we h&ve- oo, and the final results do not depend
on the kind of boundary conditions we choose.

For a one-dimensional lattice with periodic boundary ctinds, each spin sees two neighbors. For a
two-dimensional lattice each spin sees four neighborifigssgHow many neighbors does a spin see in
three dimensions?

In a similar way, we could enumerate the number of states faoadimensional system consisting of
two spins, i.e., 2 x 2 Ising model on a square lattice wifleriodic boundary conditiondn this case
we have a total 02* = 16 states. Some examples of configurations with their respgeetiergies are
listed here

E=0 E=-8J

E=-8J E=0

O
— —
— —
— —

— —
— —
— —
— —

In the TabldZI3M we group these configurations accordiniggio total energy and magnetization.

Table 13.4: Energy and magnetization for the two-dimeraitsing model withV = 2 x 2 spins with periodic
boundary conditions.
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Number spinsup Degeneracy Energy Magnetization

4 1 —-8J 4
3 4 0 2
2 4 0 0
2 2 8J 0
1 4 0 -2
0 1 —-8J -4

For the one-dimensional Ising model we can compute rathglyethe exact partition function for a
system ofN spins. Let us consider first the case with free ends. The gmeagls

N-1
E=—-J E S$5854+1-
j=1

The partition function forV spins is given by

N-1
ZN: Z Z eXp(ﬁJZISij+1)7
j=

51::‘:1 SN::tl



13.3 — Ising model and phase transitions in magnetic systems

and since the last spin occurs only once in the last sum ingberential, we can single out the last spin
as follows

Z exp (BJsn_15n) = 2cosh(BJ]).

sy==+1

The partition function consists then of a part from the lagt and one from the remaining spins resulting
in
ZN = Zn_12cosh(BJ).

We can repeat this process and obtain
Zn = (2cosh(BJ))N 2 2Z,,

with Z5 given by
Zy = Z Z exp (8Js152) = 4cosh(BJ),

51::‘:1 ngﬂ:l
resulting in
Zn = 2(2cosh(BJ))N L.

In the thermodynamical limit where we 18t — oo, the way we treat the ends does not matter. However,
since our computations will always be carried out with a fedivalue ofN, we need to consider other
boundary conditions as well. Here we limit the attentionéoi@dic boundary conditions.

If we use periodic boundary conditions, the partition fumeis given by
N

ZN = Z Z exp (5J28j8j+1),
51::‘:1 SN::tl _]:1

where the sum in the exponential runs fraro N since the energy is defined as

N
E = —JZSij+1.
j=1

We can then rewrite the partition function as

N
ZN = Z Hexp (5J8i8i+1),

{s;=+1}i=1

where the first sum is meant to represent all lattice sitesoduicing the matrist (the so-called transfer

matrix)
BJ  —BJ

S € e

T = ( =BT BT )a
with matrix elementg;; = e/, t1_1 = e P7, t_1; = P andi_;_; = ¢?/ we can rewrite the
partition function as

In= Y TouTes . T =TrTV.
{Si::tl}

The2 x 2 matrixT is easily diagonalized with eigenvalues = 2cosh(3.J) and\y = 2sinh(6.J). Sim-

ilarly, the matrixT™ has eigenvalues! and)\)’ and the trace o'V is just the sum over eigenvalues
resulting in a partition function

Zn = AV A =2V ([cosh(ﬁJ)]N + [sinh(ﬁJ)]N) .

In the limit N — oo the two partition functions with free ends and periodic badany conditions agree,
see below for a demonstration.
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In the development phase of an algorithm and its pertineté¢ @ois always useful to test the numerics
against analytic results. It is therefore instructive tmpaite properties like the internal energy and the
specific heat for these two cases and test the results agfairsgt produced by our code. We can then
calculate the mean energy with free ends from the above flarfouthe partition function using

olnZ

(B) = %55 = ~(N = 1)Jtanh(5.)).

Helmholtz's free energy is given by
F = —kpTinZy = —NkgTlIn (2cosh(8J)) .

If we take our simple system with just two spins in one-dini@nswe see immediately that the above
expression for the partition function is correct. Using dedinition of the partition function we have

2
Zy =Y e PP =2e7P7 1 2677 = dcosh(B)

i=1
If we take the limitT" — 0 (6 — oo) and setV = 2, we obtain

JB _ o—JB
lim (B) = g5 —¢

S S——
B—o0 GJQ —+ 67‘][}

which is the energy where all spins point in the same diractfst low 7', the system tends towards a
state with the highest possible degree of order.

The specific heat in one-dimension with free ends is

18 B 81 \?

Note well that this expression for the specific heat from the-dimensional Ising model does not
diverge or exhibit discontinuities, as can be seen from[EQ3.

In one dimension we do not have a second order phase transtitbough this is predicted by mean
field models [56].

We can repeat this exercise for the case with periodic bayrmanditions as well. Helmholtz's free
energy is in this case

F = —kgTin(AY + \Y) = —kpT {Nln(/\l) +in <1 + (%)N) } ,
1

which in the limit N — oo results inF" = —kgT Nin(\;) as in the case with free ends. Since other
thermodynamical quantities are related to derivativebefitee energy, all observables become identical
in the thermodynamic limit.

Hitherto we have limited ourselves to studies of systemh wdtro external magnetic field, viz = 0.
We will mostly study systems which exhibit a spontaneousmitezgtion. It is however instructive to
extend the one-dimensional Ising model3g4 0, yielding a partition function (with periodic boundary

conditions)
N

Zy= 3 o X ew(BY (sysieat s+ sy

51::|:1 SN::tl ]:1
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Figure 13.3: Heat capacity per spify¢/(N — 1)kp as function of inverse temperatufefor the one-
dimensional Ising model.

which yields a new transfer matrix with matrix elements= e?/+58) ¢, | =87 ¢_;; = ¢f7/ and
t_1_1 = ePU=B) with eigenvalues

A1 = e cosh(B) + (€27 sinh?(BB) + e~ 287)1/2,

and
A1 = e cosh(BT) — (€27 sinh?(BB) + e~287)1/2,

The partition function is given by = A + AY and in the thermodynamic limit we obtain the
following free energy

F = —NkgTin (eﬁJcosh(ﬁJ) + (e*7 sinh*(6B) + S_QBJ)l/Q) .

It is now useful to compute the expectation value of the magai@on per spin

M

1 1 0F
N) = — p -BE; _ _ 77
(M/N) NZZ_:Me N 9B’
resulting in
sinh(BB)
(sinh?(BB) + e—207)1/2)"
We see that fo5 = 0 the magnetisation is zero. This means that for a one-diraeakising model we
cannot have a spontaneous magnetization. For the two-gioreal model however, see the discussion
below, the Ising model exhibits both a spontaneous magigtisand a specific heat and susceptibility

which are discontinuous or even diverge. However, excaephfsimplest case such ax 2 lattice of
spins, with the following partition function

(M/N) =

Z =2e7 878 £ 26878 1 12,

and resulting mean energy
J
<E'> = ——= (1668Jﬁ — 166 &Iﬁ) 5
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it is a highly non-trivial task to find the analytic expressifor Zy in the thermodynamic limit. The
analytic expression for the Ising model in two dimensions whtained via a mathematical tour de force
in 1944 by the Norwegian chemist Lars Onsager [71]. The epaxtition function for/N spins in two
dimensions and with zero magnetic fi¢hds given by

ZN = [QCosh(ﬁJ)eI]N,
with Lo )
_ L 20502 4\1/2
I o7 ), d(bln[z (1+(1 K“sind) )],
and

k= 2sinh(23.J)/cosh*(26.J).
The resulting energy is given by

(E) = —Jcoth(28.J) {1 + %(%anhr"(?ﬂﬂ - 1)K1(q)} :

with ¢ = 2sinh(23.J)/cosh?(23.J) and the complete elliptic integral of the first kind

w/2 d¢
Kl = [ =
0o \1—¢%sin%¢
Differentiating once more with respect to temperature wriokthe specific heat given by

Ov = 2B (ot 20.) { K (a) — Kola) — (1 — tanh®(25.) [ 5 + (2tanh®(20.) ~ )K:(0)] }

™
(13.5)
where

w/2
Kalo)= [ don/T=sins, (13.6)
0
is the complete elliptic integral of the second kind. Near thitical temperaturd the specific heat
behaves as )
2 2J T
CV ~ —; </€BTC) ln’l — T_C

In theories of critical phenomena one ca show that for teatpessI” below a critical temperaturgég,
the heat capacity scales as [73]

+ const. (13.7)

1 T
Tc

and Onsager’s result is a special case of this power law i@hahe limiting form of the function

Cy ~ (13.8)

)

1
lima—o— (Y ™% =1) = —InY,
«

can be used to infer that the analytic result is a special @&tbee power law singularity witlx = 0.

Similar relations applies to other expectation values. Rameple is the the spontaneous magnetisation
per spin. This quantity is also highly non-trivial to comeutHere we simply limit ourselves to list
Onsager’s result

(1 — tanh2(BJ))*1"®

16tanh(6.J) ’

forT < T¢. ForT > T¢ the magnetization is zero. From theories of critical pheapane can show
that the magnetization behaveslas~ T from below

(M(T)/N) ~ (T = T)'/®.

(M(T)/N) = |1 -

The susceptibility behaves as
X(T) ~ [Te =T~/

Before we proceed, we need to say some words about phasgidranand critical phenomena.
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Table 13.5: Examples of various phase transitions witheetsge order parameters.

System Transition Order Parameter

Liquid-gas Condensation/evaporatignDensity difference\p = priquid — Pgas

Binary liquid mixture/Unmixing Composition difference
Quantum liquid| Normal fluid/superfluid < ¢ >, = wavefunction
Liquid-solid Melting/crystallisation Reciprocal lattice vector
Magnetic solid Ferromagnetic Spontaneous magnetisatidh
Antiferromagnetic Sublattice magnetisatial/
Dielectric solid Ferroelectric PolarizationP
Antiferroelectric Sublattice polarisatio?

13.4 Phase Transitions and critical phenomena

A phase transition is marked by abrupt macroscopic changestarnal parameters are changed, such
as an increase of temperature. The point where a phaseiwariakes place is called a critical point.

We distinguish normally between two types of phase traorsdtj first-order transitions and second-order
transitions. An important quantity in studies of phase sitaons is the so-called correlation length
and various correlations functions like spin-spin cottiefes. For the Ising model we shall below below
that the correlation length is related to the spin-corighatunction, which again defines the magnetic
susceptibility. The spin-correlation function is nothibgt the covariance and expresses the degree of
correlation between spins.

The correlation length defines the length scale at which vieeadl properties of a material start to differ
from its bulk properties. It is the distance over which thetilations of the microscopic degrees of
freedom (for example the position of atoms) are signifigactirrelated with each other. Usually it is of
the order of few interatomic spacings for a solid. The catieh length¢ depends however on external
conditions such as pressure and temperature.

First order/discontinuous phase transitions are chaiaetkby two or more states on either side of the
critical point that can coexist at the critical point. As wasp through the critical point we observe a
discontinuous behavior of thermodynamical functions. €beelation length is normally finite at the
critical point. Phenomena such as hysteris occur, viz.etigea continuation of state below the critical
point into one above the critical point. This continuatismietastable so that the system may take a
macroscopically long time to readjust. A classical examgplthe melting of ice. It takes a specific
amount of time before all the ice has melted. The temperatumains constant and water and ice can
coexist for a macroscopic time. The energy shows a disaaityiat the critical point, reflecting the fact
that a certain amount of heat is needed in order to melt alcthe

Second order or continuous transitions are different angleimeral much difficult to understand and
model. The correlation length diverges at the critical pdinctuations are correlated over all distance
scales, which forces the system to be in a unique criticat@hd@he two phases on either side of the
critical point become identical. The disappearance of atgp®ous magnetization is a classical example
of a second-order phase transitions. Structural tramsifiosolids are other types of second-order phase
transitions. Strong correlations make a perturbativeimeat impossible. From a theoretical point of
view, the way out is renormalization group theory [73—794bIE[T3b lists some typical system with
their pertinent order parameters.
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Using Ehrenfest’s definition of the order of a phase tramsitve can relate the behavior around the
critical point to various derivatives of the thermodynaatigotential. In the canonical ensemble we are
using, the thermodynamical potential is Helmholtz’ freergy

F=(E)-TS=—kTinZ

meaningnZ = —F/kT = —F[3. The energy is given as the first derivativefof

_ 0InZ _ O(BF)

(E) =~ a8 9B

and the specific heat is defined via the second derivativé of
o _ 1 3pF)
VT TRT? 952

We can relate observables to various derivatives of thatiparfunction and the free energy. When
a given derivative of the free energy or the partition fumetis discontinuous or diverges (logarithmic
divergence for the heat capacity from the Ising model) wedéh phase transition of order of the deriva-
tive. A first-order phase transition is recognized in a didtwity of the energy, or the first derivative
of F'. The Ising model exhibits a second-order phase transitrmeshe heat capacity diverges. The
susceptibility is given by the second derivativefofnith respect to external magnetic field. Both these
guantities diverge.

13.4.1 The Ising model and phase transitions

The Ising model in two dimensions with = 0 undergoes a phase transition of second order. What
it actually means is that below a given critical temperaflire the Ising model exhibits a spontaneous
magnetization with M) # 0. AboveT the average magnetization is zero. The mean magnetization
approaches zero dt with an infinite slope. Such a behavior is an example of whatailed critical
phenomena [76, 78, 80]. A critical phenomenon is normallyk®a by one or more thermodynamical
variables which vanish above a critical point. In our caseiththe mean magnetizatigi1) # 0. Such

a parameter is normally called the order parameter.

Critical phenomena have been extensively studied in phy€dne major reason is that we still do not
have a satisfactory understanding of the properties of syslose to a critical point. Even for the
simplest three-dimensional systems we cannot predicttigxe values of various thermodynamical
variables. Simplified theoretical approaches like medd-fisodels discussed below, can even predict
the wrong physics. Mean-field theory results in a secon@mptiase transition for the one-dimensional
Ising model, whereas we saw in the previous section that tleedimensional Ising model does not
predict any spontaneous magnetization at any finite tertyreraThe physical reason for this can be
understood from the following simple consideration. Assulrat the ground state for @-spin system

in one dimension is characterized by the following configjora

rr1 ... 11 1 .. 1T 1
123 ... i-14 i+l ... N-1 N

which has a total energy NJ and magnetizatio®Vv, where we used periodic boundary conditions. If
we flip half of the spins we obtain a possible configurationrgtibe first half of the spins point upwards
and the last half points downwards we arrive at the configumat

[ I T 7 ! ! !
123 .. N2-1 N/2 N/2+1 ... N—-1 N

with energy(—N + 4)J and net magnetization zero. This state is an example of app@sksordered
state with net magnetization zero. The change in energwigher too small to stabilize the disordered

386



13.4 — Phase Transitions and critical phenomena

state. There are many other such states with net magnetizagio with energies slightly larger than the
above case. But it serves to demonstrate our point, we carlpduild states at low energies compared
with the ordered state with net magnetization zero. And tiexgy difference between the ground state
is too small to stabilize the system. In two dimensions hawefie excitation energy to a disordered
state is much higher, and this difference can be sufficiesitoilize the system. In fact, the Ising model
exhibits a phase transition to a disordered phase both imhddhree dimensions.

For the two-dimensional case, we move from a phase with fimdgnetization M) # 0 to a param-
agnetic phase withM) = 0 at a critical temperatur@c-. At the critical temperature, quantities like
the heat capacity’yy and the susceptibility are discontinuous or diverge at the critical point in the
thermodynamic limit, i.e., with an infinitely large lattic@his means that the variance in energy and
magnetization are discontinuous or diverge. For a finiticehowever, the variance will always scale
as~ 1/v/M, M being e.g., the number of configurations which in our casedpgrtional with, the
number of spins in a the andy directions. The total number of spinsié = L x L resulting in a total

of M = 2" microstates. Since our lattices will always be of a finite elirsions, the calculateth, or

x Wwill not exhibit a diverging behavior. We will however noti@ broad maximum in e.gCy nearZ¢.
This maximum, as discussed below, becomes sharper anceslaaipis increased.

NearTs we can characterize the behavior of many physical quastiyea power law behavior (below
we will illustrate this in a qualitative way using mean-fighaory).

We showed in the previous section that the mean magnetizatiiven by (for temperature beldf)
(M(T) ~ (T = Te)”, (13.9)
where = 1/8 is a so-called critical exponent. A similar relation applie the heat capacity
Cy(T) ~ |Te —T|™%, (13.10)

and the susceptibility
X(T) ~|Te = T|77, (13.11)

with o = 0 andy = —7/4. Another important quantity is the correlation length, @his expected

to be of the order of the lattice spacing foris close to7¢-. Because the spins become more and
more correlated a%' approached s, the correlation length increases as we get closer to thieadri
temperature. The discontinuous behavior of the correidtioear?¢ is

&T) ~|Te —T|7". (13.12)

A second-order phase transition is characterized by aletioe length which spans the whole system.
The correlation length is typically of the order of some feseratomic distances. The fact that a system
like the Ising model, whose energy is described by the iotera between neighboring spins only, can
yield correlation lengths of macroscopic size at a critigaint is still a feature which is not properly
understood. Stated differently, how can the spins propsitpir correlations so extensively when we
approach the critical point, in particular since the intdien acts only between nearest spins? Below we
will compute the correlation length via the spin-sin caatin function for the one-dimensional Ising
model.

In our actual calculations of the two-dimensional Ising mlpdie are however always limited to a finite
lattice and¢ will be proportional with the size of the lattice at the arél point. Through finite size
scaling relations [73, 76—78] it is possible to relate thidwor at finite lattices with the results for an
infinitely large lattice. The critical temperature scalesrt as

To(L) — Te(L = 00) o aL ™", (13.13)

with ¢ a constant and defined in Eq.[[I312). The correlation length for a finitéidatsize can then be
shown to be proportional to
ET)xL~|Tc—T|™".
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and if we sefl’ = T one can obtain the following relations for the magnetizatenergy and suscepti-
bility for T' < T¢
(M(T) ~ (T = Te)” oc L0/,
Cv(T) ~ |Te —T|”7 o< L7,
and
X(T) ~|Te —T|™® o« LY,

13.4.2 Critical exponents and phase transitions from miggld-models

In order to understand the above critical exponents, we deitive some of the above relations using
what is called mean-field theory.

In studies of phase transitions we are interested in miningithe free energy by varying the average
magnetisation, which is the order parameter for the Isingehor he magnetization disappeardat

Here we use mean field theory to model the free enérgin mean field theory the local magnetisation
is a treated as a constant and all effects from fluctuatiomseglected. Stated differently, we reduce
a complicated system of many interacting spins to a set otémns for each spin. Each spin sees
now a mean field which is set up by the surrounding spins. Wéenttherefore the role of spin-spin
correlations. A way to achieve this is to rewrite the intéiat between two spins at sitésand 7,
respectively, by adding and subtracting the mean valueeo$pin(.S), that is

SiSj = (Si = (8) + ()(Si — () + (8)) & (8)? + (S)(S; — (5)) + (S)(S; — (S)),
where we have ignored terms of the ordst — (S))(S; — (S)). These are the terms which lead to

correlations between neighbouring spins. In mean fieldrihee ignore correlations.

This means that we can rewrite the Hamiltonian

N N
E=-JY SS—BY_ S,

<ij> i
as

E=-J Z (S)% + (S)(Si = (S)) + (S)(S; — () — BZ&-,
resulting in
E=—(B+2J(8) > Si+2J(S)?,

with z the number of nearest neighbours for a givensit®e have included the external magnetic field
B for completeness.

We can then define an effective field which all spins see, namel

To obtain the vaue ofS)) we employ again our results from the canonical ensemble. pHnttion
function reads in this case

7 = e N KT (900sh(Beg /KT))Y
with a free energy

F = —kTinZ = —NkTIn(2) + N2J(S)> — NkTIn (cosh(Beg /kT))
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and minimizingF with respect tq.S) we arrive at
(S) = tanh(2cosh (Beg /kT)) .
Close to the phase transition we expgg} to become small and eventually vanish. We can then expand
F in powers of(S) as
1 1
F = —NEkTIn(2) + NzJ(s)*> — NkT — BN(s) + NkT <§<s>2 + E<s>4 +.. > ,
and usingl M) = N(S) we can rewrite Helmholtz free energy as

F=Fy—B(M) + %a<M>2 + ib(M)‘* +...

Let (M) =mand
— 1 2 1 4 1 6
F—F0+2am +4bm +6cm
F has a minimum at equilibriumd’(m) = 0 andF"(m) > 0

F'(m) =0 =m(a+bm? 4+ cm?),
and if we assume that is real we have two solutions
m =0,

or

b
m? = — (—1 ++1 —4ac/b2) .
2c

This relation can be used to describe both first and secathel-phase transitions. Here we consider the
second case. We assume that 0 and lete < 1 since we want to study a perturbation around= 0.
We reach the critical point when= 0, that is

b
2= 2 ((= _ 2\~ —
m" = o (( 1++/1—4ac/b ) a/b

We define the temperature dependent function
a(T) =a(T — T¢),

with o > 0 and7x being the critical temperature where the magnetizatiomst@s. Ifa is negative we

have two solutions
m =+ —a/b==4/ 04(T+—T)

, meaning thatn evolves continuously to the critical temperature where- 0 for T' < T
We can now compute the entropy as follows

. ForT > T we havem = 0 and

B oOF,
5= <W)
,and forT < T¢
_ OFy 2
S =— <—6T) —a*(Tec —T)/2b,
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and we see that there is a smooth crossov&pat
In theories of critical phenomena one has that

T«
Oy ~[1- —
14 ’ TC )

and Onsager’s result is a special case of this power law @hdhe limiting form of the function
) 1 ..
lima—o— (Y ™% —=1) = —InY,
«

meaning that the analytic result is a special case of the plamesingularity witha, = 0.

13.5 The Metropolis algorithm and the two-dimensional IgjriModel

We switch now back to the Ising model in two dimensions anda®phow to write a program that
will allow us to compute various thermodynamical quangiti@d he algorithm of choice for solving the
Ising model is the approach proposed by Metropefial.[81] in 1953. As discussed in chapkel 12, new
configurations are generated from a previous one using aitiiam probability which depends on the
energy difference between the initial and final states.

In our case we have as the Monte Carlo sampling function thbatility for finding the system in a

states given by
P e_(ﬁEs)
s — Z )
with energyE,, 5 = 1/kT andZ is a normalization constant which defines the partition fiomdn the
canonical ensemble. As discussed above

Z(3) = Z e~ (BEs)

is difficult to compute since we need all states. In a calauadf the Ising model in two dimensions,
the number of configurations is given BY with N = L x L the number of spins for a lattice of length
L. Fortunately, the Metropolis algorithm considers onlyasbetween probabilities and we do not need
to compute the partition function at all. The algorithm gasdollows

(a) Establish an initial state with enerdy by positioning yourself at a random configuration in the
lattice

(b) Change the initial configuration by flipping e.g., onenspinly. Compute the energy of this trial
stateF;.

(c) CalculateAF = E; — Ej,. The number of valueA F is limited to five for the Ising model in two
dimensions, see the discussion below.

(d) If AE < 0 we accept the new configuration, meaning that the energywesrkd and we are
hopefully moving towards the energy minimum at a given terapge. Go to step 7.

(e) If AE > 0, calculatew = e~ (PAE),
() Comparew with a random number. If
r < w,
then accept the new configuration, else we keep the old caafign.
(g) The next step is to update various expectations values.
(h) The steps (2)-(7) are then repeated in order to obtaifffiaexutly good representation of states.



13.5 — The Metropolis algorithm and the two-dimensionaligj Model

(i) Each time you sweep through the lattice, i.e., when yotetmuimmed over all spins, constitutes
what is called a Monte Carlo cycle. You could think of one sagble as a measurement. At the
end, you should divide the various expectation values withtotal number of cycles. You can
choose whether you wish to divide by the number of spins or Higtou divide with the number
of spins as well, your result for e.g., the energy is now trergpper spin.

The crucial step is the calculation of the energy differemce the change in magnetization. This part
needs to be coded in an as efficient as possible way since éimgelin energy is computed many times.
In the calculation of the energy difference from one spinfigumation to the other, we will limit the
change to the flipping of one spin only. For the Ising modeinn timensions it means that there will
only be a limited set of values fak E. Actually, there are only five possible values. To see thakct
first a random spin position, y and assume that this spin and its nearest neighbors areitiingoup.
The energy for this configuration 18 = —4.J. Now we flip this spin as shown below. The energy of the
new configuration i¥ = 4.J, yieldingAE = 8J.

T T
E=-2J T = E=2J U
T T
with AE = 4.J,
T T
E—=0 LT 1 — E=0 LT
i i
with AE = 0,
! !
E=2J 111 — E=-2J LT
! !

with AE = —4J and finally

!
E=4J L1l = E=-4J l
!

—
—

with AE = —8J. This means in turn that we could construct an array whichaios all values of
ePAE pefore doing the Metropolis sampling. Else, we would havevaluate the exponential at each
Monte Carlo sampling. For the two-dimensional Ising motieré are only five possible values. It is
rather easy to convice oneself that for the one-dimensilsirad model we have only three possible
values. The main part of the Ising model program is shown fteeze is also a corresponding Fortran
program).

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapterl0/cpp/ising_2dim.cpp

/*
Program to solve the two-dimensional Ising model
The coupling constant J = 1
Boltzmann's constant = 1, temperature has thus dimension energy
Metropolis sampling is used. Periodic boundary conditions.
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*/
#include <iostream>
#include <fstream>
#include <iomanip>
#include "lib.h"
using namespace std;
ofstream ofile;
// inline function for periodic boundary conditions
inline int periodic(int i, int limit, int add) {
return (i+limit+add) % (limit);
}
// Function to read in data from screen
void read_input(int&, int&, double&, double&, doubleé&);
// Function to initialise energy and magnetization
void initialize(int, double, int *x, double&, double&);
// The metropolis algorithm
void Metropolis(int, long&, int *x, double&, double&, double x);
// prints to file the results of the calculations
void output(int, int, double, double x);

// main program
int main(int argc, charx argv[])
{
char xoutfilename;
long idum;
int *xxspin_matrix, n_spins, mcs;
double w[17], average[5], initial_temp, final_temp, E, M, temp_step;

// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){

cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1l);
}
else{
outfilename=argv[1l];
}

ofile.open(outfilename);
// Read in initial values such as size of lattice, temp and cycles
read_input(n_spins, mcs, initial_temp, final_temp, temp_step);
spin_matrix = (intxx) matrix(n_spins, n_spins, sizeof(int));
idum = -1; // random starting point
for ( double temp = initial_temp; temp <= final_temp; temp+=temp_step){
// initialise energy and magnetization
E=M=0.;
// setup array for possible energy changes
for( int de =-8; de <= 8; de++) w[de+8] = 0;
for( int de =-8; de <= 8; de+=4) w[de+8] = exp(-de/temp);
// initialise array for expectation values
for( int i = 0; i < 5; i++) average[i] = 0.;
initialize(n_spins, double temp, spin_matrix, E, M);
// start Monte Carlo computation
for (int cycles = 1; cycles <= mcs; cycles++){
Metropolis(n_spins, idum, spin_matrix, E, M, w);
// update expectation values
average[0] += E; average[l] += ExE;
average[2] += M; average[3] += M«M; average[4] += fabs(M);
}
// print results
output(n_spins, mcs, temp, average);
}
free_matrix((void *x*) spin_matrix); // free memory
ofile.close(); // close output file
return 0;
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b |

The arrayw[17] contains values oA E spanning from-8.J to 8 and it is precalculated in the main
part for every new temperature. The program takes as inpuhttial temperature, final temperature, a
temperature step, the number of spins in one direction (veefihe lattice to be a square lattice, meaning
that we have the same number of spins inthend they directions) and the number of Monte Carlo
cycles. For every Monte Carlo cycle we run through all spirthe lattice in the functiometropolis and

flip one spin at the time and perform the Metropolis test. Hmvgevery time we flip a spin we need to
compute the actual energy differenfs&” in order to access the right element of the array which stores
ePAE | This is easily done in the Ising model since we can expl@itféttt that only one spin is flipped,
meaning in turn that all the remaining spins keep their \@lideed. The energy difference between a
stateF; and a statd’s with zero external magnetic field is

N N
AE=FE,—Ey=JY sisi—J Y sisi, (13.14)
<ki> <kl>
which we can rewrite as
N
AE=—JY si(s}—s]), (13.15)
<kl>
where the sum now runs only over the nearest neighbofghe spin Since the spin to be flipped takes
only two values;s; = +1 ands? = +1, it means that is; = 1, thens? = —1 and ifs; = —1, then
s? = 1. The other spins keep their values, meaning that s7. If s} = 1 we must have] — s? = 2,
and if s} = —1 we must haves; — s? = —2. From these results we see that the energy difference can
be coded efficiently as
N
AE =2Js] Y sk, (13.16)
<k>

where the sum runs only over the nearest neighbakspini. We can compute the change in mag-
netisation by flipping one spin as well. Since only spiis flipped, all the surrounding spins remain
unchanged. The difference in magnetisation is therefoegiven by the difference; — s? = +2, or
in a more compact way as

My = M + 257, (13.17)

whereM; and M, are the magnetizations before and after the spin flip, réispéc Eqgs. [I3.16) and
([@31T) are implemented in the functieex ropolis shown here

void Metropolis(int n_spins, long& idum, int sxspin_matrix, double& E, double&M, double x*w)
{
// loop over all spins
for(int y =0; y < n_spins; y++) {
for (int x= 0; X < n_spins; x++){
// Find random position
int ix = (int) (ranl(&idum)x*(double)n_spins);
int iy = (int) (ranl(&idum)x*(double)n_spins);
int deltakE = 2xspin_matrix[iy][ix]x*
(spin_matrix[iy][periodic(ix,n_spins,-1)]+
spin_matrix[periodic(iy,n_spins,-1)]1[ix] +
spin_matrix[iy][periodic(ix,n_spins,1)] +
spin_matrix[periodic(iy,n_spins,1)1[ix]);
// Here we perform the Metropolis test
if ( ranl(&idum) <= w[deltaE+8] ) {
spin_matrix[iy][ix] *= -1; // flip one spin and accept new spin config
// update energy and magnetization
M += (double) 2*spin_matrix[iy][ix];
E += (double) deltaE;
}
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}
}

} // end of Metropolis sampling over spins

Note that we loop over all spins but that we choose the laptasitionsz andy randomly. If the move
is accepted after performing the Metropolis test, we uptegeenergy and the magnetisation. The new
values are used to update the averages computed in the matiofu

When setting up the values of the spins it can be useful to hawsualization of the lattice, as shown
for the7 x 7 lattice of Fig (I3H.

0 1 2 3 4 ) 6

Figure 13.4: Example of a two-dimensioffak 7 lattice with spins pointing either up or down. The variable
spin_matrix[1][0] takes the value +1 whilgin_matrix[0][6] iS —1.
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Another important function is the functiamitialize. This function sets up the initial energy, mag-
netisation and spin values for the different lattice posis. The latter sets all spins equal one if the
temperature is low, which for the two-dimensional Ising reladeans practically temperaturBs< 1.5.
Else, it keeps the value from the preceeding temperaturelalter is done in order to get a best possible
estimate of the most likely state for the given temperature.

We have built up a code where we run over a larger temperapar, sypically with values” €
[1.0,3.0].

// function to initialise energy, spin matrix and magnetization
void initialize(int n_spins, double temp, int xxspin_matrix,
double& E, double& M)
{
// setup spin matrix and intial magnetization
for(int y =0; y < n_spins; y++) {
for (int x= 0; X < n_spins; x++){
if (temp < 1.5) spin_matrix[yl[x] = 1; // spin orientation for the ground state
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M += (double) spin_matrix[y][x];
}
}
// setup initial energy
for(int y =0; y < n_spins; y++) {
for (int x= 0; X < n_spins; x++){

E -= (double) spin_matrix[y][x]=*
(spin_matrix[periodic(y,n_spins,-1)]1[x] +
spin_matrix[y][periodic(x,n_spins,-1)]);

}
}

}// end function initialise

In the functionoutput we print the final results, spanning from the mean energy ecstisceptibility.
Note that we divide by all spins. All the thermodynamicalishtes we compute are so-called extensive
ones meaning that they depend linearly on the number of sfinse our results will depend on the size
of the lattice, we need to divide by the total number of spinerder to see whether quantities like the
energy or the heat capacity stabilise or not as functionsa&asing lattice size. This is

void output(int n_spins, int mcs, double temperature, double xaverage)
{
double norm = 1/((double) (mcs)); // divided by total number of cycles
double Eaverage = average[0]xnorm;
double E2average = average[l]*norm;
double Maverage = average[2]xnorm;
double M2average = average[3]*norm;
double Mabsaverage = average[4]*norm;
// all expectation values are per spin, divide by 1/n_spins/n_spins
double Evariance = (E2average- EaveragexEaverage)/n_spins/n_spins;
double Mvariance = (M2average - MaveragexMaverage)/n_spins/n_spins;
double M2variance = (M2average - MabsaveragexMabsaverage)/n_spins/n_spins;
double Mvariance = (M2average - MabsaveragexMabsaverage)/n_spins/n_spins;
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile << setw(15) << setprecision(8) << temperature;
ofile << setw(15) << setprecision(8) << Eaverage/n_spins/n_spins;
ofile << setw(15) << setprecision(8) << Evariance/temperature/temperature;
// ofile << setw(15) << setprecision(8) << Maverage/n_spins/n_spins;
ofile << setw(15) << setprecision(8) << M2variance/temperature;
ofile << setw(15) << setprecision(8) << Mabsaverage/n_spins/n_spins << endl;
} // end output function

13.5.1 Parallelization of the Ising model

To parallelize the Ising model, or many Monte Carlo procedus in general rather simple. Here we
show an example of a modified main program where we let diftavedes perform a given set of Monte
Carlo samples. We have fixed the size of the grid 40 & 40 lattice, but the reading of these variables
can easily be done by the master node, either by reading trebles from the command line or via a
user-defined file.

Note that every node has its own seed for the random numberatens.

/*
Program to solve the two-dimensional Ising model
with zero external field using MPI
The coupling constant J = 1
Boltzmann's constant = 1, temperature has thus dimension energy
Metropolis sampling is used. Periodic boundary conditions.
The code needs an output file on the command line.
*/
#include "mpi.h"
#include <cmath>
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#include <iostream>
#include <fstream>
#include <iomanip>
#include "lib.h"

using namespace std;

// output file
ofstream ofile;

// inline function for periodic boundary conditions
inline int periodic(int i, int limit, int add) {
return (i+limit+add) % (limit);
}
// Function to initialise energy and magnetization
void initialize(int, int *x*, double&, double&);
// The metropolis algorithm
void Metropolis(int, long&, int *x, double&, double&, double x);
// prints to file the results of the calculations
void output(int, int, double, double x*);

// Main program begins here

int main(int argc, charx argv[])
{
char xoutfilename;
long idum;
int *xxspin_matrix, n_spins, mcs, my_rank, numprocs;
double w[17], average[5], total_average[5],
initial_temp, final_temp, E, M, temp_step;

// MPI initializations

MPI_Init (&argc, &argv);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);
MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);
if (my_rank == 0 && argc <= 1) {

cout << "Bad Usage: " << argv[0] <<
" read output file" << endl;
exit(1l);

}
if (my_rank == 0 && argc > 1) {
outfilename=argv[1l];
ofile.open(outfilename);
}
n_spins = 40; mcs = 1000000; initial_temp = 2.4; final_temp = 2.7; temp_step =0.1;
/*
Determine number of intervall which are used by all processes
myloop_begin gives the starting point on process my_rank
myloop_end gives the end point for summation on process my_rank
*/
int no_intervalls = mcs/numprocs;
int myloop_begin = my_rankxno_intervalls + 1;
int myloop_end = (my_rank+l)*no_intervalls;
if ( (my_rank == numprocs-1) &&( myloop_end < mcs) ) myloop_end = mcs;

// broadcast to all nodes common variables

MPI_Bcast (&n_spins, 1, MPI_INT, ©, MPI_COMM_WORLD);

MPI_Bcast (&initial_temp, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

MPI_Bcast (&final_temp, 1, MPI_DOUBLE, ©, MPI_COMM_WORLD);

MPI_Bcast (&temp_step, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

// Allocate memory for spin matrix

spin_matrix = (intxx) matrix(n_spins, n_spins, sizeof(int));

// every node has its own seed for the random numbers, this is important else
// 1f one starts with the same seed, one ends with the same random numbers
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idum = -1-my_rank; // random starting point
// Start Monte Carlo sampling by looping over T first
for ( double temperature = initial_temp; temperature <= final_temp; temperature+=temp_step){
// initialise energy and magnetization
E=M=0.;
// initialise array for expectation values
initialize(n_spins, spin_matrix, E, M);
// setup array for possible energy changes
for( int de =-8; de <= 8; de++) w[de+8] = 0;
for( int de =-8; de <= 8; de+=4) w[de+8] = exp(-de/temperature);
for( int i = 0; i < 5; i++) average[i] = 0.;
for( int 1 = 0; i < 5; i++) total_average[i] = 0.;
// start Monte Carlo computation
for (int cycles = myloop_begin; cycles <= myloop_end; cycles++){
Metropolis(n_spins, idum, spin_matrix, E, M, w);
// update expectation values for local node
average[0] += E; average[l] += ExE;
average[2] += M; average[3] += M«M; average[4] += fabs(M);
}
// Find total average
for( int i =0; i < 5; i++){
MPI_Reduce(&average[i], &total_average[i], 1, MPI_DOUBLE, MPI_SUM, 0, MPI_COMM_WORLD);
}
// print results
if ( my_rank == 0) {
output(n_spins, mcs, temperature, total_average);
}
}
free_matrix((void *x) spin_matrix); // free memory
ofile.close(); // close output file
// End MPI
MPI_Finalize ();
return 0;

13.6 Selected results for the Ising model

In Figs.[I3H-T318 we display selected results from the nogdiscussed in the previous section. The
results have all been obtained with one million Monte Casloles and the Metropolis algorithm for
different two-dimensional lattices. A temperature stepAdf = 0.1 was used for all lattices except
the 100 x 100 results. For the latter we single out a smaller temperategen close to the critical
temperature and use®T” = 0.05. Fig.[I3 shows the energy to stabilize as function ofdatsize. We
note that the numerics indicates a smooth and continuous éoirthe energy, although there is a larger
increase close to the critical temperatiife ~ 2.269.

We mentioned previously that the two-dimensional Ising eladth zero external magnetic field ex-
hibits a second-order phase transition and a spontaneayrsatization belowl-. Fig.[I3:6 shows the
absolute value of the magnetisation as function of the nurabspins. We note that with increasing
lattice size we approach a steeper line and the transit@m & smaller magnetisation to a larger one
becomes sharper. This is a possible sign of a phase transitteere we move from a state where all
spins (or most of them) align in a specific direction (high iegof order) to a phase where both spin
directions are equally probable (high degree of disorded)r@sult in zero net magnetisation. The or-
dered phase at low temperatures is called a ferromagnedigepivhile the disordered phase is called
the paramagnetic phase, with zero net magnetisation. Siac@e plotting the absolute value, our net
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Figure 13.5: Average energy per spin as function of theckatiize for the two-dimensional Ising model.
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magnetisation will always be above zero since we are takiegaterage of a number which is never
negative.

The reason we choose to plot the average absolute valuadhstéhe net magnetisation is that slightly
belowT¢, the net magnetisation may oscillate between negative asitiye values since the system, as
function of the number of Monte Carlo cycles is likely to hégespins pointing up or down. This means
that after a given number of cycles, the net spin may be $jiglaisitive but could then occasionaly jump
to a negative value and stay there for a given number of Moatio@ycles. Above the phase transition
the net magnetisation is always zero.

The fact that the system exhibits a spontaneous magnetiZatd external field applied) beldi leads

to the definition of the magnetisation as an order parameéter.order parameter is a quantity which is
zero on one side of a critical temperature and non-zero ootther side. Since the magnetisation is a
continuous quantity df, with the analytic results

(1 — tanh?(3J))* 1/8
16tanh(6.J) ’

1—

forT < T¢ and0 for T' > T¢, our transition is defined as a continuous one or as a secded phase
transition. From Ehrenftest’s definition of a phase transitve have that a second order or continuous
phase transition exhibits second derivatives of Helmhéieze energy (the potential in this case) with
respect to e.g., temperature that are discontinuous orgéivat 7. The specific heat for the two-
dimensional Ising model exhibits a power-law behavior ahii- with a logarithmic divergence. In
Fig.[I3T we show the corresponding specific heat.

We see from this figure that as the size of the lattice is ire@dathe specific heat develops a sharper and
shaper peak centered around the critical temperature. #asibehavior is seen for the susceptibility as
well, with an even sharper peak, as can be seen fronLEd. 13.8.
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Figure 13.6: Absolute value of the average magnetizatiorspie as function of the lattice size for the two-
dimensional Ising model.
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Figure 13.7: Heat capacity per spin as function of the latsize for the two-dimensional Ising model.
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Figure 13.8: Susceptibility per spin as function of theitatisize for the two-dimensional Ising model. Note
that we have computed the susceptibilitas ((M?2) — (|M|)?)/k,T.
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The Metropolis algorithm is not very efficient close to th&ical temperature. Other algorihms such
as the heat bath algorithm, the Wolff algorithm and othestglting algorithms, the Swendsen-Wang
algorithm, or the multi-histogram method [82, 83] are mudreefficient in simulating properties near
the critical temperature. For spin models like the clasdgtiér-order Potts models discussed in section
39, the efficiency of the Metropolis algorithm is simplhadequate. These topics are discussed in
depth in the textbooks of Newman and Barkema [77] and LandduBinder [78].

13.7 Correlation functions and further analysis of the Isqymodel

13.7.1 Thermalization

In the code discussed above we have assumed that one pedeattailation starting with low temper-
atures, typically well belowW . For the Ising model this means to start with an ordered cordigpn.
The final set of configurations that define the establishedliequm at a givenT’, will then be domi-
nated by those configurations where most spins are aligneddrspecific direction. For a calculation
starting at lowT’, it makes sense to start with an initial configuration whdtegins have the same
value, whereas if we were to perform a calculation at Higfor example well abové&, it would most
likely be more meaningful to have a randomly assigned valuée spins. In our code example we use
the final spin configuration from a lower temperature to detfirgeinitial spin configuration for the next
temperature.

In many other cases we may have a limited knowledge on thatdeitnitial configurations at a given
T. This means in turn that if we guess wrongly, we may need aicenumber of Monte Carlo cycles
before we reach the most likely equilibrium configuratioighen equilibrium is established, various
observable such as the mean energy and magnetizatiomatseitbund their mean values. A parallel
is the particle in the box example discussed in chdpfler 1&rélve considered a box divided into two
equal halves separated by a wall. At the beginning, time0, there areV particles on the left side.
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| M|

A small hole in the wall is then opened and one particle cas gasugh the hole per unit time. After
some time the system reaches its equilibrium state with Iggoeany particles in both halvesy/2.
Thereafter, the mean number of particles oscillates ardufd

The number of Monte Carlo cycles needed to reach this equifibposition is referred to as the thermal-
ization time, or equilibration time.,. We should then discard the contributions to various exiert
values till we have reached equilibrium. How to determireetttermalization time can be done in a brute
force way, as demonstrated in Figs.13.9 Bad13.10. I[E@ th@ calculations have been performed
with a40 x 40 lattice for a temperaturkesT'/J = 2.4, which corresponds to a case close to a disordered
system. We compute the absolute value of the magnetizatieneach sweep over the lattice. Two
starting configurations were used, one with a random otientaf the spins and one with an ordered
orientation, the latter corresponding to the ground sthtkeosystem. As expected, a disordered config-
uration as start configuration brings us closer to the aeevafue at the given temperature, while more
cycles are needed to reach the steady state with an ordeméduration. Guided by the eye, we could
obviously make such plots and discard a given number of ssanplowever, such a rough guide hides
several interesting features. Before we switch to a moraldetanalysis, let us also study a case where
we start with the 'correct’ configuration for the relevantigerature.

T T
Ground state as start——
Random start configuration----

0.8 -

0 1000 2000 3000 4000 5000

Figure 13.9: Absolute value of the mean magnetisation astifum of timet. Time is represented by the
number of Monte Carlo cycles. The calculations have beefopeed with a40 x 40 lattice for a temperature
kT /J = 2.4. Two start configurations were used, one with a random atimt of the spins and one with
an ordered orientation, which corresponds to the grourtd sfdhe system.

Fig.[I310 displays the absolute value of the mean magtietisas function of time for a100 x 100
lattice for temperaturetp7’/J = 1.5 andkgT/J = 2.4. For the lowest temperature, an ordered
start configuration was chosen, while for the temperatwrsecto the critical temperature, a disordered
configuration was used. We notice that for the low tempeeatase the system reaches rather quickly
the expected value, while for

the temperature close tg; T/ J ~ 2.269 it takes more time to reach the actual steady state.
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Figure 13.10: Absolute value of the mean magnetisation astifon of timet. Time is represented by the
number of Monte Carlo cycles. The calculations were peréatwith a100 x 100 lattice for temperatures
kgT/J = 1.5 andkgT/J = 2.4. For the lowest temperature, an ordered start configuratamchosen,

while for the temperature close 1@, a disordered configuration was used.
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It seems thus that the time needed to reach a steady stateey lfimr temperatures close to the critical
temperature than for temperatures away. In the next subeewe will define more rigorously the
equilibration timet., in terms of the so-called correlation time The correlation time represents the
typical time by which the correlation function discussedhe next subsection falls off. There are a
number of ways to estimate the correlation timet is normal to set the equilibration time= ¢.,. The
correlation time is a measure of how long it takes the systeget from one state to another one that is
significantly different from the first. Normally the equitdttion time is longer than the correlation time,
mainly because two states close to the steady state are imiligg n structure than a state far from the
steady state.

Here we mention also that one can show, using scaling ra&fi¥], that at the critical temperature the
correlation timer relates to the lattice size as

T ~ L‘”Z,

with d the dimensionality of the system. For the Metropolis aldyoni based on a single spin-flip process,
Nightingale and Blote obtained= 2.1665 + 0.0012 [84]. This is a rather high value, meaning that our
algorithm is not the best choice when studying propertidh@ising model nedf.

We can understand this behavior by studying the developofehe two-dimensional Ising model as
function of temperature. The first figure to the left showsdtaet of a simulation of 40 x 40 lattice at

a high temperature. Black dots stand for spin down-dmwhile white dots represent spin up-1). As
the system cools down, we see in the picture to the right ttsiaits developing domains with several
spins pointing in one particular direction.
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Cooling the system further we observe clusters pervadimygiareas of the lattice, as seen in the next
two pictures. The rightmost picture is the one withclose to the critical temperature. The reason
for the large correlation time (and the parametgfor the single-spin flip Metropolis algorithm is the
development of these large domains or clusters with allgpainting in one direction. Itis quite difficult
for the algorithm to flip over one of these large domains beeauhas to do it spin by spin, with each
move having a high probability of being rejected d‘geﬂ threoi@agnetic interaction between spins.

Since all spins point in the same direction, the chance dbpming the flip
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leads to an energy difference &fF = 8J. Using the exact critical temperatukg7c/J ~ 2.269,
we obtain a probabilitgxp —(8/2.269) = 0.029429 which is rather small. The increase in large cor-
relation times due to increasing lattices can be diminighedsing so-called cluster algorithms, such
as that introduced by Ulli Wolff in 1989 [85] and the Swend&&ang [86] algorithm from 1987. The
two-dimensional Ising model with the Wolff or Swendsen-\Waalgorithms exhibits a much smaller
correlation time, with the variable = 0.25 & 001. Here, instead of flipping a single spin, one flips an
entire cluster of spins pointing in the same direction.
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13.7.2 Time-correlation functions

The so-called time-displacement autocorrelatigt) for the magnetization is given By
o0 = [t M) = (M) IME + ) - (M), (13.18)
which can be rewritten as
b(t) = / dt' [MEYM(t +t) — (M)?] (13.19)

where (M) is the average value of the magnetization avidt) its instantaneous value. We can dis-
cretize this function as follows, where we used our set ofated values\1(t) for a set of discretized
times (our Monte Carlo cycles corresponding to a sweep tweelattice)

1 tmax_t tmax_t 1 tmax_t

> ME)ME+t)— S M) x——— > M(t'+t). (13.20)
=0 =0

+—0 tmax —t

o(t) =

tmax —t tmax —

One should be careful with times closettg.., the upper limit of the sums becomes small and we
end up integrating over a rather small time interval. Thigngethat the statistical error it(t) due to

the random nature of the fluctuations.M (¢) can become large. Note also that we could replace the
magnetization with the mean energy, or any other expectattues of interest.

The time-correlation function for the magnetization giseaeasure of the correlation between the mag-
netization at a time¢’ and a time’ +¢. If we multiply the magnetizations at these two differenteis, we
will get a positive contribution if the magnetizations argcfuating in the same direction, or a negative
value if they fluctuate in the opposite direction. If we thategrate over time, or use the discretized
version of Eq.[[I3.20), the time correlation functioft) should take a non-zero value if the fluctuations
are correlated, else it should gradually go to zero. Fordiaméong way apart the magnetizations are
most likely uncorrelated and(t) should be zero. Figi I3 1 exhibits the time-correlatiarcfion for

the magnetization for the same lattice and temperaturesstied in Fid_13.10.

We notice that the time needed beferg) reaches zero is ~ 300 for a temperaturépg7’/J = 2.4.
This time is close to the result we found in Hig—13.10. Sinjlafor k5T/J = 1.5 the correlation
function reaches zero quickly, in good agreement againthéahesults of Fid—_13.10. The time-scale, if
we can define one, for which the correlation function fallsstfould in principle give us a measure of
the correlation time- of the simulation.

We can derive the correlation time by observing that our bfsitis algorithm is based on a random
walk in the space of all possible spin configurations. We Itdo@m chaptei IR that our probability
distribution function# (¢) after a given number of time stepsould be written as

W(t) = Ww(0),

with w(0) the distribution at = 0 andW representing the transition probability matrix. We canais/
expandw (0) in terms of the right eigenvectors &fof W as

w(0) = Z i, (13.21)

resulting in
W(t) = W's(0) = W'D ai¥ = > Ma¥,, (13.22)

1we follow closely chapter 3 of Ref. [77].
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Figure 13.11: Time-autocorrelation function with timas number of Monte Carlo cycles. It has been nor-
malized with¢(0). The calculations have been performed far0a x 100 lattice atkpT'/J = 2.4 with a
disordered state as starting pointandaf’/J = 1.5 with an ordered state as starting point.

with \; the i*" eigenvalue corresponding to the eigenvedtar If we assume thad, is the largest
eigenvector we see that in the limit> co, w(t) becomes proportional to the corresponding eigenvector
Vo. This is our steady state or final distribution.

We can relate this property to an observable like the meamatagtion. With the probabiltyv(¢)
(which in our case is the Boltzmann distribution) we can tiite mean magnetization as

(M) =D W(t)M,, (13.23)

or as the scalar of a vector product
(M(t)) = W(t)m, (13.24)

with m being the vector whose elements are the valuebgfin its various microstates. We rewrite
this relation as

(M(t)) = W(t)m = Na;¥im,. (13.25)

If we definem; = ¥;m; as the expectation value @¢# in thei'" eigenstate we can rewrite the last
equation as

(M(B) = 3 Naim. (13.26)

Since we have that in the limit— oo the mean magnetization is dominated by the the largestadsmn
Ao, we can rewrite the last equation as

(M(1)) = (M(00)) + Y Naym. (13.27)
i#0
We define the quantity
1
Ti = “logh (13.28)
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and rewrite the last expectation value as

(M(t)) = (M(00)) + Y aimie /™. (13.29)
i#0

The quantities; are the correlation times for the system. They control dlsauto-correlation function
discussed above. The longest correlation time is obviogisn by the second largest eigenvaiye
which normally defines the correlation time discussed abbBeelarge times, this is the only correlation
time that survives. If higher eigenvalues of the transitioatrix are well separated froth; and we
simulate long enough; may well define the correlation time. In other cases we maybeatble to
extract a reliable result far,. Coming back to the time correlation functié(t) we can present a more
general definition in terms of the mean magnetizatioht)). Recalling that the mean value is equal
to (M (o0)) we arrive at the expectation values

¢(t) = (M(0) = M(00))(M(t) — M(o0)), (13.30)
and using Eq{I3:29) we arrive at
G(t) = > miaimjae /™, (13.31)
1,740

which is appropriate for all times.

13.8 The Potts’ model

The Potts model has been, in addition to the Ising model, lwigsed in studies of phase transitions in
statistical physics. The so-called two-dimensiapatate Potts model has an energy given by

N
E==JY bqs

<kl>

where the spiny, at lattice positiork can take the valuels 2, . . ., g. The Kronecker delta functioh, 5,
equals unity if the spins are equal and is zero otherwise v@hiableN is the total number of spins.

For ¢ = 2 the Potts model corresponds to the Ising model. To see thabweewrite the last equation

as N N
J 1 J
E=—§ E 2(5sl,sk—§)— E 3

<Kl> SR>

Now, 2(ds, s, — %) is +1 whens; = s and—1 when they are different. This model is thus equivalent to
the Ising model except a trivial difference in the energyimumm given by a an additional constant and
afactorJ — J/2. One of the many applications of the Potts model is to helibsoebed on the surface
of graphite.

For references on the Potts Models see Refs. [87—90]

Compared with the two-dimensional Ising model, the Pottd@hoan take only four possible values for
AFE, as shown in the following part of code

void Energy(double T,double *Boltzmann){

Boltzmann[0] = exp(-3/T) ;
Boltzmann[1l] = exp(-2xJ/T);
Boltzmann[2] = exp(-3x1/T);
Boltzmann[3] = exp(-4x1/T);

}//Energy




13.8 — The Potts’ model

However, when we run the Potts model we must choose the naw wdl; randomly. The following
functions encodes the Metropolis algorithm for the Pottsleto

void Metropolis(int q,double *Boltzmann,int **Spin,long& seed,double& E){
int SpinFlip, LocalEnergy0, LocalEnergy, x, y, dE;

for(int i = 0; i < N; i++){
for(int j = 0; j < N; j++){

X = (int) (ranl(&seed)*N);

y = (int) (ranl(&seed)*N);

LocalEnergy0 = 0;

LocalEnergy = 0;

dE = 0;

if(Spin[x][y] == Spin[x][periodic(y,N,-1)])
LocalEnergy0 --;

if(Spin[x][y] == Spin[periodic(x,N,-1)1[y])
LocalEnergy0® --;

if(Spin[x][y] == Spin[x][periodic(y,N,1)])
LocalEnergy0® --;

if(Spin[x][y] == Spin[periodic(x,N,1)]1[y])
LocalEnergy0® --;

do{

SpinFlip = (int)(ranl(&seed)*(q)+1);

Ywhile(SpinFlip == Spin[x][yl);

if (SpinFlip == Spin[x][periodic(y,N,-1)1])
LocalEnergy --;

if(SpinFlip == Spin[periodic(x,N,-1)1[y])
LocalEnergy --;

if(SpinFlip == Spin[x][periodic(y,N,1)]1)
LocalEnergy --;

if(SpinFlip == Spin[periodic(x,N,1)1[y])
LocalEnergy --;

dE = LocalEnergy - LocalEnergy0;

if (dE<=0){
Spin[x]1[y] = SpinFlip;
E += JxdE;
}
else if(ranl(&seed)<Boltzmann[dE-1]){
Spin[x]1[y] = SpinFlip;
E += JxdE;

In the calculation of the energy difference from one spinfigumation to the other, we have for the= 2
Potts two possible values only. When we change one of thesauch as flipping a spin we start with
an energyk = —4.J. Now we flip this spin as shown below. The energy of the new gondition is
E =0J,yieldingAE = 4J.

E=—4] 1

— — —
—
=
I
S
<
—
— — —
—

However, whery becomes large the standard Metropolis algorithm beconedfidient. Assume that
q = 100. At high T the acceptance probability is closeltand our algorithm is efficient.

When we cool down the systeih — T, more and more 'spins’ will take the same value and we build
up cluster/domains with equally valued 'spins’. If the spare aligned with its neigbours it has lower
energy and thereby larger weight®” .

The problem comes whenis large. If our value is one of the other 96 values, we needvenage
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100/4 = 25 steps to find a desired state. This can result in a very long torfind state with lower
energy.

If we start at low temperatures, there is an extra cost taexeiading to smaller acceptance probability.
We can easily end up in situation where we have almost 96 dutridves rejected. This means that we
need a better algorithm. Such improvements are discusdbd thapter on advanced statistical physics
problems (not available in this version).

13.9 Exercises and projects

Exercise 13.1

Convince yourself that the values listed in TdbIe1L 3.4 aresco.

Exercise 13.2

Calculate the internal energy and heat capacity of the amestsional Ising model using periodic bound-
ary conditions and compare the results with those for freks émthe limitN — co.

Project 13.1: Thermalization and the One-Dimensionaldgdiuhodel

In this project we will use the Metropolis algorithm to geaer states according to the Boltzmann dis-
tribution. Each new configuration is given by the change df one spin at the time, that is, — —sg.
Use periodic boundary conditions and set the magnetic Bete0.

a) Write a program which simulates the one-dimensionaglsiodel. Choosg > 0, the number
of spinsN = 20, temperaturd’ = 3 and the number of Monte Carlo samptess = 100. Let
the initial configuration consist of all spins pointing uge.ijs; = 1. Compute the mean energy
and magnetization for each cycle and find the number of cywesled where the fluctuation of
these variables is negligible. What kind of criterium wowtdi use in order to determine when the
fluctuations are negligible?

Change thereafter the initial condition by letting the spiake random values, eitherl or 1.
Compute again the mean energy and magnetization for eatd ayd find the number of cycles
needed where the fluctuation of these variables is negéigibl

Explain your results.

b) Letmes > 1000 and computé E), (E?) andCy as functions ofl" for 0.1 < T' < 5. Plot the
results and compare with the exact ones for periodic boyrmarditions.

¢) Using the Metropolis sampling method you should now firedrthmber of accepted configurations
as function of the total number of Monte Carlo samplings. Hiwes the number of accepted
configurations behave as function of temperaflifeExplain the results.

d) Compute thereafter the probabil( E') for a system withV = 50 at7 = 1. Choosencs > 1000
and plotP(F) as function ofE. Count the number of times a specific energy appears and build
thereafter up a histogram. What does the histogram mean?

Project 13.2: simulation of the two-dimensional Ising mlode

a) Assume that the number of spins in thandy directions are two, viZ. = 2. Find the analytic
expression for the partition function and the correspoganean values foE, M, the capacity
Cy and the suceptibilityy as function ofl" using periodic boundary conditions.
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b) Write your own code for the two-dimensional Ising modethaperiodic boundary conditions and
zero external field3. SetL = 2 and compare your numerical results with the analytic ona® fr
the previous exercise. usifig= 0.5 and7T" = 2.5. How many Monte Carlo cycles do you need
before you reach the exact values with an unceertaintytess ,? What are most likely starting
configurations for the spins. Try both an ordered arrangénfeéhe spins and a randomly assigned
orientations for both temperature. Analyse the mean eremngymagnetisation as functions of the
number of Monte Carlo cycles and estimate how many theriat#diz cycles are needed.

¢) We will now study the behavior of the Ising model in two dims&ns close to the critical temper-
ature as a function of the lattice sizex L, with L the number of spins in the andy directions.
Calculate the expectation values fd@r) and (M), the specific heaf’y, and the susceptibility
as functions off" for L = 10, L = 20, L = 40 andL = 80 for T' € [2.0, 2.4] with a step in
temperatureAT = 0.05. Plot(E), (M), Cy andy as functions off". Can you see an indication
of a phase transition?

d) Use Eq.[[IT33) and the exact result= 1 in order to estimatdc in the thermodynamic limit
L — oo using your simulations witl, = 10, L = 20, L = 40 and L = 80.

e) In the remaining part we will use the exact resdl:/J = 2/in(1 + v/2) ~ 2.269 andv = 1.
Determine the numerical values 6f,, x and M at the exact valug' = T¢ for L = 10, L = 20,

L =40 andL = 80. Plotlog19 M andyx som funksjon avog,o L and use the scaling relations in
order to determine the constarit@&nd~. Are your log-log plots close to straight lines? The exact
values ares = 1/8 andy = 7/4.

f) Make a log-log plot using the results fafy, as function ofL for your computations at the exact
critical temperature. The specific heat exhibits a logaritrdivergence witlw = 0, see Eqs[{I315)
and [I3F). Do your results agree with this behavior? Mage alplot of the specific heat computed
at the critical temperature for the given lattice.

The exact specific heats behaves as

2/ 27 \° T
Cy~—= In|l——
v s (kBTc) n‘ TC

-+ const.

Comment your results.

Project 13.3: Potts Model

The Potts model has been, in addition to the Ising model, lwidged in studies of phase transitions in
statistical physics. The so-called two-dimensiapatate Potts model has an energy given by

N
E=-J 0u.

<kl>

where the spir;, at lattice positiork can take the valuels 2, . . ., g. The Kroneckr delta functiody, s,
equals unity if the spins are equal and is zero otherwléés the total number of spins. Fgr= 2 the
Potts model corresponds to the Ising model. To see that weeeaite the last equation as

N N
J 1 J
E=—§ E 2(5sl,sk—§)— E 7
Shl> Shl>

Now, 2(ds, s, — %) is +1 whens; = s and—1 when they are different. This model is thus equivalent to
the Ising model except a trivial difference in the energyimimm given by a an additional constant and
afactorJ — J/2. One of the many applications of the Potts model is to helibsoebed on the surface
of graphite.
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The Potts model exhibits a second order phase transitidiovovalues ofg and a first order transition
for larger values of;. Using Eherenfest’s definition of a phase transition, a séarder phase transi-
tion has second derivatives of the free energy that are wiisemus or diverge (the heat capacity and
susceptibility in our case) while a first order transitiors fiest derivatives like the mean energy that are
discontinuous or diverge. Since the calculations are dadtieaxfinite lattice it is always difficult to find
the order of the phase transitions. In this project we witlitiourselves to find the temperature region
where a phase transition occurs and see if the numericssalisvto extract enough information about
the order of the transition.

a) Write a program which simulates the= 2 Potts model for two-dimensional lattices with x
10, 40 x 40 and 80 x 80 spins and compute the average energy and specific heat. liftstab
an appropriate temperature range for where you see a sutidege in the heat capacity and
susceptibility. Make the analysis first for few Monte Carlgles and smaller lattices in order
to narrow down the region of interest. To get appropriatésties afterwards you should allow
for at leastl0® Monte Carlo cycles. In setting up this code you need to findfficient way to
simulate the energy differences between different mietest In doing this you need also to find
all possible values oA E.

b) Compare these results with those obtained with the tweedsional Ising model. The exact critical
temperature for the Ising model1% = 2.269. Here you can eventually use the abovementioned
program from the lectures or write your own code for the Isimggel. Tip when comparing results
with the Ising model: remove the constant term. The first &epus to check that your algorithm
for the Potts model gives the same results as the ising mNdé. that critical temperature for the
q = 2 Potts model is half of that for the Ising model.

c) Extend the calculations to the Potts model witk 3,6 andg = 10. Make a table of the possible
values of AE for each value of;. Establish first the location of the peak in the specific heat
and study the behavior of the mean energy and magnetizaidnnations ofg. Do you see a
noteworthy change in behavior from the= 2 case? For largey values you may need lattices of
at least;0 x 50 in size.

Forg = 3 and higher you can then proceed as follows:

— Do a calculation with a small lattice first over a large tenapere region. Use typical temper-
ature steps af.1.

— Establish a small region where you see the heat capacitharslisceptibility start to increase.

— Decrease the temperature step in this region and perforcolatibns for larger lattices as
well.

Forg = 6 andg = 10 we have a first order phase transition, the energy shows ardieaity at
the critical temperature.

To compute the magnetisation in this case can lead to sontienprary conceptual problems. For the
g = 2 case we can always assign the values-ofand+1 to the spins. We would then get the same
magnetisation as we had with the two-dimensional Ising rhatiavever, we could also assign the value
of 0 and1 to the spins. A simulation could then start with all spinsaduat low temperatures. This
is then the ordered state. Increasing the temperature asdieg the region where we have the phase
transition, both spins value should be equally possiblés fiteans half of the spins take the value 0 and
the other half take the value 1, yielding a final magnetisagier spin ofl /2. The important point is
that we see the change in magnetisation when we cross tloakiémperature. For highervalues, for
exampleg = 3 we could choose something similar to the Ising model. Thasspould take the values
—1,0,1. We would again start with an ordered state and let temperatarease. Abové. all values
are equally possible resulting again in a magnetisatiommlezgro. For the values, 1, 2 the situation
would be different. Abovd, one third has value 0, another third takes the value 1 ankhshéhird is

2, resulting in a net magnetisation per spin equall/3+1x1/34+2x1/3 =1.



Chapter 14

Quantum Monte Carlo methods

If, in some cataclysm, all scientific knowledge were to betrdged, and only one sen-
tence passed on to the next generation of creatures, whamstiat would contain the most
information in the fewest words? | believe it is the atomipathesis (or atomic fact, or what-
ever you wish to call it) that all things are made of atoméleliparticles that move around
in perpetual motion, attracting each other when they arttla dlistance apart, but repelling
upon being squeezed into one another. In that one sentenailysee an enormous amount
of information about the world, if just a little imaginati@nd thinking are appliedRichard
Feynman, The Laws of Thermodynamics.

14.1 Introduction

The aim of this chapter is to present examples of applicatmniMonte Carlo methods in studies of
simple quantum mechanical systems. We study systems subk Asrmonic oscillator, the hydrogen
atom, the hydrogen molecule and the helium atom. Systenhsmany interacting fermions and bosons
such as liquidHe and Bose Einstein condensation of atoms are discussédymer§Tl7 and15. Most

quantum mechanical problems of interest in for example Etomolecular, nuclear and solid state
physics consist of a large number of interacting electrarsians or nucleons. The total number of
particlesN is usually sufficiently large that an exact solution canrefdund. In quantum mechanics
we can express the expectation value of a given ope@fmr a system ofV particles as

~

&) — JAR1dR: . dRyU*(R1, Ry, ... . Ry)O(R1, Ry, ... . Ry)¥(Ry,Ra,... . Ry)

14.1
(0) [dR1dR;...dRNU*(Ry, Ry, ..., Ry)¥U(Ry, Ry, ..., Ry) - (14

where¥ (R4, Rs,...,Ry) is the wave function describing a many-body system. Altliowg have
omitted the time dependence in this equation, it is an in génetractable problem. As an example
from the nuclear many-body problem, we can write Schrédiageuation as a differential equation
with the energy operathi (the so-called Hamiltonian) acting on the wave function as

~

H\I/(I'l, ., ra,0q, ..,OéA) = E\I/(I'l, ., ra,0q, ..,OéA)

where
ry,..,ra,
are the coordinates and

a1, ..,04,
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are sets of relevant quantum numbers such as spin and igospisystem ofd nucleons i = N + Z,
N being the number of neutrons afidhe number of protons). There are

2Ax(§)

coupled second-order differential equation8.indimensions. For a nucleus likEO, with eight protons
and eight neutrons this numbeist x 10%. This is a truely challenging many-body problem.

Equation [I41) is a multidimensional integral. As such,itoCarlo methods are ideal for obtaining
expectation values of quantum mechanical operators. (ublgm is that we do not know the exact
wavefunction¥(rq, ..,r 4, a1, .., an ). We can circumvent this problem by introducing a functioniakh
depends on selected variational parameters. This funsiionld capture essential features of the system
under consideration. With such a trial wave function we damtattempt to perform a variational
calculation of various observables, using Monte Carlo westor solving Eq.[{14]11).

The present chapter aims therefore at giving you an overgfalve variational Monte Carlo approach
to quantum mechanics. We limit the attention to the simplérdmlis algorithm, without the inclusion
of importance sampling. Importance sampling and diffuditonte Carlo methods are discussed in

chapter§1l7 arid15.

However, before we proceed we need to recapitulate some pidtulates of quantum mechanics. This
is done in the next section. The remaining sections deal mathematical and computational aspects
of the variational Monte Carlo methods, with examples argliegtions from electronic systems with
few electrons.

14.2 Postulates of Quantum Mechanics

14.2.1 Mathematical Properties of the Wave Functions

Schrddinger’s equation for a one-dimensional onebodylprolbeads

0V (z,t)

ot
whereV (z, t) is a potential acting on the particle. The first term is theekinenergy. The solution to this
partial differential equation is the wave functi@r{z, t). The wave function itself is not an observable
(or physical quantity) but it serves to define the quantumhmaaizal probability, which in turn can be
used to compute expectation values of selected operatmis as the kinetic energy or the total energy
itself. The quantum mechanical probabili®(x, t)dx is defined

1h

R _,
—%V U(x,t) + V(z, t)¥(z,t)

P(z,t)dx = V(x,t)* ¥ (z,t)dz,

representing the probability of finding the system in a radietween: andx + dx. It is, as opposed
to the wave function, always real, which can be seen fromdhevfing definition of the wave function,
which has real and imaginary parts,

U(z,t) = R(x,t) + o (z, 1),

yielding
U(x,t)*U(x,t) = (R —I)(R+I) = R* + I*.

1This is Max Born’s postulate on how to interpret the wave fimrcresulting from the solution of Schrédinger’s equatidinis also
the commonly accepted and operational interpretation.
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14.2 — Postulates of Quantum Mechanics

The variational Monte Carlo approach uses actually thisdifih of the probability, allowing us thereby
to deal with real quantities only. As a small digression, & perform a rotation of time into the complex
plane, using- = it/h, the time-dependent Schrédinger equation becomes

ov(x,7) h_QBQ\I/(,T,T)
or T o2m 022

—V(x,)¥(x, 7).
With V' = 0 we have a diffusion equation in complex time with diffusiamstant
2
p=1"
2m

This is the starting point for the Diffusion Monte Carlo methdiscussed in chaptErll7. In that case
it is the wave function itself, given by the distribution @fhdom walkers, that defines the probability.
The latter leads to conceptual problems when we have antivstric wave functions, as is the case for
particles with spin being a multiplum df/2. Examples of such particles are various leptons such as
electrons, muons and various neutrinos, baryons like peadod neutrons and quarks such as the up and
down quarks.

The Born interpretation constrains the wave function t@bglto the class of functions ib?>. Some of
the selected conditions which has to satisfy are

(&) Normalization

/OO P(z,t)dz = /OO U(z, ) Uz, t)de = 1,

— 00 — 00

meaning that

/00 U(x,t)*U(x, t)dr < oco.

(b) ¥(z,t) andd¥ (x,t)/dx must be finite
(c) ¥(x,t) ando¥(z,t)/0x must be continuous.
(d) ¥(z,t) andd¥ (z,t)/dx must be single valued.

14.2.2 Important Postulates

We list here some of the postulates that we will use in ourugision.

Postulate |

Any physical quantityA(r, p) which depends on position and momentunp has a corresponding
quantum mechanical operator by replacing isivy, yielding the quantum mechanical operator

A = A(r, —ih<y).

Quantity Classical definition QM operator

Position r r=r

Momentum p p=—ihvy

Orbital momentum| L=r x p L=rx(—ihy)

Kinetic energy T = (p)?/2m T = —(h2/2m)(v)?

Total energy H = (p/2m)+ V(r) | H=—(h2/2m)(7)? + V(r)
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Postulate Il

The only possible outcome of an ideal measurement of theigddyguantity A are the eigenvalues of
the corresponding quantum mechanical operator

Ad’u = au"/’uv
resulting in the eigenvalues, as, as, - - - as the only outcomes of a measurement. The corresponding

eigenstates , 1o, 93 - - - contain all relevant information about the system.

Postulate IlI

Assume? is a linear combination of the eigenfunctions for f&,

¢:Cl¢1+02¢2+"'zzcu¢u-

v

The eigenfunctions are orthogonal and we get

= /(‘I’)*%dr

From this we can formulate the third postulate:

When the eigenfunction i, the probability of obtaining the valug, as the outcome of a measurement
of the physical quantityl is given by|c, |2 andi,, is an eigenfunction oA with eigenvaluer,, .

As a consequence one can show that when a quantal systenihésstate®, the mean value or expec-
tation value of a physical quantit§(r, p) is given by

(A) = / (®)*A(r, —ihxy)®dr.
We have assumed th@thas been normalized, viz[(®)*®dr = 1. Else

_ [(@)*Addr
W= @ e

Postulate IV

The time development of a quantal system is given by

ovr  ~
h— = HU
ot ’

with H the guantal Hamiltonian operator for the system.

14.3 First Encounter with the Variational Monte Carlo Methd

The required Monte Carlo techniques for variational Monégl@€are conceptually simple, but the prac-
tical application may turn out to be rather tedious and cexpielying on a good starting point for the
variational wave functions. These wave functions shoubllishe as much as possible of the pertinent
physics since they form the starting point for a variatioredtulation of the expectation value of the



14.3 — First Encounter with the Variational Monte Carlo Meibd

HamiltonianH. Given a Hamiltoniarnd and a trial wave functio 1, the variational principle states
that the expectation value ¢ff) is

<H> _ de\IJ}(R)H(R)\I/T(R)
- [dRUL(R)U(R)

is an upper bound to the true ground state endfgpf the Hamiltoniand, that is

(14.2)

Ey < (H).

To show this, we note first that the trial wave function canxgemded in the eigenstates of the Hamil-
tonian since they form a complete set, see again Postulate Il

Ur(R) = a;¥;(R),

and assuming the set of eigenfunctions to be normalizedrtinga of the latter equation in Eq_{I}.2)

results in
() — Lo O [ IRV (RUHR)A(R) _ 3, a5y0 [ ARV, (R) B (R (R)

which can be rewritten as

2 OnEn
PO
In general, the integrals involved in the calculation ofieas expectation values are multi-dimensional
ones. Traditional integration methods such as the Gaugsridre will not be adequate for say the
computation of the energy of a many-body system. The fadtwianeed to sample over a multi-
dimensional density and that the probability density iseéambrmalized by the division of the norm of
the wave function, suggests that e.g., the Metropolis &lgnrmay be appropriate.

> K.

We could briefly summarize the above variational proceduthe following three steps:

(a) Construct first a trial wave functionr (R; «), for say a many-body system consistingMéfpar-
ticles located at positionR = (R4, ..., Rn). The trial wave function depends envariational
parameters: = (aq, ..., Q).

(b) Then we evaluate the expectation value of the Hamiltohia
() = [ dRU%E(R; ) HR) V7 (R; )
[ dRUL(R;)¥r(Rya)

(c) Thereafter we vary according to some minimization algorithm and return to the ftep.

The above loop stops when we reach the minimum of the enemydiog to some specified criterion.
In most cases, a wave function has only small values in laagts pf configuration space, and a straight-
forward procedure which uses homogenously distributedaanpoints in configuration space will most
likely lead to poor results. This may suggest that some kfrishportance sampling combined with e.g.,
the Metropolis algorithm may be a more efficient way of obtairthe ground state energy. The hope is
then that those regions of configurations space where the fuaction assumes appreciable values are
sampled more efficiently.

The tedious part in a variational Monte Carlo calculationhis search for the variational minimum.
A good knowledge of the system is required in order to cartyreasonable variational Monte Carlo
calculations. This is not always the case, and often vanatiMonte Carlo calculations serve rather as
the starting point for so-called diffusion Monte Carlo aditions. Diffusion Monte Carlo allows for an
in principle exact solution to the many-body Schrdodingaratgpn. A good guess on the binding energy
and its wave function is however necessary. A carefullyqrentd variational Monte Carlo calculation
can aid in this context. Diffusion Monte Carlo is discussedépth in chaptd17.
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14.4 Variational Monte Carlo for quantum mechanical systam

The variational quantum Monte Carlo has been widely apptestudies of quantal systems. Here we
expose its philosophy and present applications and dritisaussions.

The recipe, as discussed in chajifdr 11 as well, consistoimsaiy a trial wave functiogr-(R) which
we assume to be as realistic as possible. The varRidtands for the spatial coordinates, in tatal

if we haveN particles present. The trial wave function serves theigishg closely the discussion on
importance sampling in secti@n1IlL.4, as a mean to define thetajuprobability distribution

P(R Oé) _ |’[/)T(Ra Oé)|2
7 S [r(R; 0)[* dR

This is our new probability distribution function (PDF).

The expectation value of the Hamiltonian is given by

iy — [dRY*(R)H(R)¥(R)
(H) = [dR¥*(R)V(R)

whereV is the exact eigenfunction. Using our trial wave functiondeéine a new operator, the so-called
local energy,

EL(R;a) = mﬁwT(R;Q), (14.3)

which, together with our trial PDF allows us to compute thpeptation value of the local energy
(Ep(a)) = / P(R;a)EL(R;a)dR. (14.4)

This equation expresses the variational Monte Carlo agbrosVe compute this integral for a set of
values ofo and possible trial wave functions and search for the miniméithe functionE («). If the
trial wave function is close to the exact wave function, thi&h (o)) should approackH). Equation
(IZ3) is solved using techniques from Monte Carlo intdgratsee the discussion below. For most
Hamiltonians H is a sum of kinetic energy, involving a second derivativelamomentum independent
and spatial dependent potential. The contribution frompbiential term is hence just the numerical
value of the potential. A typical Hamiltonian reads thus

R N N
H— 2 ) f .
= g 2T+ 3 Vo) + 3 Vil =5 ) (145)

where the sum runs over all particlds We have included both a onebody potentiglcyoay (r;) Which
acts on one particle at the time and a twobody interackign| r; — r; |) which acts between two
particles at the time. We can obviously extend this to morapgl@ated three-body and/or many-body
forces as well. The main contributions to the energy of ptalsystems is largely dominated by one-
and two-body forces. We will therefore limit our attentianduch interactions only.

Our local energy operator becomes then

R 1 B2 N N N
EL(R; ) = sr®a) | 2m Z Vi + Z Vonebody (Ti) + Z Vine(| ri =5 [) | ¥r(R; ),
’ =1 =1 i<j

resulting in

~ ) B2 ) N N
E;(R;a) = bR a) <—% ;V1> Yr(Rya) + ;Vonebody(ri) + ;j‘/int(| r;—r;|).
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The numerically time-consuming part in the variational Mo@arlo calculation is the evaluation of the
kinetic energy term. The potential energy, as long as it l'sgemtial dependence only, adds a simple term
to the local energy operator.

In our discussion below, we base our nhumerical Monte Carlotism on the Metropolis algorithm.
The implementation is rather similar to the one discussamimmection with the Ising model, the main
difference resides in the form of the PDF. The main test todréopmed by the Metropolis algorithm is
a ratio of probabilities, as discussed in chapiér 12. Supp@sare attempting to move from positiBn
to a new positioR’. We need to perform the following two tests:

(a) If
PR/;a)
P(R;«) > 1,
whereR’ is the new position, the new step is accepted, or
(b)
PR;a)
r< —,
- P(R;a)

wherer is random number generated with uniform PDF such that [0, 1], the step is also
accepted.

In the Ising model we were flipping one spin at the time. Herechange the position of say a given
particle to a trial positiomR’, and then evaluate the ratio between two probabilities. @¥e again that
we do not need to evaluate the nar[ﬂwT(R; @)|> dR. (an in general impossible task), since we are
only computing ratios between probabilities.

When writing a variational Monte Carlo program, one sholdags prepare in advance the required
formulae for the local energ¥; in Eq. (IZ3) and the wave function needed in order to comihée
ratios of probabilities in the Metropolis algorithm. These functions are almost called as often as a
random number generator, and care should therefore besee i order to prepare an efficient code.

If we now focus on the Metropolis algorithm and the Monte GaValuation of Eq.[{T414), a more
detailed algorithm is as follows

— Initialisation: Fix the number of Monte Carlo steps and thalization steps. Choose an init&l
and variational parametensand calculatéyr(R; «)|>. Define also the value of the stepsize to be
used when moving from one value Bfto a new one.

— Initialise the energy and the variance.
— Start the Monte Carlo calculation with a loop over a given benof Monte Carlo cycles

(a) Calculate a trial positioR, = R + r * AR wherer is a random variable € [0, 1].
(b) Use then the Metropolis algorithm to accept or reject thove by calculating the ratio

w = P(R,)/P(R).

If w > s, wheres is a random number € [0, 1], the new position is accepted, else we stay at
the same place.

(c) If the step is accepted, then we fet= R,,.
(d) Update the local energy and the variance.

— When the Monte Carlo sampling is finished, we calculate thememergy and the standard devia-
tion. Finally, we may print our results to a specified file.

2This corresponds to the partition functighin statistical physics.
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Note well that the way we choose the next siep = R + r * AR is not determined by the wave
function. The wave function enters only the determinatibthe ratio of probabilities, similar to the
way we simulated systems in statistical physics. This mé@amsrn that our sampling of points may
not be very efficient. We will return to an efficient samplinfjistegration points in our discussion
of diffusion Monte Carlo in chaptdrLl7 and importance samplater in this chapter. Here we note
that the above algorithm will depend on the chosen valuABf Normally, AR is chosen in order to
accept approximatel§0% of the proposed moves. One refers often to this algorithrhe®tute force
Metropolis algorithm.

The best way however to understand the above algorithm apedfis method is to study selected
examples.

14.4.1 Firstillustration of variational Monte Carlo metts

The harmonic oscillator in one dimension lends itself nidel illustrative purposes. The Hamiltonian
is
R d* 1
H=——— 4 —ka? 14.6
2m dx? + " ( )
wherem is the mass of the particle aridis the force constant, e.g., the spring tension for a claksic
oscillator. In this example we will make life simple and ckean = h = k£ = 1. We can rewrite the

above equation as
d? 9
H=—z T
The energy of the ground state is thep = 1. The exact wave function for the ground state is

1 e
‘I’o(x):me /2,

but since we wish to illustrate the use of Monte Carlo methagschoose the trial function

\/a 2202
\IJT(I') = me /2.

Inserting this function in the expression for the local gyein Eq. [T43B), we obtain the following
expression for the local energy
Fr(z) = a® +22(1 — a?), (14.7)

with the expectation value for the Hamiltonian of Hg._(14yd)en by

1) - | " (@) Eu(a)de,

which reads with the above trial wave function

[ dze™"" o + 22(1 — a*)

E - —x 00
< L> f_oo dxefmzaz
Using the fact that
/ dre=*"" = 1/ 127
— 00 a
we obtain 9
1
(Br) =5 + 5
and the variance (at )2
9 a* —1
G 14.8
o — (14.8)
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14.4 — Variational Monte Carlo for quantum mechanical sysies

In solving this problem we can choose whether we wish to useMhtropolis algorithm and sample
over relevant configurations, or just use random numbersrgéed from a normal distribution, since
the harmonic oscillator wave functions follow closely sucHistribution. The latter approach is easily
implemented in few lines, namely

. initialisations, declarations of variables
... mcs = number of Monte Carlo samplings
// loop over Monte Carlo samples
for ( i=0; i < mcs; i++) {
// generate random variables from gaussian distribution
x = normal_random(&idum)/sqrt2/alpha;
local_energy = alphaxalpha + x*x*(l-pow(alpha,4));
energy += local_energy;
energy2 += local_energyx*local_energy;
// end of sampling
}
// write out the mean energy and the standard deviation
cout << energy/mcs << sqrt((energy2/mcs-(energy/mcs)**2)/mcs));

This variational Monte Carlo calculation is rather simple, just generate a large numhb€rof random
numbers corresponding to the gaussian RD|? and for each random number we compute the local
energy according to the approximation

~ . 1 &
(Ep) = /P(R)EL(R)dR b > Ep(x),
i=1

and the energy squared through
1 N
E2) — E2 ~ 2 (.
(B2) = /P(R)EL(R)dR ~ ;_1: E2 (z;).

In a certain sense, this is nothing but the importance MordoGampling discussed in chaplel 11.
Before we proceed however, there is an important aside vidnighrth keeping in mind when computing
the local energy. We could think of splitting the computatid the expectation value of the local energy
into a kinetic energy part and a potential energy part. If veeceealing with a three-dimensional system,
the expectation value of the kinetic energy is

_ JdRU3(R)V*U1(R)
RV (R)Ur(R)

and we could be tempted to compute, if the wave function okpherical symmetry, just the second
derivative with respect to one coordinate axis and thenipiulby three. This will most likely increase

the variance, and should be avoided, even if the final expestaalues are similar. For quantum me-
chanical systems, as discussed below, the exact wavedurietids to a variance which is exactly zero.

(14.9)

Another shortcut we could think of is to transform the nun@ran the latter equation to
/ dRVH(R)V2Ur(R) = — / dR(VUA(R))(VI7(R)), (14.10)
using integration by parts and the relation
[ RV R) <0,

where we have used the fact that the wave function is zeR at +oo. This relation can in turn be
rewritten through integration by parts to

/ dR(VU%(R)) (V¥ (R)) + / dRVL(R)V?¥7(R)) = 0.

419



Quantum Monte Carlo methods

420

The right-hand side of EC{IZ110) is easier and quicker iomae. However, in case the wave function
is the exact one, or rather close to the exact one, the left-b@e yields just a constant times the wave
function squared, implying zero variance. The rhs does ndtaay therefore increase the variance.

If we use integration by parts for the harmonic oscillat@esghe new local energy is
Br(z) = 2*(1+a?),

and the variance
2 (a* +1)2
204

which is larger than the variance of EG.(14.8).

14.5 Variational Monte Carlo for atoms

The Hamiltonian for anV-electron atomic system consists of two terms

HR)=T®R)+V(R), (14.11)

the kinetic and the potential energy operator. HRre- {r1,rs,...ry} represents the spatial and spin
degrees of freedom associated with the different partidibe classical kinetic energy

is transformed to the quantum mechanical kinetic energyatpeby operator substitution of the mo-
mentum fy, — —ihd/0xy,)

N
T(R) = hQ Z 25— (14.12)

Here the first term is the kinetic energy operator of the rugl¢he second term is the kinetic energy
operator of the electrond/ is the mass of the nucleus andis the electron mass. The potential energy
operator is given by

N g2 N
14.13
Z (4mep)r; + Zl 471'60 le ( )

=1 [
where ther;'s are the electron-nucleus distances and-lis are the inter-electronic distances.

We seek to find controlled and well understood approximatinrorder to reduce the complexity of the
above equations. ThHeorn-Oppenheimer approximatias a commonly used approximation, in which
the motion of the nucleus is disregarded.

14.5.1 The Born-Oppenheimer Approximation

In a system of interacting electrons and a nucleus thereusiilally be litle momentum transfer between
the two types of particles due to their differing masses. fbinees between the particles are of similar
magnitude due to their similar charge. If one assumes tieatnibmenta of the particles are also similar,
the nucleus must have a much smaller velocity than the elextue to its far greater mass. On the
time-scale of nuclear motion, one can therefore consideglictrons to relax to a ground-state given by
the Hamiltonian of Eqs[{IZ1 1L {14]112) ahd (1% .13) withtlucleus at a fixed location. This separation
of the electronic and nuclear degrees of freedom is knowheBorn-Oppenheimer approximation.
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In the center of mass system the kinetic energy operatosread

. ﬁ2 5 ﬁ2 N
T(R :—7 v -—N"v,.v,, 14.14

while the potential energy operator remains unchangecde Mait the Laplace operatot& now are in
the center of mass reference system.

The first term of Eq.[[IZ414) represents the kinetic energyratpr of the center of mass. The second
term represents the sum of the kinetic energy operatorseaitielectrons, each of them having their
massm replaced by the reduced mass= mM/(m + M) because of the motion of the nucleus. The
nuclear motion is also responsible for the third term, onttaess polarizatioterm.

The nucleus consists of protons and neutrons. The protmireh mass ratio is abotif 1836 and the
neutron-electron mass ratio is abdyti839. We can therefore approximate the nucleus as stationary
with respect to the electrons. Taking the limif — oo in Eq. (IZI}), the kinetic energy operator

reduces to
Z
. 2m l

The Born-Oppenheimer approximation thus disregards thatlkinetic energy of the center of mass as
well as the mass polarization term. The effects of the Boppéhheimer approximation are quite small
and they are also well accounted for. However, this simplif&ectronic Hamiltonian remains very
difficult to solve, and analytical solutions do not exist f@meral systems with more than one electron.
We use the Born-Oppenheimer approximation in our discassi@tomic and molecular systems.

The first term of EqI{TZ3) is the nucleus-electron pogdatid the second term is the electron-electron
potential. The inter-electronic potential is the main peoivin atomic physics. Because of this term, the
Hamiltonian cannot be separated into one-particle pantstlze problem must be solved as a whole. A
common approximation is to regard the effects of the eleetlectron interactions either as averaged
over the domain or by means of introducing a density funetioRopular methods in this direction are
Hartree-Fock theory and Density Functional theory. Thegea@aches are actually very efficient, and
about99% or more of the electronic energies are obtained for mostrelsffock calculations. Other
observables are usually obtained to an accuracy of &ltoub5% (ref. [91]). We discuss these methods
in chapter§15. Furthermore, systems with more than twdreles will be discussed in more detail
in chaptel”Ib. Here we limit ourselves to systems with at mwstelectrons. Relevant systems are
neutral helium with two electrons, the hydrogen moleculswarelectrons confined in a two-dimensional
harmonic oscillator trap. One could also think of atomspgied of a given number of electrons. An
example is portrayed in Fig_1%.1, where only two electraedeit.

14.5.2 The hydrogen Atom

The spatial Schrddinger equation for the three-dimensioydrogen atom can be solved analytically,
see for example Ref. [92] for details. To achieve this, weritevthe equation in terms of spherical
coordinates using

x = rsinf cos ¢,

y = rsinfsin ¢,
and

z =rcosf.

The reason we introduce spherical coordinates is the sgthesimmetry of the Coulomb potential

e? e?

dmeqr dreor/x2 + 42 + 22’
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Figure 14.1: Picture of an ionized lithium atom with threetpns (in red) and only two electrons.

where we have used= \/x2 + y2? + 22. Itis not possible to find a separable solution of the type

(@Y, 2) = Y(x)b(y)(2).

as we can with the harmonic oscillator in three dimensiormvéter, with spherical coordinates we can
find a solution of the form
Y(r,0,6) = R(r)P(0)F(¢) = RPF.

These three coordinates yield in turn three quantum numttgich determine the enegy of the systems.
We obtain three sets of ordinary second-order differeetigiations which can be solved analytically,
resulting in, [92],

1 9°F 5
Fo@ ~ %
0 opP
2 oy 9 o, _ e
Cysin®(0)P + sin(6) 50 (sin (6) 50 ) = C3P,
and , ,
10,6 ,0R, 2mrke 2mr
10,208 2mrke”  2m” o o 14.15
rRor" ) T T FO (14.15)

whereC, andCy are constants. The angle-dependent differential equatiEsult in the spherical har-
monic functions as solutions, with quantum numbeaedm,;. These functions are given by

mm&w—P@ﬂw—¢@§%%%?%memmmmm,

with P/ being the associated Legendre polynomials They can bettewss
Yim, (8, ¢) = sin™!!(8) x (polynom(cos #)) exp (im; ),

with the following selected examples

forl =m; =0,
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forl =1o0gm; =0,

Yig = \/gsin (0) exp (i¢),
5 2
Yoo =4/ m(?’COS (0)—1)

for I = 2 ogm; = 0. The quantum numbeisandm,; represent the orbital momentum and projection
of the orbital momentum, respectively and take the values0,! = 0,1,2,... andm; = -, -1 +
1,...,1—1,1. The spherical harmonics for< 3 are listed in TablEZTZ11.

forl =1o0gm; = £1, and

Spherical Harmonics

m\l 0 1 2 3
v3 —L(38)1/2 gin® getdio
2 L(12)1/2ip? get2i¢ 1(A5)1/2 cos O sin? get2i¢
41 —L(E)2sinfeti®  —1(12)1/2coshsin et —L(ZL)1/2(5cos? 0 — 1) sin fetie
0 5ei7s 2(2)2 cost 2(2)V2(3cos? 6 — 1) T(3)"?(2 = 5sin 0) cos 6
1 FL(E)V2sin0e i +1(12)1/2 cosOsinfei®  +1(Z)Y2(5 0050 — 1)sinfe—?
5 L(18)1/2 6in? ge—2i¢ (455172 ¢os @ sin® fe =21
3 +2(22)1/25in® e3¢

Table 14.1: Spherical harmonits,,, for the lowest andm; values.

We focus now on the radial equation, which can be rewritten as

_ﬁ r (%(TQ aR(T))> _ kiR(T) + MR(T) = ER(’I’)

2m or r 2mr?

Introducing the function(r) = rR(r), we can rewrite the last equation as

h? 0%u(r) ke RA(1+1)
wherem is the mass of the electrohits orbital momentum taking valués= 0,1, 2, ..., and the term

ke?/r is the Coulomb potential. The first terms is the kinetic egefithe full wave function will also
depend on the other variablésand¢ as well. The energy, with no external magnetic field is howeve
determined by the above equation . We can then think of tHalradhrddinger equation to be equivalent
to a one-dimensional movement conditioned by an effecibtergial

k_e2 RA(1+1)

r 2mr?

Verr(r) = —

The radial equation can also be solved analytically resylith the quantum numbersin addition to
Im;. The solutionR,,; to the radial equation is given by the Laguerre polynom@®.[The closed-form
solutions are given by

z/Jnlml (7'1 91 ¢) = z/Jnlmz = Rnl(r)yiml (97 ¢) = Rnlelml
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The ground state is defined bhy= 1 andl = m; = 0 and reads

1
Y100 = —75——exp (—r/ap),
agﬂﬁ

where we have defined the Bohr raditgs= 0.05 nm

h2
mke?’

apg =
The first excited state with= 0 is

Y200 = 2 — L) exp (—7/2aq).

=
4a(3)/ 22r ao

For states with with = 1 andn = 2, we can have the following combinations withy = 0

1 T
P10 = —575—— <—) exp (—r/2ap) cos ),
4&3/2\/27&' Qo
andm; = £1
1 r
Yo141 = —75— (—) exp (—r/2ap) sin 0 exp (+ig).
Sag/Qﬁ ao

The exact energy is independent @ndm,, since the potential is spherically symmetric.

The first few non-normalized radial solutions of equatiom lested in Tabl€TZ]2.

Hydrogen-like atomic radial functions

\n 1 2 3

0 exp(—2r) (2-r)exp(—Zr/2) (27— 18r+2r?)exp(—Zr/3)
1 rexp (—Zr/2) r(6 —r)exp (—Zr/3)
2 r?exp (—2Zr/3)

Table 14.2: The first few radial functions of the hydrogéewelatoms.

When solving equations numerically, it is often convententewrite the equation in terms of dimen-
sionless variables. This leads to an equation in dimensssrfbrm which is easier to code, sparing one
for eventual typographic errors. In order to do so, we inicEifirst the dimensionless varialple= /3,
whereg is a constant we can choose. Schrddinger’s equation is évaitten as

1 Du(p) mke*p

(l+1 2
=22

Eu(p). (14.17)

We can determing by simply requirinE

2
ml:; . (14.18)

With this choice, the constamtbecomes the famous Bohr radius = 0.05 nmag = 3 = h%/mke?.
We list here the standard units used in atomic physics andautar physics calculations. Itis common
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Atomic Units
Quantity Sl Atomic unit
Electron massy 9.109 - 1073 kg 1
Chargeg 1.602-107 C 1
Planck’s reduced constarit, 1.055- 10734 Js 1
Permittivity, 4meg 1.113-10719c2 31 m-! 1
Energy,ﬁ 27.211eV 1
Length,a = 4m<el 0.529 - 10710 m 1

Table 14.3: Scaling from Sl units to atomic units.

to scale atomic units by setting = ¢ = h = 4meg = 1, see Tabl&IZ413. We introduce thereafter the
variable\ e
m
h? E,
and inserting3 and the exact energy = E,/n?, with E; = 13.6 eV, we have that

)\:

1

Con2’

n being the principal quantum number. The equation we aredgbamg to solve numerically is now

2U m
B %aap(‘zp) B ;p) + l(lzzzl)u(ﬂ) — u(p) =0, (14.19)

A=

with the Hamiltonian

102 1 I(l+1)

200 p 2p?

The ground state of the hydrogen atom has the enkrgy—1/2, or E = —13.6 eV. The exact wave
function obtained from EqCIZI9) is

u(p) = pe=?’,
which yields the energy = —1/2. Sticking to our variational philosophy, we could now irdtze a
variational parametet resulting in a trial wave function

ug(p) = ape™ . (14.20)

Inserting this wave function into the expression for thealamergyE, of Eq. (IZ3) yields

Eu(p)=-2-2 <a _ %) . (14.21)

For the hydrogen atom we could perform the variational datan along the same lines as we did for
the harmonic oscillator. The only difference is that Eq. @) 4ow reads

(1) = [ PROERIR = [~ e 0y o)y

sincep € [0, 00). In this case we would use the exponential distributioreiagtof the normal distrubu-
tion, and our code could contain the following program stegets

3Remember that we are free to chogse
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. initialisations, declarations of variables
. mcs = number of Monte Carlo samplings

// loop over Monte Carlo samples
for ( i=0; i < mcs; i++) {

// generate random variables from the exponential
// distribution using ranl and transforming to
// to an exponential mapping y = -1ln(1-x)
x=ranl(&idum);
y=-log(1l.-x);
// 1in our case y = rhoxalphax*2
rho = y/alpha/2;
local_energy = -1/rho -0.5xalphax(alpha-2/rho);
energy += (local_energy);
energy2 += local_energyxlocal_energy;
// end of sampling
}
// write out the mean energy and the standard deviation
cout << energy/mcs << sqrt((energy2/mcs-(energy/mcs)*x*2)/mcs));

As for the harmonic oscillator case, we need to generatege lanmberN of random numbers cor-
responding to the exponential probability distributiondtion (PDF)a?2p?e~2* and for each random
number we compute the local energy and variance.

14.5.3 Metropolis sampling for the hydrogen atom and theriaaric oscillator

We present in this subsection results for the ground stéditthe diydrogen atom and harmonic oscillator
using a variational Monte Carlo procedure. For the hydragem, the trial wave function

u$(p) = ape™,

depends only on the dimensionless radiuk is the solution of a one-dimensional differential eqoat
as is the case for the harmonic oscillator as well. The latsrthe trial wave function

\/a 87m2a2/2.

However, for the hydrogen atom we hapee [0,c0), while for the harmonic oscillator we have
x € (—o0,00). In the calculations below we have used a uniform distrduto generate the vari-
ous positions. This means that we employ a shifted unifostridution where the integration regions
beyond a given value gf andx are omitted. This is obviously an approximation and techesike
importance sampling discussed in chapfdr 11 should be Wwsdg a uniform distribution is normally
refered to as brute force Monte Carlo or brute force Metrigggalmpling. From a practical point of view,
this means that the random variables are multiplied by angstep length\. To better understand this,
consider the above dimensionless raglius [0, co).

The new position can then be modelled as

Pnew = Pold T A X,

with  a random number drawn from the uniform distribution in aoegi € [0, A], with A < oo, a cutoff
large enough in order to have a contribution to the integcdmsk to zero. The step lengihis chosen to
give approximately an acceptance rati®6 for all proposed moves. This is nothing but a simple rule
of thumb. In this chapter we will stay with this brute force tgolis algorithm. All results discussed
here have been obtained with this approach. Importancelssand further improvements will be
discussed in chaptErll5. In Figs 4.2 Bndl 4.3 we plot thengietate energies for the one-dimensional
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5 | I I I
MC simulation with N=100000 ——
Exact result - - -
4 -
3 -
Ey
2 -
1 -
0 | | | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 14.2: Result for ground state energy of the harmaostdlator as function of the variational parameter
«. The exact result is fott = 1 with an energyy = 1. See text for further details

harmonic oscillator and the hydrogen atom, respectiveyfuactions of the variational parameter
These results are also displayed in Talilesl14.4@and 14.%ebettables we list the variance and the
standard deviation as well. We note thatat 1 for the hydrogen atom, we obtain the exact result, and
the variance is zero, as it should. The reason is that we themnthe exact wave function, and the action
of the hamiltionan on the wave function

H1 = constant x 1,

yields just a constant. The integral which defines varioymeetation values involving moments of the
Hamiltonian becomes then

(H") = de\Ij;}(R)Hn(R)\IjT(R) = constant X de\Ij}(R)\IjT(R)

J dRY;(R)¥r(R) J dR¥(R)¥7(R)

= constant.

This explains why the variance is zero far= 1. However, the hydrogen atom and the harmonic
oscillator are some of the few cases where we can use a tned fuaction proportional to the exact
one. These two systems offer some of the few examples whemmawdind an exact solution to the
problem. In most cases of interest, we do not kreopriori the exact wave function, or how to make
a good trial wave function. In essentially all real problesriarge amount of CPU time and numerical
experimenting is needed in order to ascertain the validitylonte Carlo estimate. The next examples
deal with such problems.

14.5.4 The helium atom

Most physical problems of interest in atomic, molecular antid state physics consist of a number
of interacting electrons and ions. The total number of plsiN is usually sufficiently large that an
exact solution cannot be found. Controlled and well undedtapproximations are sought to reduce
the complexity to a tractable level. Once the equationsalked, a large number of properties may be
calculated from the wave function. Errors or approximatiorade in obtaining the wave function will be
manifest in any property derived from the wave function. VWh@gh accuracy is required, considerable
attention must be paid to the derivation of the wave funcéiod any approximations made.
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Table 14.4: Result for ground state energy of the harmordilator as function of the variational parameter
a. The exact result is for = 1 with an energyl = 1. We list the energy and the variang&The variablelV
is the number of Monte Carlo samples. In this calculation @té\s= 100000 and a step length of 2 was used

in order to obtain an acceptance~f0%.

-0.8

«

(H)

0.2

5.00000E-01
6.00000E-01
7.00000E-01
8.00000E-01
9.00000E-01
1.00000E-00
1.10000E+00
1.20000E+00
1.30000E+00
1.40000E+00
1.50000E+00

2.06479E+00
1.50495E+00
1.23264E+00
1.08007E+00
1.01111E+00
1.00000E+00
1.02621E+00
1.08667E+00
1.17168E+00
1.26374E+00
1.38897E+00

5.78739E+00
2.32782E+00
9.82479E-01
3.44857E-01
7.24827E-02
0.00000E+00
5.95716E-02
2.23389E-01
4.78446E-01
8.55524E-01
1.30720E+00

I | |
MC simulation with N=100000 ——
Exact result - -

0.2

0.4 0.6

0.8

14

Figure 14.3: Result for ground state energy of the hydrogem as function of the variational parameter
The exact result is for = 1 with an energye = —1/2. See text for further details

428



14.5 — Variational Monte Carlo for atoms

Table 14.5: Result for ground state energy of the hydrogem as function of the variational parameter
The exact result is fooe = 1 with an energyE = —1/2. The variableN is the number of Monte Carlo
samples. In this calculation we fixéd = 100000 and a step length of 4 Bohr radii was used in order to obtain

an acceptance ef 50%.

2

« (H) o
5.00000E-01 -3.76740E-01 6.10503E-02
6.00000E-01 -4.21744E-01 5.22322E-02
7.00000E-01 -4.57759E-01 4.51201E-02
8.00000E-01 -4.81461E-01 3.05736E-02
9.00000E-01 -4.95899E-01 8.20497E-03
1.00000E-00 -5.00000E-01 0.00000E+00
1.10000E+00 -4.93738E-01 1.16989E-02
1.20000E+00 -4.75563E-01 8.85899E-02
1.30000E+00 -4.54341E-01 1.45171E-01
1.40000E+00 -4.13220E-01 3.14113E-01
1.50000E+00 -3.72241E-01 5.45568E-01

The helium atom consists of two electrons and a nucleus \bigingeZ = 2. In setting up the Hamilto-
nian of this system, we need to account for the repulsion &etvthe two electrons as well. A common
and very reasonable approximation used in the solution tie@Schrédinger equation for systems of
interacting electrons and ions is the Born-Oppenheimereqimation discussed above. In a system of
interacting electrons and nuclei there will usually bédithomentum transfer between the two types of
particles due to their greatly differing masses. The folmtw/een the particles are of similar magnitude
due to their similar charge. If one then assumes that the mtanoé the particles are also similar, then
the nuclei must have much smaller velocities than the elestdue to their far greater mass. On the
time-scale of the nuclear motion, one can therefore con#figeelectrons to relax to a ground-state with
the nuclei at fixed locations. This separation of the eledtrand nuclear degrees of freedom is the
the Born-Oppenheimer approximation we discussed prelyjionghis chapter. But even this simpli-
fied electronic Hamiltonian remains very difficult to solMdo closed-form solutions exist for general
systems with more than one electron.

To set up the problem, we start by labelling the distance éetnelectron 1 and the nucleusas
Similarly we haver, for electron 2. The contribution to the potential energy thuthe attraction from

the nucleus is
2ke? 2ke?

3

r1 2
and if we add the repulsion arising from the two interactiteg®ons, we obtain the potential energy

2ke?  2ke?  ke?
V(T‘l,T‘Q):— ¢ - c + <

b
1 T2 T12

with the electrons separated at a distange= |r; — r2|. The Hamiltonian becomes then

ﬁQV% hQV% 2ke?  2ke? L ke?

I/_\I =
2m 2m 1 T

)
12

and Schrédingers equation reads R
Hy = Ev.

Note that this equation has been written in atomic uamits which are more convenient for quantum
mechanical problems. This means that the final energy hasruaittiplied by & x Ey, whereE, = 13.6
eV, the binding energy of the hydrogen atom.
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A very simple first approximation to this system is to omit tepulsion between the two electrons. The
potential energy becomes then

Zke?  Zke?
V(T‘l,T‘Q)Ri— " — T .

The advantage of this approximation is that each electrarbeatreated as being independent of each
other, implying that each electron sees just a centrallynsgiric potential, or central field.

To see whether this gives a meaningful result, weet 2 and neglect totally the repulsion between
the two electrons. Electron 1 has the following Hamiltonian
~ h2V?  2ke?

1

2m 1

with pertinent wave function and eigenvalbg

i\llwa = Ead’av

wherea = {n,l,m;,} are the relevant quantum numbers needed to describe tlesy¥te assume
here that we can use the hydrogen-like solutions, but ¥itiot necessarily equal to one. The energy
E,is

Z°E,

2
na

E, =

In a similar way, we obtain for electron 2

§,_ _[PVE _ 2ke?

)

2m T

with wave functionyy, b = {nulymy, } and energy

Z2E,

.
ny,

E, =

Since the electrons do not interact, the ground state wanati@in of the helium atom is given by

ZD = ¢a¢b7

resulting in the following approximation to Schrodingestguation

(BB ) = (B + ba ) via(ra)en(re) = Eutbu (r1)in(r2).

The energy becomes then

(Buva(e1)) a(r2) + (Bawn(r) ) walm1) = (B + By) a1 )tn(xa),

yielding
1 1
E. = Z%E, <—2 + —2) .
ng; Ny
If we insertZ = 2 and assume that the ground state is determined by two aisdtrahe lowest-lying
hydrogen orbit withn,, = n;, = 1, the energy becomes

E = 8Ey = —108.8 eV,

while the experimental value is78.8 eV. Clearly, this discrepancy is essentially due to our siaisof
the repulsion arising from the interaction of two electrons
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Choice of trial wave function

The choice of trial wave function is critical in variationsllonte Carlo calculations. How to choose
it is however a highly non-trivial task. All observables aealuated with respect to the probability
distribution )
R
JWr(R)|”dR

generated by the trial wave function. The trial wave funttioust approximate an exact eigenstate in
order that accurate results are to be obtained. Improwaditave functions also improve the importance
sampling, reducing the cost of obtaining a certain stadsticcuracy.

Quantum Monte Carlo methods are able to exploit trial wawefions of arbitrary forms. Any wave
function that is physical and for which the value, the gratiéd the laplacian of the wave function may
be efficiently computed can be used. The power of Quantum &16atlo methods lies in the flexibility
of the form of the trial wave function.

It is important that the trial wave function satisfies as mangwn properties of the exact wave function
as possible. A good trial wave function should exhibit mutthe same features as does the exact wave
function. Especially, it should be well-defined at the arighat is¥ (|R| = 0) # 0, and its derivative at
the origin should also be well-defined . One possible guiddh choosing the trial wave function is the
use of constraints about the behavior of the wave functioenithe distance between one electron and
the nucleus or two electrons approaches zero. These constiee the so-called “cusp conditions” and
are related to the derivatives of the wave function.

To see this, let us single out one of the electrons in the melitom and assume that this electron is
close to the nucleus, i.e;; — 0. We assume also that the two electrons are far from each atideihat
ro # 0. The local energy can then be written as

1 1 1 Z
ELfR)= ———HyYr(R) = —— ——VQ——> R) + finite terms.

) = oy or ) = g (¥ - ) ey
Writing out the kinetic energy term in the spherical cooedes of electron, we arrive at the following
expression for the local energy

1 1 d? 1 d A
EL(R) = ( -

— == -——-= R finite t
Ry (r) 2dr?  rydry 7’1) r(r1) + finite terms,

whereR(r1) is the radial part of the wave function for electrbnWe have also used that the orbital
momentum of electron 1 is= 0. For small values of;, the terms which dominate are

1 1 d Z
lim B (R) = = (~—=——— | R
r1190 L( ) RT(Tl) < 1 dTl 7‘1) T(Tl)’

since the second derivative does not diverge due to therfesgeof¥ at the origin. The latter implies
that in order for the kinetic energy term to balance the djeace in the potential term, we must have

1 dRT(’I’l) - _7
RT(Tl) dTl ’

implying that
Rey(ry) oce™?m,

A similar condition applies to electron 2 as well. For orbitomental > 0 it is rather straightforward

to show that
1 dRrp(r) Z

Re(r) dr 1+ 1
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Another constraint on the wave function is found when the élextrons approaching each other. In
this case it is the dependence on the separatipmetween the two electrons which has to reflect the
correct behavior in the limit;> — 0. The resulting radial equation for the, dependence is the same
for the electron-nucleus case, except that the attractwgdinb interaction between the nucleus and the
electron is replaced by a repulsive interaction and thetkiemergy term is twice as large.

To find an ansatz for the correlated part of the wave functibis, useful to rewrite the two-particle
local energy in terms of the relative and center-of-masganotLet us denote the distance between
the two electrons ag;>. We omit the center-of-mass motion since we are only inteces the case
whenri; — 0. The contribution from the center-of-mass (CoM) variaBle,\: gives only a finite
contribution. We focus only on the terms that are relevant-fg. The relevant local energy becomes
then We

2 4 d 2 Il+1
lim E(R) 2 4 —— + (+1)

== 2B | R —0,
r12—0 R (r12) ( dry; vy drg vy 2 + ) 7(r12)

wherel is now equall if the spins of the two electrons are anti-parallel and they are parallel.
Repeating the argument for the electron-nucleus cusp hétfeictorization of the leadingdependency,
we get the similar cusp condition:

dRT(’I’u) _ 1
drio 2(1+1)

R (riz2) riz2 — 0

resulting in
exp (r;;/2) for anti-parallel spins, = 0
RT 0.6
exp (ri;/4) for parallel spins] = 1

This is so-called cusp condition for the relative motionsuléng in a minimal requirement for the
correlation part of the wave fuction. For general systemgaiaing more than two electrons, we have
this condition for each electron paij.

Based on these consideration, a possible trial wave fumetfoch ignores the 'cusp’-condition between
the two electrons is
Yr(R) = e (mtra) (14.22)

wherer; o are dimensionless radii and is a variational parameter which is to be interpreted as an
effective charge.

A possible trial wave function which also reflects the 'cusphdition between the two electrons is
Yp(R) = e~ @(mitre)eriz/2, (14.23)

The last equation can be generalized to

dr(R) = ¢(r1)d(r2) ... o(rn) [] £(ris),

i<j

for a system withV electrons or particles. The wave functiofx;) is the single-particle wave function
for particlei, while f(r;;) account for more complicated two-body correlations. Ferhiglium atom,
we placed both electrons in the hydrogenic ofbit We know that the ground state for the helium
atom has a symmetric spatial part, while the spin wave fonds anti-symmetric in order to obey the
Pauli principle. In the present case we need not to deal with degrees of freedom, since we are
mainly trying to reproduce the ground state of the systemwéver, adopting such a single-particle
representation for the individual electrons means thaafoms beyond the ground state of helium, we
cannot continue to place electrons in the lowest hydrogeriit. This is a consenquence of the Pauli
principle, which states that the total wave function for ateyn of identical particles such as fermions,
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has to be anti-symmetric. One way to account for this is hythicing the so-called Slater determinant
(to be discussed in more detail in chajfér 15). This deteantiis written in terms of the various single-
particle wave functions.

If we consider the helium atom with two electrons in thestate, we can write the total Slater determi-
nant as

i ¢a(r1) wa(rQ)

V2| ¥s(r)  s(r2)

with a = nlm;sms = (1001/21/2) and3 = nlm;sms = (1001/2 — 1/2) or usingm, = 1/2 =1 and
ms = —1/2 =] asa = nlmysm, = (1001/2 T) and = nlm;sm,s = (1001/2 |). Itis normal to skip
the two quantum numbersn, of the one-electron spin. We introduce therefore the shodhim; 1
ornlm, |) for a particular state where an arrow pointing upward regwesn, = 1/2 and a downward

@(rl,rQ,a,B) =

arrow stands fom, = —1/2. Writing out the Slater determinant
1
O(ri,ro, 0, ) = 75 [7/104(1‘1)7/’[1(1'2) - 7/’[1(1'1)7/’7(1‘2)] )

we see that the Slater determinant is antisymmetric withaetto the permutation of two particles, that
is
(I)(rlar27 76) (rQarla aﬁ)

The Slater determinant obeys the cusp condition for the tect®ns and combined with the correlation
part we could write the ansatz for the wave function as

Yr(R) = —= [Ya(r1)¥s(r2) — ¥s(r1), (r2)] f(ri2),

1
V2
Several forms of the correlation functigifr;,; ) exist in the literature and we will mention only a selected
few to give the general idea of how they are constructed. Anfgiven by Hylleraas that had great
success for the helium atom was the series expansion

f(ri;) = exp (es) Z cprte s
k

where the inter-particle separatiog for simplicity is written as-. In additions = r;+r; andt = r; —7;
with r; andr; being the two electron-nucleus distances. All the othentties are free parameters.
Notice that the cusp condition is satisfied by the exponkntimfortunately the convergence of this
function turned out to be quite slow. For example, to pinptiie He-energy to the fourth decimal digit
a nine term function would suffice. To double the number oitgjgne needed almo$t00 terms.

The so called Padé-Jastrow form, however, is more suitdldfger systems. It is based on an exponen-
tial function with a rational exponent:

f(rij) = exp (U)
In its general form{J is a potential series expansion on both the absolute padidrdinates; and the
inter-particle coordinates;:

k k
v Zw- v Zﬁm

A very typical Padé-Jastrow function used for quantum meitiahMonte Carlo calculations of molec-
ular and atomic systems is
OéTij
P (2(1 + 57“1'.7'))
wherea and are variational parameters.
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14.5.5 Program example for atomic systems

The variational Monte Carlo algorithm consists of two distiphases. In the first a walker, a single
electron in our case, consisting of an initially random $eflectron positions is propagated according to
the Metropolis algorithm, in order to equilibrate it and legampling . In the second phase, the walker
continues to be moved, but energies and other observaleledsar accumulated for later averaging and
statistical analysis. In the program below, the electraresmaoved individually and not as a whole
configuration. This improves the efficiency of the algoritimimlarger systems, where configuration
moves require increasingly small steps to maintain the @acee ratio. The main part of the code
contains calls to various functions, setup and declaratdarrays etc. Note that we have defined a fixed
step lengthh for the numerical computation of the second derivative efkimetic energy. Furthermore,
we perform the Metropolis test when we have moved all elestrd his should be compared to the case
where we move one electron at the time and perform the Meliofest. The latter is similar to the
algorithm for the Ising model discussed in the previous tdraA more detailed discussion and better
statistical treatments and analyses are discussed inerddgt an@5.

http://www.Tys.uio.no/compphys/cp/programs/FYS53150/chapterle/cpp/programl.cpp
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// Variational Monte Carlo for atoms with up to two electrons
#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// the step length and its squared inverse for the second derivative
#define h 0.001

#define h2 1000000

// declaraton of functions

// Function to read in data from screen, note call by reference
void initialise(int&, int&, int&, int&, int&, int&, double&) ;

// The Mc sampling for the variational Monte Carlo
void mc_sampling(int, int, int, int, int, int, double, double *, double x);

// The variational wave function
double wave_function(double *x, double, int, int);

// The local energy
double local_energy(double xx, double, double, int, int, int);

// prints to screen the results of the calculations
void output(int, int, int, double %, double x);

// Begin of main program

//int main()
int main(int argc, charx argv[])
{
char xoutfilename;
int number_cycles, max_variations, thermalization, charge;
int dimension, number_particles;
double step_length;
double xcumulative_e, *xcumulative_e2;

// Read in output file, abort if there are too few command-line arguments
if( argc <=1 ){
cout << "Bad Usage: " << argv[0] <<



http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter16/cpp/program1.cpp
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Figure 14.4: Chart flow for the Quantum Varitional Monte @aalgorithm.
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" read also output file on same line" << endl;
exit(1l);
}
elseq{
outfilename=argv[1l];
}
ofile.open(outfilename);
// Read in data
initialise(dimension, number_particles, charge,
max_variations, number_cycles,
thermalization, step_length) ;
cumulative_e = new double[max_variations+1];
cumulative_e2 = new double[max_variations+1];

// Do the mc sampling
mc_sampling(dimension, number_particles, charge,
max_variations, thermalization,

number_cycles, step_length, cumulative_e, cumulative_e2);
// Print out results
output(max_variations, number_cycles, charge, cumulative_e, cumulative_e2);
delete [] cumulative_e; delete [] cumulative_e;
ofile.close(); // close output file
return 0;

The implementation of the brute force Metropolis algoritisrahown in the next function. Here we have
a loop over the variational variables It calls two functions, one to compute the wave function and
to update the local energy.

// Monte Carlo sampling with the Metropolis algorithm

void mc_sampling(int dimension, int number_particles, int charge,
int max_variations,
int thermalization, int number_cycles, double step_length,
double xcumulative_e, double *xcumulative_e2)

int cycles, variate, accept, dim, i, j;
long idum;
double wfnew, wfold, alpha, energy, energy2, delta_e;
double xxr_old, **xr_new;
alpha = 0.5xcharge;
idum=-1;
// allocate matrices which contain the position of the particles
r_old = (double **) matrix( number_particles, dimension, sizeof(double));
r_new = (double *x*) matrix( number_particles, dimension, sizeof(double));
for (i = 0; 1 < number_particles; i++) {
for ( j=0; j < dimension; j++) {
rrold[i][j]1 = r_new[i][j] = ©;
}
}
// loop over variational parameters
for (variate=1; variate <= max_variations; variate++){
// initialisations of variational parameters and energies
alpha += 0.1;
energy = energy2 = 0; accept =0; delta_e=0;
// initial trial position, note calling with alpha
// and in three dimensions
for (i = 0; i < number_particles; i++) {
for ( j=0; j < dimension; j++) {
r_old[i][j] = step_length*(ranl(&idum)-0.5);
}
}

wfold = wave_function(r_old, alpha, dimension, number_particles);
// loop over monte carlo cycles
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for (cycles = 1; cycles <= number_cycles+thermalization; cycles++){
// new position
for (i = 0; 1 < number_particles; i++) {
for ( j=0; j < dimension; j++) {
r.new[i][j] = r_old[i][j]+step_length*(ranl(&idum)-0.5);
}
}

wfnew = wave_function(r_new, alpha, dimension, number_particles);
// Metropolis test
if(ranl(&idum) <= wfnewxwfnew/wfold/wfold ) {
for (i = 0; 1 < number_particles; i++) {
for ( j=0; j < dimension; j++) {
r-old[i][jl=r_new[i][]j];
}
}
wfold = wfnew;
accept = accept+l;
}
// compute local energy
if ( cycles > thermalization ) {
delta_e = local_energy(r_old, alpha, wfold, dimension,
number_particles, charge);
// update energies
energy += delta_e;
energy2 += delta_exdelta_e;

}
} // end of loop over MC trials
cout << "variational parameter= " << alpha
<< " accepted steps= " << accept << endl;

// update the energy average and its squared
cumulative_e[variate] = energy/number_cycles;
cumulative_e2[variate] = energy2/number_cycles;

} // end of loop over variational steps

free_matrix((void *x) r_old); // free memory

free_matrix((void xx) r_new); // free memory
} // end mc_sampling function

The wave function is in turn defined in the next function. Heeeslimit ourselves to a function which
consists only of the product of single-particle wave fuoics.

// Function to compute the squared wave function, simplest form

double wave_function(double *xr, double alpha,int dimension, int number_particles)
{

int i, j, k;

double wf, argument, r_single_particle, r_12;

argument = wf = 0;
for (i = 0; 1 < number_particles; i++) {
r_single_particle = 0;
for (j = 0; j < dimension; j++) {
r_single_particle += r[i][jl*r[i][j];

}

argument += sqrt(r_single_particle);
}
wf = exp(-argumentxalpha) ;
return wf;

}
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Finally, the local energy is computed using a humericalvdion for the kinetic energy. We use the
familiar expression derived in Eq_(8.4), that is

f// o .fh - 2f0+f7h
0 — h2 )
in order to compute
1
- ——— V%7 (R). 14.24
20 (R) Yr(R) ( )

The variableh is a chosen step length. For helium, since it is rather easydtuate the local energy,
the above is an unnecessary complication. However, for redastron or other many-particle systems,
the derivation of an analytic expression for the kineticrggecan be quite involved, and the numerical
evaluation of the kinetic energy using EQ.{3.4) may resu#t simpler code and/or even a faster one.

// Function to calculate the local energy with num derivative

double local_energy(double xxr, double alpha, double wfold, int dimension,
int number_particles, int charge)
{
int i, j , k;
double e_local, wfminus, wfplus, e_kinetic, e_potential, r_12,
r_single_particle;
double **r_plus, **xr_minus;

// allocate matrices which contain the position of the particles
// the function matrix is defined in the progam library
r_plus = (double *x) matrix( number_particles, dimension, sizeof(double));
r_minus = (double *x) matrix( number_particles, dimension, sizeof(double));
for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r—plus[i][j] = r_minus[i][j] = r[il[j];
}

}
// compute the kinetic energy

e_kinetic = 0;
for (i = 0; 1 < number_particles; i++) {
for (j = 0; j < dimension; j++) {
r-plus[il[j] = r[il[j]l+h;
reminus[i][j] = r[il1[j1-h;
wfminus = wave_function(r_minus, alpha, dimension, number_particles);
wfplus = wave_function(r_plus, alpha, dimension, number_particles);
e_kinetic -= (wfminus+wfplus-2xwfold);
r-plus[il[j] = r[il[j];
rominus[i][j] = r[il[j1;
}
}

// include electron mass and hbar squared and divide by wave function
e_kinetic = 0.5xh2*xe_kinetic/wfold;
// compute the potential energy
e_potential = 0;
// contribution from electron-proton potential
for (i = 0; i < number_particles; i++) {
r_single_particle = 0;
for (j = 0; j < dimension; j++) {
r_single_particle += r[i][jI*r[i][]j];
}
e_potential -= charge/sqrt(r_single_particle);
}
// contribution from electron-electron potential
for (i = 0; 1 < number_particles-1; i++) {
for (j = i+l; j < number_particles; j++) {

r-12 = 0;

for (k 0; k < dimension; k++) {
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I I
MC simulation with N=107

Exactresult - - -

Figure 14.5: Result for ground state energy of the heliurmatsing Eq.[14.232) for the trial wave function.
A total of 107 Monte Carlo moves were used with a step length of 1 Bohr radipgroximately 50% of alll
proposed moves were accepted. The variance at the minimi®286, reflecting the fact that we do not have
the exact wave function. The variance has a minimum at vdluedifferent from the energy minimum. The
numerical results are compared with the exact result of[EH2H).

r-12 += (r[i][k]-r[j]1[k])*(r[i][Kk]-r[31[K]);
}
e_potential += 1/sqrt(r_12);
}
}
free_matrix((void *x) r_plus); // free memory
free_matrix((void *x*) r_minus);
e_local = e_potential+e_kinetic;
return e_local;

The remaining part of the program consists of the output aitidlize functions and is not listed here.

The way we have rewritten Schrodinger’s equation resulengrgies given in atomic units. If we wish
to convert these energies into more familiar units like &t@w/olt (eV), we have to multiply our reults
with 2F, whereE, = 13.6 eV, the binding energy of the hydrogen atom. Using Eq_(I¢4{@2the
trial wave function, we obtain an energy minimumeat= 1.75. The ground state i€ = —2.85in
atomic units orE = —77.5 eV. The experimental value is78.8 eV. Obviously, improvements to the
wave function such as including the 'cusp’-condition foe tivo electrons as well, see EGQ.{14.23), could
improve our agreement with experiment. Such an implemient& the topic for the next project.

We note that the effective charge is less than the chargeeaiubleus. We can interpret this reduction
as an effective way of incorporating the repulsive eleceactron interaction. Finally, since we do not
have the exact wave function, we see from Eig:114.5 that thiervee is not zero at the energy minimum.
Techniques such as importance sampling, to be contrastee tarute force Metropolis sampling used
here, and various optimization techniques of the variamcktlhe energy, will be discussed in the next
section and in chaptErlL7.
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The1ls hydrogen like wave function

3/2
Ruglr) = 2 (5) exp (~Zr/ag) = uno/r

The total energy for helium (not the Hartree or Fock terma)fthe direct and the exchange term should
give57/8.

The single-particle energy with no interactions shouldegivz? /2n2.
The2s hydrogen-like wave function is

Roo(r) =2 (i>3/2 <1 - 2%) exp (—Zr/2a0) = uso /T

2&0

and the2p hydrogen -like wave function is

1 7 3/2 Zr
Ry (r) = 7 (2—%) a—oexp(—ZT/Q‘IO) =u21/7

We useqy = 1.
If we compute the total energy of the helium atom with the fiorc

3/2
Rip(r) =2 (a%) exp (—Zr/ag) = uio/7,

as a trial single-particle wave fuction, we obtain a totadrggy (one-body and two-body)

E[Z] = Z? —4Z + gz. (14.25)

The minimum is not aZ = 2. Take the derivative wr¥ and we find that the minimum is at

)
Z =2—— =1.6875
16

and represents an optimal effective charge.

14.5.6 Importance sampling

As mentioned in connection with the generation of random lbens, sequential correlations must be
given thorough attention as it may lead to bad error estisnafteur numerical results.

There are several things we need to keep in mind in order tp #eecorrelation low. First of all, the
transition acceptance must be kept as high as possiblervdtiee a walker will dwell at the same spot
in state space for several iterations at a time, which waadly lead to high correlation between nearby
succeeding measurements.

Secondly, when using the simple symmetric formudfoq, rnew), ONe has to keep in mind the random
walk nature of the algorithm. Transitions will be made bedwg@oints that are relatively close to each
other in state space, which also clearly contributes toeimse correlation. The seemingly obvious way
to deal with this would be just to increase the step sizeyatig the walkers to cover more of the state
space in fewer steps (thus requiring fewer steps to readdmity). But unfortunately, long before the
step length becomes desirably large, the algorithm breaks dWwhen proposing moves symmetrically
and uniformly aroundrq, the step acceptance becomes directly dependent on thiestgp in such a
way that a too large step length reduces the acceptance e@iberr for this is very simple. As the step
length increases, a walker will more likely be given a moweposition to areas of very low probability,
particularly if the governing trial wave function describa localized system. In effect, the effective
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movement of the walkers again becomes too small, resuhiteyge correlation. For optimal results we
therefore have to balance the step length with the acceptanc

With a transition suggestion rule as simple as the uniform symmetrical one emphasized sohfar, t
usual rule of thumb is to keep the acceptance arduhdBut the optimal interval varies a lot from case
to case. We therefore have to treat each numerical expetrinittncare.

By choosing a bettep, we can still improve the efficiency of the step length ve@trseptance. Recall
thatw may be chosen arbitrarily as long as it fulfills ergodicityganing that it has to allow the walker
to reach any point of the state space in a finite number of stéfisat we basically want is an that
pushes the ratio towards unity, increasing the acceptdieetheoretical situation af exactly equal to
p itself:

W(""newi "’old) = W(""new) = p("'new)

would give the maximal acceptancelofBut then we would already have solved the problem of produc-
ing points distributed according @ One typically settles on modifying the symmetricabo that the
walkers move more towards areas of the state space whergsttibudion is large. One such procedure
is the Fokker-Planck formalism where the walkers are mowdmling to the gradient of the distri-
bution. The formalism “pushes” the walkers in a “desirald@&ction. The idea is to propose moves
similarly to an isotropic diffusion process with a drift. A&w positionzye is calculated from the old
one, x4, as follows:

Tnew = Told + X + DF(T0ig)0t (14.26)

Herey is a Gaussian pseudo-random number with mean equal zer@eadce equal Dt. It accounts
for the diffusion part of the transition. The third term omtleft hand side accounts for the driff. is a
drift velocity dependent on the position of the walker andésived from the quantum mechanical wave
functionvy. The constanD, being the diffusion constant gf, also adjusts the size of the drifit is a
time step parameter whose presence will be clarified shortly

It can be shown that the corresponding to the move proposition rule in Eq.(TW.2@&pbees (in non-
normalized form):

(Tnew — Told — D(StF(ToId))Q) (14.27)

4Dét

which, as expected, is a Gaussian with variabB&t centered slightly offrqq due to the drift term
DF(?“0|d)§t.

What is the optimal choice for the drift term? From statatimechanics we know that a simple isotropic
drift diffusion process obeys a Fokker-Planck equatiorhefform:

of 0

A D

ot Xz: Bxi
wheref is the continuous distribution of walkers. Equatibn (13}.i26a discretized realization of such

a process wherét is the discretized time step. In order for the solutjpto converge to the desired
distributionp, it can be shown that the drift velocity has to be chosen dgviist

W(""old' Tnew) = exXp <—

< ai - Fi(F)) f (14.28)

1
f

where the operato¥ is the vector of first derivatives of all spatial coordinat€onvergence for such
a diffusion process is only guaranteed when the time steppappes zero. But in the Metropolis algo-
rithm, where drift diffusion is used just as a transitiongwsition rule, this bias is corrected automati-
cally by the rejection mechanism. In our application, theiel PDF being the square absolute of the
wave function,f = [+/|?, the drift velocity becomes:

F=_Vf

F= %wj (14.29)
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As expected, the walker is “pushed” along the gradient ofathee function.

When dealing with many-particle systems, we should alssiden whether to move only one particle
at a time at each transition or all at once. The former methay often be more efficient. A movement
of only one particle will restrict the accessible space akeaatan move to in a single transition even
more, thus introducing correlation. But on the other hahe, dcceptance is increased so that each
particle can be moved further than it could in a standargbaiticle move. It is also computationally
far more efficient to do one-particle transitions particlylavhen dealing with complicated distributions
governing many-dimensional anti-symmetrical fermionjistems.

Alternatively, we can treat the sequence of all one-partiensitions as one total transition of all parti-

cles. This gives a larger effective step length thus redytie correlation. From a computational point

of view, we may not gain any speed by summing up the individualparticle transitions as opposed to
doing an all-particle transition. But the reduced coriielatncreases the total efficiency. We are able to
do fewer calculations in order to reach the same numericairacy.

Another way to acquire some control over the correlatioo idd a so called blocking procedure on our
set of numerical measurements. This is discussed in cHa@ter

14.6 Exercises and projects

Project 14.1: Studies of light Atoms

The aim of this project is to test the variational Monte Cappled to light atoms. We will test different
trial wave functionl. The systems we study are atoms consisting of two electrolys such as the
helium atom, Lj; and Beg;;. The atom Lj; has two electrons and = 3 while Be;;r hasZ = 4 but
still two electrons only. A general ansatz for the trial wéwection is

Yr(R) = ¢(r1)o(ra) f(ri2). (14.30)

For all systems we assume that the one-electron wave funsct{@;) are described by the an elecron in
the lowest hydrogen orbitdls.

The specific trial functions we study are

Yr1(r1,T2,T12) = exp (—a(r +12)), (14.31)
whereq is the variational parameter,
wTQ(I‘l, ra, 1‘12) = exp (—a(rl + 7‘2))(1 + 57‘12), (1432)

with 8 as a new variational parameter and

Yr3(r1,r2,r12) = exp (—a(r1 +72)) exp (m) (14.33)

a) Find the closed-form expressions for the local energyHerabove trial wave function for the
helium atom. Study the behavior of the local energy with ¢hfesictions in the limits; — 0,
ro — 0 andria — 0.

b) Compute

(fy — LRYVFBRHR)V(R)
JdRYL(R)¥r(R)
for the helium atom using the variational Monte Carlo methogloying the Metropolis algorithm
to sample the different states using the trial wave functign(ry,r2, r12). Compare your results

with the analytic expression

(14.34)

K2 27 €2
_ R 2T (14.35)
Me 32 meg

(H)
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c) Use the optimal value af from the previous point to compute the ground state of thieitreatom
using the other two trial wave functionsro(rq,ra, r12) andyrs(ry, ra, ri2). In this case you
have to vary botlv and. Explain briefly which function)p (r1,r2, r12), ¥r2(r1,r2,r12) and
¢T3 (1‘1, ra, 1‘12) is the best.

d) Use the optimal value for all parameters and all wave fonstto compute the expectation value
of the mean distancg2) between the two electrons. Comment your results.

e) We will now repeat point 1c), but we replace the helium ataith the ions Li; and Beg;;. Per-
form first a variational calculation using the first ansatzfe trial wave function)r; (r1,r2,r12)
in order to find an optimal value far. Use then this value to start the variational calculatiothef
energy for the wave functiongrs(r1, r2, r12) andyrs(r1, re, r12). Comment your results.

Project 14.2: The K molecule

The Hf molecule consists of two protons and one electron, withibpénergyEz = —2.8 eV and an
equilibrium positiornrg = 0.106 nm between the two protons.

We define our system through the following variables. Theteds is at a distance from a chosen
origo, one of the protons is at the distane® /2 while the other one is placed &/2 from origo,
resulting in a distance to the electronrof R /2 andr + R./2, respectively.

In our solution of Schrodinger’s equation for this systemase going to neglect the kinetic energies of
the protons, since they are 2000 times heavier than the@tectVe assume thus that their velocities
are negligible compared to the velocity of the electron. ddition we omit contributions from nuclear
forces, since they act at distances of several orders of inagrsmaller than the equilibrium position.

We can then write Schrédinger’s equation as follows

{ h*v? ke? ke? ke?

2m. |r—R/2[ [r+R/2] * ?} ¥(r,R) = EY(r,R), (14.36)

where the first term is the kinetic energy of the electron,sbeond term is the potential energy the
electron feels from the proton afR./2 while the third term arises from the potential energy cdmition
from the proton aR /2. The last term arises due to the repulsion between the twonso

Since the potential is symmetric with respect to the intengfe ofR. — —R andr — —r it means that
the probability for the electron to move from one proton te tther must be equal in both directions.
We can say that the electron shares it's time between botbmso

With this caveat, we can now construct a model for simulating molecule. Since we have only one
elctron, we could assume that in the linfitt — oo, i.e., when the distance between the two protons is
large, the electron is essentially bound to only one of tloégms. This should correspond to a hydrogen
atom. As a trial wave function, we could therefore use thetadaic wave function for the ground state
of hydrogen, namely
1 1/2
Pi00(r) = (—3) e/, (14.37)

Tag

Since we do not know exactly where the electron is, we havidw éor the possibility that the electron
can be coupled to one of the two protons. This form includes'¢isp’-condition discussed in the
previous section. We define thence two hydrogen wave fungtio

1 1/2
1/11(1-,R) = (ﬁ) e—\r—R/2\/ao’ (14.38)
0
and
1 1/2
o(r,R) = ($) e~ IrtR/2l/a0 (14.39)
0
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Based on these two wave functions, which represent whereléieéron can be, we attempt at the fol-
lowing linear combination

Py (I‘, R) =Ct (’[/)1 (I‘, R) + 102(1"7 R)) ) (1440)

with C4+ a constant. Based on this discussion, we add a second eléctovder to simulate the H
molecule. That is the topic for project 14.3.

Project 14.3: the H molecule

The H, molecule consists of two protons and two electrons with aigdostate energl = —1.17460
a.u. and equilibrium distance between the two hydrogen sitofm, = 1.40 Bohr radii. We define
our systems using the following variables. Origo is chosebé halfway between the two protons.
The distance from proton 1 is defined-aR /2 whereas proton 2 has a distarRR¢2. Calculations are
performed for fixed distancd® between the two protons.

Electron 1 has a distaneg from the chose origo, while electr@has a distance,. The kinetic energy
operator becomes then , ,
Vi V3
-5 - (14.41)
The distance between the two electronsiis = |r; — rz|. The repulsion between the two electrons
results in a potential energy term given by
+ L (14.42)
12
In a similar way we obtain a repulsive contribution from théeraction between the two protons given
by
1
R|’
whereR is the distance between the two protons. To obtain the finahial energy we need to include
the attraction the electrons feel from the protons. To mdus) we need to define the distance between
the electrons and the two protons. If we model this along aehe-akse with electron 1 placed at a
distancer; from a chose origo, one proton-alR /2 and the other @R /2, the distance from proton 1 to
electron 1 becomes

n (14.43)

I'1p1 =TI —+ ].:{,/27 (1444)

and
r1p2 =r; — R/2, (1445)

from proton 2. Similarly, for electron 2 we obtain
rop1 = T2 + R/2, (1446)

and
roye =r2 — R/2. (14.47)

These four distances define the attractive contributiotisegotential energy

- - - (14.48)
T1p1 T1p2 T2p1 T2p2
We can then write the total Hamiltonian as
N vz V2 1 1 1 1 1 1
H=- ‘-2 - - - 44— (14.49)
2 2 T Tipe Top1 T2 T2 R

and if we choos® = 0 we obtain the helium atom.
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In this project we will use a trial wave function of the form

reara R) = e Rt Ry exp (575 ) (14.50)

with the following trial wave function
Y(r1, R) = (exp (—arip) + exp (—aripe)) (14.51)

for electron 1 and

P(ra, R) = (exp (—argp1) + exp (—argps)) - (14.52)
The variational parameters ateand/.
One can show that in the limit where all distances approachthat

a=1+exp(—R/a), (14.53)

resulting ing kas the only variational parameter. The last equation isrelim@ar equation which we
can solve with for example Newton’s method discussed in b

a) Find the local energy as function Bf

b) Set up and algorithm and write a program which computesxpectation value o¢ﬁ> using the
variational Monte Carlo method with a brute force Metropaampling. For each inter-proton
distanceR you must find the parametér which minimizes the energy. Plot the corresponding
energy as function of the distanéebetween the protons.

c) Use thereafter the optimal parameter sets to computestirage distancér;2) between the elec-
trons where the energy as function®fexhibits its minimum. Comment your results.

d) We modify now the approximation for the wave functions lefcerons 1 and 2 by subtracting the
two terms instead of adding up, viz
111(1“1, R) = (eXp (_arlpl) — eXp (_arpo)) ) (1454)
for electron 1
¥(ra, R) = (exp (—argp) — exp (—aray2)), (14.55)

for electron 2. Mathematically, this approach is equalgblé as the previous one. Repeat your
calculations from point b) and see if you can obtain an enerigymum as function okR. Comment

your results.
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Chapter 15

Many-body approaches to studies of
electronic systems: Hartree-Fock
theory

Non vogliate negar I'esperienza/ di retro al sol, del monalaza gente./ Considerate la
vostra semenza/ fatti non foste a viver come bruti/ ma parisggtute e canoscenz@ante
Alighieri, Divina Commedia, Inferno, canto XXVI

15.1 Introduction

A theoretical understanding of the behavior of quantum raeial systems with many interacting par-

ticles, normally called many-body systems, is a great ehgkt and provides fundamental insights into
systems governed by quantum mechanics, as well as offecitegiial areas of industrial applications,

from semi-conductor physics to the construction of quangates. The capability to simulate quantum
mechanical systems with many interacting particles isiatdor advances in such rapidly developing

fields like materials science.

However, most quantum mechanical systems of interest isiphigonsist of a large number of interact-
ing particles. The total number of particldésis usually sufficiently large that an exact solution (viz.,
in closed form) cannot be found. One needs therefore relialnerical methods for studying quantum
mechanical systems with many particles.

Studies of many-body systems span from our understanditigecftrong force with quarks and gluons
as degrees of freedom, the spectacular macroscopic manibes of quantal phenomena such as Bose-
Einstein condensation with millions of atoms forming a aame state, to properties of new materials,
with electrons as effective degrees of freedom. The leng#fes range from few micrometers and
nanometers, typical scales met in materials sciencé)td® — 10~!® m, a relevant length scale for
the strong interaction. Energies can span from few meV to Ged&ven TeV. In some cases the basic
interaction between the interacting particles is welllkno A good example is the Coulomb force,
familiar from studies of atoms, molecules and condensedemphysics. In other cases, such as for
the strong interaction between neutrons and protons (cortyndobbed as nucleons) or dense quantum
liquids one has to resort to parameterizations of the upithgyinterparticle interactions. But the system
can also span over much larger dimensions as well, with oewgtars as one of the classical objects.
This star is the endpoint of massive stars which have usetiaipfuel. A neutron star, as its name
suggests, is composed mainly of neutrons, with a smallifnacif protons and probably quarks in its
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inner parts. The star is extremely dense and compact, witidas of approximately 10 km and a
mass which is roughly.5 times that of our sun. The quantum mechanical pressure vidieét up by
the interacting particles counteracts the gravitationedds, hindering thus a gravitational collapse. To
describe a neutron star one needs to solve Schrodingeraiequor approximatelyl0>* interacting
particles!

With a given interparticle potential and the kinetic enegfythe system, one can in turn define the
so-called many-particle Hamiltonialf which enters the solution of Schrédinger's equation or &¥ra
equation in case relativistic effects need to be includeat. fkany particles, Schrédinger’s equation is
an integro-differential equation whose complexity in@@mexponentially with increasing numbers of
particles and states that the system can access. Unfatyradart from some few analytically solvable
problems and one and two-particle systems that can be dreataerically exactly via the solution of
sets of partial differential equations, the typical abseatan exactly solvable (on closed form) con-
tribution to the many-particle Hamiltonian means that wedeeliable numerical many-body methods.
These methods should allow for controlled approximations@rovide a computational scheme which
accounts for successive many-body corrections in a sysiemay.

Typical examples of popular many-body methods are cougplester methods [93-97], various types of
Monte Carlo methods [98—100], perturbative many-body iw@$j101-103], Green'’s function methods
[104, 105], the density-matrix renormalization group [1067], density functional theory [108] and ab

initio density functional theory [109-111], and large4scdiagonalization methods [112-114], just to

mention a few. The physics of the system hints at which masgybmethods to use. For systems with
strong correlations among the constituents, methods hasedean-field theory such as Hartree-Fock
theory and density functional theory are normally ruled dtltis applies also to perturbative methods,
unless one can renormalize the parts of the interactionhmdacse problems.

The aim of this and the next three chapters is to present tanany-body methods which can be used
to study properties of atoms, molecules, systems in the stdite and nuclear physics. We limit the
attention to non-relativistic quantum mechanics.

In this chapter we limit ourselves to studies of electroy&tems such atoms, molecules and quantum
dots, as discussed partly in chagfér 14 as well. Using the-Bmpenheimer approximation we rewrote
Schrddinger’s equation fav electrons as

i Yz X
Z SV ZT +Zrij ¥(R) = EV(R),
=1 =1 1<J
where we lefR represent the positions which ti#é electrons can take, thatB = {ry,ro,...,ry}.

With more than one electron present we cannot find an solutioa closed form and must resort to
numerical efforts. In this chapter we will examine Hartiesek theory applied to the atomic problem.
However, the machinery we expose can easily be extendeddiestof molecules or two-dimensional
systems like quantum dots.

For atoms and molecules, the electron-electron intenadioather weak compared with the attraction
from the nucleus. An independent particle picture is ttaeeh viable first step towards the solution
of Schrédinger’s equation. We assume therefore that eaclrehs sees an effective field set up by the
other electrons. This leads to an integro-differentialimun and methods like Hartree-Fock theory and
density functional theory. Hartree-Fock theory and dgrfsibctional theories are discussed in the next
section.

In practical terms, for the Hartree-Fock method we end upiisgla one-particle equation, as is the
case for the hydrogen atom but modified due to the screenimg fine other electrons. This modified
single-particle equation reads (see [Eq.{14.16 for thedgeh case) in atomic units

1 a2 (l+1) Z
~5 g2t < (27~2 - - T +F"l) uni(r) = enttini(r).
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The functionu,,; is the solution of the radial part of the Schrodinger equedind the function®(r)
andF,; are the corrections due to the screening from the otherefetWe will derive these equations
in the next section.

The total one-particle wave function, see chapiér 14 is

wnlmlsms - ¢nlml (r)gms (5)

with s is the spin (/2 for electrons)n is the spin projectiom, = +1/2, and the spatial part is

Pnim, (v) = Rt (r)Yim, (F)

with Y the spherical harmonics discussed in chapikr 14end= rR,,;. The other quantum numbers
are the orbital momenturiand its projectionn; = —I, -+ 1,...,l — 1,1 and the principal quantum
numbem = n, +1+ 1, with n,. the number of nodes of a given single-particle wave functdhresults
are in atomic units, meaning that the energy is given,hy= —Z2/2n? and the radius is dimensionless.

We obtain then a modified single-particle eigenfunctionalhin turn can be used as an input in a
variational Monte Carlo calculation of the ground state gpacific atom. This is the aim of the next

chapter. Since Hartree-Fock theory does not treat coyréetlrole of many-body correlations, the hope
is that performing a Monte Carlo calculation we may improuver@sults by obtaining a better agreement
with experiment.

In the next chapter we focus on the variational Monte Carlahaet as a way to improve upon the
Hartree-Fock results. The method was discussed in chigtetrichaptefZI4 however, we limited
ourselves to the implementation of a bruce force Metropal®rithm. In chaptefZ16 we present the
concept ofimportance sampling and improved statistict daalysis methods such as data blocking and
the Jack-Knife method [77]. We discuss also the conjugatdignt method as a way to find variational
minima.

Although the variational Monte Carlo approach will imprawe agreement with experiment compared
with the Hartree-Fock results, there are still further jjmtses for improvement. This is provided by
Green's function Monte Carlo methods, which allow for an fmgpiple exact calculation. The diffu-
sion Monte Carlo method is discussed in chapiér 17, with guliGgtion to studies of Bose-Einstein
condensation.

Other many-body methods such as large-scale diagonalizatid coupled-cluster theories are discussed
in Ref. [115].

15.2 Hartree-Fock theory

Hartree-Fock theory [95, 116] is one of the simplest apprate theories for solving the many-body
Hamiltonian. It is based on a simple approximation to the tmany-body wave-function; that the
wave-function is given by a single Slater determinanihobrthonormal single-particle wave functifins

1/Jnlmlsm3 = ¢nlml (r)gms (S)

We use hereafter the shorthang,, sm. (r) = ¥4 (r), wherea now contains all the quantum numbers
needed to specify a particular single-particle orbital.

1we limit ourselves to a restricted Hartree-Fock approaah assume that all the lowest-lying orbits are filled. Thisstitates an
approach suitable for systems with filled shells. The thewgyoutline is therefore applicable to systems which extsbitalled magic
numbers like the noble gases, closed-shell nucleili@ and*°Ca and quantum dots with magic number fillings.
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Figure 15.1: The electronic configurations for the ten filstreents. We let an arrow which points upward to
represent a state with; = 1/2 while an arrow which points downwards has = —1/2.
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The Slater determinant can then be written as
wa (1‘1) wa (1‘2) cee wa (rN)

1| Ys(r) p(r2) ... ¥p(rw)
(D(rl,rg,...,rN,a,ﬁ,...,u):W _ ' _ ' . (15.1)

Gu(rr)  p(ra) ... Pp(ry)

Here the variables; include the coordinates of spin and space of particl&he quantum numbers

a, 3, ...,v encompass all possible quantum numbers needed to specdytiautar system. As an
example, consider the Neon atom, with ten electrons whichfitlahe 1s, 2s and2p single-particle
orbitals. Due to the spin projections, and orbital momentum projections;, thels and2s states have

a degeneracy df(2] + 1) = 2 while the2p orbital has a degeneracy 2l + 1)2(2-1+ 1) = 6. This
leads to ten possible values far g3, ..., v. Fig.[T5 shows the possible quantum numbers which the
ten first elements can have.

If we consider the helium atom with two electrons in thestate, we can write the total Slater determi-
nant as

1 lba(h) djoc(rQ)
O(ri,rs,,08) = 75 | ws(r1) wslra) (15.2)
with a = nlm;sms = (1001/21/2) and = nlm;sms = (1001/2 — 1/2) or usingm, = 1/2 =1 and
ms = —1/2 =] asa = nlmysm, = (1001/2 1) and = nlm;sms = (1001/2 |). Itis normal to skip
the quantum number of the one-electron spin. We introdueetbre the shorthandm,; T ornim; |)
for a particular state. Writing out the Slater determinant

% R (r1)05(r2) — (21 )i (r2)] (15.3)

we see that the Slater determinant is antisymmetric witheetsto the permutation of two particles, that
is

(I)(rlar27a76) =

®(ry,r2, 0, f) = —P(r2, 11, 0, ),
For three electrons we have the general expression
1 wa (rl) wa (r2) wa (1‘3)

O(ry,ro,13,0,0,7) = —= | ¥p(r1) Yp(ra) vYs(rs) |. (15.4)
VU o) (ra) s ()

V)
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Computing the determinant gives

®(r1,r2, 13,0, 8,7) = ﬁ [Va (r1)Ys(r2)1hy (r3) + ¥p(r1)ihy (r2)Ya(rs) + ¥y (r1)da(re)ys(rs)—
Uy (r1)Ya(r2)ta(rs) — Ya(r1)va(r2)hy (rs) — Ya(ri)y (r2)vs(rs)] . (15.5)
We note again that the wave-function is antisymmetric wétbpeect to an interchange of any two elec-

trons, as required by the Pauli principle. ForZisiFbody Slater determinant we have thus (omitting the
quantum numbers, 3, ..., v)

<I>(r1,r2,...,ri,...,rj,...rN) = —(IJ(rl,rg,...,rj,...,ri,...rN).

As another example, consider the Slater determinant fogtbend state of beryllium. This system is
made up of four electrons and we assume that these electliahe fi s and2s hydrogen-like orbits.
The radial part of the single-particle could also be represxk by other single-particle wave functions
such as those given by the harmonic oscillator.

The ansatz for the Slater determinant can then be written as

Y1001(r1)  Y1oo1(r2)  1oo1(r3)  ioor(ra)

_ 1 | abigoy(r1) %100 (r2) 100y (rs) 100y (ra)

(ry, 12, 73,70, @, 5,7,0) = VAl | Y2001(r1)  Y2001(r2)  2001(r3) 2001 (ra)
o001 (r1) 2001 (r2) 2001 (r3) 200y (r4)

We choose an ordering where columns represent the spasisiops of various electrons while rows
refer to specific quantum numbers.

Note that the Slater determinant as written is zero sincepadgial wave functions for the spin up and
spin down states are equal. However, we can rewrite But weesarite it as the product of two Slater
determinants, one for spin up and one for spin down. In gémeraan rewrite it as

@(rl,rg,,rg,m,a,ﬁ,’y,(;) = Det T (1,2)D€t l (374) — Det T (1,3)D€t l (214)
—Det 1 (1,4)Det | (3,2) + Det 1 (2,3)Det | (1,4) — Det T (2,4)Det | (1,3)
+Det 1 (3,4)Det | (1,2),

where we have defined

_ | L tioor(r1)  ¢roo1(r2)
Det 1(1,2) = V2 W00t (r1)  oo0r(r2) |’
e 1 (rs) (rs)
_ | 1 tooy(rs) ooy (ra
Det 1 (3.4) = V2 Y2001 (r3)  t200)(rs)

The total determinant is still zero! In our variational Mer@arlo calculations this will obviously cause
problems.

We want to avoid to sum over spin variables, in particularmvie interaction does not depend on spin.
It can be shown, see for example Moskowgtzal [117, 118], that for the variational energy we can
approximate the Slater determinant as the product of a gpand a spin down Slater determinant

(I)(I'l,I'Q, 7r3ar47a7677)5) o Det T (172)D€t l (374)7

or more generally as
®(ry,r9,...vN) x Det T Det |,

where we have the Slater determinant as the product of a pgant involving the number of electrons
with spin up only (two in beryllium and five in neon) and a spowah part involving the electrons with
spin down.

453



Many-body approaches to studies of electronic systems: tkse-Fock theory

454

This ansatz is not antisymmetric under the exchange ofrelextvith opposite spins but it can be shown
that it gives the same expectation value for the energy asuth&later determinant as long as the
Hamiltonian is spin independent. Itis left as an exercish¢oreader to show this. However, before we
can prove this need to set up the expectation value of a gwesparticle Hamiltonian using a Slater

determinant.

15.3 Expectation value of the Hamiltonian with a given Slatdeterminant

We rewrite our Hamiltonian

N N 7 N 1
IA{ = — — 2 —_ J— R
Sy Zey L
i=1 i=1 1<]
as
R R R N N 1
H=H+Hy=Y hi+ —, (15.6)
i=1 i<j=1' 4
where ) p
hi=—=-V?-=. (15.7)
2 T

The first term of eqIBI6)/,, is the sum of théV identicalone-bodyHamiltonians;. Each individual
Hamiltonian’; contains the kinetic energy operator of an electron andatsrgial energy due to the
attraction of the nucleus. The second tefify, is the sum of theV(N — 1)/2 two-body interactions
between each pair of electrons. Let us denote the grouredestiatgy byFy. According to the variational
principle we have

Ey < E[®] = / O* Hddr (15.8)
where® is a trial function which we assume to be normalized
/tI)*tI)dr =1, (15.9)

where we have used the shorthaird= dr;dr, . ..dry. In the Hartree-Fock method the trial function
is the Slater determinant of Eq.{1b.1) which can be rewritte

U(re,ra, . o, By 1) = \/% SO ()P Pibalr)ia(ra) . (rn) = VNLAD, (15.10)
P

where we have introduced the anti-symmetrization opetdtdefined by the summation over all possi-
ble permutations of two eletrons. Itis defined as

1
A= ZP:(—)PP, (15.11)

with the the Hartree-function given by the simple productbfpossible single-particle function (two
for helium, four for beryllium and ten for neon)

Qp(ri,ro,...,rn, 0,0, ..., v) =a(r1)Yg(re) ... Y (ry). (15.12)
Both H; andH, are invariant under electron permutations, and hence cdenwith A

[Hy, A] = [Hy, A] = 0. (15.13)
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Furthermore A satisfies
A% = A, (15.14)

since every permutation of the Slater determinant represlitc The expectation value éf,
/cb*ﬁl@dT =N! / s AHLAD prdr

is readily reduced to
/fb*ﬁlfbdr = N! / O3 H Ay dr,

where we have used egE.(13.13) dnd (115.14). The next stepaplace the anti-symmetry operator by
its definition eq.[[I5.30) and to replaég with the sum of one-body operators

N
/@*ﬁlfbdr = ZZ(—)P/%}{Z-P@W. (15.15)
=1 P

The integral vanishes if two or more electrons are permutashily one of the Hartree-functiorisy
because the individual orbitals are orthogonal. We obtsnt

N
/ O H ®dr =) / % h® g dr. (15.16)
=1

Orthogonality allows us to further simplify the integrahdawe arrive at the following expression for the
expectation values of the sum of one-body Hamiltonians

N
p=1

The expectation value of the two-body Hamiltonian is ol#diin a similar manner. We have
/ ®*Hy®dr = N / * AHy A® ydr, (15.18)

which reduces to v
N 1
O* Hyddr = i :
/ 2 ®dr Z > ) /@H - P®ydr, (15.19)
1<j=1 P
by following the same arguments as for the one-body Hamd#dtonBecause of the dependence on the
inter-electronic distance/r;;, permutations of two electrons no longer vanish, and we get

N
/@*ﬁg(l)dT = Z

i<j=1

/%%(1 — Pij)®udr. (15.20)
iJ

whereP;; is the permutation operator that interchanges electranslj. Again we use the assumption
that the orbitals are orthogonal, and obtain

) 1 LY 1 1
[t taar = 530 | [ uimovite) S v i — [[6nmu ) n)0,rdx
k%] ()

p=1rv=1
(15.21)
The first term is the so-called direct term or Hartree termilerine second is due to the Pauli principle
and is called exchange term or Fock term. The fatitis introduced because we now run over all
pairs twice.

455



Many-body approaches to studies of electronic systems: tkse-Fock theory

456

Combining Egs[{I5.17) and{I5]21) we obtain the functional

N ) 1 N N 1
E[®] = Z/¢Z(ri)hi%(ri)dri+ B N [/7/’;(1'1')7/’;(1"3')Flbu(ri)?/’u(rj)dridl(ﬂ-é-zz)
p=1 ij

p=1v=1

- / w;z(rz—)wz(rj)%wxrim(rj)dridrj] |

15.4 Derivation of the Hartree-Fock equations

Having obtained the functiond[®], we now proceed to the second step of the calculation. Weh th
given functional, we can embark on at least two types of tianal strategies:

— We can vary the Slater determinant by changing the spatiabp#he single-particle wave func-
tions themselves.

— We can expand the single-particle functions in a known basisvary the coefficients, that is, the
new single-particle wave functiom) is written as a linear expansion in terms of a fixed chosen
orthogonal basis (for example harmonic oscillator, Lageipolynomials etc)

wa = Z Ca)ﬂzj)\-
A

In this case we vary the coefficients .

We will derive the pertinent Hartree-Fock equations andwlis the pros and cons of the two meth-
ods. Both cases lead to a new Slater determinant which itedeta the previous one via a unitary
transformation.

Before we proceed we need however to repeat some aspects céltulus of variations. For more
details see for example the text of Arfken [52].

We have already met the variational principle in chapiér id4he so-called Rayleigh-Ritz variational
technique. We give here a brief reminder on the calculus vétrans.

15.4.1 Reminder on calculus of variations

The calculus of variations involves problems where the tjityato be minimized or maximized is an
integral.

In the general case we have an integral of the type

b
Blol = [ f(@). S xr

whereF is the quantity which is sought minimized or maximized. Thelgbem is that althouglf is a
function of the variable®, 9®/dr andr, the exact dependence ®#fonr is not known. This means
again that even though the integral has fixed limitndb, the path of integration is not known. In our
case the unknown quantities are the single-particle wavetions and we wish to choose an integration
path which makes the functional[®] stationary. This means that we want to find minima, or maxima
or saddle points. In physics we search normally for minima.

Our task is therefore to find the minimum &f®] so that its variatiod E is zero subject to specific
constraints. In our case the constraints appear as theahtehich expresses the orthogonality of the
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single-particle wave functions. The constraints can batéievia the technique of Lagrangian multipli-
ers. We assume the existence of an optimum path, that is dqattich F[®] is stationary. There are
infinitely many such paths. The difference between two pédhis called the variation ob.

The condition for a stationary value is given by a partiafetiéntial equation, which we here write in

terms of one variable
of d of

0d  drod,

This equation is better better known as Euler’'s equationitacain easily be generalized to more vari-
ables.

As an example consider a function of three independentblasg (x, y, z) . For the functionf to be
an extreme we have

df = 0.
A necessary and sufficient condition is
of _of _of _
dr 0oy 0z

dueto f of of
d, + =—dy + =—d
iF= By vt 927%
In physical problems the variablesy, > are often subject to constraints (in our cdsand the orthogo-
nality constraint) so that they are no longer all indepehdérs possible at least in principle to use each
constraint to eliminate one variable and to proceed withvaared smaller set of independent varables.

The use of so-called Lagrangian multipliers is an altemeattchnique when the elimination of of vari-
ables is incovenient or undesirable. Assume that we haveyaatien of constraint on the variables

x’y?’z

¢(z,y,2) =0,
resulting in
9¢ o¢ o¢
do = e —dz +8_d +B_d z=0.
Now we cannot set anymore
of _af _of
or Oy 0z

if df = 0 is wanted because there are now only two independent vasiald{ssumer andy are the
independent variables. Thda is no longer arbitrary.

However, we can add to

_0f g 914 Of
df = axd:v—i— 8ydy+ aZdz,

a multiplum ofde, viz. Ad¢, resulting in

of 99 9¢

of
+Aa—)d +(8y+Aa—)d Y+ (

where our multiplier is chosen so that
of 09
0z Dz

f+A—) =0,

df + Mo = (5 oA

=0.

However, since we toolx anddy to be arbitrary we must have

8f+ 99

Ox Ox =0
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and
a_f + )\% —
gy Oy
When all these equations are satisfigfl,= 0. We have four unknowns;, y, z and . Actually we
want onlyz, y, z, there is no need to determine It is therefore often called Lagrange’s undetermined
multiplier. If we have a set of constraintg we have the equations

of +Zx\ka
k

0.

=0.

Pk
B:Ui B:Ui

Let us specialize to the expectation value of the energyriergarticle in three-dimensions. This expec-
tation value reads

B = [ dedyde’ (2.9,2) o (o,.2),
with the constraint
[ dndydzv oy 2o 2) = 1,
and a Hamiltonian )
H = —§V2 + Vi, y, 2).
The integral involving the kinetic energy can be writtenifig/e assume periodic boundary conditions
or that the function) vanishes strongly for large valuesafy, z,

/dwdydzw* (—%VQ) Ydadydz = p*Vip| + /dmdydz%Vz/J*Vib.

Inserting this expression into the expectation value ferghergy and taking the variational minimum
(usingV (z,y, z) = V) we obtain

0E =9 {/da:dydz (%w}*w} + Vw*zb)} =0.
The requirement that the wave functions should be orthdgpves

/dwdydzw*w = constant,

and multiplying it with a Lagrangian multiplier and taking the variational minimum we obtain the final
variational equation

0 {/d:vdydz (%vw*wp + V™ p — )\w*w) } =0.
We introduce the functioif

f= SV VI = M = (0 + Uy + ) + VI~ MY,
In our notation here we have dropped the dependence g and introduced the shorthand., 1,
andq), for the various first derivatives.
For* the Euler equation results in
of o of o of g of

op* Dz oYy Oyoy;  dzovr

which yields
1
_5(1011 + djyy + "/)zz) + VU’ = /\U}
We can then identify the Lagrangian multiplier as the enefghe system. The last equation is nothing

but the standard Schrddinger equation and the variatiggmbach discussed here provides a powerful
method for obtaining approximate solutions of the wave fiomc
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15.4.2 Varying the single-particle wave functions

If we generalize the Euler-Lagrange equations to more blsaand introducé&’? Lagrange multipliers
which we denote by,,,,, we can write the variational equation for the functionakaf {I5.3%) as

N N
SE-Y">" e#,,a/w;% =0. (15.23)

p=1v=1

For the orthogonal wave functions, this reduces to
N
SE=Y" euzs/w;% =0. (15.24)
p=1

Variation with respect to the single-particle wave funotig, yields then

N » L NN . o
;/6¢uhi¢hd)(i + 3 ZZ [/ 5¢H¢uﬁj¢uwud(xixj-) - /‘Wu%;jwuwudridrj}

p=1lv=1

N N N
* 7 1 * ok 1 k% 1
43 [vihiovde+ 530 [ / Vi b / wuwyr—jwyswudridrj]
p=1 v=1 E E

p=1
N N
-> Eu/w;;w#dxi -> E, /w;aujudri =0.
p=1 n=1
(15.25)

Although the variationgvy andd«* are not independent, they may in fact be treated as suchasthth
terms dependent on eithé&p anddy* individually may be set equal to zero. To see this, simplyaep
the arbitrary variatioqy by i1, so thaty* is replaced by-idy*, and combine the two equations. We
thus arrive at the Hartree-Fock equations

1 7z 1
—ivf - + Z/@(rj);j%(rj)drj] V(i)
=l (15.26)

N
B lZ/w;(rj)%wu(rj)drj] Yy (ri) = €t (ri).
v=1 v

Notice that the integratioifi dr; implies an integration over the spatial coordinateand a summation
over the spin-coordinate of electrgn

The two first terms are the one-body kinetic energy and ttatrele-nucleus potential. The third direct
term is the averaged electronic repulsion of the otherast This term includes the ’self-interaction’
of electrons wheri = j. The self-interaction is cancelled in the fourth term, c& éxchangaerm.
The exchange term results from our inclusion of the Pautigipie and the assumed determinantal form
of the wave-function. The effect of the exchange is for etatd of like-spin to avoid each other. A
theoretically convenient form of the Hartree-Fock equaisato regard the direct and exchange operator
defined through the following operators

Vi(r;) = / w,’i(rj)%w,t(rj)drj (15.27)

and

Ve (ri)g(rs) = ( / w;(rn%g(rj)drj) Gulxi), (15.28)
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respectively. The function(r;) is an arbitrary function, and by the substitutigfr;) = ¥, (r;) we get

. 1
Viw(ri)wu(ri) = (/w#(rj)ﬁw,,(rj)drj) wu(ri). (1529)
3
We may then rewrite the Hartree-Fock equations as
HIFy,, (1) = e,y (r7), (15.30)
with
N N
HIF = h; + Z Vf(ri) - Z Vit(ri), (15.31)
p=1 p=1

and where; is defined by equatiofi{1%.7).

15.4.3 Detailed solution of the Hartree-Fock equations

We show here the explicit form of the Hartree-Fock for heliand beryllium
Let us introduce

wnlmlsms = ¢nlml (r)gms (S)

with s is the spin (/2 for electrons)m is the spin projectiom:, = +1/2, and the spatial part is
Gnim, (r) = Rt (1) Yim, (T)

with Y the spherical harmonics ang; = r R,,;. We have for helium

ﬂmm@ﬁ%i%%MnWm@ﬁﬁm&@—&@mﬂﬁ

The direct term acts on

%%00(1‘1 Jé100(r2)€1(1)€,(2)

while the exchange term acts on

—%925100 (r1)o100(r2)é1(2)€,(1).

How do these terms get translated into the Hartree and thHetEans?

The Hartree term )
Vi) = [ vt o)
)
acts o (r;) = Gnim, (ri)&m, (s:), thatis it results in
1
v n ) = [ 0100 vty ) on(o
iJ
and accounting for spins we have
1
Vi1 () a(r:) = </ 1/’:1lmlT(rj);jwnlmlT(rj)drj> UA(rs),

and

1
Vi (@) a(rs) = </ Z/Jiizmll(rj)ﬁwnzmu(rj)drj> Ya(rs),
)



15.4 — Derivation of the Hartree-Fock equations

If the state we act on has spin up, we obtain two terms from #utrée part.
N
> Vit
p=1
and since the interaction does not depend on spin we end h@wdatal contribution for helium

N
Z ii rz w)\ rz — ( /¢100 1‘7 ¢100(I‘7)d1‘7) 1/]>\(rz)

one from spin up and one from spin down. Since the energy fangpor spin down is the same we can
then write the action of the Hartree term as

Zvd (ri)ea(ri) = ( /¢1oo (r;) ¢100(1‘3)er) Y1007 (14).

(the spin imy;001 is irrelevant)

What we need to code for helium is then
®(ri)uro = 2V (ri)uio(ri) = 2/000 |u10(7°j)|2%d7°j)u10(7°i)-
with r. = max(r;, r;). What about the exchange or Fock term
Vi) = ( [ v ot ) v
We must be careful here with

Vi) = [ o) wJ)drg)wu(rn

because the spins pfand\ have to be the same due to the constraint
(sl sxm) = 8y s

This means that ifn” =1 thenm) =T and ifm” =| thenm? =|. Thatis
N 1
Vi () (ri) = S (/ %(rj)fw(rj)drj) Yy (ri),
ij

The consequence is that for the T (and the same fors |) state we get only one contribution from the
Fock term

N
D Ve (ra)wa(ra),
p=1
N 1
Z “(ri)100t (ri) = e, </ lbz(rj)F?/)looT(rj)drj) Y (ri),
p=1 7
resulting in
N

ZV, (ri)Y1001 (r:) = (/Uﬁom r;) 1/1100T(I“g)drg) Y1001 (Ti)-

pn=1
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The final Fock term for helium is then
al 1
> Vet (ri)oor (ri) = (/ wTOOT(rj)rz/’lOOT(rj)drj) Y1001 (r3),
p=1 *

which is exactly the same as the Hartree term except for arfat®. Else the integral is the same. We
can then write the differential equation

2
<—1d— l(l + 1) — % + (I)nl(r) - Fnl(r)> unl(r) = e"lu"l(r)'

2 dr? 2r2
as ,
(_%% l(lzjzl) - % + 2‘/1%(”) ui0(r) = Vi (r) = exouno(r),
or

1d* 2
<_§W - + Vfé(r)) u10(r) = erou1o(r),

sincel = 0. The shorthan® 7 () contains thd s wave function and can be dangerous later!

The expression we have obtained are independent of the sgacpons and we have skipped them in
the equations.

For beryllium the Slater determinant takes the form

1001(r1)  Yroo1(r2) Yroo1(rs)  Yioor(ra)

_ 1V abigor(r1) %100 (r2) 100y (rs) 100y (ra)
®(r1,12,,13, 14,0, 3,7,6) = VAT | Y2001 (r1) Y2001 (r2) Y2001 (r3) 2001 (ra)
o001 (r1) Y2001 (r2) 2001 (r3) 200y (ra)

When we now spell out the Hartree-Fock equations we get twpled differential equations, one for
u10 and one fomugg.

The1s wave function has the same Hartree-Fock contribution aglinmm for thels state, but th&s
state gives two times the Hartree term and one time the Fock /e get

] )

al >0 1 1
SV woptranr () =2 [ dry (G1an(es) - 0100(e5) + ) on(e5) ) o ()
p=1

= (2Vih(rs) + 2Vih(xr:) )00t (ri)
for the Hartree part.

For the Fock term we get (we fix the spin)

N . 1
Z Vi (xi)droor (i) = /0 drj‘bfoo(rj)Ffbloo(rj)l/flom (ri)+
p=1

]

> 1
/0 drj 9300 (rj);j%oo (r5)%2001 (ri) = Vi5 (i) + Vag' (ri).

The first term is the same as we have for the Hartree term Ixiexcept the factor of two. The final
differential equation is

1d> 4 ex
<_§W - + Vi (r) + 2‘/2%(7’)> uio(r) — Vg (1) = erouio(r).



15.4 — Derivation of the Hartree-Fock equations

Note again that th&( () contains the s function in the integral, that is
exr >~ * 1
Vay(r) = drj$300 (rj) ——P100(r;)¥2001 (1)
0 L

The 2s wave function obtains the following Hartree term (recadittthe interaction has no spin depen-
dence)

] )

al >0 1 1
> Vi (ri)gbaoor (i) = 2/0 dr; <¢Too(rj)7¢1oo(rj) + ¢§oo(rg‘)ﬁ¢200(rg‘)> Y2001 (i) =
p=1

(2Vi5 (x:) + 255 (r2)) 2001 (r:)
For the Fock term we get
N o) 1
Zvim(ri)%om (ri) :/ drjﬁoo(rj)f(bzoo(rjWlom (ri)+
= 0 i
* * 1 exr exr
/0 drj $300(r;) —b200(r;)¥2001 (ri) = Vig' (ri) + Vaq' (ri)
ij

The second term is the same as we have for the Hartree termwitthe final differential equation is

1 d? 4
<_§W —o 2Vip(r) + Vz%(ﬂ) uz0(r) = Vi (r) = eouao(r).

Note again that/|§’ () contains th&s function in the integral, that is

e 1
Vig'(r) :/0 drjﬂoo@j)r_—rj%oo(rj)?/)lom(r)-

We have two coupled differential equations

1 d? 4 ex
<_§W - + Vd(r) + 2‘/2%(7’)> uo(r) — Vo' (r) = exouo(r),

and

1d> 4
<_§W -~ 2Vi(r) + Vz%(ﬂ) uz0(r) = Vi (r) = eaouao(r).

Recall again that the interaction does not depend on spiis fibans that the single-particle energies
and single-particle function do not depend on spin.

15.4.4 Hartree-Fock by variation of basis function coeéints

Another possibility is to expand the single-particle fuans in a known basis and vary the coefficients,
that is, the new single-particle wave function is writteredmear expansion in terms of a fixed chosen
orthogonal basis (for example harmonic oscillator, Lageipolynomials etc)

o = Carthr. (15.32)
A

In this case we vary the coefficierds .

The single-particle wave functions, (r), defined by the quantum numbersandr are defined as the
overlap

Ya(r) = (rfe).
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We will omit the radial dependence of the wave functions articbduce first the following shorthands
for the Hartree and Fock integrals

(uv|V|pv) = /1/’;(ri)wz(rj)v(Tij)w,u(ri)wu(rj)drirja

and
(| Vivp) = / (Y0 (0)V (i o (225 ()i

Since the interaction is invariant under the interchangevof particles it means for example that we
have

|V |pv) = (wpl Vv,
or in the more general case
(|V]oT) = (vpulV|ro).

The direct and exchange matrix elements can be broughtheigétwe define the antisymmetrized
matrix element

(| Vpw) as = (| Vipw) — (uv|Vvp),
or for a general matrix element
(nv|VleT)as = (pv|Vl]eT) — (uv|V|ro).
It has the symmetry property
(Vo) as = —(uv|V|To)as = —=(vp|V]oT) as
The antisymmetric matrix element is also hermitian, impdyi

</LU|V|UT>A5 = <UT|V|/U/>AS

With these notations we rewrite E@.{13.21) as
N 1
/(I)*Hltde =3 SN (Vi) as. (15.33)

Combining Eqs[{I517) and{I5]133) we obtain the energytfonal

N

E[@] = (ulhlp) + ZZ |V | ) 4 (15.34)

p=1 ;Llul

which we will use as our starting point for the Hartree-Foalcalations.

If we vary the above energy functional with respect to thesbmctions|y), this corresponds to what
was done in the previous subsection. We are however inget@stiefining a new basis defined in terms
of a chosen basis as defined in Hq.{1b.32). We can then retheitenergy functional as

N N
E[W] = (alhla) + % > (ab|V]ab) as. (15.35)
a=1 ab

where? is the new Slater determinant defined by the new basis of G321 Using Eq.[{(15.32) we
can rewrite EqI{I5.35) as

ZZ Caplalh|B) + ZZ C3CarCos (aB|V [6) as. (15.36)

a=1 af ab afvd



15.4 — Derivation of the Hartree-Fock equations

We wish now to minimize the above functional. We introducaia@ set of Lagrange multipliers, noting
that since(a|b) = dq,, and(a|B) = da, 3, the coefficients”,., obey the relation

<a’|b> - 611 b= Z Caacaﬁ a|ﬁ Z aou

ap

which allows us to define a functional to be minimized thatseea
> €Y CioCoa. (15.37)

Minimizing with respect taC;} , remembering tha®’}, andC,, are independent, we obtain

@y CFCaal =0, (15.38)
o =2 )

which yields for every single-particle statehe following Hartree-Fock equations

Zc,w alhly) + ZZ #5CasCer (aB|V[70) a5 = €4Cha- (15.39)
a (Bv6

We can rewrite this equation as

N
Z (alhly) + ZZ 23Cas (aB|V]v6) as ¢ Cry = €4xCka- (15.40)

~y=1
Defining

N N
1 *
hi = (alhly) + 53D CiaCas(aBlV 19) as,

we can rewrite the new equations as

Z hHE Cry = €xCra. (15.41)

The advantage of this approach is that we can calculate &udata the matrix elements|h|v) and
(aB|V]vd)as once and for all. If the basigy) is chosen properly, then the matrix elements can also
serve as a good starting point for a Hartree-Fock calculatiey. [I5.411) is nothing but an eigenvalue
problem. The eigenvectors are defined by the coeffici€pis

The size of the matrices to diagonalize are seldomly latgEmt000 x 1000 and can be solved by the
standard eigenvalue methods that we discussed in clidpter 7.

For closed shell atoms it is natural to consider the spirtalgas paired. For example, twe orbitals
with different spin have the same spatial wave-functior,dsthogonal spin functions. For open-shell
atoms two procedures are commonly usedy#istricted Hartree-FockRHF) andunrestricted Hartree-
Fock (UHF). In RHF all the electrons except those occupying oglesilt orbitals are forced to occupy
doubly occupied spatial orbitals, while in UHF all orbitalee treated independently. The UHF, of
course, yields a lower variational energy than the RHF fdisma One disadvantage of the UHF over
the RHF, is that whereas the RHF wave function is an eigemifumof 52, the UHF function is not; that
is, the total spin angular momentum is not a well-defined tjtyafor a UHL wave-function. Here we
limit our attention to closed shell RHF'’s, and show how thapgled HF equations may be turned into a
matrix problem by expressing the spin-orbitals using kneets of basis functions.
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In principle, a complete set of basis functions must be useépresent spin-orbitals exactly, but this
is not computationally feasible. A given finite set of basiadtions is, due to the incompleteness of
the basis set, associated withasis-set truncation errofThe limiting HF energy, with truncation error
equal to zero, will be referred to as thiartree-Fock limit

The computational time depends on the number of basisiurecand of the difficulty in computing
the integrals of both the Fock matrix and the overlap maffixerefore we wish to keep the number of
basis functions as low as possible and choose the basitgnsacleverly. By cleverly we mean that the
truncation error should be kept as low as possible, and tigat@mputation of the matrix elements of
both the overlap and the Fock matrices should not be too tansuming.

One choice of basis functions are the so-caitater type orbital{STO), see for example Ref. [119]).
They are defined as

ZegprP

Ui, (1,0, 8) = N7™ess “le "ess Yo, (6, ).

(15.42)

Here NV is a normalization constant that for the purpose of basiesgansion may be put into the
unknowne;,,’s, Yi,,,, is a spherical harmonic and= r/ay.

The normalization constant of the spherical harmonics nfagoarse also be put into the expansion
coefficientsc;,,. The effective principal quantum numbey, , is related to the true principal quantum
numberN by the following mapping (ref. [119])

:1—1

n—mn 2—2 3—-3 4—37 5—40 6—4.2.

eff

The effective atomic numbef, , , for the ground state orbitals of some neutral ground-stai@s are
listed in tabld_I5]1. The values in table15.1 have been nacted by fitting STOs to numerically com-
puted wave-functions [120].

Effective Atomic Number

H He
1s 1 1.6875
Li Be B C N (0] F Ne
1s 2.6906 3.6848 4.6795 5.6727 6.6651 7.6579 8.6501 9.6421
2s 1.2792 19120 25762 3.2166 3.8474 4.4916 5.1276 5.7584
2p 2.4214  3.1358 3.8340 4.4532 5.1000 5.7584
Na Mg Al Si P S Cl Ar
1s 10.6259 11.6089 12.5910 13.5754 14.5578 15.5409 16.523%075
2s 6.5714 7.3920 8.2136 9.0200 9.8250 10.6288 11.4304 (4£.23
2p 6.8018 7.8258 8.9634 9.9450 10.9612 11.9770 12.9932 082.0
3s 25074 3.3075 41172 49032 5.6418 6.3669 7.0683 7.7568
3p 4.0656 4.2852 4.8864 5.4819 6.1161 6.7641
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Table 15.1: Values o, , for neutral ground-state atoms [120].



Chapter 16

Improved Monte Carlo approaches to
systems of fermions

This chapter develops the equations and formalism thatdessary to study many-particle systems of
fermions. The crucial part of any variational or diffusiorohe Carlo code for many particles is the
Metropolis evaluation of the ratios between wave functiamd the computation of the local energy. For
fermions we need to pay particular attention to the way wat titee Slater determinant. The trial wave
function, as discussed in chagfet 14, consists of separetieré that incorporate different mathematical
properties of the total wave function. There are three typaswill be of concern to us: The Slater
determinant, the product state, and the correlation fa¢toe two first are direct functions of the spatial
coordinates of the particles, while the last one typicadipehds on distances between the particles.

The trial wave function plays a central role in quantum u#gizal Monte Carlo simulations. Its impor-
tance lies in the fact that all the observables are computtidrespect to the probability distribution
function defined from the trial wave function. Moreover,strieeded in the Metropolis algorithm and
in the evaluation of the quantum force term when importaarepding is applied. Computing a deter-
minant of anN x N matrix by standard Gaussian elimination is of the orde©®¢fN?) calculations.
As there arelV - d independent coordinates we need to evaluéteSlater determinants for the gra-
dient (quantum force) and’ - d for the Laplacian (kinetic energy). Therefore, it is impamto find
alternative ways of computating quantities related to tia Wwave function such that the computational
perfomance can be improved.

16.1 Splitting the Slater determinant

Following for example Ref. [121], assume that we wish to categhe expectation value of a spin-
independent quantum mechanical oper@¢r) using the spin-dependent stalt¢x), wherex = (r, o)
represents the space-spin coordinate par. Then,

(©) — (EEIOW)|¥ ()
(W (x)[¥(x))
If for each spin configurationr = (o1, ...,on) We replace the total antisymmetric wave function by

a version with permuted arguments arranged such that the\rarguments are spin up and the rest
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N| = N — N; are spin down we get

\IJ(Xl,...,XN) — ‘I/(Xil,.-.,XiN)
= U({ri, T} {ring, Th{riNg,, L - i 1)
= \I/({I'l, T}v SRR {erT}v {rlNT+17 l}a EERE! {va l})

Because the operat&) is symmetric with respect to the exchange of labels in a dfgdadicles, each
spin configuration gives an identical contribution to thpeotation value. Hence,

(T (r)|O ()| (r))
(U(r)[w(r))

The new state is antisymmetric with respect to exchangeatfedgoordinates of pairs of spin-up or spin-
down electrons. Therefore, for spin-independent Hamiétos, the Slater determinant can be splitted in
a product of Slater determinants obtained from single gartirbitals with different spins. For electronic
systems we get then

(0) =

Up =D:Dy,
where
$1(ry) $2(r1) T ¢N/2 (r1)
Dy =|D(ry,r2,...,TN/2)|t = ¢1(:I‘2) ¢2(:I‘2) ¢N/2:(r2) (16.1)
¢1(rnyz)  da(rnyz) o Onja(eng2)l,
In a similar way,D| = |D(rn/241,N/2+2: - --,IN)||. The normalization factor has been removed,

since it cancels in the ratios needed by the variational Kl@arlo algorithm, as shown later. The new
state? p(r) gives in this case the same expectation valu& @s), but is more convenient in terms of
computational cost.The Slater determinant can now beriaetbas

‘ \I/T(X) = DTDL\IJCV. ‘ (162)

16.2 Computational optimization of the Metropolis/hasgmatio

In the Metropolis/Hasting algorithm, thecceptance ratialetermines the probability for a particle to
be accepted at a new position. The ratio of the trial wavetfans evaluated at the new and current
positions is given by

W%ew B |D|’?67JJ |D|T€’u) \Ijgew
v DI DI we
N ) ——

Rsp Rc

R=

(16.3)

16.2.1 Evaluating the determinant-determinant ratio

Evaluating the determinant of & x N matrix by Gaussian elimination takes of the ordex(fN?)
operations, which is rather expensive for a many-particienqum system. An alternative algorithm
not requiring the separated evaluation of the determinaititbe derived in the following. We start by
defining a Slater matri with its correspondingi, j)—entries given by

Dij = (bj (I‘i)7 (164)



16.2 — Computational optimization of the Metropolis/hasgj ratio

whereg;(r;) is the;jt" single particle wave function evaluated for the particlpagitionr;.

The inverse of a (Slater) matrix is related to its adjoinaifspose matrix of cofactors) and its deter-

minant by
D !'= % = |D| = U]L;l%?, (16.5)
or N N
|D| = Z gizl = ZDijCji, (16.6)
j=1""1j j=1

i.e., the determinant of a matrix equals the scalar prodiahg column(row) of the matrix with the
same column(row) of the matrix of cofactors.

In the particular case when only one particle is moved at ithe (say particle at position;), this
changes only one row (or coluninf the Slater matrix. An efficient way of evaluating that cais as
follows [91, 122].

We define the ratio of the new to the old determinants in terihf&jo (I6.%) such that

Ryp = DO Ty Dy () Cyi (™)
D= = .
DE] ~ ST, Dy (xeu) Oy ()

When the particle at positian is moved, theé" —row of the matrix of cofactors remains unchanged, i.e.,
the row numbet of the cofactor matrix are independent of the entries in twesrof its corresponding
matrix D. Therefore,

Cz] (xnew) — Cz ‘(xcur)’

and

—

%_%wwwthwwwwwww 167)
D = = = . .
S Dyj(xeur)Cyp(xemr) S| Dy (xeur) D3 (xeur) [ D (xeur)

The invertibility of D implies that
N
> DiD.} =6y (16.8)
k

Hence, the denominator in EG.{16.7) is equal to unity. Then,

N
Rsp = Z Dij (Xnew)Dj—il (Xcur).

Jj=1

Substituting Eq.[{T6]4) we arrive at

N
Rsp = Z ¢; (xPV) D3 (x°UT) (16.9)

j=1

which means that determinin@sp when only particle has been moved, requires only the evaluation
of the dot product between a vector containing orbitalsl(mtad at the new position) and all the entries
in thei*" column of the inverse Slater matrix (evaluated at the ctipesition). This requires approxi-
matelyO(N) operations.

1some authors prefer to express the Slater matrix by platiagtbitals in a row wise order and the position of the passich a
column wise one.
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Further optimizations can be done by noting that when only particle is moved at the time, one

of the two determinants in the numerator and denominatorgoffEG.3B) is unaffected, cancelling each
other. This allows us to carry out calculations with onlyfludithe total number of particles every time

a move occurs, requiring onlyV/2)¢ operations, wheré is the number of spatial components of the
problem, in systems with equal number of electrons with sjpiland down. The total number of opera-
tions for a problem in three dimensions becorf®g2)? = N3/8, i.e., the total calculations are reduced
up to by a factor of eight.

16.3 Optimizing thevV W, /U ratio

Setting¥ p = |D|;|D|, in Eq. (I6.2) we get,

ve V(UpV¥¢c) YcVYp+¥pVVe 7V\IJD+V\IJC

v Up Ve Up¥eo Up Yo
. V(|D|T|D|1) VUe
|D|;|D|, o’

or

vy _ V(D) V(D)  vic
v ol Dl W

(16.10)

16.3.1 Evaluating the gradient-determinant-to-determirratio

The evaluation of Eq[{IG.10) requires differentiating fientries of the Slater matrix with respect to
all thed spatial components. Since the evaluation of the Slatermétant scales a®(N?) this would
involve of the order ofV - d - O(N?3) ~ O(N*) floating point operations. A cheaper algorithm can be
derived by noting that when only one particle is moved at ilmet only one row in the Slater matrix
needs to be evaluated again. Thus, only the derivativesabfrtiwv with respect to the coordinates of
the particle moved need to be updated. Obtaining the gradierminant ratio required in Eq_{16110)
becomes straigforward. It is analogous to the proceduré imsderiving Eq. [I613). From Eq(16.9)
and Eg.[[I61) we see that

N N
= > ViDi;(x)Dj;t (%) = > Vig,(x:)Dj;t (%), (16.11)
j=1

Jj=1

Vi|D(x)
ID(x)|

which means that when one particle is moved at the time, thdigmt-determinant ratio is given by
the dot product between the gradient of the single wave fongtevaluated for the particle at position
r; and the inverse Slater matrix. A small modification has to tweedwhen computing the gradient to
determinant ratio after a move has been accepted. Denatiggtihe vector containing the new spatial
coordinates, by definition we get,

v D Y
| Z Vi ng Y) = Z vld’](yl)D;zl(Y)?
=1

which can be expressed in terms of the transpose inverse &l#ter matrix evaluated at the old posi-
tions [91] to get

Vi |D
D) Z Vio; (y1) D} (x). (16.12)




16.4 — Optimizing theV2 ¥ /¥ ratio

Computing a single derivative is afi(N') operation. Since there arBV derivatives, the total time
scaling become®(dN?).

16.4 Optimizing theV?U /W ratio

From the single-particle kinetic energy operator, the eigiéon value of the kinetic energy expressed
in atomic units for electronis V)
PN 1 (V|
(Ki) = —5 g
2 (T|)
which is obtained by using Monte Carlo integration. The gg@f each space configuration is cummu-
lated after each Monte Carlo cycle. For each electron waiatal

(16.13)

Ki= 5~ (16.14)

Following a procedure similar to that of sectldn16.3, threntéor the kinetic energy is obtained by

ViU VEUpVUg) V- I(V(UpUc)] V(UcVUp+UpVI]
v Up¥e UpUe B UpUe
_ V\IJC'V\I/D+\I/C<V2\I/D+V\I/D'V‘I/c-i-\Ivag\Ifc
B UpUe
(16.15)
Ve VQ\IJD+V2\IJC+2V\IJD V¥
v Up Yo Up Ve
_ VA(D|IDl) | VPue  V(DLIDI) Ve
(ID;|DI,) Ve (IDID[) o’
or
viv VDL VD vlwe [VIDL VID| ] vue 16.16)
4 |D|1 |D|¢ Yo |D|1 |D|l e’ .
where thdaplace-determinant-to-determinant rati®given by
Vi D(x)| 2
—— ViDi;( Vip;(xi) D5t (x) (16.17)
[D(x)] 2 ot Z D

for particle atx; as deduced from Eq{16.9) and Hg. (16.3). The comments giveaction 1613 on
performance yields applies also to this case. MoreoverEQILT) is computed with the trial move only
if it is accepted.

16.5 Updating the inverse of the Slater matrix

Computing the ratios in EqEI6. 9L (19. 1 [, (16.12) &&JX1) requires that we maintain the inverse of
the Slater matrix evaluated at the current position. Eank & trial position is accepted, the row number
i of the Slater matrix changes and updating its inverse has talried out. Getting the inverse of an
N x N matrix by Gaussian elimination has a complexity of orde@©g¢fV?) operations, a luxury that
we cannot afford for each time a particle move is acceptedalfainative way of updating the inverse
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Operation No optimization ~ With optimization
Evaluation ofR O(N?) 0 NTZ
Updating inverse O(N?) o (&
Transition of one particle O(N?) + O(N3) O N; +0 (NT%)

Table 16.1: Comparison of the computational cost involvetthé computation of the Slater determinant with
and without optimization.

of a matrix when only a row/column is changed was suggeste8hgyman and Morris. It has a time
scaling of the order of(IV?) [91, 121, 122] and is given by

—1 cur
1 D];jl(xcur) _ % Zl]il Dil(xnew)Dlgl(Xcur) if j £

_D7'1 XU N cur - cur e . .
- 5‘% ) Zl:l Dj(x )Dljl(x ) if j=1

(16.18)

The evaluation of the determinant of ahx N matrix by standard Gaussian elimination requitdsv?)
calculations. As there a¥d independent coordinates we need to eval®ateSlater determinants for
the gradient (quantum force) aléd for the Laplacian (kinetic energy). With the updating algon we
need only to invert the Slater determinant matrix once. €aisbe done by standard LU decomposition
methods.

Table[I6]l summarizes the computational cost associatixdting Slater determinant part of the trial
wave function.

16.6 Reducing the computational cost fo the correlation fior

The total number of different relative distanegsis N(N — 1)/2. In a matrix storage format, the set
forms a strictly upper triangular matfix

0 mM2 m™3 - TN
. 0 r23 T2 N
r=|: 0 - 5 . (16.19)
5 TN—-1,N
0 0 0 0

This applies teg = g(r;;) as well.

16.7 Computing the correlation-to-correlation ratio

For the case where all particles are moved simlutaneouitlyesy; ; have to be reevaluated. The number
of operations for gettindic scales a€)(N?). When moving only one particle at a time, say #th,
only N — 1 of the distances;; havingk as one of their indices are changed. It means that the rest of

2|n the implementation, however, we do not store the entyieg lon the diagonal.
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16.8 — Evaluating theV ¥ /U ratio

the factors in the numerator of the Jastrow ratio has a simdanterpart in the denominator and cancel
each other. Therefore, only — 1 factors of¥g*™ and W@ avoid cancellation and

\I}new k—1 new N new
Re =S = [] 24 Tie | (16.20)
Ve i=1 ik il Ik
For the Padé-Jastrow form
Re = poew _ eUnew _ AU (16.21)
pow eUcur )
where
k—1 N
AU =D (v =)+ > (e =) (16.22)
i=1 i=k+1

One needs to develop a special algorithm that iterates brityigh the elements of the upper triangular
matrix g that havet as an index.

16.8 Evaluating theVV . /¥ ratio

The expression to be derived in the following is of interebew computing the quantum force and the

kinetic energy. It has the form
Vive 1 oVe

\I/c - \I/_c &m ’
for all dimensions and withrunning over all particles. From the discussion in sedfi@n 1for the first
derivative onlyN — 1 terms survive the ratio because tgerms that are not differentiated cancel with
their corresponding ones in the denominator. Then,

k—1

1 9¥c L g N~ L Ogus
— O3 SOk N OO 16.23
Ve Oxy ; Gik 0Ty, i:;rl ki 0Tk ( )

An equivalent equation is obtained for the exponential faftar replacingy;; by exp(g;; ), yielding:

k—1 N
1 0¥¢ 0gik OGki
- = + , 16.24
\Ifc 8:17k ; 8:17k ;_1 8xk ( )
with both expressions scaling 8§ V).
Later, using the identity
0 0

g1 = —=——0ij 16.25
8,@1'9] ijgj ( )

on the right hand side terms of ER.{18.23) and Eq.(16.24getexpressions where all the derivatives
act on the particle are represented bysheondndex of g:

k—1 N
1 0¥¢ 1 Ogik 1 Ogui
- Yre - — - ) 16.26
Ve Ozg ; gir. Oy, i:;rl ki Ox; ( )
and for the exponential case:
1 0¥¢ g 09ik al Ogri
— = - . 16.27
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16.8.1 Special case: correlation functions depending ersttalar relative distances
For correlation forms depending only on the scalar distangewe note that

99i; _ 99i5 Orij _ xj — i 99y (16.28)
8xj 87’1'3' 8Ij Tij aTij’ '

after substitution in EqQ[TIG.P6) and EG_{18.27) we arrive a

k—1
1 0V 1 ry 0g; 1 rxi Ogri
Y — Dhd O9ki. (16.29)
Ve Or, = g ik Ok 5| Gki Thi ki
Note that for the Padé-Jastrow form we canget= g(r;;) = e/("is) = efis and
0gi; dfij
= g;i 2L, 16.30
8rij J 87’1'3' ( )
Therefore,
1 0w i Of O 1 Ofs
PJ i A i i
_ Ik _ kil 16.31
Vpy Oy g Tt O i:;rl Ti OTgi ( )
where
rij = |I‘j — I‘i| = (Ij — Il)él + (yj — yl)éQ + (Zj — Zz)ég (1632)
is the vectorial distance. When the correlation functiothédinear Padé-Jastroywve set
;5745
fij = —L—, (16.33)
T (L4 Bijrig)
which yields the analytical expression
dfij aij
Orij (L4 Bijri)? ( )
16.9 Computing thev?¥ /¥ ratio
For deriving this expression we note first that Eq. (1b.29)lmawritten as
k—1 1 N 1
Vilo =Y —Vign+ Y, —Vigr
i=1 Jik i=kt1 Ik
After multiplying by ¥~ and taking the gradient on both sides we get,
k—1 1 N 1
Vive = Vi¥c - (Z —Vigik + Y kagki>
i—1 Jik i=ky1 Ik
Y Mo
+ToVy - < > —Vigki+ Y kagki>
imkr1 THi ihig1 ki
Vel Mo Mo
=VUo < k C) +UcVi | Y —Vigri+ Y. —Vigki | - (16.35)
5! Sy ki i1 Ik
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Now,

1 1 1
Vi - <—ngik) = Vi <—> -Vigik + — Vi - Vigir
Gik Gik i

ik

1 1 rir 0g;
= ——Vigik - Vkgik + — Vi (iﬂ>
Jiie Jik Tik OTik

1
= —— (Vigin)?
91'21@

1 1 Og; 1 90g;
+— Vi (=225 ey (=22 ) vy r,
Gik Tik OTik Tik OTik
_ L (ru 0gu
g2 \rik Orak
1 1 Og; 1 0g;
+ — |V | — Jik T+ | — Jik d
Jik ik Oy, Tik OTik
_ 1 (9gn )\’
B 91'219 Oorik
1 1 Og; 1 9g;
+— [vk (f 9_k> rin + (f 9_’“) d] : (16.36)

with d being the number of spatial dimensions.

Moreover,

v 1 0gi\ _rik O (1 Ogik
"\ Ori ) e Orae \ ik Ora,
Ty (_ 1 dgiu. 1 329ik)

o 2 e 2
Tik T5 O Tep O3

The substitution of the last result in EG.{18.36) gives

1 1 Gk 2 1 d—1Y\ 0gik aQQik
Vi [ —Vigin ) = —— - .
g <gik kg k> 92, <5mc> N Jik rik ) Orik * or?,

Inserting the last expression in EG.{18.35) and after winiby ¥~ we get,

Vive _ (Vi¥e\®
Te Te

kf_i dgin 2+L d—1\ dga , Ogu
g?k orix Gik Tik orik 3T§k

i=1

N 2
1 (Ogy > 1 Kd -1 > Ogri 3291@1}
+ Y = +— n . 16.37
M g3 (57%1' Gki Tei ) Orki  Ori, ( )

+
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For the exponential case we have

Vpy Vpy

k—1 2
L ([ Ofik L [(d=1\ Ofic 0O Ofik
* Lo g2 <glk 57‘ik> * Jik K Tik ) Jik Ori * Orig <glk Orik

N 2
L ([ Ofi L fd=1\ Of 0 O fki
* Z 93, (gm 37’1”') + ki K Tki ) Jki Orki * Orki (gm Orei )|

Vivrs _ (Vk\I’PJ)Q

Using

0 ( Ofik\ _ Ogik Ofik . 0 fir
Yik 87’% o 87’% 87’1’1@ Yik 6rfk

Ofu Ofie | Pfu

LT L or?

ofin )’ O fi
:gik< fk) +9g o

ik
87’% ‘ 6r§k

and substituting this result into the equation above giigesto the final expression,

ViUp, _ <Vk‘I’PJ > 2
Upy Upy

k—1 N
d—1Y Ofin O fu d=1\ Ofpi | fri
’ Z {< Tik ) Orig * or?, +i:;rl i ) Orng + a2 | (16.38)

=1

Again, for thelinear Padé-Jastrowwe get in this case the analytical result

9 fij 2a;5Bij
S . (16.39)
ory (1 + Bijriz)?

16.10 Efficient parametric optimization of the trial wave figction

Energy minimization requires the evaluation of the denweatf the trial wave function with respect to
the variational parameters. The computational cost ofipésation depends, of course, on the algorithm
selected. In practice, evaluating the derivatives of tia¢ wave function with respect to the variational
parameters analitically is possible only for small systétm® to four electrons). On the other hand,
the numerical solution needs the repetead evaluation dfigdevave function (the product of a Slater
determinant by a Jastrow function) with respect to eactatianal parameter. As an example, consider
using a central difference scheme to evaluate the deréafithe Slater determinant part with respect to

aparametea,
d\I/SD N \I/SD(OL—FAOL)—\I/SD(OL—AO[) 2
doao 2A« +O(Aa%).

The reader should note that for the Slater determinant pameed to compute the expression above
two times per Monte Carlo cycle per variational parametem@uting a determinant is a highly costly
operation. Moreover, the numerical accuracy in the satutidl depend on the choice of the step size
Aa.
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In the following we suggest a method to efficiently computedirivative of the energy with respect to
the variational parameters. It derives from the fact thatghergy derivative is equivalent to

OF Oy, AWy,
e =2 ()~ (=)

or more precisicely,

OF al Oln T, N N /0Ty,
e =2 Z:[Ewm ( Fo >J—N—;Ewm Z< Fo >j ., (16.40)

Jj=1

and becaus#r, = ¥sp, ¥, ,we getthat

In \I/TCm = hl(\I/SDCm \I/,]Cm) = ln(‘I/SDCm) + ln(‘IJJCm)
=In(¥sp,, 1¥sp.,, 1)+ (¥, )
= 1n(\I’SDcmT) + ln(\IISDle) + 1n(\IfJCm )

Then,

6111 \I/TCm i 61n(\IISDCmT) n 8111(‘1151)%1) + 8111(\1!,;%)

ocm ocm, ocm, ocm, ’ (16.41)

which is a convenient expression in terms of implementaticen object oriented fashion because we
can compute the contribution to the expression above in epausited classes independently, namely
the Slater determinant and Jastrow classes.

Note also that for each of the derivatives of concerning themininants above we have, in general,
that

OVsp,,
Oln(Vsp, )  —on
ch \IJSDCm 1

For the derivative of the Slater determinant yields tha\ifs an invertible matrix which depends on a
real parametet, and if% exists, then

d _1dA
G0 = (a5,

%lnHA( t) = tr( > ZZA LA (16.42)

=1 j=1

where N is the number of entries in a row. What we have here is the ezpme for computing the
derivative of each of the determinants appearing in EqZfl)6 Furthemore, note that the specialization
of this expression to the current problem implies that tlimtd —! appearing on the right hand side
is the inverse of the Slater matrix, already available dfteshing each Monte Carlo cycle as deduced
from the algorithms discussed in the previous sections. elhims that the only thing we have to do is
to take the derivative of each single wave function in theeBlanatrix with respect to its variational
parameter and taking the trace ®fp (o) ' ¥gp(a). The implementation of this expression and its
computation using analytical derivatives for the singestvave functions is straighforward. The flow
chart for the Quantum Variational Monte Carlo method withimmgration of the trial wave function is
shown in figuré_16]1.
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Initialize R,
seta and €mmmm e e e e —— e ——-———-
Ur_o(R)

o

—>| Suggest a move

Generate a —
uniformly Compute ac-
distributed ceptance ratio
variabler

Is no Reject move:
R>1r?

yes

Accept move:
old _— new
X = Xi

Last
move?

yes

Get local

energyEr,

no

e e e o m m m m m m m m m m m m m m m m m m m m  m m  m m m m m m m  m m m m m m m m m m m m m m m m m m m m m m m m m eDm

Collect samples

yes

End

Figure 16.1: Optimization of the trial wave functidn,.;,;(a)) and minimization of the energy with respect to
the variational parameters.
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16.11 — Conjugate gradient method

16.11 Conjugate gradient method

The success of the CG method for finding solutions of noralireoblems is based on the theory for
of conjugate gradients for linear systems of equationselibrigs to the class of iterative methods for
solving problems from linear algebra of the type

Ax=b.
In the iterative process we end up with a problem like
f=b— Ax,
wherer is the so-called residual or error in the iterative process.
The residual is zero when we reach the minimum of the quadegtiation
P(x) = % xT Ax — x"b,

with the constraint that the matri& is positive definite and symmetric. If we search for a minimum
of the quantum mechanical variance, then the marpwhich is called the Hessian, is given by the
second-derivative of the variance. This quantity is alwagsitive definite. If we vary the energy, the

Hessian may not always be positive definite.

In the CG method we define so-called conjugate directionstamndvectorss andt are said to be
conjugate if
sTAt =0.

The philosophy of the CG method is to perform searches irouartonjugate directions of our vectors
%X; obeying the above criterion, namely

%] Ax; = 0.
Two vectors are conjugate if they are orthogonal with resfethis inner product. Being conjugate is a
symmetric relation: i§ is conjugate ta, thent is conjugate te.

An example is given by the eigenvectors of the matrix
vIAv; = Wl
which is zero unless = j.

Assume now that we have a symmetric positive-definite matrf sizen x n. At each iteration + 1
we obtain the conjugate direction of a vector

Xit1 = Xi + o4P;.

We assume thab; is a sequence of mutually conjugate directions. Then tfe form a basis ofR”
and we can expand the solutidk = b in this basis, hamely

n
X = E aiP;.
i=1

The coefficients are given by

Ar = iOLlApZ =b.

i=1

Multiplying with pZ from the left gives
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and we can define the coefficients as

o>

A = Isg
pi Apy

If we choose the conjugate vectgbg carefully, then we may not need all of them to obtain a good
approximation to the solutioR. So, we want to regard the conjugate gradient method as rativee
method. This also allows us to solve systems wheigso large that the direct method would take too
much time.

We denote the initial guess farasx,. We can assume without loss of generality that

or consider the system

instead.
Important, one can show that the soluti®is also the unique minimizer of the quadratic form

f(%) = %XTAX —xT%, xeR"

This suggests taking the first basis veghgrto be the gradient of atx = x(, which equals

Ax —b,
andx, = 0 it is equal—b. The other vectors in the basis will be conjugate to the grmigihence the
name conjugate gradient method.

Lett; be the residual at thie-th step:

£, = b — A%y,

Note thatt;, is the negative gradient gfatx = X, so the gradient descent method would be to move
in the directionr;. Here, we insist that the directioffig, are conjugate to each other, so we take the
direction closest to the gradiefyf under the conjugacy constraint. This gives the followingression

pl Aty .

plApy

Pry1 =T —

We can also compute the residual iteratively as

P41 =b— A%,

which equals o

b — A(xy + axPr),
or

(b — A%y) — arApy,
which gives

fry1 =T — APy,

If we consider finding the minimum of a functighusing Newton’s method, that is search for a zero of
the gradient of a function. Near a pointwe have to second order

FIR) = F(30) + (5~ %)V (%) g (%~ %) A% — %)



16.12 — Blocking as a tool for doing statistical analysis ¢fet data

giving )
Vi) =Vf(x)+Ax—%;).
In Newton’s method we sé¥ f = 0 and we can thus compute the next iteration point (here thetexa

result
) X —% = AT'Vf(%).

Subtracting this equation from that®f,; we have

Xit1 — % = AN (V[ (Rip1) — VI (%)),

The codes are taken from chapter 10.7 of Numerical recipesus¥ the functiongfpmin andinsrch.
You can load down the package of programs from the webpadeafdurse, see under project 1. The
package is calledV Rcgm107.tar.gz and contains the fileg§fmin.c, Insrch.c, nrutil.c andnrutil.h.
These codes are written in C.

void dfpmin(double p[], int n, double gtol, int xiter, double xfret,
double(*func) (double []), void (xdfunc)(double [], double []))

The input todf pmin

void dfpmin(double p[], int n, double gtol, int xiter, double xfret,
double(*func) (double []), void (xdfunc) (double [], double []))

— The starting vectop of lengthn

— The functionfunc on which minimization is done

— The functiondfunc where the gradient i calculated

— The convergence requirement for zeroing the gradjesit

It returns inp the location of the minimum, the number of iterations and nfieimum value of the
function under studyret.

16.12 Blocking as a tool for doing statistical analysis ofdflata

In preparation for spring semester 2011.

16.13 Exercises and projects

Project 16.1: Hartree-Fock and variational Monte Carlo

The aim of this project is to use the Variational Monte Cal®IC) method and evaluate the ground
state energy of the atoms Helium, Beryllium and Neon.
We labelr, the distance from electron 1 to the nucleus and similaglthe distance between electron
2 and the nucleus. The contribution to the potential enemgy fthe interactions between the electrons
and the nucleus is

-— - — (16.43)
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and if we add the electron-electron repulsion with = |r; — r»|, the total potential energy (11, r2)
is

V(Tl,Tg):————+_a (1644)

yielding the total Hamiltonian

Ao_Vi_ Vi 2 LR (16.45)

and Schrodinger’s equation reads R
Hy = Ey. (16.46)

All equations are in so-called atomic units. The distan¢@sdr,, are dimensionless. To have energies
in electronvolt you need to multiply all results withx Ej, whereE, = 13.6 eV. The experimental
binding energy for helium in atomic units a.u.A%, = —2.9037 a.u..

la) Set up the Hartree-Fock equations for the ground stateeoHelium atom with two electrons
occupying the hydrogen-like orbitals with quantum numbers 1, s = 1/2 andl = 0. There
is no spin-orbit part in the two-body HamiltoniaMake sure to write these equations using
atomic units.

b) Write a program which solves the Hartree-Fock equationte Helium atom. Use as input for the
first iteration the hydrogen-like single-particle wave étion, with analytical shape exp (—ar;)
wherer; represents the coordinates of electiomhe details of all equations which you need to
program will be discussed during the lectures. Comparedbelts with those obtained using the
hydrogen-like wave functions only.

c) Our next step is to perform a Variational Monte Carlo ckltian of the ground state of the helium
atom. In our first attempt we will use a brute force Metropséspling with a trial wave function
which has the following form

r(r1,re,r12) = exp (—a(ry 4+ r2)) exp (m), (16.47)

with « and3 as variational parameters.

Your task is to perform a Variational Monte Carlo calculatiosing the Metropolis algorithm to
compute the integral

_ [ dridraii(ry, T2, rlz)ﬁ(l‘l, re,r12)Yr(ry,ra,riz)

E
(E) [ dridraii(ry,r2,r12)Y7(r1,r2,112)

(16.48)

In performing the Monte Carlo analysis you should use bloglas a technique to make the sta-
tistical analysis of the numerical data. The code has tomyrarallel. A code for doing a VMC
calculation for the Helium atom can be found on the webpadke€ourse, see under programs.

d) Repeat the last step but use now importance sampling.y $itieddependence of the results as
function of the time stept.

(e) Our final step is to replace the hydrogen-like orbits in @&.4T) with those obtained from b)
by solving the Hartree-Fock equations. This leads us to onky variational paramete, The
calculations should include parallelization, blockinglamportance sampling. There is no need to
do brute force Metropolis sampling.

Compare the results with those from c¢) and the Hartree-Fesldts from b). How important is the

correlation part?

Here we will focus on the Neon and Beryllium atoms. It is carieat to make modules or classes
of trial wave functions, both many-body wave functions ainge-particle wave functions and the
guantum numbers involved,such as spin, orbital momentuhpencipal quantum numbers.
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f)

9)

(h)

The new item you need to pay attention to is the calculatiahefSlater Determinant. This is an
additional complication to your VMC calculations. If wecltito hydrogen-like wave functions,
the trial wave function for Beryllium can be written as

4
Ur(r1,ra,13,14) = Det (¢1(r1), $a(r2), d3(rs), da(ra)) [ [ exp (W)a (16.49)
i<j t

where theDet is a Slater determinant and the single-particle wave fonstare the hydrogen wave
functions for thel s and2s orbitals. Their form within the variational ansatz are gy

P1s(ri) = e, (16.50)

and
Pos(r;) = (1 — ar; /2) e=OTi/2, (16.51)

For Neon , the trial wave function can take the form

10
wT(I‘l, ro,... ,I‘lo) = Det ((]51(1‘1), ¢2(I‘2), ey (2510(1‘10)) H exp (W) N (1652)
i<j t

In this case you need to include the wave function as well. It is given as

op(ri) = arye /2, (16.53)

Observe that; = \/m

Set up the Hartree-Fock equations for the ground stateeoBeryllium and Neon atoms with four

and ten electrons, respectively, occupying the respehtideogen-like orbitals. There is no spin-

orbit part in the two-body Hamiltonian. Find also the experntal ground state energies using
atomic units.

Solve the Hartree-Fock equations for the Beryllium andiNatoms. Use again as input for the first
iteration the hydrogen-like single-particle wave funoti€ompare the results with those obtained
using the hydrogen-like wave functions only (first iteradio

Write a function which sets up the Slater determinan®eryllium and Neon. Use the Hartree-
Fock single-particle wave functions to set up the Slatezmeinant. You have only one variational
parameter3. Compute the ground state energies of Neon and Berylliunoaslid for the Helium
atom in €). The calculations should include paralleliagtiolocking and importance sampling.
Compare the results with the Hartree-Fock results from gy linportant is the correlation part?
Is there a difference compared with Helium? Comment yourltes

483






Chapter 17

Bose-Einstein condensation and
Diffusion Monte Carlo

17.1 Diffusion Monte Carlo

The DMC method belongs to a larger class of methods ofteadjatbjectorMonte Carlo. As the name
indicates, this is a general class of methods based on takajgctions in Hilbert space.

Consider a system governed by a Hamiltonfnlts stationary eigenfunctions are then given by
Ho; = e

DMC is a method of projecting out the from ¥ with the lowest energy. Most often, and in our case
particularly, we are interested in the ground state. But §isswith the variational principle used by
VMC, if we let W fulfill a certain mathematical symmetry, the projectadwill be the state of lowest
energy with that given symmetry.

In contrast to VMC, which relies on the variational prineipDMC does not directly depend on any
a priori choice of wave function that ultimately restricteetquality of the result. Thus, DMC can
in principle produce the exact ground state of our systenteast within the statistical limits of the

algorithm.

The procedure of projecting out the component stat& @fith the lowest energy is based on operating
on ¥ with the special evolution operatexp(—Ht)

e(fﬁt)‘l’(w) = Z ci exp(—eit)pi(x)
This is just the formal solution of the special equation:

- %\Il(w,t) = HU(x,t) (17.1)

which resembles the time dependent Schrddinger equatiiritagere transformed to imaginary time
it — t. Recall that the formal solution of the time dependent Sdimger equation is just

V(e t) = e M W(@) = 3 e 9 g ()

i

As we lett — oo, the exponential makes all the eigenstates with negatieeggrblow up while the
ones with positive energy vanish. To control this effect mtedduce a constant energy shift, called
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atrial energy, to the potential term off. This shift does, of course, not change any relevant phlysica
properties of our system since it is generally independe&titeochoice of the zero point of the energy.
The effect on the projection operation becomes

U(z,t) = e TPy () = Y e FDlg, () (17.2)

Consider the ideal situation of lettingr equal exactly, resulting in

U(x,t) = e HEDN (1) = ¢y + Z cihi(x)e (im0t
>0
Sincee; > ¢ for i # 0, all the remaining exponents become negative. In the limit oo, the
contributions from excited states must obviously vanishthat propagating’ according to Eq{I71)
gives ~
lim e~ (=€t (x) = ¢y

t—o0

thus projecting out the ground state.

Without even considering how to do the time propagation acpice, the formulas already indicate to
us that approaching the problem first with VMC can help predai initial ¢ close to¢, and, more
importantly, a trial energyor being an upper bound to the true ground state engrgdopefully Er is
close enough te, to be smaller than the first excited energy. Inserting sugh énto Eq. [I7.P) while
lettingt — oo will make all the excited states collapse while the grouiiesblows up and dominates
because of the positive exponent in the coefficient.

From this consideration we also see that the evolution épeis not unitary. The norm o is not
necessarily conserved with time. Depending on the valugpit may grow without limit or go to
zero. Only in the case diir = ¢ the state tends to a constant. This proposes a method ofrdeitey

the ground state energy by adjustiflg dynamically during time propagation so that the state stays
constant.

Writing out the imaginary time Schrodinger equation, EQ.T), including the energy offséir, we get
0

o v ) = —KU(x,t) — (V(z) — Ep)V(a, )
= %v?qf(m,t)_(?(m)_ET)q/(m,t) (17.3)

where K andV is the kinetic and potential energy operator, respectivélfe see that this is of the
form of an extended diffusion equation. We can thereforesictiar the wave functio as a probability
distribution evolving according to this equation. Thisaftg contrasts the usual quantum mechanical
interpretation of |2 being the actual probability density function (PDF). Welsée that the approach
poses some potentially serious problems when the waveifun@twe seek has nodes and is partially
negative and possibly complex. But to illustrate the mairchamisms of the method we will at the
moment focus on the simple cases of bosonic ground statehwhually are strictly positive and real.

In simple terms, the job consists of representing the irstate W by a collection of walkers, much the
same way as in VMC, and letting them evolve in time as a cdetidiffusion process governed by
Eq. (IZ3). Interpreting the rhs. terms of Hq. (17.3), wethatthe first term is a standard diffusion term
with a diffusion constant of )
D= L (17.4)
2m
The second term is calledsanching term When positive, it induces a growth of the number of walkers

and a decay if it is negative.

Before we expand on how to carry out DMC in practice, it may bkptul to consider an analytically
exact approach by focusing on the Green’s function cormding to the time evolution of the wave
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function. The approach is call€green’s function Monte CarlGFMC) and shares its main ideas with
the DMC method. Using Dirac’s bracket notation, we startrdyesubstituting the initial wave function
U () with its corresponding state kgb) and let the special evolution operator work |@n

U), = e~ H=E0H ),

Now we switch to position representation:
W(x, 1) = (@|); = (wleFT-ED|w) = /<w|€*(ﬁ’ET”|w’><w’|\11>dcc’

where we have just inserted a completeness relatien,| |«’) (z'| dz’. Defining the Green’s function
for this case R o
Gla,2',t) = (@le” TP a) = (|~ HHVF1 )

we get:
U(x,t) :/G(:c,:c’,t)\ll(:c’)dm’ (17.5)

Calculating the Green's funEtioﬁ would be greatly simpjfied if we could split it into separééetors
for each of the term& and(V — Er) of the HamiltonianH, as with the following factorization

oA+B _ A B
However, such a factorization requires that the operaicaadf? commute[A, B] = 0. Unfortunately,

this is not the case for the term§andV’ of the Hamiltonian. But, by expanding the exponential ofreac
part, using a descendent of the so called Baker-Campbeisdtaff formula

o PO
eAB — (A+B 1[A,B]

we get that:
ef(fIfET)t _ 67(1?+\77ET)t _ efl?tef(vaT)t + O(tQ)

It is also possible to make approximations to higher ordérslout we will here keep to the simple first
order case. As — 0, the error term disappears and the simple factorized foworines exact. Thus, an

approximation of the form
e—(ff—ET)t ~ e—fﬁe—(f/—ET)t

is only good for smalt and is readily called ahort time approximationThe Green'’s function can by
this be approximated as follows

Gla,a 1) = (wleF-E0a)
— <m|e—f€t e—(\7—ET)t|wl> +O(t2)

— /<:1}|671A(t|m//> <m//|ef(X77ET)t|m/> dz" + O(tQ)

/GK(m, x' )Gy (x", ', t) dz” + O(t?)
For the kinetic energy part; i, we get

Gz, t) = (xle X'a”)

- 7(2:)” /<m|k)e_Dk2t<k|:B”> dk

1 . . 1
_ (27T)3N/e—zkwe—Dk2tezkac dk
™
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The constanD is still the same diffusion constant in EE.17.4). The palated to the potential;y,
is simpler, since it contains a local operator only depehdet

Gv(w”, ', t) = e—(V(w’)—ET)té(wl _ iL‘”)

Putting these two parts together and carrying out the iatexyerx” is simplified by the delta function
of Gy. Ignoring the normalization constant 6fx we get

Gla, o' t) = e~ (@~ /1Dt(Br=V@)t | o(12) (17.6)

At this point, the GFMC method would pursue the problem byliekly evaluating the Green’s function
integral of Eq. [IZ) with a suitable approximation. We,tbe other hand, are now ready to interpret
the diffusion process controlled by EE.17.3) in terms efshort time approximated Green’s function.
Our wave functionl (x) is represented by a set of random walkers, so the integratoie «’, t) ¥ (x')
expresses the probability of a walker ending upcaiven the initial configuration of walker§ (z').
Calculating the integral corresponds to one iteration efEMMC algorithm (to be described in detail
later on). Operationally this has a different effect forlea€the two exponential factors 6.

The first factor expresses the probability for a walker to enfsem positionz to «’. Since this clearly
is just a Gaussian af aroundx’, we can simply generate new positions as a simple diffusioogss

z=x +yx

wherey is a Gaussian pseudo-random number with mean equal zeroaaiathce equalDt. The
second factor, the branching term, is only dependent’acand can be interpreted as the rate of growth
of random walkers at each positiari. The short time approximation permits us to conduct the two
processes, diffusion and branching separately, as lorfgeasie step is kept small.

Even though this approach, after a large enough number maftitas, should yield a distribution of
walkers corresponding to the exact ground statdl pthe method is not efficient. In particular, a serious
problem arises when our system is governed by an unboundewtjad, like a Coulomb potential typical
forinteractions between electrons or a parametrized paeteicleon central potential with a hard central
core. The branching exponential may diverge giving a hugdyetion of new random walkers that may
be difficult to handle numerically. Also the fluctuations bew very large making statistical estimates
of physical quantities inaccurate.

Another problem is that there is actually no simple way otakdting a mean energy estimate from the
set of walkers alone. The mean energy is not only the moshtakeesult of the algorithm, we also
need it to be able to adjust the trial enedgy dynamically throughout the DMC calculation.

For these reasons, and others that will become apparenttmeliice so called importance sampling
by biasing the combined branching-diffusion process withiad wave function¥+ which hopefully
imitates the exact solution well. The technical contenthisf will be made clear shortly.

17.1.1 Importance Sampling

Let us introduce a time independent trial wave functiof(x). We define the new quantity
flz,t) = Vp(x) ¥(x,t)

Now by insertingl = f /¥ into Eq. [IZ.B) we get a slightly more complicated equatioterms of
f(z,)
of(x,t)
ot
with the constanD defined as in EqL{I4.4). Notice that the rhs. consists oktteems. By the same
line of thought as before we now recognize the first term adahsliar diffusion term, acting ory

= DV*f(a,t) - DV (F(z)f(z,t)) - (EL(z) - Br)f(=,1) (17.7)
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instead ofl'. The last term, similar in form to the potential term, is oemnbranching term, also acting
on f. The quantityFy, (x) is just the local energy with respectior, defined in the same manner as in
the variational Monte Carlo procedure

1 -
FEL,=—HVY
L= 9r T

The vector quantityF'(x) in the unfamiliar middle term is the drift velocity as we knawfrom the
Fokker-Planck formalism we used to improve the Metropdii®ethm

F(x)= \IJiTV\IJT (17.8)

Actually, the two first terms on the rhs. of E._(17.7) can eqgléntly be expressed as the familiar
Fokker-Planck drift-diffusion on the rhs. of EQ.{14.28).

Eq. (IZY) motivates us to let the set of random walkers sgrf instead ofl. A typical first order
short time approximation of the corresponding Green'’s fionds

1 ! ’ ’
Gz, z',t) = GD o~ (@—x'—DtF(x")?/4Dt ,—((Ev(x)+EL(x"))/2—Er)t

+ O?) (17.9)

We see that the Green’s function above consists of two facidre first one is similar to the Gaussian in
Eqg. (IZ®). But now we have in addition a drift term displacihe mean of the Gaussian B¢ F(x’).
Notice that this factor of the Green’s function is practigaentical to the transition proposition rule in-
troduced by the Fokker-Planck formalism to improve the Mdedlis algorithm (see EJ{IZR7)). We can
therefore use the same drift-diffusion formalism for thstffactor in the above Green'’s function. Recall
that if a walker is initially at positiom:’, the new positior is calculated as follows (see EF.{14.26))

x=a +x+ DF(z')t (17.10)

wherey is again a Gaussian pseudo-random number with mean equahmdrvariance equalDt
while DF (')t gives a drift in the direction tha¥ 1 increases. The size of the time stepiased the
final outcome of the Fokker-Planck algorithm of the driftéfiusion. A desirable diffusion was reached
only ast — 0 for each iteration. Also in the present application to DMi@s tbias must be taken into
account. In the Metropolis algorithm, the rejection medtantook care of it. So we may use the
same approach here. After calculating a new position with(EGID), we accept it according to the
acceptance matrix

Gr(z',z) U (x)|?
"G () V()]

whereG g is the kinetic part of the Green’s function, the part reldtethe diffusion process. If we do
not wish to do such a Metropolis test, we may alternativelyduet separate calculations for a set of
different time stepg and extrapolate the resultste- 0.

Az, ', t) = min |1

(17.11)

The second factor of E.{IT.9) plays the same role as thehirmmterm of Eq.[{T7]6). But the potential
V is replaced by an expression dependent on the local energy,

Ep(x) + Ep(x')

- FE
5 T

The new branching term gives a greatly reduced branchirgteffompared to the one in E_{17.6).
Particularly, in the limit ofUt = ¢y and Er = ¢y (exactly equal the ground state ﬁf) the local
energy is constant, giving equal branching everywheren @ffiect, no branching at all. Thus we can
in general expect the number of walkers to fluctuate less andentainly avoid uncontrollable growth.
In addition, the branching favors the areas of the confignmatpace that give the lowest local energy,
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i.e. the local energy closest to the true ground state enErgthermore, the drifted diffusion pushes the
walkers towards the desirable areas. Thus the whole DMGegrois conducted more efficiently.

Finally, the introduction of the trial wave functiobr makes it possible to evaluate an estimate of the
mean energy given the distribution of the walkers. Instdazhtzulating the typical mean energy

[U*HUdx
U Vde

we calculate the so calledixed estimator

[V HUdz

E mixed —
(Bmixed [ W Vda

(17.12)

As the DMC method approaches the exact regult ¢g, the mixed estimator becomes

<E> ed = f\I/TEO\I/d:B _ Eof\I/T\I/d.’B —
mixed T e W [WrWdz

so that the estimate indeed becomes correct. Because oétimétibity of H we can rewrite the mixed
estimator of Eq.[{TZ12) as follows

JUAVde  [VrV EHYUvde [ By f(x)da

(E)mixed = [Urbde [ WrWda [ f(z)dz

(17.13)

Since the walkers represefitve just need to average the local enefgyover the set of walkers.

This energy estimator allows us to calculate relativelyilgahe mean energy on the distribution of

walkers so that we can update the trial enefgydynamically as the algorithm proceeds. As the trial
energy gets better and better, the algorithm will hopefsi@bilize on the exact result within the limits

of statistical fluctuations imposed by the local energy amdohoice of¥ .

As we know, a good choice dfr reduces the fluctuations of the local enefgy. Now we see that this
also makes the estimation of the mean energy in [Eq.{IL7.18} efticient since the same number of
points (walkers) gives a smaller variance, thus pinpogntire energy more exactly.

Importance sampling makes it also to some extent easiealmdtty wave functions that are not positive
definite, like fermionic states whose wave function haveasod/VVhat happens is that the nodes of the
function f are tied by the nodes of the trial wave functi&r. Therefore it is necessary fdrr to have a
node configuration that best reproduces the physical ptiepef the exact wave function. Operationally,
the node surfaces df become impenetrable walls to the walkers in the sense tadritt velocity F' in

the vicinity of such a surface increases in a direction awagnfit pushing any walker away, preventing
it from crossing the nodal surfaces®fr. The approach is calledfexed node approximation

From all these deliberations on importance sampling we Ishioyinow understand the importance of
the trial wave function being as close to the exact solut®mpassible. We therefore rely heavily on
simpler methods like VMC that do not necessarily solve ttabfam exactly, but are easier to handle
computationally and are much less sensitive to initial ¢ors.

17.2 Bose-Einstein condensation in atoms

The spectacular demonstration of Bose-Einstein condens@BEC) in gases of alkali atoni€Rb,
23Na, “Li confined in magnetic traps [123—125] has led to an explosfdnterest in confined Bose sys-
tems. Of interest is the fraction of condensed atoms, thereaff the condensate, the excitations above
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the condensate, the atomic density in the trap as a functidaroperature and the critical temperature
of BEC, T.. The extensive progress made up to early 1999 is reviewecdhlfpu et al. [126].

A key feature of the trapped alkali and atomic hydrogen systes that they are dilute. The charac-
teristic dimensions of a typical trap f6fRb is ang = (h/me)% =1-—2x 10* A (Ref. [123]).
The interaction betweetlRb atoms can be well represented by its s-wave scatterigghgrg,. This
scattering length lies in the rangé < ar, < 140ag whereaq = 0.5292 A is the Bohr radius. The
definite valueag, = 100aq is usually selected and for calculations the definite ratiatom size to
trap sizeary/ano = 4.33 x 10~ is usually chosen [126]. A typicdf Rb atom density in the trap is
n ~ 10'2-10'* atoms/cm giving an inter-atom spacing~ 10* A. Thus the effective atom size is small
compared to both the trap size and the inter-atom spacieg;ahdition for dilutenesswa?, ~ 10~°
wheren = N/V is the number density). In this limit, although the interawctis important, dilute gas
approximations such as the Bogoliubov theory [127], vadiddmallna® and large condensate fraction
no = Ny /N, describe the system well. Also, since most of the atomsatieei condensate (except near
T.), the Gross-Pitaevskii equation [128, 129] for the condendescribes the whole gas well. Effects
of atoms excited above the condensate have been incorgavikén the Popov approximation [130].

Most theoretical studies of Bose-Einstein condensate€jBiEgases of alkali atoms confined in mag-
netic or optical traps have been conducted in the framewbitke Gross-Pitaevskii (GP) equation
[128, 129]. The key point for the validity of this descriptids the dilute condition of these systems,
i.e., the average distance between the atoms is much lagyettie range of the inter-atomic interaction.
In this situation the physics is dominated by two-body sadins, well described in terms of thewave
scattering lengttu. The crucial parameter defining the condition for dilutenissthe gas parameter
z(r) = n(r)a®, wheren(r) is the local density of the system. For low values of the ayemgas pa-
rameterz,, < 1073, the mean field Gross-Pitaevskii equation does an excgtibrisee for example
Ref. [126] for a review). However, in recent experiments, libcal gas parameter may well exceed this
value due to the possibility of tuning the scattering lerigtthe presence of a Feshbach resonance [131].

Under such circumstances it is unavoidable to test the acgwof the GP equation by performing mi-
croscopic calculations. If we consider cases where the gaseter has been driven to a region were
one can still have a universal regime, i.e., that the spesiifape of the potential is unimportant, we
may attempt to describe the system as dilute hard spheresevdimmeter coincides with the scattering
length. However, the value af is such that the calculation of the energy of the uniform Fsplere
Bose gas would require to take into account the second tetheifow-density expansion [132] of the
energy density

, (17.14)

FE B 2mn?ah? 14 128 /na® 1/2 n
Vv m 15 s

wherem is the mass of the atoms treated as hard spheres. For thefeastoonm systems, the validity
of this expansion has been carefully studied using Diffusitonte Carlo [133] and Hyper-Netted-Chain
techniques [134].

The energy functional associated with the GP theory is nbthiwithin the framework of the local-
density approximation (LDA) by keeping only the first terntlire low-density expansion of Eq.{17114)

K2 o2rh2a
Forl¥] = [ dr|J |90 P Vi) | 0 P42 Jw ], aras)

where

1
Virap (1) = §m(wf_a:2 +wly? +w?2?) (17.16)

is the confining potential defined by the two angular freqiesw,; andw,. The condensate wave
function ¥ is normalized to the total number of particles.
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By performing a functional variation dfqp [¥] with respect tol* one finds the corresponding Euler-
Lagrange equation, known as the Gross-Pitaevskii (GP)teoua

h? 4rh?
gV Visap(0) + =

RABREINE (17.17)

wherey is the chemical potential, which accounts for the cons@matf the number of particles. Within

the LDA framework, the next step is to include into the endtgyctional of Eq. [IZ15) the next term
of the low density expansion of E._{17114). The functioraiiation gives then rise to the so-called
modified GP equation (MGP) [135]

324372

h
“2m 32

2 4 h2
V2 + Viap (r) + ———o

2m m

| W ? (1+ | U N U =puv. (17.18)
The MGP corrections have been estimated in Ref. [135] in imdsital condensate in the range of the
scattering lengths and trap parameters from the first JIlpearents with Feshbach resonances. These
experiments took advantage of the presence of a Feshbauntares in the collision of tw& Rb atoms

to tune their scattering length [131]. Fully microscopitccdations using a hard-spheresinteraction have
also been performed in the framework of Variational anduzifdn Monte Carlo methods [136-139].

17.3 Exercises and projects

Project 17.1: Bose-Einstein condensation of atoms

The aim of this project is to use the Variational Monte CaN®IC) method and evaluate the ground
state energy of a trapped, hard sphere Bose gas for diffauenbers of particles with a specific trial
wave function. See Ref. [91] for a discussion of VMC.

This wave function is used to study the sensitivity of corsdda and non-condensate properties to the
hard sphere radius and the number of particles. The trap iveseiis a spherical (S) or an elliptical (E)
harmonic trap in three dimensions given by

1 2 .2
. 5 MWy, T (S)
Vewt(r) = { %m[wﬁo(xQ-i-yQ) +w?2z? (E) (17.19)
where (S) stands for symmetric and
N o/ p2 N
H=3, (%V? + Vemt(ri)) + ) Vine(ri, 1), (17.20)
i i<j

as the two-body Hamiltonian of the system. Hefg defines the trap potential strength. In the case of
the elliptical trap V.t (z, v, 2), who = w_ is the trap frequency in the perpendiculangrplane ando,

the frequency in the direction. The mean square vibrational amplitude of a sifgison af” = 0K

in the trap [IZ19) i< 22 >= (h/2mws,) SO thatay, = (h/mwho)% defines the characteristic length
of the trap. The ratio of the frequencies is denoked w./w, leading to a ratio of the trap lengths

(a1/az) = (w=/w1)® = V.

We represent the inter boson interaction by a pairwise, bairel potential

o |ri—rj|<a

V;nt(|ri - I‘j|) = { 0 |I'Z- _ I‘j| > a (1721)
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wherea is the hard core diameter of the bosons. Cleaily, (|r; —r;|) is zero if the bosons are separated
by a distancér; — r;| greater tham but infinite if they attempt to come within a distaneg— r;| < a.

Our trial wave function for the ground state with atoms is given by

Ur(R) = Up(ry,re,...rN,0,8) = Hg(a,ﬁ,ri) Hf(a, r; —r;]), (17.22)

i<j

where« and 8 are variational parameters. The single-particle wave tfands proportional to the
harmonic oscillator function for the ground state, i.e.,

g(a, B,r;) = exp [—a(z} + i + Bz])]. (17.23)

For spherical traps we haye= 1 and for non-interacting bosons & 0) we havea = 1/2a? . The
correlation wave function is

0 r; —rj|<a
f(a,|rl-—rj|)_{ (1— —o ) |r__r3_|>a (17.24)
[ri—ry] L ’
a) Find analytic expressions for the local energy
1
Er(R)= —=HYr (R 17.25

for the above trial wave function of Eq._{17122). Comput@ale analytic expression for the drift
force to be used in importance sampling

_ 2VU;

F
Ut

(17.26)

The tricky part is to find an analytic expressions for theg#ive of the trial wave function

N
1 2
—_— “Ur(R
\I/T(R) ;vz T( )7
for the above trial wave function of EQ.{17122). We rewrite

\I/T(R) = \IJT(rlar27 .. 'rNao‘aB) = Hg(avﬁvri) Hf(aa |ri - rj|)7

1<j
as
Yr(R) = Hg(avﬁ,ri)GZTKju(”j)
where we have defineg; = |r; — r;| and
lryg) = X<y i),

and in our case
(g2 42422
gla,B,r;) =e a(z;+y;+z7) — H(r;).

The first derivative becomes
ViUr(R) = Vid(re) | [[ o) | eXes o) 1+ [[ o) 00 S Vulry)
ik i £k
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We leave it as an exercise for the reader to find the exprefsidhe sceond derivative. The final
expression is

L 2 _ Vio(rr) | Vio(rr) Tk
ey el DI

(rp — 1) (rg — ) 2
Z rkz Tk] + Z ( Tk] + Tgu (rkj))

TkiT
ij7k R ik

You need to get the analytic expression for this expressginguthe harmonic oscillator wave
functions and the correlation term defined in the project.

b) Write a Variational Monte Carlo program which uses stadddetropolis sampling and compute
the ground state energy of a spherical harmonic oscillatet (1) with no interaction. Use natural
units and make an analysis of your calculations using bahatialytic expression for the local
energy and a numerical calculation of the kinetic energggisumerical derivation. Compare the
CPU time difference. You should also parallelize your coflee only variational parameter is
Perform these calculations fof = 10, 100 and500 atoms. Compare your results with the exact
answer.

c) We turn now to the elliptic trap with a hard core interantitVe fix, as in Refs. [136, 14@}/ ay, =
0.0043. Introduce lengths in units @f,, r — r/an, and energy in units dfwy,. Show then that
the original Hamiltonian can be rewritten as

1

=1 1<j

What is the expression foy? Choose the initial value fg8 = v = 2.82843 and set up a VMC
program which computes the ground state energy using thleweve function of Eq.[(I722).
using only«a as variational parameter. Use standard Metropolis samplird vary the parameter
« in order to find a minimum. Perform the calculations fér= 10, 50 and N = 100 and compare
your results to those from the ideal case in the previousceserin actual calculations employing
e.g., the Metropolis algorithm, all moves are recast inedhosen simulation cell with periodic
boundary conditions. To carry out consistently the Mettigpooves, it has to be assumed that the
correlation function has a range shorter tHaf2. Then, to decide if a move of a single particle is
accepted or not, only the set of particles contained in arggdfeadiusl. /2 centered at the referred
particle have to be considered.

d) We repeat exercise c), but now we replace the brute fordeoldais algorithm with importance
sampling based on the Fokker-Planck and the Langevin emgatDiscuss your results and com-
ment on eventual differences between importance samptiddpaute force sampling.

Your code should reproduce the results of Refs. [136, 140].

Project 17.2: Liquid‘He

Liquid “He is an example of a so-called extended system, with an tafinimber of particles. The
density of the system varies from dilute to extremely dethisis. fairly obvious that we cannot attempt
a simulation with such degrees of freedom. There are howesags to circumvent this problem. The
usual way of dealing with such systems, using concepts ftatisgcal Physics, consists in representing
the system in a simulation cell with e.g., periodic boundamditions, as we did for the Ising model. If
the cell has lengtli, the density of the system is determined by putting a givanbmer of particlesV

in a simulation cell with volumé.2. The density becomes then= N/L3.
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Figure 17.1: Plot for the Van der Waals interaction betweelium atoms. The equilibrium position ig =
0.287 nm.

In general, when dealing with such systems of many intergqarticles, the interaction itself is not
known analytically. Rather, we will have to rely on paranzttions based on e.g., scattering experi-
ments in order to determine a parametrization of the pakatiergy. The interaction between atoms
and/or molecules can be either repulsive or attractiveedeing on the distanc& between two atoms
or molecules. One can approximate this interaction as

A B
Rm R’
wherem, n are some integers amdl, B constans with dimension energy and length, and with units in
e.g., evVnm. The constants B and the integers:, n are determined by the constraints that we wish to
reproduce both scattering data and the binding energy cd sgyen molecule. It is thus an example of
a parametrized interaction, and does not enjoy the statbsing a fundamental interaction such as the
Coulomb interaction does.

V(R) = (17.28)

A well-known parametrization is the so-called Lennardekpotential

Vi (R) = 4e { (%)12 - (%)6} , (17.29)

wheree = 8.79 x 10~* eV ando = 0.256 nm for helium atoms. Fid_I7.1 displays this interaction
model. The interaction is both attractive and repulsiveedbits a minimum at,. The reason why we
have repulsion at small distances is that the electronsardifferent helium atoms start repelling each
other. In addition, the Pauli exclusion principle forbigstelectrons to have the same set of quantum
numbers.

Let us now assume that we have a simple trial wave functiohesfdrm

N
dr(R) =[] £(rij), (17.30)
i<j

where we assume that the correlation functfgn;;) can be written as

Flryg) = em2®/ma)”, (17.31)
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with b being the only variational parameter. Can we fix the value: afsing the 'cusp’-conditions
discussed in connection with the helium atom? We see fronfiottme of the potential, that it diverges
at small interparticle distances. Since the energy is fiititmeans that the kinetic energy term has to
cancel this divergence at small Let us assume that electrohand; are very close to each other. For
the sake of convenience, we replage= r. At smallr we require then that

1
- mVQf(r) +V(r)=0. (17.32)
In the limitr — 0 we have
n2b" o\ 12
— o+ (?) —0, (17.33)
resulting inn = 5 and thus .
fri;) = e 30/ (17.34)
with
N 5
Yr(R) = [Je 2/, (17.35)
i<j

as trial wave function. We can rewrite the above equation as
Yr(R) =e 2 5 200 (0/ri)® _ p— 5 i ulrig) 7 (17.36)

with

u(ri;) = (b/ri;)° .
For this variational wave function, the analytical expresdor the local energy is rather simple. The
tricky part comes again from the kinetic energy given by

- @V%T(R). (17.37)
Itis possible to show, after some tedious algebra, that
N
- (R) vr(R ; wT = —106° ; = (17.38)
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